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Abstract. This is an advanced introduction to the various types of normal random
variables, with most of the needed preliminaries included. We first discuss the proba-
bility basics, standard central limits, and the theory of the usual, real normal variables,
with examples, illustrations and numerous formulae. Then we go on a similar discussion
regarding the complex normal variables, and the Rayleigh variables too. We then move
to arbitrary dimensions, with a discussion regarding the Gaussian vectors, and related
probability laws, featuring some functional analysis, and geometry and physics too. Fi-
nally, we provide an introduction to the quantum versions of the normal variables, and
notably to those coming from free probability and random matrices.



Preface

What is a normal variable? Good question, depending on the type of measurements
that you make, and in answer, we can have here real normal variables, then complex
normal variables, with these being discrete or continuous, then general vector normal
variables, of various types, and even some quantum versions of these. In short, many
things to be learned, and here are a few things that can be said, about this:

(1) The simplest random variables are those discrete, of type f : X → N. In this
setting, the simplest variables are the Bernoulli and geometric ones, and by suitably
summing independent such variables, we are led to the Poisson law, and its versions:

p1 =
1

e

∞∑
k=0

δk
k!

(2) In the continuous case, there are several possible choices for the simplest variables,
and in view of this, the best is to just say that normality means that f : X → R appears
as a suitably rescaled sum of centered, independent, identically distributed variables. This
leads to the normal law, which is as follows, and its numerous versions:

g1 =
1√
2π

e−x2/2dx

To be more precise, among the versions of g1 we have various shifts and rescalings,
then complex versions, then higher dimensional versions, then lenghts and squared lengths
of these vector versions, and finally interpolations too, using the gamma function.

(3) And with this, end of the story? Not really, because in certain contexts, such as
the random matrix one, the independence used above must be replaced by freeness. And
when doing so, the normal law gets replaced by the Wigner semicircle law:

γ1 =
1

2π

√
4− x2 dx

(4) As for the Poisson law, its free version turns to have a continuous density, and is
the Marchenko-Pastur law, which is given by the following formula:

π1 =
1

2π

√
4x−1 − 1 dx

Summarizing, many things to be learned, of both basic and advanced type.
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4 PREFACE

This book is an introduction to this, normal random variables of all types, with most
of the needed preliminaries included. The book is organized in 4 parts, as follows:

I - We first discuss the probability basics, standard central limits, and the theory of
the usual, real normal variables, with examples, illustrations and many formulae.

II - Then we go on a similar discussion regarding the complex normal variables, and
some related variables as well, such as the Rayleigh variables and their squares.

III - We then move to arbitrary dimensions, with a discussion of the Gaussian vectors,
and related laws, featuring some functional analysis, and geometry and physics too.

IV - Finally, we discuss the quantum versions of the central limits and normal variables,
and notably those coming from free probability and random matrices.

In the hope that you will find this book useful. The material in Parts I, II, III is of
course very standard, but we have tried to be as complete as possible, which each law,
once accepted to the “normal galaxy”, being carefully investigated, with as many formulae
about it as we could find, ranging from very simple to fairly complicated. As for Part IV,
free probability basics, this is again standard material, but I had to make some work and
improvements here and there, in relation with some missing laws and formulae.

This book, although quite advanced, is readable as such. For some help with the basics
you have my book on discrete variables [8], which is elementary. For a more standard
introduction to probability you have my book on continuous variables [9]. But if you’re
not afraid of natural science, and some missing proofs, go directly with this one.

Finally, at the technical level, we will use the moment method, for pretty much every-
thing. And many thanks here to my cats, for some help with the computations.

Cergy, September 2026

Teo Banica
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Part I

Normal variables



Perdono, perdono, perdono
Io soffro piu ancora di te
Perdono, perdono, perdono
Il male l’ho fatto piu a me



CHAPTER 1

Random variables

1a. Coins and dice

Welcome to probability, which will be of discrete type, to start with. Inspired by what
happens with simple games, from the real life, let us have as starting point:

Definition 1.1. A discrete probability space is a set X, usually finite or countable,
whose elements x ∈ X are called events, together with a function

P : X → [0,∞)

called probability function, which is subject to the condition∑
x∈X

P (x) = 1

telling us that the overall probability for something to happen is 1.

Which sounds quite neat, this is definitely a rigorous mathematical definition, that we
can build our theory upon. Here are a few comments, in relation with this:

(1) As a first comment, our condition
∑

x∈X P (x) = 1 perfectly makes sense, and this
even if X is uncountable, because the sum of positive numbers is always defined, as a
number in [0,∞], and this no matter how many positive numbers we have.

(2) As a second comment, we have chosen in the above not to assume that X is finite
or countable, and this for instance because we want to be able to regard any probability
function on N as a probability function on R, by setting P (x) = 0 for x /∈ N.

(3) As a third comment, standing as a complement to Definition 1.1, once we have a
probability function P : X → [0,∞), given a set of events Y ⊂ X, we can say that the
probability for the events of type y ∈ Y to happen is P (Y ) =

∑
y∈Y P (y).

As our first result now, making the link with our intuition from real life, we have:

Proposition 1.2. In the simplest case, that where X is finite and P is constant,

P (Y ) =
number of times Y happens

total number of possibilities

for any set of events Y ⊂ X.
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12 1. RANDOM VARIABLES

Proof. Assume indeed that our probability function P : X → [0,∞) is constant.
But then,

∑
x∈X P (x) = 1 implies that X must be finite, and that we must have:

P (x) =
1

|X|
, ∀x ∈ X

Now by summing this over the elements y ∈ Y of a subset Y ⊂ X, we obtain:

P (Y ) =
|Y |
|X|

, ∀Y ⊂ X

We are therefore led to the conclusion in the statement. □

Time now for some examples? The basic examples will come of course from basic
games, and at the beginning of everything, we certainly have flipping coins:

Example 1.3. Flipping coins.

Here things are simple and clear, because when you flip a coin the corresponding
discrete probability space, together with its probability measure, is as follows:

X =
{
heads, tails

}
, P (heads) = P (tails) =

1

2

In the case where the coin is biased, as to land on heads with probability 2/3, and on
tails with probability 1/3, the corresponding probability space is as follows:

X =
{
heads, tails

}
, P (heads) =

2

3
, P (tails) =

1

3

More generally, given any number p ∈ [0, 1], we have an abstract probability space as
follows, where we have replaced heads and tails by win and lose:

X =
{
win, lose

}
, P (win) = p , P (lose) = 1− p

Things become even more interesting when flipping a coin, biased or not, several times
in a row. In the case of a biased coin, landing on heads with probability p1 and on tails
with probability p2 = 1− p2, thrown n times, the probability space is:

X =
{
1, 2}n , P (i1 . . . in) = pi1 . . . pin , pi ≥ 0 , p1 + p2 = 1

Finally, in relation with this latter example, let us check that the sum 1 condition in
Definition 1.1 is indeed satisfied. But this is indeed the case, as shown by:∑

i∈X

P (i) =
∑

i1,...,in

pi1 . . . pin =
∑
i1

pi1 . . .
∑
in

pin = 1

Summarizing, coins reasonably understood, or at least the mathematical formalism of
the coin game, reasonably understood. However, in what regards the mathematics itself
of the coin game, many interesting things can be said. More on this later.

Moving on, at a more advanced level we can talk about rolling dice, as follows:
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Example 1.4. Rolling dice.

Again, things here are simple and clear, because when you throw a die the correspond-
ing probability space, together with its probability measure, is as follows:

X =
{
1, . . . , 6

}
, P (i) =

1

6
, ∀i

As before with the coins, we can further complicate this by assuming that the die is
biased, say landing on face i with probability pi ∈ [0, 1]. In this case the corresponding
probability space, together with its probability measure, is as follows:

X =
{
1, . . . , 6

}
, P (i) = pi , pi ≥ 0 ,

∑
i

pi = 1

Also as before with coins, things become more interesting when throwing a die several
times in a row, or equivalently, when throwing several identical dice at the same time. In
this latter case, with n identically biased dice, the probability space is as follows:

X =
{
1, . . . , 6

}n
, P (i1 . . . in) = pi1 . . . pin , pi ≥ 0 ,

∑
i

pi = 1

Observe that the sum 1 condition in Definition 1.1 is indeed satisfied, and with this
proving that our dice modeling is bug-free, due to the following computation:∑

i∈X

P (i) =
∑

i1,...,in

pi1 . . . pin =
∑
i1

pi1 . . .
∑
in

pin = 1

In fact, this computation is identical to the one that we did before, for coins.

Getting back now to theory, in the general context of Definition 1.1, we can see that
what we have there is very close to the biased die, from Example 1.4. Indeed, in the
general context of Definition 1.1, we can say that what happens is that we have a die with
|X| faces, which is biased such that it lands on face i with probability P (i).

Which is something quite interesting, theoretically speaking, in relation with the dis-
crete probability theory that we want to develop in this chapter, because we have now
some intuition on all this. So, as a conclusion, let us record this finding as follows:

Principle 1.5. Discrete probability can be understood as being about throwing a gen-
eral die, having an arbitrary number of faces, and which is arbitrarily biased too:

px py pz pt . . .

To be more precise, when writing our probability space as X = {x, y, z, t, . . .}, with the
corresponding probabilities being px, py, pz, pt, . . . , the picture is the one above.
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Moving on, in order to do some mathematics, in the context of Definition 1.1, we
need a random variable f : X → R, and the mathematics will consist in computing the
expectation of this variable, E(f) ∈ R. Let us axiomatize this situation as follows:

Definition 1.6. A random variable on a probability space X is a function

f : X → R

and the expectation of such a random variable is the quantity

E(f) =
∑
x∈X

f(x)P (x)

which is best thought as being the average gain, when the game is played.

Here the word “game” refers to the probability space interpretation from Principle 1.5.
Indeed, in that context, with our discrete set of eventsX being thought of as corresponding
to a generalized die, and by thinking of f : X → R as representing some sort of money,
the above quantity E(f) is what we win, on average, when playing the game.

Getting back now to the examples, as our first result, we have:

Theorem 1.7. When flipping a usual coin n times in a row:

(1) E(heads) = n/2.
(2) E(tails) = n/2.
(3) E(a× heads + b× tails) = n(a+ b)/2.

Proof. Let us first fix some mathematical notation, in the spirit of what we have in
Definition 1.6. Consider the variables in the statement, namely:

f :
{
heads, tails

}n → R , f = number of heads

g :
{
heads, tails

}n → R , g = number of tails

h :
{
heads, tails

}n → R , h = a× heads + b× tails

With a bit of probabilistic know-how, we can compute the expectations of these vari-
ables, by using several methods, which are all instructive, as follows:

(1) Symmetry proof. Observe that, by using the obvious symmetry between heads
and tails, at the level of the corresponding expectations, we have:

E(f) = E(g)

On the other hand, we also have f + g = n, which gives the following formula:

E(f) + E(g) = n

Thus E(f) = E(g) = n/2, and then E(h) = n(a+ b)/2 follows by linearity.
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(2) Additive proof. When flipping our coin several times in a row, the expectations
will obviously sum up. Thus, if we denote by fn, gn, hn our variables, we have:

E(fn) = nE(f1) , E(gn) = nE(g1) , E(hn) = nE(h1)

But together with E(f1) = E(g1) = 1/2 and E(h1) = (a+ b)/2, we are done.

(3) Algebraic proof. Here is as well a third proof, by brainless computation:

E(f) =
∑

x∈{heads, tails}n
#(heads ∈ x)× 1

2n

=
n∑

s=1

(
n

s

)
× s× 1

2n

=
n

2n

n−1∑
t=0

(
n− 1

t

)
=

n

2

Similarly, we have E(g) = n/2, and then E(h) = n(a+ b)/2 comes by linearity. □

Getting now to the more general case of a biased coin, we have here:

Theorem 1.8. When flipping a biased coin n times in a row:

(1) E(heads) = np.
(2) E(tails) = n(1− p).
(3) E(a× heads + b× tails) = n(ap+ b(1− p)).

Proof. As before with the usual coins, we can denote by f, g, h our random variables,
and we have 3 possible approaches here, the situation with them being as follows:

(1) Symmetry proof. Normally, the idea here would be to exploit the symmetry be-
tween heads and tails, with the goal of reaching to the following formula:

(1− p)E(f) = pE(g)

Indeed, together with E(f) +E(g) = n, coming from f + g = n, this would finish the
proof. However, the symmetry study is not obvious at p ̸= 1/2. So, wrong way.

(2) Additive proof. As before, when flipping our coin several times in a row, the
expectations will sum up. Thus, if we denote by fn, gn, hn our variables, we have:

E(fn) = nE(f1) , E(gn) = nE(g1) , E(hn) = nE(h1)

But together with E(f1) = p, E(g1) = 1− p, E(h1) = ap+ b(1− p), we are done.
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(3) Algebraic proof. Here is as well the algebraic proof, your old man’s favorite:

E(f) =
n∑

s=1

(
n

s

)
sps(1− p)n−s

= np

n−1∑
t=0

(
n− 1

t

)
pt(1− p)n−t−1

= np

Similarly, E(g) = n(1− p), and then E(h) = n(ap+ b(1− p)) comes by linearity. □

Next, come the dice. Here there are several possible natural choices for our random
variable, and regarding the essentials, in the unbiased die case, we have:

Theorem 1.9. When rolling a usual die n times in a row:

(1) For fi = #i, we have E(fi) = n/6.
(2) For gi = i#i, we have E(gi) = ni/6.
(3) For h = sum, we have E(h) = 3.5n.

Proof. With respect to our study for the usual coins, the situation is as follows:

(1) Symmetry proof. This obviously works, exactly as for unbiased coins.

(2) Additive proof. Again this works, obviously, as for the unbiased coins.

(3) Algebraic proof. Things are a bit more tricky here, depending on the exact vari-
ables that we have in mind, the situation being as follows:

– Normally, we can compute indeed E(fi) algebrically, a bit as before for the coins,
by using binomial coefficients and some summing, and I will leave this as an exercise for
you, and then pass to E(gi), and then to E(h), by linearity.

– However, if we want to compute for instance E(h) directly, algebrically, we are a
bit in trouble, because, as you can convince yourself by doing some computations, finding
the formula of the distribution of the sum h is a non-trivial question. □

Finally, in the case of a biased die, the result is as follows:

Theorem 1.10. When rolling a biased die n times in a row:

(1) For fi = #i, we have E(fi) = npi.
(2) For gi = i#i, we have E(gi) = nipi.
(3) For h = sum, we have E(h) = n

∑
i ipi.

Proof. This is something hybrid between Theorems 1.8 and 1.9:

(1) Symmetry proof. This won’t quite work for a biased die, for the technical reasons
explained in the proof of Theorem 1.8, dealing with a biased coin.
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(2) Additive proof. This works, as usual, because if we denote by fn
i , g

n
i , h

n our vari-
ables, it is clear that we have the following formulae:

E(fn
i ) = nE(f 1

i ) , E(gni ) = nE(g1i ) , E(hn) = nE(h1)

Thus, together with E(f 1
i ) = pi, E(g

1
i ) = ipi, E(h

1) =
∑

i ipi, we are done.

(3) Algebraic proof. This won’t work well for a biased die, for the technical reasons
explained in the proof of Theorem 1.9, dealing with a usual die. □

And we will end our study of coins and dice with this. So, was this a success or
not? Well, we certainly managed to compute all our expectations, but what was quite
frustrating was that our arsenal of methods was shrinking on the way. No good.

So, what to do? Leaving the debugging of symmetry methods to our pure mathematics
colleagues, let us formulate the following challenge, for us probabilists:

Challenge 1.11. What is the distribution of the sum, when rolling a die n times?

And with this being now on our to-do list, we will be back to it, as soon as possible.
But of course, feel free to do some computations, this is how math is best learned.

1b. General theory

We have already seen some good illustrations for Definition 1.6, so time now to get into
more delicate aspects. Imagine that you want to set up some sort of business, with your
variable f : X → R. You are of course mostly interested in the expectation E(f) ∈ R,
but passed that, the way this expectation comes in matters too. For instance:

– When your variable is constant, f = c, you certainly have E(f) = c, and your
business will run smoothly, with not so many surprises on the way.

– On the opposite, for a complicated variable satisfying E(f) = c, your business will
be more bumpy, with wins and loses on the way, depending on your skills.

In short, and extrapolating now from business to mathematics, physics, chemistry and
everything else, we must complement Definition 1.6 with something finer, regarding the
“quality” of the expectation E(f) ∈ R appearing there. And the first thought here, which
is the correct one, goes to the following definition, of the variance of our variable:

Definition 1.12. The variance of a variable f : X → R is the quantity

V (f) = E
(
[f − E(f)]2

)
= E(f 2)− E(f)2

intuitively measuring how far is f from a constant variable.
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As a first observation, which is in tune with what we were saying in the above, the
variance is 0 precisely when the variable is constant, equal to its expectation:

V (f) = 0 ⇐⇒ f = constant

⇐⇒ f = E(f)

As a complement now to Definition 1.12, or rather as an alternative to it, which can
bring some intuition too, with this being a matter of taste, let us formulate as well:

Definition 1.13. The standard deviation of a variable f : X → R is the quantity

σ(f) =
√
V (f)

intuitively measuring as well how far is f from a constant variable.

Moving on, but still regarding expectations and variances of variables, as constructed
above, at the abstract level, following Markov, we have the following result:

Proposition 1.14. We have the following Markov inequality,

P
(
|f | ≥ a

)
≤ E(f)

a
valid for any random variable f : X → R, and any a > 0.

Proof. This is something trivial, coming from definitions. Indeed, we have:

E(f) ≥
∑

|f(x)|≥a

aP (x) = aP
(
|f | ≥ a

)
Thus, we are led to the Markov inequality in the statement. □

Next, following Chebycheff, we have the following key estimate:

Theorem 1.15. We have the following Chebycheff inequality,

P
(
|g − E| ≥ b

)
=
V

b2

valid for any random variable g : X → R, having mean E and variance V .

Proof. Given a random variable g : X → R, having mean E and variance V , we can
use the Markov inequality above with f = (g − E)2, and we obtain in this way:

P
(
|g − E|2 ≥ b2

)
≤ E((g − E)2)

b2
=
V

b2

Thus, we are led to the Chebycheff inequality in the statement. □

Getting back now to the real-life considerations from the beginning of this section, good
that we have the notion of variance, for understanding how to run our business, but let
us not stop here. For a total control of your business, be that of financial, mathematical,
physical or chemical type, you will certainly want to know more about your variable
f : X → R. Which leads us into general moments, constructed as follows:
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Definition 1.16. The moments of a variable f : X → R are the numbers

Mk = E(fk)

which satisfy M0 = 1, then M1 = E(f), and then V (f) =M2 −M2
1 .

And with this, good news, we have now all the needed tools in our bag for doing some
good business, in what follows. To put things in a very compacted way:

– M0 is about foundations.

– M1 is about running some business.

– M2 is about running that business well.

– M3 and higher are advanced level, about ruining all the competing businesses.

As a next piece of discussion, still regarding the moments, we can formulate the
following version of Definition 1.16, making a more clear link with the variance:

Definition 1.17. The central moments of a variable f : X → R are the numbers

M ′
k = E((f − E)k)

with E = E(f), which satisfy M ′
0 = 1, M ′

1 = 0, M ′
2 = V (f).

And I will leave it to you, to think a bit at this, and decide whether you prefer this
over Definition 1.16. Along the same lines, we can in fact do better, as follows:

Definition 1.18. The normalized central moments of f : X → R are the numbers

M ′′
k = E

((
f − E
σ

)k
)

with σ = σ(f), which satisfy M ′′
0 = 1, M ′′

1 = 0, M ′′
2 = 1.

Here we assume of course σ > 0, which is the same as saying that f : X → R is not
constant. Of particular interest are the cases k = 3, 4, where we can formulate:

Definition 1.19. The third and fourth normalized central moments

γ =M ′′
3 , κ =M ′′

4

are called skewness and kurtosis of the variable f : X → R.

As a conclusion to all this, a random variable f : X → R is quite reasonably described
by the data (E, V, γ, κ), whose knowledge is the same as that of M1,M2,M3,M4. And for
more delicate questions, we still have the higher moments, Mk with k ≥ 5.

Done with the theory? Not really, because we still have to formulate one more key
result, which is actually the most important one, in basic probability, as follows:
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Theorem 1.20. If we define the law of f : X → R as being the real measure

µ =
∑
x∈X

P (x)δf(x)

then µ(R) = 1, and we have the following formula, for any function ϕ : R→ R,

E(ϕ(f)) =

∫
R
ϕ(y)dµ(y)

with the usual convention that each Dirac mass integrates up to 1.

Proof. To start with, we can certainly talk about the law µ, as being the linear
combination of Dirac masses in the statement. Observe that, alternatively, we have:

µ =
∑
y∈R

P (f = y)δy

As yet another alternative definition for µ, we have the following formula, with ν being
the probability measure on X, and with ∗ being the push-forward operation:

µ = f∗ν

Getting now to the expectation formula in the statement, this is clear, as follows:

E(ϕ(f)) =
∑
x∈X

P (x)ϕ(f(x)) =

∫
R
ϕ(y)dµ(y)

We are therefore led to the conclusions in the statement. □

Next, quite remarkably, the sequence of moments uniquely determines the law:

Theorem 1.21. The sequence of moments of a variable f : X → R,
Mk = E(fk)

uniquely determines the law of the variable.

Proof. By Theorem 1.20, we have the following formula, for the moments:

µ =
∑
i

λiδxi
=⇒ Mk =

∑
i

λix
k
i

But it is then a standard question to recover the numbers λi, xi ∈ R, and so the
measure µ, out of the sequence of numbers Mk. Indeed, assuming that the numbers xi
are 0 < x1 < . . . < xn for simplifying, with k →∞ we have the following estimate:

Mk ∼ λnx
k
n

Thus, we got the parameters λn, xn ∈ R of our measure µ, and by substracting them
and doing an obvious recurrence, we get the other parameters λi, xi ∈ R as well. □

Switching topics, inspired now by what happens for coins and dice, let us formulate:
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Definition 1.22. We say that two variables f, g : X → R are independent when

P (f = x, g = y) = P (f = x)P (g = y)

happens, for any x, y ∈ R.

As mentioned, this is something quite intuitive, inspired by what happens for coins
and dice. More on this, and on other examples available, later. For the moment, let us
develop some theory. As our first result regarding independence, we have:

Theorem 1.23. Assuming that f, g : X → R are independent, we have

E(fkgl) = E(fk)E(gl)

and the converse holds, in the sense that this implies the independence of f, g.

Proof. This is something very standard, the idea being as follows:

(1) In one sense, we have the following computation, for the mixed moments:

E(fkgl) =
∑
xy

xkylP (f = x, g = y)

=
∑
xy

xkylP (f = x)P (g = y)

=
∑
x

xkP (f = x)
∑
y

ylP (g = y)

= E(fk)E(gl)

(2) Conversely, the moment condition E(fkgl) = E(fk)E(gl) reformulates as:∑
xy

c(x, y)xkyl = 0 , c(x, y) = P (f = x, g = y)− P (f = x)P (g = y)

So, let us examine this. Our variables f, g : X → R being discrete, let x1 < . . . < xn
and y1 < . . . < ym be their images. With cij = c(xi, xj), our formula reads:∑

ij

cijx
k
i y

l
j = 0 , ∀k, l ∈ N

Assuming now xi > 0 for simplifying, we have, with k →∞, and with l fixed:∑
ij

cijx
k
i y

l
j ∼ xkn

∑
j

cnjy
l
j

Thus
∑

j cnjy
l
j = 0, so cnj = 0. But with this, again with k →∞, and l fixed:∑

ij

cijx
k
i y

l
j ∼ xkn−1

∑
j

cn−1,jy
l
j

And so on, the idea being that we obtain by recurrence cij = 0, as desired. □
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Getting now to sums of independent variables, we have here:

Theorem 1.24. Assuming that f, g : X → R are independent, we have

µf+g = µf ∗ µg

where ∗ is the convolution operation, defined by δx ∗ δy = δx+y and linearity.

Proof. We have indeed the following straightforward computation:

µf+g =
∑
x∈R

P (f + g = x)δx

=
∑
y,z∈R

P (f = y, g = z)δy+z

=
∑
y,z∈R

P (f = y)P (g = z)δy ∗ δz

=

(∑
y∈R

P (f = y)δy

)
∗

(∑
z∈R

P (g = z)δz

)
= µf ∗ µg

Thus, we are led to the conclusion in the statement. □

As a first application of all this, we can now solve Challenge 1.11, as follows:

Theorem 1.25. When rolling a die n times, the distribution of the sum is

P (s) =
1

6n

[ s−n
6

]∑
k=0

(−1)k
(
n

k

)(
s− 6k − 1

n− 1

)
with this coming from independence, and the binomial formula for negative exponents.

Proof. This is something quite tricky, the idea being as follows:

(1) According to our independence theory above, the law of the sum is:

µn =
1

6n
(δ1 + δ2 + δ3 + δ4 + δ5 + δ6)

∗n

(2) Equivalently, when thinking a bit, we have the following formula for the law of the
sum, and I will leave it to you, to clarify the details here:

6n∑
s=n

P (s)xs =
1

6n
(x+ x2 + x3 + x4 + x5 + x6)n

(3) So, let us compute the function on the right. This function is given by:

f(x) =
xn

6n
· (1− x

6)n

(1− x)n
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(4) Next, let us recall that the generalized binomial formula at negative integer expo-
nents takes the following form, and with this being in fact something which is elementary,
easy to establish by recurrence on n, by using the Pascal formula for binomials:

1

(1− x)n
=

∞∑
l=0

(
n+ l − 1

n− 1

)
xl

(5) Now by using the usual binomial formula for the numerator (1 − x6)n, and the
generalized binomial formula for the fraction 1/(1− x)n, we obtain:

f(x) =
xn

6n

n∑
k=0

(−1)k
(
n

k

)
x6k

∞∑
l=0

(
n+ l − 1

n− 1

)
xl

=
1

6n

n∑
k=0

∞∑
l=0

(−1)k
(
n

k

)(
n+ l − 1

n− 1

)
xn+6k+l

=
1

6n

∞∑
s=0

n∑
k=0

(−1)k
(
n

k

)(
s− 6k − 1

n− 1

)
xs

(6) Finally, remember that f was a polynomial of degree 6n, divisible by xn. Thus,
the true range of the first summing index is s = n, . . . , 6n. Also, from s = n + 6k + l in
the above computation, we get s ≥ n + 6k, and so k ≤ [(s − n)/6], integer part. Thus,
our formula in (5), written by ignoring zero coefficients appearing from cancellation, is:

f(x) =
1

6n

6n∑
s=n

[ s−n
6

]∑
k=0

(−1)k
(
n

k

)(
s− 6k − 1

n− 1

)
xs

But with this, we are led via (2) to the formula in the statement. □

1c. Binomial laws

With Challenge 1.11 solved, what is next? Simpler things, I guess, and getting now
to variables and laws that we can study, at the beginning of everything, we have:

Theorem 1.26. When playing with a biased coin, your winning law is

bp = (1− p)δ0 + pδ1

called Bernoulli law of parameter p ∈ [0, 1]. When playing n times, your winning law is

bnp =
n∑

s=0

(
n

s

)
ps(1− p)n−sδs

called binomial law of parameter p ∈ [0, 1]. We have the formula bnp = b∗np .
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Proof. This is something coming from our independence technology, as follows:

(1) The first assertion, regarding the Bernoulli law bp, is more of a definition, for this
law. Next, when playing n times, in order to have s wins, we must select the s occurrences
of heads, among the n throws, and there are

(
n
s

)
choices here. And then, we must sum

over these
(
n
s

)
choices the common probability ps(1 − p)n−s, for s heads and n − s tails.

Thus, we are led to the formula for the binomial law bnp in the statement.

(2) The formula bnp = b∗np comes from the fact that the Bernoulli laws bp produce the
binomial laws bnp, by iterating the game n times, via the independence of the throws.
Equivalently, this latter formula comes from the following formal computation:

b∗np =
(
(1− p)δ0 + pδ1

)∗n
=

n∑
s=0

ps(1− p)n−s

(
n

s

)
δ
∗(n−s)
0 ∗ δ∗s1

=
n∑

s=0

ps(1− p)n−s

(
n

s

)
δs

= bnp

Thus, we are led to the conclusions in the statement. □

Getting now to the study of the binomial laws, we first have the following result:

Theorem 1.27. The binomial law bnp has the following properties:

(1) The mean is E = np.
(2) The variance is V = np(1− p).

Proof. Regarding the mean of a binomial variable f : X → R, we have:

E(f) =
n∑

s=1

s

(
n

s

)
ps(1− p)n−s

= np
n∑

s=1

(n− 1)!

(s− 1)!(n− s)!
ps−1(1− p)n−s

= np
n−1∑
t=0

(
n− 1

t

)
pt(1− p)n−t−1

= np(p+ 1− p)n−1

= np
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Coming next, with the same trick, we can compute the following quantity:

E(f 2)− E(f) =
n∑

s=2

(s2 − s)
(
n

s

)
ps(1− p)n−s

= n(n− 1)p2
n∑

s=2

(n− 2)!

(s− 2)!(n− s)!
ps−2(1− p)n−s

= n(n− 1)p2
n−2∑
t=0

(
n− 2

t

)
pt(1− p)n−t−2

= n(n− 1)p2(p+ 1− p)n−2

= n(n− 1)p2

Now by using the above formulae, we conclude that the variance is given by:

V (f) = [E(f 2)− E(f)] + [E(f)− E(f)2]
= n(n− 1)p2 + np− (np)2

= np(1− p)

We are therefore led to the conclusions in the statement. □

Regarding now the higher moments, we have the following result, about them:

Theorem 1.28. The moments of the binomial law bnp are given by

Mk =
∑

π∈P (k)

n!

(n− |π|)!
p|π|

where P (k) is the set of partitions of {1, . . . , k}, and |.| is the number of blocks.

Proof. This is something very standard, the idea being as follows:

(1) Some numerics first. At k = 1 we only have one partition, namely | , and the
formula in the statement holds indeed, as shown by the following computation:

M1 =
∑

π∈P (1)

n!

(n− |π|)!
p|π| =

n!

(n− 1)!
p1 = np

At k = 2 now, we have two partitions, namely | | and ⊓, and the moment is:

M2 =
n!

(n− 2)!
p2 +

n!

(n− 1)!
p1 = n(n− 1)p2 + np

At k = 3 the partitions are | | | , ⊓ | , ⊓| , | ⊓ , ⊓⊓, and the moment is:

M3 = n(n− 1)(n− 2)p3 + 3n(n− 1)p2 + np



26 1. RANDOM VARIABLES

At k = 4 we have 15 partitions, with the list of relevant partitions, and their multi-
plicities up to permutations, which is self-explanatory, being as follows:

| | | | × 1 , ⊓ | | × 6 , ⊓ ⊓ ×3 , ⊓⊓ | × 4 , ⊓⊓⊓ × 1

Now by doing the computation, as before, the formula of the moment is:

M4 = n(n− 1)(n− 2)(n− 3)p4 + 6n(n− 1)(n− 2)p3 + 7n(n− 1)p2 + np

(2) In general now, in order to prove the result, we can use the trick from the proof
of Theorem 1.27. Indeed, assume that we managed to find a formula as follows:

sk =
k∑

r=1

cr · s(s− 1) . . . (s− r + 1)

We have then the following computation, based on this formula:

Mk =
k∑

r=1

cr

n∑
s=r

s(s− 1) . . . (s− r + 1)

(
n

s

)
ps(1− p)n−s

=
k∑

r=1

cr · n(n− 1) . . . (n− r + 1)
n∑

s=r

(
n− r
s− r

)
ps(1− p)n−s

=
k∑

r=1

cr · n(n− 1) . . . (n− r + 1) · pr

(3) The problem is now, how to find that magic formula from (2)? And the answer
here comes from partitions. Indeed, with the standard convention that for a multi-index
i = (i1, . . . , ik), its kernel is the partition ker i ∈ P (k) joining equal indices, we have:

sk =
s∑

i1=1

. . .

s∑
ik=1

1

=
∑

π∈P (k)

#
{
(i1, . . . , ik) ∈ {1, . . . , s}k

∣∣∣ ker i = π
}

=
∑

π∈P (k)

s!

(s− |π|)!

Thus, good news, we have the magic formula that we need as data in (2), and according
now to that computation in (2), we are led to the following formula, for the moment:

Mk =
∑

π∈P (k)

n!

(n− |π|)!
p|π|

Thus, we have indeed the formula in the statement. □
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Let us end this discussion with the following result, capturing the essentials:

Theorem 1.29. The mean, variance, skewness and kurtosis of bnp are

E = np , V = npq , γ =
q − p
√
npq

, κ = 3 +
1− 6pq

npq

with the convention q = 1− p.

Proof. We know the first two formulae, from Theorem 1.27. Next, according to
Definition 1.17, the central moments of a variable f : X → R are given by:

M ′
k = E((f − E)k)

=
k∑

r=0

(−1)r
(
k

r

)
ErMk−r

=
k−2∑
r=0

(−1)r
(
k

r

)
ErMk−r + (−1)k−1(k − 1)Ek

At k = 3, by using the formulae from the proof of Theorem 1.28, we obtain:

M ′
3 = M3 − 3EM2 + 2E3

= [n(n− 1)(n− 2)p3 + 3n(n− 1)p2 + np]− 3np(n(n− 1)p2 + np) + 2(np)3

= np(1− p)(1− 2p)

At k = 4, again by using the formulae from the proof of Theorem 1.28, we have:

M ′
4

= M4 − 4EM3 + 6E2M2 − 3E4

= n(n− 1)(n− 2)(n− 3)p4 + 6n(n− 1)(n− 2)p3 + 7n(n− 1)p2 + np

−4np[n(n− 1)(n− 2)p3 + 3n(n− 1)p2 + np] + 6(np)2(n(n− 1)p2 + np)− 3(np)4

= np(1− p)(1 + (3n− 6)p(1− p))

Observe now that with the convention q = 1− p, our formulae for M ′
3,M

′
4 read:

M ′
3 = npq(q − p) , M ′

4 = npq(1 + (3n− 6)pq)

Now by dividing respectively by σ3 = V
√
V and σ4 = V 2, we obtain the formulae in

the statement for the skewness γ and the kurtosis κ, as desired. □

1d. Poisson laws

We would like to discuss now the central objects in discrete probability, which are the
Poisson laws pt, appearing via the Poisson Limit Theorem (PLT). Let us start with:



28 1. RANDOM VARIABLES

Definition 1.30. The Poisson law of parameter 1 is the following measure,

p1 =
1

e

∑
k≥0

δk
k!

and the Poisson law of parameter t > 0 is the following measure,

pt = e−t
∑
k≥0

tk

k!
δk

with the letter “p” standing for Poisson.

We will see in the moment why the above laws appear a bit everywhere, in discrete
contexts, the reasons for this coming from the Poisson Limit Theorem. In the meantime,
let us first develop some straightforward theory. We first have the following result:

Proposition 1.31. The mean and variance of pt are given by:

E = t , V = t

In particular for the Poisson law p1 we have E = 1, V = 1.

Proof. Regarding the mean, this can be computed as follows:

E = e−t
∑
k≥0

tk

k!
· k = e−t

∑
k≥1

tk

(k − 1)!
= te−t

∑
l≥0

tl

l!
= t

For the variance, we can first compute the second moment, as follows:

M2 = e−t
∑
k≥0

tk

k!
· k2

= e−t
∑
k≥1

tkk

(k − 1)!

= e−t
∑
l≥0

tl+1(l + 1)

l!

= te−t
∑
l≥0

tll

l!
+ te−t

∑
l≥0

tl

l!

= te−t
∑
l≥1

tl

(l − 1)!
+ t

= t2 + t

Thus the variance is given by V = (t2 + t)− t2 = t, as claimed. □

Next, we have the following conceptual result, in relation with convolution:
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Theorem 1.32. We have the following formula, for any s, t > 0,

ps ∗ pt = ps+t

so the Poisson laws form a convolution semigroup.

Proof. By using δk ∗ δl = δk+l and the binomial formula, we obtain:

ps ∗ pt = e−s
∑
k≥0

sk

k!
δk ∗ e−t

∑
l≥0

tl

l!
δl

= e−s−t
∑
n≥0

δn
∑

k+l=n

sktl

k!l!

= e−s−t
∑
n≥0

δn
n!

∑
k+l=n

n!

k!l!
sktl

= e−s−t
∑
n≥0

(s+ t)n

n!
δn

= ps+t

Thus, we are led to the conclusion in the statement. □

Getting now to what we wanted to do, Poisson limits, it is convenient to use, as our
main tool for dealing with independence, the Fourier transform, coming via:

Theorem 1.33. Assuming that f, g : X → R are independent, we have

Ff+g = FfFg

where Ff (x) = E(eixf ) is the Fourier transform.

Proof. We have indeed the following computation, using µf+g = µf ∗ µg:

Ff+g(x) =

∫
X

eixzdµf+g(z)

=

∫
X

eixzd(µf ∗ µg)(z)

=

∫
X×X

eix(z+t)dµf (z)dµg(t)

=

∫
X

eixzdµf (z)

∫
X

eixtdµg(t)

= Ff (x)Fg(x)

Thus, we are led to the conclusion in the statement. □

Regarding now the Fourier transform computation for pt, this is as follows:
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Proposition 1.34. The Fourier transform of pt is given by

Fpt(x) = exp
(
(eix − 1)t

)
for any t > 0, with its logarithm being linear in t, as it should.

Proof. We have indeed the following computation, which gives the result:

Fpt(x) = e−t
∑
k≥0

tk

k!
eikx

= e−t
∑
k≥0

(eixt)k

k!

= exp(−t) exp(eixt)
= exp

(
(eix − 1)t

)
As for the last assertion, this is just a remark, to be related to Theorem 1.32. □

Good news, we can now establish the Poisson Limit Theorem, as follows:

Theorem 1.35 (PLT). We have the following convergence, in moments,((
1− t

n

)
δ0 +

t

n
δ1

)∗n

→ pt

for any t > 0. Equivalently, bnp → pt, when p = t/n with t > 0 fixed.

Proof. Let us denote by µn the Bernoulli law under the convolution sign:

µn =

(
1− t

n

)
δ0 +

t

n
δ1

We have the following computation, for the Fourier transform of the limit:

Fδr(x) = eirx =⇒ Fµn(x) =

(
1− t

n

)
+
t

n
eix

=⇒ Fµ∗n
n
(x) =

((
1− t

n

)
+
t

n
eix
)n

=⇒ Fµ∗n
n
(x) =

(
1 +

(eix − 1)t

n

)n

=⇒ F (x) = exp
(
(eix − 1)t

)
Thus, we obtain indeed the Fourier transform of pt, as desired. □

In practice, Theorem 1.35 leads to many occurrences of the Poisson laws, in relation
with continuous phenomena from the real life. For instance, we have:
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Theorem 1.36. The number of chewing gum pieces on a single tile of a sidewalk

• • •• . . .

• • • • •• . . .

• •• • . . .

follows a Poisson law.

Proof. Please don’t throw your chewing gum on the sidewalk. Instead, you can
deduce this from Theorem 1.35, with some thinking here being an excellent exercise. □

Regarding now the moments of the Poisson laws, the result here is as follows:

Theorem 1.37. The moments of pt with t > 0 are given by

Mk(pt) =
∑

π∈P (k)

t|π|

where |.| is the number of blocks.

Proof. We have the following recurrence formula for the moments:

Mk+1 = e−t
∑
n≥1

tnnk+1

n!

= e−t
∑
m≥0

tm+1(m+ 1)k

m!

= e−t
∑
m≥0

tm+1mk

m!

(
1 +

1

m

)k

= e−t
∑
m≥0

tm+1mk

m!

k∑
s=0

(
k

s

)
m−s

=
k∑

s=0

(
k

s

)
· e−t

∑
m≥0

tm+1mk−s

m!

= t

k∑
s=0

(
k

s

)
Mk−s

But the numbers in the statement are easily seen to satisfy the same recurrence, and
the initial values match too, so we are led to the conclusion in the statement. □
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Let us end this discussion with the following result, capturing the essentials:

Theorem 1.38. For the Poisson law pt of parameter t > 0,

E = t , V = t , γ =
1√
t

, κ = 3 +
1

t

are the mean, variance, skewness and kurtosis.

Proof. Regarding the formulae of E, V , we know these from Proposition 1.31. As
for the formulae of γ, κ, these follow from Theorem 1.37. Indeed, that formula gives:

M3 = t+ 3t2 + t3

M4 = t+ 7t2 + 6t3 + t4

By passing now to central moments, as in the proof of Theorem 1.29, we obtain:

M ′
3 = t

M ′
4 = t+ 3t2

Thus, by normalizing, we are led to the formulae of γ and κ in the statement. □

1e. Exercises

This was a standard introduction to probability, and as exercises, we have:

Exercise 1.39. Do some computations for card games, that we forgot to talk about.

Exercise 1.40. Further meditate at the symmetry question, for biased coins and dice.

Exercise 1.41. Think a bit at measures, and at the push-forward formula µ = f∗ν.

Exercise 1.42. Learn the binomial formula with arbitrary real exponents.

Exercise 1.43. Learn about geometric laws, and negative binomial laws.

Exercise 1.44. Learn as well about hypergeometric laws, positive and negative.

Exercise 1.45. Learn a bit about the Bell numbers, Bk = |P (k)| =Mk(p1).

Exercise 1.46. Read about compound Poisson laws, and the compound PLT.

As bonus exercise, read as well about Catalan numbers. We will meet them later.



CHAPTER 2

Normal variables

2a. Variables, laws

We have seen so far that some substantial discrete probability theory can be developed,
based on some very simple axioms, which were basically as follows:

Fact 2.1. The axioms for discrete probability theory are as follows:

(1) A probability space is a discrete measured space (X, ν) of mass one.
(2) A random variable on X is a real function f : X → R.
(3) The expectation of f : X → R is its integral, E(f) =

∫
X
f(x)dν(x).

(4) The law of f is the real probability measure µ = f∗ν, push-forward of ν by f .

We would like to talk now, as a continuation of this, about continuous probability.
And here, thinking at measures, as a first surprise that awaits us, we have:

Proposition 2.2. In the continuous setting, some sets are not measurable.

Proof. Consider the unit circle T, measured as usual, the total mass being µ(T) = 2π,
and then consider the group G consisting of the rational rotations of T:

G =
{
z → e2rπiz

∣∣∣r ∈ Q ∩ [0, 1)
}

Now if we choose A ⊂ T containing exactly one point from each orbit, we have:

T =
⊔

r∈Q∩[0,1)

e2rπiA

But this shows that A is not measurable. Indeed, with the convention that we list our
group as Q ∩ [0, 1) = {r1, r2, r3, . . .}, we have two possible cases, as follows:

(1) Assuming µ(A) = c > 0, we would get from this a contradiction, as follows:

µ(T) =
∞∑
n=1

µ(e2rnπiA) =
∞∑
n=1

c = c · ∞ =∞

(2) Assuming µ(A) = 0, we would get a contradiction too, because for ε > 0:

µ(T) =
∞∑
n=1

µ(e2rnπiA) <
∞∑
n=1

ε

2n
= ε

Thus, our set A cannot be measurable, and we will have to live with that. □

33
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Summarizing, as a first task in our axiomatization work, we must start with a set X,
and come up with axioms for the measurable subsets Y ⊂ X. And here, we have:

Definition 2.3. A measurable space is a set X, given with a set of subsetsM ⊂ P (X),
called measurable sets, which form an algebra, in the sense that:

(1) ∅, X ∈M .
(2) E ∈M =⇒ Ec ∈M .
(3) M is stable under countable unions and intersections.

Observe that some of the axioms above are redundant, because assuming (2) we have
∅ ∈ M ⇐⇒ X ∈ M , which can help in verifying (1). The same goes for (3), with only
one of the conditions there being in need to be verified, due to (

⋃
iEi)

c =
⋂

iE
c
i .

At the level of examples, these usually come via the following simple fact:

Proposition 2.4. Given a set of subsets S ⊂ P (X), there is a smallest algebra

M = S̄

containing it, called algebra generated by X.

Proof. This can be viewed in two possible ways, as follows:

(1) In order to construct M = S̄ we have to start with S, then add ∅, X to it, along
with the complements Ec of all the sets E ∈ S, and then take countable unions and
intersections of such sets. And, what we get in this way is indeed an algebra.

(2) Alternatively, we can define M = S̄ as being the intersection of all algebras con-
taining S, and with the remark that we have at least one such algebra, namely P (X)
itself. It is then clear from definitions that M is an algebra, as desired. □

Getting now to the concrete examples of measurable spaces, we have:

Proposition 2.5. Any metric space X is automatically a measurable space, with the
algebra of measurable sets being

B = Ō

that is, the smallest algebra containing the open sets, called Borel algebra of X.

Proof. This is indeed something self-explanatory, and trivial, based on the construc-
tion in Proposition 2.4. Observe that the Borel sets include all open sets, all closed sets,
as well as all countable unions of closed sets, and all countable intersections of open sets.
As an example here, in the case X = R, all kinds of intervals are Borel sets:

(a, b), [a, b], (a, b], [a, b) ∈ B
Indeed, the first interval is open, and the second one is closed, so these are certainly

Borel. As for the third and fourth intervals, these appear as countable unions of closed
intervals, or as countable intersections of open intervals, so they are Borel too. □
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Getting back now to the general case, as a complement to Definition 2.3, we have:

Definition 2.6. Given a measurable space (X,M), a measure on it is a function
µ :M → [0,∞] which is countably additive, in the sense that

µ

(
∞⋃
i=1

Ei

)
=

∞∑
i=1

µ(Ei)

for any countable family of disjoint measurable sets Ei ∈ M . In this case, we say that
(X,M, µ) is a measured space.

Observe that we did not assume that our measures are finite, and this for including
spaces like X = R. In the case where µ happens to be bounded, up to a rescaling we can
assume µ(X) = 1, and we say in this case that we have a probability measure on X.

Good news, we can now quickly axiomatize probability theory, as folows:

Definition 2.7. The axioms for probability theory are as follows:

(1) A probability space is a measured space (X,M, ν) of mass one, ν(X) = 1.
(2) A random variable on X is a real measurable function f : X → R.
(3) The expectation of f : X → R is its integral, E(f) =

∫
X
f(x)dν(x).

(4) The law of f is the real probability measure µ = f∗ν, push-forward of ν by f .

In short, what we are doing here is to extend our previous discrete probability theory,
axiomatized as in Fact 2.1, by using our measure theory knowledge, and with the main
difference coming from the need of the set M ⊂ P (X) of measurable sets.

Observe that, as another new phenomenon appearing, in this setting, the expectation
E(f) =

∫
X
f(x)dν(x) can now take infinite values, ±∞, or even be undefined, due to the

lack of convergence of the integral. So, in a word, always careful with this.

In practice now, Definition 2.7 remains something a bit abstract, and in what regards
the random variables and their laws, which is what matters the most, we have:

Theorem 2.8. Given a random variable f : X → R having law µ, we have the
following formula, for any measurable function ϕ : R→ R,

E(ϕ(f)) =

∫
R
ϕ(x)dµ(x)

and this can stand, via the Riesz theorem, as an alternative definition for µ.

Proof. This is something quite self-explanatory, the idea being as follows:

(1) To start with, the formula in the statement for the expectation E(ϕ(f)) comes
indeed from our definition of the law as a push-forward measure, µ = f∗ν.

(2) As for the last assertion, this comes from the Riesz theorem, stating that a measure
µ is uniquely determined by the integration over it. See Rudin [80]. □
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As in the discrete probability setting, the law of a variable f : X → R is not the only
main quantity related to f that we can talk about. As a rival to it, we have:

Definition 2.9. Given a random variable f : X → R, the function

F (x) = P (f ≤ x)

is called its cumulative distribution function (CDF).

Observe that the cumulative distribution function F : R→ [0, 1] must be by definition
increasing, and also, that it must have the following limiting properties:

F (−∞) = 0 , F (∞) = 1

With a bit more care, by looking into continuity properties as well, we are led to the
following result, regarding the CDF of the general random variables f : X → R:

Theorem 2.10. The cumulative distribution function F : R→ [0, 1] must be

(1) Increasing,
(2) Right continuous,
(3) Such that F (−∞) = 0,
(4) Such that F (∞) = 1,

and conversely, any function satisfying these properties appears as a CDF.

Proof. Here the first assertion is quite clear, and I will leave it to you to check the
right continuity property, after remembering what that property exactly is. As for the
second assertion, this is something which is clear too, good exercise for you. □

Moving on, as something which is new, of genuine continuous nature, we have:

Theorem 2.11. Assume that a random variable f : X → R has density φ : R → R,
in the sense that its law is given by dµ(x) = φ(x)dx.

(1) The density must be positive, φ ≥ 0, and of mass one,
∫
R φ(x)dx = 1.

(2) µ(Z) =
∫
Z
φ(x)dx, which can stand as an alternative definition for φ.

(3) E(ϕ(f)) =
∫
R ϕ(x)φ(x)dx, which can stand as well as a definition for φ.

(4) The CDF is F (x) =
∫ x

−∞ φ(t)dt, and conversely, we have φ(x) = F ′(x).

Proof. As before with other such things, this is quite self-explanatory, as follows:

(1) This is something clear, coming from dµ(x) = φ(x)dx.

(2) This is again clear, also coming from dµ(x) = φ(x)dx.

(3) This comes indeed via the general theory from Theorem 2.8.

(4) This comes from the fundamental theorem of calculus. □

We can in fact merge Theorem 2.11 with our previous theory from chapter 1, and we
are led in this way to the following result, summarizing our knowledge so far:
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Theorem 2.12. Assume that a random variable f : X → R has generalized density,
in the sense that its law is given by dµ(x) = φ(x)dx+

∑
i ciδxi

.

(1) The density must satisfy φ ≥ 0, ci > 0 and
∫
R φ(x)dx+

∑
i ci = 1.

(2) µ(Z) =
∫
Z
φ(x)dx+

∑
xi∈Z ci, with this uniquely determining the density.

(3) E(ϕ(f)) =
∫
R ϕ(x)φ(x)dx+

∑
i ciϕ(xi), uniquely determining the density too.

(4) The CDF is F (x) =
∫ x

−∞ φ(t)dt, and conversely, we have φ(x) = F ′(x).

Proof. Again, this is something quite self-explanatory, as follows:

(1) This is clear, of course under the assumption that the points xi are distinct.

(2) This is something which is clear, from what we know.

(3) This is again something which is clear, from what we know.

(4) This comes with the convention that jumps differentiate into Dirac masses. □

Quite nice all this, we are learning new things here, with respect to what we previously
knew from chapter 1, this is first class theory, for sure. However, no idea if you noticed,
but there is an elephant in the room. So, let’s listen to what this elephant has to say:

Elephant 2.13. Not all measures on R have a generalized density. And this because
big can be small, and vice versa, I mean size is something relative.

Okay, thanks elephant, and by the way no worries regarding your size, both me and
cat we love you a lot, somehow you’re to me what I am to cat, and so does rat, and with
my calculus teacher salary I can certainly feed the four of us, no problems with that.

In practice now, getting now to what elephant was saying, now that he’s gone for a
walk, besides the fact that I will have to talk with cat and rat, see how we can find some
cash, that actually sounds quite terrifying. Here is a mathematical result, about this:

Proposition 2.14. Exotic probability measures on R exist, with a standard example
being the Cantor distribution, supported by the Cantor set K ⊂ R.

Proof. Consider indeed the Cantor set K ⊂ R, which is something quite tricky,
appearing by definition as the intersection of the following unions of intervals:

K0 : 0 1

K1 : 0 1
3

2
3

1

K2 : 0 1
9

2
9

1
3

2
3

7
9

8
9

1

...
...
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As a first observation, the measure of this Cantor set K is given by:

λ(K) = 1− 1

3
− 2

9
− 4

27
− . . . = 0

The point now is that we can construct a natural probability measure on K, by stating
that µ must be uniform with respect to the 2 intervals of K1, then with respect to the 4
intervals of K2, and so on. And, exercise for you, to learn more about all this. □

Well, so what to do? In the lack of a better idea, I will ask the rat. Our fellow is as
usual, just a few feet away, hiding behind the radiator, and here is what he says:

Rat 2.15. Peace upon you, and the truth can be found in Rudin. Read about the
Lebesgue measure, and Radon-Nikodym. By the way, don’t forget independence.

Thanks rat, this sounds wise. So, leaving now to you reader the pleasure to consult
Rudin [80], that’s best done when you’re young, and is part of the standard initiation to
mathematics, like these tribal rites that we used to have in the good old days, let me get
now to independence. We can start our study here with the following definition:

Definition 2.16. We say that two variables f, g : X → R are independent when

P (f ∈ I, g ∈ J) = P (f ∈ I)P (g ∈ J)
happens, for any two intervals I, J ⊂ R.

As a first observation, in the discrete case this is the same as our notion of independence
from chapter 2, which was asking for the following equality, for any x, y ∈ R:

P (f = x, g = y) = P (f = x)P (g = y)

Indeed, the equivalence comes as a particular case of the following statement:

Proposition 2.17. Two variables f, g : X → R are independent precisely when

P (f ∈ K, g ∈ L) = P (f ∈ K)P (g ∈ L)
happens, for any two measurable sets K,L ⊂ R.

Proof. In the case where our measurable sets K,L ⊂ R are disjoint unions of inter-
vals, K = ⊔rIr and L = ⊔sJs, we have indeed the following computation:

P (f ∈ K, g ∈ L) =
∑
r

∑
s

P (f ∈ Ir, g ∈ Js)

=
∑
r

∑
s

P (f ∈ Ir)P (g ∈ Js)

=
∑
r

P (f ∈ Ir)
∑
s

P (g ∈ Js)

= P (f ∈ K)P (g ∈ L)
As for the general case, this follows from this, via an approximation argument. □
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Importantly, Proposition 2.17 allows us to pass to expectations, as follows:

Proposition 2.18. Two variables f, g : X → R are independent precisely when

E(ϕ(f)ψ(g)) = E(ϕ(f))E(ψ(g))

happens, for any two measurable functions ϕ, ψ : R→ R.

Proof. We know from Proposition 2.17 that the independence of f, g : X → R is
equivalent to the following condition, for any two measurable sets K,L ⊂ R:

P (f ∈ K, g ∈ L) = P (f ∈ K)P (g ∈ L)
Now observe that in terms of characteristic functions, this condition reads:

E(χK(f)χL(g)) = E(χK(f))E(χL(g))

But with this, we are done, by approximating ϕ, ψ : R→ R by step functions. □

As a third and main result now on the subject, generalizing what we knew from chapter
1, in the discrete case, we have the moment characterization of independence:

Theorem 2.19. Assuming that f, g : X → R are independent, we have

E(fkgl) = E(fk)E(gl)

and the converse holds, in the sense that this implies the independence of f, g.

Proof. This folllows indeed from Proposition 2.18, by approximating the continuous
functions, and so the measurable functions too, by polynomials. We will leave the details
here, including some learning about polynomial approximation, as an exercise. □

Still following the material from chapter 1, as a next task, we must talk about convo-
lution of measures. In the present continuous case, this can be done as follows:

Definition 2.20. Given a space X with a sum operation +, we can define the con-
volution of any two probability measures on it by the following formula:

(µ ∗ ν)(E) = (µ× ν)
(
(x, y)

∣∣∣x+ y ∈ E
)

Equivalently, in terms of the associated integrals, we must have∫
X

f(x)d(µ ∗ ν)(x) =
∫
X×X

f(x+ y)dµ(x)dν(y)

for any measurable function f : X → R.

As a first observation, this fits with our previous notion of convolution of discrete
measures, from chapter 1, because the convolution of two Dirac masses is given by:

(δx ∗ δy)(E) = (δx × δy)
(
(x, y)

∣∣∣x+ y ∈ E
)
= δx+y(E)
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In general now, observe that our ∗ operation in Definition 2.20 is indeed well-defined,
the total mass being 1. Also, the equivalent formulation, in terms of integrals, is clear by
using characteristic functions, as shown by the following computation:

(µ ∗ ν)(E) =

∫
X

χE(x)d(µ ∗ ν)(x)

=

∫
X×X

χE(x+ y)dµ(x)dν(y)

= (µ× ν)
(
(x, y)

∣∣∣x+ y ∈ E
)

In relation now with the notion of independence, we have the following key result,
extending what we previously knew from chapter 1, in the discrete case:

Theorem 2.21. Assuming that f, g : X → R are independent, we have

µf+g = µf ∗ µg

where ∗ is the convolution of real probability measures.

Proof. There are several possible proofs here, and with our present knowledge, which
is rather functional analysis oriented, the simplest is to use moments. Indeed, we have
the following computation, using the formula for mixed moments in Theorem 2.19:

Mk(f + g) = E((f + g)k)

=
∑
r

(
k

r

)
E(f rgk−r)

=
∑
r

(
k

r

)
Mr(f)Mk−r(g)

On the other hand, if h : X → R is a random variable following the law µf ∗ µg, the
corresponding moments are given by the following formula:

Mk(h) =

∫
X

xkd(µf ∗ µg)(x)

=

∫
X×X

(x+ y)kdµf (x)dµg(y)

=
∑
r

(
k

r

)∫
X

xrdµf (x)

∫
X

yk−rdµg(y)

=
∑
r

(
k

r

)
Mr(f)Mk−r(g)

Thus, our laws have the same moments. But with this in hand, it follows from the
general theory from Theorem 2.8 that our laws must coincide, as stated. □
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Still in relation with the basic theory of independence, here is now a second result,
coming as a continuation of Theorem 2.21, which is something more advanced:

Theorem 2.22. Assuming that f, g : X → R are independent, we have

Ff+g = FfFg

where Ff (x) = E(eixf ) is the Fourier transform.

Proof. We have the following computation, using Theorem 2.21:

Ff+g(x) =

∫
X

eixzdµf+g(z)

=

∫
X

eixzd(µf ∗ µg)(z)

=

∫
X×X

eix(z+t)dµf (z)dµg(t)

=

∫
X

eixzdµf (z)

∫
X

eixtdµg(t)

= Ff (x)Fg(x)

Thus, we are led to the conclusion in the statement. □

And with this, end of our discussion regarding.. but wait, cat is here, back from her
hunt, let’s see what she has to say about this, difficulties of measure theory:

Cat 2.23. In our daily feline work, we impose regularity conditions on the CDF.

Well, I must admit that this sounds really interesting. So thanks cat, and next time
I teach a probability class, I will think about this, modifying a bit the axioms, along the
lines that you suggest. In what concerns us, what we have in the above will do.

2b. Large numbers

Time now for some concrete mathematics, based on the above? The question that we
would like to solve, which looks like something quite fundamental, is as follows:

Question 2.24. Given a sequence of independent identically distributed (i.i.d.) vari-
ables f1, f2, f3, . . . , what can we say about their partial sums

Sn = f1 + . . .+ fn

with n → ∞? Do we have convergence, under which normalization, and in which exact
sense? What are the mean, variance of the limit? Is the limiting law continuous?

So, this will be our question, which is something quite subtle. More in detail now,
here are a few comments about this, meant to clarify what our question exactly says:
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(1) As a first observation, the PLT, namely bnp → pt with p = t/n, does not fall in
this class, due to the conditioning p = t/n used for the i.i.d. variables appearing there.
And so we are here, right from the beginning, into uncharted territory.

(2) As a second observation, due to our i.i.d. assumption on our variables, by obvious
mean and variance reasons, the above sums Sn cannot converge as such, without a suitable
normalization, or an extra assumption on our variables. More on this later.

(3) Finally, we must talk about the meaning of the convergence too. Indeed, even if
our variables f1, f2, f3, . . . are discrete, their sums Sn, suitably normalized, can converge
to bell-shaped curves. So, we need some convergence theory for such situations.

Quite interesting all this, hope you agree with me. So, let us start with the beginning,
which as usual in probability, means study of the expectation E. We have here:

Question 2.25 (soft version). Given a sequence of i.i.d. variables f1, f2, f3, . . . , in-
tuition tells us that we should have a convergence as follows,

f1 + . . .+ fn
n

→ E

with E = E(fi) being the common expectation of our variables. So, do we really have this,
and in which exact sense, in what regards the convergence?

Which sounds very good and concrete, as a starting question, so let us get now to
work. Obviously, we must first talk about convergence of random variables. And here,
we have several possible notions. As a first notion, which is quite natural, we have:

Definition 2.26. Given variables f1, f2, f3, . . . , we say that fn → f in law when

E(φ(fn))→ E(φ(f))

for any continuous function φ : R→ R.

As a first observation, by linearity we can assume that we are dealing with the power
functions φ(x) = xk, so the following condition must be satisfied, for any k ∈ N:

Mk(fn)→Mk(f)

Alternatively, again by linearity, and by using some standard analysis, we can assume
that we are dealing with characteristic functions of intervals, which leads to:

Proposition 2.27. We have fn → f in law precisely when

P (fn ≤ x)→ P (f ≤ x)

at all continuity points of the function x→ P (f ≤ x).

Proof. This is indeed very standard, coming from definitions, as explained above,
by using linearity, and approximation by step functions, say good exercise for you. □
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Moving on, as a second notion of convergence for random variables, we have:

Definition 2.28. We say that we have fn → f in probability when

P (|fn − f | ≥ ε)→ 0

for any ε > 0.

As before with the convergence in law, there are many illustrations for this notion,
and further things that can be said. Before everything, however, let us formulate:

Theorem 2.29. We have the following implication,(
fn → f

in probability

)
=⇒

(
fn → f
in law

)
and the reverse implication does not necessarily hold.

Proof. As a technical ingredient, we will need the following estimate, valid for any
two random variables f, g : X → R, and any two numbers a ∈ R and ε > 0:

P (g ≤ a) = P (g ≤ a, f ≤ a+ ε) + P (g ≤ a, f > a+ ε)

≤ P (f ≤ a+ ε) + P (g ≤ a, f > a+ ε)

= P (f ≤ a+ ε) + P (g − f ≤ a− f < −ε)
≤ P (f ≤ a+ ε) + P (g − f < −ε)
≤ P (f ≤ a+ ε) + P (|g − f | > ε)

In order to prove now the result, the most convenient is to use the criterion for con-
vergence in law from Proposition 2.27. So, let a ∈ R be a continuity point of the function
x→ P (f ≤ x), and pick ε > 0. By using the estimate found above, we have:

P (fn ≤ a) ≤ P (f ≤ a+ ε) + P (|fn − f | > ε)

P (f ≤ a− ε) ≤ P (fn ≤ a) + P (|fn − f | > ε)

We conclude from this that we have the following estimate:

P (f ≤ a+ ε)− P (|fn − f | > ε) ≤ P (fn ≤ a)

≤ P (f ≤ a+ ε) + P (|fn − f | > ε)

Now with n→∞ we obtain from this, in terms of F (a) = P (x ≤ a):

F (a− ε) ≤ lim
n→∞

P (fn ≤ a) ≤ F (a+ ε)

Since F was assumed to be continuous at a, with ε→ 0 this gives:

lim
n→∞

P (fn ≤ a) = P (f ≤ a)

Thus we have indeed the convergence fn → f in law, as stated. As for the counterex-
amples at the end, which are elementary, we will leave them as an exercise. □
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Moving on, as a third and final notion of convergence, we have:

Definition 2.30. We say that we have fn → f almost surely when

fn(x)→ f(x)

outside a measure zero set.

Again, there are many illustrations for this notion, and further things that can be
said, about this. At the theoretical level, further buidling on Theorem 2.29, we have:

Theorem 2.31. We have the following implications,(
fn → f

almost surely

)
=⇒

(
fn → f

in probability

)
=⇒

(
fn → f
in law

)
and the reverse implications do not necessarily hold.

Proof. The first implication is clear, because the measure zero set in Definition 2.30
can be assumed to be ∅. The second implication is something that we already know, from
Theorem 2.29. As for the counterexamples, we will leave them as an exercise. □

Getting now to what we wanted to do, namely convergence of an average of i.i.d.
variables towards their common mean, we have the following result, about this:

Theorem 2.32 (Weak law of large numbers). Given i.i.d. variables f1, f2, f3, . . . , with
common mean E(fi) = E, we have the following convergence in probability,

f1 + . . .+ fn
n

→ E

and as a consequence, this convergence holds as well in law.

Proof. This is something very standard, the idea being as follows:

(1) Let us first establish the weaker result, namely the convergence in law, for our
averages. Consider the sequence of averages of our variables:

gn =
f1 + . . .+ fn

n
Now let us look at the Fourier transforms of our variables. We have, for any i, the

following estimate, with E = E(fi) being the common expectation of our variables:

Ffi(t) ≃ 1 + iEt

By using independence, we deduce from this that we have, with n→∞:

Fgn(t) =

[
Ffi

(
t

n

)]n
≃
[
1 + iE

t

n

]n
≃ eiEt

Now since the limiting function that we found eiEt is the Fourier transform of the
constant variable E, we conclude from this that we have gn → E in law.
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(2) In order to establish now the convergence in probability, as stated, we recall from
chapter 1 that given a random variable h : X → R, having mean E and variance V , the
Chebycheff inequality states that we have, for any a > 0:

P
(
|h− E| ≥ a

)
≤ V

a2

To be more precise, this was indeed something established in chapter 1, when doing
discrete probability at that time, and the proof is identical in the general, continuous
case. In order to prove now our result, consider the following sequence of variables:

hn =
f1 + . . .+ fn

n
− E

The mean and variance of these variables are then as follows, with v = V (fi):

E(hn) = 0 , V (hn) =
v

n

Indeed, the mean formula E(hn) = 0 is clear, and by using this, we have as well:

V (hn) = E(h2n)

= E

(∑
ij fifj

n2
− 2E

∑
i fi

n
+ E2

)
= E

(∑
i f

2
i

n2
+

∑
i ̸=j fifj

n2
− 2E

∑
i fi

n
+ E2

)
=

∑
iE(f

2
i )

n2
+

∑
i ̸=j E(fi)E(fj)

n2
− 2E

∑
iE(fi)

n
+ E2

=
v + E2

n
+ n(n− 1) · E

2

n2
− 2E2 + E2

=
v

n
+
(
n+ n(n− 1)− n2

) E2

n2

=
v

n

Now let us apply the Chebycheff inequality above, to the variable hn. This gives:

P (|hn| ≥ ε) ≤ v/n

ε2

Thus, we have the following inequality, in terms of the original variables fi:

P

(∣∣∣∣f1 + . . .+ fn
n

− E
∣∣∣∣ ≥ ε

)
≤ v

ε2n

But with n→∞ this gives, as desired, the convergence in probability. □
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The above result is not the end of the story with the law of large numbers, because,
quite remarkably, the convergence there holds almost surely. In order to explain this,
which is something quite technical, we will need some preliminaries. Let us start with:

Definition 2.33. Given a sequence of events A1, A2, A3, . . . , we set

lim sup
n

An =
⋂
m∈N

∞⋃
n=m

An

with the limit notation coming from the decreasing intersection. Equivalently, we set

lim sup
n

An =
{
w ∈ X

∣∣∣w ∈ An i.o.
}

with i.o. standing for infinitely often.

To be more precise here, regarding the terminology that we use, given a sequence of
events A1, A2, A3, . . . , we have a decreasing sequence of events, as follows:

∞⋃
n=1

An ⊃
∞⋃
n=2

An ⊃
∞⋃
n=3

An ⊃ . . .

Thus, we can consider the intersection of this sequence, and in analogy with what we
know about numbers and limits, it makes sense to denote this intersection as above. Now
with this notion in hand, we can state and prove a key technical result, as follows:

Lemma 2.34 (Borel-Cantelli). Given events A1, A2, A3, . . . , we have
∞∑
n=1

P (An) <∞ =⇒ P (w ∈ An i.o.) = 0

with i.o. standing as usual for infinitely often.

Proof. We use the interpretation of P (w ∈ An i.o.) coming from Definition 2.33. In
that context, since the intersection there is decreasing, we have, for any m ∈ N:

lim sup
n

An ⊂
∞⋃

n=m

An

We conclude from this that we have the following estimate, for any m ∈ N:

P (lim sup
n

An) ≤
∞∑

n=m

P (An)

On the other hand, the assumption in the statement is that the series
∑∞

n=1 P (An)
converges, and this can be stated in the following way:

lim
m→∞

∞∑
n=m

P (An) = 0



2B. LARGE NUMBERS 47

Thus P (lim supnAn) is arbitrarily small, and we conclude that we have:

P (lim sup
n

An) = 0

But this is the same as saying that P (w ∈ An i.o.) = 0, as stated. □

As a second technical ingredient, we will need the following straightforward general-
ization of the Chebycheff inequality from chapter 1, featuring an exponent p:

Proposition 2.35. We have the following Chebycheff inequality,

P
(
|g| ≥ a

)
≤ E(gp)

ap

valid for any random variable g : X → R, and any p ∈ N.

Proof. We have indeed the following computation, φ being the density:

E(|g|p) =

∫
R
|x|pφ(x)dx

≥ ap
∫
|x|≥a

φ(x)dx

= apP (|g| ≥ a)

Thus, we are led to the Chebycheff inequality in the statement. □

We can now improve the weak law of large numbers, into something final, namely:

Theorem 2.36 (Strong law of large numbers). Given i.i.d. variables f1, f2, f3, . . . ,
with common mean E(fi) = E, we have the convergence

f1 + . . .+ fn
n

→ E

happening almost surely.

Proof. This is something quite technical, the idea being as follows:

(1) By replacing the variables fi by their centered versions fi − E, we can assume
E = 0. Consider now the sums of our variables, which have also zero mean:

gn = f1 + . . .+ fn

We would like to prove that the following convergence is almost sure:
gn
n
→ 0

(2) In order to do this, consider an arbitrary event w ∈ X such that:

lim
n→∞

gn(w)

n
̸= 0
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In this situation, there exists ε > 0 such that, for infinitely many n:∣∣∣∣gn(w)n

∣∣∣∣ > ε

Thus, in order to prove our theorem, we must show that we have, for any ε > 0:

P (|gn| > εn i.o.) = 0

(3) But for this latter purpose, we can use the Borel-Cantelli lemma, applied to:

An =
{
w ∈ X

∣∣∣|gn(w)| ≥ nε
}

Indeed, let us first verify that the convergence assumption in the Borel-Cantelli lemma
is indeed satisfied. For this purpose, we will use the generalized Chebycheff inequality
from Proposition 2.35, with exponent p = 4. By using our assumption E = 0, we have
the following computation, with M2,M4 being the second and fourth moments of fi:

E(g4n) = E

(∑
ijkl

fifjfkfk

)

= E

(∑
i

f 4
i

)
+ 6E

(∑
i<j

f 2
i f

2
j

)

= nM4 + 6

(
n

2

)
M2

2

= nM4 + 3n(n− 1)M2
2

But this shows that for n >> 0, we have a constant C such that:

E(g4n) < Cn2

(4) Thus, the generalized Chebycheff inequality from Proposition 2.35 applies to our
situation, with exponent p = 4, and gives the following estimate:

P (|gn| ≥ nε) ≤ E(g4n)

(nε)4
≤ C

ε4n2

And with this, we are almost there. Indeed, if we denote by N ∈ N the smallest
integer where the inequality found in (3) holds, we have:∑

n≥N

P (|gn| ≥ nε) ≤
∑
n≥N

C

ε4n2
<∞

Thus, the Borel-Cantelli lemma applies, and shows that we have:

P (|gn| > εn i.o.) = 0

But this ends the proof of our theorem, as explained in (2) above. □
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2c. Central limits

At a more advanced level now, on the same topics, you have certainly heard about
bell-shaped curves, and perhaps even observed them in physics or chemistry class, because
any routine measurement leads to such curves. Mathematically, here is the question that
we would like to solve, coming as a refined version of our previous Question 2.24:

Question 2.37. Given i.i.d. random variables f1, f2, f3, . . . , assumed to be centered,
and having common variance t > 0, do we have

f1 + . . .+ fn√
n

∼ gt

in the n→∞ limit, for some bell-shaped density gt? And, what is the formula of gt?

Obviously, this is something quite tricky, notably with the above 1/
√
n factor needing

some explanations. So, here is the idea. In order for our sums Sn = f1 + . . .+ fn to have
a chance to converge, we must arrange our normalizations as for the expectation E(Sn)
not to blow up, and as for the variance V (Sn) not to blow up either. And here:

(1) In general, the expectation requirement needs a 1/n normalization factor, and with
this, we are into the law of large numbers, away from bell-shaped curves.

(2) So, we must waive the expectation requirement, and the way of doing this is by
assuming that our variables are centered, E(fi) = 0, as said in Question 2.37.

(3) Now with this done, we still have to find the correct normalization factor, making
the variance V (Sn) not to blow up. And here, we have the following computation:

V (Sn) =
∑
i

E(f 2
i ) +

∑
i ̸=j

E(fi)E(fj) =
∑
i

E(f 2
i ) = nt

Thus the good normalization factor is indeed 1/
√
n, as stated in Question 2.37.

In order to answer now Question 2.37, the straightforward approach would be via
Fourier, and then the moment method for recapturing the limiting density. In practice, I
mean trust me here, I did these computations, this leads to the following laws:

Definition 2.38. The normal law of parameter 1 is the following measure:

g1 =
1√
2π

e−x2/2dx

More generally, the normal law of parameter t > 0 is the following measure:

gt =
1√
2πt

e−x2/2tdx

These are also called Gaussian distributions, with “g” standing for Gauss.
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Observe that the above laws have indeed mass 1, as they should, as shown by:∫
R
e−x2/2tdx =

∫
R
e−y2
√
2t dy =

√
2t

∫
R
e−y2dy =

√
2πt

Generally speaking, the normal laws appear as bit everywhere, in real life. The reasons
behind this phenomenon come from the Central Limit Theorem (CLT), that we will
explain in a moment, after developing some general theory. As a first result, we have:

Proposition 2.39. We have the variance formula

V (gt) = t

valid for any t > 0.

Proof. The first moment is 0, because our normal law gt is centered. As for the
second moment, this can be computed by partial integration, as follows:

M2 =
1√
2πt

∫
R
x2e−x2/2tdx

=
1√
2πt

∫
R
(tx)

(
−e−x2/2t

)′
dx

=
1√
2πt

∫
R
te−x2/2tdx

= t

We conclude from this that the variance is V =M2 = t, as stated. □

We can in fact compute all moments, by using the same trick, and we obtain:

Theorem 2.40. The even moments of the normal law are the numbers

Mk(gt) = tk/2 × k!!
where k!! = (k − 1)(k − 3)(k − 5) . . . , and the odd moments vanish.

Proof. We have the following computation, valid for any integer k ∈ N:

Mk =
1√
2πt

∫
R
yke−y2/2tdy

=
1√
2πt

∫
R
(tyk−1)

(
−e−y2/2t

)′
dy

=
1√
2πt

∫
R
t(k − 1)yk−2e−y2/2tdy

= t(k − 1)× 1√
2πt

∫
R
yk−2e−y2/2tdy

= t(k − 1)Mk−2

Thus by recurrence, we are led to the formula in the statement. □
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Regarding now the Fourier transform computation, this is as follows:

Theorem 2.41. We have the following formula, valid for any t > 0:

Fgt(x) = e−tx2/2

In particular, the normal laws satisfy gs ∗ gt = gs+t, for any s, t > 0.

Proof. The Fourier transform formula can be established as follows:

Fgt(x) =
1√
2πt

∫
R
e−y2/2t+ixydy

=
1√
2πt

∫
R
e−(y/

√
2t−
√

t/2ix)2−tx2/2dy

=
1√
2πt

∫
R
e−z2−tx2/2

√
2tdz

=
1√
π
e−tx2/2

∫
R
e−z2dz

=
1√
π
e−tx2/2 ·

√
π

= e−tx2/2

As for the last assertion, this follows from the fact that logFgt is linear in t. □

We are now ready to state and prove the Central Limit Theorem, as follows:

Theorem 2.42 (CLT). Given i.i.d. random variables f1, f2, f3, . . . , assumed to be
centered, and having common variance t > 0, we have, with n→∞, in moments,

f1 + . . .+ fn√
n

∼ gt

where gt is the Gaussian law of parameter t.

Proof. In terms of moments, the Fourier transform is given by:

Ff (x) = E

(
∞∑
k=0

(ixf)k

k!

)
=

∞∑
k=0

(ix)kE(fk)

k!
=

∞∑
k=0

ikMk(f)

k!
xk

We conclude that the Fourier transform of the variable in the statement is:

F (x) =

[
Ff

(
x√
n

)]n
≃
[
1− tx2

2n

]n
≃ e−tx2/2

But this latter function being the Fourier transform of gt, we obtain the result. □

With this discussed, what is next? Normally, some more mathematics for the normal
laws, in relation with their moments, as we usually do, when meeting a new law. And we
first have here, coming as an interesting reformulation of Theorem 2.40:
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Theorem 2.43. The moments of the normal law are the numbers

Mk(gt) = tk/2|P2(k)|
where P2(k) is the set of pairings of {1, . . . , k}.

Proof. Let us count the pairings of {1, . . . , k}. In order to have such a pairing, we
must pair 1 with one of the numbers 2, . . . , k, and then use a pairing of the remaining
k − 2 numbers. Thus, we have the following recurrence formula:

|P2(k)| = (k − 1)|P2(k − 2)|
As for the initial data, this is P1 = 0, P2 = 1. Thus, we are led to the result. □

We are not done yet with moments, here being one more version of what we have:

Theorem 2.44. The moments of the normal law are the numbers

Mk(gt) =
∑

π∈P2(k)

t|π|

where P2(k) is the set of pairings of {1, . . . , k}, and |.| is the number of blocks.

Proof. This follows indeed from Theorem 2.43, because the number of blocks of a
pairing of {1, . . . , k} is trivially k/2, independently of the pairing. □

The above result is quite interesting, making a link with the formula of the moments
of the Poisson law from chapter 1, which was very similar, as follows:

Mk(pt) =
∑

π∈P (k)

t|π|

And, more on such things later. Now back to our regular business, various moment
manipulations, as our next and final result on the subject, let us formulate:

Theorem 2.45. The even normalized central moments of the normal law are

M ′′
k (gt) = k!!

with k!! = (k − 1)(k − 3) . . . as usual, and the odd such moments vanish. Also,

E = 0 , V = t , γ = 0 , κ = 3

are the expectation, variance, skewness and kurtosis.

Proof. The normal laws being centered, their central moments equal the plain ones,
M ′

k =Mk. Since the variance is V = t, the normalized central moments are given by:

M ′′
k =

M ′
k

tk/2
=
Mk

tk/2
=
δ2|kt

k/2 × k!!
tk/2

= δ2|kk!!

Finally, at k = 3 this gives γ = 0, and at k = 4 this gives κ = 4!! = 3. □
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2d. Shifted bells

The laws gt that we studied in the previous section appeared there in a purely math-
ematical way, from central limits, and as the word “central” indicates, they are of course
centered. However, this was theory, and in practice, say coming via various real-life mea-
surements, the Gaussian bells quite often appear shifted by a parameter a ∈ R, I mean
with symmetry axis there at a. So, we must study these versions too, and we have:

Theorem 2.46. The normal law gt, shifted to the right by a ∈ R, has density

gat =
1√
2πt

e−(x−a)2/2t dx

and the basic properties of this shifted law gat are as follows:

(1) We have f ∼ gt =⇒ f + a ∼ gat .
(2) The mean is E = a, the variance is V = t.

(3) The moments are Mk =
∑[k/2]

r=0

(
k
2r

)
(2r)!!trak−2r.

(4) The moments satisfy Mk = aMk−1 + (k − 1)tMk−2.
(5) The central moments are M ′

k = δ2|kt
k/2k!!.

(6) The normalized central moments are M ′′
k = δ2|kk!!.

(7) The skewness is γ = 0, the kurtosis is κ = 3.
(8) The Fourier transform is F (x) = exp(iax− tx2/2).
(9) We have the convolution formula gas ∗ gbt = ga+b

s+t .

Proof. These are things that we know well at a = 0, from the previous section, and
the general case basically follows from this, with a few computations added. To start
with, let us draw a picture, that will help us understanding what is going on:

1√
2πt

OO

0 a //

(1) This is actually the definition of gat , and the density formula in the statement
comes from the following computation, assuming f ∼ gt, valid for any φ : R→ R:

E(φ(f + a)) =
1√
2πt

∫
R
φ(x+ a)e−x2/2t dx

=
1√
2πt

∫
R
φ(x)e−(x−a)2/2t dx

Indeed, the density of f + a ∼ gat follows to be 1/
√
2πt e−(x−a)2/2t dx, as claimed.
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(2) Regarding the mean, that is clearly E = a on the picture, because the symmetry
axis lies there, at a ∈ R. As for the variance, by partial integration, we have:

M2 − aM1 =
1√
2πt

∫
R
(x2 − ax)e−(x−a)2/2tdx

=
1√
2πt

∫
R
(tx)

(
−e−(x−a)2/2t

)′
dx

=
1√
2πt

∫
R
te−(x−a)2/2tdx

= t

Thus M2 = a2 + t, and the variance is V = (a2 + t)− a2 = t, as stated.

(3) We have indeed the following computation, using a variable f ∼ gt:

Mk = E((f + a)k)

=

[k/2]∑
r=0

(
k

2r

)
E(f 2r)ak−2r

=

[k/2]∑
r=0

(
k

2r

)
(2r)!!trak−2r

(4) By using the same trick as in (2), we obtain the following recurrence:

Mk − aMk−1 =
1√
2πt

∫
R
(xk − axk−1)e−(x−a)2/2tdx

=
1√
2πt

∫
R
(txk−1)

(
−e−(x−a)2/2t

)′
dx

=
1√
2πt

∫
R
(k − 1)txk−2 · e−(x−a)2/2tdx

= (k − 1)tMk−2

In practice, here is the list of the first few moments, obtained in this way:

M1 = a

M2 = a2 + t

M3 = a3 + 3at

M4 = a4 + 6a2t+ 3t2

M5 = a5 + 10a3t+ 15at2

M6 = a6 + 15a4t+ 45a2t2 + 15t3

M7 = a7 + 21a5t+ 105a3t2 + 105at3

M8 = a8 + 28a6t+ 210a4t2 + 420a2t3 + 105t4
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(5) Let us look now at the central moments. And here, fortunately, we obtain the
same moments as for gt, as shown by the following computation:

M ′
k(g

a
t ) =

1√
2πt

∫
R
(x− a)ke−(x−a)2/2tdx

=
1√
2πt

∫
R
xke−x2/2tdx

= Mk(gt)

Thus, by using now the formula for the moments of gt, we have:

M ′
k(g

a
t ) = δ2|kt

k/2k!!

(6) Next, since the central moments are the same for gat and gt, and since the variances
are also the same, the normalized central moments must all coincide:

M ′′
k (g

t
a) =M ′′

k (gt)

(7) In particular, we deduce from this formula that the skewness is γ = 0, and that
the kurtosis is κ = 3, exactly as for the laws gt before, as claimed.

(8) Regarding now the Fourier transform computation, we have:

Fgat
(x) =

1√
2πt

∫
R
e−(y−a)2/2t+ixydy

=
1√
2πt

∫
R
e−y2/2t+ix(y+a)dy

=
eiax√
2πt

∫
R
e−y2/2t+ixydy

= eiaxFgt(x)

Now by using the formula of the Fourier transform of gt, we get:

Fgat
(x) = eiaxe−tx2/2 = eiax−tx2/2

(9) Observe now that this Fourier transform that we just computed satisfies:

Fgas (x)Fgbt
(x) = eiax−sx2/2eibx−tx2/2

= ei(a+b)x−(s+t)x2/2

= Fga+b
s+t

(x)

Thus, at the level of the corresponding laws, we have the following formula:

gas ∗ gbt = ga+b
s+t

And with this, done, we are led to the conclusions in the statement. □
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In practice now, many other things can be said about the normal laws gt and their
shifted versions gat , and we will be back to this, in what follows. Needless to say, such
computations are very useful, when dealing with real-life probability questions.

As a conclusion now to what we did, a bit philosophical, focusing on the difficulties
that we met, rather than on our successes, let us formulate things as follows:

Conclusion 2.47. The theory of gat is quite straightforward, save for:

(1) The computation of the CDF, which amounts in fighting with
∫
e−x2

.
(2) The moments at a ̸= 0, most likely a hypergeometric function business.

And with of course, exercise for you to learn more, about all this. In fact, thinking a
bit, for various real-life problems involving the laws gat , the CDF is what you need.

2e. Exercises

This chapter was a quite standard introduction to continuous phenomena in probabil-
ity, and as exercises on all this, chosen rather computational, we have:

Exercise 2.48. Learn if needed the proof of the Gauss formula,
∫
R e

−x2
dx =

√
π.

Exercise 2.49. Learn as well the Fresnel formula,
∫
R e

it2dt =
√
πi.

Exercise 2.50. Come across the normal laws via Fourier and the moment method.

Exercise 2.51. Learn more about the precise convergence in the CLT.

Exercise 2.52. Try to unify our moment formulae for pt and gt.

Exercise 2.53. Further experiment with the moments of gat .

Exercise 2.54. Prove gas ∗ gbt = ga+b
s+t with bare hands, without Fourier.

Exercise 2.55. Study a bit the approximation question, for the CDF of gt.

As bonus exercise, in relation with the axiomatics, have a look at some standard books
in measure theory or probability, such as Durrett [44], Feller [47] or Rudin [80].



CHAPTER 3

Advanced formulae

3a. The seven laws

We have seen some interesting theory for the Poisson laws pt, which are the central laws
in discrete probability, and for the normal laws gt, which are the central laws in continuous
probability. In this chapter we would like to develop some more theory for pt, gt, with
formulae regarding a number of more specialized objects associated to them, namely
Cauchy and Stieltjes transforms, Hankel determinants and orthogonal polynomials.

This will be something quite technical. To start with, the results about pt, gt that we
would like to talk about do not come alone, and are best understood in a larger context,
that of a family of 7 main probability laws, according to the following principle:

Principle 3.1. The advanced theory of pt, gt is best understood in the context of

{pt, gt, et, ut, γt, αt, πt}
the family formed by the main 7 probability laws.

So, let us first talk about these laws. In order to do so, the best is to think in terms
of support. The Poisson law pt is main law supported by N, and the normal law gt is the
main law supported by R. As a next addition to our family, we have the exponential law
et, which is the main law supported by [0,∞), whose basic theory is as follows:

Theorem 3.2. The exponential law et of parameter t > 0, having density

et = te−tx dx

on [0,∞), has the following properties:

(1) The mean is E = 1/t, the variance is V = 1/t2.
(2) The moments are Mk = k!/tk.

(3) The central moments are M ′
k = k!/tk

∑k
s=0(−1)s/s!.

(4) The normalized central moments are M ′′
k =

∑k
s=0(−1)sk!/s!.

(5) The skewness is γ = 2, the kurtosis is κ = 9.
(6) The Fourier transform is F (x) = t/(t− ix).

Proof. It is beyond our scope, here in this book, to have a detailed look at et, in
the spirit of what we did before for pt, gt, with this being rather an auxiliary law, in our

57
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context. However, here is a brief survey of what can be said about et, going beyond the
moment and Fourier essentials in the statement, that we will need in what follows:

(1) To start with, we can certainly talk about et = te−tx dx with t > 0, supported on
[0,∞), with the mass one property coming from

∫∞
0
e−xdx = 1.

(2) In practice, this law appears in many contexts. For instance in the context of
particle decay, if we denote by t > 0 the decay rate, that is, the probability per unit time
that the particle will disintegrate, then the probability decay function is et.

(3) Mathematically now, as a first observation, the CDF of the exponential law et is
computable, and given by a very simple formula, namely P (f ≤ x) = 1− e−tx.

(4) Getting now to the moments, by partial integration these are given by the formula
in the statement, namely Mk = k!/tk, as shown by the following computation:

Mk = t

∫ ∞

0

xke−txdx

= t

∫ ∞

0

kxk−1 · e
−tx

t
dx

=
k

t
· t
∫ ∞

0

xk−1e−txdx

=
k

t
·Mk−1

In particular the mean is E = 1/t, and the variance is V = (2/t2 − 1/t2) = 1/t2.

(5) Regarding the central moments, which in general are meant to simplify the moment
formulae, in our case the moments are given by a simple formula, and there is nothing
to simplify, and the central moments are in fact given by a quite complicated formula,
namely M ′

k = k!/tk
∑k

s=0(−1)s/s!. An interesting peculiarity of the exponential law.

(6) Next, the normalized central moments are given by M ′′
k =

∑k
s=0(−1)sk!/s!, and in

particular, the skewness is γ = 2, and the kurtosis is κ = 9.

(7) Regarding the Fourier transform, this is F (x) = t/(t − ix). Observe that, unlike
for pt, gt, the function logF is not linear in t, that is, es ∗ et ̸= es+t. However, this time in
analogy with pt, gt, it is possible to prove that et is infinitely divisible.

(8) Finally, in relation with P (f > x) = e−tx, an exponential variable f : X → R
experiences loss of memory, P (f > s+ t|f > s) = P (f > t). In fact, the exponential laws
are the only continuous laws having this property. As for the discrete laws having this
property, these are the geometric laws cp with p ∈ [0, 1], given by P (s) = (1− p)sp.

(9) So, this was the story with the exponential laws, get to know them better, and
you have here for instance my book [9], where all this is explained in detail. □
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Moving on, let us go back to the support considerations made after Principle 3.1.
Now that we have main laws pt, gt, et supported respectively by N,R, [0,∞), we need a
compactly supported law too, in our collection, and as obvious choice here, we have:

Theorem 3.3. The uniform law ut of parameter t > 0, having density

ut =
1

t
dx

on [0, t], has the following properties:

(1) The mean is E = t/2, the variance is V = t2/12.
(2) The moments are Mk = tk/(k + 1).
(3) The central moments are M ′

k = δ2|k(t/2)
k/(k + 1).

(4) The normalized central moments are M ′′
k = δ2|k3

k/2/(k + 1).
(5) The skewness is γ = 0, the kurtosis is κ = 9/5.
(6) The Fourier transform is F (x) = (eitx − 1)/itx.

Proof. We can certainly talk about ut, as a probability measure, the mean is E = t/2,
then the moments are Mk = tk/(k + 1), and so the variance is V = t2/3 − t2/4 = t2/12.
The central moments are easy to compute too, given by M ′

k = δ2|k(t/2)
k/(k + 1), and by

dividing by powers of σ = t/(2
√
3) we obtain M ′′

k = δ2|k3
k/2/(k + 1). In particular we

have γ = 0 and κ = 9/5. Finally, the formula F (x) = (eitx − 1)/itx is clear too. □

What is next? I don’t know about you, but personally I find that in our family
{pt.gt, et, ut} the weak member is ut, I mean, that ain’t no serious probability law. So, we
need more compactly supported laws, and here, as an obvious choice, we have:

Theorem 3.4. The semicircle law γt of parameter t > 0, having density

γt =
1

2πt

√
4t− x2 dx

on [−2
√
t, 2
√
t], and called Wigner law, has the following properties:

(1) The mean is E = 0, the variance is V = t.

(2) The even moments are M2k =
tk

k+1

(
2k
k

)
.

(3) The even central moments are M ′
2k =

tk

k+1

(
2k
k

)
.

(4) The even normalized central moments are M ′′
2k =

1
k+1

(
2k
k

)
.

(5) The skewness is γ = 0, the kurtosis is κ = 2.
(6) The moment generating function is M(z) = (1−

√
1− 4tz2)/2tz2.

Proof. Many things can be said here, the idea being as follows:

(1) To start with, we can talk about the semicircle law over any interval [a, b], the
formula being as follows, based on the fact that the area of the unit circle is π:

γab =
8

π(b− a)2
√
(x− a)(b− x)dx



60 3. ADVANCED FORMULAE

(2) The problem is, how to choose a winner γ1 among these laws. And then, once this
winner found, how to correctly parametrize the family {γt|t > 0} it comes from.

(3) In answer, let us count loops on N, based at 0. There are no loops of odd length,
and the number of loops of length 2k is the k-th Catalan number 1

k+1

(
2k
k

)
. But these

numbers are precisely the moments of the semicircle law on [−2, 2], namely:

γ1 =
1

2π

√
4− x2 dx

So, based on this loop business, this will be our winner. It is of course possible to say
more here, by talking about random walks on N, but let us not get further into this.

(4) Alternatively, γ1 appears as such from free probability, as being the free analogue
of the normal law g1, or from random matrices, as being the asymptotic law of the Wigner
matrices, or from Lie groups, as being the main character law of SU2, or from quantum
groups, as being the main character law of O+

N with N ≥ 2. More on all this later.

(5) Regarding now the correct scaling, the random walk approach in (3) does not
really provide a clue, and nor does the SU2 approach in (4). However, the free probabil-
ity, random matrix and quantum group approaches in (4) do provide an answer, which
fortunately is a common answer, leading to the laws in the statement, namely:

γt =
1

2πt

√
4t− x2 dx

(6) Next, we already talked about the moments of γ1, as being M2k =
1

k+1

(
2k
k

)
, and it

follows that for γt we have M2k =
tk

k+1

(
2k
k

)
. In particular, E = 0 and V = t.

(7) Our laws being centered we have M ′
2k = M2k, and then by dividing by powers of

σ =
√
t we obtain M ′′

2k =
1

k+1

(
2k
k

)
. In particular, we have γ = 0 and κ = 2.

(8) Next, the Fourier transform of γt is something quite complicated, and a bit irrele-
vant too, because as explained in (4,5) our measures are of “free” nature, and so having
nothing to do with Fourier, which deals with independence, in the classical sense.

(9) This being said, as a matter of doing some related mathematics, we can try to
compute instead the moment generating function M(z) =

∑
k≥0Mkz

k. And here, by
using the generalized binomial formula with exponent p = 1/2, we have:

M(z) =
∞∑
k=0

1

k + 1

(
2k

k

)
(tz2)k =

1−
√
1− 4tz2

2tz2

(10) So, this was for the story with the Wigner semicircle laws, save for some advanced
phenomenology, mentioned in (4,5), to be discussed later in this book, and for some stan-
dard computations involving loops on N, Catalan numbers Ck = 1

k+1

(
2k
k

)
, the semicircle

density, and the formula of
√
1− x, that you can find for instance in my book [9]. □
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With this discussed, what is next? Comparing I guess our two compactly supported
measures, ut and γt, and here, there is something interesting to say, as follows:

Comment 3.5. Up to shifts, scalings and mass 1 normalizations, our laws ut, γt are

u = 1 , γ =
√
x(1− x)

on [0, 1], and this suggests looking at the following laws on [0, 1], with a, b > −1:

µ = xa(1− x)b

For instance, we can try to complement u, γ, coming from a = b = 0 and a = b = 1
2
, with

α =
1√

x(1− x)
, π =

√
x

1− x

coming from the next simplest parameters, namely a = b = −1
2
, and a = 1

2
, b = −1

2
.

Obviously, this is something quite subjective, but in our situation now, lost in the
mysteries of probability theory, a bit of subjectivity and common sense is what we need.
Here are a few more comments, on all this, further clarifying the above:

(1) To start with, in view of the subtleties with the parametrization of the semi-
circle laws, which retrospectively bring some potential questions in relation with our
parametrization of the uniform laws too, we decided to give up with the parametrization
problematics, by having everything on [0, 1]. More on this later, when we’ll be wiser.

(2) Next, when looking at µ = xa(1 − x)b, the integral converges at a, b > −1, but
is generically not computable. To be more precise, with a = c − 1, b = d − 1, there is a
formula for this integral, called beta function of b, d, in terms of the gamma function:∫ 1

0

xc−1(1− x)d−1dx =
Γ(c)Γ(d)

Γ(c+ d)

And the point is that the gamma function itself is generically not computable. And
more on such things, which can be quite complicated, later in this book.

(3) In practice, we are left with looking for simple values of a, b > −1, that we can
use. And here, with a, b ∈ {−1

2
, 0, 1

2
}, leaving aside u, γ, that we already have, and leaving

aside as well the cases a = 0, b ̸= 0 and a ̸= 0, b = 0, leading nowhere, we are left, up to
symmetry, with a = b = −1

2
producing α, and a = 1

2
, b = −1

2
producing π.

So, this was for the story with Comment 3.5, hope that I convinced you a bit, and
that I get some credit for my literary skills. Getting to work now, let us first study α
and see what we get, is that bound for interesting theorems, or for the trash can. And
fortunately, we are led in this way to an interesting theorem, as follows:
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Theorem 3.6. The arcsine law αt of parameter t > 0, having density

αt =
1

π
√
4t− x2

dx

on [−2
√
t, 2
√
t], has the following properties:

(1) The mean is E = 0, the variance is V = 2t.
(2) The even moments are M2k = tk

(
2k
k

)
.

(3) The even central moments are M ′
2k = tk

(
2k
k

)
.

(4) The even normalized central moments are M ′′
2k =

1
2k

(
2k
k

)
.

(5) The skewness is γ = 0, the kurtosis is κ = 3/2.
(6) The moment generating function is M(z) = 1/

√
1− 4tz2.

Proof. The story here is a bit similar to that of the semicircle laws, as follows:

(1) To start with, we can talk about the arcsine law over any interval [a, b]:

αab =
1

π
√

(x− a)(b− x)
dx

Indeed, the mass 1 property comes from the following computation, using the linear
change of variables x→ y mapping [a, b]→ [−1, 1], which makes a, b dissapear:∫ b

a

1√
(x− a)(b− x)

dx =

∫ 1

−1

1√
1− y2

dy =
[
arcsin y

]1
−1

= π

(2) As before with the semicircle laws, we must choose a winner α1 among these laws.
Now for this purpose, let us count loops on Z, based at 0. There are no loops of odd
length, and the number of loops of length 2k is the k-th middle binomial

(
2k
k

)
. But these

numbers are precisely the moments of the arcsine law on [−2, 2], namely:

α1 =
1

π
√
4− x2

dx

(3) So, based on this loop business, this will be our winner. It is of course possible to
say more here, by talking about random walks on Z, and also about certain Lie groups,
but let us not further get into this. As for the parametric versions of our law α1, inspired
by what happens for the semicircle laws, we will dilate the support by

√
t:

αt =
1

π
√
4t− x2

dx

(4) Next, we already talked about the moments of α1, as being M2k =
(
2k
k

)
, and it

follows that for αt we have M2k = tk
(
2k
k

)
. In particular, E = 0 and V = 2t.

(5) Our laws being centered we have M ′
2k = M2k, and then by dividing by powers of

σ =
√
2t we obtain M ′′

2k =
1
2k

(
2k
k

)
. In particular, we have γ = 0 and κ = 3/2.
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(6) Finally, for the same reasons as for semicircle laws, namely “underlying freeness”,
that we will learn about later in this book, we will be not interested in the Fourier
transform. Instead, we can compute moment generating function M(z) =

∑
k≥0Mkz

k.
And here, by using the binomial formula with exponent p = −1/2, we have:

M(z) =
∞∑
k=0

(
2k

k

)
(tz2)k =

1√
1− 4tz2

(7) So, this was for the story with the arcsine laws, save for some standard compu-
tations involving loops on Z, central binomial coefficients Dk =

(
2k
k

)
, the arcsine density,

and the formula of 1/
√
1− x, that you can find for instance in my book [9]. □

As a last task, let us investigate the law π from Comment 3.5. We have here:

Theorem 3.7. The Marchenko-Pastur law πt of parameter t > 0, having density

πt = max(1− t, 0)δ0 +
√

4t− (x− 1− t)2
2πx

dx

on [(1−
√
t)2, (1 +

√
t)2], has the following properties:

(1) At t = 1, the density is π1 =
1
2π

√
4x−1 − 1 dx on [0, 4].

(2) At t = 1, the moments are Mk =
1

k+1

(
2k
k

)
.

(3) The mean is E = t, the variance is V = t.
(4) The moments are Mk =

∑
π∈NC(k) t

|π|.

(5) The skewness is γ = 1/
√
t, the kurtosis is κ = 2 + 1/t.

(6) M(z) = (1− t)/2 + (1−
√

1− 2(1 + t)z + (1− t)2z2)/2z.
Proof. This is again a bit similar to what we did before for the semicircle law, but

with some significant new twists on the way, the idea being as follows:

(1) As per our general philosophy, coming from Comment 3.5, we can talk about
measures of type πab over any interval [a, b]. And what we have to do is to select a winner
π1, and then find its correct parametric versions {πt|t > 0}, presumably among {πab}.

(2) In order to find the winner, we will look, as before in the context of the semicircle
laws, at the loops on N, based at 0. We already know that there are no loops of odd
length, and the number of loops of length 2k is the k-th Catalan number 1

k+1

(
2k
k

)
.

(3) And here comes the point. Since there are no loops of odd length, we can totally
ignore them, I mean ignore the 0 values coming from their count, and look for the measure
having the Catalan numbers 1

k+1

(
2k
k

)
as moments. And this is the following law:

π1 =
1

2π

√
4x−1 − 1 dx

(4) So, based on this loop business, which appears as a variation of what we did before
for the semicircle laws, this will be our winner. It is of course possible to say more here,
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by talking about random walks on N, but let us not get further into this. Instead, let us
record the following fact, which can stand as an alternative definition for π1:

f ∼ γ1 =⇒ f 2 ∼ π1

(5) Alternatively, π1 appears from free probability, as free analogue of the Poisson
law p1, or from random matrices, as asymptotic law of the Wishart matrices, or from Lie
groups, as the law of χ+1, with χ being the main character law of SO3, or from quantum
groups, as the law of the main character of S+

N with N ≥ 4. More on all this later.

(6) Getting now to parametric versions, things here are quite complicated, with an
atom at 0 appearing at t < 1, for some reasons which are not easy to explain. The idea
with all this is that the density in the statement comes from free probability, with πt
being the free analogue of pt, or from Wishart matrices, or from quantum groups.

(7) To be more precise here, let us first look at moments. Our previous experience
with gt → γt suggests that “when liberating, the crossing partitions dissapear”. Which
is something that happens indeed, ultimately coming from the fact that the crossing /\
corresponds to commutation, ab = ba, as we will later learn in this book.

(8) Now in our context, regarding the operation pt → πt, the situation is as follows:

Mk(p1) = |P (k)| , Mk(π1) = |NC(k)|

Mk(pt) =
∑

π∈P (k)

t|π| , Mk(πt) =?

But with this in hand, it is a no-brainer to conjecture the following formula:

Mk(πt) =
∑

π∈NC(k)

t|π|

And the point is that this is what happens, indeed, with free probability naturally
leading to a measure πt having these moments, and the density in the statement.

(9) Next, since P (k) = NC(k) at k ≤ 3, we have E = t, V = t, γ = 1/
√
t, exactly as

for pt. As for the kurtosis, here we must substract a 1 factor from the kurtosis 3 + 1/t
computed for pt, coming from P (4) = NC(4) ∪ {∩∩}, and we obtain κ = 2 + 1/t.

(10) As before with the semicircle and arcsine, we will be not interested in Fourier.
Instead, we can compute the moment generating function. And here, at t = 1:

M(z) =
∞∑
k=0

1

k + 1

(
2k

k

)
zk =

1−
√
1− 4z

2z

As for the case t ̸= 1, this is something more complicated. We will be back to this.

(11) So, this was for the story with the Marchenko-Pastur laws, the idea being that
we reasonably understood π1, save for some standard computations, that you can find for
instance in my book [9], and that πt with t ̸= 1 remains on our to-do list, for later. □
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And with this, good news, we have our 7 laws, their summary being as follows:

Theorem 3.8. The main 7 laws in probability p1, g1, e1, u1, γ1, α1, π1 are

(1) Poisson: p1 =
1
e

∑
k≥0

δk
k!
, support N, moments Mk = |P (k)|.

(2) Normal: g1 =
1√
2π
e−x2/2dx, support R, moments M2k = (2k)!!.

(3) Exponential: e1 = e−xdx, support [0,∞), moments Mk = k!.
(4) Uniform: u1 = 1, support [0, 1], moments Mk =

1
k+1

.

(5) Semicircle: γ1 =
1
2π

√
4− x2 dx, support [−2, 2], moments M2k =

1
k+1

(
2k
k

)
.

(6) Arcsine: α1 =
1

π
√
4−x2 dx, support [−2, 2], moments M2k =

(
2k
k

)
.

(7) Marchenko-Pastur: π1 =
1
2π

√
4x−1 − 1 dx, support [0, 4], momentsMk =

1
k+1

(
2k
k

)
.

and these laws have parametric versions pt, gt, et, ut, γt, αt, πt, with a similar theory.

Proof. This is indeed a summary of what we have, with the (E, V, γ, κ) problematics
being left aside, and with the functionals transforms (F,M) being left aside too. And
with all this coming with two important comments, as follows:

(1) As a rival to our arcsine law α1 on [−2, 2] we have the arcsine law α′
1 =

1

π
√

x(4−x)
dx

on [0, 4], with these being related by f ∼ α1 =⇒ f 2 ∼ α′
1, a bit like the semicircle and

Marchenko-Pastur laws. Also, the scaling of these arcsine laws α1, α
′
1 is a non-trivial

business too, because there are several natural ways of modifying the support. Thus,
what we called above α1 and αt remains subject to discussion, and modifications.

(2) As a natural question, don’t we have also a nice law supported by Z? In answer,
yes, we have the Bessel law p2t , but this is a bit difficult to introduce and justify with bare
hands, and we will talk about it in chapter 4, when doing group theory. Moreover, we
will see later in this book that this law has a free analogue, the free Bessel law π2

t . Thus,
our family of 7 laws will soon increase to 8 laws, and then later, to 9 laws. □

And with this, end of our discussion regarding the 7 main laws. We are now ready for
lots of computations, for these laws, and hang on, tough material to come.

3b. Cauchy, Stieltjes

Time for some theory. As a starting point for the considerations in this section, and
in the remainder of this chapter, we have the following fundamental question:

Question 3.9. How to recover a real probability measure µ out of its sequence of
moments M0,M1,M2,M3, . . .?

To be more precise, we first met this question in chapter 2, when talking CLT. At that
time, I told you that the limiting measure can be recaptured via Fourier and moments,
the point being that the Fourier transform of a central limit must be F (x) = e−tx2/2,
which in turn shows that the moments must be M2k = tk(2k)!!, and with this in hand, we
are led to the question of finding the law gt having these moments.



66 3. ADVANCED FORMULAE

We also met Question 3.9 in the previous section, in relation with the laws γt, αt, πt
investigated there, the point being that what comes out of concrete probability, mean-
ing random walks, or more complicated things like free probability, random matrices or
quantum groups, is not exactly the density, but rather the sequence of moments.

In answer now, we certainly know how to solve Question 3.9 by cheating. I mean if
you have a good candidate µ, found by whatever means, and no holds barred here, just
don’t kill someone, compute its moments, and if these are M0,M1,M2,M3, . . . , job done.
Simple and bright, and this is indeed what we did before, for gt, γt, αt, πt.

So, can we solve Question 3.9 without cheating? Normally, we have here:

Answer 3.10. We must convert the sequence of moments M0,M1,M2,M3, . . . into a
functional transform Eµ(z), and then recover µ from Eµ(z) via analysis.

Which brings us into functional transforms. We already know about the Fourier
transform F (x) and the moment generating function M(z), and our collection of tools, 2
items so far, can be enlarged with two related transforms, N(y) and G(ξ), as follows:

Definition 3.11. Associated to a random variable f : X → R are the transforms

F (x) = E(eixf ) =
∞∑
k=0

(ix)k

k!
Mk

N(y) = E(eyf ) =
∞∑
k=0

yk

k!
Mk

called Fourier transform and normalized moment generating function, as well as

M(z) = E

(
1

1− zf

)
=

∞∑
k=0

Mkz
k

G(ξ) = E

(
1

ξ − f

)
=

∞∑
k=0

Mkξ
−k−1

called moment generating function, and Cauchy transform.

Here we assume of course that the expectations converge. Observe that one can easily
pass F ↔ N and M ↔ G. However, in what regards the passage F/N ↔M/G, this can
be something quite complicated, and even undoable, as we will soon discover.

In practice now, in order to understand how these transforms work, nothing better
than working out some examples. For our 7 main laws, the formulae are as follows:
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Theorem 3.12. The basic transforms of the main 7 laws are as follows,

Fpt(x) = exp((eix − 1)t) , Npt(y) = exp((ey − 1)t) , Mpt(z) =? , Gpt(ξ) =?

Fgt(x) = e−tx2/2 , Ngt(y) = ety
2/2 , Mgt(z) =? , Ggt(ξ) =?

Fet(x) =
t

t− ix
, Net(y) =

t

t− y
, Met(z) =? , Get(ξ) =?

Fut(x) =
eitx − 1

itx
, Nut(y) =

ety − 1

ty
, Mut(z) = −

log(1− tz)
tz

, Gut(ξ) = −
log(1− tξ−1)

t

Fγt(x) =? , Nγt(y) =? , Mγt(z) =
1−
√
1− 4tz2

2tz2
, Gγt(ξ) =

ξ −
√
ξ2 − 4t

2t

Fαt(x) =? , Nαt(y) =? , Mαt(z) =
1√

1− 4tz2
, Gαt(ξ) =

1√
ξ2 − 4t

Fπt(x) =? , Nπt(y) =? , Mπ1(z) =
1−
√
1− 4z

2z
, Gπ1(ξ) =

ξ −
√
ξ2 − 4

2ξ

with ? standing for “stay away from that”, and with Mπt , Gπt being more complicated.

Proof. We know all F,M formulae, and these produce the N,G formulae too, via
N(y) = F (−iy) and G(ξ) = ξ−1M(ξ−1), except for M/G for ut. But here, we have:

Mut(ξ) =
1

t

∫ t

0

1

1− zx
dx =

1

t

[
− log(1− zx)

z

]t
0
= − log(1− tz)

tz

Alternatively, we can compute the Cauchy transform via moments, as follows:

Gut(ξ) =
∞∑
k=0

tk

k + 1
ξ−k−1 =

1

t

∞∑
k=0

(tξ−1)k+1

k + 1
= − log(1− tξ−1)

t

Thus, one way or another, we are led to all formulae in the statement. □

With this discussed, time now to answer Question 3.9? The result here, called Stieltjes
inversion, is something quite tricky, using complex analysis, as follows:

Theorem 3.13. The density of a real probability measure µ can be recaptured from
the sequence of moments (Mk)k≥0 via the Stieltjes inversion formula

dµ(x) = lim
s↘0
− 1

π
Im (G(x+ is)) · dx

with the function on the right, given in terms of moments by

G(ξ) = ξ−1 +M1ξ
−2 +M2ξ

−3 + . . .

being the Cauchy transform of the measure µ.
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Proof. The Cauchy transform of our measure µ is given by:

G(ξ) = ξ−1

∞∑
k=0

Mkξ
−k

=

∫
R

ξ−1

1− ξ−1y
dµ(y)

=

∫
R

1

ξ − y
dµ(y)

Now with ξ = x+ is, we obtain the following formula:

Im(G(x+ is)) =

∫
R
Im

(
1

x− y + is

)
dµ(y)

=

∫
R

1

2i

(
1

x− y + is
− 1

x− y − is

)
dµ(y)

= −
∫
R

s

(x− y)2 + s2
dµ(y)

By integrating over [a, b] we obtain, with the change of variables x = y + sz:∫ b

a

Im(G(x+ is))dx = −
∫
R

∫ b

a

s

(x− y)2 + s2
dx dµ(y)

= −
∫
R

∫ (b−y)/s

(a−y)/s

s

(sz)2 + s2
s dz dµ(y)

= −
∫
R

∫ (b−y)/s

(a−y)/s

1

1 + z2
dz dµ(y)

= −
∫
R

(
arctan

b− y
s
− arctan

a− y
s

)
dµ(y)

Now observe that with s↘ 0 we have:

lim
s↘0

(
arctan

b− y
s
− arctan

a− y
s

)
=



π
2
− π

2
= 0 (y < a)

π
2
− 0 = π

2
(y = a)

π
2
− (−π

2
) = π (a < y < b)

0− (−π
2
) = π

2
(y = b)

−π
2
− (−π

2
) = 0 (y > b)

We therefore obtain the following formula:

lim
s↘0

∫ b

a

Im(G(x+ is))dx = −π
(
µ(a, b) +

µ(a) + µ(b)

2

)
Now when µ is continuous, this leads to the formula in the statement. □
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As a comment on this, Theorem 3.13 assumes of course that the measure µ to be
found has indeed a density, the point being that, in the opposite case, the density found
there will not integrate up to 1. However, we can deal with atoms too, as shown by:

Remark 3.14. Stieltjes inversion can deal with atoms too, according to:

µ = ν +
∑
i

ciδai =⇒ Gµ(ξ) = Gν(ξ) +
∑
i

ci
ξ − ai

That is, the poles of the Cauchy transform Gµ correspond to the atoms of µ.

With this discussed, time now for some examples? For the main 7 probability laws
that we have, the applications of Stieltjes inversion range from trivial to undoable, and
with the results that we find ranging from useless to very interesting, as follows:

Theorem 3.15. In the main 7 situations, Stieljes inversion applies as follows:

(1) Poisson: Mk =
∑

π∈P (k) t
|π| has troubles producing pt = e−t

∑
k≥0

tkδk
k!

.

(2) Normal: M2k = tk(2k)!! has troubles producing gt =
1√
2πt

e−x2/2tdx.

(3) Exponential: Mk = k!/tk has troubles producing et = te−tx dx.
(4) Uniform: Mk = tk/(k + 1) produces indeed ut =

1
t
dx.

(5) Semicircle: M2k =
tk

k+1

(
2k
k

)
produces indeed γt =

1
2πt

√
4t− x2 dx.

(6) Arcsine: M2k = tk
(
2k
k

)
produces indeed αt =

1
π
√
4t−x2 dx.

(7) Marchenko-Pastur: we get indeed πt = max(1− t, 0)δ0 +
√

4t−(x−1−t)2

2πx
dx.

Proof. As mentioned, all this is quite tricky, the idea being as follows:

(1) Assume indeed that, in your theoretical physics computations, you came upon the
numbers Mk =

∑
π∈P (k) t

|π|, and are looking for the measure µ having these as moments.

In this case Stieltjes inversion cannot really help you, because M(z) =
∑

k≥0Mkz
k is not

computable. However, as a fix, you can try to find equations for M(z) and then G(ξ),
and use these in the context of Stieltjes inversion. And, good luck here.

(2) ForM2k = tk(2k)!! same situation as for Poisson, M(z) being not computable, and
in fact even worse, because, while some work on Poisson could eventually lead you to the
conclusion that G(ξ) consists of poles only, here there is no such trick.

(3) Same situation for Mk = k!/tk, with the function M(z) being not computable.

(4) This works. So, assume that in your physics computations, you came upon the
numbers Mk = tk/(k + 1), and are looking for the measure µ having these as moments.
Well, you ask your math buddy, who will first compute the Cauchy transform:

G(ξ) =
∑
k≥0

tkξ−k−1

k + 1
= − log(1− tξ−1)

t
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Next, the guy will set ξ = x+ is, and look at the following quantity:

e−tG(x+is) = 1− t

x+ is

And then, guy will argue that with s↘ 0, the right term goes to 1− t/x ∈ R, so we
must have −tIm(G(x+ is))→ kπ with k ∈ Z, and more specifically, by looking at what
happens to the real part too, with k = 1. Thus, by Stieltjes inversion:

dµ(x) = lim
s↘0
− 1

π
Im (G(x+ is)) · dx =

1

t

Which sounds very good, you can now write a joint paper with your math friend.

(5) This works too. Indeed, with M2k =
tk

k+1

(
2k
k

)
, the Cauchy transform is:

G(ξ) = ξ−1

∞∑
k=0

1

k + 1

(
2k

k

)
(tξ−2)k =

ξ −
√
ξ2 − 4t

2t

Now let us apply Theorem 3.13. The study here goes as follows:

– According to the general philosophy of the Stieltjes formula, the first term, namely
ξ/2t, which is “trivial”, will not contribute to the density.

– As for the second term, which is something non-trivial, this will contribute to the
density, the rule here being that the square root

√
ξ2 − 4t will be replaced by the “dual”

square root
√
4t− x2 dx, and that we have to multiply everything by −1/π.

– As a conclusion, by Stieltjes inversion we obtain the following density:

dµ(x) = − 1

π
· −
√
4t− x2
2t

dx =
1

2πt

√
4t− x2dx

(6) This works too. Indeed, with M2k = tk
(
2k
k

)
, the Cauchy transform is:

G(ξ) = ξ−1

∞∑
k=0

(
2k

k

)
(tξ−2)k =

1√
ξ2 − 4t

Thus, by Stieltjes inversion we obtain the following density, as stated:

dµ(x) = − 1

π
· − 1√

4t− x2
dx =

1

π
√
4t− x2

dx

(6’) Still talking arcsine, let us do as well the computation for the “rival” situation
from the proof of Theorem 3.8, namely Mk = tk

(
2k
k

)
. The Cauchy transform is:

G(ξ) = ξ−1

∞∑
k=0

(
2k

k

)
(tξ−1)k =

1√
ξ2 − 4tξ
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Thus, by Stieltjes inversion we obtain the following density, which at t = 1 is the
“rival” main arcsine law α′

1 =
1

π
√

x(4−x)
dx on [0, 4], from the proof of Theorem 3.8:

dµ(x) = − 1

π
· − 1√

4tx− x2
dx =

1

π
√
4tx− x2

dx

(7) We have kept the best for the end. The Marchenko-Pastur situation, coming from
free probability, random matrices and quantum groups, is as follows:

Mk =
∑

π∈NC(k)

t|π|

In the case t = 1 we have Mk = |NC(k)| = 1
k+1

(
2k
k

)
, leading right away to:

M(z) =
1−
√
1− 4z

2z
, G(ξ) =

1−
√
1− 4ξ−1

2
Thus, by Stieltjes inversion we obtain the following density, as stated:

dµ(x) = − 1

π
· −
√
4x−1 − 1

2
dx =

1

2π

√
4x−1 − 1 dx

In the case t ̸= 1 things are more complicated, and the moment formula above leads,
say via some free cumulant know-how, to the following formula for the M series:

M(z) =
1− t
2

+
1−

√
1− 2(1 + t)z + (1− t)2z2

2z
Equivalently, the Cauchy transform is given by the following formula:

G(ξ) =
1− t+ ξ −

√
(ξ − 1− t)2 − 4t

2ξ

Thus, by Stieltjes inversion we obtain the following density, as stated:

dµ(x) = max(1− t, 0)δ0 +
√

4t− (x− 1− t)2
2πx

dx

And more on this, Marchenko-Pastur at t ̸= 1, later in this book. □

3c. Hankel determinants

In view of what we have, namely bad results for the laws pt, gt that we are officially
interested in, then bad results for et too, and then good results for ut, γt, αt, πt, I am pretty
much sure that you currently suspect me to have introduced our 7 main probability laws,
just as a matter of having a story to tell with Stieltjes inversion, and freeness.

Error. We will discover in the remainder of this chapter that the continuation of the
story with Stieltjes inversion, featuring Hankel determinants and orthogonal polynomials,
will put our family pt, gt, et, ut, γt, αt, πt back together, and in a spectacular way.
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As a starting point, Stieltjes inversion does not fully solve the moment problem, be-
cause we still have the question of understanding when a sequence of numbers (Mk)k≥0

can be the moments of a measure µ. For instance we certainly must have M0 = 1, but
we must have as well the following inequality, corresponding to V ≥ 0:

M2 ≥M2
1

In answer now, we have the following result, complementing Theorem 3.13:

Theorem 3.16. A sequence of numbers M0,M1,M2,M3, . . . ∈ R, with M0 = 1, is the
series of moments of a real probability measure µ precisely when:

∣∣M0

∣∣ ≥ 0 ,

∣∣∣∣M0 M1

M1 M2

∣∣∣∣ ≥ 0 ,

∣∣∣∣∣∣
M0 M1 M2

M1 M2 M3

M2 M3 M4

∣∣∣∣∣∣ ≥ 0 , . . .

That is, the associated Hankel determinants must be all positive.

Proof. This is something a bit more advanced, the idea being as follows:

(1) Some numerics first. We know that the first two Hankel determinants are H1 = 1
and H2 = V , both positive. Regarding the third Hankel determinant, this is given by:

H3 =

∣∣∣∣∣∣
1 M1 M2

M1 M2 M3

M2 M3 M4

∣∣∣∣∣∣ = (M4 −M2
2 )V − (M3 −M1M2)

2

Which does not look obviously positive, so let us do a check for the binomial law bnp.
And here, after 1 hour of computations, we obtain, as desired:

H3(bnp) = 2n2(n− 1)p3(1− p)3 ≥ 0

Getting now to H4, things get much worse, and as a wise decision, let us assume that
our measure is centered, M2k+1 = 0. In this case H4 is easily computable, given by:

H4 =

∣∣∣∣∣∣∣∣
1 0 M2 0
0 M2 0 M4

M2 0 M4 0
0 M4 0 M6

∣∣∣∣∣∣∣∣ = (M2M6 −M2
4 )(M4 −M2

2 )

Now with input from gt, namely M2 = t,M4 = 3t2,M6 = 15t3, we obtain:

H1(gt) = 1 , H2(gt) = t , H3(gt) = 2t3 , H4(gt) = 12t6

Which looks good, all positive numbers, but as an overall conclusion to this, the
verification of Hk ≥ 0 by brute-force computation of Hk is not a good method.

(2) Fortunately, linear algebra comes to the rescue. Recall indeed from there the pos-
itivity theorem of Sylvester, stating that a matrix is positive precisely when its principal
minors are all positive. In view of this, the conditions Hk ≥ 0, taken altogether, precisely
mean that the corresponding matrices, say Ak, are all positive, Ak ≥ 0.
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(3) Now observe that for each of these matrices Ak, given a vector c ∈ CN , we have:

< Ac, c >=
k∑

i,j=1

Mi+jcic̄j

Thus, as an overall conclusion, our theorem states that (Mk)k≥0 are the moments of a
measure µ precisely when we have, for any k ∈ N, and any c ∈ CN :

n∑
i,j=1

Mi+jcic̄j ≥ 0

(4) But in one sense this is elementary, coming from the following computation:

n∑
i,j=1

Mi+jcic̄j =

∫
R

n∑
i,j=1

cic̄jx
i+jdµ(x) =

∫
R

∣∣∣∣∣
n∑

i=1

cix
i

∣∣∣∣∣
2

dµ(x)

(5) As for the other sense, this is something more delicate, requiring some functional
analysis study. So, exercise for you, to learn more about all this. □

Getting now to our main 7 probability measures, we have, quite remarkably, the
following beautiful and mysterious result regarding them:

Theorem 3.17. The Hankel determinants for the main 7 laws are as follows:

(1) Poisson, Mk = |P (k)|, here Hk =
∏k−1

i=1 i!.

(2) Normal, M2k = (2k)!!, here Hk =
∏k−1

i=1 i!.

(3) Exponential, Mk = k!, here Hk =
∏k−1

i=1 i!
2.

(4) Uniform, Mk = 1/(k + 1), here H−1
k = k!

∏2k−1
i=1

(
i

[i/2]

)
.

(5) Semicircle, M2k =
1

k+1

(
2k
k

)
, here Hk = 1.

(6) Arcsine, M2k =
(
2k
k

)
, here Hk = 2k−1.

(7) Marchenko-Pastur, Mk =
1

k+1

(
2k
k

)
, here Hk = 1.

Proof. This is something tough, that we will not attempt to prove here. This being
said, we can do some verifications, and formulate some comments, as follows:

(1) Some numerics first. At k = 2 we obtain indeed the correct variances:

H2 = 1 , 1 , 1 ,
1

12
, 1 , 2 , 1

At k = 3 we obtain the following numbers, which are the correct ones too, as you can
check by using the formula of H3 from the proof of Theorem 3.16:

H3 = 2 , 2 , 4 ,
1

2160
, 1 , 4 , 1
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At k = 4 we obtain the following numbers, correct too, good exercise for you:

H4 = 12 , 12 , 144 ,
1

24192000
, 1 , 8 , 1

(2) And so on. In general, however, there are several proofs, all complicated. So, come
back here after reading the next section, on orthogonal polynomials, which can help.

(3) As a comment now, for the rival arcsine law α′
1, supported by [0, 4], and whose

moments are Mk =
(
2k
k

)
, we obtain Hk = 2k−1, exactly as for the usual arcsine law α1.

Which is not suprising, the passage α1 → α′
1 being similar to γ1 → π1.

(4) Finally, in what regards the parametric versions pt, gt, et, ut, γt, αt, πt, in some cases
we can get away with homogeneity, while in other cases the problem becomes substantially
more complicated. And of course, exercise for you, to learn more about all this. □

3d. Orthogonal polynomials

We would like to end this chapter with a discussion on orthogonal polynomials, which
are advanced objects, related to the above, and whose values for the main 7 laws will be
something spectacular again, in the spirit of Theorem 3.17. Let us start with:

Theorem 3.18. Any Hilbert space H has an orthonormal basis {ei}i∈I , which is by
definition a set of vectors whose span is dense in H, and which satisfy

< ei, ej >= δij

with δ being a Kronecker symbol. The cardinality |I| of the index set, which can be finite,
countable, or uncountable, depends only on H, and is called dimension of H. We have

H ≃ l2(I)

in the obvious way, mapping
∑
λiei → (λi). The Hilbert spaces with dimH = |I| being

countable, such as l2(N), are all isomorphic, and are called separable.

Proof. This is certainly something that you know, coming from Gram-Schmidt, with
of course due attention to infinite dimensionality, needing a few minor fixes. □

According to Theorem 3.18, there is only one separable Hilbert space, up to isomor-
phism. There are many interesting things that can be said, about this magic and unique
Hilbert space. As a first such result, which is quite theoretical, we have:

Theorem 3.19. The following happen, in relation with separability:

(1) The Hilbert space H = L2[−1, 1] is separable, with orthonormal basis coming by
applying Gram-Schmidt to the basis {xk}k∈N, coming from Weierstrass.

(2) In fact, any H = L2(R, µ), with dµ(x) = f(x)dx, is separable, and the same
happens in higher dimensions, for H = L2(RN , µ), with dµ(x) = f(x)dx.

(3) More generally, given a separable abstract measured space X, the associated
Hilbert space of square-summable functions H = L2(X) is separable.
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Proof. Many things can be said here, the idea being as follows:

(1) The fact that H = L2[−1, 1] is separable is clear indeed from the Weierstrass
approximation theorem, which provides us with the algebraic basis gk = xk, which can be
orthogonalized via the Gram-Schmidt procedure, as explained in Theorem 3.18.

(2) Regarding now more general spaces, of type H = L2(R, µ), we can use here the
same argument, after modifying if needed our measure µ, in order for the functions gk = xk

to be indeed square-summable. As for higher dimensions, the situation here is similar,
because we can use here the multivariable polynomials gk(x) = xk11 . . . xkNN .

(3) Concerning the last assertion, regarding the general spaces of type H = L2(X),
which generalizes all this, this comes as a consequence of general measure theory, and we
will leave some learning, and working out the details here, as an instructive exercise.

(4) Finally, let us mention that all this is just the tip of the iceberg. For instance for
the unit circle X = T the good orthonormal basis is the Fourier one, {zn}n∈Z, and with
this being unrelated to the constructions in (1,2,3). Many things to be learned here. □

At a more concrete level now, Theorem 3.19 suggests formulating:

Definition 3.20. The orthogonal polynomials with respect to dµ(x) = f(x)dx are
polynomials Pk ∈ R[x] of degree k ∈ N, which are orthogonal inside H = L2(R, µ):∫

R
Pk(x)Pl(x)f(x)dx = 0 , ∀k ̸= l

Equivalently, these orthogonal polynomials {Pk}k∈N, which are each unique modulo scalars,
appear from the Weierstrass basis {xk}k∈N, by doing Gram-Schmidt.

As a first observation, the orthogonal polynomials exist indeed for any real measure
dµ(x) = f(x)dx, because we can obtain them from the monomials xk via Gram-Schmidt,
as indicated above. It is possible to be a bit more explicit here, as follows:

Theorem 3.21. The orthogonal polynomials with respect to µ are given by

Pk = ck

∣∣∣∣∣∣∣∣∣∣

M0 M1 . . . Mk

M1 M2 . . . Mk+1
...

...
...

Mk−1 Mk . . . M2k−1

1 x . . . xk

∣∣∣∣∣∣∣∣∣∣
where Mk =

∫
R x

kdµ(x) are the moments of µ, and ck ∈ R∗ can be any numbers.

Proof. Let us first see what happens at small values of k ∈ N. At k = 0 our formula
holds indeed, due to M0 = 1. At k = 1, using again M0 = 1, the formula is as follows:

P1 = c1

∣∣∣∣M0 M1

1 x

∣∣∣∣ = c1(x−M1)
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But this is again the good formula, because the degree is 1, and we have:

< 1, P1 > = c1 < 1, x−M1 >

= c1(< 1, x > − < 1,M1 >)

= c1(M1 −M1)

= 0

At k = 2 now, things get more complicated, with the formula being as follows:

P2 = c2

∣∣∣∣∣∣
M0 M1 M2

M1 M2 M3

1 x x2

∣∣∣∣∣∣
However, no need for big computations here, in order to check the orthogonality,

because by using the fact that xk integrates up to Mk, we obtain:

< 1, P2 >=

∫
R
P2(x)dµ(x) = c2

∣∣∣∣∣∣
M0 M1 M2

M1 M2 M3

M0 M1 M2

∣∣∣∣∣∣ = 0

Similarly, again by using the fact that xk integrates up to Mk, we have as well:

< x, P2 >=

∫
R
xP2(x)dµ(x) = c2

∣∣∣∣∣∣
M0 M1 M2

M1 M2 M3

M1 M2 M3

∣∣∣∣∣∣ = 0

Thus, result proved at k = 0, 1, 2, and the proof in general is similar. □

In practice now, all this leads us to a lot of interesting combinatorics, and countless
things can be said. For the simplest measured space X ⊂ R, which is the interval [−1, 1],
with its uniform measure, the orthogonal basis problem can be solved as follows:

Theorem 3.22. The orthogonal polynomials for L2[−1, 1], subject to∫ 1

−1

Pk(x)Pl(x) dx = δkl

and called Legendre polynomials, satisfy the following differential equation,

(1− x2)P ′′
k (x)− 2xP ′

k(x) + k(k + 1)Pk(x) = 0

which is the Legendre equation from physics. Moreover, we have the formula

(k + 1)Pk+1(x) = (2k + 1)xPk(x)− kPk−1(x)

called Bonnet recurrence formula, as well as the formula

Pk(x) =
1

2kk!
· d

k

dxk
(
1− x2

)k
called Rodrigues formula for the Legendre polynomials.
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Proof. Many things going on here, the idea being as follows:

(1) The first assertion is clear, because the Gram-Schmidt procedure applied to the
Weierstrass basis {xk} can only lead to a certain family of polynomials {Pk}, with each
Pk being of degree k, and also unique, if we assume that it has positive leading coefficient,
with this ± choice being needed, as usual, at each step of Gram-Schmidt.

(2) In order to have now an idea about these beasts, here are the first few of them,
which can be obtained say via a straightforward application of Gram-Schmidt:

P0 = 1

P1 = x

P2 = (3x2 − 1)/2

P3 = (5x3 − 3x)/2

P4 = (35x4 − 30x2 + 3)/8

(3) Now thinking about what Gram-Schmidt does, this is certainly something by
recurrence. And examining the recurrence leads to the Legendre equation, as stated. As
for the Bonnet recurrence formula, the story here is similar.

(4) Regarding the Rodrigues formula, by uniqueness no need to try to understand
where this formula comes from, and we have two choices here, either by verifying that
{Pk} is orthonormal, or by verifying the Legendre equation. And both methods work.

(5) In relation with the 7 laws, the shifted Legendre polynomials Pk(2x− 1) solve the
problem for u1, uniform measure on [0, 1]. So one done, 6 to go. By the way, the choice
[−1, 1] in the statement is very standard, coming from physics, the Legendre polynomials
defined in this way being able to solve the hydrogen atom. See Griffiths [52]. □

The above result is just the tip of the iceberg, and as a continuation, we have:

Theorem 3.23. The orthogonal polynomials for L2[−1, 1], with measure

dµ(x) = (1− x)a(1 + x)bdx

called Jacobi polynomials, satisfy as well a degree 2 equation, namely

(1− x2)P ′′
k (x) + (b− a− (a+ b+ 2)x)P ′

k(x) + k(k + a+ b+ 1)Pk(x) = 0

as well as an order 2 recurrence relation, and are given by the following formula:

Pk(x) =
(−1)k

2kk!
(1− x)−a(1 + x)−b d

k

dxk
[
(1− x)a(1 + x)b(1− x2)k

]
As main examples, at a = b = 0 we recover the Legendre polynomials, and at a, b = ±1

2
we recover the four types of Chebycheff polynomials, from trigonometry.
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Proof. Again, many things going on here, the idea being as follows:

(1) To start with, in what regards the precise statement, the order 2 recurrence relation
mentioned there is something quite complicated, as follows:

2k(k + a+ b)(2k + a+ b− 2)Pk(x)

= (2k + a+ b− 1)
[
(2k + a+ b)(2k + a+ b− 2)x+ a2 − b2

]
Pk−1(x)

− 2(k + a− 1)(k + b− 1)(2k + a+ b)Pk−2(x)

(2) Regarding now the main particular cases of the Jacobi polynomials, these are the
Gegenbauer polynomials, appearing at a = b, with as particular cases:

– The Legendre polynomials from Theorem 3.22, appearing at a = b = 0.

– The Chebycheff polynomials of the first kind, Tk(cos t) = cos(kt), at a = b = −1
2
.

– And of the second kind too, Uk(cos t) sin t = sin((k + 1)t), appearing at a = b = 1
2
.

(3) Passed Gegenbauer, at a = −1
2
, b = 1

2
we have the Chebycheff polynomials of

the third kind, Vk(cos t) cos(t/2) = cos((k + 1/2)t), and at a = 1
2
, b = −1

2
we have the

Chebycheff polynomials of the fourth kind, Wk(cos t) sin(t/2) = sin((k + 1/2)t).

(4) In relation with probability, the Jacobi polynomials solve the orthogonalization
problem for the beta distributions from Comment 3.5, up to some normalizations. In
particular, in relation with the 7 laws, u1, α1, γ1, π1 done, and 3 more to go.

(5) Finally, regarding the proof, the statement itself appears as a generalization of
Theorem 3.22, which corresponds to the particular case a = b = 0, and the proof is quite
similar. We will leave learning more about all this as an exercise. □

Getting now to other spaces X ⊂ R, we first have the following result, dealing with
e1, which complements well Theorem 3.22, for the needs of basic quantum mechanics:

Theorem 3.24. The orthogonal polynomials for L2[0,∞), with scalar product

< f, g >=

∫ ∞

0

f(x)g(x)e−x dx

are the Laguerre polynomials {Pk}, satisfying the following differential equation,

xP ′′
k (x) + (1− x)P ′

k(x) + kPk(x) = 0

as well as the following order 2 recurrence relation,

(k + 1)Pk+1(x) = (2k + 1− x)Pk(x)− kPk−1(x)

and which are given by the following formula,

Pk(x) =
ex

k!
· d

k

dxk
(
e−xxk

)
called Rodrigues formula for the Laguerre polynomials.
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Proof. The story here is very similar to that of the Legendre and Jacobi polynomials,
and many further things can be said here, with exercise for you to learn a bit about all
this. Let us record as well a few numeric values, for the Laguerre polynomials:

P0 = 1

P1 = 1− x
P2 = (x2 − 4x+ 2)/2

P3 = (−x3 + 9x2 − 18x+ 6)/6

P4 = (x4 − 16x3 + 72x2 − 96x+ 24)/24

Finally, for the story to be complete, no discussion about the Laguerre polynomials
would be complete without a word about their use, in quantum mechanics. So, have a
look at Griffiths [52], see how these beasts produce the wave functions of hydrogen. □

Finally, regarding the space X = R itself, we have here the following result:

Theorem 3.25. The orthogonal polynomials for L2(R), with scalar product

< f, g >=

∫ ∞

0

f(x)g(x)e−x2

dx

are the Hermite polynomials {Pk}, satisfying the following differential equation,

P ′′
k (x)− 2xP ′

k(x) + Pk(x) = 0

as well as the following order 2 recurrence relation,

Pk+1(x) = 2xPk(x)− 2kPk−1(x)

and which are given by the following formula,

Pk(x) = (−1)kex2 · d
k

dxk
(
e−x2)

called Rodrigues formula for the Hermite polynomials.

Proof. As before, the story here is quite similar to that of the Legendre and other
orthogonal polynomials, and exercise for you to learn a bit about all this. Let us record
as well a few numeric values, for the Hermite polynomials:

P0 = 1

P1 = 2x

P2 = 4x2 − 2

P3 = 8x3 − 12x

P4 = 16x4 − 48x2 + 12

Finally, do not forget to work out some rescalings too, with the density in the statement
e−x2

replaced by the more familiar e−x2/2, corresponding to the normal law g1. □
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And with this, good news, end of the story with the orthogonal polynomials, at least
at the introductory level, and this due to the following fact, which is something quite
technical, and that we will not attempt to prove, or even explain in detail here:

Fact 3.26. From an abstract point of view, coming from degree 2 equations, and
Rodrigues formulae for the solutions, there are only three types of “classical” orthogonal
polynomials, namely the Jacobi, Laguerre and Hermite ones, discussed above.

And isn’t this amazing, on par with the combinatorial beauties from Theorem 3.17.
Simply put, up to some manipulations on our 7 laws, namely merging all the beta ones,
and forgetting about Poisson, that is all. And with this, coming by theorem.

The continuation of the story, however, is more complicated, as follows:

Fact 3.27. The orthogonal polynomials for p1 are the Charlier polynomials, which
are quite complicated. The unification with Jacobi is done via the Askey polynomials,
advanced level. On top of this, we have the Askey-Wilson polynomials, expert level.

And we will end with this. Take it easy I guess, we learned many things in this chapter,
regarding the 7 laws, but this is not the only way of viewing things. We will soon discover
that another viewpoint, called easiness, allows us to reconcile pt, gt, γt, πt.

3e. Exercises

We had a lot of combinatorics in this chapter, and as exercises, we have:

Exercise 3.28. Learn more about et, ut, γt, all basic distributions.

Exercise 3.29. Further meditate on αt, πt, at the t = 1 value, and scaling.

Exercise 3.30. Try to compute the missing transforms, for the 7 laws.

Exercise 3.31. What is the measure having Ek =
(

k
[k/2]

)
as moments?

Exercise 3.32. Clarify the general theory of Hankel determinants.

Exercise 3.33. Do some Hankel computations, for the main 7 laws.

Exercise 3.34. Learn more about Chebycheff and other orthogonal polynomials.

Exercise 3.35. In view of what we saw, what is the simplest measure?

As bonus exercise, read more about Hilbert spaces, and about operators too.



CHAPTER 4

Groups, easiness

4a. Poisson, revised

We have seen in the previous chapter that, in relation with several advanced as-
pects, the Poisson and normal laws pt, gt are best seen as being part of the family
{pt, gt, et, ut, γt, αt, πt}, with et, ut being the exponential and uniform laws, and with
γt, αt, πt being the semicircle, arcsine and Marchenko-Pastur laws. Informally, and up
to rescalings, and up to an atom issue for πt at t ∈ (0, 1), our family can be described as
“Poisson, normal, exponential and basic beta”. And with this being certainly great.

As an issue, however, at the truly advanced level, all this leads us into the Askey
scheme for orthogonal polynomials [6], where the normal law gt, corresponding to the
Hermite polynomials, lies at the bottom, which is very nice, while the Poisson law pt,
corresponding to the Charlier polynomials, lies higher up, which is not ideal.

So, what to do? Come up with an alternative approach to all this, according to:

Principle 4.1. There are two ways of conceptually viewing pt, gt:

(1) As part of the family {pt, gt, et, ut, γt, αt, πt}, with et, ut, γt, αt, πt being the expo-
nential, uniform, semicircle, arcsine and Marchenko-Pastur laws. And with this
being part of the Askey scheme for orthogonal polynomials.

(2) As part of the family {pt, gt, p2t , gtt, πt, γt, π2
t , γ

t
t}, with p2t , gtt, πt, γt, π2

t , γ
t
t being the

Bessel, shifted normal, Marchenko-Pastur, semicircle, free Bessel and shifted
semicircle laws. And with this coming from the “easiness” philosophy.

Which sounds quite good, guess I’ll just have to explain you what easiness is, and
then provide some details on the two newcomers, p2t , π

2
t , and we are ready to go. With

this meaning theory and computations for (2), and then comparison with (1).

In answer, patience. Easiness is something that can be formally defined in terms of
partitions and moment combinatorics, the key formulae here being as follows:

Mk(pt) =
∑

π∈P (k)

t|π| , Mk(gt) =
∑

π∈P2(k)

t|π|

Indeed, we know that we have similar formulae for πt, γt, involving NC(k), NC2(k).
Which makes it pretty much clear that we can develop a theory, based on this.

81
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However, and here comes my point, for best results and applications, and further
extensions too, and so on, it is better to do things the slow way, according to:

Principle 4.2. Easiness comes from groups, with pt, gt coming from SN , ON . And
this is how it is best learned, with group theory knowledge making you powerful.

But probably enough talking and principles, with black belt mathematical power at
stake, believe me here, let us get interested in groups, and do some work. We will be first
interested in the symmetric group SN , and more specifically, in counting the permutations
σ ∈ SN having no fixed points, which are called derangements. And here, we have:

Theorem 4.3. The probability for a random σ ∈ SN to be a derangement is

P ≃ 1

e
in the N →∞ limit.

Proof. Consider the sets Si
N = {σ ∈ SN |σ(i) = i}. According to the inclusion-

exclusion principle, the probability that we are interested in is given by:

P =
1

N !

(
|SN | −

∑
i

|Si
N |+

∑
i<j

|Si
N ∩ S

j
N | −

∑
i<j<k

|Si
N ∩ S

j
N ∩ S

k
N |+ . . .

)

=
1

N !

N∑
k=0

(−1)k
∑

i1<...<ik

|Si1
N ∩ . . . ∩ S

ik
N |

=
1

N !

N∑
k=0

(−1)k
(
N

k

)
(N − k)!

=
N∑
k=0

(−1)k

k!

Thus, we are led to the conclusion in the statement. □

With a bit more work, this leads to a combinatorial model for the Poisson law p1:

Theorem 4.4 (upgrade). The number of fixed points of permutations,

χ : SN → N , χ(σ) = #
{
i ∈ {1, . . . , N}

∣∣∣σ(i) = i
}

follows with N →∞ the Poisson law p1.

Proof. We have to count the permutations σ ∈ SN having exactly k points. Since
having such a permutation amounts in choosing k points among 1, . . . , N , and then per-
muting the N − k points left, without fixed points allowed, we have:

#
{
σ ∈ SN

∣∣∣χ(σ) = k
}
=

(
N

k

)
#
{
σ ∈ SN−k

∣∣∣χ(σ) = 0
}
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Now by dividing everything by N !, we obtain from this the following formula:

#
{
σ ∈ SN

∣∣∣χ(σ) = k
}

N !
=

1

k!
×

#
{
σ ∈ SN−k

∣∣∣χ(σ) = 0
}

(N − k)!
By using now the computation at k = 0, from Theorem 4.3, it follows that with

N →∞ we have the following estimate, χ being the number of fixed points:

P (χ = k) ≃ 1

k!
· P (χ = 0) ≃ 1

k!
· 1
e

Thus, we are led to the conclusion in the statement. □

More generally now, and quite remarkably, we have in fact the following result:

Theorem 4.5 (upgrade). The number of partial fixed points of permutations,

χt : SN → N , χ(σ) = #
{
i ∈ {1, . . . , [tN ]}

∣∣∣σ(i) = i
}

follows with N →∞ the Poisson law pt.

Proof. This is an upgrade of Theorem 4.4, the idea being as follows:

(1) Consider first, as in the proof of Theorem 4.3, the sets Si
N = {σ ∈ SN |σ(i) = i}.

As before in the proof of Theorem 4.3, we obtain by inclusion-exclusion that:

P (χt = 0) =
1

N !

[tN ]∑
k=0

(−1)k
∑

i1<...<ik<[tN ]

|Si1
N ∩ . . . ∩ S

ik
N |

=
1

N !

[tN ]∑
k=0

(−1)k
(
[tN ]

k

)
(N − k)!

=

[tN ]∑
k=0

(−1)k

k!
· [tN ]!(N − k)!
N !([tN ]− k)!

But with N →∞, we obtain from this the following estimate, as desired:

P (χt = 0) ≃
[tN ]∑
k=0

(−1)k

k!
· tk =

[tN ]∑
k=0

(−t)k

k!
≃ e−t

(2) More generally now, by counting the permutations σ ∈ SN having exactly k fixed
points among 1, . . . , [tN ], as in the proof of Theorem 4.4, our claim is that we get:

P (χt = k) ≃ tk

k!et

Indeed, we already know from (1) that this formula holds at k = 0. In general now, we
have to count the permutations σ ∈ SN having exactly k fixed points among 1, . . . , [tN ].
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Since having such a permutation amounts in choosing k points among 1, . . . , [tN ], and
then permuting the N − k points left, without fixed points among 1, . . . , [tN ] allowed, we
obtain the following formula, where s ∈ (0, 1] is such that [s(N − k)] = [tN ]− k:

#
{
σ ∈ SN

∣∣∣χt(σ) = k
}
=

(
[tN ]

k

)
#
{
σ ∈ SN−k

∣∣∣χs(σ) = 0
}

Now by dividing everything by N !, we obtain from this the following formula:

#
{
σ ∈ SN

∣∣∣χt(σ) = k
}

N !
=

1

k!
× [tN ]!(N − k)!
N !([tN ]− k)!

×
#
{
σ ∈ SN−k

∣∣∣χs(σ) = 0
}

(N − k)!
By using now the computation at k = 0, that we have from (1), we obtain:

P (χt = k) ≃ 1

k!
× [tN ]!(N − k)!
N !([tN ]− k)!

· P (χs = 0)

≃ tk

k!
· P (χs = 0)

≃ tk

k!
· 1
es

Now recall that s ∈ (0, 1] was chosen such that [s(N − k)] = [tN ] − k. Thus with
N →∞ we have s = t, so we obtain P (χt = k) ≃ tk/(k!et), which gives the result. □

And with this, end of the story? You must be kidding. We have indeed:

Theorem 4.6 (upgrade). For the symmetric group SN ⊂u ON , the truncated character

χt : G→ R , χt =

[tN ]∑
i=1

uii

follows with N →∞ the Poisson law pt.

Proof. Let us view indeed SN as group of permutations of the N coordinate axes of
RN . The formula of the action is then u(σ) : ej → eσ(j), which in matrix terms reads:

uij(σ) = δσ(j)i

Thus, the sums of diagonal coordinates uii count the fixed points, and with this ob-
servation in hand, Theorem 4.5 reformulates as in the statement. □

Next, now that we have a nice final statement, let us upgrade as well the proof:

Theorem 4.7 (upgrade). The polynomial integrals over SN ⊂u ON are given by∫
SN

ui1j1 . . . uikjk =

{
(N−| ker i|)!

N !
if ker i = ker j

0 otherwise

and by using this and summing, we obtain χt ∼ pt in the N →∞ limit.
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Proof. We have two assertions here, the idea being as follows:

(1) According to our convention for SN ⊂u ON , the integrals in the statement are:∫
SN

ui1j1 . . . uikjk =
1

N !
#
{
σ ∈ SN

∣∣∣σ(j1) = i1, . . . , σ(jk) = ik

}
Now observe that the existence of σ ∈ SN as above requires im = in ⇐⇒ jm = jn.

Thus, the above integral vanishes when the following condition is satisfied:

ker i ̸= ker j

Regarding now the case ker i = ker j, if we denote by b ∈ {1, . . . , k} the number of
blocks of this partition ker i = ker j, we have N − b points to be sent bijectively to N − b
points, and so (N − b)! solutions, and the integral is (N−b)!

N !
, as claimed.

(2) For the second assertion, with Skb being the Stirling numbers, counting the parti-
tions of {1, . . . , k} having exactly b blocks, we have the following computation:∫

SN

χk
t =

[tN ]∑
i1,...,ik=1

∫
SN

ui1i1 . . . uikik

=
∑

π∈P (k)

[tN ]!

([tN ]− |π|!)
· (N − |π|!)

N !

=

[tN ]∑
b=1

[tN ]!

([tN ]− b)!
· (N − b)!

N !
· Skb

In particular with N →∞ we obtain the following formula:

lim
N→∞

∫
SN

χk
t =

k∑
b=1

Skbt
b

But this is the k-th moment of the Poisson law pt, and so we are done. □

So, are we done with this? Not really, because here is something even better:

Theorem 4.8 (upgrade). We have the following law formula,

law(χt) =
[tN ]!

N !

[tN ]∑
p=0

(N − p)!
([tN ]− p)!

· (δ1 − δ0)
∗p

p!

which shows in particular that χt ∼ pt in the N →∞ limit.

Proof. We have two assertions here, the idea being as follows:

(1) The law formula follows either from the computations in the proof of Theorem 4.5,
or from those in the proof of Theorem 4.7, by extracting from there the last formula, just
before letting N →∞, and further processing it. We will leave this as an exercise.
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(2) The coefficients in the law formula can be estimated via Stirling, as follows:

cp ≃
(tN)tN

NN
· (N − p)N−p

(tN − p)tN−p
≃ tp

We conclude that the asymptotic law is given by the following formula:

law(χt) ≃
s∑

p=0

tp · (δ1 − δ0)
∗p

p!

But on the right we have pt, say via F (x) = exp(t(eix − 1)), and we are done. □

And we will end our study of derangements with this, guess we are now experts in
counting. By the way, in case you got addicted to our series of upgrades, I have news for
you, there will be one more, based on the easiness property of SN . Coming soon.

4b. Weingarten formula

Getting now to the orthogonal group ON , we would like to prove that χt ∼ gt with
N → ∞, which would stand as a good complement to our χt ∼ pt formula for SN , and
would allow us to have some business started, along the lines of Principles 4.1 and 4.2.

However, and coming as bad news, while in the case of SN we were totally at ease,
with several counting methods being available, in the case of ON , which is a continuous
group, none of these discrete counting methods will apply, and we are in the dark.

So, in order to get started, we need a theorem regarding the integration over ON ,
telling us what that integration is. And here is the theorem that we will need:

Theorem 4.9. The integration over a compact group G ⊂ ON can be constructed by
starting with any faithful positive unital linear form φ ∈ C(G)∗, and setting:∫

G

= lim
n→∞

1

n

n∑
k=1

φ∗k

Moreover, for any representation v : G→ On we have the following formula,(∫
G

vij

)
ij

= P

where P is the orthogonal projection onto Fix(v) =
{
ξ ∈ Cn

∣∣v(g)ξ = ξ, ∀g ∈ G
}
.

Proof. This is something standard, which can be done in 3 steps, as follows:

(1) Given φ ∈ C(G)∗, our claim is that the following converges, for any f ∈ C(G):∫
φ

f = lim
n→∞

1

n

n∑
k=1

φ∗k(f)
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Indeed, by linearity we can assume that f is the coefficient of certain representation
v : G → On. But in this case, an elementary computation gives the following formula,
with Pφ ≥ P being the orthogonal projection onto the 1-eigenspace of [φ(vij)]ij:(∫

φ

vij

)
ij

= Pφ

(2) The point now is that when φ ∈ C(G)∗ is faithful, by using a standard positivity
trick, we can prove that we have Pφ = P . Assume indeed Pφξ = ξ, and let us set:

f =
∑
i

(∑
j

vijξj − ξi

)(∑
k

vikξk − ξi

)
A straightforward computation shows then that φ(f) = 0, and so f = 0, as desired.

(3) Thus, we proved our claim, and with this in hand, the left and right invariance of∫
G
=
∫
φ
is clear on coefficients, and so in general, and this gives all the assertions. For

details here you can check my book [8], where all this is explained in detail. □

Getting back now to ON , having Theorem 4.9 in hand is not the end of our troubles,
because we still have to know how to use the formulae there. So, here is my proposal:

Proposal 4.10. We will first attempt to reprove χt ∼ pt for SN , by using the technol-
ogy from Theorem 4.9, even if this is something a bit unnatural, which might take some
time. Then, once this understood, we will prove χt ∼ gt for ON too.

So, proposal accepted I hope, please cancel all your meetings until the holidays, turn
off all electric machinery on you, and here we go again with SN , somehow with the aim
of inventing the most complicated proof ever for χt ∼ pt. Let us start with:

Proposition 4.11. Given a compact group G ⊂u ON , we have∫
G

χk = dim
(
Fix(u⊗k)

)
where u⊗k : G→ ONk are the tensor powers of u : G→ ON .

Proof. In the context of Theorem 4.9, by applying the trace there we obtain:∫
G

Tr(v) = Tr(P ) = dim(Im(P )) = dim(Fix(v))

Now for the representation v = u⊗k, this gives the formula in the statement. □

Summarizing, in order to compute the character law for G ⊂u ON , we must find bases
for the spaces Fix(u⊗k). And getting now to the case of G = SN , fortunately these spaces
Fix(u⊗k) have a very simple description, in terms of partitions, as shown by:
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Theorem 4.12. The symmetric group SN ⊂u ON has the easiness property

Hom(u⊗k, u⊗l) = span
(
Tπ

∣∣∣π ∈ P (k, l))
with P (k, l) being the set of partitions between k points and l points, and

Tπ(ei1 ⊗ . . .⊗ eik) =
∑
j1...jl

δπ

(
i1 . . . ik
j1 . . . jl

)
ej1 ⊗ . . .⊗ ejl

where δπ = 1 if the indices match, and δπ = 0 otherwise.

Proof. This is something worth discussing in detail, the idea being as follows:

(1) To start with, forgetting about symmetric groups, and being a bit philosophers,
what makes a compact group G ⊂u ON easy? Having 1 element, or being cyclic, or
abelian, you would say. However, this is something naive. Indeed, at the advanced level,
as we know from Proposition 4.11, this means that the spaces Fix(u⊗k) must be easy.

(2) Next, observe that the representations (u⊗k)k≥0 form a category, with the arrows
between them being the intertwiners, which are as follows, with H = CN :

Hom(u⊗k, u⊗l) =
{
T ∈ L(H⊗k, H⊗l)

∣∣∣Tg⊗k = g⊗lT,∀g ∈ G
}

So, in practice, it is this collection of linear spaces that you want to be easy.

(3) Then, what should this latter easiness property exactly mean? In answer, we
would like the intertwiners T to be as simple as possible, and some good candidates here
are the linear maps in the statement, associated to the partitions π ∈ P (k, l).

(4) To be more precise, let us denote by P (k, l) the set of usual partitions, between
an upper row of k points, and a lower row of l points. As an example, here is a partition
in P (3, 3), with two blocks, represented by strings, in the obvious way:

η =

◦ ◦ ◦

◦ ◦ ◦

(5) Now given π ∈ P (k, l) and multi-indices i = (i1, . . . , ik) and j = (j1, . . . , jl), we
can put i, j on the legs of π, in the obvious way. Then, if the indices fit, meaning that all
strings of π join equal indices of i, j, we set δπ

(
i
j

)
= 1. Otherwise, we set δπ

(
i
j

)
= 0. As

an example, for the above partition η ∈ P (3, 3), we have the following formula:

δη

(
a b c
d e f

)
= δabefδcd
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(6) With this done, we can talk about the linear maps Tπ in the statement. As an
example here, for the above partition η ∈ P (3, 3), the formula is as follows:

Tη(ea ⊗ eb ⊗ ec) = δabec ⊗ ea ⊗ ea
(7) And with this, we can now axiomatize easiness. Indeed, we can say that a closed

subgroup G ⊂u ON is easy when we have equalities of linear spaces as follows, for any
two integers k, l ∈ N, with D(k, l) ⊂ P (k, l) being certain sets of partitions:

Hom(u⊗k, u⊗l) = span
(
Tπ

∣∣∣π ∈ D(k, l)
)

(8) Getting to work now, our theorem says that SN ⊂u ON is easy, coming from
D(k, l) = P (k, l), which in practice means that we have, for any k, l ∈ N:

Hom(u⊗k, u⊗l) = span
(
Tπ

∣∣∣π ∈ P (k, l))
(9) Let us first prove ⊃. Given π ∈ P (k, l) and σ ∈ SN , we have indeed:

Tπσ
⊗k(ei1 ⊗ . . .⊗ eik) =

∑
j1...jl

δπ

(
σ(i1) . . . σ(ik)
j1 . . . jl

)
ej1 ⊗ . . .⊗ ejl

=
∑
j1...jl

δπ

(
σ(i1) . . . σ(ik)
σ(j1) . . . σ(jl)

)
eσ(j1) ⊗ . . .⊗ eσ(jl)

=
∑
j1...jl

δπ

(
i1 . . . ik
j1 . . . jl

)
eσ(j1) ⊗ . . .⊗ eσ(jl)

= σ⊗lTπ(ei1 ⊗ . . .⊗ eik)
(10) In order to prove now the reverse inclusion ⊂, consider an arbitrary linear map

T : (CN)⊗k → (CN)⊗l, written as follows, with λ
(
i1...ik
j1...jl

)
∈ C being certain scalars:

T (ei1 ⊗ . . .⊗ eik) =
∑
j1...jl

λ

(
i1 . . . ik
j1 . . . jl

)
ej1 ⊗ . . .⊗ ejl

Given a permutation σ ∈ SN , by reasoning as before, we can see that we have:

Tσ⊗k = σ⊗lT ⇐⇒ λ

(
σ(i1) . . . σ(ik)
σ(j1) . . . σ(jl)

)
= λ

(
i1 . . . ik
j1 . . . jl

)
, ∀i, j

We conclude that we have T ∈ Hom(u⊗k, u⊗l) precisely when the following happens:

ker

(
i1 . . . ik
j1 . . . jl

)
= ker

(
i′1 . . . i′k
j′1 . . . j′l

)
=⇒ λ

(
i1 . . . ik
j1 . . . jl

)
= λ

(
i1 . . . ik
j1 . . . jl

)
Thus, we are led to the conclusion that λ : {1, . . . , N}k+l → C must come from a

function φ : P (k, l) → C, via a formula of type λ(x) = φ(kerx), and it follows that the
inclusion ⊃ that we established in (9) is indeed an equality, as desired. □
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With this done, it remains to see if this technology is any good for our probability
questions. And here, according to Proposition 4.11, and then to easiness, we have:∫

SN

χk
1 = dim

(
Fix(u⊗k)

)
= dim

[
span

(
Tπ

∣∣∣π ∈ P (k))]
Thus, we are done with t = 1, save for the fact that we do not know yet that the

vectors on the right are linearly independent with N →∞. But this comes from:

Theorem 4.13 (Lindstöm). The Gram matrix of the vectors {Tπ|π ∈ P (k)} is

GkN(π, ν) = N |π∨ν|

where ∨ is the superposition operation for the partitions, and we have the formula

det(GkN) =
∏

π∈P (k)

N !

(N − |π|)!

at N ≥ k. In particular, the vectors {Tπ|π ∈ P (k)} are linearly independent at N ≥ k.

Proof. Regarding the first formula, this comes from the following computation:

GkN(π, ν) =
∑
j1...jl

δπ
(
j1 . . . jl

)
δν
(
j1 . . . jl

)
=

∑
j1...jl

δπ∨ν
(
j1 . . . jl

)
= N |π∨ν|

Next, in order to compute det(GkN), observe that we have the following formula:

N |π∨ν| = #
{
i1, . . . , ik ∈ {1, . . . , N}

∣∣∣ ker i ≥ π ∨ ν
}

=
∑

τ≥π∨ν

#
{
i1, . . . , ik ∈ {1, . . . , N}

∣∣∣ ker i = τ
}

=
∑

τ≥π∨ν

N(N − 1) . . . (N − |τ |+ 1)

Now in view of this latter formula, consider the following matrix:

LkN(π, ν) =

{
N(N − 1) . . . (N − |π|+ 1) if ν ≤ π

0 otherwise

If we denote by Ak the adjacency matrix of P (k), we conclude that we have:

GkN(π, ν) =
∑
τ≥π

LkN(τ, ν) =
∑
τ

Ak(π, τ)LkN(τ, ν) = (AkLkN)(π, ν)
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Summarizing, we have decomposed our Gram matrix as GkN = AkLkN . Now if we
order P (k) as usual, with respect to the number of blocks, and then lexicographically, the
matrix Ak is upper triangular, and the matrix LkN is lower triangular, and so:

det(GkN) = det(Ak) det(LkN) = det(LkN) =
∏

π∈P (k)

N !

(N − |π|)!

And with this done, we are led to the conclusions in the statement. □

Getting back to SN , as explained before Theorem 4.13, we are done with t = 1. In
order to discuss now the general case t ∈ (0, 1], we will need the Weingarten formula:

Theorem 4.14. For an easy group G ⊂u ON , coming from D ⊂ P , we have∫
G

ui1j1 . . . uikjk =
∑

π,ν∈D(k)

δπ(i)δν(j)WkN(π, ν)

with WkN = G−1
kN being the inverse of the Gram matrix GkN(π, ν) = N |π∨ν|.

Proof. Consider the integrals in the statement, denoted as follows:

Pi1...ik,j1...jk =

∫
G

ui1j1 . . . uikjk

We know from Theorem 4.9 that the matrix P = (Pij) is the projection on Fix(u⊗k).
On the other hand, by easiness, this space that we are projecting on is given by:

Fix(u⊗k) = span
(
Tπ

∣∣∣π ∈ D(k)
)

In order now to explicitly compute P , consider the following linear map:

E(x) =
∑

π∈D(k)

< x, Tπ > Tπ

By linear algebra we have then P = WE, where W is the inverse on Fix(u⊗k) of the
restriction of E. But this latter restriction is the linear map given by the Gram matrix
GkN , and we are led in this way to the formula in the statement. □

We can go back now to our symmetric group considerations, and we have the following
new and final upgrade of our series of results, from the previous section:

Theorem 4.15 (again). The symmetric group SN ⊂u ON is easy,

Hom(u⊗k, u⊗l) = span
(
Tπ

∣∣∣π ∈ P (k, l))
and this shows that we have χt ∼ pt with N →∞.
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Proof. In the case t = 1 we are already done, as explained before Theorem 4.13. In
the general case now, t ∈ (0, 1], we have the following computation:∫

SN

(u11 + . . .+ uss)
k =

s∑
i1=1

. . .

s∑
ik=1

∫
SN

ui1i1 . . . uikik

=
∑

π,ν∈D(k)

WkN(π, ν)
s∑

i1=1

. . .

s∑
ik=1

δπ(i)δν(i)

=
∑

π,ν∈D(k)

WkN(π, ν)Gks(ν, π)

= Tr(WkNGks)

Now since the Gram matrix is asymptotically diagonal, GkN ≃ diag(N |π|), its inverse
is asymptotically diagonal too, WkN ≃ diag(N−|π|), and the above computation gives:

lim
N→∞

∫
SN

χk
t =

∑
π∈P (k)

t|π|

We conclude that we have χt ∼ pt in the N →∞ limit, as stated. □

Getting now to the case of the orthogonal group ON , we have here:

Theorem 4.16. The orthogonal group ON is easy too, according to

Hom(u⊗k, u⊗l) = span
(
Tπ

∣∣∣π ∈ P2(k, l)
)

with P2 standing for pairings, and with this, we have χt ∼ gt in the N →∞ limit.

Proof. The study here is similar to the one for SN , with a few new twists:

(1) In what regards easiness, consider the semicircle pairing ∩. The linear map asso-
ciated to it being T∩ =

∑
i ei ⊗ ei, for an arbitrary matrix U ∈MN(R), we have:

U⊗2T∩ = T∩ ⇐⇒
∑
ijk

UjiUkiej ⊗ ek =
∑
i

ei ⊗ ei

⇐⇒
∑
i

UjiUki = δjk, ∀j, k

⇐⇒ U ∈ ON

We conclude that for ON we have T∩ ∈ Fix(u⊗2), and with a bit more work, this
gives the inclusion ⊃ in the statement. To be more precise, you can argue here that
the category of representations of ON containing Tπ, it must contain the whole category
< Tπ >= span(Tπ|π ∈ P2) that this arrow generates. Alternatively, you can of course
check ⊃ via a direct computation, variation of the above check of T∩ ∈ Fix(u⊗2).
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(2) Getting now to⊂, this is harder to prove with bare hands, but at the advanced level
we can say that this is trivial, using Tannakian duality. Indeed, the spaces on the right
in the statement form a category, and more specifically satisfy the axioms of Tannakian
categories, so by duality, they must correspond to a certain subgroup G ⊂ ON . But the
computation in (1) shows that this subgroup must be G = ON itself, as desired.

(3) Finally, the probability computations are as before for SN , with, at the end:∫
ON

χk
t = Tr(WkNGk[tN ]) ≃

∑
π∈P2(k)

t|π|

We conclude from this that we have χt ∼ gt with N →∞, as stated. □

Summarizing, with respect to our goals in this chapter, as formulated in Principles
4.1 and 4.2, we have now a good understanding of pt, gt. Our plan in what follows will be
to discuss p2t , g

t
t, and then leave πt, γt, π

2
t , γ

t
t for later, when doing free probability.

4c. Reflections, Bessel

As a continuation of the above material, which was quite exciting, let us do some more
computations, for other interesting groups of matrices G ⊂ ON that we know. And here,
I don’t know about you, but my favorite example is the hyperoctahedral group:

Theorem 4.17. Consider the hyperoctahedral group HN , which appears as the sym-
metry group of the N-dimensional cube, viewed as graph, or as metric space,

• •

• •

• •

• •

or equivalently, which is the symmetry group of the N coordinate axes of RN :

SN ⊂ HN ⊂ ON

In matrix terms, HN consists of the permutation-type matrices having ±1 as nonzero
entries, and we have a wreath product decomposition as follows:

HN = Z2 ≀ SN

In this picture, the main character counts the signed number of fixed points, among the
coordinate axes, and its truncations count the truncations of such numbers.
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Proof. Many things going on here, the idea being as follows:

(1) To start with, we can certainly talk about the hyperoctahedral group HN , as being
the symmetry group of the N -cube, and in small dimensions we have H1 = Z2, obvious,
then H2 = D4 = Z4 ⋊ Z2, the symmetry group of the square, and then H3 = S4 × Z2,
with the copy of S4 best viewed as permuting the main diagonals of the cube.

(2) Next, by centering the N -cube at the origin, its symmetry group HN appears as
the symmetry group of the N coordinate axes of RN . Which is a quite fruitful viewpoint,
proving right away HN = MN(−1, 0, 1) ∩ ON , and giving as well the cardinality formula
|HN | = 2NN !, which after a bit more work gives HN = Z2 ≀ SN , as stated.

(3) Finally, in what regards the assertions at the end, concerning the main character
and its truncations, these are clear from definitions, exactly as previously for SN . Let us
also mention that HN is easy, but more on this later, when we will really need it. □

Regarding now the character laws, we can compute them by using the same method
as for the symmetric group SN , namely inclusion-exclusion, and we have:

Theorem 4.18. For the hyperoctahedral group HN ⊂ ON , the law of the variable

χt =

[tN ]∑
i=1

uii

with uij being the standard coordinates, becomes in the N →∞ limit the measure

p2t = e−t

∞∑
k=−∞

δk

∞∑
p=0

(t/2)|k|+2p

(|k|+ p)!p!

called Bessel law of parameter t ∈ (0, 1].

Proof. This is something very standard, the idea being as follows:

(1) We can regard HN as being the symmetry group of the graph IN = {I1, . . . , IN}
formed by N segments. In this picture, the diagonal coefficients are given by:

uii(g) =


0 if g moves I i

1 if g fixes I i

−1 if g returns I i

We denote by ↑ g, ↓ g the number of segments among {I1, . . . , Is} which are fixed,
respectively returned by an element g ∈ HN . With this notation, we have:

u11 + . . .+ uss =↑ g− ↓ g
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Let us denote by PN probabilities computed over the group HN . The density of the
law of u11 + . . .+ uss at a point k ≥ 0 is then given by the following formula:

D(k) = PN(↑ g− ↓ g = k)

=
∞∑
p=0

PN(↑ g = k + p, ↓ g = p)

Also, we have D(−k) = D(k), so it is enough to do the computation for k ≥ 0.

(2) Let us first discuss the case t = 1. We use the fact, that we know well from before,
that the probability of σ ∈ SN to havem fixed points is asymptotically given by Pm = 1

em!
.

In terms of probabilities over HN , we obtain from this, as desired:

lim
N→∞

D(k) = lim
N→∞

∞∑
p=0

(1/2)k+2p

(
k + 2p
k + p

)
PN(↑ g+ ↓ g = k + 2p)

=
∞∑
p=0

(1/2)k+2p

(
k + 2p
k + p

)
1

e(k + 2p)!

=
1

e

∞∑
p=0

(1/2)k+2p

(k + p)!p!

(3) As for the general case t ∈ (0, 1], here the result follows by performing some
modifications in the above computation, the density being computed as follows:

lim
N→∞

D(k) = lim
N→∞

∞∑
p=0

(1/2)k+2p

(
k + 2p
k + p

)
PN(↑ g+ ↓ g = k + 2p)

=
∞∑
p=0

(1/2)k+2p

(
k + 2p
k + p

)
tk+2p

et(k + 2p)!

= e−t

∞∑
p=0

(t/2)k+2p

(k + p)!p!

Thus, we are led to the conclusion in the statement. □

The above result is quite interesting, and based on it, let us formulate:

Definition 4.19. The Bessel law of parameter t > 0 is the measure

p2t = e−t

∞∑
k=−∞

δk fk(t/2) , fk(t) =
∞∑
p=0

t|k|+2p

(|k|+ p)!p!

with fk being the Bessel function of the first kind, from classical analysis.
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Let us study now these Bessel laws that we found. In analogy with what we know
about the Poisson laws pt, from chapter 1, we first have the following result:

Theorem 4.20. The Bessel laws p2t have the following properties:

(1) The Fourier transform is F (x) = exp((cos x− 1)t).
(2) We have the semigroup formula p2s ∗ p2t = p2s+t.

Proof. We use the formula in Definition 4.19. The Fourier transform is:

F (x) = e−t

∞∑
k=−∞

eikx fk(t/2)

We can compute the derivative of F with respect to t, as follows:

F (x)′ = −e−t

∞∑
k=−∞

eikx fk(t/2) +
e−t

2

∞∑
k=−∞

eikx f ′
k(t/2)

= −F (x) + e−t

2

∞∑
k=−∞

eikx f ′
k(t/2)

On the other hand, the derivative of fk with k ≥ 1 is given by:

f ′
k(t) =

∞∑
p=0

(k + 2p)tk+2p−1

(k + p)!p!

=
∞∑
p=0

(k + p)tk+2p−1

(k + p)!p!
+

∞∑
p=0

p tk+2p−1

(k + p)!p!

=
∞∑
p=0

tk+2p−1

(k + p− 1)!p!
+

∞∑
p=1

tk+2p−1

(k + p)!(p− 1)!

= fk−1(t) + fk+1(t)

This computation works in fact for any k ∈ Z, so we get:

F (x)′ = −F (x) + e−t

2

∞∑
k=−∞

eikx(fk−1(t/2) + fk+1(t/2))

= −F (x) + e−t

2

∞∑
k=−∞

ei(k+1)xfk(t/2) + ei(k−1)xfk(t/2)

= −F (x) + eix + e−ix

2
F (x)

= (cosx− 1)F (x)

Thus, by integrating, we are led to the conclusions in the statement. □
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In order to unify now the theory of the Poisson and Bessel laws, we have the following
key notion, extending the Poisson limit theory from chapter 1:

Definition 4.21. Associated to any compactly supported positive measure ν on R is
the probability measure

pν = lim
n→∞

((
1− c

n

)
δ0 +

1

n
ν

)∗n

where c = mass(ν), called compound Poisson law. As example, pt = ptδ1.

In other words, what we are doing here is to generalize the construction in the Poisson
Limit Theorem, by allowing the only parameter there, which was the positive real number
t > 0, to be replaced by a certain probability measure ν, of arbitrary mass c > 0. We will
be actually mostly interested in the case where ν is discrete, and often assume so.

Getting now to some theory, for the above laws, we first have the following result:

Proposition 4.22. For a discrete measure, ν =
∑s

i=1 ciδzi with ci > 0 and zi ∈ R,
we have the formula

Fpν (x) = exp

(
s∑

i=1

ci(e
ixzi − 1)

)
where F denotes as usual the Fourier transform.

Proof. In order to prove the formula in the statement, consider the measure µn

appearing in Definition 4.21, under the convolution sign, namely:

µn =
(
1− c

n

)
δ0 +

1

n
ν

We have the following computation, in the context of Definition 4.21:

Fµn(x) =
(
1− c

n

)
+

1

n

s∑
i=1

cie
ixzi =⇒ Fµ∗n

n
(x) =

((
1− c

n

)
+

1

n

s∑
i=1

cie
ixzi

)n

=⇒ Fpν (x) = exp

(
s∑

i=1

ci(e
ixzi − 1)

)
Thus, we have obtained the formula in the statement. □

Next, we have the Compound Poisson Limit Theorem, as follows:

Theorem 4.23 (CPLT). For a discrete measure, ν =
∑s

i=1 ciδzi with ci > 0 and
zi ∈ R, we have the following formula,

pν = law

(
s∑

i=1

ziαi

)
with the variables αi being Poisson (ci), and independent.
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Proof. Let α be the sum of Poisson variables in the statement. We have:

Fαi
(x) = exp(ci(e

ix − 1)) =⇒ Fziαi
(x) = exp(ci(e

ixzi − 1))

=⇒ Fα(x) = exp

(
s∑

i=1

ci(e
ixzi − 1)

)
Thus we have the same formula as in Proposition 4.22, as desired. □

Getting back now to the Bessel laws, we have the following result:

Theorem 4.24. The Bessel laws p2t are compound Poisson laws, given by

p2t = ptε

where ε = 1
2
(δ−1 + δ1) is the uniform measure on ±1.

Proof. We recall from Theorem 4.20 that the Fourier transform of the Bessel law p2t ,
with respect to a variable x, is given by the following formula:

F (x) = exp((cos x− 1)t) = exp

((
eix + e−ix

2
− 1

)
t

)
But, according to Proposition 4.22, this is exactly the Fourier transform of the com-

pound Poisson law ptε in the statement. Thus, we have p2t = ptε, as claimed. □

The above result is quite interesting, and together with pt = ptδ1 suggests looking,
more generally, at the laws pst = ptεs , with εs being the uniform measure on the s-th roots
of unity. We will do this later, in Part II, when discussing the complex measures.

Getting now to the moments of p2t , it is possible to recapture them from F (x) =
exp((cosx − 1)t), via some work. But as an alternative to this, and standing as an
excellent illustration for Principle 4.2, we can do this via group theory power:

Theorem 4.25. The hyperoctadedral group HN ⊂ ON is easy, according to

Hom(u⊗k, u⊗l) = span
(
Tπ

∣∣∣π ∈ Peven(k, l)
)

with Peven being the partitions all whose blocks have even size. Thus, we have

Mk(p
2
t ) =

∑
π∈Peven(k)

t|π|

and in particular at t = 1 we have Mk(p
2
1) = |Peven(k)|.

Proof. We have two possible proofs for this, which are both elementary:

(1) We can either follow the proof of Theorem 4.12, for the symmetric group SN , by
adding some signs there, and since at the very end the product of these signs must be 1,
the blocks of the corresponding partition must be of even size, as claimed.
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(2) Or we can follow the proof of Theorem 4.16, for the orthogonal group ON , by
replacing the semicircle ∩ ∈ P (0, 2) used there by the partition H ∈ P (2, 2), the point
being that TH ∈ End(u⊗2) corresponds to the relations defining HN ⊂ ON .

(3) In short, easiness property proved, one way or another, and with this in hand, the
moment formula in the statement is clear, exactly as for SN , ON before. □

Let us end this discussion with a grand result about p2t , in the spirit of what we did
before in this book, for other probability measures that we met, as follows:

Theorem 4.26. The Bessel law p2t has the following properties:

(1) It is a compound Poisson law, p2t = ptε, with ε = (δ−1 + δ1)/2.

(2) p2t = e−t
∑∞

k=−∞ δk fk(t/2), with fk(t) =
∑∞

p=0
t|k|+2p

(|k|+p)!p!
, Bessel.

(3) The moments are M2k =M ′
2k =

∑
π∈Peven(2k)

t|π|.

(4) The normalized central moments are M ′′
2k =

∑
π∈Peven(2k)

t|π|−1.

(5) We have E = 0, V = t, γ = 0, κ = 3 + 1/t.
(6) The Fourier transform is F (x) = exp((cos x− 1)t).
(7) We have the semigroup property p2s ∗ p2t = p2s+t.

Proof. We already know all this, save for the formula of the kurtosis, which comes
from Peven(4) = {∩∩,∩∩,⋒,⊓⊓⊓}, which gives M4 = 3t2 + t, and so κ = 3 + 1/t. □

Regarding now more advanced questions, in relation with Hankel determinants and
orthogonal polynomials, things here are quite tricky. The even moments at t = 1 are:

1 , 1 , 4 , 31 , 379 , 6556 , 150349 , . . .

The first few computations of Hankel determinants are encouraging, as follows:

H1 = 1 ,
H2

H1

= 1 ,
H3

H2

= 3 ,
H4

H3

= 15 ,
H5

H4

= 120 ,
H6

H5

= 1260

However, a bad surprise awaits us at k = 7, and then at k = 8 too, as follows:

H7

H6

= 2 · 9 · 5 · 7 · 29 ,
H8

H7

= 4 · 27 · 5 · 7 · 83

So, where do these numbers, 29 and then 83, come from? Good question, I guess. As
for the orthogonal polynomials, nor do I know them. Interesting questions, here.

4d. Poisson and Gauss

What is next? More easiness I guess, I mean looking for more easy groups, G = (GN)
with GN ⊂ ON , then computing their character laws in the N → ∞ limit, and then
further studying these laws, via various methods, as we just did for G = H.

In order to discuss this, let us start with the following key definition, from [20]:
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Definition 4.27. A category of partitions is a collection D = (D(k, l)) of sets of
partitions D(k, l) ⊂ P (k, l), satisfying the following conditions:

(1) Stability under the horizontal concatenation, (π, σ)→ [πσ].
(2) Stability under vertical concatenation (π, σ)→ [σπ].
(3) Stability under upside-down turning.
(4) P (k, k) contains the identity partition || . . . ||.
(5) P (0, 2) contains the semicircle ∩.
(6) P (2, 2) contains the crossing partition /\.

As examples, we have the categories P, P2, Peven, that we met before in relation with
the groups SN , ON , HN . In fact, any easy group must come from such a category:

Theorem 4.28. A subgroup G ⊂u ON is easy precisely when

Hom(u⊗k, u⊗l) = span
(
Tπ

∣∣∣π ∈ D(k, l)
)

for any k, l ∈ N, for a certain category of partitions D ⊂ P .

Proof. This is something categorical, based on Tannakian duality, the idea being
that given an easy group G ⊂u ON , coming from a family of subsets D(k, l) ⊂ P (k, l), via
the formulae in the statement, we can always enlarge the collection D = (D(k, l)) into a
full category, by using the various operations in Definition 4.27, and in this process, the
associated subgroup of ON will not shrink, I mean will remain G itself. □

The above result is quite interesting, among others because it leads to:

Fact 4.29. We can talk about easiness by staying away from groups, if we want to,
by having Definition 4.27 as axiomatics, and then the formulae

Mk(µ1) = |D(k)| , Mk(µt) =
∑

π∈D(k)

t|π|

with some care for the second one, as definitions for µ1, and then for µt with t > 0.

To be more precise here, the claim regarding µ1 is clear, because we have an easy group
coming from our category D ⊂ P , and the asymptotic moments of the main character
are indeed the numbers Mk = |D(k)|. As for the claim regarding µt with t > 0, this
is something more tricky, involving the Weingarten formula, and technically, we must
assume here that D is stable under removing blocks. More on this in a moment.

In practice now, shall we say goodbye to groups, and use Fact 4.29 as stated? Or even
worse, say goodbye to both groups and probability, and study the categories of partitions
only? Not clear at all, but with the orange cat passing by, I know whom to ask:

Tiger 4.30. Power, speed and wisdom come from quantum, which is a mixture of
group theory and probability. Stay away from abstractions, these are no good.
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Okay, thanks cat, so we will keep Fact 4.29 somewhere in our minds, that is not that
bad, after all, but resume with some ad-hoc hunting for easiness, using group theory
methods. So, looking for a 4th easy group SN ⊂ GN , HN ⊂ ON , here is our puzzle:

GN
// ON

SN

OO

// HN

OO

But in view of this diagram, it makes sense to look for GN satisfying:

GN ∩HN = SN , < GN , HN >= ON

And with this, done, because the first condition suggests taking GN = BN , the or-
thogonal bistochastic group, I mean what produces SN ⊂ HN is the fact that rows and
columns sum up to 1. As for the second condition, a bit of thinking suggests taking
GN = BN too. Thus, puzzle solved, and in practice, this leads to the following result:

Theorem 4.31. We have easy groups as follows,

BN
// ON

SN

OO

// HN

OO

:

P12

��

P2

��

oo

P Peven
oo

with BN ⊂ ON being the bistochastic group, and P12, the singletons and pairings.

Proof. Many things can be said here, the idea being as follows:

(1) To start with, BN ⊂ ON is by definition the group of matrices whose rows and
columns sum up to 1. Now observe that the bistochasticity condition reads Uξ = ξ, with
ξ being the all-one vector, and so ξ ∈ Fix(u). But ξ = T| being the vector associated to
the singleton | ∈ P (0, 1), we conclude that BN is indeed easy, coming from P12.

(2) Next, in relation with the considerations made before the statement, observe that
both the diagrams in the statement A ⊂ B,C ⊂ D are intersection and generation
diagrams, in the sense that B ∩ C = A, < B,C >= D. Which is nice, and useful.

(3) Finally, ξ ∈ Fix(u) tells us to look at u − 1, and some routine study here, that
we will leave as an exercise, shows that we have in fact an isomorphism BN ≃ ON−1.
However, and we insist, from our present easy viewpoint, BN is a new solution. □
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Before going ahead with probabilistic aspects for BN , let us try to have our hunting
work finished. And here, in order to cut from complexity, it is convenient to impose an
extra axiom, called uniformity, coming from the following result:

Proposition 4.32. For an easy group G = (GN), coming from a category of partitions
D ⊂ P , the following conditions are equivalent:

(1) GN−1 = GN ∩ON−1, via the embedding ON−1 ⊂ ON given by u→ diag(u, 1).
(2) GN−1 = GN ∩ON−1, via the N possible diagonal embeddings ON−1 ⊂ ON .
(3) D is stable under the operation which consists in removing blocks.

If these conditions are satisfied, we say that G = (GN) is uniform.

Proof. This is something very standard, that we will leave as an exercise. Let us
also mention that our condition is something very natural in the probabilistic context, in
relation with Weingarten integration, as mentioned in the comments after Fact 4.29. □

Following [20], we can now formulate a nice classification result, as follows:

Theorem 4.33. The uniform easy groups are those that we know, namely

BN
// ON

SN

OO

// HN

OO

:

P12

��

P2

��

oo

P Peven
oo

and with this ultimately coming from only 4 possible choices for the sizes of blocks.

Proof. Consider an arbitrary easy group SN ⊂ GN ⊂ ON . This group must then
come from a certain category of partitions, as follows:

P2 ⊂ D ⊂ P

Now if we assume G = (GN) to be uniform, this category of partitions D is uniquely
determined by the subset L ⊂ N consisting of the sizes of the blocks of the partitions in
D. And, our claim is that there are only 4 admissible sets, as follows:

(1) L = {2}, producing ON .

(2) L = {1, 2}, producing BN .

(3) L = {2, 4, 6, . . .}, producing HN .

(4) L = {1, 2, 3, . . .}, producing SN .

Indeed, assume that L ⊂ N is such that the set PL consisting of partitions whose
sizes of blocks belong to L is a category of partitions. We know from the axioms of the
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categories of partitions that the semicircle ∩ must be in the category, so 2 ∈ L. With a
bit more work, we can see that the following conditions must be satisfied as well:

k, l ∈ L, k > l =⇒ k − l ∈ L
k ∈ L, k ≥ 2 =⇒ 2k − 2 ∈ L

But with these two formulae in hand, it is elementary to conclude. Indeed, as explained
in [20], the situation 1 ∈ L leads to the solutions L = {1, 2} and L = {1, 2, 3, . . .}, and
the situation 1 /∈ L leads to the solutions L = {2} and L = {2, 4, 6, . . .}. □

Getting now to probabilistic aspects, the isomorphism BN ≃ ON−1 suggests that we
should obtain certain modifications of the normal laws gt. And this is indeed the case:

Theorem 4.34. For the group BN we have χt ∼ gtt with N →∞, where

gtt =
1√
2πt

e−(x−t)2/2t dx

and the basic properties of this shifted normal law gtt are as follows:

(1) The moments are Mk =
∑

π∈P12(k)
t|π|.

(2) The central moments are M ′
k = δ2|kt

k/2k!!.
(3) The normalized central moments are M ′′

k = δ2|kk!!.
(4) We have E = t, V = t, γ = 0, κ = 3.
(5) The Fourier transform is F (x) = exp(itx− tx2/2).
(6) We have the convolution formula gss ∗ gtt = gs+t

s+t.

(7) The Hankel determinant formula at t = 1 is Hk =
∏k−1

i=1 i!.
(8) The orthogonal polynomials are shifted Hermite polynomials.

Proof. By easiness we have the following formula, with on the right r standing for
the number of pairs, and so r + (k − 2r) = k − r standing for the number of blocks:

Mk(χt) ≃
∑

π∈P12(k)

t|π| =

[k/2]∑
r=0

(
k

2r

)
(2r)!!tk−r

On the other hand, the moments of the shifted normal law gtt are given by:

Mk(g
t
t) =

1√
2πt

∫
R
(x+ t)k e−x2/2t dx

=

[k/2]∑
r=0

(
k

2r

)
tk−2r 1√

2πt

∫
R
x2r e−x2/2t dx

=

[k/2]∑
r=0

(
k

2r

)
(2r)!!tk−r

Thus we have the first assertion, and the rest are things that we already know. □
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And with this, end of our easiness study, job done, time to light a cigar, and formulate
a few philosophical comments. To start with, Theorem 4.33 reformulates as:

Fact 4.35. In the real, classical, uniform easy setting, the laws are

gtt gt

pt p2t

and so, at the ground level in easiness, Poisson and Gauss rule.

Which sounds quite good, when compared to the rival theory, which is the Askey
scheme [6]. This being said, we are cheating here a bit, because for Poisson and Gauss to
truly rule, we would need an extreme familiarity with p2t , which in turn brings us to the
Askey scheme. Quite fun all this, and we will therefore declare a tie.

And more on this, later in this book. We will be back to such things twice, first
in Part II, with complex laws pst , Gt, G

t
t, and then later in Part IV, with free versions

πs
t , γt, γ

t
t ,Γt,Γ

t
t, and all sorts of intermediate beasts that can be constructed too.

4e. Exercises

This was a quite exciting chapter, and as exercises on this, we have:

Exercise 4.36. Do the computations, for the exact law formula for SN .

Exercise 4.37. Learn more about the representations of compact groups.

Exercise 4.38. Learn more about the uniform measure on compact groups.

Exercise 4.39. Learn as well about Tannakian duality for compact groups.

Exercise 4.40. Learn more about the hyperoctahedral group HN .

Exercise 4.41. Learn as well about AN , and other reflection groups.

Exercise 4.42. Do some further computations for the Bessel laws p2t .

Exercise 4.43. Do some further computations for the shifted normal laws gtt. ’

As bonus exercise, and no surprise here, read some group theory.
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Complex variables



E la pioggia che va, e ritorna il sereno
E col tempo sopra il mondo
Come il sole del mattino

Un amore universale sorgera



CHAPTER 5

Complex variables

5a. Complex variables

Time to upgrade our theory of real random variables f : X → R, into a theory of
complex random variables f : X → C. We will be doing this in the present Part II,
with as usual a main focus on the notion of normality, our goal being that of finding and
studying the complex analogues of the Poisson law pt, and of the Gauss law γt.

Before anything, however, where do these complex variables f : X → C come from? I
mean, certainly not from usual measuring devices, such as thermometers and manometers,
I have yet to see such an engineering machine displaying complex numbers. Although,
I am pretty much sure that such things have already been invented, and are already for
sale on the internet, and making good money from the math nerds buying them.

In answer, the complex variables f : X → C are something quite natural, mathemat-
ically speaking, and can appear in several ways. To start with, recall that the complex
numbers originally appear as roots of polynomials P ∈ R[X], and think here i2 = −1.
But this leads us to the following scenario, which looks quite plausible:

Scenario 5.1. Imagine that your problem involves certain polynomials associated to
your events, x → Px, and more specifically, that you are chasing one of the roots ri ∈ C
of these polynomials. Then, what you have is a complex variable, f(x) = ri(Px).

As a comment here, you can be of course interested, more generally, in a certain
function of the roots φ(P ) ∈ C, and in this case your complex variable is f(z) = φ(Px).
However, when your function φ is symmetric, this function must be a combination of
the coefficients of the polynomial, and so must be real, φ(P ) ∈ R. So, we must assume
that there is some lack of symmetry in φ, and with this in mind, the simplest example
remains the one above, φ being one of the roots. Say the one having biggest absolute
value, |ri| > |rj| for j ̸= i, assumed to be unique, in the context of your problem.

Along the same lines, we can have situations involving matrix eigenvalues:

Scenario 5.2. Imagine that your problem involves certain matrices associated to your
events, x→ Ax, and more specifically, that you are chasing one of the eigenvalues λi ∈ C
of these matrices. Then, what you have is a complex variable, f(x) = λi(Ax).

107
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In this context, the same comments as before apply, with a symmetric function φ(A)
of the eigenvalues not doing it, due to φ(A) ∈ R, and with a quite plausible situation,
when chasing one particular eigenvalue, as stated, being that when you are interested in
the biggest eigenvalue, |λi| > |λj| for j ̸= i, assumed to be unique, in the context of your
problem. In fact, thinking a bit, since the eigenvalues appear as roots of the characteristic
polynomial, Scenario 5.2 is in fact a particular case of Scenario 5.1.

Moving on, complex variables naturally appear from complex geometry:

Scenario 5.3. Imagine that you are doing geometry, being interested in this compact
Lie group X = G ⊂ UN , or that quotient space X = G/H ⊂ CM , and so on. In this case
the coordinate functions zi : X → C are your complex variables.

As before, there are several comments that can be made here. In the group situation,
quite remarkably, any compact Lie group, and with this being a real notion, not involving
C, can be shown to appear as a closed subgroup of a unitary group, G ⊂ UN . In a word,
continuous symmetries naturally produce complex numbers, and complex variables. As
for the quotient space situation, many things can be said here too. Finally, you can be
interested, more generally, in a manifold X ⊂ CM , and here again you have complex
variables zi : X → C, provided that you know how to integrate over X.

Getting back now to matrices, as a variation of Scenario 5.2, we have:

Scenario 5.4. Imagine that you are doing quantum, and are interested in a certain
matrix A ∈ Mn(C). In this case, with the convention C(Mn) = Mn(C), your matrix is a
function A :Mn → C, and in the normal case, AA∗ = A∗A, its law is µ =

∑
i δλi

.

Obviously, this is something quite speculative, because that beastMn is not a probabil-
ity space in the usual sense. However, the algebra of random variables is there, according
to C(Mn) = Mn(C), and the expectation is there too, positive and of mass 1, according
to E(A) = tr(A), with tr = Tr/n being the normalized trace of matrices. Moreover, in
the case where the matrix is normal, AA∗ = A∗A, we are in fact into classical probability,
due to the fact that the algebra < A >⊂ Mn(C) is commutative, consisting of functions
on the spectrum X = {λ1, . . . , λn}, and µ =

∑
i δλi

. And, more on such things later.

As a variation of Scenario 5.4, which is of particular interest, we have:

Scenario 5.5. Imagine that you are doing advanced probability, and are interested in
a certain random matrix Z ∈Mn(L

∞(X)). In this case, you can talk about the law of Z,
and in the normal case, ZZ∗ = Z∗Z, this law is a probability measure on C.

As before, many things can be said here, the idea being that the underlying probability
type space is Mn × X in this case, with the algebra of random variables being there,
according to L∞(Mn × X) = Mn(L

∞(X)), and with the expectation being there too,
given by Z → E(tr(Z)), with tr = Tr/n being the normalized trace of matrices. And in
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the case where the matrix is normal, ZZ∗ = Z∗Z, we are in fact into classical probability,
due to the fact that the algebra < Z >⊂ Mn(L

∞(X)) is commutative, consisting of
functions on the spectrum σ(Z) ⊂ C. And, more on all this later.

Finally, here is one more scenario where complex variables naturally appear:

Scenario 5.6. Imagine that you are doing usual, real probability, but the real measure
µ that you found is something quite complicated. In this case, one trick to be tried, of
Fourier type, would be to blow up µ into a measure ε on the unit circle T ⊂ C.

Which sounds quite plausible too, I mean complex numbers coming to the rescue when
stuck with complicated formulae involving reals, examples of this phenomenon abound,
and we will discuss concrete illustrations of this in probability, as above, a bit later.

As a conclusion now, with no less than 6 plausible scenarii, we definitely need to have
a look at complex probability, which looks like very useful technology. Let us start with
some generalities. In analogy with our previous axioms in the real case, we have:

Definition 5.7. The axioms for complex probability theory are as follows:

(1) A probability space is a measured space (X,M, ν) of mass one, ν(X) = 1.
(2) A random variable on X is a complex measurable function f : X → C.
(3) The expectation of such a variable is E(f) =

∫
X
f(x)dν(x) ∈ C.

(4) The variance of such a variable is V (f) = E(|f − E(f)|2) ≥ 0.
(5) The law of f is the complex probability measure µ = f∗ν, push-forward of ν by f .

Obviously, all this is quite straightforward, generalizing what we previously had in the
real case. In relation with the variance, we have the following alternative formula:

V (f) = E
[
(f − E(f))(f − E(f))

]
= E(ff̄)− E(f)E(f)
= E(|f |2)− |E(f)|2

In relation with the law, observe that we have the following formula, valid for any
k, l ∈ N, allowing us in particular, with k = l = 1, to compute the variance:

E(fkf̄ l) =

∫
C
zkz̄ldµ(z)

In fact, the above quantities E(fkf̄ l), which uniquely determine the law, can be
thought of as being the moments of f . And with this showing that V (f) does not really
encapsulate the information contained in the second moment, because in the present com-
plex case we have 3 such second moments, namely E(ff̄) used by V (f), but also E(f 2)
and E(f̄ 2), which are conjugate, and whose values are not captured by V (f).

As an illustration for all this, in the discrete case the situation is as follows:
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Proposition 5.8. For a discrete variable f : X → C, the law is the measure

µ =
∑
i

ciδzi , ci > 0 ,
∑
i

ci = 1 , zi ∈ C

given by the following formula, with P being the probability over X,

µ =
∑
z∈C

P (f = z)δz

with the sum being finite or countable, as per our discretness assumption. We have

E(f) =
∑
i

cizi , V (f) =
∑
i

ci|zi|2 −
∣∣∣∑

i

cizi

∣∣∣2
and the second moments are E(f 2) =

∑
i ciz

2
i , E(ff̄) =

∑
i ci|zi|2, E(f̄ 2) =

∑
i ciz̄

2
i .

Proof. The first assertion is self-explanatory, then we have the formulae of E(f) and
of the three order 2 moments, and then we have the formula of V (f). □

Getting now to independence, things are again similar to those from the real case:

Definition 5.9. We say that two variables f, g : X → C are independent when

P (f ∈ I, g ∈ J) = P (f ∈ I)P (g ∈ J)
happens, for any two measurable sets I, J ⊂ C. Equivalently, we must have

E(fkf̄ lgmḡn) = E(fkf̄ l)E(gmḡn)

for any k, l,m, n ∈ N, that is, the mixed moments must factorize.

To be more precise here, the equivalence between the above two conditions is standard,
exactly as in the real case. As an illustration for this, in the discrete case we have the
following computation, which works in both senses, and gives the equivalence:

E(fkf̄ lgmḡn) =
∑
y,z∈C

P (f = y, g = z)ykȳlzmz̄n

=
∑
y,z∈C

P (f = y)P (g = z)ykȳlzmz̄n

=
∑
y∈C

P (f = y)ykȳl
∑
z∈C

P (g = z)zmz̄n

= E(fkf̄ l)E(gmḡn)

Still in relation with independence, let us record as well the following fact:

Theorem 5.10. Assuming that f, g : X → C are independent, we have

µf+g = µf ∗ µg

where ∗ is the convolution operation for the complex probability measures.
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Proof. Again, this is something standard, exactly as in the real case. As an illustra-
tion, in the discrete case the formula in the statement follows from:

µf+g =
∑
z∈C

P (f + g = z)δz

=
∑
x,y∈C

P (f = x, g = y)δx+y

=
∑
x,y∈C

P (f = x)P (g = y)δx ∗ δy

=

(∑
x∈C

P (f = x)δx

)
∗

(∑
y∈C

P (f = y)δy

)
= µf ∗ µg

Thus, one way or another, we are led to the formula in the statement. □

In order to understand now the relation with the real theory, as developed in Part I,
we can decompose any complex variable f : X → C as a sum, as follows:

f = g + ih , g = Re(f), h = Im(f)

In practice, this method leads, among others, to the following useful result:

Theorem 5.11. For a complex random variable f : X → C, decomposed into real and
imaginary parts as f = g + ih, and with g, h assumed independent, we have

µf = µg ∗ iµh

with ∗ being the usual convolution operation, δz ∗ δt = δz+t, and with µ→ iµ denoting the
rotated version, R→ iR. If g, h are not independent, this formula does not hold.

Proof. This is something very standard, the idea being as follows:

(1) As usual, I will do the computations in the discrete case, and leave the discussion
of the general continuous case to you, either by using a density argument, or by redoing
the computation, with sums replaced by integrals. Assuming f = g + ih, we have:

µf =
∑
z∈C

P (f = z)δz

=
∑
x,y∈R

P (f = x+ iy)δx+iy

=
∑
x,y∈R

P (g + ih = x+ iy)δx+iy

=
∑
x,y∈R

P (g = x, h = y)δx+iy
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(2) In the case where the real and imaginary parts g, h : X → R are independent, we
can say more, with the above computation having the following continuation:

µf =
∑
x,y∈R

P (g = x, h = y)δx+iy

=
∑
x,y∈R

P (g = x)P (h = y)δx+iy

=
∑
x,y∈R

P (g = x)P (h = y)δx ∗ δiy

=

(∑
x∈R

P (g = x)δx

)
∗

(∑
y∈R

P (h = y)δiy

)
= µg ∗ iµh

To be more precise, we have used here in the beginning the independence of the
variables h, g : X → R, and at the end we have denoted the measure on the right, which
is obtained from µh by putting this measure on the imaginary axis, by iµh.

(3) As for the second assertion, this follows by carefully examining the above compu-
tation. Indeed, we used only at one point the independence of g, h, so for the formula
µf = µg ∗ iµh to hold, the equality used at that point, which is as follows, must hold:∑

x,y∈R

P (g = x, h = y)δx+iy =
∑
x,y∈R

P (g = x)P (h = y)δx+iy

But this is the same as saying that the following must hold, for any x, y:

P (g = x, h = y) = P (g = x)P (h = y)

We conclude that, in order for the decomposition formula µf = µg ∗ iµh to hold, the
real and imaginary parts g, h : X → R must be independent, as stated. □

As an alternative to the above decomposition into real and imaginary parts, we can
write our complex variable f : X → C in polar form, as follows:

f = geih , g = |f |, eih = f/|f |

In practice, this method leads, among others, to the following useful result:

Theorem 5.12. For a complex random variable f : X → C, written in polar form as
f = geih, and with g, h assumed to be independent, we have

µf = µg × eiµh

with × being the multiplicative convolution, δz × δt = δzt, and with µ → eiµ denoting the
wrapped version, R→ T. If g, h are not independent, this formula does not hold.
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Proof. This is very similar to the proof of Theorem 5.11. In the discrete case,
assuming that the polar decomposition is f = geih, with the components g : X → [0,∞)
and h : X → [0, 2π) being independent, we have the following computation:

µf =
∑
z∈C

P (f = z)δz

=
∑
r,t

P (geih = reit)δreit

=
∑
r,t

P (g = r, h = t)δreit

=
∑
r,t

P (g = r)P (h = t)δr × δeit

=

(∑
r

P (g = r)δr

)
×

(∑
t

P (h = t)δeit

)
= µg × eiµh

Conversely, this computation shows as well that, in order to have µf = µg × eiµh ,
the variables g, h must assumed to be independent. As for the discussion in the general,
continuous case, this is again something straightforward, say good exercise for you. □

5b. Central limits

Getting now to central limits, in analogy with what we did in chapter 2 in the real
case, we would like to investigate the following fundamental question:

Question 5.13. Given complex variables f1, f2, f3, . . . : X → C, assumed to be i.i.d.
and centered, what can we say about their rescaled partial sums

Sn =
f1 + . . .+ fn√

n

in the n→∞ limit?

And good question this is. In answer, we already have some good input for this from
chapter 2, because the CLT established there has the following consequences:

(1) When our variables are assumed to be real, f1, f2, f3, . . . : X → R, we have Sn ∼ gt
in the n→∞ limit, with t = V (fi) being the common variance of our variables.

(2) Similarly, in the purely imaginary case, f1, f2, f3, . . . : X → iR, we have Sn ∼ igt
in the n→∞ limit, with t = V (fi) being the common variance of our variables.

(3) More generally, in the radial case, f1, f2, f3, . . . : X → wR with w ∈ T, we have
Sn ∼ wgt in the n→∞ limit, with t = V (fi) being again the common variance.
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In order to deal now with Question 5.13 as stated, without further assumptions on
our variables fi, the idea will be very simple, namely decomposing them as follows:

fi = hi + iki

In practice, this needs a bit of preliminary discussion, first in regards with indepen-
dence, and then in regards with the variance. Regarding independence, we have:

Proposition 5.14. Assuming that f, f ′ : X → C are independent, if we write

f = h+ ik , f ′ = h′ + ik′

then the variables h, k : X → R are independent from h′, k′ : X → R.

Proof. In order to prove the result in the discrete case, to start with, observe that
with f = h+ ik, f ′ = h′ + ik′ as above, we have the following formulae:

P (f = a+ ib, f ′ = a′ + ib′) = P (h = a, k = b, h′ = a′, k′ = b′)

P (f = a+ ib)P (f ′ = a′ + ib′) = P (h = a, k = b)P (h′ = a′, k′ = b′)

Now assuming that the variables f, f ′ : X → C are independent, the quantities on the
left must be equal, so the quantities on the right must be equal too:

P (h = a, k = b, h′ = a′, k′ = b′) = P (h = a, k = b)P (h′ = a′, k′ = b′)

But by summing over b, b′ we obtain that h, h′ are independent, as shown by:

P (h = a, h′ = a′) =
∑
b,b′

P (h = a, k = b, h′ = a′, k′ = b′)

=
∑
b,b′

P (h = a, k = b)P (h′ = a′, k′ = b′)

= P (h = a)P (h′ = a′)

Similarly, by summing over b, a′ we obtain that h, k′ are independent, by summing
over a, b′ we obtain that k, h′ are independent, and by summing over a, a′ we obtain that
k, k′ are independent. Thus we proved the result in the discrete case, and the extension
to the general, continuous case is straightforward, say good exercise for you. □

The second piece of discussion now, regarding the variance, is as follows:

Proposition 5.15. Given a variable f : X → C, decomposed as f = h+ ik, we have

E(f) = E(h) + iE(k)

and assuming that this quantity vanishes, we have the following formulae,

V (h) =
V (f) +Re(E(f 2))

2
, V (k) =

V (f)−Re(E(f 2))

2

and in particular, we have the formula V (f) = V (h) + V (k).
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Proof. The first assertion is clear. In order to compute now the variances of the real
and imaginary parts, we can use the standard formulae for these parts, namely:

h =
f + f̄

2
, k =

f − f̄
2i

Indeed, assuming E(f) = 0, and so in particular E(h) = 0, we have:

V (h) = E

((
f + f̄

2

)2
)

=
E(f 2 + f̄ 2 + 2ff̄)

4

=
E(|f |2) + (E(f 2) + E(f̄ 2))/2

2

=
V (f) +Re(E(f 2))

2

Similarly, again by assuming E(f) = 0, which gives E(k) = 0, we have:

V (k) = E

((
f − f̄
2i

)2
)

=
E(−f 2 − f̄ 2 + 2ff̄)

4

=
E(|f |2)− (E(f 2) + E(f̄ 2))/2

2

=
V (f)−Re(E(f 2))

2

As for the last assertion, this comes from this, or just directly, as follows:

V (f) = E(|h+ ik|2) = E(h2 + k2) = V (h) + V (k)

Thus, we are led to the conclusions in the statement. □

We can come back now to the complex CLT problematics, and we first have:

Theorem 5.16 (CCLT 1). Given complex variables f1, f2, f3, . . . : X → C, assumed
to be i.i.d. and centered, if we write their rescaled partial sums as

f1 + . . .+ fn√
n

= h+ ik

then h ∼ gs and k ∼ gt with n→∞, where s = V (hi) and t = V (ki), with fi = hi + iki.

Proof. This comes indeed from the real CLT, from chapter 2, as follows:
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(1) Let us decompose indeed our variables as fi = hi + iki, and consider the following
two sequences, which by Proposition 5.14 consist of independent variables:

h1, h2, h3, . . . : X → R

k1, k2, k3, . . . : X → R

(2) Our claim is that both the above sequences are i.i.d. Indeed, recall from the proof
of Proposition 5.15 that for f = h+ ik, we have the following formulae:

h =
f + f̄

2
, k =

f − f̄
2i

Thus the laws of both h, k can be recaptured from the law of f , and getting back now
to the sequences in (1), since the variables fi = hi+iki were assumed to be identically dis-
tributed, it follows that the variables hi are identically distributed, and that the variables
ki are identically distributed too. Thus, we have two i.i.d. sequences, as claimed.

(3) But with this, done, because the real CLT from chapter 2 applies to both sequences
h1, h2, h3, . . . : X → R and k1, k2, k3, . . . : X → R from (1), and gives the result.

(4) Next, observe that in what regards the values of the parameters s, t, we have the
following aternative formulae for them, coming from Proposition 5.15, which can be quite
convenient, making no explicit reference to the decompositions fi = hi + iki:

s =
V (fi) +Re(E(f 2

i ))

2
, t =

V (fi)−Re(E(f 2
i ))

2

(5) Finally, observe that we have is not a true CLT, because we know nothing about
the relation between h, k, so we cannot say something about h+ ik in the n→∞ limit.
However, our result belongs to the CLT galaxy, and we chose to call it CCLT 1. □

In order to have now convergence, we need to know more about the relation between
hi, ki, when decomposing fi = hi + iki. And with the notion of independence being the
simplest such relation, we are led in this way to the following statement:

Theorem 5.17 (CCLT 2). Given i.i.d. centered variables f1, f2, f3, . . . : X → C, with
their real parts assumed to be independent from their imaginary parts, we have

f1 + . . .+ fn√
n

∼ Cst

with n→∞, with the limiting law on the right being given by the formula

Cst = law(h+ ik)

with h ∼ gs and k ∼ gt, independent, where s = V (hi) and t = V (ki), with fi = hi + iki.
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Proof. This comes as a continuation of Theorem 5.16. Indeed, we know from there
that if we write fi = hi + iki, then we have, in the n→∞ limit:

h1 + . . .+ hn√
n

∼ gs ,
k1 + . . .+ kn√

n
∼ gt

Now since in the present context, the whole family {hi, ki} was assumed to be inde-
pendent, the above partial sums are independent. Thus, their limits h, k are independent
too, and so h+ ik converges with n→∞ to the law Cst in the statement. □

Coming next, still with fi = hi + iki as usual, let us examine what happens when
imposing the strongest condition, namely that the family {hi, ki} is i.i.d. Here we basically
have to set s = t in Theorem 5.17, and we are done. However, before doing so, remember
from Proposition 5.15 the following formula, for a centered variable f = h+ ik:

V (f) = V (h) + V (k)

Now the point is that if we set s = t in Theorem 5.17, as suggested above, this would
lead to a limiting law having variance 2t. And the 2 factor might bring some troubles
later, when investigating the limiting law, independently of the CLT.

Thus, we must divide everything by
√
2, as to have in the end a variable having

complex variance t, in the sense of Definition 5.7. And, we are led in this way to:

Theorem 5.18 (CCLT 3). Given complex variables f1, f2, f3, . . . whose real and imag-
inary parts are i.i.d. and centered, and having complex variance t > 0, we have

f1 + . . .+ fn√
n

∼ Gt

with the limiting law, called complex normal, or Gaussian law, being given by

Gt = law

(
h+ ik√

2

)
where h, k are real and independent, each following the law gt.

Proof. This follows indeed from our previous CCLT result, from Theorem 5.17, by
setting s = t and dividing everything by

√
2, as explained in the above. □

And with this, end of our discussion regarding the CCLT. We should mention that
all this was just an introduction to the subject, and that far more things can be said,
notably with some improvements in the exact independence assumptions, and also with
the fact that the convergence is in fact in probability. For more on all this, we refer to a
solid probability book. In what concerns us, what we have in the above will do.
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5c. Wick formula

What is next? Systematic study of the complex normal laws Gt that we found, in
analogy with what we know from Part I, regarding the real normal laws gt. And as a first
result here, exactly as in the real case, our laws form convolution semigroups:

Theorem 5.19. The complex Gaussian laws have the property

Gs ∗Gt = Gs+t

for any s, t > 0, and so they form a convolution semigroup.

Proof. This can be seen in two possible ways, both instructive, as follows:

(1) Consider a sequence of variables f1, f2, f3, . . . , as in the third CCLT, with common
complex variance s > 0, and consider as well a sequence of variables f ′

1, f
′
2, f

′
3, . . . , again as

in the third CCLT, and independent from the first ones, with common complex variance
t > 0. By the CCLT we have the following convergences, with n→∞:

f1 + . . .+ fn√
n

∼ Gs ,
f ′
1 + . . .+ f ′

n√
n

∼ Gt

On the other hand, the CCLT applies as well to the sums fi + f ′
i , which according to

Proposition 5.15 have common complex variance s+ t, and gives:

f1 + f ′
1 + . . .+ fn + f ′

n√
n

∼ Gs+t

Now by comparing, we are led to the formula Gs ∗Gt = Gs+t in the statement.

(2) Alternatively, and without reference to the CCLT, consider real variables h, k ∼ gs
and h′, k′ ∼ gt, taken independent. We have then the following computation:

Gs ∗Gt = law

(
h+ ik√

2

)
∗ law

(
h′ + ik′√

2

)
= law

(
h+ ik√

2
+
h′ + ik′√

2

)
= law

(
(h+ h′) + i(k + k′)√

2

)
= Gs+t

Thus, one way or another, we are led to the formula in the statement. □

Regarding now the moments, the situation here is more complicated than in the real
case, because in order to have good results, we have to deal with both the complex
variables, and their conjugates. Let us formulate the following definition:
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Definition 5.20. The moments a complex variable f : X → C are the numbers

Mk = E(fk)

depending on colored integers k = ◦ • • ◦ . . . , with the conventions

f ∅ = 1 , f ◦ = f , f • = f̄

and multiplicativity, in order to define the colored powers fk.

As an illustration for this notion, which is something very intuitive, here are the
formulae of the four possible order 2 moments of a complex variable f :

M◦◦ = E(f 2) , M◦• = E(ff̄)

M•◦ = E(f̄f) , M•• = E(f̄ 2)

Observe that, since f, f̄ commute, we have the following identity, which shows that
there is a bit of redundancy in our above definition, as formulated:

M◦• =M•◦

In fact, again since f, f̄ commute, we can permute terms, in the general context of
Definition 5.20, and restrict the attention to exponents of the following type:

k = . . . ◦ ◦ ◦ • • • • . . .
However, our results about the complex Gaussian laws, and other complex laws, later

on, not to talk about laws of matrices, random matrices and other noncommuting vari-
ables, that will appear later too, will look better without doing this. So, we will use
Definition 5.20 as stated. Getting to work now, we first have the following result:

Theorem 5.21. The moments of the complex normal law are given by

Mk(Gt) =

{
tpp! (k uniform, of length 2p)

0 (k not uniform)

where k = ◦ • • ◦ . . . is called uniform when it contains the same number of ◦ and •.

Proof. We must compute the moments, with respect to colored integer exponents
k = ◦ • • ◦ . . . as above, of the variable from Theorem 5.18, namely:

f =
g + ih√

2

We can assume that we are in the case t = 1, and the proof here goes as follows:

(1) As a first observation, in the case where our exponent k = ◦••◦ . . . is not uniform,
a standard rotation argument shows that the corresponding moment of f vanishes. To
be more precise, the variable f ′ = wf is complex Gaussian too, for any complex number
w ∈ T, and from Mk(f) =Mk(f

′) we obtain Mk(f) = 0, in this case.
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(2) In the uniform case now, where the exponent k = ◦ • • ◦ . . . consists of p copies of
◦ and p copies of • , the corresponding moment can be computed as follows:

Mk = E[(ff̄)p]

=
1

2p
E[(g2 + h2)p]

=
1

2p

p∑
r=0

(
p

r

)
E(g2r)E(h2p−2r)

=
1

2p

p∑
r=0

(
p

r

)
(2r)!!(2p− 2r)!!

=
1

2p

p∑
r=0

p!

r!(p− r)!
· (2r)!
2rr!

· (2p− 2r)!

2p−r(p− r)!

=
p!

4p

p∑
r=0

(
2r

r

)(
2p− 2r

p− r

)
(3) In order to finish now the computation, let us recall that we have the following

formula, coming from the generalized binomial formula, with exponent −1/2:

1√
1 + t

=
∞∑
q=0

(
2q

q

)(
−t
4

)q

By taking the square of this series, we obtain the following formula:

1

1 + t
=

∞∑
p=0

(
−t
4

)p p∑
r=0

(
2r

r

)(
2p− 2r

p− r

)
Now by looking at the coefficient of tp on both sides, we conclude that the sum on the

right equals 4p. Thus, we can finish the moment computation in (2), as follows:

Mk =
p!

4p
× 4p = p!

We are therefore led to the conclusion in the statement. □

As before with the real normal laws, or even before with the Poisson laws, a better-
looking statement regarding the moments is in terms of partitions, as follows:

Theorem 5.22. The moments of the complex normal law are the numbers

Mk(Gt) =
∑

π∈P2(k)

t|π|

with P2(k) being the pairings of {1, . . . , k} which are matching, pairing ◦ − • symbols.
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Proof. This is a reformulation of Theorem 5.21. Indeed, we can assume that we are
in the case t = 1, and here we know from Theorem 5.21 that the moments are:

Mk =

{
(|k|/2)! (k uniform)

0 (k not uniform)

On the other hand, the numbers |P2(k)| are given by exactly the same formula. Indeed,
in order to have a matching pairing of k, our exponent k = ◦ • • ◦ . . . must be uniform,
consisting of p copies of ◦ and p copies of •, with p = |k|/2. But then the matching
pairings of k correspond to the permutations of the • symbols, as to be matched with
◦ symbols, and so we have p! such pairings. Thus, we have the same formula as for the
moments of f , and we are led to the conclusion in the statement. □

In practice, we also need to know how to compute joint moments. We have here:

Theorem 5.23 (Wick formula). Given independent variables fi, each following the
complex normal law Gt, with t > 0 being a fixed parameter, we have the formula

E
(
fk1
i1
. . . fks

is

)
= ts/2#

{
π ∈ P2(k)

∣∣∣π ≤ ker i
}

where k = k1 . . . ks and i = i1 . . . is, for the joint moments of these variables, where
π ≤ ker i means that the indices of i must fit into the blocks of π, in the obvious way.

Proof. This is something well-known, which can be proved as follows:

(1) Let us first discuss the case where we have a single variable f , which amounts in
taking fi = f for any i in the formula in the statement. What we have to compute here
are the moments of f , with respect to colored integer exponents k = ◦ • • ◦ . . . , and the
formula in the statement tells us that these moments must be:

E(fk) = t|k|/2|P2(k)|
But this is the formula in Theorem 5.22, so we are done with this case.

(2) In general now, when expanding the product fk1
i1
. . . fks

is
and rearranging the terms,

we are left with doing a number of computations as in (1), and then making the product
of the expectations that we found. But this amounts in counting the partitions in the
statement, with the condition π ≤ ker i there standing for the fact that we are doing the
various type (1) computations independently, and then making the product. □

The above statement is one of the possible formulations of the Wick formula, and
there are many more formulations, which are all useful. For instance, we have:

Theorem 5.24 (Wick formula 2). Given independent variables fi, each following the
complex normal law Gt, with t > 0 being a fixed parameter, we have the formula

E
(
fi1 . . . fik f̄j1 . . . f̄jk

)
= tk#

{
π ∈ Sk

∣∣∣iπ(r) = jr, ∀r
}

for the non-vanishing joint moments of these variables.
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Proof. This follows from the usual Wick formula, from Theorem 5.23. With some
changes in the indices and notations, the formula there reads:

E
(
fK1
I1
. . . fKs

Is

)
= ts/2#

{
σ ∈ P2(K)

∣∣∣σ ≤ ker I
}

Now observe that we have P2(K) = ∅, unless the colored integer K = K1 . . . Ks

is uniform, in the sense that it contains the same number of ◦ and • symbols. Up to
permutations, the non-trivial case, where the moment is non-vanishing, is the case where
the colored integer K = K1 . . . Ks is of the following special form:

K = ◦ ◦ . . . ◦︸ ︷︷ ︸
k

• • . . . •︸ ︷︷ ︸
k

So, let us focus on this case, which is the non-trivial one. Here we have s = 2k, and
we can write the multi-index I = I1 . . . Is in the following way:

I = i1 . . . ik j1 . . . jk

With these changes made, the above usual Wick formula reads:

E
(
fi1 . . . fik f̄j1 . . . f̄jk

)
= tk#

{
σ ∈ P2(K)

∣∣∣σ ≤ ker(ij)
}

The point now is that the matching pairings σ ∈ P2(K), with K = ◦ . . . ◦ • . . . • , of
length 2k, as above, correspond to the permutations π ∈ Sk, in the obvious way. With
this identification made, the above modified usual Wick formula becomes:

E
(
fi1 . . . fik f̄j1 . . . f̄jk

)
= tk#

{
π ∈ Sk

∣∣∣iπ(r) = jr,∀r
}

Thus, we have reached to the formula in the statement, and we are done. □

Finally, here is one more formulation of the Wick formula, useful as well:

Theorem 5.25 (Wick formula 3). Given independent variables fi, each following the
complex normal law Gt, with t > 0 being a fixed parameter, we have the formula

E
(
fi1 f̄j1 . . . fik f̄jk

)
= tk#

{
π ∈ Sk

∣∣∣iπ(r) = jr,∀r
}

for the non-vanishing joint moments of these variables.

Proof. This follows from our second Wick formula, from Theorem 5.24, simply by
permuting the terms, as to have an alternating sequence of plain and conjugate variables.
Alternatively, we can start with Theorem 5.23, and then perform the same manipulations
as in the proof of Theorem 5.24, but with the exponent being this time as follows:

K = ◦ • ◦ • . . . . . . ◦ •︸ ︷︷ ︸
2k

Thus, we are led to the conclusion in the statement. □

And with this, end of our study regarding the complex normal variables. We will
heavily use all this in chapters 7-8 below, when doing groups and random matrices.
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5d. Poisson, Bessel

There is no Gauss without Poisson, and vice versa, as we say in probability, so let us
get now into the question of finding the complex analogues of the Poisson laws pt. But
here, as we perfectly know from chapter 4, the Poisson laws can spread to the whole real
line R by using the compound Poisson procedure. And the point is that exactly the same
procedure works in the complex case, with the essentials being as follows:

Theorem 5.26 (CPLT). Given a compactly supported complex measure ν, of mass
c > 0, the following compound Poisson limit converges:

pν = lim
n→∞

((
1− c

n

)
δ0 +

1

n
ν

)∗n

In the discrete case, ν =
∑s

k=1 ckδzk with ck > 0 and zk ∈ C, the Fourier transform is

Fpν (x) = exp

(
s∑

k=1

ck(e
ixzk − 1)

)
and the measure itself is given by the following formula, with fk ∼ pck , independent:

pν = law

(
s∑

k=1

zkfk

)
As main examples for this construction, pt = ptδ1 and p2t = pt(δ−1+δ1)/2.

Proof. This is something that we know from chapter 4 in the real case, and the proof
in the complex case is similar. Here are are details, reproduced for convenience:

(1) Regarding the convergence, in the discrete case, which is the one that we are
interested in, this follows from the alternative formula for pν in the statement, that we
will prove below. As for the general case, this comes from the discrete case by using
standard limiting arguments, and we will leave clarifying this as an exercise.

(2) So, assume that we are in the discrete case, ν =
∑s

k=1 ckδzk with ck > 0 and
zk ∈ C. If we denote by µn the measure under the convolution sign, we have:

Fµn(x) =
(
1− c

n

)
+

1

n

s∑
k=1

cke
ixzk =⇒ Fµ∗n

n
(x) =

((
1− c

n

)
+

1

n

s∑
k=1

cke
ixzk

)n

=⇒ Fpν (x) = exp

(
s∑

k=1

ck(e
ixzk − 1)

)
Thus, we have indeed the Fourier transform formula in the statement.
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(3) Next, if we denote by f the sum of Poisson variables in the statement, we have:

Ffk(x) = exp(ck(e
ix − 1)) =⇒ Fzkfk(x) = exp(ck(e

ixzk − 1))

=⇒ Ff (x) = exp

(
s∑

k=1

ck(e
ixzk − 1)

)
Thus we have the same Fourier transform formula as in (2), as desired.

(4) Finally, the formula pt = ptδ1 is the usual PLT, which in our context comes from
the formula of pν proved in (3), and the formula p2t = pt(δ−1+δ1)/2 is something that we
discussed in chapter 4, coming there via the Fourier formula established in (2). □

Moving on, and still with the idea in mind of finding the correct complex analogues
of the Poisson law pt, the two examples that we have, which are both in the real case,
namely pt = ptδ1 and p2t = pt(δ−1+δ1)/2, suggest formulating the following definition:

Definition 5.27. The Bessel law of level s ∈ N ∪ {∞} and parameter t > 0 is

pst = ptεs

with εs being the uniform measure on the s-th roots of unity.

Which sounds quite good and conceptual, hope you agree with me. As a first obser-
vation, at s = 1, 2 we obtain the Poisson laws, and the previous real Bessel laws:

p1t = pt , p2t = p2t

Another important particular case is s = ∞, where we obtain a measure which is
actually not discrete, that we will call complex Bessel law, and denote as follows:

p∞t = Pt

Let us develop now some theory, for these Bessel laws that we found. To start with,
save for the Poisson limits, what we have in Theorem 5.26 translates into:

Theorem 5.28. The Bessel laws pst = ptεs are given by the following formula, with
f1, . . . , fs being Poisson (t/s) and independent, and w = e2πi/s:

pst = law

(
s∑

k=1

wkfk

)
The Fourier transform of pst is as follows, in terms of exps z =

∑∞
n=0 z

sn/(sn)!:

F (x) = exp (t(exps(ix)− 1))

Also, we have the convolution formula psr ∗ pst = psr+t, for any r, t > 0.
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Proof. The first formula comes from Theorem 5.26, according to our definition of
pst . Regarding the Fourier transform, again by using Theorem 5.26, we have:

logF (x) =
s∑

k=1

t

s

(
exp(iwkx)− 1

)
= t

[(
1

s

s∑
k=1

exp(iwkx)

)
− 1

]

= t

[(
1

s

∞∑
m=0

(ix)m

m!

s∑
k=1

wkm

)
− 1

]

= t

(
∞∑
n=0

(ix)sn

(sn)!
− 1

)
= t (exps(ix)− 1)

Observe by the way that the function exps z is given at s = 1, 2 by exp1 = exp and
exp2 = cosh, so our formula above is compatible with those from chapter 4, at s = 1, 2.
Finally, the formula psr ∗ pst = psr+t comes from the fact that logF is linear in t. □

In what regards now the density of the Bessel laws, the result here is as follows:

Theorem 5.29. The density of pst is given by the following formula,

pst = e−t

∞∑
p1=0

. . .
∞∑

ps=0

1

p1! . . . ps!

(
t

s

)p1+...+ps

δ

(
s∑

k=1

wkpk

)

where w = e2πi/s, and with the δ symbol standing as usual for a Dirac mass.

Proof. In order to prove the result, we compute the Fourier transform of the measure
on the right. This is given by the following formula:

F (x) = e−t

∞∑
p1=0

. . .
∞∑

ps=0

1

p1! . . . ps!

(
t

s

)p1+...+ps

Fδ

(
s∑

k=1

wkpk

)
(x)

= e−t

∞∑
p1=0

. . .
∞∑

ps=0

1

p1! . . . ps!

(
t

s

)p1+...+ps

exp

(
s∑

k=1

iwkpkx

)

= e−t

∞∑
r=0

(
t

s

)r ∑
∑

pi=r

exp
(∑s

k=1 iw
kpkx

)
p1! . . . ps!
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We multiply by et, and we compute the derivative with respect to t:

(etF (x))′ =
∞∑
r=1

r

s

(
t

s

)r−1 ∑
∑

pi=r

exp
(∑s

k=1 iw
kpkx

)
p1! . . . ps!

=
1

s

∞∑
r=1

(
t

s

)r−1 ∑
∑

pi=r

(
s∑

l=1

pl

)
exp

(∑s
k=1 iw

kpkx
)

p1! . . . ps!

=
1

s

∞∑
r=1

(
t

s

)r−1 ∑
∑

pi=r

s∑
l=1

exp
(∑s

k=1 iw
kpkx

)
p1! . . . pl−1!(pl − 1)!pl+1! . . . ps!

By using the variable u = r − 1, we obtain from this the following formula:

(etF (x))′ =
1

s

∞∑
u=0

(
t

s

)u ∑
∑

qi=u

s∑
l=1

exp
(
iwlx+

∑s
k=1 iw

kqkx
)

q1! . . . qs!

=

(
1

s

s∑
l=1

exp(iwlx)

) ∞∑
u=0

(
t

s

)u ∑
∑

qi=u

exp
(∑s

k=1 iw
kqkx

)
q1! . . . qs!


= exps(ix) · etF (x)

But Φ(t) = exp(t exps(ix)) satisfies as well Φ
′(t) = (exps(ix))Φ(t), so we have:

etF (x) = exp(t exps(ix))

Thus logF (x) = t(exps(ix)− 1), so the measure in statement is indeed pst . □

In order to deal now with moments, the most elegant is to use group theory:

Definition 5.30. The complex reflection group Hs
N ⊂ UN , depending on parameters

N ∈ N , s ∈ N ∪ {∞}
is the group of permutation-type matrices with s-th roots of unity as entries,

Hs
N =MN(Zs ∪ {0}) ∩ UN

with the convention Z∞ = T, at s =∞.

Observe that at s = 1, 2 we obtain the symmetric and hyperoctahedral groups:

H1
N = SN , H2

N = HN

Another important particular case is s =∞, where we obtain a compact group which
is actually not finite, but is of key importance, that we will denote as follows:

H∞
N = KN

The relation with the Bessel laws pst comes from the following result:
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Theorem 5.31. The following happen:

(1) For the group Hs
N , the truncated characters satisfy χt ∼ pst , with N →∞.

(2) Hs
N is easy, coming from P s, the partitions satisfying #◦ = #•(s), in each block.

(3) The moments of the Bessel law ps1 are the numbers Mk(p
s
1) = |P s(k)|.

(4) The moments of the Bessel law pst are the numbers Mk(p
s
t) =

∑
π∈P s(k) t

|π|.

Proof. This is very standard, as before in chapter 4 at s = 1, 2, as follows:

(1) Let us first work out the case t = 1. Since the limit probability for a random
permutation to have exactly k fixed points is e−1/k!, we get, as before for SN , HN :

lim
N→∞

law(χ1) = e−1

∞∑
k=0

1

k!
ε∗ks

On the other hand, by the very definition of the Bessel law ps1, we have:

ps1 = lim
N→∞

((
1− 1

N

)
δ0 +

1

N
εs

)∗N

= e−1

∞∑
k=0

1

k!
ε∗ks

In the case where t ∈ (0, 1] is arbitrary, the same method works. We have:

lim
N→∞

law(χt) = e−t

∞∑
k=0

tk

k!
ε∗ks

On the other hand, by definition of the Bessel law pst , we have as well:

pst = lim
N→∞

((
1− 1

N

)
δ0 +

1

N
εs

)∗[tN ]

= e−t

∞∑
k=0

tk

k!
ε∗ks

(2) Again, this follows as before, for SN , HN . Consider indeed an arbitrary linear map
T : (CN)⊗k → (CN)⊗l, written as follows, with λ

(
i1...ik
j1...jl

)
∈ C being certain scalars:

T (ei1 ⊗ . . .⊗ eik) =
∑
j1...jl

λ

(
i1 . . . ik
j1 . . . jl

)
ej1 ⊗ . . .⊗ ejl

Now pick a group element g = σw ∈ Hs
N . We have the following computation:

Tg⊗k(ei1 ⊗ . . .⊗ eik) = wi1 . . . wikT (eσ(i1) ⊗ . . .⊗ eσ(ik))

= wi1 . . . wik

∑
j1...jl

λ

(
σ(i1) . . . σ(ik)
j1 . . . jl

)
ej1 ⊗ . . .⊗ ejl

= wi1 . . . wik

∑
j1...jl

λ

(
σ(i1) . . . σ(ik)
σ(j1) . . . σ(jl)

)
eσ(j1) ⊗ . . .⊗ eσ(jl)
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On the other hand, we have as well the following computation:

g⊗lT (ei1 ⊗ . . .⊗ eik) = g⊗l
∑
j1...jl

λ

(
i1 . . . ik
j1 . . . jl

)
ej1 ⊗ . . .⊗ ejl

=
∑
j1...jl

wj1 . . . wjlλ

(
i1 . . . ik
j1 . . . jl

)
eσ(j1) ⊗ . . .⊗ eσ(jl)

Now let us examine the equality Tg⊗k = g⊗lT . Leaving aside the w factors, having
this equality for any g ∈ Hs

N amounts in saying that the function λ must be of the
form λ

(
i
j

)
= φ(ker

(
i
j

)
), so that the linear map T itself must be a linear combination

of maps Tπ, with π ∈ P (k, l). But then, we have to take into account the equality
wi1 . . . wik = wj1 . . . wjl too, which tells us that we must have π ∈ P s(k, l), as claimed.

(3) This follows from (2), since the integrals of characters count the fixed points.

(4) This follows again from (2), via the integration technology from chapter 4. □

And for more on the Bessel laws, and on their free analogues too, we refer to [10].

5e. Exercises

This was a quite standard chapter, and as exercises on this, we have:

Exercise 5.32. Clarify what we said regarding complex independence.

Exercise 5.33. Clarify what we said regarding various complex decompositions.

Exercise 5.34. Learn about the various technical versions of the CCLT.

Exercise 5.35. Learn more about the Wick formula, and its applications.

Exercise 5.36. Prove the convergence of compound Poisson limits, in general.

Exercise 5.37. Work out all the details, in the proof of easiness of Hs
N .

Exercise 5.38. Learn about the complex reflection groups, and their classification.

Exercise 5.39. In the Bessel law context, discuss what happens at s =∞.

As bonus exercise, and no surprise here, start learning some complex analysis.



CHAPTER 6

Rayleigh laws

6a. Chi variables

We have seen so far the basic theory of the real and complex normal laws gt and Gt,
and of their discrete analogues pst too, and this is certainly what is needed, for dealing
with various probabilistic phenomena, originally appearing from central limits.

At a more advanced level, however, far more things can be said, the idea being that
our laws gt, Gt, p

s
t are surrounded by a myriad of other interesting laws, appearing as

variations of them, which must be mastered as well. We will explore this “normal law
galaxy” in this chapter, and then later too, our guiding principle being as follows:

Principle 6.1. Given a normal variable f : X → C, we can talk about

χ = law(|f |) , χ2 = law(|f |2)

both real probability measures, whose knowledge helps in understanding law(f).

In fact, we already met this principle in chapter 5, when computing the moments of
variables f ∼ Gt, the point being that, by standard symmetry arguments, the moments
vanish, unless we are dealing with the moments of |f |2. And as explained there, the
moments of |f |2 can be computed indeed, leading to the solution of the f problem.

Before starting, let us specify as well the precise normal variables f : X → C that we
are interested in. We would like of course to deal with the main cases f ∼ gt, G

t, pst , but
also with shifts, and other multiparametric versions of our laws, which can be of interest
too. And thinking a bit, there are many of those, with the list being as follows:

List 6.2. We can develop our χ, χ2 philosophy for f ∼ gt and f ∼ gat , then for the
various types of complex normal variables, which are as follows, with a = (b+ ic)/

√
2,

(1) f ∼ Gt, meaning f = (h+ ik)/
√
2 with h, k ∼ gt, independent.

(2) f ∼ Ga
t , meaning f = (h+ ik)/

√
2 with h ∼ gbt , k ∼ gct , independent.

(3) f ∼ Gst, meaning f = (h+ ik)/
√
2 with h ∼ gs, k ∼ gt, independent.

(4) f ∼ Ga
st, meaning f = (h+ ik)/

√
2 with h ∼ gbt , k ∼ gct , independent.

and then for the discrete variables f ∼ pst , that we can further fine-tune too.

129
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And good list that we have here, 2 questions concerning 7 types of variables, making
it for a total of 14 situations to be investigated. And in case this will prove not to be
enough, we can still modify pst = ptεs into pεt = ptε, with ε being an arbitrary measure on
the unit circle, that we can further shift at a ∈ C, and so on, if we want to.

Getting to work now, let us first talk about χ, χ2 for f ∼ gt and f ∼ gat . We have
here 4 straigthforward statements to be formulated, with the first one being:

Theorem 6.3. Assuming f ∼ gt, the law χ1t = law(|f |) has density

χ1t =

√
2

πt
e−x2/2tdx

on [0,∞), and the basic properties of this law χ1t are as follows:

(1) The mean is E =
√

2t/π, the variance is V = t− 2t/π.
(2) The even moments are M2l = tl(2l)!!.

(3) The odd moments are M2l+1 =
√

(2t)2l+1/π · l!.
(4) Equivalently, we have Mk =

√
(2t)k/π · Γ((k + 1)/2).

(5) We have γ = (4− π)
√

2/(π − 2)3 and κ = (3π2 − 4π − 12)/(π − 2)2.

Proof. The density of f is e−x2/2t/
√
2πt on the whole R, symmetric with respect

to 0, so when taking the absolute value the density will restrict to [0,∞), and double,
leading to the formula in the statement. And with the comment that the 1 subscript in
χ1t stands for the dimensionality of our problem, which is 1. As for the rest:

(1) The mean can be computed with the change of variables x =
√
y, as follows:

E =

√
2

πt

∫ ∞

0

xe−x2/2tdx

=

√
2

πt

∫ ∞

0

√
ye−y/2t 1

2
√
y
dy

=

√
1

2πt

∫ ∞

0

e−y/2tdy

=

√
1

2πt

[
− 2te−y/2t

]∞
0

=

√
2t

π

Regarding now the second moment, by symmetry this is the same as for f itself,
namely M2 = t. We conclude that the variance is V = t− 2t/π, as stated.

(2) By symmetry the even moments are as for f itself, namely M2l = tl(2l)!!.
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(3) We can compute the odd moments a bit like we did for E before, as follows:

M2l+1 =

√
2

πt

∫ ∞

0

x2l+1e−x2/2tdx

=

√
2

πt

∫ ∞

0

(
√
2ty)2l+1e−y

√
t

2y
dy

=

√
(2t)2l+1

π

∫ ∞

0

yle−ydy

=

√
(2t)2l+1

π
· l!

Here we have used
∫∞
0
yle−ydy = l!, obtained by iterated partial integration.

(4) Obviously, we are here into a gamma function business. The idea is that the
gamma function is defined as follows, for any s > 0, with the integral converging:

Γ(s) =

∫ ∞

0

xs−1e−xdx

By partial integration we have Γ(s+ 1) = sΓ(s). When coupled with Γ(1) = 1, which
is clear, and with Γ(1/2) =

√
π, obtained with x = y2, this gives, by recurrence:

Γ(l + 1) = l! , Γ

(
l +

1

2

)
=

(2l)!!
√
π

2l

Now observe that this fits with the formulae in (2,3), and gives the formula in the
statement. Alternatively, we can establish this formula directly, as follows:

Mk =

√
2

πt

∫ ∞

0

xke−x2/2tdx

=

√
2

πt

∫ ∞

0

(
√
2ty)ke−y

√
t

2y
dy

=

√
(2t)k

π

∫ ∞

0

y(k−1)/2e−ydy

=

√
(2t)k

π
· Γ
(
k + 1

2

)
(5) Getting now to the computation of γ, κ, the low order moments are as follows:

M1 =

√
2t

π
, M2 = t , M3 =

√
(2t)3

π
, M4 = 3t2



132 6. RAYLEIGH LAWS

The low order central moments are M ′
1 = 0, M ′

2 = t− 2t/π, and then:

M ′
3 = M3 − 3EM2 + 2E3

= 2t

√
2t

π
− 3t

√
2t

π
+

4t

π

√
2t

π

=

(
4t

π
− t
)√

2t

π

As for the next central moment, the fourth one, this is given by:

M ′
4 = M4 − 4EM3 + 6E2M2 − 3E4

= 3t2 − 16t2

π
+

12t2

π
− 12t2

π2

= 3t2 − 4t2

π
− 12t2

π2

Now by normalizing, we obtain the following formula for the skewness γ:

γ =

(
4t

π
− t
)√

2t

π

(
t− 2t

π

)−3/2

=

(
4

π
− 1

)√
2

π

(
1− 2

π

)−3/2

=
4− π
π

√
2

π
· π3/2

(π − 2)3/2

= (4− π)

√
2

(π − 2)3

Similarly, by normalizing we obtain the following formula for the kurtosis κ:

κ =

(
3t2 − 4t2

π
− 12t2

π2

)(
t− 2t

π

)−2

=

(
3− 4

π
− 12

π2

)(
1− 2

π

)−2

=

(
3− 4

π
− 12

π2

)
π2

(π − 2)2

=
3π2 − 4π − 12

(π − 2)2

Thus, we are led to the conclusions in the statement. □

As our second statement now, still dealing with f ∼ gt, we have:
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Theorem 6.4. Assuming f ∼ gt, the law χ2
1t = law(f 2) has density

χ2
1t =

1√
2πt

x−1/2e−x/2tdx

on [0,∞), and the basic properties of this law χ2
1t are as follows:

(1) The mean is E = t, the variance is V = 2t2.
(2) The moments are Mk = tk(2k)!!.
(3) The skewness is γ = 2

√
2, the kurtosis is κ = 15.

(4) The Fourier transform is F (x) = 1/
√
1− 2ixt.

Proof. In order to compute the density, assume f ∼ gt, and consider an arbitrary
function φ : [0,∞)→ R. We have then the following computation:

E(φ(f 2)) =

√
2

πt

∫ ∞

0

φ(x2)e−x2/2t dx

=

√
2

πt

∫ ∞

0

φ(y)e−y/2t dy

2
√
y

=
1√
2πt

∫ ∞

0

φ(y)y−1/2e−y/2t dy

Thus the density of f 2 ∼ χ2
1t is the one in the statement. As for the rest:

(1) The moments being Mk(f
2) = M2k(f) = tk(2k)!!, the mean is E = M1 = t, and

the variance is V =M2 −M2
1 = 3t2 − t2 = 2t2, as stated.

(2) As already mentioned, the moments are Mk(f
2) =M2k(f) = tk(2k)!!.

(3) Getting now to the computation of γ, κ, the low order moments are as follows:

M1 = t , M2 = 3t2 , M3 = 15t3 , M4 = 105t4

The low order central moments are M ′
1 = 0, M ′

2 = 2t2, and then:

M ′
3 = M3 − 3EM2 + 2E3

= 15t3 − 9t3 + 2t3

= 8t3

As for the next central moment, the fourth one, this is given by:

M ′
4 = M4 − 4EM3 + 6E2M2 − 3E4

= 105t4 − 60t4 + 18t4 − 3t4

= 60t4

Now by normalizing, we obtain the formulae of γ, κ in the statement.
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(4) The Fourier transform computation is straighforward, as follows:

F (x) =
1√
2πt

∫ ∞

0

y−1/2e−y/2t+ixy dy

=
1√
2πt

∫ ∞

0

y−1/2e(2ix−1/t)y/2 dy

=
1√
2πt

∫ ∞

0

(
z

1/t− 2ix

)−1/2

e−z/2 dz

1/t− 2ix

=
1√

1/t− 2ix
· 1√

2πt

∫ ∞

0

z−1/2e−z/2 dz

=
1√

1/t− 2ix
· 1√

2πt
·
√
2π

=
1√

1− 2ixt

Thus, we are led to the conclusions in the statement. □

6b. Rayleigh laws

Well, I don’t know about you, but personally I find Theorems 6.3 and 6.4, dealing
with the χ, χ2 problematics for f ∼ gt, a bit harder than expected, and I don’t really
feel like getting into shifts f ∼ gat right away. Remember indeed from chapter 2 that the
moments of these shifts were not really computable, so when putting on top of this some
gamma function combinatorics, things will most likely become truly complicated.

In short, giving up, or rather change of plan, my proposal would be to investigate
next the χ, χ2 problematics for f ∼ Gt, and for shifts and further parameters that can be
added, we can see later. In addition, a quick comparison between Theorems 6.3 and 6.4
shows that the χ2 problematics is simpler than the χ one, and so, as final updated plan,
we will investigate the χ2 problematics, and then the χ problematics, for f ∼ Gt.

Getting to work now, regarding the χ2 problematics for f ∼ Gt, we have:

Theorem 6.5. Assuming f ∼ Gt, the law χ2
2t = law(2|f |2) has density

χ2
2t =

1

2t
e−x/2tdx

on [0,∞), and the basic properties of this law χ2
2t are as follows:

(1) The mean is E = 2t, the variance is V = 4t2.
(2) The moments are Mk = (2t)kk!.
(3) The skewness is γ = 2, the kurtosis is κ = 9.
(4) The Fourier transform is F (x) = 1/(1− 2ixt).
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Proof. This is something quite subtle, the idea being as follows:

(1) To start with, the density in the statement is exponential, χ2
2t = e1/2t. However,

what the theorem says is not the usual story of the exponential law.

(2) Next, according to our convention for the law Gt, we have χ
2
2t = law(2|f |2), where

f = (a+ ib)/
√
2, with a, b ∼ gt independent. Thus, χ

2
2t can be thought of as well as being

something real, 2-dimensional, and with this justifying the subscript 2:

χ2
2t = law(a2 + b2)

(3) Let us also mention that χ2
2t is called as well squared Rayleigh law, and more on

this later in this chapter, when discussing the Rayleigh law χ2t = law(
√
2|f |).

(4) Getting now to the proof, we already computed the moments in chapter 5, and it
is most convenient to start by recalling that. The computation was as follows:

Mk = E
(
(a2 + b2)k

)
=

k∑
r=0

(
k

r

)
E(a2r)E(b2k−2r)

= tk
k∑

r=0

(
k

r

)
(2r)!!(2k − 2r)!!

= tk
k∑

r=0

k!

r!(k − r)!
· (2r)!
2rr!

· (2k − 2r)!

2k−r(k − r)!

=
tkk!

2k

k∑
r=0

(
2r

r

)(
2k − 2r

k − r

)
On the other hand, the generalized binomial formula with exponent −1/2 gives:

1√
1 + s

=
∞∑
q=0

(
2q

q

)(
−s
4

)q

Now by taking the square of this series, we obtain the following formula:

1

1 + s
=

∞∑
k=0

(
−s
4

)k k∑
r=0

(
2r

r

)(
2k − 2r

k − r

)
Thus the sum on the right is 4k, and we can finish our moment computation:

Mk =
tkk!

2k
× 4k = (2t)kk!

(5) The mean is therefore E = 2t, and the variance is V = 8t2 − 4t2 = 4t2.
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(6) Let us prove now that the density is the one in the statement, namely:

χ2
2t =

1

2t
e−x/2tdx

By partial integration, the moments of this predicted density are given by:

Ik =
1

2t

∫ ∞

0

xke−x/2tdx

=
1

2t

∫ ∞

0

kxk−1 · 2te−x/2tdx

= 2tk · 1
2t

∫ ∞

0

xk−1e−x/2tdx

= 2tk · Ik−1

As for the initial value, for this recurrence, this is given by the following formula,
which by the way shows that we have indeed a probability measure, as we should:

I0 =
1

2t

∫ ∞

0

e−x/2tdx =
1

2t

[
− 2te−x/2t

]∞
0

= 1

Thus Ik = (2t)kk!, which matches with Mk(χ
2
2t) = (2t)kk!, so job done.

(7) The computation of the Fourier transform is very standard, as follows:

F (x) =
1

2t

∫ ∞

0

e−y/2t+ixy dy

=
1

2t

∫ ∞

0

e(2ix−1/t)y/2 dy

=
1

2t

∫ ∞

0

e−z/2 dz

1/t− 2ix

=
1

1− 2ixt
· 1
2

∫ ∞

0

e−z/2 dz

=
1

1− 2ixt

(8) According to our moment formula in (4), the low order moments are:

M1 = 2t , M2 = 8t2 , M3 = 48t3 , M4 = 384t4

Thus the low order central moments are M ′
1 = 0, M ′

2 = 4t2, and then:

M ′
3 =M3 − 3EM2 + 2E3 = 16t3

M ′
4 =M4 − 4EM3 + 6E2M2 − 3E4 = 144t4

Now by normalizing, we obtain from this γ = 2 and κ = 9, as stated. □

Regarding now the χ laws, called Rayleigh laws, their basic theory is as follows:



6B. RAYLEIGH LAWS 137

Theorem 6.6. Assuming f ∼ Gt, the law χ2t = law(
√
2|f |) has density

χ2t =
1

t
xe−x2/2tdx

on [0,∞), and the basic properties of this law χ2t are as follows:

(1) The mean is E =
√
tπ/2, the variance is V = 2t− tπ/2.

(2) The even moments are M2l = (2t)ll!

(3) The odd moments are M2l−1 =
√

(2t)2l−1π · (2l)!!/2l.
(4) Equivalently, the moments are Mk =

√
(2t)k · Γ(k/2 + 1).

(5) We have γ = 2(π − 3)
√
π/(4− π)3 and κ = (32− 3π2)/(4− π)2.

Proof. According to our convention for the law Gt, we have χ2t = law(
√
2|f |), where

f = (a+ib)/
√
2, with a, b ∼ gt independent. Thus, the Rayleigh law χ2t can be thought of

as well as being something real, and 2-dimensional, and with this justifying the subscript
2, and more specifically, appearing as follows, with a, b ∼ gt independent:

χ2t = law(
√
a2 + b2)

Let us also mention that at the level of the phenomenology, the Rayleigh law appears
in many interesting situations, as for instance in the modeling of wind. And with exercise
for you to learn more about this. As for the proof, this is routine, as follows:

(1) In order to compute the density, the simplest is to use Theorem 6.5, along with
the following fact, coming from the definition of our chi and chi squared laws:

g ≥ 0 , g ∼ χ2t ⇐⇒ g2 ∼ χ2
2t

Indeed, assume g ∼ χ2t, and consider an arbitrary function φ : [0,∞) → R. If we
define ψ : [0,∞)→ R by ψ(x) = φ(

√
x), we have the following computation:

E(φ(g)) = E(ψ(g2))

=
1

2t

∫ ∞

0

ψ(x)e−x/2t dx

=
1

2t

∫ ∞

0

φ(y)e−y2/2t 2ydy

=
1

t

∫ ∞

0

φ(y)ye−y2/2t dy

Thus the density of g ∼ χ2t is the one in the statement. As for the other assertions:
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(2) Regarding the moment computation, this is straightforward, as follows:

Mk =
1

t

∫ ∞

0

xk+1e−x2/2t dx

=
1

t

∫ ∞

0

(√
2ty
)k+1

e−y

√
t

2y
dy

=
√

(2t)k
∫ ∞

0

yk/2e−y dy

=
√

(2t)k · Γ
(
k

2
+ 1

)
In particular the even moments are given by the following formula:

M2l = (2t)lΓ(l + 1) = (2t)ll!

As for the odd moments, these are given by the following formula:

M2l−1 =
√

(2t)2l−1 · Γ
(
l +

1

2

)
=
√
(2t)2l−1π · (2l)!!

2l

(3) Getting now to the computation of the parameters (E, V, γ, κ), by using the mo-
ment formulae found above, the first four moments of our law are given by:

M1 =
√

(2t)π · 1
2
=

√
tπ

2
, M2 = 2t · 1 = 2t

M3 =
√

(2t)3π · 3
4
= 3t

√
tπ

2
, M4 = 4t2 · 2 = 8t2

We can see that the mean is E =
√
tπ/2, and the variance is V = 2t − tπ/2. Next,

the third central moment is given by the following formula:

M ′
3 = M3 − 3EM2 + 2E3

= 3t

√
tπ

2
− 6t

√
tπ

2
+ tπ

√
tπ

2

= t(π − 3)

√
tπ

2



6C. PARAMETRIC SUMS 139

By normalizing, we conclude that the skewness is given by the following formula:

γ = t(π − 3)

√
tπ

2
· 1√

(2t− tπ/2)3

= (π − 3)

√
π

2
· 1√

(2− π/2)3

= 2(π − 3)

√
π

(4− π)3

Next, the fourth central moment is given by the following formula:

M ′
4 = M4 − 4EM3 + 6E2M2 − 3E4

= 8t2 − 12t · tπ
2

+ 6 · tπ
2
· 2t− 3

t2π2

4

= t2
(
8− 3π2

4

)
By normalizing, we conclude that the kurtosis is given by the following formula:

κ = t2
(
8− 3π2

4

)
1

(2t− tπ/2)2

=

(
8− 3π2

4

)
1

(2− π/2)2

=
32− 3π2

(4− π)2

Thus, we are led to the conclusions in the statement. □

6c. Parametric sums

Good work that we did, but with my apologies, we are behind schedule, with χ, χ2 done
for gt, Gt, but with gat , G

a
t , Gst, G

a
st plus p

s
t still in need to be investigated. Nevermind.

So we will speed up a bit, and focus on the essentials, namely density, moments and
E, V, γ, κ. Regarding the simplest question, namely χ2 for gat , the result is:

Theorem 6.7. Assuming f ∼ gat with a ≥ 0, the law χ2a
1t = law(f 2) has density

χ2a
1t =

e−a2/2t

√
2πt
· e

−x/2t

√
x

cosh

(
a
√
x

t

)
dx

on [0,∞), and the basic properties of this law χ2a
1t are as follows:

(1) The mean is E = t+ a2, the variance is V = 2t2 + 4a2t.
(2) The moments are Mk =M2k(g

a
t ), computable by recurrence.

(3) γ = (t+ 3a2)
√
8t/(t+ 2a2)3 and κ = (15t2 + 60a2t+ 12a4)/(t+ 2a2)2.
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Proof. Assuming f ∼ gat with a ≥ 0, we have the following computation:

E(φ(f 2)) =
1√
2πt

∫
R
φ(x2)e−(x−a)2/2tdx

=
1√
2πt

(∫ 0

−∞
φ(x2)e−(x−a)2/2tdx+

∫ ∞

0

φ(x2)e−(x−a)2/2tdx

)
=

1√
2πt

(∫ ∞

0

φ(y)e−(−√
y−a)2/2t dy

2
√
y
+

∫ ∞

0

φ(y)e−(
√
y−a)2/2t dy

2
√
y

)
=

1√
2πt

∫ ∞

0

φ(y)
√
y
· 1
2

(
e−(

√
y+a)2/2t + e−(

√
y−a)2/2t

)
dy

=
e−a2/2t

√
2πt

∫ ∞

0

φ(y)
√
y
· e−y/2t · 1

2

(
e−a

√
y/t + ea

√
y/t
)
dy

=
e−a2/2t

√
2πt

∫ ∞

0

φ(y)
√
y
· e−y/2t · cosh

(
a
√
y

t

)
dy

Thus, the density is the one in the statement. Regarding now the moments, these are
the numbers Mk =M2k(g

a
t ), and as explained in chapter 2, the whole sequence Mk(g

a
t ) is

computable by recurrence. In particular, as explained there, we have:

M2(g
a
t ) = t+ a2 , M4(g

a
t ) = 3t2 + 6a2t+ a4

M6(g
a
t ) = 15t3 + 45a2t2 + 15a4t+ a6

M8(g
a
t ) = 105t4 + 420a2t3 + 210a4t2 + 28a6t+ a8

Thus we have E = t+ a2, and the variance is given by the following formula:

V = 3t2 + 6a2t+ a4 − (t+ a2)2 = 2t2 + 4a2t

Next, the third and fourth central moments of our law are given by:

M ′
3 =M3 − 3EM2 + 2E3 = 8t2(t+ 3a2)

M ′
4 =M4 − 4EM3 + 6E2M2 − 3E4 = 12t2(5t2 + 20a2t+ 4a4)

Thus, we are led to the formulae of γ and κ in the statement. □

Still talking shifts of the real normal laws, we have as well the following result:

Theorem 6.8. Assuming f ∼ gat with a ≥ 0, the law χa
1t = law(|f |) has density

χa
1t =

√
2

πt
e−a2/2t · e−x2/2t cosh

(ax
t

)
dx

on [0,∞), and the basic properties of this law χa
1t are as follows:

(1) The even moments are M2l =M2l(g
a
t ), computable by recurrence.

(2) The odd moments are given by M2l+1 =
√

(2t)2l+1π · l! at a = 0.
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Proof. Assuming f ∼ gat with a ≥ 0, we have the following computation:

E(φ(|f |)) =
1√
2πt

∫
R
φ(|x|)e−(x−a)2/2tdx

=
1√
2πt

(∫ 0

−∞
φ(−x)e−(x−a)2/2tdx+

∫ ∞

0

φ(x)e−(x−a)2/2tdx

)
=

1√
2πt

(∫ ∞

0

φ(x)e−(−x−a)2/2tdx+

∫ ∞

0

φ(x)e−(x−a)2/2tdx

)
=

1√
2πt

∫ ∞

0

φ(x)
(
e−(x+a)2/2t + e−(x−a)2/2t

)
dx

=

√
2

πt
e−a2/2t

∫ ∞

0

φ(x) · e−x2/2t · 1
2

(
e−ax/t + eax/t

)
dy

=

√
2

πt
e−a2/2t

∫ ∞

0

φ(x) · e−x2/2t cosh
(ax
t

)
dx

Thus, the density is the one in the statement, and with the remark that at a = 0 we
obtain indeed the density in Theorem 6.3. Regarding now the moments, these are:

Mk =

√
2

πt
e−a2/2t

∫ ∞

0

xke−x2/2t cosh
(ax
t

)
dx

And with the above integral being not very inviting, we will stop here, and formulate
instead about moments the two things in the statement, that we both know well. □

Quite interesting all this, we just talked about random variables whose expectation E
we are unable to compute, guess this means that we are at the advanced level. So very
nice, and talking advanced level, perhaps time to ask the cat. Which cat declares:

Cat 6.9. Hypergeometric functions are as fun as quantum groups, the first human to
master them both will be awarded an honorary cat title.

Humm, interesting what you say, katie. And I guess that’s good advice for you reader,
too, shall you ever manage to master one of these main virtual objects in mathematics,
such as hypergeometric functions, or quantum groups, don’t stop there. Being advanced
with respect to most humans means nothing, compared to an honorary cat title.

Getting back now to work, time to upgrade to two dimensions, and investigate the
χ, χ2 problematics for the more specialized normal laws there, namely Ga

t , Gst, G
a
st. And

with myself lacking I guess the needed titles and diplomas, for making something fun out
of shifts, the plan will be investigate first Gst, and then, hopefully, Ga

t , and even Ga
st.
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So, let us start with a discussion regarding Gst. We already met this law in the context
of the various CCLT from chapter 5, but as a matter of having a new start, for all this,
here is what is to be known about Gst, and in fact about Gt, G

a
t , G

a
st as well:

Theorem 6.10. The various normal laws G = law((h+ ik)/
√
2) are as follows:

(1) The usual normal law Gt, coming from h, k ∼ gt independent, and its shift at
a = (b+ ic)/

√
2, coming from h ∼ gbt , k ∼ gct independent, are

Gt =
1

πt
e−|z|2/tdz , Ga

t =
1

πt
e−|z−a|2/tdz

(2) The two-parameter normal law Gst, coming from h ∼ gs, k ∼ gt independent, and
its shift at a = (b+ ic)/

√
2, coming from h ∼ gbs, k ∼ gct independent, are

Gst =
1

π
√
st
e−x2/s−y2/tdxdy , Ga

st =
1

π
√
st
e−(x−ax)2/s−(y−ay)2/tdxdy

with the usual convention z = x+ iy for the numbers in the complex plane.

Proof. This is something very standard, based on the real formulae, namely:

gt =
1√
2πt

e−x2/2tdx , gat =
1√
2πt

e−(x−a)2/2tdx

(1) Our first claim is that we have the following dilation formula, over the reals:

h ∼ ϕ(x)dx =⇒ λh ∼ 1

λ
ϕ
(x
λ

)
dx

Indeed, with h ∼ ϕ(x)dx, we have the following computation, proving our claim:

E(ψ(λh)) =

∫
R
ψ(λx)ϕ(x)dx =

∫
R
ψ(y)ϕ

(y
λ

) dy
λ

(2) Assume now that we have independent variables h, k ∼ gt. According to our
dilation formula above, applied with λ = 1/

√
2, we have:

h√
2
∼ 1√

πt
e−x2/tdx ,

k√
2
∼ 1√

πt
e−y2/tdy

We conclude that, with z = x+ iy as usual, the law of (h+ ik)/
√
2 is:

Gt =
1

πt
e−(x2+y2)/tdxdy =

1

πt
e−|z|2/tdz

(3) Next, more generally, assume that we have independent variables h ∼ gbt , k ∼ gct .
According to our dilation formula above, again applied with λ = 1/

√
2, we have:

h√
2
∼ 1√

πt
e−(

√
2x−b)2/2tdx ,

k√
2
∼ 1√

πt
e−(

√
2y−c)2/2tdy
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Thus, with z = x+ iy as usual, and a = (b+ ic)/
√
2, the law of (h+ ik)/

√
2 is:

Ga
t =

1

πt
exp

(
− 1

2t

[
(
√
2x− b)2 + (

√
2y − c)2

])
dxdy

=
1

πt
exp

(
−1

t

[
(x− b/

√
2)2 + (y − c/

√
2)2
])

dxdy

=
1

πt
exp

(
−1

t

∣∣∣∣∣∣(x, y)− (b, c)√
2

∣∣∣∣∣∣2) dxdy
=

1

πt
e−|z−a|2/tdz

(4) Next, as another generalization of (2), assume that we have independent variables
h ∼ gs, k ∼ gt. According to our dilation formula, applied with λ = 1/

√
2, we have:

h√
2
∼ 1√

πs
e−x2/2sdx ,

k√
2
∼ 1√

πt
e−y2/2tdy

We conclude that the law of (h+ ik)/
√
2 is given by the following formula:

Gt =
1

π
√
st
e−x2/2s−y2/2tdxdy

(5) Finally, with full house parameters, meaning independent variables h ∼ gbs, k ∼ gct ,
according to our dilation formula, applied as usual with λ = 1/

√
2, we have:

h√
2
∼ 1√

πs
e−(

√
2x−b)2/2sdx ,

k√
2
∼ 1√

πt
e−(

√
2y−c)2/2tdy

Thus, with z = x+ iy as usual, and a = (b+ ic)/
√
2, the law of (h+ ik)/

√
2 is:

Ga
st =

1

π
√
st

exp

(
−(
√
2x− b)2

2s
− (
√
2y − c)2

2t

)
dxdy

=
1

π
√
st

exp

(
−(x− b/

√
2)2

s
− (y − c/

√
2)2

t

)
dxdy

=
1

π
√
st
e−(x−ax)2/s−(y−ay)2/tdxdy

Thus, we are led to the conclusions in the statement. □

According to our updated plan made above, let us first investigate Gst, given by:

Gst =
1

π
√
st
e−x2/s−y2/tdxdy

However, when looking at moments, we are right away in trouble, with respect to the
case s = t, previously investigated in this chapter, and in fact going back to chapter 5.
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Indeed, when s = t our distribution is rotationally invariant, and this allowed us to say
that all moments of a variable f following this law vanish, except for those of |f |2.

In the case s ̸= t the rotational invariance obviously fails, and so fails the vanishing
of the generic moments of f . So, what to do? I would say that the wisest would be to
restrict the attention to |f |2, that is, to study the χ2 problematics for Gst, which after all
was on our official plan. And, we are led in this way to the following result:

Theorem 6.11. Assuming f ∼ Gst, the law χ2
2st = law(2|f |2) has moments

Mk =
k!

2k

∑
k=a+b

(
2a

a

)(
2b

b

)
satb

the Fourier transform is given by the following formula,

F (x) =
1√

(1− 2six)(1− 2tix)

the expectation is E = s+ t, the variance is V = 2s2 + 2t2, and

γ =
s3 + t3

s2 + t2

√
8

s2 + t2
, κ =

15s4 + 15t4 + 6s2t2

(s2 + t2)2

are the skewness and kurtosis.

Proof. This is similar to the proof of Theorem 6.5, the idea being as follows:

(1) With f = (d+ ie)/
√
2, the moments are given by the following formula:

Mk = E
(
(d2 + e2)k

)
=

∑
k=a+b

(
k

a

)
E(d2a)E(e2b)

=
∑

k=a+b

(
k

a

)
sa(2a)!!tb(2b)!!

=
∑

k=a+b

k!

a!b!
· (2a)!
2aa!

· (2b)!
2bb!

satb

=
k!

2k

∑
k=a+b

(
2a

a

)(
2b

b

)
satb

(2) The generalized binomial formula with exponent −1/2 shows that we have:

1√
1− 4sz

=
∞∑
a=0

(
2a

a

)
(sz)a ,

1√
1− 4tz

=
∞∑
b=0

(
2b

b

)
(tz)b
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By multiplying these two formulae, and then setting k = a+ b, we obtain:

1√
(1− 4sz)(1− 4tz)

=
∞∑
a=0

∞∑
b=0

(
2a

a

)(
2b

b

)
(sz)a(tz)b

=
∞∑
k=0

zk
∑

k=a+b

(
2a

a

)(
2b

b

)
satb

=
∞∑
k=0

zk · 2
kMk

k!

=
∞∑
k=0

(2z)k

k!
·Mk

Now by setting z = ix/2, this latter formula takes the following form:

1√
(1− 2six)(1− 2tix)

=
∞∑
k=0

(ix)k

k!
·Mk

But on the right we have the Fourier transform F (x), so done with this too.

(3) It remains to compute E, V, γ, κ. According to (1), the low order moments are:

M1 = s+ t

M2 = 3s2 + 3t2 + 2st

M3 = 15s3 + 9s2t+ 9st2 + 15t3

M4 = 105s4 + 60s3t+ 54s2t2 + 60st3 + 105t4

Thus the mean is E = s+ t, and the variance is given by the following formula:

V = (3s2 + 3t2 + 2st)− (s+ t)2 = 2s2 + 2t2

(4) Next, the third central moment of our law is given by the following formula:

M ′
3 = M3 − 3EM2 + 2E3

= 15s3 + 9s2t+ 9st2 + 15t3

−3(s+ t)(3s2 + 3t2 + 2st) + 2(s+ t)3

= 8s3 + 8t3

By normalizing, we conclude that the skewness is given by the following formula:

γ =
8s3 + 8t3

(2s2 + 2t2)
√
2s2 + 2t2

=
s3 + t3

s2 + t2

√
8

s2 + t2
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(5) Next, the fourth central moment is given by the following formula:

M ′
4 = M4 − 4EM3 + 6E2M2 − 3E4

= 105s4 + 60s3t+ 54s2t2 + 60st3 + 105t4

−4(s+ t)(15s3 + 9s2t+ 9st2 + 15t3)

+6(s+ t)2(3s2 + 3t2 + 2st)− 3(s+ t)4

= 60s4 + 60t4 + 24s2t2

By normalizing, we conclude that the kurtosis is given by the following formula:

κ =
60s4 + 60t4 + 24s2t2

(2s2 + 2t2)2
=

15s4 + 15t4 + 6s2t2

(s2 + t2)2

Thus, we are led to the conclusions in the statement. □

Getting now to the χ problematics for Gst, things here are quite complicated, again
due to the lack of rotational invariance, when s ̸= t. With bare hands we can only
formulate a modest remark, based on the density formula for Gst from Theorem 6.10, and
on our previous moment formulae from Theorems 6.6 and 6.11, as follows:

Remark 6.12. Assuming f ∼ Gst, the law χ2st = law(
√
2|f |) has moments:

Mk =
1

π
√
st

∫
R

∫
R

√
(x2 + y2)k e−x2/s−y2/tdxdy

The moments of even order are given by a quite explicit formula, namely:

M2l =
(2l)!

4l

∑
2k=a+b

(
2a

a

)(
2b

b

)
satb

Also, at s = t the moment formula is Mk =
√

(2t)k · Γ(k/2 + 1).

And with this, end of our study. Good work that we did, and time I guess to stop
here, and enjoy a good meal, I mean I don’t know about you, but I find that these
computations burn calories, I definitely need some. Of course we still have the shifts left,
and the discrete measures too, but these can wait until tomorrow. Curtain.

6d. Poisson sums

Welcome back, and in the hope that we agree on this, time to discuss now the discrete
case, looking for some mathematical fun there. Our plan will be as follows:

Plan 6.13. We would like to investigate the χ, χ2 problematics for:

(1) Compound Poisson laws ptν, with ν discrete probability measure on C.
(2) Compound Poisson laws ptν, with ν discrete probability measure on T.
(3) Compound Poisson laws ptν, with ν discrete uniform measure on X ⊂ T.
(4) Compound Poisson laws ptν, with ν = εs, uniform measure on Zs ⊂ T.
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In short, we plan to do things slowly, following the above hierarchy, starting with (1)
which is the general case, and ending with (4) which is the Bessel law case, ptν = pst . So,
going now with (1), here is what we need to know, extracted from chapter 5:

Theorem 6.14. Given a complex probability measure ν, and t > 0, let us set:

ptν = lim
n→∞

((
1− t

n

)
δ0 +

t

n
ν

)∗n

In the discrete case, ν =
∑s

k=1 ckδwk
with ck > 0 and wk ∈ C, the Fourier transform is

Fptν (x) = exp

(
t

s∑
k=1

ck(e
ixwk − 1)

)
and the measure itself is given by the following formula, with fk ∼ ptck , independent:

pν = law

(
s∑

k=1

wkfk

)
As examples, pst = ptεs, with εs being the uniform measure on the s-th roots of unity.

Proof. This is indeed something that we know well from chapter 5. □

At the above level of generality, we have the following result:

Proposition 6.15. For a measure ptν with ν =
∑s

k=1 ckδwk
, we have:

E = t
s∑

k=1

ckwk , V = t
s∑

k=1

ck|wk|2

When ν is supported on the unit circle T, the variance formula reads V = t.

Proof. We know that ptν is the law of the variable f =
∑

k wkfk, with fk ∼ ptck ,
independent. But with this, the formula of the expectation is clear, and we have:

E(|f |2) =
∑
kl

wkw̄lE(fkfl)

=
∑
k

wkw̄kE(f
2
k ) +

∑
k ̸=l

wkw̄lE(fk)E(fl)

=
∑
k

wkw̄k(tck + t2c2k) +
∑
k ̸=l

wkw̄l(t
2ckcl)

= t
∑
k

wkw̄kck + t2
∑
kl

wkw̄lckcl

= t
∑
k

|wk|2ck + t2
∣∣∣∑

k

wkck

∣∣∣2
Thus, we are led to the conclusions in the statement. □
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The above result, with the nice formula V = t at the end, looks quite encouraging.
However, for higher moments things become quite complicated, as shown by:

Remark 6.16. The second moment of the variable |f |2 = |
∑

k wkfk|2 is

E(|f |4) =
∑
klmn

wkwlw̄mw̄nE(fkflfmfn)

which will spilt into 15 sums, according to the values of ker(klmn) ∈ P (4).

In short, quite tough combinatorics going on here, and with respect to our original
Plan 6.13, done I guess with (1) and (2) there, with our hunting trophy being something
quite modest, namely Proposition 6.15, computing the mean of |f |2. Guess for a fresh
dinner tonight, we will have to stop by the market, or make a deal with the cat.

Getting now to (3) in our Plan 6.13, let us further assume that ν is the uniform
measure on a certain finite subset X ⊂ T. In practice, this means ν = 1

s

∑s
k=1 δwk

with
wk ∈ T, so our variable is f =

∑
k wkfk, with fk ∼ pt/s, independent, and we get:

E(|f |4) =
∑
klmn

wkwl

wmwn

E(fkflfmfn)

=
∑

π∈P (4)

∑
ker (klmn)=π

wkwl

wmwn

E(fkflfmfn)

=
∑

π∈P (4)

Mπ(pt/s)
∑

ker (klmn)=π

wkwl

wmwn

To be more precise, what we called here Mπ means product of moments, computed
with respect to the blocks of π. More generally, we have the following result:

Proposition 6.17. For a measure ptν with ν = 1
s

∑s
k=1 δwk

with wk ∈ T, we have

E(|f |2r) =
∑

π∈P (2r)

Mπ(pt/s)
∑

ker (km)=π

wk1 . . . wkr

wm1 . . . wmr

with Mπ meaning product of moments, with respect to the blocks of π.

Proof. This follows by redoing the computation above, with an arbitrary exponent:

E(|f |2r) =
∑
km

wk1 . . . wkr

wm1 . . . wmr

E(fk1 . . . fkrfm1 . . . fmr)

=
∑

π∈P (2r)

∑
ker (km)=π

wk1 . . . wkr

wm1 . . . wmr

E(fk1 . . . fkrfm1 . . . fmr)

=
∑

π∈P (2r)

Mπ(pt/s)
∑

ker (km)=π

wk1 . . . wkr

wm1 . . . wmr

Thus, we are led to the formula in the statement. □



6D. POISSON SUMS 149

And with this, done I guess with (3) in Plan 6.13 too. Cats are laughing at me, but
let me nevertheless formulate a comment on all this, that I was keeping secret:

Comment 6.18. There is something conceptual to be said in general, namely

kn(pα) =Mn(α)

the cumulants of a compound Poisson law are the moments of the input measure.

And more on such things later, in Part IV, when discussing cumulants. Moving on
now, (4) in Plan 6.13, that is about the Bessel laws from chapter 5. So, let us recall from
there that we have the following result, and in the hope that I did’t forget anything:

Theorem 6.19. The Bessel laws pst = ptεs are given by the following formula, with
f1, . . . , fs being Poisson (t/s) and independent, and w = e2πi/s:

pst = law

(
s∑

k=1

wkfk

)
The Fourier transform of pst is as follows, in terms of exps z =

∑∞
n=0 z

sn/(sn)!,

F (x) = exp (t(exps(ix)− 1))

the density is given by the following formula, with δ being a Dirac mass,

pst = e−t

∞∑
p1=0

. . .
∞∑

ps=0

1

p1! . . . ps!

(
t

s

)p1+...+ps

δ

(
s∑

k=1

wkpk

)
and the moments are given by the following formula,

Mr(p
s
t) =

∑
π∈P s(r)

t|π|

with P s standing for the partitions satisfying #◦ = # • (s) in each block.

Proof. This is something that we know well from chapter 5, and as illustrations for
this, let us briefly discuss a few particular cases, which are of interest:

(1) Case s = 1. Here we have the usual Poisson law pt, the Fourier transform is
F (x) = exp(t(eix−1)), the density is pt = e−t

∑
p≥0 t

pδp/p!, and the partitions, which can

be thought of as being uncolored, since we are in the real case, are P 1 = P .

(2) Case s = 2. Here we have the real Bessel law p2t , the Fourier transform is F (x) =
exp(t(cosx−1)), the density is p2t =

∑
k∈Z fk(t/2)δk, with fk(t) =

∑
p≥0 t

|k|+2p/(|k|+p)!p!
being the Bessel function of the first kind, and the partitions are P 2 = Peven.

(3) Case s = 3. This is the first interesting case, with respect to what we knew well
from Part I, regarding pt, p

2
t , and obviously, all the formulae in the statement are about

some crazy aspects of the combinatorics of the 3rd roots of unity. Good to know.
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(4) Case s = 4. This is something quite manageable, because the root of unity is
w = i, which brings us into more familiar territory. For instance, the density is supported
on Z[i], which is nice. So, good to know, when stuck with p3t , try instead p4t .

(5) Case s = ∞. Here we have the purely complex Bessel law Pt. And with the
formulae of the Fourier transform and of the density being a bit unclear, the main tool
here are the partitions, P∞ = Peven, the matching partitions with even blocks. See
[10]. □

With this discussed, time now to get into the χ, χ2 problematics for the Bessel laws.
In what regards the corresponding densities, things are quickly done, as follows:

Theorem 6.20. Given a variable following a Bessel law, f ∼ pst , we have

|f | ∼ e−t

∞∑
p1=0

. . .
∞∑

ps=0

1

p1! . . . ps!

(
t

s

)p1+...+ps

δ

(∣∣∣∣∣
s∑

k=1

wkpk

∣∣∣∣∣
)

|f |2 ∼ e−t

∞∑
p1=0

. . .
∞∑

ps=0

1

p1! . . . ps!

(
t

s

)p1+...+ps

δ

∣∣∣∣∣
s∑

k=1

wkpk

∣∣∣∣∣
2


with the δ symbols standing as usual for Dirac masses.

Proof. This follows from the density formula from Theorem 6.19, namely:

f ∼ e−t

∞∑
p1=0

. . .
∞∑

ps=0

1

p1! . . . ps!

(
t

s

)p1+...+ps

δ

(
s∑

k=1

wkpk

)
Indeed, with δz → δ|z| and δz → δ|z|2 , we obtain the formulae in the statement. □

Getting now to more specialized questions, going beyond the density knowledge, things
are quite complicated for |f |. However, in what regards |f |2, we have good results:

Theorem 6.21. Given a variable following a Bessel law, f ∼ pst , we have

E(|f |2r) =
∑

π∈P s(◦r•r)

t|π|

with P s standing for the partitions satisfying #◦ = # • (s) in each block. Also

E = t , V = t2 + t , γ =
2t2 + 6t+ 1

(t+ 1)
√
t2 + t

, κ =
9t3 + 42t2 + 30t+ 1

t(t+ 1)2

for the variable |f |2, with these formulae being valid respectively at s ≥ 2, 3, 4, 5.
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Proof. According to the general moment formula in Theorem 6.19, we have the
following computation, with the dots standing everywhere for a total of r copies:

E(|f |2r) = E(f . . . f f̄ . . . f̄)

= E(f ◦...◦•...•)

=
∑

π∈P s(◦...◦•...•)

t|π|

But with this, we can compute the low order moments of |f |2, and then (E, V, γ, κ):

(1) The first moment M1 comes from P s(◦ •), which at s ≥ 2 consists precisely of the
partition ⊓ , with the other 2-element partition, namely | | , being dismissed, since not
satisfying the condition #◦ = # • (s) in each block. Thus at s ≥ 2 we have:

M1 = t

Similarly, the second moment M2 comes from P s(◦ ◦ • •), which at s ≥ 3 consists of
the 2 double pairings which are matching, and the 4-block. Thus at s ≥ 3 we have:

M2 = 2t2 + t

Next, the third moment M3 comes from P s(◦ ◦ ◦ • • •), which at s ≥ 4 consists of
6 partitions of type 2 + 2 + 2, meaning the 6 possible matching triple pairings, then 9
partitions of type 4 + 2, and finally 1 partition of type 6. Thus at s ≥ 4 we have:

M3 = 6t3 + 9t2 + t

Finally, M4 comes from P s(◦ ◦ ◦ ◦ • • • •), which at s ≥ 5 consists of 24 partitions of
type 2 + 2 + 2 + 2, then 72 partitions of type 4 + 2 + 2, then 16 partitions of type 6 + 2
and 18 partitions of type 4 + 4, and finally 1 partition of type 8. Thus at s ≥ 5:

M4 = 24t4 + 72t3 + 34t2 + t

(2) But with this, we can compute (E, V, γ, κ), under suitable assumptions on s.
Indeed, at s ≥ 2 the expectation is E = t, and then at s ≥ 3, the variance is:

V = (2t2 + t)− t2 = t2 + t

Next, assuming s ≥ 4, the third central moment can be computed as follows:

M ′
3 = M3 − 3EM2 + 2E3

= (6t3 + 9t2 + t)− 3t(2t2 + t) + 2t3

= 2t3 + 6t2 + t

Now by normalizing, we obtain the following formula for the skewness, at s ≥ 4:

γ =
2t3 + 6t2 + t

(t2 + t)
√
t2 + t

=
2t2 + 6t+ 1

(t+ 1)
√
t2 + t
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Finally, assuming s ≥ 5, the fourth central moment can be computed as follows:

M ′
4 = M4 − 4EM3 + 6E2M2 − 3E4

= (24t4 + 72t3 + 34t2 + t)− 4t(6t3 + 9t2 + t) + 6t2(2t2 + t)− 3t4

= 9t4 + 42t3 + 30t2 + t

Now by normalizing, we obtain the following formula for the kurtosis, at s ≥ 5:

κ =
9t4 + 42t3 + 30t2 + t

(t2 + t)2
=

9t3 + 42t2 + 30t+ 1

t(t+ 1)2

Thus, we are led to the conclusions in the statement. □

And with this, end of our study, but far more things can be said. Indeed, as mentioned
in Comment 6.18, there is some cumulant work to be done, and more on this later. Then,
as mentioned in the proof of Theorem 6.19, there is some work to be done at s = 3, 4,∞,
and when s is even too. Next, as explained in chapter 5, one can pass from Fourier to
the density via some computations, and a differential equation trick, and the same can
be done in reverse, with |f |2 instead of f , as to compute the Fourier transform of |f |2.
Then, as explained in [10], a number of things can be said about f s and |f |s. And finally,
as explained in [15], regarding more advanced questions, a number of conjectures can be
made. We will be hopefully back to some of these questions, later in this book.

6e. Exercises

This was a quite computational chapter, and as exercises on this, we have:

Exercise 6.22. Try more advanced computations, for χ1t and χ
2
1t.

Exercise 6.23. Try more advanced computations, for χ2t and χ
2
2t.

Exercise 6.24. Learn about the occurrences of the Rayleigh law χ2t.

Exercise 6.25. Do some further computations for gat .

Exercise 6.26. Do the computations for Ga
t .

Exercise 6.27. Do some further computations for Gst.

Exercise 6.28. Do the computations for Ga
st.

Exercise 6.29. Do some further computations for pst .

As bonus exercise, learn more about the compound Poisson laws, in general.



CHAPTER 7

Unitary groups

7a. Representations

We already met compact groups G ⊂ UN in the above, the idea being that under
suitable assumptions, namely easiness and uniformity, the asymptotic laws µt of the trun-
cations χt of the main character produce interesting semigroups {µt}. To be more precise,
we first saw in chapter 4 that in the orthogonal case, the relevant subgroups G ⊂ ON ,
and the real probability measures µt that they produce, are as follows:

HN
// ON

SN

OO

// BN

OO

:

p2t gt

pt gtt

We also saw in chapter 5, as a generalization of the results on the left edge, that for
the reflection groups Hs

N ⊂ UN with s ∈ {1, 2, . . . ,∞} we obtain the Bessel laws pst . All
this is quite interesting, and in this chapter we intend to systematically investigate such
phenomena, with our various motivations, and precise plan, being as follows:

Plan 7.1. The easy groups G ⊂ UN are worth a detailed look, as follows:

(1) We need to understand well Haar integration, Peter-Weyl and Tannaka.
(2) Then have a more conceptual look at SN , ON , HN , BN and Hs

N .
(3) Then add the unitary group UN and the complex bistochastic group CN .
(4) Do the probabilistic computations for Gt

t, coming from CN .
(5) Have a look at Weingarten functions, this being advanced probability.
(6) Generalize the Lindstöm formula for SN , leading to advanced theory too.

In short, expect a mixture of abstract algebra, to start with, followed by our regular
probability business, namely brave computations for Ga

t , that we were afraid of, in the
previous chapter, motivated by CN and helped by the choice a = t, and then all sorts of
advanced probability considerations, featuring orthogonal polynomials and more.

Getting started now, our first goal will be that of explaining the Peter-Weyl theory
for the compact groups G ⊂ UN . At the beginning of everything, we have:

153
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Definition 7.2. A unitary representation of a compact group G is a continuous group
morphism into a unitary group

u : G→ UN , g → ug

which can be faithful or not. The character of such a representation is the function

χ : G→ C , g → Tr(ug)

where Tr is the usual, unnormalized trace of the N ×N matrices.

At the level of examples, most of the compact groups that we met so far, finite or
continuous, naturally appear as closed subgroups G ⊂ UN . In this case, the embedding
G ⊂ UN is of course a representation, called fundamental representation.

In general now, let us first discuss the various operations on the representations. We
have here the following elementary result, coming from definitions:

Proposition 7.3. The representations of a compact group G are subject to:

(1) Making sums. Given representations u, v, of dimensions N,M , their sum is the
N +M-dimensional representation u+ v = diag(u, v).

(2) Making products. Given representations u, v, of dimensions N,M , their product
is the NM-dimensional representation (u⊗ v)ia,jb = uijvab.

(3) Taking conjugates. Given a N-dimensional representation u, its conjugate is the
N-dimensional representation (ū)ij = ūij.

(4) Spinning by unitaries. Given a N-dimensional representation u, and a unitary
V ∈ UN , we can spin u by this unitary, u→ V uV ∗.

Proof. The fact that the operations in the statement are indeed well-defined, among
morphisms from G to unitary groups, is indeed clear from definitions. □

In relation now with characters, we have the following result:

Proposition 7.4. We have the following formulae, regarding characters

χu+v = χu + χv , χu⊗v = χuχv , χū = χ̄u , χV uV ∗ = χu

in relation with the basic operations for the representations.

Proof. All these assertions are elementary, coming from the following formulae:

Tr(diag(U, V )) = Tr(U) + Tr(V ) , T r(U ⊗ V ) = Tr(U)Tr(V )

Tr(Ū) = Tr(U) , T r(V UV ∗) = Tr(U)

Thus, we are led to the various character formulae in the statement. □

Assume now that we are given a closed subgroup G ⊂ UN . By using the above
operations, we can construct a whole family of representations of G, as follows:
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Definition 7.5. Given a closed subgroup G ⊂ UN , its Peter-Weyl representations are
the tensor products between the fundamental representation and its conjugate:

u : G ⊂ UN , ū : G ⊂ UN

We denote these tensor products u⊗k, with k = ◦ • • ◦ . . . being a colored integer, with the
colored tensor powers being defined according to the rules

u⊗◦ = u , u⊗• = ū , u⊗kl = u⊗k ⊗ u⊗l

and with the convention that u⊗∅ is the trivial representation 1 : G→ U1.

Here are a few examples of such representations, namely those coming from the colored
integers of length 2, which will often appear in what follows:

u⊗◦◦ = u⊗ u , u⊗◦• = u⊗ ū

u⊗•◦ = ū⊗ u , u⊗•• = ū⊗ ū
In order to advance, we must develop some general theory. Let us start with:

Definition 7.6. Given a compact group G, and two of its representations,

u : G→ UN , v : G→ UM

we define the space of intertwiners between these representations as being

Hom(u, v) =
{
T ∈MM×N(C)

∣∣∣Tug = vgT,∀g ∈ G
}

and we use the following conventions:

(1) We use the notations Fix(u) = Hom(1, u), and End(u) = Hom(u, u).
(2) We write u ∼ v when Hom(u, v) contains an invertible element.
(3) We say that u is irreducible, and write u ∈ Irr(G), when End(u) = C1.

To be more precise, the terminology here is very standard, with Fix, Hom, End stand-
ing respectively for fixed points, homomorphisms and endomorphisms. We will see later
that irreducible means indecomposable, in a suitable sense.

Here are now a few basic results, regarding the above linear spaces:

Proposition 7.7. The spaces of intertwiners have the following properties:

(1) T ∈ Hom(u, v), S ∈ Hom(v, w) =⇒ ST ∈ Hom(u,w).
(2) S ∈ Hom(u, v), T ∈ Hom(w, z) =⇒ S ⊗ T ∈ Hom(u⊗ w, v ⊗ z).
(3) T ∈ Hom(u, v) =⇒ T ∗ ∈ Hom(v, u).

In abstract terms, we say that the Hom spaces form a tensor ∗-category.

Proof. All the formulae in the statement are clear from definitions, via elementary
computations. As for the last assertion, this is something coming from (1,2,3). We will
be back to tensor categories later on, with more details on this latter fact. □
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In order to advance, we will need the following standard linear algebra fact:

Proposition 7.8. Let A ⊂MN(C) be a ∗-algebra.
(1) We have 1 = p1 + . . .+ pk, with pi ∈ A being central minimal projections.
(2) Each of the spaces Ai = piApi is a non-unital ∗-subalgebra of A.
(3) We have a non-unital ∗-algebra sum decomposition A = A1 ⊕ . . .⊕ Ak.
(4) We have unital ∗-algebra isomorphisms Ai ≃Mni

(C), with ni = rank(pi).
(5) Thus, we have a ∗-algebra isomorphism A ≃Mn1(C)⊕ . . .⊕Mnk

(C).

Proof. Consider indeed an arbitrary ∗-algebra of the N ×N matrices, A ⊂MN(C).
Let us first look at the center of this algebra, Z(A) = A ∩ A′. It is elementary to prove
that this center, as an algebra, is of the following form:

Z(A) ≃ Ck

Consider now the standard basis e1, . . . , ek ∈ Ck, and let p1, . . . , pk ∈ Z(A) be the
images of these vectors via the above identification. In other words, these elements
p1, . . . , pk ∈ A are central minimal projections, summing up to 1:

p1 + . . .+ pk = 1

The idea is then that this partition of the unity eventually leads to the block decom-
position of A, as in the statement, and we leave the details here as an exercise. □

We can now formulate our first Peter-Weyl theorem, as follows:

Theorem 7.9 (PW1). Let u : G → UN be a representation, consider the algebra
A = End(u), and write its unit 1 = p1 + . . .+ pk as above. We have then

u = v1 + . . .+ vk

with each vi being an irreducible representation, obtained by restricting u to Im(pi).

Proof. This follows indeed from Proposition 7.7 and Proposition 7.8:

(1) We first associate to our representation u : G→ UN the corresponding action map
on CN . If a linear subspace V ⊂ CN is invariant, the restriction of the action map to V
is an action map too, which must come from a subrepresentation v ⊂ u.

(2) Consider now a projection p ∈ End(u). From pu = up we obtain that the linear
space V = Im(p) is invariant under u, and so this space must come from a subrepresen-
tation v ⊂ u. It is routine to check that the operation p → v maps subprojections to
subrepresentations, and minimal projections to irreducible representations.

(3) With these preliminaries in hand, let us decompose the algebra End(u) as above,
by using the decomposition 1 = p1 + . . . + pk into central minimal projections. If we
denote by vi ⊂ u the subrepresentation coming from the vector space Vi = Im(pi), then
we obtain in this way a decomposition u = v1 + . . .+ vk, as in the statement. □
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Here is now our second Peter-Weyl theorem, complementing Theorem 7.9:

Theorem 7.10 (PW2). Given a closed subgroup G ⊂u UN , any of its irreducible
smooth representations

v : G→ UM

appears inside a tensor product of the fundamental representation u and its adjoint ū.

Proof. This basically follows from Theorem 7.9, by reasoning as follows:

(1) Given v : G → UM , consider its space of coefficients Cv ⊂ C(G). The operation
w → Cw is then functorial, mapping subrepresentations into linear subspaces.

(2) A closed subgroup G ⊂u UN is a Lie group, and a representation v : G → UM is
smooth when we have an inclusion Cv ⊂< Cu >. This is indeed well-known.

(3) By definition of the Peter-Weyl representations, as arbitrary tensor products be-
tween the fundamental representation u and its conjugate ū, we have:

< Cu >=
∑
k

Cu⊗k

(4) Now by putting together the above observations (2,3) we conclude that we must
have an inclusion as follows, for certain exponents k1, . . . , kp ∈ N:

Cv ⊂ Cu⊗k1⊕...⊕u⊗kp

(5) By using now (1), we deduce that we have an inclusion v ⊂ u⊗k1 ⊕ . . .⊕ u⊗kp , and
by applying Theorem 7.9, this leads to the conclusion in the statement. □

In order to further advance, we will need the following standard fact:

Theorem 7.11. The integration over a compact group G ⊂ UN can be constructed by
starting with any faithful positive unital linear form φ ∈ C(G)∗, and setting:∫

G

= lim
n→∞

1

n

n∑
k=1

φ∗k

Moreover, for any representation v : G→ Un we have the following formula,(∫
G

vij

)
ij

= P

where P is the orthogonal projection onto the linear space Fix(v).

Proof. This is something that we already discussed in chapter 4, in the orthogonal
case, and the proof in general is similar. To start with, given a positive unital linear form
φ ∈ C(G)∗, our claim is that the following limit converges, for any f ∈ C(G):∫

φ

f = lim
n→∞

1

n

n∑
k=1

φ∗k(f)
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Indeed, by linearity we can assume that f is the coefficient of certain representation
v : G → Un. But in this case, an elementary computation gives the following formula,
with Pφ ≥ P being the orthogonal projection onto the 1-eigenspace of [φ(vij)]ij:(∫

φ

vij

)
ij

= Pφ

The point now is that when φ ∈ C(G)∗ is faithful, by using a standard positivity trick,
we can prove that we have Pφ = P . Assume indeed Pφξ = ξ, and let us set:

f =
∑
i

(∑
j

vijξj − ξi

)(∑
k

vikξk − ξi

)
A straightforward computation shows then that φ(f) = 0, and so f = 0, as desired.

Thus, we proved our claim, and with this in hand, the left and right invariance of
∫
G
=
∫
φ

is clear on coefficients, and so in general, and this gives all the assertions. For details here
you can check for instance my book [8], where all this is explained in detail. □

We will need as well an algebraic ingredient for our study, as follows:

Proposition 7.12. We have a Frobenius type isomorphism

Hom(v, w) ≃ Fix(v ⊗ w̄)
valid for any two representations v, w.

Proof. According to the definitions, we have the following equivalences:

T ∈ Hom(v, w) ⇐⇒ Tv = wT

⇐⇒
∑
j

Tajvji =
∑
b

wabTbi,∀a, i

On the other hand, we have as well the following equivalences:

T ∈ Fix(v ⊗ w̄) ⇐⇒ (v ⊗ w̄)T = ξ

⇐⇒
∑
jb

vijw
∗
abTbj = Tai∀a, i

But with this in hand, both inclusions follow from the unitarity of v, w. □

Good news, we can now formulate our third Peter-Weyl theorem, as follows:

Theorem 7.13 (PW3). The dense subalgebra C(G) ⊂ C(G) generated by the coeffi-
cients of the fundamental representation decomposes as a direct sum

C(G) =
⊕

v∈Irr(G)

Mdim(v)(C)

with the summands being pairwise orthogonal with respect to < f, g >=
∫
G
fḡ.
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Proof. By combining the previous two Peter-Weyl results, we deduce that we have
a linear space decomposition as follows:

C(G) =
∑

v∈Irr(G)

Cv =
∑

v∈Irr(G)

Mdim(v)(C)

Thus, in order to conclude, it is enough to prove that for any two irreducible repre-
sentations v, w ∈ Irr(G), the corresponding spaces of coefficients are orthogonal:

v ̸∼ w =⇒ Cv ⊥ Cw

But this follows by Frobenius duality, by integrating. Let us set indeed:

Pia,jb =

∫
G

vijw̄ab

Then P is the orthogonal projection onto the following vector space:

Fix(v ⊗ w̄) ≃ Hom(v, w) = {0}
Thus we have P = 0, and this gives the result. □

Finally, we have the following result, completing the Peter-Weyl theory:

Theorem 7.14 (PW4). The characters of irreducible representations belong to

C(G)central =
{
f ∈ C(G)

∣∣∣f(gh) = f(hg),∀g, h ∈ G
}

called algebra of central functions on G, and form an orthonormal basis of it.

Proof. Observe first that C(G)central is indeed an algebra, which contains all the
characters. Conversely, consider a function f ∈ C(G), written as follows:

f =
∑

v∈Irr(G)

fv

The condition f ∈ C(G)central states then that for any v ∈ Irr(G), we must have:

fv ∈ C(G)central
But this means that fv must be a scalar multiple of χv, so the characters form a basis

of C(G)central, as stated. Also, the fact that we have an orthogonal basis follows from
Theorem 7.13. As for the fact that the characters have norm 1, this follows from:∫

G

χvχ̄v =
∑
ij

∫
G

viiv̄jj = 1

Here we have used the fact, coming from Frobenius duality, that the various integrals∫
G
vij v̄kl form altogether the orthogonal projection onto the following vector space:

Fix(v ⊗ v̄) ≃ End(v) = C1
Thus, good news, we just proved all the Peter-Weyl theorems. □



160 7. UNITARY GROUPS

7b. Tannaka, easiness

Getting now to more concrete things, which will turn to be very useful, for our prob-
abilistic purposes, we have the following principle, coming on top of Peter-Weyl:

Principle 7.15. Any compact group G ⊂ UN appears as the symmetry group of its
corresponding Tannakian category CG,

G = G(CG)

and by suitably delinearizing CG, via a Brauer theorem of type CG = span(DG), we can
view G as symmetry group of a certain combinatorial object DG.

Excited about this? Does not look easy, all this material, with both Tannaka and
Brauer being quite scary names, in the context of algebra. But, believe me, all this is
worth learning, and it is good to have in your bag some cutting-edge technology regarding
the groups, such as the results of Tannaka and Brauer. So, we will go for this.

Getting started now, we first have a categorical definition, as follows:

Definition 7.16. A tensor category over H = CN is a collection C = (Ckl) of linear
spaces Ckl ⊂ L(H⊗k, H⊗l) satisfying the following conditions:

(1) S, T ∈ C implies S ⊗ T ∈ C.
(2) If S, T ∈ C are composable, then ST ∈ C.
(3) T ∈ C implies T ∗ ∈ C.
(4) Each Ckk contains the identity operator.
(5) C∅k with k = ◦•, •◦ contain the operator R : 1→

∑
i ei ⊗ ei.

(6) Ckl,lk with k, l = ◦, • contain the flip operator Σ : a⊗ b→ b⊗ a.

Here, as usual, the tensor powersH⊗k, which are Hilbert spaces depending on a colored
integer k = ◦ • • ◦ . . . , are defined by the following formulae, and multiplicativity:

H⊗∅ = C , H⊗◦ = H , H⊗• = H̄ ≃ H

We have already met such categories, when dealing with the Tannakian categories of
the closed subgroups G ⊂ UN , and our knowledge can be summarized as follows:

Proposition 7.17. Given a closed subgroup G ⊂ UN , its Tannakian category

Ckl =
{
T ∈ L(H⊗k, H⊗l)

∣∣∣Tg⊗k = g⊗lT,∀g ∈ G
}

is a tensor category over H = CN . Conversely, given a tensor category C over CN ,

G =
{
g ∈ UN

∣∣∣Tg⊗k = g⊗lT,∀k, l, ∀T ∈ Ckl

}
is a closed subgroup of UN .
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Proof. This is something that we basically know, the idea being as follows:

(1) Regarding the first assertion, we have to check here the axioms (1-6) in Definition
7.16. The axioms (1-4) being all clear from definitions, let us establish (5). But this
follows from the fact that each element g ∈ G is a unitary, which can be reformulated as
follows, with R : 1→

∑
i ei ⊗ ei being the map in Definition 7.16:

R ∈ Hom(1, g ⊗ ḡ) , R ∈ Hom(1, ḡ ⊗ g)
Regarding now the condition in Definition 7.16 (6), this comes from the fact that the

matrix coefficients g → gij and their conjugates g → ḡij commute with each other.

(2) Regarding the second assertion, we have to check that the subset G ⊂ UN con-
structed in the statement is a closed subgroup. But this is clear from definitions. □

Summarizing, we have so far precise axioms for the tensor categories C = (Ckl), given
in Definition 7.16, as well as correspondences as follows:

G→ CG , C → GC

We will prove in what follows that these correspondences are inverse to each other. In
order to get started, we first have the following technical result:

Proposition 7.18. Consider the following conditions:

(1) C = CGC
, for any tensor category C.

(2) G = GCG
, for any closed subgroup G ⊂ UN .

We have then (1) =⇒ (2). Also, C ⊂ CGC
is automatic.

Proof. Given G ⊂ UN , we have G ⊂ GCG
. On the other hand, by using (1) we have

CG = CGCG
. Thus, we have an inclusion of closed subgroups of UN , which becomes an

isomorphism at the level of the associated Tannakian categories, so G = GCG
. Finally,

the fact that we have an inclusion C ⊂ CGC
is clear from definitions. □

The point now is that it is possible to prove that we have CGC
⊂ C, by doing some

abstract algebra, and we are led in this way to the following conclusion:

Theorem 7.19. The Tannakian duality constructions

C → GC , G→ CG

are inverse to each other.

Proof. This is something quite tricky, the idea being as follows:

(1) According to Proposition 7.18, we must prove CGC
⊂ C. For this purpose, given

a tensor category C = (Ckl) over a Hilbert space H, consider the following ∗-algebra:

EC =
⊕
k,l

Ckl ⊂
⊕
k,l

B(H⊗k, H⊗l) ⊂ B

(⊕
k

H⊗k

)
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Consider also, inside this ∗-algebra, the following ∗-subalgebra:

E
(s)
C =

⊕
|k|,|l|≤s

Ckl ⊂
⊕

|k|,|l|≤s

B(H⊗k, H⊗l) = B

⊕
|k|≤s

H⊗k


(2) It is then routine to check that we have equivalences as follows:

CGC
⊂ C ⇐⇒ ECGC

⊂ EC

⇐⇒ E
(s)
CGC
⊂ E

(s)
C ,∀s

⇐⇒ E
(s)′

CGC
⊃ E

(s)′

C ,∀s

(3) Summarizing, we would like to prove that we have inclusions E
(s)′

C ⊂ E
(s)′

CGC
. But

this can be done by doing some algebra, as explained by Malacarne in [71]. For an
introduction to all this, you can have a look at any of my algebra books. □

With this discussed, let us go back now to Principle 7.15, and develop the second idea
there, namely delinearization and Brauer theorems. Following [20], we have the following
unitary update of our previous notion of category of partitions, from chapter 4:

Definition 7.20 (update). A category of partitions is a collection D =
⊔

k,lD(k, l)

of subsets D(k, l) ⊂ P (k, l), having the following properties:

(1) Stability under the horizontal concatenation, (π, σ)→ [πσ].
(2) Stability under vertical concatenation (π, σ)→ [σπ], with matching middle symbols.
(3) Stability under the upside-down turning ∗, with switching of colors, ◦ ↔ •.
(4) Each set P (k, k) contains the identity partition || . . . ||.
(5) The sets P (∅, ◦•) and P (∅, •◦) both contain the semicircle ∩.
(6) The sets P (k, k̄) with |k| = 2 contain the crossing partition /\.

Observe the similarity with Definition 7.16, and more on this in a moment. In order
now to construct a Tannakian category out of such a category, we will need:

Proposition 7.21. Each partition π ∈ P (k, l) produces a linear map

Tπ : (CN)⊗k → (CN)⊗l

given by the following formula, with e1, . . . , eN being the standard basis of CN ,

Tπ(ei1 ⊗ . . .⊗ eik) =
∑
j1...jl

δπ

(
i1 . . . ik
j1 . . . jl

)
ej1 ⊗ . . .⊗ ejl

and with the Kronecker type symbols δπ ∈ {0, 1} depending on whether the indices fit or
not. The assignement π → Tπ is categorical, in the sense that we have

Tπ ⊗ Tσ = T[πσ] , TπTσ = N c(π,σ)T[σπ ] , T ∗
π = Tπ∗

where c(π, σ) are certain integers, coming from the erased components in the middle.
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Proof. This is something elementary, the computations being as follows:

(1) The concatenation axiom follows from the following computation:

(Tπ ⊗ Tσ)(ei1 ⊗ . . .⊗ eip ⊗ ek1 ⊗ . . .⊗ ekr)

=
∑
j1...jq

∑
l1...ls

δπ

(
i1 . . . ip
j1 . . . jq

)
δσ

(
k1 . . . kr
l1 . . . ls

)
ej1 ⊗ . . .⊗ ejq ⊗ el1 ⊗ . . .⊗ els

=
∑
j1...jq

∑
l1...ls

δ[πσ]

(
i1 . . . ip k1 . . . kr
j1 . . . jq l1 . . . ls

)
ej1 ⊗ . . .⊗ ejq ⊗ el1 ⊗ . . .⊗ els

= T[πσ](ei1 ⊗ . . .⊗ eip ⊗ ek1 ⊗ . . .⊗ ekr)

(2) The composition axiom follows from the following computation:

TπTσ(ei1 ⊗ . . .⊗ eip)

=
∑
j1...jq

δσ

(
i1 . . . ip
j1 . . . jq

) ∑
k1...kr

δπ

(
j1 . . . jq
k1 . . . kr

)
ek1 ⊗ . . .⊗ ekr

=
∑
k1...kr

N c(π,σ)δ[σπ ]

(
i1 . . . ip
k1 . . . kr

)
ek1 ⊗ . . .⊗ ekr

= N c(π,σ)T[σπ ](ei1 ⊗ . . .⊗ eip)

(3) Finally, the involution axiom follows from the following computation:

T ∗
π (ej1 ⊗ . . .⊗ ejq)

=
∑
i1...ip

< T ∗
π (ej1 ⊗ . . .⊗ ejq), ei1 ⊗ . . .⊗ eip > ei1 ⊗ . . .⊗ eip

=
∑
i1...ip

δπ

(
i1 . . . ip
j1 . . . jq

)
ei1 ⊗ . . .⊗ eip

= Tπ∗(ej1 ⊗ . . .⊗ ejq)

Summarizing, our correspondence is indeed categorical. □

Following [20], we can now formulate a key theoretical result, as follows:

Theorem 7.22. Any category of partitions D ⊂ P produces a series of compact groups
G = (GN), with GN ⊂ UN for any N ∈ N, via the formula

Ckl = span
(
Tπ

∣∣∣π ∈ D(k, l)
)

for any k, l, and Tannakian duality. We call such groups easy.
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Proof. Indeed, once we fix an integer N ∈ N, the various axioms in Definition 7.20
show, via Proposition 7.21, that the following spaces form a Tannakian category:

span
(
Tπ

∣∣∣π ∈ D(k, l)
)

Thus, Tannakian duality applies, and provides us with a closed subgroup GN ⊂ UN

such that the following equalities are satisfied, for any colored integers k, l:

Ckl = span
(
Tπ

∣∣∣π ∈ D(k, l)
)

We are therefore led to the conclusion in the statement. □

And with this, good news, done with the general theory. At the level of examples,
and generalizing what we previously knew from chapters 4 and 5, we have:

Theorem 7.23. We have easy groups as follows, with calligraphic standing for match-
ing, meaning satisfying #◦ = #•, as a weighted equality, in each block:

KN
// UN

HN
//

==

ON

>>

SN
//

OO

CN

OO

SN

OO

==

// BN

OO

>>

:

Peven

||

��

P2

��

oo

��

Peven

��

P2

��

oo

P

||

P12

��

oo

P P12
oo

Moreover, the reflection groups Hs
N with s ∈ {1, 2, . . . ,∞} fit on the diagonal of the left

face of the left cube, corresponding to the categories P s, fitting on the right cube.

Proof. We already know most of these results, from chapters 4-5, but with our
discussion there being a bit amateurish anyway, time to redo everything:

(1) The unitary group UN being defined via the relations u∗ = u−1, ut = ū−1, the
associated Tannakian category is C = span(Tπ|π ∈ D), with:

D =< ∩
◦• ,

∩
•◦ >= P2

(2) The orthogonal group ON ⊂ UN being defined by imposing the relations uij = ūij,
the associated Tannakian category is C = span(Tπ|π ∈ D), with:

D =< P2, |◦•, |•◦ >= P2

(3) The unitary bistochastic group CN ⊂ UN being defined by imposing the relations
uξ = ξ, ūξ = ξ, the associated Tannakian category is C = span(Tπ|π ∈ D), with:

D =< P2, |◦, |• >= P12
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(4) The orthogonal bistochastic group appears as BN = CN ∩ ON , and we conclude
that the associated Tannakian category is C = span(Tπ|π ∈ D), with:

D =< P12, P2 >= P12

(5) In order to discuss now SN , consider the one-block “fork” partition, namely:

µ =

◦ ◦

◦

We have then Tµ(ei ⊗ ej) = δijei, and by using this formula, we obtain:

Tµ ∈ Hom(u⊗2, u) ⇐⇒ uijuik = δjkuij,∀i, j, k

But on the right we have the relations defining SN ⊂ ON , and we conclude that SN is
indeed easy, coming from the following category of partitions:

D =< µ >= P

(6) In order to discuss HN , consider the following one-block partition:

χ =

◦ ◦

◦ ◦

We have then Tχ(ei ⊗ ej) = δijei ⊗ ei, and by using this formula, we obtain:

Tχ ∈ End(u⊗2) ⇐⇒ δikuiauib = δabuiauka, ∀i, k, a, b

But on the right we have the relations defining HN ⊂ ON , and we conclude that HN

is indeed easy, coming from the following category of partitions:

D =< χ >= Peven

(7) In order to discuss now KN ⊂ UN , consider the following colored partition:

χ′ =

◦ •

• ◦
Our computations from the previous proof, for the group HN , modify into:

Tχ′ ∈ Hom(u⊗ ū, ū⊗ u) ⇐⇒ δikuiaūib = δabūiauka,∀i, k, a, b
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But on the right we have the relations defining KN ⊂ UN , and we conclude that KN

is indeed easy, coming from the following category of partitions:

D =< χ′ >= Peven

(8) Finally, regarding Hs
N ⊂ KN , consider the following partition, with s+ 2 legs:

ξ = . . .

◦ ◦ ◦ ◦ •

We have then Tξ =
∑

j e
⊗s+2
j , and by using this formula, inside KN , we obtain:

Tξ ∈ Fix(u⊗s+1 ⊗ ū) ⇐⇒
∑
j

us+1
ij ūij = 1

But on the right we have the relations defining Hs
N ⊂ KN , and we conclude that Hs

N

is indeed easy, coming from the following category of partitions:

D =< Peven, ξ >= P s

Summarizing, theorem proved, in exactly 2 pages. Tannakian duality rules. □

7c. Laws of characters

Getting now towards probability and applications, we will need the following key
notion, that we already met in chapter 4, in the orthogonal case:

Proposition 7.24. For an easy group G = (GN), coming from a category of partitions
D ⊂ P , the following conditions are equivalent:

(1) GN−1 = GN ∩ UN−1, via the embedding UN−1 ⊂ UN given by u→ diag(u, 1).
(2) GN−1 = GN ∩ UN−1, via the N possible diagonal embeddings UN−1 ⊂ UN .
(3) D is stable under the operation which consists in removing blocks.

If these conditions are satisfied, we say that G = (GN) is uniform.

Proof. This is indeed something very standard, already discussed in chapter 4 in the
orthogonal case, and that we will leave now, as back then, as an exercise. □

We can now formulate a nice probabilistic result, as follows:

Theorem 7.25. For a uniform easy group G = (GN), we have the formula

lim
N→∞

∫
GN

χk
t =

∑
π∈D(k)

t|π|

with D ⊂ P being the corresponding category of partitions.
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Proof. This is again something very standard, already discussed in chapter 4 in the
orthogonal case, and the proof in the general unitary case is similar:

(1) At t = 1 the result, which does not need the uniformity assumption, follows straight
from easiness, and from the Lindstöm linear independence result from chapter 4:

lim
N→∞

∫
GN

χk = lim
N→∞

∫
GN

χu⊗k

= lim
N→∞

dim
[
Fix(u⊗k)

]
= lim

N→∞
dim

[
span

(
Tπ

∣∣∣π ∈ D(k)
)]

= |D(k)|

(2) At t ∈ (0, 1) things are more tricky, requiring the use of the Weingarten formula,
which is as follows, similar to the one from the orthogonal case, from chapter 4:∫

GN

ue1i1j1 . . . u
ek
ikjk

=
∑

π,ν∈D(k)

δπ(i)δν(j)WkN(π, ν)

To be more precise, here k = (e1, . . . , ek) is a colored integer, the δ signs are usual
Kronecker type symbols, checking whether the indices match, and WkN = G−1

kN is the
inverse of the Gram matrix GkN(π, ν) = N |π∨ν|, with |.| being the number of blocks.

(3) As for the proof of this formula, this is similar to the proof in the orthogonal case,
from chapter 4. Consider indeed the above integrals, denoted as follows:

Pi1...ik,j1...jk =

∫
GN

ue1i1j1 . . . u
ek
ikjk

We know from Theorem 7.11 that the matrix P = (Pij) is the projection on Fix(u⊗k).
On the other hand, by easiness, this space that we are projecting on is given by:

Fix(u⊗k) = span
(
Tπ

∣∣∣π ∈ D(k)
)

In order now to explicitly compute P , consider the following linear map:

E(x) =
∑

π∈D(k)

< x, Tπ > Tπ

By linear algebra we have then P = WE, where W is the inverse on Fix(u⊗k) of the
restriction of E. But this latter restriction is the linear map given by the Gram matrix
GkN , and we are led in this way to the Weingarten formula in (2).
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(4) Still following the material from chapter 4, by applying this formula, we obtain:∫
GN

(u11 + . . .+ uss)
k =

s∑
i1=1

. . .

s∑
ik=1

∫
GN

ui1i1 . . . uikik

=
∑

π,ν∈D(k)

WkN(π, ν)
s∑

i1=1

. . .

s∑
ik=1

δπ(i)δν(i)

=
∑

π,ν∈D(k)

WkN(π, ν)Gks(ν, π)

= Tr(WkNGks)

(5) The point now is that in the uniform case the Gram matrix is asymptotically
diagonal, GkN ≃ diag(N |π|), with this being something clear for all the examples, and
true in general too, say via the classification results in [84]. Now the inverse of GkN being
asymptotically diagonal too, WkN ≃ diag(N−|π|), the above computation gives:

lim
N→∞

∫
GN

χk
t =

∑
π∈D(k)

t|π|

Thus, we have indeed the asymptotic moment formula in the statement. □

At the level of the examples, upgrading our previous knowledge, we have:

Theorem 7.26. For the main easy groups we obtain the following laws,

KN
// UN

HN
//

==

ON

>>

SN
//

OO

CN

OO

SN

OO

==

// BN

OO

>>

:

Pt Gt

p2t gt

pt Gt
t

pt gtt

and on the left we can insert Hs
N with s ∈ {1, 2, . . . ,∞}, corresponding to pst .

Proof. These results all follow from the moment formula in Theorem 7.25, and with
this being actually something that we already know, from chapters 4-5, save for UN where
the result is clear, and for CN , which needs a bit of work, as follows:

(1) According to Theorems 7.23 and 7.25, for the group CN , we have:

lim
N→∞

∫
CN

χk
t =

∑
π∈P12(k)

t|π| =
∑
l⊂uk

t|k|−|l|/2(|l|/2)!
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To be more precise here, in all this k = ◦ • • ◦ . . . is a colored integer, and on the
right l ⊂u k stands for the choice of a colored subinteger, which is uniform in the sense
of chapter 5, meaning containing the same number of ◦ and • symbols. This uniform
subinteger l ⊂u k corresponds to the matching pairings inside π, and there are (|l|/2)!
choices of such matching pairings, and the |k| − |l| points left are singletons.

(2) On the other hand, according to the formulae in chapter 6, we have:

Mk(G
a
t ) =

1

πt

∫
C
zke−|z−a|2/tdz

=
1

πt

∫
C
(z + a)ke−|z|2/tdz

=
1

πt

∫
C

∑
l⊂k

zlak−le−|z|2/tdz

=
∑
l⊂k

ak−l 1

πt

∫
C
zle−|z|2/tdz

=
∑
l⊂k

ak−lMl(gt)

But we know from chapter 5 that Ml(gt) vanishes when l is not uniform, and is given
by Ml(gt) = t|l|/2(|l|/2)! in the uniform case. Thus, our moment formula reads:

Mk(G
a
t ) =

∑
l⊂uk

ak−lt|l|/2(|l|/2)!

(3) Now in the case where a is a real number, the quantity ak−l is a usual power of a,
the exponent being the length |k − l| = |k| − |l|, and our formula becomes:

Mk(G
a
t ) =

∑
l⊂uk

a|k|−|l|t|l|/2(|l|/2)!

But with a = t we obtain precisely the moment formula in (1), and we are done. □

Quite nice all this, and as a continuation, regarding the newcomer Gt
t, we have:

Theorem 7.27. For a variable following a shifted normal law, f ∼ Gt
t, we have

E(|f |2k) =
k∑

a=0

(
k

a

)2

a!t2k−a

the expectation of |f |2 is given by E = t2 + t, the variance is V = 2t3 + t2, and

γ =
6t+ 12√
(2t+ 1)3

, κ =
12t2 + 36t+ 11

(2t+ 1)2

are the corresponding skewness and kurtosis.
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Proof. According to Theorems 7.23 and 7.25 we have the following formula, with a
standing for the number of pairings, and 2k − 2a for the number of singletons:

E(|f |2k) =
∑

π∈P12(◦k•k)

t|π| =
k∑

a=0

(
k

a

)2

a!t2k−a

In practice, this gives the following formulae, for the low order moments:

M1 = t2 + t

M2 = t4 + 4t3 + 2t2

M3 = t6 + 9t5 + 18t4 + 6t3

M4 = t8 + 16t7 + 72t6 + 96t5 + 24t4

Thus E, V are given by the formulae in the statement, and then:

M ′
3 =M3 − 3EM2 + 2E3 = 6t4 + 12t3

M ′
4 =M4 − 4EM3 + 6E2M2 − 3E4 = 12t6 + 36t5 + 11t4

Now by normalizing, we obtain the above formulae for the skewness and kurtosis. □

With this discussed, what is next? Looking for more examples I guess, but a bit as
previously in the orthogonal case, in chapter 4, what we have is pretty much everything.
To be more precise, the situation with the classification work is as follows:

(1) As explained in chapter 4, in the orthogonal case the only uniform easy groups are
SN , ON , HN , BN . When lifting the uniformity assumption we have two more examples,
namely S ′

N = SN × Z2 and B′
N = BN × Z2, which are not very interesting. See [20].

(2) In the unitary case the situation is substantially more complex, due to the joint
present of three operations, G×Zs, G ·Zs, Zs ≀G. However, the classification can be done,
and probabilistically, the main examples remain those in Theorem 7.26. See [84].

Well, nevermind. What we have in Theorem 7.26 is not that bad, providing an alter-
native to the 7 laws scheme from chapter 3, so let us keep building on that:

Plan 7.28. What we can do, in the remainder is this chapter, is to:

(1) Find a clever way, for fixing the lower left edge of the cube.
(2) Further study the Weingarten functions.
(3) Have a look as well at the Gram determinants.
(4) And at Hankel determinants and orthogonal polynomials too.

Getting started now, with (1), the lower left edge of our cube looks bad indeed, and
what is the fix? Not clear at all, hope you agree with me, and as usual in such difficult
situations, we will have to ask for advice. And with the cats being gone, we will have to
ask the rat. And here is what Diogenes says, from his hideout under the stove:
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Rat 7.29. Peace upon you, and always aim up. Adding new layers of knowledge will
gradually erase the previous levels of knowledge, be them correct or flawed.

Well, looks that this rat fellow knows a thing or two, and no wonder here, with such
a modest lifestyle, plenty of time for thinking at mathematics and philosophy. So thanks
a lot, and following now your advice, let us have a new look at our cubes from Theorems
7.23 and 7.26, and try to build upwards. And, here is where this leads us:

Theorem 7.30. We can further build on the cube, with formal easy objects as follows,

K+
N

// U+
N

H+
N

//

>>

O+
N

??

KN
//

OO

UN

OO

HN

OO

==

// ON

OO

==

:

NCeven

||

��

NC2

��

oo

��

NCeven

��

NC2

��

oo

Peven

||

P2

��

oo

Peven P2
oo

and the family of corresponding asymptotic character laws becomes

Πt Γt

π2
t γt

Pt Gt

p2t gt

with the new laws π2
t ,Πt,Γt being formally defined via Mk =

∑
π∈D(k) t

|π|.

Proof. This is something a bit speculatory, but definitely worth the attention, see
how good the above cubes look, the idea with all this being as follows:

(1) As starting point, let us have the moment formulae for the Marchenko-Pastur and
Wigner laws that we learned in chapter 3, which were as follows:

Mk(πt) =
∑

π∈NC(k)

t|π| , Mk(γt) =
∑

π∈NC2(k)

t|π|

Obviously, these two formulae don’t fit into the framework of Definition 7.20, due to
the lack of the basic crossing /\ in NC and NC2, involved in axiom (6) there.
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(2) This being said, recall that abstract algebra is something quite flexible, with in
fact Definition 7.20 being itself an upgrade of a previous definition from chapter 4. So,
let us further upgrade Definition 7.20, by removing the crossing axiom (6) there.

(3) Which is obviously something fruitful, because we have now πt, γt covered by our
formalism. As question, however, what are the group-type objects that we obtain, via
Tannakian duality? And in answer, let us not worry with this. We will see later that
these are quantum groups, but for the moment, we will not really need this.

(4) So, we have our formalism, and as a matter of having some notations too, given
an easy group G coming from an old-style category of partitions D, let us denote by G+

the beast coming from the new-style category of partitions D ∩ NC. Observe that, by
functoriality, we have an inclusion G ⊂ G+. We will call this inclusion “liberation”.

(5) Now getting back to Theorem 7.23, we can liberate things there, leading to:

K+
N

// U+
N

H+
N

//

>>

O+
N

>>

S+
N

//

OO

C+
N

OO

S+
N

OO

>>

// B+
N

OO

>>

:

NCeven

||

��

NC2

��

oo

��

NCeven

��

NC2

��

oo

NC

||

NC12

��

oo

NC NC12
oo

Which looks very nice, and with the corresponding formal asymptotic character laws
being as follows, with πt, γt being the Marchenko-Pastur and Wigner laws, and with the
remaining laws π2

t ,Πt, γ
t
t ,Γt,Γ

t
t being formally defined via Mk =

∑
π∈D(k) t

|π|:

Πt Γt

π2
t γt

πt Γt
t

πt γtt

(6) And here comes the point. Now that we have two systems of cubes, the classical
ones and the free ones, both suffering from unreliable bottom faces, well, we can follow
Rat 7.29, stack the upper faces of the free cubes on the upper faces of the classical cubes,
and we are led in this way to the flawless cubes in the statement. Wonderful. □
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7d. Gram determinants

Getting back now to Plan 7.28, with (1) there discussed, we are left with (2,3,4),
plenty of things to be done, and in addition, our formalism and cubes have changed, we
would like to deal with both the easy groups, and their liberations.

In short, here we are in a fairytale landscape, where many things can be done. Fol-
lowing [15], we would like to focus now on the Gram determinant question, which is quite
central, in all this. By restricting the attention to the orthogonal case, we have:

Question 7.31. In the context of the main orthogonal easy quantum groups

H+
N

// O+
N

S+
N

//

>>

B+
N

==

HN
//

OO

ON

OO

SN

OO

<<

// BN

OO

<<

how do the Gram determinants behave, on the vertical?

In answer now, we first need to know how to compute these determinants. In the
classical discrete case, the answer is something quite simple, as follows:

Theorem 7.32. For the groups G = SN , HN we have the Lindstöm formula

det(GkN) =
∏

π∈D(k)

N !

(N − |π|)!

with D = P, Peven, and with |.| being the number of blocks.

Proof. This is something that we already know for G = SN , from chapter 4, and
the proof for G = HN is similar, based in the fact that the corresponding categories
of partitions D = P, Peven have the property of forming semilattices under ∨. Consider
indeed the following matrix, obtained by making determinant-preserving operations:

G′
kN(π, σ) =

∑
π≤τ

µ(π, τ)N |τ∨σ|

It follows then from the Möbius inversion formula that we have:

G′
kN(π, σ) =

{
N(N − 1) . . . (N − |σ|+ 1) if π ≤ σ

0 otherwise

Thus the matrix is upper triangular, and by computing the product on the diagonal
we obtain the formula in the statement, exactly as in the G = SN case before. □
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Next, let us discuss the case of the orthogonal group ON . Here things are more
complicated, the combinatorics being that of the Young diagrams. In relation with these,
let us denote by |.| the number of boxes, and use quantity fλ, which gives the number of
standard Young tableaux of shape λ. With these conventions, we have:

Theorem 7.33. The determinant of the Gram matrix of ON is given by

det(GkN) =
∏

|λ|=k/2

fN(λ)
f2λ

where the quantities on the right are fN(λ) =
∏

(i,j)∈λ(N + 2j − i− 1).

Proof. For the group ON the Gram matrix is diagonalizable, as follows:

GkN =
∑

|λ|=k/2

fN(λ)P2λ

To be more precise, here 1 =
∑
P2λ is the standard partition of unity associated to the

Young diagrams having k/2 boxes, and the coefficients fN(λ) are those in the statement.
Now since we have Tr(P2λ) = f 2λ, this gives the formula in the statement. □

As a variation of the above result, for the bistochastic group BN , we have:

Theorem 7.34. For the bistochastic group BN we have

det(GkN) = Nak
∏

|λ|≤k/2

fN(λ)
( k
2|λ|)f2λ

where ak =
∑

π∈P12(k)
(2|π| − k), and fN(λ) =

∏
(i,j)∈λ(N + 2j − i− 2).

Proof. We recall that we have an isomorphism BN ≃ ON−1, given by u = v + 1,
where u, v are the fundamental representations of BN , ON−1. But this gives:

Fix(u⊗k) = Fix
(
(v + 1)⊗k

)
= Fix

(
k∑

r=0

(
k

r

)
v⊗r

)
Now if we denote by det′, f ′ the objects in Theorem 7.33, we obtain:

det(GkN) = Nak

k∏
r=1

det′(Gr,N−1)
(kr) = Nak

k∏
r=1

 ∏
|λ|=r/2

f ′
N−1(λ)

f2λ

(kr)

Thus, we are led to the formula in the statement. □

Getting now to the free case, the simplest object here is O+
N , coming from the category

of noncrossing pairings NC2. The associated Gram determinant, known as “meander
determinant”, was computed by Di Francesco in [39], the result being as follows:
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Theorem 7.35. The determinant of the Gram matrix for O+
N is given by

det(GkN) =

[k/2]∏
r=1

Pr(N)dk/2,r

where Pr are the Chebycheff polynomials, given by

P0 = 1 , P1 = X , Pr+1 = XPr − Pr−1

and dkr = fkr − fk,r+1, with fkr being the following numbers, depending on k, r ∈ Z,

fkr =

(
2k

k − r

)
−
(

2k

k − r − 1

)
with the conventions fkr = 0 for k /∈ Z, and

(
p
q

)
= 0 for q < 0.

Proof. This is indeed something quite standard, but long and technical. For more
on this we refer to [39], and to the more recent paper [15] too, containing a short proof
of this formula, based on advanced planar algebra technology of Jones [62]. □

Regarding now S+
N , coming from the category of all noncrossing partitions NC, we

have here the following formula, also established by Di Francesco in [39]:

Theorem 7.36. The determinant of the Gram matrix for S+
N is given by

det(GkN) = (
√
N)ak

k∏
r=1

Pr(
√
N)dkr

where Pr, dkr are as before, and where ak =
∑

π∈NC(k)(2|π| − k).

Proof. This comes from Theorem 7.35, via the following standard bijection, obtained
via fattening the pairings, and shrinking the partitions:

NC(k) ≃ NC2(2k)

Indeed, if we denote by G′ the Gram matrix for O+
N , we have the following formula,

coming from the above bijection, with DkN = diag(N |π̃|/2−k/4):

GkN = DkNG
′
2k,

√
N
DkN

But with this formula in hand, the result follows from Theorem 7.35. □

As yet another version of Theorem 7.35, we can formulate as well:

Theorem 7.37. For the quantum group B+
N we have

det(GkN) = Nak

[k/2]∏
r=1

Pr(N − 1)
∑[k/2]

l=1 (k
2l)dlr

with Pr and dkr being as before, and with ak =
∑

π∈NC12(k)
(2|π| − k).
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Proof. The passage O+
N → B+

N is quite similar to the passage ON → BN , and by
using prime exponents for the various O+

N -related objects, we obtain:

det(GkN) = Nak

[k/2]∏
l=1

det′(G2l,N−1)
(k
2l) = Nak

[k/2]∏
l=1

(
l∏

r=1

Pr(N − 1)dlr

)(k
2l)

Together with Theorem 7.35, this gives the formula in the statement. □

Finally, in what regards the quantum group H+
N , the result here is as follows:

Theorem 7.38. For the quantum group H+
N we have the formula

det(GkN) = (
√
N)ak

[k/2]∏
r=1

Pr(
√
N)2d

′
k/2,r

with d′sr = f ′
sr − f ′

s,r+1, where f
′
sr =

(
3s
s−r

)
−
(

3s
s−r−1

)
for s ∈ Z, f ′

sr = 0 for s /∈ Z.

Proof. This can be viewed as yet another variation of Theorem 7.35, involving this
time some colors on the strings, and for details here we refer to [39] and [15]. □

Getting now to our original Question 7.31, we have formulae for all determinants there,
and the remaining puzzle is that of putting everything together. See [15].

7e. Exercises

Welcome to easiness, and no way back. As exercises, many things to be done:

Exercise 7.39. Learn about compact Lie groups, and their embeddings G ⊂ UN .

Exercise 7.40. Learn more about the Haar measure, on various types of groups.

Exercise 7.41. Learn the various possible versions of Tannakian duality.

Exercise 7.42. Do the intertwining computations, for the main easy groups.

Exercise 7.43. Clarify everything that we said, in relation with uniformity.

Exercise 7.44. Further study the shifted complex normal laws Gt
t.

Exercise 7.45. Learn the proof of the Di Francesco determinant formula.

Exercise 7.46. Write the Gram determinants in terms of orthogonal polynomials.

As bonus exercise, have a look at free quantum groups. But we will be back to this.



CHAPTER 8

Random matrices

8a. Matrices, laws

With quantum groups discussed, a complementary discussion, regarding the random
matrices, seems unavoidable. Indeed, these matrices are very interesting objects, pro-
viding as well models for the Wigner laws γt and Marchenko-Pastur laws πt, which are
somewhat simpler. In fact, it is in this way that the laws γt, πt were discovered, some
time ago, by Wigner in the 50s [97], and by Marchenko-Pastur in the 60s [73].

This being said, I’m not exactly sure that it is the right time to do this, sort of a
random matrix remake of what we did in chapter 7. I mean, this is a modest introduction
to probability and normal variables, we have not hit yet the middle of the book, and
still have many basic things to be learned. So, we will take a soft approach to this, with
random matrices coming as a continuation of the basic material from chapter 5, regarding
the complex normal variables, our official motivations being as follows:

Fact 8.1. A random matrix is a matrix with random variables as entries,

Z ∈MN(L
∞(X))

with X being a probability space, and the philosophy of these matrices is as follows:

(1) When the usual random variables f ∈ L∞(X) are not enough, for the modeling
of your problem, the random matrices with N ≥ 2 are the answer.

(2) With suitable definitions, each random matrix has a law, and in relation with
your initial question, the problem is that of computing this law.

(3) Typically most questions involve random matrices having i.i.d. entries, usually
complex normal, Zij ∼ Gt, taken up to some symmetry constraints.

(4) Most questions involve random matrices coming in series, one for each N ∈ N,
and the main problem is that of computing the law in the N →∞ limit.

So, this was for the story and motivations, and lacking of course remains an explicit
example of an application. However, and here comes the difficulty, although applica-
tions abound at the advanced level, to questions ranging from quantum physics to stock
markets, at the beginner level, which is ours for the moment, there is none.

So, we will have to live with this, I mean just trust me, random matrices are not
nonsense, and we will learn this later. At a philosophical level, however, in the lack of

177
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a concrete illustration for Fact 8.1, let us point out the obvious similarity with what we
did in chapter 7. Indeed, what we have is, a bit as there, advanced beasts depending on
N ∈ N, constructed out of nothing or almost, using symmetry constraints, and having a
law, that we are interested to compute in the N → ∞ limit. And with the story being
that we can reach in this way to γt, πt, and many other interesting laws.

Let us record this as a poetical complement to Fact 8.1, as follows:

Poetry 8.2. In the same way as an ocean of independent Bernoulli variables can
produce via sums pt, gt and other interesting laws, an ocean of independent complex normal
variables, arranged into matrices, can produce πt, γt and other interesting laws.

But probably enough talking, let us get to work, and we’ll understand later. As a first
job to be done, we must talk about the laws of random matrices Z ∈MN(L

∞(X)). And
here, in the simplest case, namely X = {.}, this can be done as follows:

Theorem 8.3. Each matrix A ∈MN(C) has a law, appearing as the following abstract
functional, on the algebra of noncommuting polynomials in 2 variables,

µA : C < X,X∗ >→ C , P → tr(P (A,A∗))

with tr = Tr/N being the normalized trace. In the normal case, AA∗ = A∗A, we have

µA(P ) =

∫
C
P (z, z̄)dµA(z) , µA =

1

N

∑
i

δλi

with λ1, . . . , λN ∈ C being the eigenvalues, so the law is a usual complex measure µA.

Proof. This is something quite fundamental, based on the spectral theorem for the
normal matrices, worth discussing in some detail, the idea being as follows:

(1) To start with, as you surely know from linear algebra, at the advanced level the
matrices A ∈ MN(C) do not come alone, but rather in pairs (A,A∗), with the adjoint
matrix A∗ ∈MN(C) being given by one of the following equivalent formulae:

< A∗x, y >=< x,Ay > , (A∗)ij = Āji

To be more precise, the equivalence between the above two formulae is clear, with the
second one corresponding to the first one at x = ej, y = ei. As for our claim that the
matrices come in pairs (A,A∗), this is something notorious, some illustrations being:

– Want to study the orthogonal projections? In this case, the adjoint matrices are
what you need, the equation of the projections being P 2 = P ∗ = P .

– Want to study isometries, also called unitaries? In this case, the adjoint matrices
are again what you need, the equation of the unitaries being U∗ = U−1.

– And so on, and with the remark that restricting the attention to the real case
A ∈MN(R) won’t change the situation, cf. P 2 = P t = P and U t = U−1 there.
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(2) Next, and getting now to probability, and more specifially to things that we briefly
discussed in the beginning of chapter 5, let us make the following speculation:

A :MN → C =⇒ E(A) = tr(A)

To be more precise, let us make the convention C(MN) = MN(C), allowing us to
view the matrices A ∈ MN(C) as variables A : MN → C. Of course, that beast MN is
something abstract, not a probability space in the usual sense. However, the algebra of
random variables is there, according to C(MN) =MN(C), and with this being something
rock-solid. And the expectation is there too, being of mass 1 as it should, according to
the formula E(A) = tr(A), with tr = Tr/N being the normalized trace of matrices.

(3) Next, observe that the expectation, besides being of mass 1, is also positive, as
it should. Indeed, in analogy with the fact that a variable f : X → C is positive when
it is real, f : X → R, and taking positive values, f(x) ≥ 0, we can say that a matrix
A ∈ MN(C) is positive when it is self-adjoint, A = A∗, and with positive eigenvalues,
λi ≥ 0. But in this case the expectation is indeed positive, as shown by:

A ≥ 0 =⇒ E(A) =
1

N

∑
i

λi ≥ 0

(4) Alternatively, in case you are not convinced, in analogy with the fact that the
positive variables f : X → C are those of type f = gḡ, we can say that the positive
matrices A ∈MN(C) are those of type A = BB∗, and with this definition, we have:

A = BB∗ ≥ 0 =⇒ E(A) =
1

N

∑
ij

|Bij|2 ≥ 0

(5) Summarizing, one way or another, our speculation in (2) perfectly makes sense,
in the hope that we agree on this. And in view of this, the problem appears, what is the
law of a complex matrix A ∈MN(C), viewed as random variable A :MN → C?

(6) And good question this is. In answer now, since the familiar formula µf = f∗ν for
usual variables f : (X, ν) → C won’t apply to our setting, our space X = MN being not
a probability space in the usual sense, we must trick, and recapture µA via moments.

(7) So, our question becomes, what are the moments of a matrix A ∈MN(C), viewed
as random variable A :MN → C? And here, the answer is straightforward, namely:

Mk(A) = tr(Ak)

To be more precise, as usual when dealing with complex variables, we are using here
colored integers k = ◦ • • ◦ . . . as exponents, with the conventions being:

A∅ = 1 , A◦ = A , A• = A∗ , Akl = AkAl
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(8) Observe now that, unlike in the case of the usual variables f : X → C, which
commute, our matrices A generically won’t commute with their adjoints A∗, and so:

A◦• = AA∗ ̸= A∗A = A•◦

In relation with this, observe however that we have the following computation:

M◦•(A) = tr(AA∗) = tr(A∗A) =M•◦(A)

However, such tricks won’t work at higher order, 4 and more, as shown by:

AA∗ − A∗A ̸= 0 =⇒ (AA∗ − A∗A)2 > 0

=⇒ AA∗AA∗ − AA∗A∗A− A∗AAA∗ + A∗AA∗A > 0

=⇒ tr(AA∗AA∗ − AA∗A∗A− A∗AAA∗ + A∗AA∗A) > 0

=⇒ tr(AA∗AA∗ + A∗AA∗A) > tr(AA∗A∗A+ A∗AAA∗)

=⇒ tr(AA∗AA∗) > tr(AAA∗A∗)

(9) Actually, in relation with this, just in case, let us work out as well an explicit
example. Playing the role of the bad guy will be a basic Jordan block, as follows:

J =

(
0 1
0 0

)
We have the following formulae, which show that J is indeed not normal:

JJ∗ =

(
1 0
0 0

)
, J∗J =

(
0 0
0 1

)
Now let us compute some order 4 moments. We first have:

tr(JJ∗JJ∗) = tr

((
1 0
0 0

)(
1 0
0 0

))
= tr

(
1 0
0 0

)
=

1

2

On the other hand, we have as well the following formula:

tr(JJJ∗J∗) = tr

((
0 0
0 0

)(
0 0
0 0

))
= tr

(
0 0
0 0

)
= 0

Thus, for our Jordan block J , there is absolutely no way for M◦•◦• =M◦◦•• to hold.

(10) Summarizing, we have to deal with a massive quantity of moments, basically
coming from all colored integers k = ◦••◦ . . . as exponents, without many rules for these.
Alternatively, by linearizing, the moment combinatorics of A is captured by the following
abstract functional, on the algebra of noncommuting polynomials in 2 variables:

µA : C < X,X∗ >→ C , P → tr(P (A,A∗))

(11) And with this discussed, what is next? Well, giving up, I mean enough talking,
let’s just call the above abstract functional law of A, and end of the story.
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(12) Now with the foundations of our theory laid, let us compute some matrix laws.
And here, in view of (8), we definitely want to avoid the non-normal matrices, AA∗ ̸= A∗A,
because these will produce a massive amount of moments, which cannot be encoded by a
reasonable measure-type object µa. That is, for the generic non-normal matrices, the law
µa will stay something abstract, as originally constructed in (10) above.

(13) So, let us get into the normal case, AA∗ = A∗A. Here the situation is quite similar
to that of the usual variables f : X → C, due to the fact that the algebra of random
variables that we are truly interested in, namely < A,A∗ >, is commutative. As a first
consequence of this observation, the law constructed in (10) becomes something simpler,
namely the following functional, on the algebra of usual polynomials in 2 variables:

µA : C[X,X∗]→ C , P → tr(P (A,A∗))

(14) So, what is this latter law? In answer, we can use here the spectral theorem for
the normal matrices, telling us that we can diagonalize our matrix as A = UDU∗, with
U ∈ UN , and D diagonal. Thus, our variable and its conjugate are given by:

A = UDU∗ , A∗ = UD∗U∗

But with this in hand, we have the following computation, for any polynomial P :

µA(P ) = tr(P (A,A∗))

= tr(P (UDU∗, UD∗U∗))

= tr(UP (D,D∗)U∗)

= tr(P (D,D∗))

= µD(P )

(15) Thus, we are left with computing the law of diagonal matrices. But here, given
a diagonal matrix D = diag(λ1, . . . , λN), we have the following computation:

µD(P ) = tr(P (D,D∗))

= tr(diag(P (λi, λ̄i)))

=
1

N

∑
i

P (λi, λ̄i)

Thus, we are led to the conclusion that the law of a diagonal matrix D is the average
of the Dirac masses at the eigenvalues, according to the following formula:

µD(P ) =

∫
C
P (z, z̄)dµD(z) , µD =

1

N

∑
i

δλi

(16) Now by getting back to our normal matrices from (14), we can see that same
final conclusion still holds there, namely that the law is the average of the Dirac masses
at the eigenvalues. And with this, theorem proved, and end of our discussion. □
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8b. Spectral measures

With the above discussed, corresponding to the case X = {.} in the random matrix
context, Z ∈MN(L

∞(X)), let us turn now to the general case, where X is arbitrary. And
here, things are obviously quite tricky, because we would need a spectral theorem for the
matrices Z ∈MN(L

∞(X)), going well beyond the linear algebra that we know.

Fortunately, there is a clever approach to such questions, as follows:

Principle 8.4. The random matrix algebras are best viewed as operator algebras,

MN(L
∞(X)) = B(H) , H = CN ⊗ L2(X)

and the random matrices themselves, as operators Z ∈ B(H).

In short, what I propose here is to generalize the linear algebra that we know, including
the spectral theorem for the normal matrices, to the case of infinite dimensions, over an
arbitrary complex Hilbert space H. And afterwards, armed with this knowledge, simply
take H = CN ⊗ L2(X), and easily deal with the random matrices Z ∈ B(H).

Getting started now, we already know about Hilbert spaces from chapter 3, but a few
brief reminders won’t hurt. At the beginning of everything, we have:

Definition 8.5. A complex Hilbert space is a complex vector space H with a scalar
product < x, y >, taken linear at left and antilinear at right,

< λx, y >= λ < x, y > , < x, λy >= λ̄ < x, y >

which is complete with respect to corresponding norm

||x|| =
√
< x, x >

in the sense that any sequence {xn} which is a Cauchy sequence, having the property
||xn − xm|| → 0 with n,m→∞, has a limit, xn → x.

Here the fact that ||x|| = √< x, x > is indeed a norm, satisfying ||x+y|| ≤ ||x||+ ||y||,
follows from Cauchy-Schwarz, | < x, y > | ≤ ||x|| · ||y||, which itself follows as in the
H = CN case, by looking at the discriminant of the following degree 2 polynomial:

f(t) = ||wx+ ty||2

As for our convention for the scalar products, written < x, y > and taken linear at
left, this is the so-called feline convention. As basic examples now, we have:

Theorem 8.6. The following are Hilbert spaces:

(1) The space H = CN , with scalar product < x, y >=
∑

i xiȳi.
(2) More generally, H = l2(I), with scalar product < x, y >=

∑
i xiȳi.

(3) Even more generally, H = L2(X), with < f, g >=
∫
X
f(x)g(x)dx.

However, there is only one separable Hilbert space, namely l2(N), or L2[0, 1].
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Proof. The first three assertions are very standard, with (1) being clear, (2) being
an easy remake of (1), and then (3) being an easy remake of (2). The subtlety is at the
end, with separable meaning to have a countable orthonormal basis {ei}i∈I , and with the
space in question being therefore H = l2(I) ≃ l2(N). Next, by Weierstrass we have as
well as basic example here H = L2[0, 1], and more generally, what happens is that L2(X)
is separable, provided that X itself is separable. See e.g. Rudin [80]. □

Moving ahead, now that we know what our vector spaces are, we can talk about
matrices with respect to them. And the situation here is as follows:

Theorem 8.7. Given a Hilbert space H, consider the linear operators T : H → H,
and for each such operator define its norm by the following formula:

||T || = sup
||x||=1

||Tx||

The operators which are bounded, ||T || < ∞, form then a complex algebra B(H), which
is complete with respect to ||.||. When H comes with a basis {ei}i∈I , we have

B(H) ⊂MI(C)

with the correspondence T →M coming via the usual linear algebra formulae, namely:

T (x) =Mx , Mij =< Tej, ei >

In infinite dimensions, the inclusion B(H) ⊂MI(C) is not an equality.

Proof. This is something straightforward, the idea being as follows:

(1) The fact that we have indeed an algebra, satisfying the product condition in the
statement, follows from the following estimates, which are all elementary:

||S + T || ≤ ||S||+ ||T || , ||λT || = |λ| · ||T || , ||ST || ≤ ||S|| · ||T ||

(2) Regarding now the completness assertion, if {Tn} ⊂ B(H) is Cauchy then {Tnx}
is Cauchy for any x ∈ H, so we can define the limit T = limn→∞ Tn by setting:

Tx = lim
n→∞

Tnx

Let us first check that the application x→ Tx is linear. We have:

T (x+ y) = lim
n→∞

Tn(x+ y)

= lim
n→∞

Tn(x) + Tn(y)

= lim
n→∞

Tn(x) + lim
n→∞

Tn(y)

= T (x) + T (y)

Similarly, we have T (λx) = λT (x), and we conclude that x→ Tx is linear.
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(3) With this done, it remains to prove now that we have T ∈ B(H), and that Tn → T
in norm. For this purpose, observe that we have:

||Tn − Tm|| ≤ ε , ∀n,m ≥ N =⇒ ||Tnx− Tmx|| ≤ ε , ∀||x|| = 1 , ∀n,m ≥ N

=⇒ ||Tnx− Tx|| ≤ ε , ∀||x|| = 1 , ∀n ≥ N

=⇒ ||TNx− Tx|| ≤ ε , ∀||x|| = 1

=⇒ ||TN − T || ≤ ε

But this gives both T ∈ B(H), and TN → T in norm, and we are done.

(4) Regarding the embedding, the correspondence T →M in the statement is indeed
linear, and its kernel is {0}, so we have indeed an embedding as follows, as claimed:

B(H) ⊂MI(C)

In finite dimensions we have an isomorphism, because any matrix M ∈MN(C) deter-
mines a linear operator T : CN → CN , given by the following formula:

< Tej, ei >=Mij

However, in infinite dimensions we have matrices not producing operators, as for
instance the all-one matrix, so the embedding B(H) ⊂MI(C) is not an isomorphism. □

As a second and last basic result regarding the operators, we will need:

Theorem 8.8. Each operator T ∈ B(H) has an adjoint T ∗ ∈ B(H), given by:

< Tx, y >=< x, T ∗y >

The operation T → T ∗ is antilinear, antimultiplicative, involutive, and satisfies:

||T || = ||T ∗|| , ||TT ∗|| = ||T ||2

When H comes with a basis {ei}i∈I , the operation T → T ∗ corresponds to

(M∗)ij =M ji

at the level of the associated matrices M ∈MI(C).

Proof. This is standard too, and can be proved in 3 steps, as follows:

(1) The existence of the adjoint operator T ∗, given by the formula in the statement,
comes from the fact that the function φ(x) =< Tx, y > being a linear map H → C, we
must have a formula as follows, for a certain vector T ∗y ∈ H:

φ(x) =< x, T ∗y >

Moreover, since this vector is unique, T ∗ is unique too, and we have as well:

(S + T )∗ = S∗ + T ∗ , (λT )∗ = λ̄T ∗ , (ST )∗ = T ∗S∗ , (T ∗)∗ = T
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Observe that we have indeed T ∗ ∈ B(H), as shown by the following computation:

||T || = sup
||x||=1

sup
||y||=1

< Tx, y >

= sup
||y||=1

sup
||x||=1

< x, T ∗y >

= ||T ∗||
(2) Regarding ||TT ∗|| = ||T ||2, which is a key formula, observe that we have:

||TT ∗|| ≤ ||T || · ||T ∗|| = ||T ||2

In the other sense now, observe that we have the following estimate:

||T ||2 = sup
||x||=1

| < Tx, Tx > |

= sup
||x||=1

| < x, T ∗Tx > |

≤ ||T ∗T ||
But by replacing T → T ∗ we obtain from this ||T ||2 ≤ ||TT ∗||, as desired.
(3) Finally, when H comes with a basis, the formula < Tx, y >=< x, T ∗y > applied

with x = ei, y = ej translates into the formula (M∗)ij =M ji, as desired. □

Getting now a bit abstract, we need to talk about operator algebras, as to suitably
cover the random matrix algebras MN(L

∞(X)). Which can be something quite tricky,
but fortunately, we have the following clever definition, due to Gelfand:

Definition 8.9. An abstract operator algebra, or C∗-algebra, is a complex algebra A
having a norm ||.|| and an involution ∗, subject to the following conditions:

(1) A is closed with respect to the norm.
(2) We have ||aa∗|| = ||a||2, for any a ∈ A.
In other words, what we did here is to axiomatize the abstract properties of the oper-

ator algebras A ⊂ B(H), chosen closed under the norm and under the adjoint operation,
both very natural conditions, without reference to the ambient Hilbert space H.

As very basic examples, we have the usual matrix algebras MN(C), with the norm
and the involution being the usual matrix norm and involution, given by:

||A|| = sup
||x||=1

||Ax|| , (A∗)ij = Aji

Some other basic examples are the algebras L∞(X) of essentially bounded functions
f : X → C on a measured space X, with the usual norm and involution, namely:

||f || = sup
x∈X
|f(x)| , f ∗(x) = f(x)

We can put these two basic classes of examples together, as follows:
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Theorem 8.10. The random matrix algebras A =MN(L
∞(X)) are C∗-algebras, with

their usual norm and involution, given by:

||Z|| = sup
x∈X
||Zx|| , (Z∗)ij = Zij

These algebras generalize both the algebras MN(C), and the algebras L∞(X).

Proof. The fact that the C∗-algebra axioms are satisfied is clear from definitions.
As for the last assertion, this follows by taking X = {.} and N = 1, respectively. □

The above result is quite interesting, philosophically, showing that the Gelfand axioms
in Definition 8.9 favor the random matrix algebras. Moving on, we can in fact say more
about the operator algebra nature of random matrix algebras, as follows:

Theorem 8.11. Any random variable algebra is an operator algebra, as follows:

L∞(X) ⊂ B(L2(X)) , f → (g → fg)

More generally, any random matrix algebra is an operator algebra, as follows,

MN(L
∞(X)) ⊂ B

(
CN ⊗ L2(X)

)
with the embedding being the above one, tensored with the identity.

Proof. We have two assertions to be proved, the idea being as follows:

(1) Given f ∈ L∞(X), consider the following operator, acting on H = L2(X):

Tf (g) = fg

Observe that Tf is indeed well-defined, and bounded as well, because:

||fg||2 =

√∫
X

|f(x)|2|g(x)|2dµ(x) ≤ ||f ||∞||g||2

The application f → Tf being linear, involutive, continuous, and injective as well, we
obtain in this way a C∗-algebra embedding L∞(X) ⊂ B(H), as desired.

(2) Regarding the second assertion, this is best viewed in the following way:

MN(L
∞(X)) = MN(C)⊗ L∞(X)

⊂ MN(C)⊗B(L2(X))

= B
(
CN ⊗ L2(X)

)
Here we have used (1), and some standard tensor product identifications. □

Our purpose in what follows will be to develop the spectral theory of the C∗-algebras,
and in particular that of the random matrix algebras MN(L

∞(X)) that we are interested
in, our main objective being that of talking about spectral measures, in the normal case,
in analogy with what we know about the usual matrices. Let us start with:
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Theorem 8.12. Given an element a ∈ A of a C∗-algebra, define its spectrum as:

σ(a) =
{
λ ∈ C

∣∣∣a− λ /∈ A−1
}

The following spectral theory results hold, exactly as in the A = B(H) case:

(1) We have σ(ab) ∪ {0} = σ(ba) ∪ {0}.
(2) We have σ(f(a)) = f(σ(a)), for any f ∈ C(X) having poles outside σ(a).
(3) The spectrum σ(a) is compact, non-empty, and contained in D0(||a||).
(4) The spectra of unitaries (u∗ = u−1) and self-adjoints (a = a∗) are on T,R.
(5) The spectral radius of normal elements (aa∗ = a∗a) is given by ρ(a) = ||a||.

In addition, assuming a ∈ A ⊂ B, the spectra of a with respect to A and to B coincide.

Proof. Here the assertions (1-5), which are of course formulated a bit informally, are
well-known for the full operator algebra A = B(H), and the proof in general is similar:

(1) Assuming that 1− ab is invertible, with inverse c, we have abc = cab = c− 1, and
it follows that 1 − ba is invertible too, with inverse 1 + bca. Thus σ(ab), σ(ba) agree on
1 ∈ C, and by linearity, it follows that σ(ab), σ(ba) agree on any point λ ∈ C∗.

(2) The formula σ(f(a)) = f(σ(a)) is clear for polynomials, f ∈ C[X], by factorizing
f − λ, with λ ∈ C. Then, the extension to the rational functions is straightforward,
because P (a)/Q(a)− λ is invertible precisely when P (a)− λQ(a) is.

(3) By using 1/(1− b) = 1+ b+ b2 + . . . for ||b|| < 1 we obtain that a− λ is invertible
for |λ| > ||a||, and so σ(a) ⊂ D0(||a||). It is also clear that σ(a) is closed, so what we
have is a compact set. Finally, assuming σ(a) = ∅ the function f(λ) = φ((a − λ)−1) is
well-defined, for any φ ∈ A∗, and by Liouville we get f = 0, contradiction.

(4) Assuming u∗ = u−1 we have ||u|| = 1, and so σ(u) ⊂ D0(1). But with f(z) = z−1

we obtain via (2) that we have as well σ(u) ⊂ f(D0(1)), and this gives σ(u) ⊂ T. As
for the result regarding the self-adjoints, this can be obtained from the result for the
unitaries, by using (2) with functions of type f(z) = (z + it)/(z − it), with t ∈ R.

(5) It is routine to check, by integrating quantities of type zn/(z− a) over circles cen-
tered at the origin, and estimating, that the spectral radius is given by ρ(a) = lim ||an||1/n.
But in the self-adjoint case, a = a∗, this gives ρ(a) = ||a||, by using exponents of type
n = 2k, and then the extension to the general normal case is straightforward.

(6) Regarding now the last assertion, the inclusion σB(a) ⊂ σA(a) is clear. For the
converse, assume a− λ ∈ B−1, and set b = (a− λ)∗(a− λ). We have then:

σA(b)− σB(b) =
{
µ ∈ C− σB(b)

∣∣∣(b− µ)−1 ∈ B − A
}

Thus this difference in an open subset of C. On the other hand b being self-adjoint,
its two spectra are both real, and so is their difference. Thus the two spectra of b are
equal, and in particular b is invertible in A, and so a− λ ∈ A−1, as desired. □
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We can now prove a key result about the operator algebras, as follows:

Theorem 8.13 (Gelfand). If X is a compact space, the algebra C(X) of continuous
functions on it f : X → C is a C∗-algebra, with usual norm and involution, namely:

||f || = sup
x∈X
|f(x)| , f ∗(x) = f(x)

Conversely, any commutative C∗-algebra is of this form, A = C(X), with

X =
{
χ : A→ C , normed algebra character

}
with topology making continuous the evaluation maps eva : χ→ χ(a).

Proof. Given a commutative C∗-algebra A, let us define X as in the statement.
Then X is compact, and a→ eva is a morphism of algebras, as follows:

ev : A→ C(X)

We first prove that ev is involutive. We use the following formula, which is similar to
the z = Re(z) + iIm(z) decomposition formula for usual complex numbers:

a =
a+ a∗

2
+ i · a− a

∗

2i

Thus it is enough to prove eva∗ = ev∗a for the self-adjoint elements a. But this is the
same as proving that a = a∗ implies that eva is a real function, which is in turn true, by
Theorem 8.12, because eva(χ) = χ(a) is an element of σ(a), contained in R. Next, since
A is commutative, each element is normal, so ev is isometric, as shown by:

||eva|| = ρ(a) = ||a||
It remains to prove that ev is surjective. But this follows from the Stone-Weierstrass

theorem, because ev(A) is a closed subalgebra of C(X), which separates the points. □

As a main consequence of the Gelfand theorem, we have:

Theorem 8.14. For any normal element a ∈ A we have < a >= C(σ(a)). In addition,
given a function f ∈ C(σ(a)), we can apply it to a, and we have

σ(f(a)) = f(σ(a))

which generalizes the previous rational calculus formula, in the normal case.

Proof. Since a is normal, the C∗-algebra < a > that is generates is commutative, so
if we denote by X the space of the characters χ :< a >→ C, we have < a >= C(X). Now
since the map X → σ(a) given by evaluation at a is bijective, we obtain < a >= C(σ(a)).
Thus, we are dealing here with usual functions, and this gives all the assertions. □

In order to get now towards noncommutative probability, we first have to develop the
theory of positive elements, and linear forms. First, we have the following result:
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Proposition 8.15. For an element a ∈ A, the following are equivalent:

(1) a is positive, in the sense that σ(a) ⊂ [0,∞).
(2) a = b2, for some b ∈ A satisfying b = b∗.
(3) a = cc∗, for some c ∈ A.
Proof. This is something very standard, as follows:

(1) =⇒ (2) Observe first that σ(a) ⊂ R implies a = a∗. Thus the algebra < a > is
commutative, and by using Theorem 8.14, we can set b =

√
a.

(2) =⇒ (3) This is trivial, because we can simply set c = b.

(3) =⇒ (1) We can proceed here by contradiction. Indeed, by multiplying c by a
suitable element of the algebra < cc∗ >, we are led to the existence of an element d ̸= 0
satisfying −dd∗ ≥ 0. By writing now d = x+ iy with x = x∗, y = y∗ we have:

dd∗ + d∗d = 2(x2 + y2) ≥ 0

Thus d∗d ≥ 0, which is easily seen to contradict the condition −dd∗ ≥ 0. □

We can talk as well about positive linear forms, as follows:

Definition 8.16. Consider a linear map φ : A→ C.
(1) φ is called positive when a ≥ 0 =⇒ φ(a) ≥ 0.
(2) φ is called faithful and positive when a ≥ 0, a ̸= 0 =⇒ φ(a) > 0.

In the commutative case, A = C(X), the positive linear forms appear as follows, with
µ being positive, and strictly positive if we want φ to be faithful and positive:

φ(f) =

∫
X

f(x)dµ(x)

In general, the positive linear forms can be thought of as being integration functionals
with respect to some underlying “positive measures”. Based on this, we can formulate:

Definition 8.17. Let A be a C∗-algebra, given with a positive trace tr : A→ C.
(1) The elements a ∈ A are called random variables.
(2) The moments of such a variable are the numbers Mk(a) = tr(ak).
(3) The law of such a variable is the functional µa : P → tr(P (a)).

To be more precise, here the exponent k = ◦ • • ◦ . . . is by definition a colored integer,
and the powers ak are defined by the following formulae, and multiplicativity:

a∅ = 1 , a◦ = a , a• = a∗

As for the polynomial P , this is a noncommuting ∗-polynomial in one variable:

P ∈ C < X,X∗ >

At the level of the general theory, we have the following key result, extending the
various results from linear algebra, regarding the self-adjoint and normal matrices:
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Theorem 8.18. Let A be a C∗-algebra, with a trace tr, and consider an element a ∈ A
which is normal, in the sense that aa∗ = a∗a.

(1) µa is a complex probability measure, satisfying supp(µa) ⊂ σ(a).
(2) In the self-adjoint case, a = a∗, this measure µa is real.
(3) Assuming that tr is faithful, we have supp(µa) = σ(a).

Proof. According to Theorem 8.14, we have an identification as follows:

< a >= C(σ(a))

Thus the functional f(a)→ tr(f(a)) can be regarded as an integration functional on
the algebra C(σ(a)), and by the Riesz theorem, this latter functional must come from a
probability measure µa on the spectrum σ(a), in the sense that we must have:

tr(f(a)) =

∫
σ(a)

f(z)dµa(z)

We are therefore led to the various conclusions in the statement. □

Getting back now to the random matrices, as a main application, we have:

Theorem 8.19. Given a random matrix Z ∈ MN(L
∞(X)), assumed to be normal,

ZZ∗ = Z∗Z, its law, when restricted to the usual polynomials in two variables,

µZ : C[X,X∗]→ C , P → 1

N

∫
X

tr(P (Z))

must come from a probability measure on the spectrum σ(Z) ⊂ C, as follows:

µZ(P ) =

∫
σ(T )

P (x)dµZ(x)

We agree to use the symbol µZ for all these notions.

Proof. This follows indeed from what we know from Theorem 8.18, applied to the
normal element a = Z, belonging to the C∗-algebra A =MN(L

∞(X)). □

8c. Wigner matrices

We recall that a random matrix algebra is an algebra of type A = MN(L
∞(X)),

and that we are interested in the computation of the laws of the operators Z ∈ A, called
random matrices. Regarding the precise classes of random matrices that we are interested
in, first we have the complex Gaussian matrices, which are constructed as follows:

Definition 8.20. A complex Gaussian matrix is a random matrix of type

Z ∈MN(L
∞(X))

which has i.i.d. complex normal entries.
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We will see that the above matrices have an interesting, and “central” combinatorics,
among all kinds of random matrices, with the study of the other random matrices being
usually obtained as a modification of the study of the Gaussian matrices.

As a somewhat surprising remark, using real normal variables in Definition 8.20, in-
stead of the complex ones appearing there, leads nowhere. The correct real versions of
the Gaussian matrices are the Wigner random matrices, constructed as follows:

Definition 8.21. A Wigner matrix is a random matrix of type

Z ∈MN(L
∞(X))

which has i.i.d. complex normal entries, up to the constraint Z = Z∗.

In other words, a Wigner matrix must be as follows, with the diagonal entries being
real normal variables, ai ∼ gt, for some t > 0, the upper diagonal entries being complex
normal variables, bij ∼ Gt, the lower diagonal entries being the conjugates of the upper
diagonal entries, as indicated, and with all the variables ai, bij being independent:

Z =


a1 b12 . . . . . . b1N

b̄12 a2
. . .

...
...

. . . . . . . . .
...

...
. . . aN−1 bN−1,N

b̄1N . . . . . . b̄N−1,N aN


As a comment here, for many concrete applications the Wigner matrices are in fact the

central objects in random matrix theory, and in particular, they are often more important
than the Gaussian matrices. In fact, these are the random matrices which were first
considered and investigated, a long time ago, by Wigner himself [97].

Finally, we will be interested as well in the complex Wishart matrices, which are the
positive versions of the above random matrices, constructed as follows:

Definition 8.22. A complex Wishart matrix is a random matrix of type

Z = Y Y ∗ ∈MN(L
∞(X))

with Y being a complex Gaussian matrix.

As before with the Gaussian and Wigner matrices, there are many possible comments
that can be made here, of technical or historical nature. First, using in the above real
Gaussian variables instead of complex ones leads to a less interesting combinatorics. Also,
these matrices were introduced and studied by Marchenko-Pastur not long after Wigner,
and so historically came second [73]. Finally, in what regards their combinatorics and
applications, these matrices quite often come first, before both the Gaussian and the
Wigner ones, with all this being of course a matter of knowledge and taste.
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Summarizing, we have three main types of random matrices, which can be somehow
designated as “complex”, “real” and “positive”, and that we will study in what follows.
Let us also mention that there are many other interesting classes of random matrices,
usually appearing as modifications of the above. More on these later.

Getting to work now, we first have the following result:

Theorem 8.23. Given a sequence of Gaussian random matrices

ZN ∈MN(L
∞(X))

having independent Gt variables as entries, for some fixed t > 0, we have

Mk

(
ZN√
N

)
≃ t|k|/2|NC2(k)|

for any colored integer k = ◦ • • ◦ . . . , in the N →∞ limit.

Proof. This is something standard, which can be done as follows:

(1) We fix N ∈ N, and we let Z = ZN . Let us first compute the trace of Zk. With
k = k1 . . . ks, and with the convention (ij)◦ = ij, (ij)• = ji, we have:

Tr(Zk) = Tr(Zk1 . . . Zks)

=
N∑

i1=1

. . .
N∑

is=1

(Zk1)i1i2(Z
k2)i2i3 . . . (Z

ks)isi1

=
N∑

i1=1

. . .
N∑

is=1

(Z(i1i2)k1 )
k1(Z(i2i3)k2 )

k2 . . . (Z(isi1)ks )
ks

(2) Next, we rescale our variable Z by a
√
N factor, as in the statement, and we also

replace the usual trace by its normalized version, tr = Tr/N . Our formula becomes:

tr

((
Z√
N

)k
)

=
1

N s/2+1

N∑
i1=1

. . .
N∑

is=1

(Z(i1i2)k1 )
k1(Z(i2i3)k2 )

k2 . . . (Z(isi1)ks )
ks

Thus, the moment that we are interested in is given by:

Mk

(
Z√
N

)
=

1

N s/2+1

N∑
i1=1

. . .

N∑
is=1

∫
X

(Z(i1i2)k1 )
k1(Z(i2i3)k2 )

k2 . . . (Z(isi1)ks )
ks
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(3) Let us apply now the Wick formula, from chapter 5. We conclude that the moment
that we are interested in is given by the following formula:

Mk

(
Z√
N

)
=

ts/2

N s/2+1

N∑
i1=1

. . .

N∑
is=1

#
{
π ∈ P2(k)

∣∣∣π ≤ ker
(
(i1i2)

k1 , (i2i3)
k2 , . . . , (isi1)

ks
)}

= ts/2
∑

π∈P2(k)

1

N s/2+1
#
{
i ∈ {1, . . . , N}s

∣∣∣π ≤ ker
(
(i1i2)

k1 , (i2i3)
k2 , . . . , (isi1)

ks
)}

(4) Our claim now is that in the N → ∞ limit the combinatorics of the above sum
simplifies, with only the noncrossing partitions contributing to the sum, and with each of
them contributing precisely with a 1 factor, so that we will have, as desired:

Mk

(
Z√
N

)
= ts/2

∑
π∈P2(k)

(
δπ∈NC2(k) +O(N−1)

)
≃ ts/2

∑
π∈P2(k)

δπ∈NC2(k)

= ts/2|NC2(k)|
(5) In order to prove this, the first observation is that when k is not uniform, in the

sense that it contains a different number of ◦, • symbols, we have P2(k) = ∅, and so:

Mk

(
Z√
N

)
= ts/2|NC2(k)| = 0

(6) Thus, we are left with the case where k is uniform. Let us examine first the case
where k consists of an alternating sequence of ◦ and • symbols, as follows:

k = ◦ • ◦ • . . . . . . ◦ •︸ ︷︷ ︸
2p

In this case it is convenient to relabel our multi-index i = (i1, . . . , is), with s = 2p, in
the form (j1, l1, j2, l2, . . . , jp, lp). With this done, our moment formula becomes:

Mk

(
Z√
N

)
= tp

∑
π∈P2(k)

1

Np+1
#
{
j, l ∈ {1, . . . , N}p

∣∣∣π ≤ ker (j1l1, j2l1, j2l2, . . . , j1lp)
}

Now observe that, with k being as above, we have an identification P2(k) ≃ Sp,
obtained in the obvious way. With this done too, our moment formula becomes:

Mk

(
Z√
N

)
= tp

∑
π∈Sp

1

Np+1
#
{
j, l ∈ {1, . . . , N}p

∣∣∣jr = jπ(r)+1, lr = lπ(r),∀r
}
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(7) We are now ready to do our asymptotic study, and prove the claim in (4). Let
indeed γ ∈ Sp be the full cycle, which is by definition the following permutation:

γ = (1 2 . . . p)

In terms of γ, the conditions jr = jπ(r)+1 and lr = lπ(r) found above read:

γπ ≤ ker j , π ≤ ker l

Counting the number of free parameters in our moment formula, we obtain:

Mk

(
Z√
N

)
=

tp

Np+1

∑
π∈Sp

N |π|+|γπ| = tp
∑
π∈Sp

N |π|+|γπ|−p−1

(8) The point now is that the last exponent is well-known to be ≤ 0, with equality
precisely when the permutation π ∈ Sp is geodesic, which in practice means that π must
come from a noncrossing partition. Thus we obtain, in the N →∞ limit, as desired:

Mk

(
Z√
N

)
≃ tp|NC2(k)|

This finishes the proof in the case of the exponents k which are alternating, and the
case where k is an arbitrary uniform exponent is similar, by permuting everything. □

As a comment now on our findings from Theorem 8.23, we have:

Comment 8.24. Given a sequence of complex Gaussian matrices ZN ∈MN(L
∞(X)),

having independent Gt variables as entries, with t > 0, we have

ZN√
N
∼ Γt

in the N →∞ limit, with the limiting law being defined via its colored moments by

Mk(Γt) =
∑

π∈NC2(k)

t|π|

and being a law which is not a usual measure, called Voiculescu circular law.

To be more precise here, Γt is in fact a beast that we already met in chapter 7, when
talking easiness, appearing as the asymptotic character law for the quantum group U+

N .
We will see later, in chapter 13, that free probability provides a conceptual approach to
all this, both Gaussian matrices and quantum groups, and with the central law there,
appearing as free analogue of the normal law Gt, or as complex analogue of the Wigner
semicircle law γt, being the Voiculescu circular law Γt. More on this later.

Regarding now the Wigner matrices, which are something more understandable, be-
cause they are self-adjoint, we have the following result, about them:
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Theorem 8.25. Given a sequence of Wigner random matrices

ZN ∈MN(L
∞(X))

having independent Gt variables as entries, with t > 0, up to ZN = Z∗
N , we have

Mk

(
ZN√
N

)
≃ tk/2|NC2(k)|

for any integer k ∈ N, in the N →∞ limit. Thus we have the convergence

ZN√
N
∼ γt

in the N →∞ limit, where γt is the Wigner semicircle law.

Proof. We have two possible proofs here, as follows:

(1) The formula in the statement can be certainly established via a direct computation
based on the Wick formula, similar to that from the proof of Theorem 8.23. We will leave
the calculations here, featuring no particular difficulties, as an exercise.

(2) However, the best is to deduce this result from Theorem 8.23 itself. Indeed, we
know from there that for Gaussian matrices YN ∈ MN(L

∞(X)) we have the following
formula, valid for any colored integer K = ◦ • • ◦ . . . , in the N →∞ limit:

MK

(
YN√
N

)
≃ t|K|/2|NC2(K)|

By doing now some combinatorics, we deduce that we have the following formula for
the moments of the matrices Re(YN), with respect to usual exponents, k ∈ N:

Mk

(
Re(YN)√

N

)
= 2−k ·Mk

(
YN√
N

+
Y ∗
N√
N

)
= 2−k

∑
|K|=k

MK

(
YN√
N

)
≃ 2−k

∑
|K|=k

tk/2|NC2(K)|

= 2−k · tk/2 · 2k/2|NC2(k)|
= 2−k/2 · tk/2|NC2(k)|

In terms of the matrices ZN =
√
2Re(YN), which are of Wigner type, this reads:

Mk

(
ZN√
2N

)
≃ 2−k/2 · tk/2|NC2(k)|

Thus, we are led to the moment formula in the statement, which itself leads to γt. □
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So long for the Wigner theorem. Of course, this was just a beginning, and far more
things can be said, regarding the precise nature of the convergence, and the fluctuations,
with the problematics here being highly non-trivial, and still subject to research. For
more on all this, you can consult the various random matrix books and articles referenced
at the end of this book. And by the way, do not forget to learn, either from Wigner
himself [97], or from a book like Mehta [75], how Wigner came upon these matrices, in
relation with the physics of the heavy atoms. First class science, all this.

In relation now with free probability, that we will learn later in this book, there is
no comment in the spirit of Comment 8.24 to be made, because Theorem 8.25 as stated
is just fine. However, something interesting happens when looking at families of Wigner
matrices, with the finding here, due to Voiculescu [89], being as follows:

Fact 8.26. Given a family of sequences of Wigner matrices,

Zi
N ∈MN(L

∞(X)) , i ∈ I
with pairwise independent entries, each following the complex normal law Gt, with t > 0,
up to the constraint Zi

N = (Zi
N)

∗, the rescaled sequences of matrices

Zi
N√
N
∈MN(L

∞(X)) , i ∈ I

become with N →∞ semicircular, each following the Wigner law γt, and free.

To be more precise here, what is new with respect to Theorem 8.25, taking into account
the fact that we are now dealing with a family of Wigner matrices, is the word “free” at
the end. And, more on this later in this book, when doing free probability.

8d. Wishart matrices

Let us discuss now the Wishart matrices, which are the positive analogues of the
Wigner matrices. Quite surprisingly, the computation here leads to the Catalan numbers,
but not in the same way as for the Wigner matrices, the result being as follows:

Theorem 8.27. Given a sequence of complex Wishart matrices

WN = YNY
∗
N ∈MN(L

∞(X))

with YN being N ×N complex Gaussian of parameter t > 0, we have

Mk

(
WN

N

)
≃ tkCk

for any exponent k ∈ N, in the N →∞ limit. Thus we have the convergence

WN

tN
∼ 1

2π

√
4x−1 − 1 dx

with N →∞, with the limiting measure being the Marchenko-Pastur law π1.
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Proof. There are several possible proofs for this result, as follows:

(1) A first method is by using the formula that we have in Theorem 8.23, for the
Gaussian matrices YN . Indeed, we know from there that we have the following formula,
valid for any colored integer K = ◦ • • ◦ . . . , in the N →∞ limit:

MK

(
YN√
N

)
≃ t|K|/2|NC2(K)|

With K = ◦ • ◦ • . . . , alternating word of length 2k, with k ∈ N, this gives:

Mk

(
YNY

∗
N

N

)
≃ tk|NC2(K)|

Thus, in terms of the Wishart matrix WN = YNY
∗
N we have, for any k ∈ N:

Mk

(
WN

N

)
≃ tk|NC2(K)|

The point now is that, by doing some combinatorics, we have:

|NC2(K)| = |NC2(2k)| = Ck

Thus, we are led to the formula in the statement.

(2) A second method, that we will explain now as well, is by proving the result directly,
starting from definitions. The matrix entries of our matrix W = WN are given by:

Wij =
N∑
r=1

YirȲjr

Thus, the normalized traces of powers of W are given by the following formula:

tr(W k) =
1

N

N∑
i1=1

. . .

N∑
ik=1

Wi1i2Wi2i3 . . .Wiki1

=
1

N

N∑
i1=1

. . .
N∑

ik=1

N∑
r1=1

. . .
N∑

rk=1

Yi1r1Ȳi2r1Yi2r2Ȳi3r2 . . . Yikrk Ȳi1rk

By rescaling now W by a 1/N factor, as in the statement, we obtain:

tr

((
W

N

)k
)

=
1

Nk+1

N∑
i1=1

. . .

N∑
ik=1

N∑
r1=1

. . .

N∑
rk=1

Yi1r1Ȳi2r1Yi2r2Ȳi3r2 . . . Yikrk Ȳi1rk
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By using now the Wick rule, we obtain the following formula for the moments, with
K = ◦ • ◦ • . . . , alternating word of lenght 2k, and with I = (i1r1, i2r1, . . . , ikrk, i1rk):

Mk

(
W

N

)
=

tk

Nk+1

N∑
i1=1

. . .

N∑
ik=1

N∑
r1=1

. . .
N∑

rk=1

#
{
π ∈ P2(K)

∣∣∣π ≤ ker(I)
}

=
tk

Nk+1

∑
π∈P2(K)

#
{
i, r ∈ {1, . . . , N}k

∣∣∣π ≤ ker(I)
}

In order to compute this quantity, we use the standard bijection P2(K) ≃ Sk. By
identifying the pairings π ∈ P2(K) with their counterparts π ∈ Sk, we obtain:

Mk

(
W

N

)
=

tk

Nk+1

∑
π∈Sk

#
{
i, r ∈ {1, . . . , N}k

∣∣∣is = iπ(s)+1, rs = rπ(s), ∀s
}

Now let γ ∈ Sk be the full cycle, which is by definition the following permutation:

γ = (1 2 . . . k)

The general factor in the product computed above is then 1 precisely when following
two conditions are simultaneously satisfied:

γπ ≤ ker i , π ≤ ker r

Counting the number of free parameters in our moment formula, we obtain:

Mk

(
W

N

)
= tk

∑
π∈Sk

N |π|+|γπ|−k−1

The point now is that the last exponent is well-known to be≤ 0, with equality precisely
when the permutation π ∈ Sk is geodesic, which in practice means that π must come from
a noncrossing partition. Thus we obtain, in the N →∞ limit:

Mk

(
W

N

)
≃ tkCk

Thus, we are led to the conclusion in the statement. □

As a comment now, while the above result is definitely something interesting at t = 1,
at general t > 0 this looks more like a “fake” generalization of the t = 1 result, because
the law π1 stays the same, modulo a trivial rescaling. Which is certainly not good.

The reasons behind this phenomenon are quite subtle, and skipping some discussion
here, the point is that Theorem 8.27 is indeed something “fake” at general values t > 0,
and the correct generalization of the t = 1 computation, involving more general classes of
complex Wishart matrices, is something a bit more complicated, as follows:
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Theorem 8.28. Given a sequence of general complex Wishart matrices

WN = YNY
∗
N ∈MN(L

∞(X))

with YN being N ×M complex Gaussian of parameter 1, we have

WN

N
∼ max(1− t, 0)δ0 +

√
4t− (x− 1− t)2

2πx
dx

with M = tN →∞, with the limiting measure being the Marchenko-Pastur law πt.

Proof. This is again something which is very standard, as follows:

(1) In order to prove the formula in the statement, we can proceed as usual, by using
the Wick formula. The matrix entries of our Wishart matrix W = WN are given by:

Wij =
M∑
r=1

YirȲjr

Thus, the normalized traces of powers of W are given by the following formula:

tr(W k) =
1

N

N∑
i1=1

. . .
N∑

ik=1

Wi1i2Wi2i3 . . .Wiki1

=
1

N

N∑
i1=1

. . .
N∑

ik=1

M∑
r1=1

. . .
M∑

rk=1

Yi1r1Ȳi2r1Yi2r2Ȳi3r2 . . . Yikrk Ȳi1rk

By rescaling now W by a 1/N factor, as in the statement, we obtain:

tr

((
W

N

)k
)

=
1

Nk+1

N∑
i1=1

. . .
N∑

ik=1

M∑
r1=1

. . .
M∑

rk=1

Yi1r1Ȳi2r1Yi2r2Ȳi3r2 . . . Yikrk Ȳi1rk

(2) By using now the Wick rule, we obtain the following formula for the moments,
with K = ◦ • ◦ • . . . , alternating word of lenght 2k, and I = (i1r1, i2r1, . . . , ikrk, i1rk):

Mk

(
W

N

)
=

1

Nk+1

N∑
i1=1

. . .
N∑

ik=1

M∑
r1=1

. . .

M∑
rk=1

#
{
π ∈ P2(K)

∣∣∣π ≤ ker I
}

=
1

Nk+1

∑
π∈P2(K)

#
{
i ∈ {1, . . . , N}k, r ∈ {1, . . . ,M}k

∣∣∣π ≤ ker I
}

(3) In order to compute this quantity, we use the standard bijection P2(K) ≃ Sk. By
identifying the pairings π ∈ P2(K) with their counterparts π ∈ Sk, we obtain:

Mk

(
W

N

)
=

1

Nk+1

∑
π∈Sk

#
{
i ∈ {1, . . . , N}k, r ∈ {1, . . . ,M}k

∣∣∣is = iπ(s)+1, rs = rπ(s)

}



200 8. RANDOM MATRICES

Now let γ ∈ Sk be the full cycle, which is by definition the following permutation:

γ = (1 2 . . . k)

The general factor in the product computed above is then 1 precisely when following
two conditions are simultaneously satisfied:

γπ ≤ ker i , π ≤ ker r

Counting the number of free parameters in our expectation formula, we obtain:

Mk

(
W

N

)
=

1

Nk+1

∑
π∈Sk

N |γπ|M |π| =
∑
π∈Sk

N |γπ|−k−1M |π|

(4) Now by using the same arguments as in the case M = N , from the proof of
Theorem 8.27, we conclude that in the M = tN → ∞ limit the permutations π ∈ Sk

which matter are those coming from noncrossing partitions, and so that we have:

Mk

(
W

N

)
≃

∑
π∈NC(k)

N−|π|M |π| =
∑

π∈NC(k)

t|π|

(5) But these numbers are the moments of the Marchenko-Pastur law πt, which in
addition has the density given by the formula in the statement, as desired. □

8e. Exercises

This was a standard introduction to random matrices, and as exercises, we have:

Exercise 8.29. Learn the spectral theorem for the normal matrices.

Exercise 8.30. Further experiment with the moments of the Jordan block J .

Exercise 8.31. Learn about the spectral theorem for the normal operators.

Exercise 8.32. Learn more about C∗-algebras, notably with the GNS theorem.

Exercise 8.33. Experiment a bit with that mysterious circular law Γt.

Exercise 8.34. What happens in the Wigner theorem, when using γt variables?

Exercise 8.35. Learn more about positive matrices, in particular about Wishart.

Exercise 8.36. Learn also about the real Wishart matrices, and their properties.

As bonus exercise, study the joint distributions of random matrices, with N →∞.



Part III

Higher dimensions



Son io che corro nella tua mente
Non spaventarti, voglio solo un po’ giocare

Son tanto sola e sto sognando
Io sto inseguendo la farfalla dell’amor



CHAPTER 9

Gaussian vectors

9a. Gaussian vectors

Welcome to higher dimensions, and our plan for the present Part III will be, a bit like
the plan for Parts I and II was, and like the plan for Part IV will be too, first half basic
theory, and second half advanced questions. In short, and in the hope that you got it,
this book tells two stories, with chapters 1-2, 5-6, 9-10, 13-14 discussing the basics, and
with chapters 3-4, 7-8, 11-12, 15-16 discussing more advanced questions.

The question that we will be interested in, in the present chapter, is as follows:

Question 9.1. What are the reasonably general analogues of the normal variables, in
n dimensions? What about the basic applications of these?

And good question this is, with the first part meant to bring us into some interesting
mathematics, generalizing what we already know at n = 1, 2, and with the second part
destined to bring us into some interesting physics, namely heat diffusion.

Let us start with the case n = 2. Here we already have some good knowledge from
our study of complex probability, from chapters 5-6, but since we would like now to have
everything real, this is worth a rediscussion, with real notations. Let us start with:

Definition 9.2. The axioms for 2D probability theory are as follows:

(1) A probability space is a measured space (X,M, ν) of mass one, ν(X) = 1.
(2) A random variable on X is a measurable function f : X → R2.
(3) The expectation of such a variable is E(f) =

∫
X
f(x)dν(x) ∈ R2.

(4) The variance of such a variable is V (f) = E(||f − E(f)||2) ≥ 0.
(5) The law of f is the 2D probability measure µ = f∗ν, push-forward of ν by f .

Obviously, all this is quite straightforward, inspired by the theory in chapter 5. In
relation with the variance, observe that we have 3 equivalent formulae for it:

V (f) = E(||f − E(f)||2)
= V (f1) + V (f2)

= E(||f ||2)− ||E(f)||2

Indeed, the second formula is clear, and the third one follows from it.

203
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In relation now with the law, observe that we have the following formula, valid for any
k, l ∈ N, allowing us in particular to compute the expectation and variance:

E(fk
1 f

l
2) =

∫
R2

xk1x
l
2dµ(x)

In fact, the above quantities E(fk
1 f

l
2), which uniquely determine the law, can be

thought of as being the moments of f . As an illustration for this, we have:

Proposition 9.3. For a discrete variable f : X → R2, the law is the measure

µ =
∑
i

ciδai , ci > 0 ,
∑
i

ci = 1 , ai ∈ R2

given by the following formula, with P being the probability over X,

µ =
∑
a∈R2

P (f = a)δa

with the sum being finite or countable, as per our discretness assumption. We have

E(f) =
∑
i

ciai , V (f) =
∑
i

ci||ai||2 −
∣∣∣∣∣∣∑

i

ciai

∣∣∣∣∣∣2
and with the notation ai =

(
pi
qi

)
, the moments are E(fk

1 f
l
2) =

∑
i cip

k
i q

l
i.

Proof. The first assertion is self-explanatory. Regarding the moments, we have:

E(fk
1 f

l
2) =

∑
x∈R

P (fk
1 f

l
2 = x)x

=
∑
p,q∈R

P (f1 = p, f2 = q)pkql

=
∑
a∈R2

P (f = a)ak1a
l
2

=

∫
R2

xk1x
l
2dµ(x)

In terms of µ =
∑

i ciδai with ai =
(
pi
qi

)
, this gives the formula in the statement:

E(fk
1 f

l
2) =

∑
i

cip
k
i q

l
i

Finally, the formulae of E(f) and V (f) are both clear from definitions. □

In order to get now beyond what we previously knew, from chapter 5, let us have a
closer look at the low order moments. At order 2 there are the numbers E(f 2

1 ), E(f
2
2 ),

that we are certainly familiar with, these being the usual second moments of the variables
f1, f2, and then the mixed moment E(f1f2), which is in need of some study.
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So, let us temporary pause our 2D study, and formulate, as a basic 1D fact:

Theorem 9.4. Given variables f, g : X → R, we can talk about their covariance

cov(f, g) = E[(f − E(f))(g − E(g))]
= E(fg)− E(f)E(g)

with this quantity having the following properties:

(1) cov(f, f) = V (f).
(2) If f, g are independent, cov(f, g) = 0.
(3) The converse of this latter fact is not true.
(4) cov(f, g)2 ≤ V (f)V (g).

Proof. This is something very standard, the idea being as follows:

(1) This is indeed clear, with either of the definitions for the variance V (f).

(2) This is clear too, coming from the multiplicativity formula for mixed moments.

(3) To start with, the converse of (2) has obviously zero chances to hold, because we
perfectly know from chapter 1 that the independence of f, g : X → R amounts in having
the following formula, for the mixed moments, meaning for any k, l ∈ N:

E(fkgl) = E(fk)E(gl)

This being said, an explicit counterexample will certainly not hurt. Consider two
Bernoulli variables f, g : X → R, taking their values according to the following table:

g\f a b

c pq + x (1− p)q − x q

d p(1− q)− x (1− p)(1− q) + x 1− q

p 1− p

The covariance of f, g can be then computed as follows:

cov(f, g) = E(fg)− E(f)E(g)
= [ac(pq + x) + ad(p(1− q)− x) + bc((1− p)q − x)

+bd((1− p)(1− q) + x)]− [ap+ b(1− p)][cq + d(1− q)]
= acx− adx− bcx+ bdx

= (a− b)(c− d)x
Which is bad news, because cov(f, g) = 0 means x = 0, which in turn means that f, g

must be independent. Damn, so instead of our counterexample, we have a theorem here,
stating that the converse of (2) holds for the Bernoulli variables. Good to know.
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(3’) Counterexample, take two. In view of the above, consider the simplest possible
situation which is not (Bernoulli, Bernoulli), which is as follows, with f following a uniform
trivalent distribution on [−1, 1], and with g being taken to be its square, g = f 2:

g\f −1 0 1

0 0 1/3 0 1/3

1 1/3 0 1/3 2/3

1/3 1/3 1/3

Our variables are then not independent, because the upper left 0 does not come as
0 = 1/3 · 1/3. On the other hand we have E(f) = 0, E(g) = 1/3, E(fg) = 0, so the
covariance is cov(f, g) = 0− 0 = 0, and we have our counterexample, as desired.

(4) In order to estimate cov(f, g) we can use the Cauchy-Schwarz inequality, applied
for the scalar product < f, g >= E(fg). Indeed, with a = E(f), b = E(g), we have:

cov(f, g)2 = E
(
(f − a)(g − b)

)2
= < f − a, g − b >2

≤ ||f − a||2||g − b||2

= E((f − a)2)E((g − b)2)
= V (f)V (g)

Thus, we have indeed the covariance inequality in the statement. □

As a complement to Theorem 9.4, in analogy with the fact that the variance V (f) is

usefully complemented by the standard deviation σf =
√
V (f), let us formulate:

Theorem 9.5 (continuation). Given f, g : X → R, we can equally talk about

ρfg =
cov(f, g)

σfσg

called correlation coefficient, which satisfies ρfg ∈ [−1, 1].

Proof. This is something self-explanatory, with ρfg ∈ [−1, 1] coming by extracting
the square root of the inequality cov(f, g)2 ≤ V (f)V (g) from Theorem 9.4. □

Getting back now to our 2D questions, we recall that a given variable f : X → R2 has
three order 2 moments, namely E(f 2

1 ), E(f
2
2 ), which are familiar objects, namely usual

second moments of the variables f1, f2, and then the mixed moment E(f1f2). Now the
above results suggest replacing this second moment E(f1f2) by the more familiar quantity
cov(f1, f2), or equivalently, by ρf1f2 . And the point is that all this leads us to:



9A. GAUSSIAN VECTORS 207

Definition 9.6. Associated to f : X → R2 is its covariance matrix, given by:

Σ =
[
cov(fi, fj)

]
ij

Equivalently, and more explicitly, this covariance matrix is given by:

Σ =

(
V (f1) cov(f1, f2)

cov(f1, f2) V (f2)

)
Alternatively, in terms of standard deviations and correlations, we have

Σ =

(
σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

)
with σi = σfi and ρ = ρf1f2. This matrix is positive, and Tr(Σ) = V (f).

To be more precise, the equivalence between the above 3 definitions of Σ comes from
the various formulae in Theorems 9.4 and 9.5, and the positivity comes from:

Tr(Σ) = V (f) ≥ 0 , det(Σ) = (1− ρ2)σ2
1σ

2
2 ≥ 0

Observe that, despite the simple form of Σ in terms of standard deviations, the eigen-
values remain elusive, the discriminant of the characteristic polynomial being:

∆ = Tr(Σ)2 − 4 det(Σ)

= (σ2
1 + σ2

2)
2 − 4(1− ρ2)σ2

1σ
2
2

= (σ2
1 − σ2

2)
2 + 8ρ2σ2

1σ
2
2

With this discussed, time to get back now to Question 9.1, at n = 2? Let us start
with a real remake of some things that we knew from chapter 6, namely:

Theorem 9.7. Assuming that f1 ∼ gbs and f2 ∼ gct are independent, the variable
f =

(
f1
f2

)
follows the following law:

gbcst =
1

2π
√
st

exp

(
−(x− b)2

2s
− (y − c)2

2t

)
dxdy

In this situation the covariance matrix is diagonal, Σ = diag(s, t).

Proof. According to our formulae for shifted bells, from chapter 2, we have:

gbs =
1√
2πs

e−(x−b)2/2s , gct =
1√
2πt

e−(x−c)2/2t

Now by multiplying, we are led to the density formula in the statement. As for
Σ = diag(s, t), this is clear, since we have f1 ∼ gbs and f2 ∼ gct , independent. □

The problem is now, can we get beyond this? And in answer, yes we can, by formu-
lating the following nice answer to the first part of Question 9.1, at n = 2:
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Definition 9.8. We call 2D Gaussian vector any variable

f : X → R2

having the property that αf1 + βf2 is normal, for any α, β ∈ R.

Obviously, this is something quite conceptual, generalizing the situation in Theorem
9.7. The motivations come from the 2D versions of the CLT, in the spirit of those from
chapter 5, leading to such variables. We will leave some learning here as an exercise.

As our most pressing task, we must check that Definition 9.8 brings indeed something
new, with respect to what we had in Theorem 9.7. And here, we have:

Theorem 9.9. Given variables h1, . . . , hm : X → R which are normal, hi ∼ gaiti , and
independent, and scalars λ1, . . . , λm ∈ R and µ1, . . . , µm ∈ R, the variable

f =

(
λ1h1 + . . .+ λmhm
µ1h1 + . . .+ µmhm

)
is a Gaussian vector in the above sense, and the corresponding covariance matrix is:

Σ =

( ∑
i λ

2
i ti

∑
i λiµiti∑

i λiµiti
∑

i µ
2
i ti

)
At m = 2 and λ = (1, 0), µ = (0, 1), we recover the situation from Theorem 9.7.

Proof. The first assertion is clear, since a linear combination of independent normal
variables is normal, as you can see for instance by looking at the corresponding Fourier
transform. Regarding now the computation of Σ, observe that we have:

cov(f1, f2) = cov

(∑
i

λihi ,
∑
j

µjhj

)

= E

(∑
ij

λiµjhihj

)
− E

(∑
i

λihi

)
E

(∑
j

µjhj

)

=
∑
i

λiµi(a
2
i + ti) +

∑
i ̸=j

λiµjaiaj −

(∑
i

λiai

)(∑
j

µjaj

)

=
∑
i

λiµiti +
∑
ij

λiµjaiaj −

(∑
i

λiai

)(∑
j

µjaj

)
=

∑
i

λiµiti

Thus we have the off-diagonal terms of Σ, and in fact the diagonal terms too, by
setting λi = µi in the above computation. Finally, the last assertion is clear. □
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The above result is quite interesting, and suggests the use of some linear algebra, in
order to better understand what is going on. Consider the following matrices:

L =

(
λ1 . . . λm
µ1 . . . µm

)
, h =

h1
...
hm

 , T =

t1 . . .
tm


We have then f = Lh and Σ = LTLt, and Theorem 9.9 reformulates as follows:

Theorem 9.10. Given h : X → Rm with normal independent entries, and L ∈
M2×m(R), the variable Lh : X → R2 is Gaussian, with Σ = LTLt, T = diag(V (hi)).

Proof. This is linear algebra magic, where all that indices have gone? Mystery. □

With this discussed, let us get now into the computation of the density of variables
Lh as above, or more generally, of Gaussian vectors in the sense of Definition 9.8. We
first have a technical result, in the general framework of Definition 9.8, as follows:

Proposition 9.11. Given a Gaussian vector f : X → R2, its law depends only on

(s, t, ρ, b, c)

the parameters being s = V (f1), t = V (f2), ρ = ρf1f2 and the position
(
b
c

)
∈ R2.

Proof. According to Definition 9.8, our vector f : X → R2 being Gaussian means
that βf1 + γf2 is normal, for any β, γ ∈ R. But, we can exploit this as follows:

(1) To start with, by using our normality assumption with β = 1, γ = 0, and then
with β = 0, γ = 1, we must have f1 ∼ gbs and f2 ∼ gct , for some s, t, b, c.

(2) Next, let us study the variables βf1 + γf2. The expectation is given by:

E(βf1 + γf2) = βb+ γc

As for the variance of these variables, this is given by the following formula:

V (βf1 + γf2) = E
[
(βf1 + γf2)

2
]
− [E(βf1 + γf2)]

2

= β2E(f 2
1 ) + γ2E(f 2

2 ) + 2βγE(f1f2)− [βE(f1) + γE(f2)]
2

= β2(b2 + s) + γ2(c2 + t) + 2βγE(f1f2)− β2b2 − γ2c2 − 2βγbc

= β2s+ γ2t+ 2βγ(E(f1f2)− bc)
= β2s+ γ2t+ 2βγcov(f1, f2)

= β2s+ γ2t+ 2βγ
√
stρ

We conclude that our abstract normality assumption on βf1 + γf2 reformulates into
the following more precise condition, telling us what its normal law exactly is:

βf1 + γf2 ∼ gβb+γc

β2s+γ2t+2βγ
√
stρ
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(3) Let us look now at the moments of βf1 + γf2. These are given by:

Mk(βf1 + γf2) =
k∑

r=0

(
k

r

)
βrγk−rE(f r

1f
k−r
2 )

On the other hand, according to the formula in (2), these moments are given by the
following formula, with φ being a certain 2-variable polynomial function:

Mk(βf1 + γf2) = φ(βb+ γc , β2s+ γ2t+ 2βγ
√
stρ)

We conclude from this, by recurrence, even without knowing the formula of φ, that
we can compute all the moments E(fk

1 f
l
2) in terms of (s, t, ρ, b, c), as desired. □

Good news, we can compute now the density of Gaussian vectors, as follows:

Theorem 9.12. Given a Gaussian vector f : X → R2, its density is

gbcstρ =
1

2π
√
detΣ

exp

(
−< Σ−1(z − a), z − a >

2

)
dz

the parameters being s = V (f1), t = V (f2), ρ = ρf1f2 and the position a =
(
b
c

)
∈ R2.

Proof. This is something quite tricky, the idea being as follows:

(1) Let us first see what happens in the context of Theorem 9.7, where f =
(
f1
f2

)
with f1 ∼ gbs and f2 ∼ gct , independent. In this case, as mentioned in Theorem 9.7, the
covariance matrix is Σ = diag(s, t), and our result predicts the correct density:

gbcst0 =
1

2π
√
st

exp

[
−1

2

〈(
s−1 0
0 t−1

)(
x− b
y − c

)
,

(
x− b
y − x

)〉]
dxdy

=
1

2π
√
st

exp

(
−(x− b)2

2s
− (y − c)2

2t

)
dxdy

(2) In order to deal now with the general case, by using Proposition 9.11, we can
assume that we are in the framework of Theorem 9.10, and in addition with m = 2, with
this being the smallest m ∈ N allowing us to model the correlation parameter ρ.

(3) So, assume this, f = Lh with h1 ∼ gb
′

s and h2 ∼ gc
′

t independent, and L ∈M2(R).
According to Theorem 9.7, processed as in (1), we have, with T = diag(s, t):

h ∼ 1

2π
√
detT

exp

(
−< T−1(z − a′), z − a′ >

2

)
dz
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Now observe that for any function φ : R2 → R, we have the following formula:

E(φ(f)) = E(φ(Lh))

=
1

2π
√
detT

∫
R2

φ(Lz) exp

(
−< T−1(z − a′), z − a′ >

2

)
dz

=
1

2π
√
detT

∫
R2

φ(w) exp

(
−< T−1(L−1w − a′), L−1w − a′ >

2

)
dw

| detL|

=
1

2π
√

det(LTLt)

∫
R2

φ(w) exp

(
−< (LTLt)−1(w − a), w − a >

2

)
dw

=
1

2π
√
detΣ

∫
R2

φ(w) exp

(
−< Σ−1(w − a), w − a >

2

)
dw

Thus, we are led to the density formula in the statement. □

The above result is quite interesting, and as a first consequence, we have:

Theorem 9.13. For f = Lh, with h : X → Rm having normal independent entries
and L ∈M2×m(R), we have cov(f1, f2) = 0 precisely when f1, f2 are independent.

Proof. This follows from Theorem 9.12, because cov(f1, f2) = 0 means ρ = 0, so the
law found there is gbcst0 = gbcst . However, this is overkill, and alternatively, we have:

(1) As starting point, we can use the standard fact, that we will leave as an exercise,
that given a vector h : X → Rm with entries hi ∼ g1, independent, and an orthogonal
matrix U ∈ Om, the vector k = Uh : X → Rm has also entries ki ∼ g1, independent.

(2) Now let prove the result, assuming hi ∼ g1, and with the matrix L ∈ M2×m(R)
being normalized too, as for both its rows to have norm 1. In order to apply the trick in
(1), we would like to find an orthogonal matrix U ∈ Om which looks as follows:

U =

(
L

∗

)
(3) But, according to the Gram-Schmidt procedure, this is possible precisely when the

rows of L are orthogonal, which in turn corresponds to the condition cov(f1, f2) = 0.

(4) Summarizing, we proved our result, under the normalization assumptions in (2).
As for the general case, this follows easily from this, say exercise for you. □

9b. Higher dimensions

Let us discuss now what happens in arbitrary n dimensions. This will be basically
a straightforward remake of what we did in the above at n = 2. But, we will use this
occasion for rearranging a bit the whole theory, upgrading it too, by insisting on the
underlying linear algebra, and also, hopefully, adding a few new things as well.
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Let us start our discussion with the following straightforward definition:

Definition 9.14. The axioms for n-dimensional probability are as follows:

(1) A probability space is a measured space (X,M, ν) of mass one, ν(X) = 1.
(2) A random variable on X is a measurable function f : X → Rn.
(3) The expectation of such a variable is E(f) =

∫
X
f(x)dν(x) ∈ Rn.

(4) The variance of such a variable is V (f) = E(||f − E(f)||2) ≥ 0.
(5) The law of f is the probability measure µ = f∗ν, push-forward of ν by f .

Obviously, all this is quite straightforward, generalizing what we previously had in
2D. In relation with the variance, we have in fact 3 equivalent formulae, as follows:

V (f) = E(||f − E(f)||2)
= V (f1) + . . .+ V (fn)

= E(||f ||2)− ||E(f)||2

In relation now with the law, observe that we have the following formula, valid for any
k1, . . . , kn ∈ N, allowing us in particular to compute the expectation and variance:

E(fk1
1 . . . fkn

n ) =

∫
Rn

xk11 . . . xknn dµ(x)

In fact, the above quantities E(fk1
1 . . . fkn

n ), which uniquely determine the law, can be
thought of as being the moments of f . As an illustration for this, we have:

Proposition 9.15. For a discrete variable f : X → Rn, the law is the measure

µ =
∑
i

ciδai , ci > 0 ,
∑
i

ci = 1 , ai ∈ Rn

given by the following formula, with P being the probability over X,

µ =
∑
a∈Rn

P (f = a)δa

with the sum being finite or countable, as per our discretness assumption. We have

E(f) =
∑
i

ciai , V (f) =
∑
i

ci||ai||2 −
∣∣∣∣∣∣∑

i

ciai

∣∣∣∣∣∣2
and the moments are given by the following formula,

E(fk1
1 . . . fkn

n ) =
∑
i

ci(ai)
k1
1 . . . (ai)

kn
n

valid for any exponents k1, . . . , kn ∈ N.
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Proof. The first assertion is self-explanatory. Regarding the moments, we have:

E(fk1
1 . . . fkn

n ) =
∑
x∈R

P (fk1
1 . . . fkn

n = x)x

=
∑

a1,...,an∈R

P (f1 = a1, . . . , fn = an)a
k1
1 . . . aknn

=
∑
a∈Rn

P (f = a)ak11 . . . aknn

=

∫
Rn

xk11 . . . xknn dµ(x)

In terms of µ =
∑

i ciδai , this gives the formula in the statement, namely:

E(fk1
1 . . . fkn

n ) =
∑
i

ci(ai)
k1
1 . . . (ai)

kn
n

Finally, the formulae of E(f) and V (f) are both clear from definitions. □

Still in analogy with what we did in 2D, let us introduce the following key notion:

Definition 9.16. Associated to f : X → Rn is its covariance matrix, given by:

Σ =
[
cov(fi, fj)

]
ij

Equivalently, in terms of standard deviations and correlations, we have

Σ =
[
ρijσiσj

]
ij

with σi = σfi and ρij = ρfifj . This matrix is positive, and Tr(Σ) = V (f).

To be more precise, the equivalence between the above two definitions of Σ comes
from the formulae in Theorems 9.4 and 9.5. Observe also that Σ factorizes as:

Σ =

σ1 . . .
σn

ρ11 . . . ρ1n
...

...
ρn1 . . . ρnn

σ1 . . .
σn


As for the positivity property of Σ, this comes from the following computation, with

the convention < f, g >= E(fg), and with the notation ai = E(fi):

Σij = cov(fi, fj)

= E ((fi − ai)(fj − aj))
= < fi − ai, fj − aj >

Indeed, this shows that Σ is the Gram matrix of the vectors fi − ai, and such Gram
matrices being always positive, we have positivity. Finally, Tr(Σ) = V (f) is clear.
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Moving now towards the generalization of our main results at n = 2, and with the idea
in mind of rearranging a bit that material, retrospectively, let us start with the following
answer to the first part of Question 9.1, in the general, n-dimensional case:

Definition 9.17. We call Gaussian vector any variable

f : X → Rn

having the property that
∑

i αifi is normal, for any αi ∈ R.

As a first illustration for this notion, dealing with the simplest case, let us start with
the following straightforward result, coming from things that we know well:

Theorem 9.18. Assuming that we have independent variables fi ∼ gaiti , the variable
f = (fi) is Gaussian, and follows the following law:

gaT =
1√

(2π)nt1 . . . tn
exp

(
−(x1 − a1)2

2t1
− . . .− (xn − an)2

2tn

)
dx

In this situation the covariance matrix is diagonal, Σ = diag(ti).

Proof. The first assertion is clear, since a linear combination of independent normal
variables is normal. Next, according to our formulae from chapter 2, we have:

gaiti =
1√
2πti

e−(x−ai)
2/2ti

Now by multiplying, we are led to the density formula in the statement. As for
Σ = diag(ti), this is clear, since we have fi ∼ gaiti , independent. □

Next, as a key generalization of the construction in Theorem 9.18, we have:

Theorem 9.19. Given a vector h : X → Rm having normal independent entries, and
a matrix L ∈Mn×m(R), the following variable is Gaussian,

f = Lh : X → Rn

with covariance matrix Σ = LTLt, where T = diag(V (hi)). In the case where m = n and
L is the identity matrix, we recover the construction in Theorem 9.18.

Proof. As before, the first assertion is clear, since a linear combination of indepen-
dent normal variables is normal. Regarding the covariance matrix, we have:

E(fifj) = E ((Lh)i(Lh)j)

=
∑
kl

LikLjlE(hkhl)

=
∑
k

LikLjkE(h
2
k) +

∑
k ̸=l

LikLjlE(hk)E(hl)
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By using now our formulae for shifted bells from chapter 2, we obtain:

E(fifj) =
∑
k

LikLjk

[
Tkk + E(hk)

2
]
+
∑
k ̸=l

LikLjlE(hk)E(hl)

=
∑
k

LikLjkTkk +
∑
kl

LikLjlE(hk)E(hl)

=
∑
k

LikTkkLjk +
∑
k

LikE(hk)
∑
l

LjlE(hl)

= (LTLt)ij + E(fi)E(fj)

Thus cov(fi, fj) = (LTLt)ij, which shows that we have Σ = LTLt, as claimed. □

Let us compute now the density of the variables in Theorem 9.19. In the simplest
case, that where the covariance matrix is diagonal, the result is as follows:

Theorem 9.20. In the context of Theorem 9.19, assuming that Σ is diagonal, the
variables f1, . . . , fn follow to be independent, as in Theorem 9.18, and the density is

gaΣ =
1√

(2π)n detΣ
exp

(
−< Σ−1(x− a), x− a >

2

)
dx

the parameters being the covariance matrix Σ ∈Mn(R), and the position a ∈ Rn.

Proof. This generalizes again things that we know in 2D, as follows:

(1) As starting point, we can use the standard fact, that we will leave as an exercise,
that given a vector h : X → Rm with entries hi ∼ g1, independent, and an orthogonal
matrix U ∈ Om, the vector k = Uh : X → Rm has also entries ki ∼ g1, independent.

(2) Now let prove the result, assuming hi ∼ g1, and with the matrix L ∈ Mn×m(R)
being normalized too, as for all its rows to have norm 1. In order to apply the trick in
(1), we would like to find an orthogonal matrix U ∈ Om which looks as follows:

U =

(
L

∗

)
(3) But, according to the Gram-Schmidt procedure, this is possible precisely when the

rows of L are orthogonal, which in turn corresponds to the condition cov(fi, fj) = 0.

(4) Summarizing, we proved our result, under the normalization assumptions in (2).
As for the general case, this follows easily from this, say exercise for you.

(5) Finally, the density formula in the statement is the one from Theorem 9.18, written
a bit more conceptually, in terms of the covariance matrix Σ ∈Mn(R). □

Quite remarkably, the density formula in Theorem 9.20 holds in fact without assump-
tions on Σ, and in fact for any Gaussian vector, the result being as follows:
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Theorem 9.21. The density of a Gaussian vector f : X → Rn is given by

gaΣ =
1√

(2π)n detΣ
exp

(
−< Σ−1(x− a), x− a >

2

)
dx

the parameters being the covariance matrix Σ ∈Mn(R), and the position a ∈ Rn.

Proof. This generalizes again things that we know in 2D, as follows:

(1) According to Definition 9.17, our vector f : X → Rn being Gaussian means that∑
i αifi is normal, for any αi ∈ R. In particular, fi ∼ gaiti , for some ti, ai.

(2) Next, let us study the variables
∑

i αifi. Their variance is given by:

V

(∑
i

αifi

)
= E

(∑
i

αifi

)2
− [E(∑

i

αifi

)]2
=

∑
ij

αiαjE(fifj)−
∑
ij

αiαjE(fi)E(fj)

=
∑
ij

αiαjcov(fi, fj)

=
∑
ij

αiαjΣij

We conclude that our abstract normality assumption on
∑

i αifi reformulates into the
following more precise condition, telling us what its normal law exactly is:∑

i

αifi ∼ gbs : s =
∑
ij

αiαjΣij , b =
∑
i

αiai

(3) Let us look now at the moments of
∑

i αifi. These are given by:

Mk

(∑
i

αifi

)
=

∑
r1+...+rn=k

(
k

r1, . . . , rn

)
αr1
1 . . . αrn

n E(f
r1
1 . . . f rn

n )

On the other hand, according to the formula in (2), these moments are given by the
following formula, with φ being a certain 2-variable polynomial function:

Mk

(∑
i

αifi

)
= φ

(∑
i

αiai ,
∑
ij

αiαjΣij

)
We conclude from this, by recurrence, even without knowing the precise formula of φ,

that we can compute all the moments E(fk1
1 . . . fkn

n ) in terms of (Σ, a).

(4) Thus the density that we are looking for depends only on (Σ, a). But this means
that we can assume that we are in the framework of Theorem 9.19, and with m = n, this
being the smallest m ∈ N allowing us to model the covariance matrix Σ.
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(5) So, let us assume this, f = Lh with hi ∼ g
a′i
ti independent, and L ∈ Mn(R).

According to Theorem 9.18 we have the following formula, with T = diag(ti):

h ∼ 1√
(2π)n detT

exp

(
−< T−1(x− a′), x− a′ >

2

)
dx

Now observe that for any function φ : Rn → R, we have the following formula:

E(φ(f)) = E(φ(Lh))

=
1√

(2π)n detT

∫
Rn

φ(Lx) exp

(
−< T−1(x− a′), x− a′ >

2

)
dx

=
1√

(2π)n detT

∫
Rn

φ(y) exp

(
−< T−1(L−1y − a′), L−1y − a′ >

2

)
dy

| detL|

=
1√

(2π)n det(LTLt)

∫
Rn

φ(y) exp

(
−< (LTLt)−1(y − a), y − a >

2

)
dy

=
1√

(2π)n detΣ

∫
Rn

φ(y) exp

(
−< Σ−1(y − a), y − a >

2

)
dy

Thus, we are led to the density formula in the statement. □

And with this, end of our study of the Gaussian vectors. Good work that we did, we
learned the basics, but for the efficient use of these beasts, say in questions from statistics,
there are of course far more things to be learned. Exercise for you, I guess.

9c. Laplace operator

Moving on, I don’t know about you, but personally I find that too much multivariable
calculus, to the point of reaching the Jacobian, as we just did, can be a bit frustrating, in
the lack of some applications. So, browsing now through various physics and engineering
manuals, which keep piling in my living room, here is what I got, for the two of us:

Question 9.22. We would like to solve the main equations in physics, namely:

(1) Laplace: ∆φ = 0.
(2) Heat: φ̇ = α∆φ.
(3) Waves: φ̈ = v2∆φ.

(4) Schrödinger: ihφ̇ = − h2

2m
∆φ+ V φ.

As a first observation, it is not even clear what all these equations are about. I mean,
what is that ∆ symbol, then what are α, v, h,m, V , and finally, once these equations
mathematically making sense, what phenomenon each equation precisely describes.
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In answer, and getting back now to my living room, for some further consultation of
all that physics and engineering books, ∆ =

∑
i d

2/dx2i is the Laplace operator, sort of a
numeric second derivative, in several variables, and regarding the equations:

(1) The Laplace equation ∆φ = 0 originally comes from electrostatics, describing
steady-state equilibrium and potential fields in source-free regions.

(2) The heat equation φ̇ = α∆φ describes heat diffusion, through a medium having
thermal diffusivity, or “speed of diffusion”, if you prefer, α > 0.

(3) The wave equation φ̈ = v2∆φ describes the propagation of various waves, which
can be mechanical or electromagnetic, at speed v > 0.

(4) The Schrödinger equation ihφ̇ = − h2

2m
∆φ + V φ describes the evolution of a wave

function under a potential V , m being the mass, and h the reduced Planck constant.

Which sounds quite good, and getting to work now, we first need to talk about the
Laplace operator ∆, and the Laplace equation ∆φ = 0. As starting point, we have:

Theorem 9.23. The first two derivatives of φ : Rn → R, making the formula

φ(x+ t) ≃ φ(x) + φ′(x)t+
< φ′′(x)t, t >

2

work, with t ≃ 0, are the following row vector and square matrix,

φ′(x) =

(
dφ

dxi

)
i

, φ′′(x) =

(
d2φ

dxidxj

)
ij

called respectively transposed gradient, and Hessian matrix.

Proof. This is indeed something very standard, that you surely know, and I even
have proof for this, the Jacobian technology that we used in the proof of Theorem 9.21,
and even ages ago, in the proof of Theorem 9.12, being more advanced than this. But of
course, if in need of some help, you can have a look for instance at my continuous variable
book [9], where all this, gradient, Hessian and Jacobian too, is explained in detail. □

Getting now to the Laplace operator, here is how this appears:

Theorem 9.24. When needing in your problems a numeric second derivative, the
trace of the Hessian matrix, called Laplacian, given by the formula

∆φ =
n∑

i=1

d2φ

dx2i

is often what you need. Indeed, ∆φ measures how much different is φ(x), compared to
the average of φ(y), with y ≃ x, with this being something very useful.
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Proof. This is obviously something a bit heuristic, but good to know. Let us write
the formula in Theorem 9.23 as such, and with t→ −t too:

φ(x+ t) ≃ φ(x) + φ′(x)t+
< φ′′(x)t, t >

2

φ(x− t) ≃ φ(x)− φ′(x)t+
< φ′′(x)t, t >

2
By making the average, we obtain from this the following formula:

φ(x+ t) + φ(x− t)
2

≃ φ(x) +
< φ′′(x)t, t >

2

Now by thinking a bit, we are led to the conclusions in the statement. □

With this understood, the problem is now, what can we say about the mathematics
of ∆? And we have here the following standard question, inspired by linear algebra:

Question 9.25. The Laplace operator being linear, namely

∆(aφ+ bψ) = a∆φ+ b∆ψ

what can we say about it, inspired by usual linear algebra?

In answer now, the space of functions φ : Rn → R on which ∆ acts being infinite
dimensional, the usual tools from linear algebra do not apply as such, and we must be
extremely careful. In addition, if a function φ : Rn → R is twice differentiable, nothing
will guarantee that the function ∆φ : Rn → R is twice differentiable too. Thus, we have
some issues with the domain and range of ∆, regarded as linear operator. Not good.

So, shall we trash Question 9.25? Not so quick, because, remarkably, some magic
comes at n = 2 and higher in relation with complex analysis, according to:

Principle 9.26. The functions φ : Rn → R which are 0-eigenvectors of ∆,

∆φ = 0

called harmonic functions, have the following properties:

(1) At n = 1, nothing spectacular, these are just the linear functions.
(2) At n = 2, these are, locally, the real parts of holomorphic functions.
(3) At n ≥ 3, these still share many properties with the holomorphic functions.

In order to understand this, or at least get introduced to it, let us first look at the
case n = 2. Here, any φ : R2 → R can be regarded as function φ : C→ R, depending on
z = x + iy. Thus, it is natural to enlarge the attention to the functions φ : C → C, and
ask which of these functions are harmonic, ∆φ = 0. And here, we have:
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Theorem 9.27. Any holomorphic function φ : C→ C, when regarded as function

φ : R2 → C
is harmonic. Moreover, the conjugates φ̄ of holomorphic functions are harmonic too.

Proof. The first assertion comes from the following computation, with z = x+ iy:

∆zk =
d2zk

dx2
+
d2zk

dy2

=
d(kzk−1)

dx
+
d(ikzk−1)

dy

= k(k − 1)zk−2 − k(k − 1)zk−2

= 0

As for the second assertion, this is clear, coming from ∆φ̄ = ∆φ. □

Many more things can be said, along these lines, notably a proof of the assertion (2)
in Principle 9.26, which is however a quite tough piece of mathematics, and then with a
clarification of the assertion (3) too, from that same principle. See Rudin [80].

9d. Heat diffusion

Getting now to physics, and to Question 9.22, I would say to skip the Laplace equation,
(1) there, on the grounds that we already did some mathematics for that, enough work,
and go with a fresh topic, namely (2), heat diffusion. And here, we have:

Theorem 9.28. Heat diffusion is described by the heat equation

φ̇ = α∆φ

where α > 0 is a constant, called thermal diffusivity of the medium.

Proof. The study here can be done by using a lattice model, as follows:

(1) To start with, as an intuitive explanation, the equation formulated above tells us
that the rate of change φ̇ of the temperature of the material at any given point must be
proportional, with proportionality factor α > 0, to the average difference of temperature
between that given point and the surrounding material. Which sounds good.

(2) Now the point is that we can more rigorously recover this equation by using a
lattice model. Indeed, let us first assume that we are in the one-dimensional case, n = 1.
Here our model can be taken as follows, with distance l > 0 between neighbors:

◦x−l
l ◦x

l ◦x+l

(3) In order to model heat diffusion, we have to implement the intuitive mechanism
explained above, namely “the rate of change of the temperature of the material at any



9D. HEAT DIFFUSION 221

given point must be proportional, with proportionality factor α > 0, to the average
difference of temperature between that given point and the surrounding material”.

(4) In practice, this leads to a condition as follows, expressing the change of the
temperature φ, over a small period of time δ > 0:

φ(x, t+ δ) = φ(x, t) +
αδ

l2

∑
x∼y

[φ(y, t)− φ(x, t)]

To be more precise, we have made several assumptions here, as follows:

– General heat diffusion assumption: the change of temperature at any given point x
is proportional to the average over neighbors, y ∼ x, of the differences φ(y, t) − φ(x, t)
between the temperatures at x, and at these neighbors y.

– Infinitesimal time and length conditions: in our model, the change of temperature
at a given point x is proportional to small period of time involved, δ > 0, and is inverse
proportional to the square of the distance between neighbors, l2.

(5) Regarding these latter assumptions, the one regarding the proportionality with the
time elapsed δ > 0 is something quite natural, physically speaking, and mathematically
speaking too, because we can rewrite our equation as follows, making it clear that we
have here an equation regarding the rate of change of temperature at x:

φ(x, t+ δ)− φ(x, t)
δ

=
α

l2

∑
x∼y

[φ(y, t)− φ(x, t)]

As for the second assumption that we made above, namely inverse proportionality
with l2, this can be justified on physical grounds too, but again, perhaps the best is to do
the math, which will show right away where this proportionality comes from.

(6) So, let us do the math. In the context of our 1D model the neighbors of x are the
points x± l, and so the equation that we wrote above takes the following form:

φ(x, t+ δ)− φ(x, t)
δ

=
α

l2

[
(φ(x+ l, t)− φ(x, t)) + (φ(x− l, t)− φ(x, t))

]
Now observe that we can write this equation as follows:

φ(x, t+ δ)− φ(x, t)
δ

= α · φ(x+ l, t)− 2φ(x, t) + φ(x− l, t)
l2

(7) We recognize on the right the usual approximation of the second derivative, coming
from calculus, and more specifically from the Taylor formula, at order 2. Thus, when
taking the continuous limit of our model, l→ 0, we obtain the following equation:

φ(x, t+ δ)− φ(x, t)
δ

= α · φ′′(x, t)

Now with t→ 0, we are led in this way to φ̇(x, t) = α · φ′′(x, t), as desired.
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(8) With this done, let us discuss now 2 dimensions. Here we can use a similar lattice
model, as follows, with all lengths being taken l > 0, for simplifying:

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

(9) We have to implement now the physical heat diffusion mechanism, namely “the
rate of change of the temperature of the material at any given point must be proportional,
with proportionality factor α > 0, to the average difference of temperature between that
given point and the surrounding material”. In practice, this leads to a condition as follows,
expressing the change of the temperature φ, over a small period of time δ > 0:

φ(x, y, t+ δ) = φ(x, y, t) +
αδ

l2

∑
(x,y)∼(u,v)

[φ(u, v, t)− φ(x, y, t)]

In fact, we can rewrite our equation as follows, making it clear that we have here an
equation regarding the rate of change of temperature at x:

φ(x, y, t+ δ)− φ(x, y, t)
δ

=
α

l2

∑
(x,y)∼(u,v)

[φ(u, v, t)− φ(x, y, t)]

(10) So, let us do the math. In the context of our 2D model the neighbors of x are
the points (x± l, y ± l), so the equation above takes the following form:

φ(x, y, t+ δ)− φ(x, y, t)
δ

=
α

l2

[
(φ(x+ l, y, t)− φ(x, y, t)) + (φ(x− l, y, t)− φ(x, y, t))

]
+

α

l2

[
(φ(x, y + l, t)− φ(x, y, t)) + (φ(x, y − l, t)− φ(x, y, t))

]
Now observe that we can write this equation as follows:

φ(x, y, t+ δ)− φ(x, y, t)
δ

= α · φ(x+ l, y, t)− 2φ(x, y, t) + φ(x− l, y, t)
l2

+ α · φ(x, y + l, t)− 2φ(x, y, t) + φ(x, y − l, t)
l2

(11) As it was the case before in one dimension, we recognize on the right the usual
approximation of the second derivative, coming from calculus. Thus, when taking the
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continuous limit of our model, l→ 0, we obtain the following equation:

φ(x, y, t+ δ)− φ(x, y, t)
δ

= α

(
d2φ

dx2
+
d2φ

dy2

)
(x, y, t)

Now with t→ 0, this gives φ̇(x, y, t) = α∆φ(x, y, t), as desired.

(12) Finally, in arbitrary n dimensions the same argument carries over, namely a
straightforward lattice model, and we will leave this as an exercise. □

Regarding now the resolution of the heat equation, we have here:

Theorem 9.29. The heat diffusion equation, φ̇ = α∆φ with α > 0, with initial
condition φ(x, 0) = f(x), has as solution the function

φ(x, t) =

∫
Rn

Kt(x− y)f(y)dy

where the function Kt : Rn → R, called heat kernel, given by

Kt(x) =
1√

(4παt)n
e−||x||2/4αt

is the standard solution, coming from the initial data f = δ0, Dirac mass at 0.

Proof. Observe first that Kt is the standard Gaussian density on Rn, but we will
keep calling it heat kernel, like everyone does. As for the proof, this goes as follows:

(1) Let us first discuss what happens in 1 dimension. We first have to check that the
heat kernel Kt is indeed a solution. The time derivative is:

K̇t = −
1

2t
√
4παt

e−x2/4αt +
x2

4αt2
√
4παt

e−x2/4αt

Regarding the first space derivative, this is given by the following formula:

K ′
t = −

x

2αt
√
4παt

e−x2/4αt

As for the second space derivative, this is given by the following formula:

K ′′
t = − 1

2αt
√
4παt

e−x2/4αt +
x2

4α2t2
√
4παt

e−x2/4αt

Thus, we can see that the heat equation φ̇ = αφ′′ is indeed satisfied.

(2) Next, let us convolve Kt with an arbitrary function f , as follows:

φ(x, t) =

∫
RN

Kt(x− y)f(y)dy
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The point now is that, when doing so, all the computations from (1) will perturb well,
according to the following formulae, which are both clear:

φ̇(x, t) =

∫
R
K̇t(x− y)f(y)dy

φ′′(x, t) =

∫
R
K ′′

t (x− y)f(y)dy

Thus, we can see that the heat equation φ̇ = αφ′′ is again satisfied.

(3) Next, by using the fact that Kt has mass 1, it is routine to check that Kt comes
indeed from the simplest situation, that of a radiating point body placed at 0, and then
that the solution found in (2) by convolving comes indeed from the initial data f .

(4) Finally, everything extends well to arbitrary dimensions, and we will leave this as
an exercise. As for the uniqueness issues, we will leave this as an exercise too. □

As a conclusion to this, the 3D normal laws, also called heat kernel, are smart enough
for solving the heat diffusion equation, in our usual 3D. Which is quite remarkable.

9e. Exercises

This was a standard introduction to Gaussian vectors, and as exercises, we have:

Exercise 9.30. Do some computations of covariances and correlations.

Exercise 9.31. Learn more about technical CLT, producing Gaussian vectors.

Exercise 9.32. Learn more about positive matrices, and their properties.

Exercise 9.33. Recapture the density of Gaussian vectors, by other means.

Exercise 9.34. Clarify what we said, regarding the philosophy of ∆.

Exercise 9.35. Learn about harmonic functions, as much as you can.

Exercise 9.36. Work out the final details, for the heat equation in 1D.

Exercise 9.37. Work out the details for the heat equation, in n dimensions.

As bonus exercise, have a look as well at the wave and Schrödinger equations.



CHAPTER 10

Chi and gamma

10a. Chi squared

We have seen quite a deal of multivariable calculus and probability in chapter 9, in
relation with the variables f : X → Rn studied there. In this chapter we get back to 1
dimension, by using a simple idea, namely looking at the laws of the corresponding real
variables ||f ||2 : X → R and ||f || : X → R, called chi squared and chi laws.

In fact, we already met this idea in chapter 6, at the particular value n = 2, when
studying the Rayleigh laws. So, this chapter will be basically a remake of chapter 6, by
adding as much parameters as possible, coming from our work from chapter 9, notably
with the dimension parameter n ∈ N. And in the end, we will talk more in detail about
the case n = 3, where many interesting things happen. This will be our plan.

Getting started, our previous experience from chapters 6 and 9 shows that many
parameters can be a quite tricky business. So, we will do things slowly, by introducing
them gradually. Let us start with the following definition, simple and bright:

Definition 10.1. The chi squared law, depending on n ∈ N, is given by

χ2
n = law

(
f 2
1 + . . .+ f 2

n

)
with f1, . . . , fn being independent, each following g1. We can talk as well about

χn = law

(√
f 2
1 + . . .+ f 2

n

)
called chi law, whose simplest n > 1 instance, χ2, is the Rayleigh law.

So, these laws, and their various parametric versions, will be our objects of interest,
in this chapter. As in chapter 6, we will first study χ2

n, which is simpler, and leave χn for
later. Getting to work now, as a first and main result regarding χ2

n, we have:

Theorem 10.2. The density of the chi squared law is given by

χ2
n =

xn/2−1e−x/2

2n/2Γ(n/2)
dx

on [0,∞), with Γ being as usual the gamma function.

225



226 10. CHI AND GAMMA

Proof. This is something quite tricky, the idea being as follows:

(1) To start with, and standing as a useful complement to what the statement says,
let us recall from chapter 6 that the gamma function is constructed as follows:

Γ(s) =

∫ ∞

0

xs−1e−x dx

By partial integration we have Γ(s + 1) = sΓ(s), and since Γ(1) = 1, trivially, and
Γ(1/2) =

√
π, obtained via x = y2, we have the following formulae, for N ∈ N:

Γ(N) = (N − 1)! , Γ

(
N +

1

2

)
=

(2N)!!

2N
√
π

Alternatively, we have the following formula, with c =
√
2,
√
π for n even, odd:

Γ
(n
2

)
=

(n− 1)!!

2(n−1)/2
c

(2) Getting now to what our statement says, with f1, . . . , fn being independent vari-
ables, all following the normal law g1, we have:

Mk(χ
2
n) = E((f 2

1 + . . .+ f 2
n)

k)

=
∑

i1+...+in=k

(
k

i1, . . . , in

)
E(f 2i1

1 ) . . . E(f 2in
n )

=
∑

i1+...+in=k

k!

i1! . . . in!
(2i1)!! . . . (2in)!!

=
∑

i1+...+in=k

k!

i1! . . . in!
· (2i1)!
2i1i1!

· · · (2in)!
2inin!

=
k!

2k

∑
i1+...+in=k

(2i1)!

i1!i1!
· · · (2in)!

in!in!

=
k!

2k

∑
i1+...+in=k

(
2i1
i1

)
. . .

(
2in
in

)
In order to finish this computation, we can use the following formula:

1√
1− 4z

=
∞∑
i=0

(
2i

i

)
zi

Indeed, by taking the n-th power of this series, we obtain the following formula:

1√
(1− 4z)n

=
∑
k

zk
∑

i1+...+in=k

(
2i1
i1

)
. . .

(
2in
in

)
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Now by putting everything together, the conclusion is that we have:

1√
(1− 4z)n

=
∑
k≥0

(2z)k

k!
Mk(χ

2
n)

But the function on the left can be computed by using the generalized binomial for-
mula, with exponent p = −n/2, and we obtain in this way:

1√
(1− 4z)n

=
∑
k≥0

(
−n/2
k

)
(−4z)k

=
∑
k≥0

(−n/2)(−n/2− 1) . . . (−n/2− k + 1)

k!
(−4z)k

=
∑
k≥0

n(n+ 2) . . . (n+ 2k − 2)

k!
(2z)k

And with this, good news, done with our moment computation, which yields:

Mk(χ
2
n) = n(n+ 2) . . . (n+ 2k − 2)

(3) However, not time to celebrate yet, because we still have to do the second part of
the work, namely computation of the moments for the predicted density, which is:

χ2
n =

xn/2−1e−x/2

2n/2Γ(n/2)
dx

By using the definition of the gamma function, as formulated in (1), and then several
times the formula Γ(s+ 1) = sΓ(s), the moments of this predicted density are:

Ik =
1

2n/2Γ(n/2)

∫ ∞

0

xn/2+k−1e−x/2 dx

=
1

2n/2Γ(n/2)

∫ ∞

0

(2y)n/2+k−1e−y 2dy

=
2k

Γ(n/2)

∫ ∞

0

yn/2+k−1e−y dy

= 2k · Γ(n/2 + k)

Γ(n/2)

= 2k · Γ(n/2 + k)

Γ(n/2 + k − 1)
· Γ(n/2 + k − 1)

Γ(n/2 + k − 2)
. . .

Γ(n/2 + 1)

Γ(n/2)

= 2k
(n
2
+ k − 1

)(n
2
+ k − 2

)
. . .
(n
2

)
= n(n+ 2) . . . (n+ 2k − 2)

We conclude that we have Ik =Mk(χ
2
n), so job done, and theorem proved. □
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As a comment now, you might perhaps say, why doing the above 2 pages of moment
computations, instead of simply getting the density of ||f ||2 from that of f , that we know
well from chapter 9. Good point, so let us develop now this idea of yours:

Theorem 10.3 (again). The density of the chi squared law is given by

χ2
n =

xn/2−1e−x/2

2n/2Γ(n/2)
dx

on [0,∞), this time coming via a direct density transport.

Proof. Buckle up, the computations will be a bit harder than expected:

(1) Consider a vector f = (fi) whose components follow g1 and are independent, so
that ||f ||2 ∼ χ2

n. We have the following formula, for any function φ : [0,∞)→ R:

E
(
φ(||f ||2)

)
=

1√
(2π)n

∫
Rn

φ(||x||2)e−||x||2/2dx

Thus, we have our density, provided that we can compute the integral on the right.

(2) In order to do so, we can use spherical coordinates. There are many possible
conventions here, and we will use in this book the following nice-looking formulae:

x1 = r cos t1
x2 = r sin t1 cos t2
...

xn−1 = r sin t1 sin t2 . . . sin tn−2 cos tn−1

xn = r sin t1 sin t2 . . . sin tn−2 sin tn−1

We will also need the Jacobian of these coordinates. By developing over the last
column, we obtain the following formula for this Jacobian Jn:

Jn = r sin t1 . . . sin tn−2 sin tn−1 × sin tn−1Jn−1

+ r sin t1 . . . sin tn−2 cos tn−1 × cos tn−1Jn−1

= r sin t1 . . . sin tn−2(sin
2 tn−1 + cos2 tn−1)Jn−1

= r sin t1 . . . sin tn−2Jn−1

Thus, by recurrence, we conclude that the Jacobian is given by:

Jn = rn−1 sinn−2 t1 sin
n−3 t2 . . . sin

2 tn−3 sin tn−2

Observe that this formula fits with the well-known formulae at n = 1, 2, 3, that you
surely know from physics class, namely J1 = 1, J2 = r, J3 = r2 sin t1.
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(3) Getting back to our computation (1), this can be continued as follows, with the
2n factor coming from the fact that we restricted attention to x = (xi) with xi ≥ 0:

E
(
φ(||f ||2)

)
=

1√
(2π)n

∫
Rn

φ(||x||2)e−||x||2/2dx

=
2n√
(2π)n

∫ π/2

0

. . .

∫ π/2

0

∫ ∞

0

φ(r2)e−r2/2 × rn−1

× sinn−2 t1 sin
n−3 t2 . . . sin

2 tn−3 sin tn−2 drdt1 . . . dtn−1

=

(
2

π

)n/2 ∫ π/2

0

sinn−2 t1dt1 . . . . . .

∫ π/2

0

sin0 tn−1dtn−1

×
∫ ∞

0

φ(r2)rn−1e−r2/2dr

(4) Now if we denote by C the above product of trigonometric integrals, with the
normalization factor in front of it included, we have:

E
(
φ(||f ||2)

)
= C

∫ ∞

0

φ(r2)rn−1e−r2/2dr

= C

∫ ∞

0

φ(y)y(n−1)/2e−y/2 dy

2
√
y

=
C

2

∫ ∞

0

φ(y)yn/2−1e−y/2dy

(5) As a comment now, the trigonometric factor C is more or less the same thing as
the volume V of the unit sphere, as shown by the following computation:

V = 2n
∫ π/2

0

. . .

∫ π/2

0

∫ 1

0

rn−1

× sinn−2 t1 sin
n−3 t2 . . . sin

2 tn−3 sin tn−2 drdt1 . . . dtn−1

=
2n

n

∫ π/2

0

sinn−2 t1dt1 . . . . . .

∫ π/2

0

sin0 tn−1dtn−1

Even better, observe that the area A of the unit sphere is given by:

A = nV = 2n
∫ π/2

0

sinn−2 t1dt1 . . . . . .

∫ π/2

0

sin0 tn−1dtn−1

But with this, our computation in (3) simply reads, with ψ(r) = φ(r2)e−r2/2:∫
Rn

ψ(||x||)dx = A

∫ ∞

0

ψ(r)rn−1dr

In fact, and we will leave this as an instructive geometry exercise, it is possible to
come upon this latter formula, valid for any ψ, just by thinking. Enjoy.
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(6) Back to our business now, regardless of the method used, we need to compute that
integrals of sines. I mean, even when short-circuiting the spherical coordinates, via some
direct geometry, as suggested in (5), this would lead us into the computation of V . And
here, regardless of the method used, which can be spherical coordinates, or recurrence by
slicing, you are led in practice to computing the above integrals of sines.

(7) So, trigonometric integrals. Following Wallis, our claim is that we have the follow-
ing formulae, where ε(p) = 1 if p is even, and ε(p) = 0 if p is odd:∫ π/2

0

cosp t dt =

∫ π/2

0

sinp t dt =
(π
2

)ε(p) p!!

(p+ 1)!!

Indeed, our integrals being equal, let us look at the one on the left Ip. We have:

(cosp t sin t)′ = p cosp−1 t(− sin t) sin t+ cosp t cos t

= p cosp+1 t− p cosp−1 t+ cosp+1 t

= (p+ 1) cosp+1 t− p cosp−1 t

By integrating now between 0 and π/2, we obtain the following formula:

(p+ 1)Ip+1 = pIp−1

Thus we can compute Ip by recurrence, and we obtain in this way:

Ip =
p− 1

p
Ip−2

=
p− 1

p
· p− 3

p− 2
Ip−4

...

=
p!!

(p+ 1)!!
I1−ε(p)

Now the initial data being I0 =
π
2
and I1 = 1, we obtain the result.

(8) And with this, good news, we can finish. The factor C from (4) is given by:

C =

(
2

π

)n/2 ∫ π/2

0

sinn−2 t1dt1 . . . . . .

∫ π/2

0

sin0 tn−1dtn−1

=

(
2

π

)n/2 (π
2

)ε(n−2)+...+ε(0) (n− 2)!!

(n− 1)!!
· (n− 3)!!

(n− 2)!!
. . . . . .

0!!

1!!

=

(
2

π

)n/2 (π
2

)[n/2] 1

(n− 1)!!

=

(
2

π

)ε(n)/2
1

(n− 1)!!
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(9) Thus, by getting back now to our formula in (4), that reads:

E
(
φ(||f ||2)

)
=

1

2

(
2

π

)ε(n)/2
1

(n− 1)!!

∫ ∞

0

φ(y)yn/2−1e−y/2dy

In order to further process the normalization factor, recall from the proof of Theorem
10.2 that we have the following formula, with c =

√
2,
√
π for n even, odd:

Γ
(n
2

)
=

(n− 1)!!

2(n−1)/2
c

Equivalently, with ε(n) = 1 if n is even, and ε(n) = 0 if n is odd, we have:

2n/2Γ
(n
2

)
= (n− 1)!!

√
2 c = (n− 1)!! 2

(π
2

)ε(n)/2
Thus, in terms of the gamma function, our expectation formula reads:

E
(
φ(||f ||2)

)
=

1

2n/2Γ(n/2)

∫ ∞

0

φ(y)yn/2−1e−y/2dy

We are therefore led to the density in the statement.

(10) Finally, as a byproduct of our study, let us record some useful formulae, for
the volume V and area A of the unit sphere in Rn, obtained via (5), thanks to the
trigonometric integral computed in (8). According to our computations, these are:

V =
(π
2

)[n/2] 2n

(n+ 1)!!
, A =

(π
2

)[n/2] 2n

(n− 1)!!

Equivalently, in terms of the gamma function, the formulae are a bit more complicated,
as follows, with our usual convention c =

√
2,
√
π for n even, odd:

V =
(π
2

)[n/2] 2(n−1)/2c

Γ(n/2 + 1)
, A =

(π
2

)[n/2] 2(n+1)/2c

Γ(n/2)

Finally, for the story to be complete, let us record as well the Stirling asymptotics:

V ≃
(
2πe

n

)n/2
1√
πn

, A ≃
(
2πe

n

)n/2√
n

π

And with of course exercise for you, to learn more about all this, spheres. □

Quite interesting all this, and looking back at what we did, the question comes, in the
end, which of Theorems 10.2 and 10.3 is the best? Not an easy question, and as usual in
such philosophical situations, time to ask the rat. Who advices the following:

Rat 10.4. Remember, combinatorics and analysis are the same thing, due to the bi-
nomial formula (a+ b)n =

∑
k

(
n
k

)
akbn−k, which produces them both.
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Well, thanks rat, but I must admit that this sounds to me a bit too advanced. I mean,
I can certainly understand that at your level of knowledge, Theorems 10.2 and 10.3 are
exactly the same thing. But do I have as much time available as you do, for meditating
at all this. Remember after all that I am feeding us both, and it would be impossible for
me to do that, if spending my days in tranquility, hidden under the stove.

So, going now with cat, for a piece of complementary advice, here is what she says:

Cat 10.5. Efficiency. With combinatorics you got the density and moments in 2
pages, with analysis you got the density only, in 4 pages.

Which sounds good, thanks cat, cannot argue with this, indeed, and Theorem 10.2
will remain our official one, on the subject. Moving on, based on that theorem, and by
adding a few missing things, here is our grand result, about the chi squared laws:

Theorem 10.6. The chi squared laws have the following properties:

(1) χ2
n = law(f 2

1 + . . .+ f 2
n), with fi ∼ g1, independent.

(2) The density is given by χ2
n = xn/2−1e−x/2

2n/2Γ(n/2)
dx.

(3) The moments are Mk = n(n+ 2) . . . (n+ 2k − 2).

(4) We have E = n, V = 2n, γ =
√

8/n, κ = 3 + 12/n.
(5) The Fourier transform is F (x) = (1− 2ix)−n/2.

Proof. Here (1) is the definition of the chi squared laws, as formulated before, and
(2) and (3) are things that we know well, from Theorem 10.2 and its proof. Regarding
now (4), according to our general moment formula in (3), we have:

M1 = n

M2 = n(n+ 2)

M3 = n(n+ 2)(n+ 4)

M4 = n(n+ 2)(n+ 4)(n+ 6)

Thus we have the expectation E = n, and then the variance is given by:

V = (n2 + 2n)− n2 = 2n

In order to compute now γ and κ, observe that the needed central moments are:

M ′
3 =M3 − 3EM2 + 2E3 = 8n

M ′
4 =M4 − 4EM3 + 6E2M2 − 3E4 = 12n(n+ 4)

Thus, the skewness and kurtotis are given by the following formulae:

γ =
8n

2n
√
2n

=

√
8

n
, κ =

12n(n+ 4)

4n2
= 3 +

12

n
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Finally, regarding (5), the Fourier transform computation is as follows:

F (x) =
1

2n/2Γ(n/2)

∫ ∞

0

yn/2−1e−y/2+ixy dy

=
1

2n/2Γ(n/2)

∫ ∞

0

yn/2−1e(2ix−1)y/2 dy

=
1

2n/2Γ(n/2)

∫ ∞

0

(
z

1− 2ix

)n/2−1

e−z/2 dz

1− 2ix

= (1− 2ix)−n/2 · 1

2n/2Γ(n/2)

∫ ∞

0

zn/2−1e−z/2 dz

= (1− 2ix)−n/2

Thus, we are led to the conclusions in the statement. □

10b. Parametric versions

Getting now to the parametric versions of Theorem 10.6, many things to be done. Let
us start with a straightforward generalization, obtained via a basic rescaling:

Theorem 10.7. Assuming that f1, . . . , fn ∼ gt are independent, ||f ||2 follows

χ2
nt =

xn/2−1e−x/2t

(2t)n/2Γ(n/2)
dx

and the basic properties of this law are as follows:

(1) The moments are Mk = tkn(n+ 2) . . . (n+ 2k − 2).

(2) We have E = nt, V = 2nt2, γ =
√

8/n, κ = 3 + 12/n.
(3) The Fourier transform is F (x) = (1− 2ixt)−n/2.

Proof. This is indeed a basic rescaling of Theorem 10.6, will all the assertions coming
via hi ∼ g1 =⇒

√
thi ∼ gt. Indeed, the density formula comes from:

E(φ(th21 + . . .+ th2n)) =
1

2n/2Γ(n/2)

∫ ∞

0

φ(tx)xn/2−1e−x/2 dx

=
1

2n/2Γ(n/2)

∫ ∞

0

φ(y)(y/t)n/2−1e−y/2t dy

t

=
1

(2t)n/2Γ(n/2)

∫ ∞

0

φ(y)yn/2−1e−y/2t dy

As for the other formulae, moments and Fourier, these are clear as well. Finally,
observe that all this fits with our previous results from chapter 6, at n = 1, 2. □

More interestingly now, motivated by the fact that the gamma function notoriously
works over the whole (0,∞), a quick examination of what we did, at the end of the
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proof of Theorem 10.2 and afterwards, shows that our computations work in fact for any
n > 0 real. To be more precise, with the notations n = 2m and t = s/2, which are both
standard, we are led in this way to the following extension of Theorem 10.7:

Theorem 10.8. The gamma distribution of parameters m, s > 0, given by

µms =
xm−1e−x/s

smΓ(m)
dx

generalizes the chi squared laws, χ2
nt = µn/2,2t, and has the following properties:

(1) The moments are Mk = skm(m+ 1) . . . (m+ k − 1).
(2) We have E = sm, V = s2m, γ = 2/

√
m, κ = 3 + 6/m.

(3) The Fourier transform is F (x) = (1− six)−m.

Proof. This is a straightforward remake of Theorem 10.7, save of course for the key
assertion there, which is the Gaussian vector one, the idea being as follows:

(1) The moment computation is as follows, using the various properties of the gamma
function, and with M0 = 1 showing that we have indeed a probability measure:

Mk =
1

smΓ(m)

∫ ∞

0

xm+k−1e−x/s dx

=
1

smΓ(m)

∫ ∞

0

(sy)m+k−1e−y sdy

=
sk

Γ(m)

∫ ∞

0

ym+k−1e−y dy

= sk · Γ(m+ k)

Γ(m)

= skm(m+ 1) . . . (m+ k − 1)

(2) According to our moment formula found above, the first few moments are:

M1 = sm

M2 = s2m(m+ 1)

M3 = s3m(m+ 1)(m+ 2)

M4 = s4m(m+ 1)(m+ 2)(m+ 3)

Thus the mean is E = sm, and the variance is V = s2m(m + 1) − (sm)2 = s2m. In
order to compute γ and κ, observe that the needed central moments are given by:

M ′
3 =M3 − 3EM2 + 2E3 = 2s3m

M ′
4 =M4 − 4EM3 + 6E2M2 − 3E4 = 3s4m(m+ 2)
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Thus, the skewness and kurtotis are given by the following formulae:

γ =
2s3m

s3m
√
m

=
2√
m

, κ =
3s4m(m+ 2)

s4m2
= 3 +

6

m

(3) The Fourier transform computation is, as before, as follows:

F (x) =
1

smΓ(m)

∫ ∞

0

ym−1e−y/s+ixy dy

=
1

smΓ(m)

∫ ∞

0

ym−1e(six−1)y/s dy

=
1

2mΓ(m)

∫ ∞

0

(
z

1− six

)m−1

e−z/s dz

1− six

= (1− six)−m · 1

smΓ(m)

∫ ∞

0

zm−1e−z/s dz

= (1− six)−m

Thus, we are led to the conclusions in the statement. □

As another extension now of Theorem 10.7, dealing this time with more general Gauss-
ian vectors, assumed to be centered and with independent entries, we have:

Theorem 10.9. Given variables f1, . . . , fn which are centered normal, fi ∼ gti, and
independent, the corresponding chi squared law χ2

nT = law(||f ||2) has moments

Mk =
k!

2k

∑
a1+...+an=k

(
2a1
a1

)
. . .

(
2an
an

)
ta11 . . . tann

the Fourier transform is given by the following formula,

F (x) =
1√

(1− 2t1ix) . . . (1− 2tnix)

the expectation is E =
∑

i ti, the variance is V = 2
∑

i t
2
i , and

γ =

∑
i t

3
i∑

i t
2
i

√
8∑
i t

2
i

, κ = 3 +
12
∑

i t
4
i

(
∑

i t
2
i )

2

are the corresponding skewness and kurtosis.

Proof. This is a straightforward generalization of our previous results, as follows:
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(1) With f1, . . . , fn being as in the statement, fi ∼ gti , independent, we have:

Mk(χ
2
nT ) = E((f 2

1 + . . .+ f 2
n)

k)

=
∑

a1+...+an=k

(
k

a1, . . . , an

)
E(f 2a1

1 ) . . . E(f 2an
n )

=
∑

a1+...+an=k

k!

a1! . . . an!
ta11 (2a1)!! . . . t

an
n (2an)!!

=
∑

a1+...+an=k

k!

a1! . . . an!
· (2a1)!
2a1a1!

· · · (2an)!
2anan!

ta11 . . . tann

=
k!

2k

∑
a1+...+an=k

(2a1)!

a1!a1!
· · · (2an)!

an!an!
ta11 . . . tann

=
k!

2k

∑
a1+...+an=k

(
2a1
a1

)
. . .

(
2an
an

)
ta11 . . . tann

(2) The generalized binomial formula with exponent −1/2 shows that we have:

1√
1− 4tiz

=
∞∑

ai=0

(
2ai
ai

)
(tiz)

ai

By multiplying these formulae, and then setting k = a1 + . . .+ an, we obtain:

1√
(1− 4t1z) . . . (1− 4tnz)

=
∞∑

a1=0

. . .
∞∑

an=0

(
2a1
a1

)
. . .

(
2an
an

)
(t1z)

a1 . . . (tnz)
an

=
∞∑
k=0

zk
∑

k=a1+...+an

(
2a1
a1

)
. . .

(
2an
an

)
ta11 . . . tann

=
∞∑
k=0

zk · 2
kMk

k!

=
∞∑
k=0

(2z)k

k!
·Mk

Now by setting z = ix/2, this latter formula takes the following form:

1√
(1− 2t1ix) . . . (1− 2tnix)

=
∞∑
k=0

(ix)k

k!
·Mk

But on the right we have the Fourier transform F (x), so done with this too.
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(3) Next, according to the general formula in (1), the first moment is:

M1 =
1

2

∑
a1+...+an=1

(
2a1
a1

)
. . .

(
2an
an

)
ta11 . . . tann =

1

2

∑
i

(
2

1

)
ti =

∑
i

ti

Thus, we have our mean. In order to compute now the variance, we have:

M2 =
1

2

∑
a1+...+an=2

(
2a1
a1

)
. . .

(
2an
an

)
ta11 . . . tann

=
1

2

[∑
i

(
4

2

)
t2i +

∑
i<j

(
2

1

)(
2

1

)
titj

]
= 3

∑
i

t2i + 2
∑
i<j

titj

= 2
∑
i

t2i +

(∑
i

ti

)2

We conclude from this that the variance is V = 2
∑

i t
2
i , as stated.

(4) Getting now to the third moment, the computation becomes more complex:

M3 =
3

4

∑
a1+...+an=3

(
2a1
a1

)
. . .

(
2an
an

)
ta11 . . . tann

=
3

4

[∑
i

(
6

3

)
t3i +

∑
i ̸=j

(
4

2

)(
2

1

)
t2i tj +

∑
i<j<k

(
2

1

)(
2

1

)(
2

1

)
titjtk

]
= 15

∑
i

t3i + 9
∑
i ̸=j

t2i tj + 6
∑
i<j<k

titjtk

= 8
∑
i

t3i + 6

(∑
i

t2i

)(∑
i

ti

)
+

(∑
i

ti

)3

(5) In order to deal with this, it is convenient to introduce the sums Sk =
∑

i t
k
i .

Indeed, in terms of these sums, the various moment formulae that we found read:

M1 = S1 , M2 = 2S2 + S2
1 , M3 = 8S3 + 6S2S1 + S3

1

We can now compute the third central moment, which follows to be:

M ′
3 =M3 − 3EM2 + 2E3 = 8S3

Thus, we are led to the skewness formula in the statement, namely:

γ =
8S3

2S2

√
2S2

=
S3

S2

√
8

S2
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(6) Getting now to the fourth moment, the computation is even more complex:

M4 =
3

2

∑
a1+...+an=4

(
2a1
a1

)
. . .

(
2an
an

)
ta11 . . . tann

=
3

2

[∑
i

(
8

4

)
t4i +

∑
i ̸=j

(
6

3

)(
2

1

)
t3i tj +

∑
i<j

(
4

2

)(
4

2

)
t2i t

2
j

+
∑
j<k

∑
i ̸=j,k

(
4

2

)(
2

1

)(
2

1

)
t2i tjtk +

∑
i<j<k<l

(
2

1

)(
2

1

)(
2

1

)(
2

1

)
titjtktl

]
= 105

∑
i

t4i + 60
∑
i ̸=j

t3i tj + 54
∑
i<j

t2i t
2
j + 36

∑
j<k

∑
i ̸=j,k

t2i tjtk + 24
∑

i<j<k<l

titjtktl

(7) Now by using tricks as in (3,4) we obtain, in terms of the sums Sk =
∑

i t
k
i :

M4 = 48S4 + 32S3S1 + 12S2
2 + 12S2S

2
1 + S4

1

Thus, the fourth central moment is given by the following formula:

M ′
4 =M4 − 4EM3 + 6E2M2 − 3E4 = 48S4 + 12S2

2

It follows that the kurtosis is given by the following formula:

κ =
48S4 + 12S2

2

(2S2)4
= 3 +

12S4

S2
2

Thus, we are led to the various conclusions in the statement. □

10c. Gamma variables

What is next? Many potential things to be done, including on one hand unifying
Theorems 10.8 and 10.9, and on the other hand, throwing into the picture some shifts
and covariances. Let us start with the unification question. We have here:

Theorem 10.10. Given variables f1, . . . , fr following gamma laws, fi ∼ µmisi, and
which are independent, µMS = law(f1 + . . .+ fr) has the following properties:

(1) When si = s we have µMS = µms, with m =
∑

imi.
(2) When mi = n/2 with n ∈ N we have µMS = χ2

nrT , with T = S/2.
(3) The Fourier transform is F (x) =

∏
i(1− siix)−mi.

(4) The moments are Mk = k!
∑

a1+...+ar=k

(
m1+a1−1

a1

)
. . .
(
mr+ar−1

ar

)
sa11 . . . sarr .

(5) E = S1, V = S2, γ = 2S3/S2

√
S2, κ = 3 + 6S4/S

2
2 , where Sk =

∑
imis

k
i .

Proof. This is a straightforward unification of Theorems 10.8 and 10.9, with the idea
of the proof, along with the details regarding the statement, being as follows:
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(1) In the case si = s what we have are variables fi ∼ µmis, independent, and it follows
that the Fourier transform of their sum f1 + . . .+ fr is given by:

F (x) =
∏
i

Fi(x) =
∏
i

(1− six)−mi = (1− six)−
∑

i mi

But on the right we have the Fourier transform of µms with m =
∑

imi, as desired.

(2) In the case mi = n/2 with n ∈ N, our variables as follows, with ti = si/2:

fi ∼ µmisi = µn/2,2ti = χ2
nti

Our variables being independent, the Fourier transform of f1 + . . .+ fr is:

F (x) =
∏
i

(1− 2ixti)
−n/2 =

[∏
i

(1− 2ixti)
−1/2

]n
=
[
Fχ2

rT
(x)
]n

Now observe that the function on the right is the Fourier transform of the following
law, with on the right the T vector being repeated n times:

χ2
nrT = χ2

nr,T ...T

We conclude that, with this convention, we have indeed µMS = χ2
nrT , as stated.

(3) The Fourier transform formula in the statement is clear, coming from:

F (x) =
∏
i

Fi(x) =
∏
i

(1− siix)−mi

(4) Getting now to the moments, the computation here is as follows, using the moment
formula Mk(µms) = skΓ(m + k)/Γ(m) from Theorem 10.8, or rather from its proof, and
with the outcome being in terms of generalized binomial coefficients

(
mi+ai−1

ai

)
:

Mk = E((f1 + . . .+ fr)
k)

=
∑

a1+...+ar=k

(
k

a1, . . . , ar

)
E(fa1

1 ) . . . E(far
r )

=
∑

a1+...+ar=k

k!

a1! . . . ar!
sa11

Γ(m1 + a1)

Γ(m1)
. . . sarr

Γ(mr + ar)

Γ(mr)

= k!
∑

a1+...+ar=k

Γ(m1 + a1)

a1!Γ(m1)
. . .

Γ(mr + ar)

ar!Γ(mr)
sa11 . . . sarr

= k!
∑

a1+...+ar=k

(
m1 + a1 − 1

a1

)
. . .

(
mr + ar − 1

ar

)
sa11 . . . sarr
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(5) Next, according to the above general moment formula, the first moment is:

M1 =
∑
i

(
mi

1

)
si =

∑
i

misi

Thus, we have our mean. In order to compute now the variance, we have:

M2 = 2

[∑
i

(
mi + 1

2

)
s2i +

∑
i<j

(
mi

1

)(
mj

1

)
sisj

]
=

∑
i

(mi + 1)mis
2
i +

∑
i ̸=j

mimjsisj

=

(∑
i

misi

)2

+
∑
i

mis
2
i

We conclude from this that the variance is V =
∑

imis
2
i , as stated.

(6) Getting now to the third moment, the computation becomes more complex, with
some standard symmetric function tricks leading to the following formula:

M3

= 6

[∑
i

(
mi + 2

3

)
s3i +

∑
i ̸=j

(
mi + 1

2

)(
mj

1

)
s2i sj +

∑
i<j<k

(
mi

1

)(
mj

1

)(
mk

1

)
sisjsk

]
=

∑
i

(mi + 2)(mi + 1)mis
3
i + 3

∑
i ̸=j

(mi + 1)mimjs
2
i sj + 6

∑
i<j<k

mimjmksisjsk

=

(∑
i

misi

)3

+ 3

(∑
i

mis
2
i

)(∑
i

misi

)
+ 2

∑
i

mis
3
i

(7) In order to deal with this, it is convenient to introduce the sums Sk =
∑

imis
k
i .

Indeed, in terms of these sums, the various moment formulae that we found read:

M1 = S1 , M2 = S2
1 + S2 , M3 = S3

1 + 3S2S1 + 2S3

We can now compute the third central moment, which follows to be:

M ′
3 =M3 − 3EM2 + 2E3 = 2S3

Thus, we are led to the skewness formula in the statement, namely:

γ =
2S3

S2

√
S2
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(8) Getting now to the fourth moment, the formula is quite complex, as follows:

M4

= 24
[∑

i

(
mi + 3

4

)
s4i +

∑
i ̸=j

(
mi + 2

3

)(
mj

1

)
s3i sj +

∑
i<j

(
mi + 1

2

)(
mj + 1

2

)
s2i s

2
j

+
∑
j<k

∑
i ̸=j,k

(
mi + 1

2

)(
mj

1

)(
mk

1

)
s2i sjsk +

∑
i<j<k<l

(
mi

1

)(
mj

1

)(
mk

1

)(
ml

1

)
sisjsksl

]
=

∑
i

(mi + 3)(mi + 2)(mi + 1)mis
4
i + 4

∑
i ̸=j

(mi + 2)(mi + 1)mimjs
3
i sj

+6
∑
i<j

(mi + 1)mi(mj + 1)mjs
2
i s

2
j + 12

∑
j<k

∑
i ̸=j,k

(mi + 1)mimjmks
2
i sjsk

+24
∑
i<j<k

mimjmkmlsisjsksl

(9) However, by using tricks involving partitions and symmetric functions, as before
in (5,6), we obtain, after some work, in terms of the sums Sk =

∑
imis

k
i :

M4 = S4
1 + 6S2

1S2 + 3S2
2 + 8S3S1 + 6S4

Thus, the fourth central moment is given by the following formula:

M ′
4 =M4 − 4EM3 + 6E2M2 − 3E4 = 6S4 + 3S2

2

It follows that the kurtosis is given by the following formula:

κ =
6S4 + 3S2

2

S2
2

= 3 +
6S4

S2
2

Thus, we are led to the various conclusions in the statement. □

Summarizing, good work that we did, on the unification question, and for more on
all this, sums of independent gamma variables, we refer to [74], [77]. The continuation,
however, involving shifts and covariances, is a far more complicated business, because we
perfectly know from chapters 6 and 9 that the whole territory is a minefield.

Indeed, getting back to the usual Gaussian setting, and to the law χ2
nT studied in

Theorem 10.9, we would like to generalize that into a law χ2a
Σ , involving a covariance

matrix Σ ∈Mn(R) and a position parameter a ∈ Rn, the precise question being:

Question 10.11. What can we say about the law χ2a
Σ given by∫ ∞

0

φ(x)dχ2a
Σ (x) =

1√
(2π)n detΣ

∫
Rn

φ(||x||2) exp
(
−< Σ−1(x− a), x− a >

2

)
dx

the parameters being a covariance matrix Σ ∈Mn(R), and a position vector a ∈ Rn?
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In answer, we studied this question in chapter 6, at n = 1. Our computation there was
as follows, with the 1 × 1 covariance matrix being denoted Σ = (t), the position vector
being a ∈ R, and with the law itself χ2a

Σ being denoted in this case χ2a
1t :∫ ∞

0

φ(x)dχ2a
1t (x) =

1√
2πt

∫
R
φ(x2)e−(x−a)2/2tdx

=
1√
2πt

∫ ∞

0

φ(y)
(
e−(

√
y+a)2/2t + e−(

√
y−a)2/2t

) dy

2
√
y

=
e−a2/2t

√
2πt

∫ ∞

0

φ(y) · e
−y/2t

√
y
· cosh

(
a
√
y

t

)
dy

Thus, at n = 1 our law is computable, given by the following formula:

χ2a
1t =

e−a2/2t

√
2πt
· e

−x/2t

√
x

cosh

(
a
√
x

t

)
dx

Moreover, as also explained in chapter 6, the moments of this law are something quite
familiar, as follows, allowing us to easily compute the parameters E, V, γ, κ:

Mk(χ
2a
1t ) =M2k(g

a
t )

In higher dimensions such things will not work, due to both the covariance matrix and
position vector, the problem coming from < Σ−1(x− a), x− a >, which will not simplify,
when plugging in x written in spherical coordinates, unless we are in the case a = 0 and
Σ diagonal, which corresponds to the original situation, that from Theorem 10.9.

In short, nice try, but we ended up in a loop. As for the more general case of gamma
variables, as in Theorem 10.10, it is not even clear how to talk about shifts and covariances,
in that setting. We will leave some thinking here as an interesting exercise.

10d. Maxwell-Boltzmann

Not much time left in this chapter, and we still have to discuss the second family of
laws introduced in Definition 10.1, namely the chi ones. These are a bit more complicated
than the chi squared ones, with their mathematics appearing by extracting the “square
root” of what we did. Fortunately, this can be done, the essentials being as follows:

Theorem 10.12. The chi law of parameter n ∈ N, appearing as

χn = law

(√
f 2
1 + . . .+ f 2

n

)
with f1, . . . , fn being independent, each following g1, has density and moments given by

χn =
xn−1e−x2/2

2n/2−1Γ(n/2)
dx , Mk = 2k/2

Γ
(
n+k
2

)
Γ(n/2)

with Γ being as usual the gamma function.
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Proof. This is something very standard, the idea being as follows:

(1) In order to compute the density, we can use Theorem 10.2, which gives:

E(φ(||f ||)) =
1

2n/2Γ(n/2)

∫ ∞

0

φ(
√
x)xn/2−1e−x/2 dx

=
1

2n/2Γ(n/2)

∫ ∞

0

φ(y)yn−2e−y2/2 2ydy

=
1

2n/2−1Γ(n/2)

∫ ∞

0

φ(y)yn−1e−y2/2 dy

We conclude from this that the density of χn is the one in the statement.

(2) As for the moment computation, this is straightforward too, as follows:

Mk =
1

2n/2−1Γ(n/2)

∫ ∞

0

xn+k−1e−x2/2 dx

=
1

2n/2−1Γ(n/2)

∫ ∞

0

(√
2y
)n+k−1

e−y dy√
2y

=
2(n+k−1)/2

2n/2−1/2Γ(n/2)

∫ ∞

0

y(n+k)/2−1e−y dy

=
2k/2

Γ(n/2)
Γ

(
n+ k

2

)
(3) Finally, in what regards the moments, whose formula is something quite tricky, let

us comment a bit on this. In what regards the even moments, these are given by:

M2 = n

M4 = n(n+ 2)

M6 = n(n+ 2)(n+ 4)

M8 = n(n+ 2)(n+ 4)(n+ 6)

...

(4) In what regards the odd moments, however, things are more complicated. Accord-
ing to the general moment formula that we found, at k = 1, the mean is:

E =
√
2 ·

Γ
(
n+1
2

)
Γ(n/2)

Now recall from before that the gamma function is given at half-integers by the fol-
lowing almost uniform formula, with cN =

√
2,
√
π for N even, odd:

Γ

(
N

2

)
=

(N − 1)!!

2(N−1)/2
cN



244 10. CHI AND GAMMA

By using this, the above formula of the mean becomes more explicit, as follows:

E =
√
2 · n!!

2n/2
cn+1 ·

2(n−1)/2

(n− 1)!!
· 1
cn

=
n!!

(n− 1)!!
· cn+1

cn

Finally, observe that we have the following formula, for the term on the right:

cn+1

cn
=

{√
π
2

(n even)√
2
π

(n odd)

(5) As for the higher odd moments, no need for new computations, because the formula
Γ(s+ 1) = sΓ(s) does the job, and shows that the sequence of odd moments is:

M1 = E

M3 = (n+ 1)E

M5 = (n+ 1)(n+ 3)E

M7 = (n+ 1)(n+ 3)(n+ 5)E
...

(6) So, this is the situation, and while we can certainly compute (E, V, γ, κ), all for-
mulae will involve the above alien quantity E. And more on this, a bit later. □

Next, let us add a scaling parameter t > 0 to what we have. We are led to:

Theorem 10.13. The chi law of parameters n ∈ N and t > 0, appearing as

χnt = law

(√
f 2
1 + . . .+ f 2

n

)
with f1, . . . , fn being independent, each following gt, has density and moments given by

χnt =
2xn−1e−x2/2t

(2t)n/2Γ(n/2)
dx , Mk = (2t)k/2

Γ
(
n+k
2

)
Γ(n/2)

with Γ being as usual the gamma function.

Proof. This is a straightforward parametric remake of what we have:

(1) In order to compute the density, we can use use Theorem 10.7, which gives:

E(φ(||f ||)) =
1

(2t)n/2Γ(n/2)

∫ ∞

0

φ(
√
x)xn/2−1e−x/2t dx

=
1

(2t)n/2Γ(n/2)

∫ ∞

0

φ(y)yn−2e−y2/2t 2ydy

=
2

(2t)n/2Γ(n/2)

∫ ∞

0

φ(y)yn−1e−y2/2t dy

We conclude from this that the density of χn is the one in the statement.
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(2) As for the moment computation, since the moments of the normal laws obey to
Mk(gt) = tk/2Mk(g1), we conclude from this that we have:

Mk(χnt) = tk/2Mk(χn) = (2t)k/2
Γ
(
n+k
2

)
Γ(n/2)

(3) Finally, in what regards (E, V, γ, κ), the same comments as before apply, the point
being that all formulae will look quite bad, involving E. More on this later. □

As a further generalization of what we have, again straightforward, we have:

Theorem 10.14. The square root of the gamma law of parameters m, s > 0, given by

f ∼ µms =⇒
√
f ∼ µ1/2

ms

has density and moments given by the following formulae,

χ1/2
ms =

2x2m−1e−x2/s

smΓ(m)
dx , Mk = sk/2

Γ(m+ k/2)

Γ(m)

with Γ being as usual the gamma function.

Proof. This is again a straightforward remake of what we have:

(1) In order to compute the density, we can use Theorem 10.8, which gives:

E(φ(
√
f)) =

1

smΓ(m)

∫ ∞

0

φ(
√
x)xm−1e−x/s dx

=
1

smΓ(m)

∫ ∞

0

φ(y)y2m−2e−y2/s 2ydy

=
2

smΓ(m)

∫ ∞

0

φ(y)y2m−1e−y2/s dy

We conclude from this that the density of µ
1/2
ms is the one in the statement.

(2) As for the moment computation, this is straigtforward too, as follows:

Mk =
2

smΓ(m)

∫ ∞

0

x2m+k−1e−x2/s dx

=
2

smΓ(m)

∫ ∞

0

(
√
sy)2m+k−1 e−y

√
s dy

2
√
y

=
sk/2

Γ(m)

∫ ∞

0

ym+k/2−1e−y dy

=
sk/2

Γ(m)
Γ

(
m+

k

2

)
(3) Finally, in what regards (E, V, γ, κ), the same comments as before apply, the point

being that all formulae will look quite bad, involving E. More on this later. □
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As a last topic of discussion, in our familiar n = 3 dimensions, we have:

Theorem 10.15. The Maxwell-Boltzmann law χ3t and its moments are given by

χ3t =

√
2

t3π
x2e−x2/2tdx , Mk = 2

√
(2t)k

π
Γ

(
k + 3

2

)
with Γ being as usual the gamma function, and

E =

√
8t

π
, V =

(
3− 8

π

)
t , γ =

32− 10π

3π − 8

√
2

3π − 8
, κ =

15π2 + 16π − 192

(3π − 8)2

are the corresponding mean, variance, skewness and kurtosis.

Proof. We use the general formulae that we found in Theorem 10.13, namely:

χnt =
2xn−1e−x2/2t

(2t)n/2Γ(n/2)
dx , Mk = (2t)k/2

Γ
(
n+k
2

)
Γ(n/2)

We can see that at n = 3 the density is as follows, using Γ(3/2) =
√
π/2:

χ3t =
2x2e−x2/2t

(2t)3/2
√
π/2

dx =

√
2

t3π
x2e−x2/2tdx

As for the moment formula, this is as follows, again by using Γ(3/2) =
√
π/2:

Mk = (2t)k/2
Γ
(
k+3
2

)
√
π/2

= 2

√
(2t)k

π
Γ

(
k + 3

2

)
Getting now to the low order moments, these are given by the following formulae:

M1 = 2

√
2t

π
Γ(2) =

√
8t

π

M2 = 2

√
(2t)2

π
Γ

(
5

2

)
= 3t

M3 = 2

√
(2t)3

π
Γ(3) = 8t

√
2t

π

M4 = 2

√
(2t)4

π
Γ

(
7

2

)
= 15t2

Thus E, V are given by the formulae in the statement. Next, we have:

M ′
3 =M3 − 3EM2 + 2E3 =

(
32

π
− 10

)
t

√
2t

π

M ′
4 =M4 − 4EM3 + 6E2M2 − 3E4 = 15t2 + 16

t2

π
− 192

t2

π2

Thus, we are led to the formulae of γ and κ in the statement. □
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At the level of the phenomenology, the Maxwell-Boltzmann law appears as follows:

Theorem 10.16. For an ideal gas in thermal equilibrium at temperature T , the molec-
ular speeds v ∈ R3 are subject to the Maxwell-Boltzmann distribution formula

P (v) =
( m

2πbT

)3/2
exp

(
−m||v||

2

2bT

)
that is, are Gaussian of parameter t = bT/m, with m being the mass of the molecules, and
b = 1.380 649× 10−23 being the Boltzmann constant. Thus ||v|| ∼ χ3t, with t = bT/m.

Proof. Welcome to thermodynamics, the idea being as follows:

(1) First comes pressure. For a gas having point molecules, with no collisions between
them, the pressure P is easy to compute, by doing the manometer math, given by the
following formula, V being the volume of the gas, and K the total kinetic energy:

PV =
2K

3

(2) Next comes temperature. This is something more tricky, and we will take as
definition for temperature T the following formula, relating it to the pressure P and
volume V , where k = Nb, with N being the number of molecules present:

PV = kT

(3) In relation to what we want to do, what we need to know is the following formula
for the average molecular energy K0 = K/N , coming by combining (1) and (2):

2NK0

3
= Nbt =⇒ K0 =

3bT

2

(4) Getting to work now, following Maxwell, we are looking for the probability distri-
bution of the molecular speeds v ∈ R3. Intuition tells us that there are no correlations
between the x, y, z directions of space, so we must have a formula as follows:

P (v) = f(v1)f(v2)f(v3)

(5) On the other hand, by rotational symmetry, P (v) must depend only on the mag-
nitude ||v|| of the velocity, and not on the direction. Thus, we must have as well:

P (v) = φ(||v||2)

(6) Now by comparing the requirements in (4) and (5), we are led via some math to
the conclusion that φ must be an exponential, which amounts in saying that:

P (v) = λ exp
(
−C||v||2

)



248 10. CHI AND GAMMA

(7) Obviously we must have C > 0, for things to be bounded, and then by integrating
we can obtain λ as function of C, and our formula becomes:

P (v) =

(
C

π

)3/2

exp
(
−C||v||2

)
(8) It remains to find C. But for this purpose, observe that, now that we have our

distribution, we can compute everything. In particular, we find that on average:

v21 = v22 = v23 =
1

2C
Thus on average ||v|| = 3/(2C), so the average kinetic energy of the molecules is:

K0 =
m||v||2

2
=

3m

4C
Now by comparing with (3) we obtain from this C = m/(2bT ), as desired.

(9) So this was for the story of the formula, following Maxwell, and later Boltzmann
came with a fully rigorous proof. And exercise for you, to learn more, about all this. □

10e. Exercises

Welcome to statistics I guess, and as exercises on all this, we have:

Exercise 10.17. Study more advanced aspects of χ2
n.

Exercise 10.18. Study more advanced aspects of χ2t
n .

Exercise 10.19. Study more advanced aspects of µms.

Exercise 10.20. Further study the basic aspects of χ2
nT .

Exercise 10.21. Further study the basic aspects of µMS.

Exercise 10.22. Can you say something nice about χ2a
Σ ?

Exercise 10.23. Can you talk about something of type µa
Σ?

Exercise 10.24. Study the square roots of the above laws.

As bonus exercise, buy a computer, and keep it offline, for computations.



CHAPTER 11

Hyperspherical laws

11a. Circles, ellipses

We have seen a lot of multivariable analysis already, in the present Part III, in relation
with the normal laws. Our aim in this chapter will be to have a more systematic geometric
discussion, regarding the spaces RN and their unit spheres SN−1

R ⊂ RN . Which will
eventually lead us, and no surprise here, into probability and normal laws.

Let us start with a general mathematical principle, which is something notorious:

Principle 11.1. The interplay between the ambient space and its unit sphere

SN−1
R ⊂ RN

is the alpha and omega of everything, in N-dimensional mathematics.

To be more precise, this is something that we are very familiar with, and this since
high school, in 2 dimensions, where the unit circle C ⊂ R2 produces trigonometry, polar
coordinates, complex numbers, and many other things. By the way, speaking high school,
we are quite familar as well with 3 dimensions, from geography, where the unit sphere
S ⊂ R3, called there Earth, produces latitude, longitude, parallels, meridians, time zones,
all sorts of hemispheres, equator, tropics and polar circles, and many more.

As for the more advanced level, we both know from physics classes about the ubiq-
uitous spherical coordinates, I mean any question has a “radiating center”, inviting for
spherical coordinates there. We also know about the stereographic projection, and about
the basic theory of curves and surfaces, heavily inspired from that of the spheres. In fact,
advanced mathematics and physics quite often mean analysis on manifolds, and with the
basic example of manifold, source of inspiration for everything, being SN−1

R ⊂ RN .

So, can we have some probability saying, on all this? Here is our question:

Question 11.2. We would like to compute the joint law of the sphere coordinates

x1 : S
N−1
R → [−1, 1]

...

xN : SN−1
R → [−1, 1]

and then, have some applications of this probabilistic technology.

249
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Getting started now, let us first investigate the N = 2 case. Here our sphere is the
unit circle C ⊂ R2, the circle coordinates are x = cos t, y = sin t, and the first question is,
how to integrate over C the arbitrary products of these quantities cos t, sin t.

In answer, we first have the following formula, for the arbitrary powers of cos t, sin t,
that we already met in chapter 10, and that we reproduce here for convenience:

Theorem 11.3 (Wallis). We have the following formulae,∫ π/2

0

cosp t dt =

∫ π/2

0

sinp t dt =
(π
2

)ε(p) p!!

(p+ 1)!!

where ε(p) = 1 if p is even, and ε(p) = 0 if p is odd.

Proof. Let us first compute the integral on the left Ip. We have:

(cosp t sin t)′ = p cosp−1 t(− sin t) sin t+ cosp t cos t

= p cosp+1 t− p cosp−1 t+ cosp+1 t

= (p+ 1) cosp+1 t− p cosp−1 t

By integrating now between 0 and π/2, we obtain the following formula:

(p+ 1)Ip+1 = pIp−1

Thus we can compute Ip by recurrence, and we obtain in this way:

Ip =
p− 1

p
Ip−2

=
p− 1

p
· p− 3

p− 2
Ip−4

...

=
p!!

(p+ 1)!!
I1−ε(p)

But I0 = π
2
and I1 = 1, so we get the result. As for the second formula, this follows

from the first one, with t = π
2
− s. Thus, we proved both formulae in the statement. □

More generally now, we have the following result, solving our integration problem:

Theorem 11.4 (Wallis 2). We have the following formula,∫ π/2

0

cosp t sinq t dt =
(π
2

)ε(p)ε(q) p!!q!!

(p+ q + 1)!!

where ε(p) = 1 if p is even, and ε(p) = 0 if p is odd.
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Proof. Let Ipq be the integral in the statement. We have the following formula:

(cosp t sinq t)′ = p cosp−1 t(− sin t) sinq t

+ cosp t · q sinq−1 t cos t

= −p cosp−1 t sinq+1 t+ q cosp+1 t sinq−1 t

By integrating this between 0 and π/2, we obtain, for any p, q > 0:

pIp−1,q+1 = qIp+1,q−1

Thus, we can compute Ipq by recurrence. When q is even we obtain in this way:

Ipq =
q − 1

p+ 1
Ip+2,q−2

=
q − 1

p+ 1
· q − 3

p+ 3
Ip+4,q−4

...

=
p!!q!!

(p+ q)!!
Ip+q

But the last term comes from Theorem 11.3, and we obtain the result, for q even:

Ipq =
p!!q!!

(p+ q)!!

(π
2

)ε(p+q) (p+ q)!!

(p+ q + 1)!!
=
(π
2

)ε(p)ε(q) p!!q!!

(p+ q + 1)!!

Observe that this gives the result for p even as well, by symmetry. In the remaining
case, where both p, q are odd, we can use again pIp−1,q+1 = qIp+1,q−1, which gives:

Ipq =
q − 1

p+ 1
Ip+2,q−2

=
q − 1

p+ 1
· q − 3

p+ 3
Ip+4,q−4

...

=
p!!q!!

(p+ q − 1)!!
Ip+q−1,1

But the last term is easy to compute, by using the primitive, as follows:

Ip1 =

∫ π/2

0

cosp t sin t dt = − 1

p+ 1

∫ π/2

0

(cosp+1 t)′ dt =
1

p+ 1

We can therefore finish our computation in the case p, q odd, and we obtain:

Ipq =
p!!q!!

(p+ q − 1)!!
· 1

p+ q
=

p!!q!!

(p+ q + 1)!!

Thus, we are led to the formula in the statement, the exponent of π/2 appearing there
being ε(p)ε(q) = 0 · 0 = 0 in the present case, and this finishes the proof. □
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Good news, we can answer now Question 11.2 at N = 2, as follows:

Theorem 11.5. With the notation z = (x, y) for the points z ∈ C, and with respect
to the uniform measure on C, both variables x, y : C → [−1, 1] follow the law

α1/4 =
1

π
√
1− x2

dx

that is, the arcsine law on [−1, 1]. The even the moments of this law are as follows,

M2r =
1

4r

(
2r

r

)
and whose odd moments vanish. The expectation, variance, skewness are kurtosis are:

E = 0 , V =
1

2
, γ = 0 , κ =

3

2
Also, the joint moments of (x, y) are given by the following formula,

E(x2ry2s) =
1

4r+s
· (2r)!(2s)!

r!s!(r + s)!

with the other joint moments, containing an odd exponent, vanishing.

Proof. We certainly have variables x, y : C → [−1, 1] as above, whose individual and
joint behavior, meaning law and moments, we can investigate. But this can be done by
using the Wallis formula from Theorem 11.4, the details being as follows:

(1) With the convention in the statement, the Wallis formula from Theorem 11.4 takes
the following form, in the non-vanishing case, where both exponents are even:

E(x2ry2s) =
(2r)!!(2s)!!

(2r + 2s+ 1)!!

=
(2r)!/(2rr!) · (2s)!/(2ss!)

2r+s(r + s)!

=
1

4r+s
· (2r)!(2s)!

r!s!(r + s)!

Thus, we are led to the various moment assertions in the statement.

(2) Regarding the formula of the density, this comes either by thinking, or from our
previous knowledge of the arcsine law, from chapter 3, or simply as follows:

1

π

∫ 1

−1

x2r√
1− x2

dx =
2

π

∫ π/2

0

sin2r t

cos t
cos tdt =

2

π

∫ π/2

0

sin2r t dt

Thus, the moments match indeed, and we have our density, as desired.

(3) Finally, the formulae of E, V, γ, κ are something that we know, from chapter 3. □

Let us record as well a version of Theorem 11.5, focusing on the variables x2, y2:
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Theorem 11.6 (version). With the notation z = (x, y) for the points z ∈ C, and with
respect to the uniform measure, both variables x2, y2 : C → [0, 1] follow the law

α′
1/4 =

1

π
√
x− x2

dx

that is, the arcsine law on [0, 1]. The moments of this law are as follows,

Mr =
1

4r

(
2r

r

)
and the corresponding expectation, variance, skewness are kurtosis are given by:

E =
1

2
, V =

1

8
, γ = 0 , κ =

3

2

Also, the joint moments of (x2, y2) are given by the following formula,

E(x2ry2s) =
1

4r+s
· (2r)!(2s)!

r!s!(r + s)!

the covariance is cov(x2, y2) = −1/8, and the correlation is ρx2y2 = −1.

Proof. This is a straightforward remake of Theorem 11.5, as follows:

(1) To start with, the joint moment formula is the one from Theorem 11.5, left un-
changed, and in particular we have the individual moments, which give the above density.
Alternatively, we can use the fact, that we know well from chapter 3, that when a variable
f follows the arcsine law αt, its square f

2 follows the rival arcsine law α′
t.

(2) Next, according to our general moment formula, at low order we have:

M1 =
1

2
, M2 =

3

8
, M3 =

5

16
, M4 =

35

128

Thus the expectation is E = 1/2, the variance is V = 1/8, and then, we have:

M ′
3 =M3 − 3EM2 + 2E3 = 0

M ′
4 =M4 − 4EM3 + 6E2M2 − 3E4 =

3

128
We are therefore led to the formulae of γ and κ in the statement.

(3) Finally, the assertions at the end are trivial, but for the fun, let me report my own
experience with this. So, when writing this book, Theorem 11.5 typed, good, then the
present Theorem typed too, also routine, and then I say to myself, eventually, time for
some interesting stuff, computing some covariances. So, here is what I did:

cov(x2, y2) = E(x2y2)− E(x2)E(y2) = 1

16
· 2!2!

1!1!2!
− 1

4
=

1

8
− 1

4
= −1

8
Which sounds a bit bizarre, because this implies ρx2y2 = −1, so equality in the Cauchy-

Schwarz inequality leading to ρ ∈ [−1, 1], what is going on here. And after 1 hour of
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thinking and paranoid doublechecks, of pretty much everything, I realized that there is
no contradiction, because x2 = cos2 t and y2 = sin2 t satisfy x2+y2 = 1, and so ρx2y2 = −1,
the Cauchy-Schwarz vectors being x2 − 1/2 = −(y2 − 1/2). Simple like that. □

Moving on, now that we understood the circle, probabilistically speaking, before get-
ting into higher dimensions, let us have as well a look at ellipses. Regarding these, in the
hope that you are familiar with them, and here is what is to be known about them:

Theorem 11.7. We can talk about ellipses, in several possible ways, as follows:

(1) As the curves appearing via d(z, p) + d(z, q) = l, with p, q ∈ R2, and l > 0.
(2) Up to a translation and rotation, as the curves given by (x/a)2 + (y/b)2 = 1.
(3) Or equivalently, in polar coordinates, given by x = a cos t, y = b sin t.
(4) As the conics, that is, the plane curves of degree 2, which are compact.
(5) As the compact curves obtained by cutting a 3D cone with a plane.
(6) As the pictures of a circle, taken from various 3D perspectives.
(7) As the trajectories of the planets around the Sun.

Proof. All this is first-class mathematics, the idea being as follows:

(1) This is something practical, allowing you to draw ellipses, armed with a string.

(2) The equivalence with (1) comes from some computations, good exercise for you.

(3) This is indeed something which is clearly equivalent to (2).

(4) This is indeed equivalent to (2), via some standard algebraic computations.

(5) This is indeed equivalent to (4), via some standard 3D computations.

(6) This is the same thing as (5), for the attention of Humanities students.

(7) This is tough, due to Kepler and Newton, check any of my calculus books. □

Getting now to integration matters, over the ellipses, things are quite interesting,
because we have at least 3 different versions of Question 11.2, as follows:

Question 11.8. Given an ellipse F , appearing via (x/a)2 + (y/b)2 = 1, what is the
joint law of the coordinates x : F → [−a, a] and y : F → [−b, b], with respect to:

(1) The measure on F obtained by transporting the uniform measure on C.
(2) The measure on F obtained by walking on F , at constant speed.
(3) The measure on F obtained by traveling on F , planet style.

To be more precise here, the measure in (1) is the “dumb” one, push-forward of the
uniform measure on C, via the map (x, y)→ (ax, by). The measure in (2), which is more
subtle, is the usual path integral one, and more on this in a moment. As for the measure
in (3), this is yet another beast, with the uniform parameter here being the time t, when
traveling on F gravitationally, according to the laws of Kepler and Newton.

In answer now, in what regards the first question, we have here:
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Theorem 11.9. For an ellipse F coming via (x/a)2 + (y/b)2 = 1, and with respect to
the measure transported from C in the obvious way, that is, with

x = a cos t , y = b sin t

with t being assumed to be uniform, the joint moments of the coordinates are

E(x2ry2s) =
a2rb2s

4r+s
· (2r)!(2s)!

r!s!(r + s)!

and these coordinates follow the arcsine laws of [−a, a] and [−b, b], respectively.

Proof. This is something self-explanatory, with the main formula coming from:

E(x2ry2s) =

∫ 2π

0

(a cos t)2r(b sin t)2sdt = a2rb2s · 1

4r+s
· (2r)!(2s)!

r!s!(r + s)!

As for the other assertion, regarding the arcsine laws, that is clear too. □

Getting now to our second question about ellipses, what we can say is as follows:

Theorem 11.10. For an ellipse F coming via (x/a)2 + (y/b)2 = 1, its length is

L =

∫ 2π

0

√
a2 sin2 t+ b2 cos2 t dt

with this integral being generically not computable. Thus, with respect to the measure on
F obtained via the path integral over it, the joint moments of the coordinates are

E(x2ry2s) =
1

L

∫ 2π

0

(a cos t)2r(b sin t)2s
√
a2 sin2 t+ b2 cos2 t dt

and with the integral on the right being generically not computable, either.

Proof. This is something quite standard, and a bit surprising, as follows:

(1) To start with, what is the length of a curve γ : [a, b] → R2? Good question, and
in answer, a physicist would say that this is the quantity obtained by integrating the
magnitude of the velocity vector over the curve, with respect to time, leading to:

L(γ) =

∫ b

a

||γ′(t)||dt

(2) Regarding now mathematicians, these would say that the length of a curve is the
following quantity, with (t0 = a, t1, . . . , tn−1, tn = b) being a uniform division of (a, b):

L(γ) = lim
n→∞

n∑
i=1

||γ(ti)− γ(ti−1)||

But, by using the fundamental theorem of calculus, this is the same as (1).
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(3) Getting now to the ellipses, we can compute their length as follows:

L =

∫ 2π

0

√(
dx

dt

)2

+

(
dy

dt

)2

dt

=

∫ 2π

0

√(
da cos t

dt

)2

+

(
db sin t

dt

)2

dt

=

∫ 2π

0

√
a2 sin2 t+ b2 cos2 t dt

(4) Now the point is that when a = b = R we get of course L = 2πR, as we should,
but in general, when a ̸= b, there is no trick for computing the above integral.

(5) As for the last assertion, this is something self-explanatory, and we will leave this
as an exercise, further meditating at all this, elliptic integrals. □

Finally, getting to our third question about ellipses, things are quite hard here:

Comment 11.11. In order to deal with our third question about ellipses, regarding the
gravitational travel integration, what we need to know is the Kepler 2 law, stating that the
radius vector from the Sun to a planet sweeps equal areas in equal times.

In short, what we have here is a quite interesting mechanics problem, which is not
exactly of trivial type, and we will leave some exploration here, after of course some due
learning of the findings of Kepler and Newton, as an interesting exercise.

And with this, end of our study of the unit circle. Good learning this was, and in
what follows we will try to understand what happens to all this, in higher dimensions.

11b. Spherical integrals

Getting now to higher dimensions, we potentially have many things to be done. Let
us start with the spherical coordinates, that we will heavily use, in what follows:

Theorem 11.12. We have spherical coordinates in N dimensions,

x1 = r cos t1
x2 = r sin t1 cos t2
...

xN−1 = r sin t1 sin t2 . . . sin tN−2 cos tN−1

xN = r sin t1 sin t2 . . . sin tN−2 sin tN−1

the corresponding Jacobian being given by the following formula,

J(r, t) = rN−1 sinN−2 t1 sin
N−3 t2 . . . sin

2 tN−3 sin tN−2

and with this generalizing the known formulae at N = 2, 3.
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Proof. This is something that we met in chapter 10, but always good to talk about it
again. To start with, there are several possible conventions for the spherical coordinates,
and we will use here the above ones, designed to look good in arbitrary N dimensions.
Next, regarding the Jacobian, by developing over the last column, we obtain:

JN = r sin t1 . . . sin tN−2 sin tN−1 × sin tN−1JN−1

+ r sin t1 . . . sin tN−2 cos tN−1 × cos tN−1JN−1

= r sin t1 . . . sin tN−2(sin
2 tN−1 + cos2 tN−1)JN−1

= r sin t1 . . . sin tN−2JN−1

Thus, by recurrence, we are led to the formula in the statement, which by the way
generalizes the well-known formulae at N = 2, 3, namely J2 = r and J3 = r2 sin t1. □

Good news, we can now integrate over the spheres, as follows:

Theorem 11.13 (Wallis 3). The polynomial integrals over the unit sphere SN−1
R ⊂ RN ,

with respect to the uniform mass 1 measure, are given by the formula∫
SN−1
R

xk11 . . . xkNN dx =
(N − 1)!!k1!! . . . kN !!

(N +
∑
ki − 1)!!

valid when all exponents ki are even. If an exponent is odd, the integral vanishes.

Proof. This is something routine, generalizing Wallis 2, as follows:

(1) Assume first that one of the exponents ki is odd. We can make then the following
change of variables, which shows that the integral in the statement vanishes:

xi → −xi
(2) Assume now that all the exponents ki are even. As a first observation, the result

holds indeed at N = 2, due to the Wallis formula from Theorem 11.4, which reads:∫ π/2

0

cosp t sinq t dt =
(π
2

)ε(p)ε(q) p!!q!!

(p+ q + 1)!!
=

p!!q!!

(p+ q + 1)!!

(3) In the general case now, where the dimension N ∈ N is arbitrary, the integral in
the statement can be written in spherical coordinates, as follows:

I =
2N

A

∫ π/2

0

. . .

∫ π/2

0

xk11 . . . xkNN J dt1 . . . dtN−1

To be more precise, here A is the area of the sphere, J is the Jacobian, and the 2N

factor comes from the restriction to the 1/2N part of the sphere where all coordinates are
positive. According to our formulae from chapter 10, the normalization constant is:

2N

A
=

(
2

π

)[N/2]

(N − 1)!!
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As for the unnormalized integral, by using Theorem 11.12, this is given by:

I ′ =

∫ π/2

0

. . .

∫ π/2

0

(cos t1)
k1(sin t1 cos t2)

k2

...

(sin t1 sin t2 . . . sin tN−2 cos tN−1)
kN−1

(sin t1 sin t2 . . . sin tN−2 sin tN−1)
kN

sinN−2 t1 sin
N−3 t2 . . . sin

2 tN−3 sin tN−2 dt1 . . . dtN−1

(4) By rearranging the terms, we obtain the following formula:

I ′ =

∫ π/2

0

cosk1 t1 sin
k2+...+kN+N−2 t1 dt1∫ π/2

0

cosk2 t2 sin
k3+...+kN+N−3 t2 dt2

...∫ π/2

0

coskN−2 tN−2 sin
kN−1+kN+1 tN−2 dtN−2∫ π/2

0

coskN−1 tN−1 sin
kN tN−1 dtN−1

Now by using the above-mentioned Wallis formula at N = 2, this gives:

I ′ =
k1!!(k2 + . . .+ kN +N − 2)!!

(k1 + . . .+ kN +N − 1)!!

(π
2

)ε(N−2)

k2!!(k3 + . . .+ kN +N − 3)!!

(k2 + . . .+ kN +N − 2)!!

(π
2

)ε(N−3)

...
kN−2!!(kN−1 + kN + 1)!!

(kN−2 + kN−1 + lN + 2)!!

(π
2

)ε(1)
kN−1!!kN !!

(kN−1 + kN + 1)!!

(π
2

)ε(0)
(5) But since the double factorials telescope, we obtain, after simplification:

I ′ =
k1!! . . . kN !!

(
∑
ki +N − 1)!!

(π
2

)[N/2]

Now by multiplying by 2N/A, we are led to the formula in the statement. □

Next, we have the following useful generalization of the above formula:
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Theorem 11.14 (Wallis 3’). We have the following integration formula over the sphere
SN−1
R ⊂ RN , with respect to the uniform measure, valid for any exponents ki ∈ N,∫

SN−1
R

|xk11 . . . xkNN | dx =

(
2

π

)Σ(k1,...,kN )
(N − 1)!!k1!! . . . kN !!

(N +
∑
ki − 1)!!

with Σ = [odds/2] if N is odd and Σ = [(odds+ 1)/2] if N is even, where “odds” denotes
the number of odd numbers in the sequence k1, . . . , kN .

Proof. As before, the formula holds at N = 2, due to Theorem 11.4. In general, the
integral in the statement can be written in spherical coordinates, as follows:

I =

(
2

π

)[N/2]

(N − 1)!!

∫ π/2

0

. . .

∫ π/2

0

xk11 . . . xkNN J dt1 . . . dtN−1

The unnormalized integral on the right can be written, as before, as follows:

I ′ =

∫ π/2

0

cosk1 t1 sin
k2+...+kN+N−2 t1 dt1∫ π/2

0

cosk2 t2 sin
k3+...+kN+N−3 t2 dt2

...∫ π/2

0

coskN−2 tN−2 sin
kN−1+kN+1 tN−2 dtN−2∫ π/2

0

coskN−1 tN−1 sin
kN tN−1 dtN−1

Now by using the Wallis 2 formula, from Theorem 11.4, we obtain:

I ′ =
π

2
· k1!!(k2 + . . .+ kN +N − 2)!!

(k1 + . . .+ kN +N − 1)!!

(
2

π

)δ(k1,k2+...+kN+N−2)

π

2
· k2!!(k3 + . . .+ kN +N − 3)!!

(k2 + . . .+ kN +N − 2)!!

(
2

π

)δ(k2,k3+...+kN+N−3)

...

π

2
· kN−2!!(kN−1 + kN + 1)!!

(kN−2 + kN−1 + kN + 2)!!

(
2

π

)δ(kN−2,kN−1+kN+1)

π

2
· kN−1!!kN !!

(kN−1 + kN + 1)!!

(
2

π

)δ(kN−1,kN )



260 11. HYPERSPHERICAL LAWS

In order to compute this quantity, let us denote by F the part involving the double
factorials, and by P the part involving the powers of π/2, so that we have:

I ′ = F · P
Regarding F , there are many cancellations there, and we end up with:

F =
k1!! . . . kN !!

(
∑
ki +N − 1)!!

As in what regards P , the δ exponents on the right sum up to the following number:

∆(k1, . . . , kN) =
N−1∑
i=1

δ(ki, ki+1 + . . .+ kN +N − i− 1)

In other words, with this notation, the above formula reads:

I ′ =
(π
2

)N−1 k1!!k2!! . . . kN !!

(k1 + . . .+ kN +N − 1)!!

(
2

π

)∆(k1,...,kN )

=

(
2

π

)∆(k1,...,kN )−N+1
k1!!k2!! . . . kN !!

(k1 + . . .+ kN +N − 1)!!

=

(
2

π

)Σ(k1,...,kN )−[N/2]
k1!!k2!! . . . kN !!

(k1 + . . .+ kN +N − 1)!!

To be more precise, the formula relating ∆ to Σ follows from a number of simple
observations, the first of which being the fact that, due to obvious parity reasons, the
sequence of δ numbers appearing in the definition of ∆ cannot contain two consecutive
zeroes. Now together with I = (2N/V )I ′, this gives the formula in the statement. □

Finally, we have the following complex version of Theorems 11.13 and 11.14:

Theorem 11.15 (Wallis 4). We have the following integration formula over the com-
plex sphere SN−1

C ⊂ CN , with respect to the uniform mass 1 measure,∫
SN−1
C

|z1|2k1 . . . |zN |2kN dz =
(N − 1)!k1! . . . kn!

(N +
∑
ki − 1)!

valid for any exponents ki ∈ N. As for the other polynomial integrals in z1, . . . , zN and
their conjugates z̄1, . . . , z̄N , these all vanish.

Proof. Consider a polynomial integral over SN−1
C , containing the same number of

plain and conjugated variables, as to not vanish trivially, written as follows:

I =

∫
SN−1
C

zi1 z̄i2 . . . zi2k−1
z̄i2k dz

By using transformations of type p → λp with |λ| = 1, we see that this integral I
vanishes, unless each za appears as many times as z̄a does, and this gives the last assertion.
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So, assume now that we are in the non-vanishing case. Then the ka copies of za and the
ka copies of z̄a produce by multiplication a factor |za|2ka , so we have:

I =

∫
SN−1
C

|z1|2k1 . . . |zN |2kN dz

Now by using the standard identification SN−1
C ≃ S2N−1

R , we obtain:

I =

∫
S2N−1
R

(x21 + y21)
k1 . . . (x2N + y2N)

kN d(x, y)

=
∑

r1...rN

(
k1
r1

)
. . .

(
kN
rN

)∫
S2N−1
R

x2k1−2r1
1 y2r11 . . . x2kN−2rN

N y2rNN d(x, y)

By using the formula in Theorem 11.13 for integrating, we obtain:

I

=
∑

r1...rN

(
k1
r1

)
. . .

(
kN
rN

)
(2N − 1)!!(2r1)!! . . . (2rN)!!(2k1 − 2r1)!! . . . (2kN − 2rN)!!

(2N + 2
∑
ki − 1)!!

=
∑

r1...rN

(
k1
r1

)
. . .

(
kN
rN

)
2N−1(N − 1)!

∏
(2ri)!/(2

riri!)
∏
(2ki − 2ri)!/(2

ki−ri(ki − ri)!)
2N+

∑
ki−1(N +

∑
ki − 1)!

=
∑

r1...rN

(
k1
r1

)
. . .

(
kN
rN

)
(N − 1)!(2r1)! . . . (2rN)!(2k1 − 2r1)! . . . (2kN − 2rN)!

4
∑

ki(N +
∑
ki − 1)!r1! . . . rN !(k1 − r1)! . . . (kN − rN)!

Now observe that can rewrite this quantity in the following way:

I

=
∑

r1...rN

k1! . . . kN !(N − 1)!(2r1)! . . . (2rN)!(2k1 − 2r1)! . . . (2kN − 2rN)!

4
∑

ki(N +
∑
ki − 1)!(r1! . . . rN !(k1 − r1)! . . . (kN − rN)!)2

=
∑
r1

(
2r1
r1

)(
2k1 − 2r1
k1 − r1

)
. . .
∑
rN

(
2rN
rN

)(
2kN − 2rN
kN − rN

)
(N − 1)!k1! . . . kN !

4
∑

ki(N +
∑
ki − 1)!

= 4k1 × . . .× 4kN × (N − 1)!k1! . . . kN !

4
∑

ki(N +
∑
ki − 1)!

=
(N − 1)!k1! . . . kN !

(N +
∑
ki − 1)!

To be more precise, we have used here the following formula, that we know well from
chapter 5, from our study there of the complex normal variables:∑

r

(
2r

r

)(
2l − 2r

l − r

)
= 4l

Thus, we have obtained the formula in the statement, as desired. □
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11c. Hyperspherical laws

Good news, we can do now some probability over the spheres. Our source of inspiration
will be Theorems 11.5 and 11.6, dealing with the 2D real case, and as technical tools, we
will use the Wallis formulae from Theorems 11.13, 11.14 and 11.15. We first have:

Theorem 11.16. The moments and density of the hyperspherical laws, that of the
coordinates xi : S

N−1
R → [−1, 1], are as follows, with eN = 2, π for N odd, even,

M2r =
(N − 1)!!(2r)!!

(N + 2r − 1)!!
, µN =

(N − 1)!!

eN(N − 2)!!
(1− x2)(N−3)/2dx

with the corresponding expectation, variance, skewness and kurtosis being given by:

E = 0 , V =
1

N
, γ = 0 , κ =

3N

N + 2

At N = 1, 2, 3, 4 we obtain the following well-known laws, all supported by [−1, 1]:

µ1 =
δ−1 + δ1

2
, µ2 =

1

π
√
1− x2

dx , µ3 =
dx

2
, µ4 =

2

π

√
1− x2 dx

Also, the joint moments of the variables xi : S
N−1
R → [−1, 1] are given by

E(x2r11 . . . x2rNN ) =
(N − 1)!!(2r1)!! . . . (2rN)!!

(N +
∑

2ri − 1)!!

and yi =
√
Nxi become standard normal, following g1, and independent with N →∞.

Proof. This is something standard, based on Theorem 11.13, as follows:

(1) To start with, as before in Theorem 11.5, we can certainly denote the points of the
sphere x ∈ SN−1

R as x = (x1, . . . , xN), and therefore talk about the N random variables
xi : S

N−1
R → [−1, 1], with respect to the uniform, mass 1 measure on the sphere.

(2) Next, the joint moment formula, which implies the individual moment formula, is
the Wallis 3 formula, from Theorem 11.13. So, we got our laws, and what is left is to
compute the density, discuss E, V, γ, κ, discuss N = 1, 2, 3, 4, and discuss N =∞ too.

(3) The simplest question is the asymptotic one. Indeed, with N →∞ we have:

E(x2ri ) =
(N − 1)!!

(N + 2r − 1)!!
× (2r)!! ≃ N−r(2r)!! = N−rM2r(g1)

Thus the variables yi =
√
Nxi become standard normal with N →∞, as stated.
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(4) Getting now to the joint moments of yi =
√
Nxi, with N →∞ we have:

E(y2r11 . . . y2rNN ) = N
∑

riE(x2r11 . . . x2rNN )

= N
∑

ri
(N − 1)!!(2r1)!! . . . (2rN)!!

(N +
∑

2ri − 1)!!

= N
∑

ri
(N − 1)!!

(N +
∑

2ri − 1)!!
× (2r1)!! . . . (2rN)!!

≃ N
∑

riN−
∑

ri(2r1)!! . . . (2rN)!!

= (2r1)!! . . . (2rN)!!

Thus the asymptotic joint moments factorize, and by using the moment characteriza-
tion of independence we conclude that yi are asymptotically independent, as stated.

(5) Still talking moments, let us do now the E, V, γ, κ computations. Our measure
being centered we have E = γ = 0, and for computing V, κ we will need:

M2 =
(N − 1)!!

(N + 1)!!
=

1

N
, M4 =

(N − 1)!!3

(N + 3)!!
=

3

N(N + 2)

Thus the variance and kurtosis are given by the following formulae:

V =M2 =
1

N
, κ =

M4

V 2
=

3N

N + 2

(6) As another thing that we can do with moments, we can quickly discuss the cases
N = 1, 2, 3, 4 as well. Indeed, at these particular values of N , the moments become:

M
(1)
2r =

(2r)!!

(2r)!!
= 1

M
(2)
2r =

(2r)!!

(2r + 1)!!
=

(2r)!/2rr!

2rr!
=

1

4r

(
2r

r

)

M
(3)
2r =

(2r)!!

(2r + 2)!!
=

1

2r + 1

M
(4)
2r =

2 · (2r)!!
(2r + 3)!!

=
2 · (2r)!/2rr!
2r+1(r + 1)!

=
1

4r
· 1

r + 1

(
2r

r

)
But we recognize here the moments of the Bernoulli, arcsine, uniform and semicircle

laws on [−1, 1]. Of course, there are far more things that can be said here, and we will
leave some geometric thinking here, short-circuiting the above, as an exercise.
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(7) Summarizing, job done, and we are left with finding the density. But this can be
done again via moments, because the moments of the measure in the statement are:

I2r =
(N − 1)!!

eN(N − 2)!!

∫ 1

−1

x2r(1− x2)(N−3)/2dx

=
2(N − 1)!!

eN(N − 2)!!

∫ 1

0

x2r(1− x2)(N−3)/2dx

=
2(N − 1)!!

eN(N − 2)!!

∫ π/2

0

cos2r t sinN−3 t · sin tdt

=
2(N − 1)!!

eN(N − 2)!!

∫ π/2

0

cos2r t sinN−2 t dt

=
2(N − 1)!!

eN(N − 2)!!

(π
2

)ε(N) (2r)!!(N − 2)!!

(N + 2r − 1)!!

=
2

eN

(π
2

)ε(N) (N − 1)!!(2r)!!

(N + 2r − 1)!!

=
(N − 1)!!(2r)!!

(N + 2r − 1)!!

Thus, we are led to the conclusions in the statement. □

Regarding now the squares of the hyperspherical variables, we have:

Theorem 11.17 (version). The squared coordinates x2i : SN−1
R → [0, 1] follow beta

laws, having moments and density as follows, with eN = 2, π for N odd, even,

Mr =
(N − 1)!!(2r)!!

(N + 2r − 1)!!
, νN =

(N − 1)!!

eN(N − 2)!!
x−1/2(1− x)(N−3)/2dx

the expectation being E = 1/N , and the variance, skewness and kurtosis being:

V =
2N − 2

N2(N + 2)
, γ =

N − 2

N + 4

√
8(N + 2)

N − 1
, κ =

3(N + 2)(5N2 − 13N + 12)

(N − 1)(N + 4)(N + 6)

At N = 1, 2, 3, 4 we obtain the following well-known laws, all supported by [0, 1]:

ν1 = δ1 , ν2 =
1

π
√
x− x2

dx , ν3 =
dx

2
√
x

, ν4 =
2

π

√
x−1 − 1 dx

Also, the joint moments of the variables x2i : S
N−1
R → [0, 1] are given by

E(x2r11 . . . x2rNN ) =
(N − 1)!!(2r1)!! . . . (2rN)!!

(N +
∑

2ri − 1)!!

and yi = Nx2i become chi squared, following χ2
1, and independent with N →∞.
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Proof. This is a straightforward remake of Theorem 11.16, as follows:

(1) The joint moment formula is the one in Theorem 11.16, unchanged, so we have
this, and as consequences, the individual moment formula, and the N →∞ result too.

(2) Regarding the particular cases N = 1, 2, 3, 4, the measures in the statement come
from those in Theorem 11.16, by squaring, or via moments, or via direct geometry.

(3) In general now, the density formula formula in the statement comes from the
density formula in Theorem 11.16, by squaring:

E(φ(x2i )) =
2(N − 1)!!

eN(N − 2)!!

∫ 1

0

φ(x2)(1− x2)(N−3)/2dx

=
2(N − 1)!!

eN(N − 2)!!

∫ 1

0

φ(y)(1− y)(N−3)/2 dy

2
√
y

=
(N − 1)!!

eN(N − 2)!!

∫ 1

0

φ(y)y−1/2(1− y)(N−3)/2dy

(4) Regarding now the computation of E, V, γ, κ, the low order moments are:

M1 =
1

N

M2 =
3

N(N + 2)

M3 =
15

N(N + 2)(N + 4)

M4 =
105

N(N + 2)(N + 4)(N + 6)

We conclude that the mean is E = 1/N , and that the variance is given by:

V =
3

N(N + 2)
− 1

N2
=

3N −N − 2

N2(N + 2)
=

2N − 2

N2(N + 2)

Next, the third central moment is given by the following formula:

M ′
3 =M3 − 3EM2 + 2E3 =

8(N − 1)(N − 2)

N3(N + 2)(N + 4)

Thus, we obtain the following formula, for the corresponding skewness:

γ =
8(N − 1)(N − 2)

N3(N + 2)(N + 4)
· N

2(N + 2)

2(N − 1)

√
N2(N + 2)

2(N − 1)
=
N − 2

N + 4

√
8(N + 2)

N − 1

Next, the fourth central moment is given by the following formula:

M ′
4 =M4 − 4EM3 + 6E2M2 − 3E4 =

12(N − 1)(5N2 − 13N + 12)

N4(N + 2)(N + 4)(N + 6)
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Thus, we obtain the following formula, for the corresponding kurtosis:

κ =
12(N − 1)(5N2 − 13N + 12)

N4(N + 2)(N + 4)(N + 6)
· N

4(N + 2)2

4(N − 1)2

=
3(N + 2)(5N2 − 13N + 12)

(N − 1)(N + 4)(N + 6)

(5) Finally, as a bonus result, the covariances of our variables are given by:

cov(x2i , x
2
j) =

(N − 1)!!

(N + 3)!!
− 1

N2
=

1

N(N + 2)
− 1

N2
= − 2

N2(N + 2)

Thus, the corresponding correlations are given by the following formula:

ρx2
i x

2
j
= − 2

N2(N + 2)
· N

2(N + 2)

2N − 2
= − 1

N − 1

And with the worries at N = 2 already discussed, in the proof of Theorem 11.6, I will
leave the N < 2 discussion to you. I mean, that ρ < −1 is not normal, right. □

Finally, regarding the absolute values of the hyperspherical variables, we have:

Theorem 11.18 (version). The moments and density of the absolute values of the
coordinates |xi| : SN−1

R → [0, 1] are as follows, with eN = 2, π for N odd, even,

Mk =

(
2

π

)δ2|N δ2 ̸ | k (N − 1)!!k!!

(N + k − 1)!!
, ηN =

2(N − 1)!!

eN(N − 2)!!
(1− x2)(N−3)/2dx

and at N = 1, 2, 3, 4 we obtain the following well-known laws, all supported by [0, 1]:

µ1 = δ1 , µ2 =
2

π
√
1− x2

dx , µ3 = dx , µ4 =
4

π

√
1− x2 dx

The joint moments are as follows, with Σ = [odds/2] if N is odd and Σ = [(odds+ 1)/2]
if N is even, where “odds” is the number of odd numbers in the sequence k1, . . . , kN ,

E(|x1|k1 . . . |xN |kN ) =
(
2

π

)Σ(k1,...,kN )
(N − 1)!!k1!! . . . kN !!

(N +
∑
ki − 1)!!

and yi =
√
N |xi| become standard chi, following χ1, and independent with N →∞.

Proof. This follows indeed from what we have, the idea being as follows:

(1) The density comes from the density in Theorem 11.16, by doubling on [0, 1], and
the N = 1, 2, 3, 4 particular cases come from Theorem 11.16 too, again by doubling.

(2) We have the joint moment formula from Theorem 11.14, which produces in par-
ticular the individual moment formula, and the asymptotic result as well.
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(3) Observe that we have skipped saying something about E, V, γ, κ, and this because,
as in the usual chi case, the low order moments do not look very good:

M1 =

(
2

π

)δ2|N (N − 1)!!

N !!
, M2 =

1

N

M3 =

(
2

π

)δ2|N (N − 1)!!2

(N + 2)!!
, M4 =

3

N(N + 2)

(4) Finally, as a bonus computation, let us compute cov(|xi|, |xj|). We have:

E(|xixj|) =
(
2

π

)Σ(110...0)
(N − 1)!!

(N + 1)!!
=

2

π
· 1
N

Which looks nice, but when passing to cov, that alien M1 number will appear:

cov(|xi|, |xj|) =
2

π
· 1
N
−
(
2

π

)2δ2|N
(
(N − 1)!!

N !!

)2

In practice, at N = 2, 3, 4 we obtain from this the following figures:

cov(2) =
π − 4

π2
, cov(3) =

8− 3π

12π
, cov(4) =

9π − 32

18π2

And with this, end of our study of the absolute values of sphere coordinates. □

In the complex case now, we have a similar result, as follows:

Theorem 11.19. The moments of the complex hyperspherical variables are∫
SN−1
C

|zi|2kdz =
(N − 1)!k!

(N + k − 1)!

with the other moments vanishing. The normalized complex hyperspherical variables

wi =
√
Nzi

become standard complex normal, following G1, and independent with N →∞.

Proof. This is a standard complex remake of Theorem 11.16, as follows:

(1) To start with, we can certainly denote the points of the complex sphere z ∈ SN−1
C

as z = (z1, . . . , zN), and therefore talk about the N random variables zi : S
N−1
C → D,

with D ⊂ C being the unit disk, with respect to the uniform measure on the sphere.

(2) In order to study the individual and joint laws of these variables z1, . . . , zN , and
their asymptotics, we can use the Wallis 4 formula, from Theorem 11.15, namely:

E
(
|z1|2k1 . . . |zN |2kN

)
=

(N − 1)!k1! . . . kn!

(N +
∑
ki − 1)!
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(3) As a first observation, by assuming that all exponents are 0, except for the i-th
one, we obtain the individual moment formula in the statement. Next, observe that by
using this, we have the following estimate, in the N →∞ limit:

E(|zi|2k) =
(N − 1)!

(N + k − 1)!
× k! ≃ N−kk! = N−kM2k(G1)

Thus wi =
√
Nzi become standard complex normal with N →∞, as stated.

(4) Getting now to the joint moments of wi =
√
Nzi, with N →∞ we have:∫

SN−1
C

|w1|2k1 . . . |wN |2kN dz = N
∑

ki

∫
SN−1
C

|z1|2k1 . . . |zN |2kN dz

= N
∑

ki
(N − 1)!k1! . . . kN !

(N +
∑
ki − 1)!

= N
∑

ki
(N − 1)!

(N +
∑
ki − 1)!

× k1! . . . kN !

≃ N
∑

kiN−
∑

kik1! . . . kN !

= k1! . . . kN !

Thus the joint moments factorize, and wi are asymptotically independent. □

As a comment now on all this, in relation with groups, by using the standard actions
ON ↷ SN−1

R and UN ↷ SN−1
C we can see that the standard coordinates uij ∈ C(ON) and

uij ∈ C(UN) are real and complex hyperspherical. The asymptotics from Theorems 11.16
and 11.19 can be alternatively recovered from the Weingarten formula, but the precise
results, at fixed N ∈ N, not exactly, or at least not with bare hands. Good to know.

11d. Clebsch-Gordan

It has become customary in this book to do some physics at the end of each chapter,
and in relation with what we did in the above, I am afraid that we will do some pure
mathematics instead, that you can call of course particle physics too. To be more precise,
we will be talking about the Clebsch-Gordan rules, which are essential to the functioning
of both our beloved pure mathematics, and of our beloved Standard Model.

Getting started, we first have the following result, regarding the group SU2:

Theorem 11.20. In the standard picture of the group SU2, which is as follows,

SU2 =

{(
x+ iy z + it
−z + it x− iy

) ∣∣∣(x, y, z, t) ∈ S3
R

}
the main character is χ = 2x, following the Wigner semicircle law γ1.
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Proof. The starting point is the defining formula for the group SU2, as being the
group of 2× 2 unitary matrices having determinant one:

SU2 =
{
U ∈M2(C)

∣∣∣U∗ = U−1, detU = 1
}

In practice, if we pick U =
(
a b
c d

)
of determinant 1, the equation U∗ = U−1 reads:(
ā c̄
b̄ d̄

)
=

(
d −b
−c a

)
Thus we must have d = ā, c = −b̄, and since with these conditions imposed, the

condition detU = 1 reads |a|2 + |b|2 = 1, we are led to the following conclusion:

SU2 =

{(
a b
−b̄ ā

) ∣∣∣ |a|2 + |b|2 = 1

}
But with a = x+ iy, b = z + it this gives the formula in the statement, namely:

SU2 =

{(
x+ iy z + it
−z + it x− iy

) ∣∣∣(x, y, z, t) ∈ S3
R

}
Summarizing, we have SU2 ≃ S3

R, and it is also known that the uniform measure on
SU2, in a group-theoretical sense, coincides with the uniform measure on S3

R. But with
this, done, because if we look at the main character of SU2, this character is χ = 2x in
the above SU2 ≃ S3

R picture, which by Theorem 11.16 follows the Wigner law γ1. □

Regarding the group SO3, which is the close friend of SU2, we have:

Theorem 11.21. In the standard picture of the elements U ∈ SO3, namely

U =

x2 + y2 − z2 − t2 2(yz − xt) 2(xz + yt)
2(xt+ yz) x2 + z2 − y2 − t2 2(zt− xy)
2(yt− xz) 2(xy + zt) x2 + t2 − y2 − z2


with (x, y, z, t) ∈ S3

R, the variable χ+ 1 = 4x2 follows the Marchenko-Pastur law π1.

Proof. This is something quite tricky, the idea being as follows:

(1) To start with, following Euler, any rotation U ∈ SO3 has a rotation axis. Indeed,
we have the following computation, using some linear algebra magic:

det(U − 1) = det(U t − 1)

= det(U t(1− U))
= det(U t) det(1− U)
= det(1− U)

Thus det(U − 1) = 0, which tells us that U must have a 1-eigenvector, as desired.

(2) Next, following Euler-Rodrigues, we have the formula in the statement, with the
parameters (x, y, z, t) ∈ S3

R encapsulating the direction of the rotation axis, and the
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rotation angle. Alternatively, if you want to trade heavy trigonometry for heavy algebra,
the Euler-Rodrigues formula comes from the double cover map SU2 → SO3, obtained via
the adjoint action of SU2 on C2 ≃ R4, by removing the trivial fixed direction.

(3) In short, quite complicated all this, and with the complete picture, needed for
properly understanding the double cover map SU2 → SO3, involving as well the 4 Pauli
spin matrices, appearing as matrix coefficients of x, y, z, t in the formula from Theorem
11.20. Have a look at any of my algebra books, where all this is explained.

(4) With this discussed, in the Euler-Rodrigues picture, the main character is:

χ = 3x2 − y2 − z2 − t2

= 4x2 − (x2 + y2 + z2 + t2)

= 4x2 − 1

Thus χ+1 = 4x2, which by Theorem 11.16 follows the Marchenko-Pastur law π1. □

As a continuation of the above, at a more conceptual level, we know from the Peter-
Weyl theory from chapter 7 that the law of the main character ultimately comes by
decomposing the Peter-Weyl representations u⊗k into irreducibles. So, let us try to un-
derstand this. For the group SU2, further building on Theorem 11.20, we have:

Theorem 11.22. The irreducible representations of SU2 are all self-adjoint, and can
be labeled by positive integers, with their fusion rules being as follows,

rk ⊗ rl = r|k−l| + r|k−l|+2 + . . .+ rk+l

called Clebsch-Gordan rules. The corresponding dimensions are dim rk = k + 1.

Proof. With the knowledge that we have, we can prove this result as follows:

(1) According to Theorem 11.20, the moments of the main character are:∫
SU2

χ2k = Ck

(2) Our claim is that we can construct, by recurrence on k ∈ N, a sequence rk of
irreducible, self-adjoint and distinct representations of SU2, satisfying:

r0 = 1 , r1 = u , rk + rk−2 = rk−1 ⊗ r1
Indeed, assume that r0, . . . , rk−1 are constructed, and let us construct rk. We have:

rk−1 + rk−3 = rk−2 ⊗ r1
Thus rk−1 ⊂ rk−2 ⊗ r1, and since rk−2 is irreducible, by Frobenius we have:

rk−2 ⊂ rk−1 ⊗ r1
We conclude there exists a certain representation rk such that:

rk + rk−2 = rk−1 ⊗ r1
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(3) By recurrence, rk is self-adjoint. Now observe that according to our recurrence
formula, we can split u⊗k as a sum of the following type, with positive coefficients:

u⊗k = ckrk + ck−2rk−2 + . . .

We conclude by Peter-Weyl that we have an inequality as follows, with equality pre-
cisely when rk is irreducible, and non-equivalent to the other summands ri:∑

i

c2i ≤ dim(End(u⊗k))

(4) But according to (1) the number on the right is Ck, and some straightforward
combinatorics, based on the fusion rules, shows that the number on the left is Ck as
well. Thus we have equality in our estimate, so our representation rk is irreducible,
and non-equivalent to rk−2, rk−4, . . . Moreover, this representation rk is not equivalent to
rk−1, rk−3, . . . either, with this coming from rp ⊂ u⊗p for any p, and from:

dim(Fix(u⊗2s+1)) =

∫
SU2

χ2s+1 = 0

(5) Thus, we proved our claim. Now since each irreducible representation of SU2

appears into some u⊗k, and we know how to decompose each u⊗k into sums of represen-
tations rk, these representations rk are all the irreducible representations of SU2, and we
are done with the main assertion. As for the dimension formula, this is clear. □

Regarding now SO3, we have here a similar result, as follows:

Theorem 11.23. The irreducible representations of SO3 are all self-adjoint, and can
be labeled by positive integers, with their fusion rules being as follows,

rk ⊗ rl = r|k−l| + r|k−l|+1 + . . .+ rk+l

also called Clebsch-Gordan rules. The corresponding dimensions are dim rk = 2k + 1.

Proof. As before with SU2, there are many possible proofs here, which are all in-
structive. Here is our take on the subject, in the spirit of our proof for SU2:

(1) According to Theorem 11.21, the moments of the main character are:∫
SO3

χk = Ck

(2) Our claim now is that we can construct, by recurrence on k ∈ N, a sequence rk of
irreducible, self-adjoint and distinct representations of SO3, satisfying:

r0 = 1 , r1 = u− 1 , rk + rk−1 + rk−2 = rk−1 ⊗ r1
Indeed, assume that r0, . . . , rk−1 are constructed, and let us construct rk. The Frobe-

nius trick from the proof for SU2 will no longer work, due to some technical reasons, so
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we have to invoke (1). To be more precise, by integrating characters we obtain:

rk−1, rk−2 ⊂ rk−1 ⊗ r1
We conclude that there exists a representation rk such that:

rk−1 ⊗ r1 = rk + rk−1 + rk−2

(3) Once again by integrating characters, we conclude that rk is irreducible, and
non-equivalent to r1, . . . , rk−1, and this proves our claim. Also, since any irreducible
representation of SO3 must appear in some tensor power of u, and we can decompose
each u⊗k into sums of representations rp, we conclude that these representations rp are
all the irreducible representations of SO3. Finally, the dimension formula is clear. □

As a conclusion to this, which is good to know, the advanced combinatorics of the
Wigner and Marchenko-Pastur laws γ1 and π1 comes from the Clebsch-Gordan rules for
SU2 and SO3. There are of course far more things that can be said, with for instance
an alternative proof for this coming from a certain “super-easiness” property of SU2 and
SO3. And, for more on this, you can have a look at the quantum algebra literature.

11e. Exercises

This was an exciting geometric chapter, and as exercises, we have:

Exercise 11.24. Learn more about ellipses, and their story.

Exercise 11.25. Do some computations with elliptic integrals.

Exercise 11.26. Study as well the Kepler 2 integration problem.

Exercise 11.27. Do more computations for xi : S
N−1
R → [−1, 1].

Exercise 11.28. Do more computations for x2i : S
N−1
R → [0, 1].

Exercise 11.29. Do more computations for |xi| : SN−1
R → [0, 1].

Exercise 11.30. Do more computations for zi : S
N−1
C → D.

Exercise 11.31. Try as well to use ON , UN and Weingarten.

As bonus exercise, learn about SU2 and SO3, as much as you can.



CHAPTER 12

Discrete measures

12a. Negative binomials

I don’t know about you, but personally, after all the mutivariable calculus from the
last 3 chapters, I miss discrete mathematics and the Poisson laws. So, this chapter will be
about this, discrete laws, from an advanced viewpoint, benefiting from our multivariable
experience from the previous 3 chapters. We have at least 4 things to be done:

(1) Higher dimensional Bessel type laws, obtained by summing independent Poisson
variables suitably distributed over spheres, or other manifolds S ⊂ RN .

(2) Easiness without limits, meaning relaxing all 3 assumptions in what we have so
far of discrete type, namely law of χt, for the group Hs

N , in the N →∞ limit.

(3) Heavy statistics, meaning hypergeometric laws, positive and negative, and their
beta versions, obtained by replacing the Bernoulli sampling with a beta sampling.

(4) Fourier type manipulations for complicated real discrete measures, by blowing
them up on the unit circle C ⊂ R2, or on other manifolds S ⊂ RN .

Which sounds quite exciting, I mean imagine that there is a World War between
continuous and discrete mathematics, and the continuous camp has striked hard, with 3
heavy chapters in a row. As discrete mathematicians we must strike back, with something
terribly complicated and advanced, and that can be a mixture of (1,2,3,4).

In practice now, and trying however to remain a bit philosophers, I would propose to
leave aside (1) and (2), which are fairly specialized material. So, have a look here at the
literature, or at my specialized Poisson law book, that I have in preparation. And, the
plan will be to develop (3), and hopefully have a look at (4) too, towards the end.

Getting to work, as our starting result, which is something elementary, we have:

Theorem 12.1. When flipping a p-biased coin until reaching to m heads,

P (s tails) =

(
s+m− 1

s

)
(1− p)spm

with this being called negative binomial law cmp of parameters m ∈ N and p ∈ [0, 1].

273
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Proof. When computing P (s tails), we certainly have the (1− p)spm factor, coming
from the m heads and s tails. As for the multiplicity, this is the binomial coefficient in the
statement, coming from choosing the positions of the s tails, among the total of s+m−1
attempts, up to the last one, which does not count, because it must be heads. □

The terminology in the above result comes from the following key fact:

Theorem 12.2. The negative binomial law cmp is best viewed as

P (s) =

(
−m
s

)
(p− 1)spm

with
(−m

s

)
being a generalized binomial coefficient.

Proof. The above formula comes indeed from the following computation:(
−m
s

)
=
−m(−m− 1) . . . (−m− s+ 1)

s!

= (−1)s m(m+ 1) . . . (m+ s− 1)

s!

= (−1)s
(
s+m− 1

s

)
Now observe that in this picture, the mass 1 property is obvious, coming from:∑

s≥0

P (s) =
∑
s≥0

(
−m
s

)
(p− 1)spm

= pm
∑
s≥0

(
−m
s

)
(p− 1)s

= pm[1 + (p− 1)]−m

= pmp−m

= 1

Thus, we are led to the conclusions in the statement. □

In analogy now with the formula bnp = b∗np for the usual binomial laws, we have:

Theorem 12.3. The negative binomial laws cp = c1p of exponent m = 1 are

P (s) = (1− p)sp

with these being called geometric laws, and we have cmp = c∗mp , for any m ∈ N.
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Proof. The first assertion is clear from definitions, and with the name geometric
laws coming from the geometric series which produces them, namely:∑

s≥0

P (s) =
∑
s≥0

(1− p)sp = p

1− (1− p)
= 1

As for the second assertion, this comes from the following computation:

c∗mp =

(∑
a1≥0

(1− p)a1pδa1

)
∗ . . . ∗

(∑
am≥0

(1− p)ampδam

)
=

∑
a1,...,am≥0

(1− p)a1+...+ampmδa1+...+am

=
∑
s≥0

#
{
a1, . . . , am ≥ 0

∣∣∣a1 + . . .+ am = s
}
(1− p)spmδs

=
∑
s≥0

#
{
b1, . . . , bm ≥ 1

∣∣∣b1 + . . .+ bm = s+m
}
(1− p)spmδs

=
∑
s≥0

(
s+m− 1

m− 1

)
(1− p)spmδs

=
∑
s≥0

(
s+m− 1

s

)
(1− p)spmδs

= cmp

To be more precise here, the count at the end comes from the fact that, in order to
partition s+m, best thought as a sequence of s+m boxes, as s+m = b1 + . . .+ bm, we
have to insert m− 1 markers between these boxes, at different locations, at the s+m− 1
positions available. Thus, we are led to the conclusion in the statement. □

We have as well a negative Poisson Limit Theorem, as follows:

Theorem 12.4 (negative PLT). We have the following convergence, in moments,(∑
k≥0

(
t

m+ t

)k
m

m+ t
δk

)∗m

→ pt

for any t > 0. Equivalently, cmp → pt, when p = m/(m+ t) with t > 0 fixed.

Proof. Let us denote by νm the geometric law under the convolution sign:

νm =
∑
k≥0

(
t

m+ t

)k
m

m+ t
δk
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We have the following computation, for the Fourier transform of the limit:

Fδk(x) = eikx =⇒ Fνm(x) =
∑
k≥0

(
t

m+ t

)k
m

m+ t
eikx

=⇒ Fνm(x) =
m

m+ t− teix

=⇒ Fν∗mm (x) =

(
m

m+ t− teix

)m

=⇒ Fν∗mm (x) =

(
1 +

t(eix − 1)

m+ t− teix

)m

=⇒ F (x) = exp
(
t(eix − 1)

)
Thus, we obtain indeed the Fourier transform of pt, as desired. □

Again inspired from what we did before for the usual binomial laws, we have:

Theorem 12.5. The moments of cmp are given by the following formula,

Mk =
∑

π∈P (k)

(m+ |π| − 1)!

(m− 1)!

(
1− p
p

)|π|

with |.| standing as usual for the number of blocks of partitions, and

E =
m(1− p)

p
, V =

m(1− p)
p2

, γ =
2− p√
m(1− p)

, κ = 3 +
6

m
+

p2

m(1− p)

are the corresponding mean, variance, skewness and kurtosis.

Proof. Regarding the mean, this can be computed as follows:

E =
∑
s≥1

s

(
−m
s

)
(p− 1)spm

=
∑
s≥1

−m
(
−m− 1

s− 1

)
(p− 1)spm

= −mpm(p− 1)
∑
s≥1

(
−m− 1

s− 1

)
(p− 1)s−1

= mpm(1− p)[1 + (p− 1)]−m−1

= mpm(1− p)p−m−1

=
m(1− p)

p
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With a similar trick, we can compute the difference M2 −M1, as follows:

M2 −M1 =
∑
s≥2

s(s− 1)

(
−m
s

)
(p− 1)spm

=
∑
s≥2

m(m+ 1)

(
−m− 2

s− 2

)
(p− 1)spm

= m(m+ 1)pm(p− 1)2
∑
s≥2

(
−m− 2

s− 2

)
(p− 1)s−2

= m(m+ 1)pm(1− p)2[1 + (p− 1)]−m−2

= m(m+ 1)pm(1− p)2p−m−2

=
m(m+ 1)(1− p)2

p2

We conclude that the second moment is given by the following formula:

M2 =
m(1− p)(1 +m−mp)

p2

Thus, we are led to the variance formula in the statement, namely:

V =
m(1− p)(1 +m−mp)

p2
− m2(1− p)2

p2
=
m(1− p)

p2

In order to compute now the higher moments, with the same trick, we can use the
following formula, that we know well since chapter 1, from our study there of bnp:

sk =
∑

π∈P (k)

s!

(s− |π|)!

Indeed, with this as input for our moment computations, we are led to:

Mk =
∑

π∈P (k)

(m+ |π| − 1)!

(m− 1)!

(
1− p
p

)|π|

Getting now to M3,M4, these do not look very good, but their central versions do:

M ′
3 =

m(1− p)(2− p)
p3

M ′
4 =

m(1− p)((3m+ 6)(1− p) + p2)

p4

And with this, we are led to the formulae of γ, κ in the statement, as desired. □
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12b. Hypergeometric laws

Let us go back now to the usual binomial laws, studied in chapter 1. As a variation
of that construction, we can talk about hypergeometric laws, as follows:

Theorem 12.6. Given a population of size N ∈ N, with m ∈ {0, . . . , N} of these
objects having a certain feature, the probability of having s successes, when performing
p ∈ {0, . . . , N} draws without replacement, and looking for that feature, is

P (s) =

(
m
s

)(
N−m
p−s

)(
N
p

)
with this being called hypergeometric law of parameters (N,m, p). When doing the same
thing, but with replacement, we obtain a binomial law of parameter m/N .

Proof. Many things can be said here, the idea being as follows:

(1) To start with, the main assertion is clear, because we have a total of
(
N
p

)
possibilities

for our p draws without replacement, and among these draws, those amounting to s
successes come by multiplying

(
m
s

)
, standing for the s successes, and

(
N−m
p−s

)
, standing for

the p− s fails. Thus, we are led to the formula of P (s) in the statement.

(2) Regarding now the fact that we have indeed a probability measure, this is some-
thing which is plainly clear, because when performing our p draws, something must hap-
pen, I mean we have a well-defined number of successes s ∈ N, and

∑
s P (s) = 1.

(3) However, let us comment more on this. To start with, we must have:

0 ≤ s ≤ m , 0 ≤ p− s ≤ N −m
In other words, the number of successes s ∈ N, where P (s) > 0, is subject to:

s ∈ {max(0, p+m−N), . . . ,min(m, p)}
(4) Getting now to the mass 1 formula

∑
s P (s) = 1, this looks in practice as follows,

with the bounds for the summing parameter s being those found above:∑
s

(
m

s

)(
N −m
p− s

)
=

(
N

p

)
But this comes from the Vandermonde formula, which is as follows, coming from

(1 + x)m(1 + x)n = (1 + x)m+n, by looking at the coefficient of xp, on both sides:
p∑

s=0

(
m

s

)(
n

p− s

)
=

(
m+ n

p

)
(5) Finally, in what regards the last assertion of the theorem, assume that we are

doing our p draws, but this time with replacement. In this case, for having s successes,
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we have
(
p
s

)
choices for the occurences of these successes, and then (m/N)s probability

for the successes, and (1−m/N)n−s probability for the fails, so we obtain:

P (s) =

(
p

s

)(m
N

)s (
1− m

N

)n−s

But this is a binomial law of parameter m/N , as stated. □

Still at the theoretical level, as an interesting observation, we have:

Proposition 12.7. The hypergeometric law of parameters (N,m, p), given by

P (s) =
m!p!(N −m)!(N − p)!

s!(m− s)!(p− s)!N !(N −m− p+ s)!

is symmetric in m, p, so is equal to the hypergeometric law of parameters (N, p,m).

Proof. This is indeed something self-explanatory, coming from definitions. □

At a more advanced level, we can use some algebra. Consider the standard matrix
coordinates over the symmetric group SN ⊂ ON , which form a matrix, as follows:

u =



u11 . . . u1p . . . . . . u1N
... ⋆

...
...

um1 . . . ump . . . . . . umN
...

...
...

...
...

...
uN1 . . . uNp . . . . . . uNN


The point now is that the sum of the entries of the rectangular matrix ⋆ appearing

in the upper left corner is hypergeometric, as shown by the following result:

Theorem 12.8. The following variable over the symmetric group SN ⊂ ON ,

Smp =
m∑
i=1

p∑
j=1

uij

is hypergeometric, having parameters (N,m, p).

Proof. We know that the coordinates of the symmetric group, viewed as group of
permutation matrices, SN ⊂ ON , are given by the following formula:

uij = χ
(
σ ∈ SN

∣∣∣σ(j) = i
)

Thus, the variable in the statement is given by the following formula:

Smp =
m∑
i=1

p∑
j=1

χ
(
σ ∈ SN

∣∣∣σ(j) = i
)
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Let us compute now the law of this variable. We have the following formula:

P (Smp = s) =
1

N !
#
(
σ ∈ SN

∣∣∣Smp(σ) = s
)

=
1

N !
#
(
σ ∈ SN

∣∣∣#{i ≤ m, j ≤ p
∣∣σ(j) = i

}
= s
)

=
1

N !
#
(
σ ∈ SN

∣∣∣#{j ≤ p
∣∣σ(j) ≤ m

}
= s
)

Now let us try to count the permutations on the right. Such a permutation σ ∈ SN

comes from 5 operations involved, as follows:

(1) We first have to pick a subset X ⊂ {1, . . . , p}, with |X| = s.

(2) We also have to pick a subset Y ⊂ {1, . . . ,m}, with |Y | = s.

(3) Then, we have to bijectively map X → Y .

(4) Next, we have to map injectively {1, . . . , p} −X → {m+ 1, . . . , N}.
(5) And finally, we have to bijectively map {p+ 1, . . . , N} to what is left.

Regarding now the precise numbers of choices for these 5 operations involved, these
are easy to compute, as follows:

(1) Here we have
(
p
s

)
choices.

(2) Here we have
(
m
s

)
choices.

(3) Here we have s! choices.

(4) Here we have (N−m)!
(N−m−p+s)!

choices.

(5) Here we have (N − p)! choices.
We can now finish our probability computation started above, as follows:

P (Smp = s) =
1

N !

(
p

s

)(
m

s

)
s!

(N −m)!

(N −m− p+ s)!
(N − p)!

=
1

N !
· p!

s!(p− s)!
· m!

s!(m− s)!
· s! · (N −m)!

(N −m− p+ s)!
(N − p)!

=
p!m!(N −m)!(N − p)!

N !s!(p− s)!(m− s)!(N −m− p+ s)!

=
m!

s!(m− s)!
· (N −m)!

(p− s)!(N −m− p+ s)!
· p!(N − p)!

N !

=

(
m
s

)(
N−m
p−s

)(
N
p

)
We are therefore led to the conclusion in the statement. □
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As a first observation, the above trivializes the symmetry observation from Proposition
12.7. As another success of our group theory approach, by some magic, we have:

Theorem 12.9. For the hypergeometric law of parameters (N,m, p) we have

Mk =
∑

π∈P (k)

m!

(m− |π|)!
· p!

(p− |π|)!
· (N − |π|)!

N !

where |.| denotes as usual the number of blocks of partitions, and

E =
mp

N
, V =

mp(N −m)(N − p)
N2(N − 1)

, γ =
(N − 2m)(N − 2p)

√
N − 1

(N − 2)
√
mp(N −m)(N − p)

κ = 3 +

(
N2(N − 1)[N(N + 1)− 6m(N −m)− 6p(N − p)]

+6mp(N −m)(N − p)(5N − 6)

)
mp(N −m)(N − p)(N − 2)(N − 3)

and the corresponding mean, variance, skewness and kurtosis.

Proof. We have the following computation, using technology from chapter 4:

Mk =

∫
SN

Sk
mp

=

∫
SN

(
m∑
i=1

p∑
j=1

uij

)k

=

∫
SN

m∑
i1=1

. . .
m∑

ik=1

p∑
j1=1

. . .

p∑
jk=1

ui1j1 . . . uikjk

=
m∑

i1=1

. . .
m∑

ik=1

p∑
j1=1

. . .

p∑
jk=1

∫
SN

ui1j1 . . . uikjk

=
m∑

i1=1

. . .

m∑
ik=1

p∑
j1=1

. . .

p∑
jk=1

δker i,ker j
(N − | ker i|)!

N !

=
∑

π∈P (k)

m∑
i1=1

. . .

m∑
ik=1

p∑
j1=1

. . .

p∑
jk=1

δker i,ker j,π
(N − |π|)!

N !

=
∑

π∈P (k)

(
m∑

i1=1

. . .
m∑

ik=1

δker i,π

)(
p∑

j1=1

. . .

p∑
jk=1

δker j,π

)
(N − |π|)!

N !

=
∑

π∈P (k)

m!

(m− |π|)!
· p!

(p− |π|)!
· (N − |π|)!

N !

As for the numerics, I will leave them to you as an exercise, enjoy. □
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Next, we can talk as well about negative hypergeometric laws, as follows:

Theorem 12.10. Given a population of size N ∈ N, with m ∈ {0, . . . , N} of these
objects having a certain feature, the probability of having s successes, when performing
draws without replacement, and stopping after r ∈ {0, . . . , N −m} failures, is

P (s) =

(
s+r−1

s

)(
N−r−s
m−s

)(
N
m

)
with this being called negative hypergeometric law of parameters (N,m, r). When doing
this with replacement, we obtain a negative binomial law of parameter m/N .

Proof. Many things can be said here, the idea being as follows:

(1) Observe first the similarity with the definition of the usual hypergeometric laws,
from Theorem 12.6. To be more precise, the common part is that, in both these cases,
we have a population of size N ∈ N, with m ∈ {0, . . . , N} of these objects having
a certain feature, and we are looking for the probability of having s successes, when
performing draws with replacement. The difference comes from the stopping convention,
for the hypergeometric laws this being after p ∈ {0, . . . , N} draws, and for the negative
hypergeometric laws this being after r ∈ {0, . . . , N −m} failures.

(2) In practice, based on this, we can develop the theory of negative hypergeometric
laws by using the previously developed theory of the usual hypergeometric laws. Indeed,
to start with, the probability P (s) that we are interested in comes by multiplying a
probability coming from a usual hypergeometric law, corresponding to the m succeses in
the first m + r − 1 draws, and a basic fraction, corresponding to the failure required at
the (m+ r)-th draw. In practice, this gives the following formula, as desired:

P (s) =

(
m
s

)(
N−m

s+r−1−s

)(
N

s+r−1

) · N −m− (r − 1)

N − (s+ r − 1)

=

(
m
s

)(
N−m
r−1

)(
N

s+r−1

) · N −m− r + 1

N − s− r + 1

=
m!(N −m)!(s+ r − 1)!(N − s− r + 1)!(N −m− r + 1)

s!(m− s)!(r − 1)!N !(N −m− r + 1)!(N − s− r + 1)

=
m!(N −m)!(s+ r − 1)!(N − s− r)!
s!(m− s)!(r − 1)!N !(N −m− r)!

=
(s+ r − 1)!(N − r − s)!(N −m)!m!

s!(r − 1)!(m− s)!(N − r −m)!N !

=

(
s+r−1

s

)(
N−r−s
m−s

)(
N
m

)
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(3) Regarding now the fact that we have indeed a probability measure,
∑

s P (s) = 1,
this is something which is plainly clear from definitions, but which can be deduced as well
from the Vandermonde formula, along with the identity

(
n
k

)
= (−1)k

(
k−n−1

k

)
:∑

s

(
s+ r − 1

s

)(
N − r − s
m− s

)
=

∑
s

(−1)s
(
−r
s

)
(−1)m−s

(
m+ r −N − 1

m− s

)
= (−1)m

∑
s

(
−r
s

)(
m+ r −N − 1

m− s

)
= (−1)m

(
m−N − 1

m

)
=

(
N

m

)
(4) Finally, in what regards the second assertion of the theorem, assume that we are

doing our draws, but this time with replacement. In this case, for having s successes, we
have

(
s+r−1

s

)
choices for the occurences of these successes, and then (m/N)s probability

for the successes, and (1−m/N)r probability for the fails, so we obtain:

P (s) =

(
s+ r − 1

s

)(m
N

)s (
1− m

N

)r
But this is a negative binomial law of parameter m/N , as stated. □

As a main result now regarding the negative hypergeometric laws, we have:

Theorem 12.11. For the negative hypergeometric law of parameters (N,m, r),

Mk =
∑

π∈P (k)

m!

(m− |π|)!
· (r + |π| − 1)!

(r − 1)!
· (N −m)!

(N −m+ |π|)!

where |.| denotes as usual the number of blocks of partitions, we have

E =
mr

N −m+ 1
, V =

mr(N + 1)(N −m− r + 1)

(N −m+ 1)2(N −m+ 2)

γ =
(N +m+ 1)(N −m− 2r + 1)

N −m+ 3

√
N −m+ 2

mr(N + 1)(N −m− r + 1)

and with the notations c = N −m+ 1 and d = r(N −m− r + 1),

κ =
(c+ 1)(c2[c2 + (6m− 1)c+ 6m2] + 3d[(m− 2)c2 +m(m− 6)c− 6m2])

md(c+ 2)(c+ 3)(c+m)

is the corresponding kurtosis.
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Proof. This is something quite standard, the idea being that the formula in the
statement follows by recurrence, by using our standard trick, namely:

sk =
∑

π∈P (k)

s!

(s− |π|)!

We will leave the computations here, as well as the remaining discussion, regarding
the mean, variance, skewness and kurtosis, as an instructive exercise. Enjoy. □

12c. Beta binomials

With the above, done with our series of generalizations? You must be kidding. Indeed,
in advanced statistics it is sometimes useful to have some further generalizations of all
the above, with the usual Bernoulli sampling replaced by a beta sampling. And with this
being something quite interesting, for other mathematical purposes as well.

In order to discuss this, we must first have a closer look at the beta laws. We already
talked about these, vaguely, in chapter 3, and then we met them, at certain special values
of the parameters, in chapter 11, disguised there as squared hyperspherical laws. In order
to have a systematic look at this, we will need a piece of fine mathematics, namely:

Theorem 12.12. We have the following formula, valid for any a, b > 0,∫ 1

0

xa−1(1− x)b−1dx =
Γ(a)Γ(b)

Γ(a+ b)

with this quantity being denoted B(a, b), and called beta function.

Proof. This is something quite tricky, the idea being as follows;

(1) As a first comment, you might wonder why calling B beta, but the thing is, the
letter B is originally Greek, upper-case β. And with this causing various troubles, because
when needing distinct upper-case b, β letters, you are tempted to use B,B. With by the
way mea culpa for having done such things in the past. We won’t do them here.

(2) As a second comment, in the case where the exponents are integers, a, b ∈ N, the
formula in the statement takes the following form, in terms of usual factorials:∫ 1

0

xa−1(1− x)b−1dx =
(a− 1)!(b− 1)!

(a+ b− 1)!

But with x = cos2 t this is exactly the Wallis 2 formula from chapter 11, at odd values
p = 2a−1 and q = 2b−1 of the exponents there. In fact, the Wallis 2 formula corresponds
precisely to the formula in the statement at a, b ∈ N/2, and this is why in chapter 11 we
managed to get away with Wallis, without using the beta function.
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(3) Getting now to the general case, let us attempt to compute Γ(a)Γ(b). By definition
of gamma, this amounts in computing a certain integral over R2, as follows:

Γ(a)Γ(b) =

∫ ∞

0

xa−1e−xdx

∫ ∞

0

yb−1e−ydy

=

∫ ∞

0

∫ ∞

0

xa−1yb−1e−x−ydxdy

(4) Now comes the trick. Let us perform the following change of variables:{
x = st

y = s(1− t)
⇐⇒

{
s = x+ y

t = x/(x+ y)

We have then dxdy = sdsdt, coming from the following Jacobian computation:

dxdy

dsdt
=

∣∣∣∣∣∣
dx/ds dx/dt

dy/ds dy/dt

∣∣∣∣∣∣ =
∣∣∣∣∣∣
t s

1− t −s

∣∣∣∣∣∣ = −s
(5) We conclude that our integral over R2 above takes the following form:

Γ(a)Γ(b) =

∫ 1

0

∫ ∞

0

(st)a−1(s(1− t))b−1e−ssdsdt

=

∫ 1

0

sa+b−1e−sds

∫ ∞

0

ta−1(1− t)b−1dt

= Γ(a+ b)

∫ ∞

0

ta−1(1− t)b−1dt

Thus, we are led to the conclusion in the statement. □

Before getting into probability, let us study a bit more the beta function. We know
that for integer variables a, b ∈ N, we have the following formula:

B(a, b) =
(a− 1)!(b− 1)!

(a+ b− 1)!

Thus, the beta function is some sort of generalized binomial coefficient, written upside
down, and coming with an extra factor, or a factor missing, upon taste. We have:

Theorem 12.13. We have the following formula,

n∑
s=0

(
n

s

)
B(s+ a, n− s+ b) = B(a, b)

generalizing the usual Vandermonde formula for binomials.
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Proof. This is very standard, as for the usual Vandermonde formula, as follows:

(1) At n = 0 the formula to be proved is B(a, b) = B(a, b), true.

(2) At n = 1 the formula, called Pascal formula, can be proved as follows:

B(a, b+ 1) +B(a+ 1, b) =
Γ(a)Γ(b+ 1)

Γ(a+ b+ 1)
+

Γ(a+ 1)Γ(b)

Γ(a+ b+ 1)

=
bΓ(a)Γ(b)

(a+ b)Γ(a+ b)
+

aΓ(a)Γ(b)

(a+ b)Γ(a+ b)

=
Γ(a)Γ(b)

Γ(a+ b)

= B(a, b)

(3) At n = 2 now, we can use the above Pascal formula three times, as follows:

B(a, b+ 2) + 2B(a+ 1, b+ 1) +B(a+ 2, b)

= [B(a, b+ 2) +B(a+ 1, b+ 1)] + [B(a+ 1, b+ 1) +B(a+ 2, b)]

= B(a, b+ 1) +B(a+ 1, b)

= B(a, b)

(4) And so on, with the general case following by iterating Pascal, as above. □

Time, eventually, to do some probability? Based on what we have, we can now
formulate the following key result, which is something quite far-reaching:

Theorem 12.14. The beta distribution of parameters a, b > 0, namely

νab =
xa−1(1− x)b−1

B(a, b)
dx

on [0, 1], with B(a, b) = Γ(a)Γ(b)/Γ(a+ b) being the beta function, has moments

Mk =
a(a+ 1) . . . (a+ k − 1)

(a+ b)(a+ b+ 1) . . . (a+ b+ k − 1)

and in particular, the mean and variance are given by the following formulae,

E =
a

a+ b
, V =

ab

(a+ b)2(a+ b+ 1)

and the skewness and kurtosis are given by the following formulae,

γ =
2(b− a)

√
a+ b+ 1

(a+ b+ 2)
√
ab

, κ = 3 +
6[(a− b)2(a+ b+ 1)− ab(a+ b+ 2)]

ab(a+ b+ 2)(a+ b+ 3)

and with all this generalizing many previous formulae, from this book.
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Proof. The moments can be indeed computed as follows, using Theorem 12.12:

Mk =
1

B(a, b)

∫ 1

0

xa+k−1(1− x)b−1dx

=
B(a+ k, b)

B(a, b)

=
Γ(a+ k)Γ(b)

Γ(a+ b+ k)
· Γ(a+ b)

Γ(a)Γ(b)

=
Γ(a+ k)

Γ(a)
· Γ(a+ b)

Γ(a+ b+ k)

=
a(a+ 1) . . . (a+ k − 1)

(a+ b)(a+ b+ 1) . . . (a+ b+ k − 1)

In particular, we have the formula of E. Getting now to the variance, this is:

V =
a(a+ 1)

(a+ b)(a+ b+ 1)
−
(

a

a+ b

)2

=
ab

(a+ b)2(a+ b+ 1)

As for the computations of the skewness and kurtosis, these are similar. □

Getting back now to our usual business in this chapter, namely discrete laws, we can
talk about beta binomial distributions, constructed in the following way:

Definition 12.15. The beta binomial distributions are the discrete laws given by

P (s) =

(
n

s

)
B(s+ a, n− s+ b)

B(a, b)

with B(a, b) = Γ(a)Γ(b)/Γ(a+ b) being as usual the beta function.

As a first job, let us verify that we have indeed probability measures, of mass 1. But
this comes indeed from the Vandermonde formula in Theorem 12.13, as follows:

n∑
s=0

P (s) =
1

B(a, b)

n∑
s=0

(
n

s

)
B(s+ a, n− s+ b) = 1

Next, we have the following fact, which is the key to understanding our laws:

Theorem 12.16. At integer values of the parameters, a, b ∈ N, we have

P (s) =

(
s+a−1

s

)(
n−s+b−1

n−s

)(
n+a+b−1

n

)
which is a negative hypergeometric law, of parameters (N,m, r) = (n+ a+ b− 1, n, a).
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Proof. At integer values of the parameters a, b, the beta function is given by:

B(a, b) =
Γ(a)Γ(b)

Γ(a+ b)
=

(a− 1)!(b− 1)!

(a+ b− 1)!

By using this, the formula of the beta binomial distribution is as follows:

P (s) =

(
n

s

)
B(s+ a, n− s+ b)

B(a, b)

=
n!

s!(n− s)!
· (s+ a− 1)!(n− s+ b− 1)!

(n+ a+ b− 1)!
· (a+ b− 1)!

(a− 1)!(b− 1)!

=
n!(a+ b− 1)!

(n+ a+ b− 1)!
· (s+ a− 1)!

s!(a− 1)!
· (n− s+ b− 1)!

(n− s)!(b− 1)!

=

(
s+a−1

s

)(
n−s+b−1

n−s

)(
n+a+b−1

n

)
Thus, we are led to the conclusion in the statement. □

We can see now the interest in Definition 12.15, the point being that, in certain
situations where the negative hypergeometric laws do not produce accurate results, we
can use the beta binomial laws. For more here, we refer to a solid statistics book.

In what follows we will be mostly interested in the abstract mathematics of the beta
binomial laws. In order to deal with the moment problem, let us formulate:

Definition 12.17. The factorial moments of f : X → R are the numbers

M̃k = E[f(f − 1) . . . (f − k + 1)]

with the convention M̃0 = 1.

This definition is something quite subtle, the idea is that the above normalization
“kills the underlying partitions”. Indeed, recall the following formula, that we know well
for numbers, and which must therefore hold as well for random variables:

fk =
∑

π∈P (k)

f(f − 1) . . . (f − |π|+ 1)

By applying the expectation on both sides, we obtain the following formula:

Mk =
∑

π∈P (k)

M̃|π|

As an illustration for this conversion formula, and for the power of Definition 12.17,
in general, for the Poisson laws we have the following remarkably simple formula:

M̃k(pt) = tk

Getting now to the beta binomial laws, the result for them is as follows:
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Theorem 12.18. The factorial moments of the beta binomial distribution are

M̃k =
n!

(n− k)!
· B(a+ k, b)

B(a, b)

with B being as usual the beta function. The mean and variance are

E =
na

a+ b
, V =

nab(n+ a+ b)

(a+ b)2(a+ b+ 1)

the skewness is given by the following formula,

γ =
(2n+ a+ b)(b− a)

a+ b+ 2

√
a+ b+ 1

nab(n+ a+ b)

and with the notations c = a+ b and d = ab,

κ =
(c+ 1)(c2[c2 + (6n− 1)c+ 6n2] + 3d[(n− 2)c2 + n(n− 6)c− 6n2])

nd(c+ 2)(c+ 3)(c+ n)

is the corresponding kurtosis.

Proof. To start with, let us record the following more digest formulation of the
moment formula in the statement, in terms of the gamma function only:

M̃k =
n!

(n− k)!
· B(a+ k, b)

B(a, b)

=
n!

(n− k)!
· Γ(a+ k)Γ(b)

Γ(a+ b+ k)
· Γ(a+ b)

Γ(a)Γ(b)

=
n!

(n− k)!
· Γ(a+ k)

Γ(a)
· Γ(a+ b)

Γ(a+ b+ k)

Equivalently, by using the formula Γ(s + 1) = sΓ(s) for both fractions, we have the
following formula, directly in terms of the parameters a, b > 0:

M̃k =
n(n− 1) . . . (n− k + 1)a(a+ 1) . . . (a+ k − 1)

(a+ b)(a+ b+ 1) . . . (a+ b+ k − 1)

As for the proof, this is something quite standard, by using the same tricks as for the
negative hypergeometric laws. We will leave this as an exercise. □

And with this, done? Not yet, because we have one more thing to talk about:

Definition 12.19. The negative beta binomial law of parameters r, a, b > 0 is

P (s) =
Γ(s+ b)

s!Γ(b)
· B(s+ r, a+ b)

B(r, a)

with B = Γ(a)Γ(b)/Γ(a+ b) being as usual the beta function.
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Obviously, this is something quite tricky. As a first observation, by writing everything
in terms of the gamma function, and rearranging the terms, we have as well:

P (s) =
1

s
· B(r + a, s+ b)

B(a, b)B(r, s)

In practice, the simplest case is r = 1, and we have here the following result:

Proposition 12.20. The negative beta binomial distribution at r = 1 is given by

P (s) =
B(a+ 1, b+ s)

B(a, b)

and with this being called beta geometric law of parameters a, b > 0.

Proof. This comes from our beta-only formula above, which reads:

P (s) =
1

s
· B(a+ 1, s+ b)

B(a, b)B(1, s)
=

Γ(s+ 1)

sΓ(s)
· B(a+ 1, b+ s)

B(a, b)

Thus, we are led to the formula in the statement. □

Generally speaking, the negative beta binomial distributions are best thought as com-
ing in 3 stages, namely the beta geometric laws above, corresponding to the case r = 1,
then their generalizations with r ∈ N, and then their further generalizations with r > 0.
Many other things can be here, and as before for the usual beta binomial distributions,
for more on the phenomenology of these laws, we refer to a solid statistics book.

Getting now to the mathematics of these laws, as a central result, we have:

Theorem 12.21. The factorial moments of the negative beta binomial law are

M̃k =
Γ(r + k)Γ(a− k)Γ(b+ k)

Γ(r)Γ(a)Γ(b)

with r, a, b > 0 being as usual the parameters.

Proof. This is obviously something quite complicated, that we will not attempt to
prove here. This being said, a few comments. As a first observation, by using the identity
Γ(s+ 1) = sΓ(s), the formula in the statement can be written as follows:

M̃k =
(r + k − 1)(r + k − 2) . . . r(b+ k − 1)(b+ k − 2) . . . b

(a− 1)(a− 2) . . . (a− k)

In practice, at k = 0 this tells us that we have M̃0 = 1, with this showing that our
measures are indeed of mass one, as they should. Next, at k = 1, 2 we get:

M̃1 =
rb

a− 1
, M̃2 =

(r + 1)r(b+ 1)b

(a− 1)(a− 2)

And so on, the idea being that the formula of M̃k is something simple and useful. □
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Regarding the standard parameters (E, V, γ, κ) of our distribution, we have:

Theorem 12.22. The mean and variance of the negative beta binomial law are

E =
rb

a− 1
, V =

rb(r + a− 1)(a+ b− 1)

(a− 1)2(a− 2)

the corresponding skewness is given by the following formula,

γ =
(2r + a− 1)(2b+ a− 1)

√
a− 2

(a− 3)
√
rb(r + a− 1)(a+ b− 1)

and the corresponding kurtosis is given by a formula of the following type,

κ =
(a− 2)P (r, a, b)

rb(a− 3)(a− 4)(r + a− 1)2(a+ b− 1)2

assuming a > 1, 2, 3, 4 respectively, with P being a certain polynomial.

Proof. This follows indeed from Theorem 12.21, good exercise for you, and good
exercise as well, to study that polynomial P , and let me know if you find something. □

12d. Circular measures

With the end of this chapter approaching, time for some physics, as per our usual
policy in this Part III. However, it is not very clear what type of physics we can do, in
the discrete setting, and as usual in such situations, I will have to ask for advice.

And with cats and rats gone, I will turn to neighbor’s goats. These fellows are quite
fun, and certainly doing well their goat work, but in what regards physics and philosophy,
I’m a bit worried, I mean these guys are constantly into ramming, they even taught this
to some of the cats, who are now into ramming too. This being said, never knows, so let’s
see what one of these fellows thinks, about the mysteries of quantum physics:

Goat 12.23. You should do some math for the ADE graphs, I mean these are like
Mike Tyson or Michael Jordan, the greatest of all time.

Well, quite interesting what you say, goat, so thanks a lot for the suggestion, and
enjoy your meal. So, getting now to what goat says, let us start with:

Fact 12.24. The ADE graphs classify the following:

(1) Basic Lie groups and algebras.
(2) Subgroups of SU2 and of SO3.
(3) Singularities of algebraic manifolds.
(4) Basic invariants of knots and links.
(5) Subfactors and planar algebras of small index.
(6) Subgroups of the quantum permutation group S+

4 .
(7) Basic quantum field theories, and other physics beasts.
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Which sounds quite exciting, good mathematics that we will be learning here. In
practice now, the A graphs are as follows, with the distinguished vertex being denoted •,
and with An having by definition n ≥ 2 vertices, and Ã2n having 2n ≥ 2 vertices:

An = • − ◦ − ◦ · · · ◦ − ◦ − ◦ A∞ = • − ◦ − ◦ − ◦ · · ·

Ã2n =

◦− ◦ − ◦ · · · ◦ − ◦ −◦
| |
• − ◦ − ◦ − ◦ − ◦ − ◦ Ã∞ =

◦− ◦ − ◦ − ◦ · · ·
|
•− ◦ − ◦ − ◦ · · ·

Next come the D graphs, which are as follows, with Dn having n ≥ 3 vertices, D̃n

having n+ 1 ≥ 5 vertices, and with D∞ being the limiting graph of D̃n:

Dn = • − ◦ − ◦ · · · ◦ −

◦
|
◦ − ◦

D̃n = • −

◦
|
◦ − ◦ · · · ◦ −

◦
|
◦ − ◦

D∞ = • −

◦
|
◦ − ◦ − ◦ · · ·

As a comment now, the labeling conventions for the AD graphs, while very standard,
can be a bit confusing. The first graph in each series is by definition as follows:

A2 = • − ◦ Ã2 =

◦
||
• D3 =

◦
|
• − ◦ D̃4 = • −

◦ ◦
\ /
◦ − ◦

Finally, there are also a number of exceptional ADE graphs. First we have:

E6 = • − ◦ −

◦
|
◦ − ◦ − ◦

E7 = • − ◦ − ◦ −

◦
|
◦ − ◦ − ◦

E8 = • − ◦ − ◦ − ◦ −

◦
|
◦ − ◦ − ◦
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Then, we have extended versions of the above exceptional graphs, as follows:

Ẽ6 = • − ◦ −

◦
|
◦
|
◦− ◦ − ◦

Ẽ7 = • − ◦ − ◦ −

◦
|
◦ − ◦ − ◦ − ◦

Ẽ8 = • − ◦ − ◦ − ◦ − ◦ −

◦
|
◦ − ◦ − ◦

Getting to work now, as a first observation, we know that A∞ and Ã∞ are the graphs
that we previously called N and Z, and studied in some detail, in chapter 3. So, based on
our previous work for these graphs, let us formulate the following definition:

Definition 12.25. The positive spectral measure ν of a rooted bipartite graph X is
the real probability measure having as moments∫

R
xkdν(x) = L2k

where L2k is the number of 2k-loops based at the root. Equivalently, we must have∫
R

1

1− xz
dν(x) = f(z)

where f(z) =
∑∞

k=0 L2kz
k is the Poincaré series of X.

Here the existence of ν, and the fact that this is indeed a positive measure, meaning
a measure supported on [0,∞), comes from the following simple fact:

Proposition 12.26. The positive spectral measure of a rooted bipartite graph X is
given by the following formula, with d being the adjacency matrix of the graph,

ν = law(d2)

and with the probabilistic computation being with respect to the expectation

A→< A >

with < A > being the (∗, ∗)-entry of a matrix A, where ∗ is the root.

Proof. With the above conventions, we have the following computation:

f(z) =
∞∑
k=0

L2kz
k =

∞∑
k=0

〈
d2k
〉
zk =

〈
1

1− d2z

〉
But this shows that we have ν = law(d2), as desired. □
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Let us introduce as well the following notion, which is something more subtle, coming
from the work of Jones on subfactor theory, and related topics [60], [61], [62], [63]:

Definition 12.27. The circular measure ε of a rooted bipartite graph X is given by

dε(q) = dν((q + q−1)2)

where ν is the associated positive spectral measure.

To be more precise, we know from Proposition 12.26 that the positive measure ν is
the spectral measure of a certain positive matrix, d2 ≥ 0, and it follows from this, and
from basic spectral theory, that this measure is supported by the positive reals:

supp(ν) ⊂ R+

But then, with this observation in hand, we can define indeed the circular measure ε
as above, as being the pullback of ν via the following map:

R ∪ T→ R+ , q → (q + q−1)2

As a basic example for this, to start with, assume that ν is a discrete measure, sup-
ported by n positive numbers x1 < . . . < xn, with corresponding densities p1, . . . , pn:

ν =
n∑

i=1

piδxi

For each i ∈ {1, . . . , n} the equation (q + q−1)2 = xi has then four solutions, that we
can denote qi, q

−1
i ,−qi,−q−1

i . And with this notation, we have:

ε =
1

4

n∑
i=1

pi

(
δqi + δq−1

i
+ δ−qi + δ−q−1

i

)
In general, the basic properties of ε can be summarized as follows:

Theorem 12.28. The circular measure has the following properties:

(1) ε has equal density at q, q−1,−q,−q−1.
(2) The odd moments of ε are 0.
(3) The even moments of ε are half-integers.
(4) When X has norm ≤ 2, ε is supported by the unit circle.
(5) When X is finite, ε is discrete.
(6) If K is a solution of d = K +K−1, then ε = law(K).

Proof. These results can be deduced from definitions, the idea being that (1-5) are
trivial, and that (6) follows from the formula of ν from Proposition 12.26. □

Getting now to computations, we first have the following result:
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Theorem 12.29. The circular measure of the basic index 4 graph, namely

◦− ◦ − ◦ · · · ◦ − ◦ −◦
Ã2n = | |

• − ◦ − ◦ − ◦ − ◦ − ◦
is the uniform measure on the 2n-roots of unity.

Proof. Let us identify the vertices of X = Ã2n with the group {wk} formed by the
2n-th roots of unity in the complex plane, where w = eπi/n. The adjacency matrix of X
acts then on the functions f ∈ C(X) in the following way:

df(ws) = f(ws−1) + f(ws+1)

But this shows that we have d = K +K−1, where K is given by:

Kf(ws) = f(ws+1)

Thus we can use Proposition 12.26 and Theorem 12.28 (6), and we get:

ε = law(K)

But this is the uniform measure on the 2n-roots of unity, as claimed. □

Observe that Theorem 12.29 is something quite interesting, I mean you can try to do
a few loop computations for Ã2n, with bare hands, and these will lead you nowhere. So,
what we have here is a good idea, with Definition 12.27 being something quite subtle.

Moving on now, with this circular measure idea of Jones adopted, in order to deal
with the other ADE graphs, let us introduce the following densities:

α = Re(1− q2)

β = Re(1− q4)
γ = Re(1− q6)

We have then the following result, dn being the uniform measure on the 2n-th roots
of unity, and d′n = 2d2n − dn being the uniform measure on the odd 4n-roots of unity:

Theorem 12.30. The circular measures of ADE graphs are given by:

(1) An−1 → αn.
(2) Ã2n → dn.
(3) Dn+1 → α′

n.
(4) D̃n+2 → (dn + d′1)/2.
(5) E6 → α12 + (d12 − d6 − d4 + d3)/2.
(6) E7 → β′

9 + (d′1 − d′3)/2.
(7) E8 → α′

15 + γ′15 − (d′5 + d′3)/2.
(8) Ẽn+3 → (dn + d3 + d2 − d1)/2.
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Proof. This is something which can be proved in three steps, as follows:

(1) For the simplest graph, namely the circle Ã2n, we already have the result, from
Theorem 12.29, with the proof there being something elementary.

(2) For the other non-exceptional graphs, that is, of type A and D, the same method
works, namely direct loop counting, with some matrix tricks.

(3) As for the exceptional graphs, of type E, basically the same method works, but
the computations are more complicated, using some root of unity know-how.

(4) So, this was for the idea, and in practice, read Jones [60], [61], [62], [63], and
then have a look at my paper with Bisch [12], where all this is explained. □

And we will end our study of the discrete measures with this. As a conclusion, at the
advanced level, the study of discrete laws is all mutidimensional analysis.

12e. Exercises

Exciting chapter that we had here, and as exercises on this, we have:

Exercise 12.31. Work out the details, for the moment formula for cmp.

Exercise 12.32. Work out the details, for the formulae of γ, κ for cmp.

Exercise 12.33. Fill in the missing details, for the hypergeometric laws.

Exercise 12.34. Fill in the missing details, for the negative hypergeometric laws.

Exercise 12.35. Learn more about the beta distributions, and their applications.

Exercise 12.36. Learn more about the binomial beta laws, positive and negative.

Exercise 12.37. Clarify what we said, regarding the circular measures.

Exercise 12.38. Learn as well about blowup on more complicated manifolds.

As bonus exercise, reiterated, learn some math from Jones [60], [61], [62], [63].



Part IV

Quantum versions



Ma il cammino di ogni speranza
Si ferma un momento e poi se ne va

La tua voce gia vola nel vento
Non e che un ricordo e non tornera



CHAPTER 13

Free probability

13a. Free variables

Welcome to free probability. We have met some already, in this book, in the context
of our various considerations in relation with groups, random matrices, or just moment
combinatorics, with our knowledge being summarized in the following principle:

Principle 13.1. The free analogues of the Gaussian and Poisson laws gt, pt are the
Wigner and Marchenko-Pastur laws γt, πt.

However, this remains something vague, more of a physics finding, and our goal in this
chapter will be that of putting this on firm ground. Following Voiculescu [87] we will talk
about freeness, free convolution and free limiting theorems, and with γt, πt appearing via
the free analogues of the CLT and PLT, the above principle will become a Theorem.

Then afterwards, once we have our theory, we will start systematically developing it,
with the aim of having it on par with the classical theory, developed in Parts I-II-III.
Many things to be done here, and chapters 14-15-16 will be an introduction to that.

Getting started now, what is freeness? Nothing left to lose, Janis Joplin would say,
although Nelson Mandela might claim the opposite. In short, take it easy, this is something
quite subtle, that will take us some time to understand. Mathematically, we have:

Principle 13.2. The scheme for reaching to freeness is as follows,

commutativity → noncommutativity → freeness

with some basic illustrations for this being:

(1) Abelian groups → arbitrary groups → free groups.
(2) Commuting algebras → noncommuting algebras → free algebras.
(3) Commuting variables → noncommuting variables → free variables.
(4) Classical geometry → noncommutative geometry → free geometry.
(5) Classical mechanics → quantum mechanics → free mechanics.

To be more precise here, (1) is something self-explanatory, with commutativity in
the group theory setting, gh = hg, being called abelianity, and with the free groups
FN =< g1, . . . , gN | ∅ > being, obviously, free. As for (2), this is still algebra, and as basic
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examples here, we can say that among the group algebras A = C[G], those coming from
abelian groups are commutative, and those coming from free groups are free.

Regarding now (3), this is something more subtle, that we would like to understand.
Formally this can be thought of as coming from (2), but as we perfectly know as prob-
abilists, things are a bit more complicated than this. Indeed, the simplest examples of
noncommuting variables are the usual matrices A ∈ MN(C), followed by the random
matrices Z ∈ MN(L

∞(X)), followed by the arbitrary operators T ∈ B(H), and properly
talking about freeness in this setting is most likely a non-trivial business.

As for (4) and (5), these are something even more complicated, with (4) being a
potential theory that can be built on top of (3), and we will see later in this book that
this can be done indeed, and with (5) being a potential “theory of everything” that can
be built on top of (4), but no one knows how to do it, for 50 years and counting.

So, this is the situation, layers of knowledge leading to freeness, or rather to us humans
understanding the freeness that this world naturally has. In practice now, benefiting from
our experience from chapter 8, we can have as entry point, in relation with (3):

Definition 13.3. Let A be a C∗-algebra, that is, a complex algebra with an involution
and norm satisfying ||aa∗|| = ||a||2, given with a positive unital trace tr : A→ C.

(1) The elements a ∈ A are called random variables.
(2) The moments of such a variable are the numbers Mk(a) = tr(ak).
(3) The law of such a variable is the functional µ : P → tr(P (a)).

We refer to the material in chapter 8 for more on all this. In regards with the C∗-
algebras, the summary of what we know, along with a little bit more, is as follows:

(1) The starting point are the bounded linear operators on a Hilbert space, T ∈ B(H).
Indeed, these operators have an adjoint operation given by < T ∗x, y >=< x, Ty >, a norm
given by ||T || = sup||x||=1 ||Tx||, and the key formula ||TT ∗|| = ||T ||2 is satisfied. Thus,
any norm closed ∗-algebra A ⊂ B(H) is a C∗-algebra, in our sense.

(2) To be known about C∗-algebras are 3 theorems. First is the Gelfand theorem,
related to the spectral theorem for normal operators, stating that the commutative C∗-
algebras are precisely the algebras of type A = C(X), with X being a compact space.
Which is something truly fundamental, that we will heavily use, in what follows.

(3) The second theorem is the Gelfand-Naimark-Segal one, stating that any C∗-algebra
appears as closed ∗-subalgebra A ⊂ B(H), with respect to some suitable Hilbert space,
H = L2(A). Technically, we will not really need this. And finally, as a third theorem,
that we know from chapter 7, in finite dimensions we have A = ⊕kMnk

(C).
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So, this was for the brief story of the C∗-algebras. Regarding now the other things
appearing in Definition 13.3, the situation with them is quite straightforward:

(1) By using the Gelfand theorem we can talk about positive elements a ≥ 0, with
these appearing as a = bb∗, and then about positive linear forms too, those satisfying
a ≥ 0 =⇒ φ(a) ≥ 0. But with this, we have our expectations tr : A → C, which must
be by definition positive, unital, and satisfying the trace condition tr(ab) = tr(ba).

(2) Next, in the definition of the moments, k = ◦ • • ◦ . . . is as usual a colored integer,
and the corresponding powers ak are defined by a◦ = a, a• = a∗ and multiplicativity. As
for the definition of the law, we use there noncommuting ∗-polynomials in one variable,
P ∈ C < X,X∗ >. Observe that the law is uniquely determined by the moments.

(3) Finally, the whole picture includes a speculation too. Indeed, according to the
Gelfand theorem we can think of any C∗-algebra as being of the form A = C(X), with
X being a “compact quantum space”. And with this in hand, we can better understand
what we are doing in Definition 13.3, that being, obviously, “quantum probability”.

Generally speaking, Definition 13.3 is something quite abstract, and there is no other
way of doing things, at that level of generality. However, remarkably, we have:

Theorem 13.4. Assuming that a ∈ A is normal, aa∗ = a∗a, its law corresponds to a
probability measure on its spectrum σ(a) ⊂ C, according to the following formula,

tr(P (a)) =

∫
σ(a)

P (z)dµ(z)

and in the self-adjoint case, a = a∗, this law is a real probability measure. When the
variable is not normal and tr is faithful, such a probability measure does not exist.

Proof. This is something that we know from chapter 8, the idea being as follows:

(1) Assuming that a ∈ A is normal the algebra that it generates is commutative,
< a >= C(σ(a)), so the functional P → tr(P (a)) can be though of as being an integration
functional on the spectrum σ(a) ⊂ C, and the Riesz theorem provides us with the desired
probability measure µ, making the formula tr(P (a)) =

∫
P (z)dµ(z) work.

(2) As a technical comment here, when assuming that our positive trace tr is strictly
positive, of faithful, in the sense that a > 0 =⇒ tr(a) > 0, the support of the spectral
measure µ is the whole spectrum σ(a). Finally, still talking support, when a is self-adjoint,
a = a∗, its spectrum is real, and so µ is a real probability measure, as stated.

(3) In what regards now the last assertion, this is something that we know too from
chapter 8, coming from aa∗ ̸= a∗a =⇒ tr(aa∗aa∗) > tr(aaa∗a∗). Indeed, in view of this
inequality, it is impossible to obtain the quantities tr(aa∗aa∗) ̸= tr(aaa∗a∗) by integrating
zz̄zz̄ = zzz̄z̄ with respect to a certain complex probability measure µ. □
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And with this, done with the generalities? Not yet, because there is an important
technical comment to be formulated, about all this, as follows:

Comment 13.5. Quantum probability can be done in two possible ways:

(1) Using C∗-algebras as we do. With these concretely appearing as norm closed ∗-
algebras A ⊂ B(H), being in the commutative case of the form A = C(X), with
X being a compact space, and being in finite dimensions A = ⊕kMnk

(C).
(2) Using von Neumann algebras. With these being the weakly closed ∗-subalgebras

A ⊂ B(H), being in the commutative case of the form A = L∞(X), with X being
a measured space, and being in finite dimensions A = ⊕kMnk

(C).

So, this is the truth about quantum probability, theory coming in 2 stages, and in
this book we will be learning the basics, at stage 1. With the remark of course that the
algebras A = L∞(X) being technically C∗-algebras, we will cover them too, but not in

a fully satisfactory way, the problem coming from Gelfand, A = C(X̂) with X̂ being a
certain abstract compactification of X, that you don’t want to hear about. And, we will
leave some thinking at all this, pros and cons of the C∗-algebra theory, as an exercise.

Getting to work now, as a first straightforward definition, we have:

Definition 13.6. We call two subalgebras A,B ⊂ C independent when the following
condition is satisfied, for any a ∈ A and b ∈ B:

tr(ab) = tr(a)tr(b)

Equivalently, the following condition must be satisfied, for any a ∈ A and b ∈ B:

tr(a) = tr(b) = 0 =⇒ tr(ab) = 0

Also, a, b ∈ C are called independent when A =< a > and B =< b > are independent.

Observe that the above two independence conditions are indeed equivalent, with this
following from the following computation, with the convention a′ = a− tr(a):

tr(ab) = tr[(a′ + tr(a))(b′ + tr(b))]

= tr(a′b′) + t(a′)tr(b) + tr(a)tr(b′) + tr(a)tr(b)

= tr(a′b′) + tr(a)tr(b)

= tr(a)tr(b)

It is possible to develop some theory here, but this leads to the usual CLT. As a much
more interesting notion now, we have Voiculescu’s freeness [87]:

Definition 13.7. Given a pair (C, tr), we call two subalgebras A,B ⊂ C free when
the following condition is satisfied, for any ai ∈ A and bi ∈ B:

tr(ai) = tr(bi) = 0 =⇒ tr(a1b1a2b2 . . .) = 0

Also, a, b ∈ C are called free when A =< a > and B =< b > are free.
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As a first observation on this notion, which is similar to independence, there is a
certain lack of symmetry between Definition 13.6 and Definition 13.7, because the latter
does not include an explicit formula for the following type of quantities:

tr(a1b1a2b2 . . .)

However, this is not an issue, and is simply due to the fact that the formula in the
free case is something more complicated, the precise result being as follows:

Proposition 13.8. If A,B ⊂ C are free, the restriction of tr to < A,B > can be
computed in terms of the restrictions of tr to A,B. To be more precise, we have

tr(a1b1a2b2 . . .) = P
(
{tr(ai1ai2 . . .)}i, {tr(bj1bj2 . . .)}j

)
where P is certain polynomial, depending on the length of a1b1a2b2 . . . , having as variables
the traces of products ai1ai2 . . . and bj1bj2 . . . , with i1 < i2 < . . . and j1 < j2 < . . .

Proof. This is something a bit theoretical, so let us begin with an example. The
computation after Definition 13.6 perfectly works when a, b are free, and gives:

tr(ab) = tr(a)tr(b)

In general, the situation is of course more complicated than this, but the same trick
applies. To be more precise, we can start our computation as follows:

tr(a1b1a2b2 . . .) = tr
[
(a′1 + tr(a1))(b

′
1 + tr(b1))(a

′
2 + tr(a2)) . . .

]
= tr(a′1b

′
1a

′
2b

′
2 . . .) + other terms

= other terms

Now regarding the “other terms”, those which are left, each of them will consist of a
product of traces of type tr(ai) and tr(bi), and then a trace of a product still remaining
to be computed, which is of the following form, for some elements αi ∈ A and βi ∈ B:

tr(α1β1α2β2 . . .)

Now since the length of α1β1α2β2 . . . is smaller than the length of the original product
a1b1a2b2 . . ., we are led into of recurrence, and this gives the result. □

Let us discuss now some examples of independence and freeness. We first have the
following result, from [87], which is something straightforward:

Theorem 13.9. Given two algebras (A, tr) and (B, tr), the following hold:

(1) A,B are independent inside their tensor product A⊗B, endowed with its canonical
tensor product trace, given on basic tensors by tr(a⊗ b) = tr(a)tr(b).

(2) A,B are free inside their free product A ∗ B, endowed with its canonical free
product trace, given by the formulae in Proposition 13.8.
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Proof. Both the above assertions are clear from definitions, as follows:

(1) This is clear with either of the definitions of the independence, from Definition
13.6, because we have, by construction of the product trace:

tr(ab) = tr[(a⊗ 1)(1⊗ b)] = tr(a⊗ b) = tr(a)tr(b)

(2) This is clear too from definitions, the only point being that of showing that the
notion of freeness, or the recurrence formulae in Proposition 13.8, can be used in order to
construct a canonical free product trace, on the free product of the algebras involved:

tr : A ∗B → C

But this can be checked for instance by using a GNS construction. Indeed, consider
the GNS constructions for the algebras (A, tr) and (B, tr):

A→ B(L2(A)) , B → B(L2(B))

By taking the free product of these representations, we obtain a representation as
follows, with the ∗ on the right being a free product of pointed Hilbert spaces:

A ∗B → B(L2(A) ∗ L2(B))

Now by composing with the linear form T →< Tξ, ξ >, where ξ = 1A = 1B is the
common distinguished vector of L2(A), L2(B), we obtain a linear form, as follows:

tr : A ∗B → C

It is routine then to check that tr is indeed a trace, and this is the “canonical free
product trace” from the statement. Then, an elementary computation shows that A,B
are free inside A ∗B, with respect to this trace, and this finishes the proof. □

More concretely now, we have the following result, also from [87]:

Theorem 13.10. We have the following results, valid for group algebras:

(1) C∗(G), C∗(H) are independent inside C∗(G×H).
(2) C∗(G), C∗(H) are free inside C∗(G ∗H).

Proof. This something very standard, the idea being as follows:

(1) To start with, recall that associated to a discrete group G is its group algebra
C[G], formal linear span of the group elements g ∈ G, with involution g∗ = g−1. We can
then talk about C∗-norms on this algebra, subject to ||aa∗|| = ||a||2, and define C∗(G) as
being the completion of C[G] with respect to the biggest such norm.

(2) And this, coming with the remark that such C∗-norms exist indeed, a basic example
being the one coming from the embedding C[G] ⊂ B(l2(G)) given by g(δh) = δgh. And
with the extra remark that the biggest C∗-norm is bounded, due to the fact that the
standard generators g ∈ G being unitaries, g∗ = g−1, they must satisfy ||g|| = 1.
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(3) Getting now to what the statement says, we can use the general results in Theorem
13.9, along with the following two isomorphisms, which are both standard:

C∗(G×H) = C∗(G)⊗ C∗(H) , C∗(G ∗H) = C∗(G) ∗ C∗(H)

Alternatively, we can check the independence and freeness formulae on group elements,
which is something trivial, and then conclude by linearity. □

Summarizing, what we have so far is a notion of freeness, appearing as a natural
analogue of the notion of independence. We will see in what follows that this analogy can
be pushed to remarkably high levels, with free probability being quite often on par with
classical probability, and sometimes even beating it, on certain aspects.

13b. Free convolution

All the above was quite theoretical, and as a concrete application of the above results,
bringing us into probability, we have the following result, from [87]:

Theorem 13.11. We have a free convolution operation ⊞ for the distributions

µ : C < X,X∗ >→ C
which is well-defined by the following formula, with a, b taken to be free:

µa ⊞ µb = µa+b

This restricts to an operation, still denoted ⊞, on the real probability measures.

Proof. We have several verifications to be performed here, as follows:

(1) We first have to check that given two variables a, b, which live respectively in
certain C∗-algebras A,B, we can recover them inside some C∗-algebra C, with exactly
the same distributions µa, µb, as to be able to sum them and talk about µa+b. But this
comes from Theorem 13.9, because we can set C = A ∗B, as explained there.

(2) The other verification which is needed is that of the fact that if two variables a, b
are free, then the distribution µa+b depends only on the distributions µa, µb. But for this
purpose, we can use the general formula from Proposition 13.8, namely:

tr(a1b1a2b2 . . .) = P
(
{tr(ai1ai2 . . .)}i, {tr(bj1bj2 . . .)}j

)
Indeed, by plugging in arbitrary powers of a, b as variables ai, bj, we obtain a family

of formulae of the following type, with Q being certain polyomials:

tr(ak1bl1ak2bl2 . . .) = Q
(
{tr(ak)}k, {tr(bl)}l

)
Thus the moments of a+ b depend only on the moments of a, b, with of course colored

exponents in all this, according to our moment conventions, and this gives the result.

(3) Finally, in what regards the last assertion, this is clear from the fact that if the
variables a, b are self-adjoint, then so is their sum a+ b. □
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Along the same lines, but with some technical subtleties this time, we can talk as well
about multiplicative free convolution, following [88], as follows:

Theorem 13.12. We have a multiplicative free convolution operation ⊠ on the distri-
butions, which is well-defined by the following formula, with a, b taken to be free:

µa ⊠ µb = µab

In the case of positive variables, we can equally set, with the same outcome

µa ⊠ µb = µ√
a b

√
a

and so we have an operation, still denoted ⊠, on the probability measures on R+.

Proof. We have two statements here, the idea being as follows:

(1) The verifications for the fact that ⊠ as above is indeed well-defined at the general
distribution level are identical to those done before for ⊞, with the result basically coming
from the formula in Proposition 13.8, and with Theorem 13.9 invoked as well, in order to
say that we have a model, and so we can indeed use that formula.

(2) Regarding the last assertion, real measures, this was something trivial for ⊞, but
is something trickier for ⊠, because if we take a, b to be self-adjoint, their product ab will
be not self-adjoint, in general. However, when a > 0 we can trick, by setting:

c =
√
a b
√
a

Indeed, this new variable is then self-adjoint, and its moments are given by:

tr(ck) = tr[(
√
a b
√
a)k]

= tr[
√
a baba . . . bab

√
a]

= tr[
√
a ·
√
a baba . . . bab]

= tr[(ab)k]

We conclude that the ⊠ operation restricts into an operation as follows:

⊠ : P(R+)× P(R)→ P(R)
Moreover, since b > 0 =⇒ c > 0, we can make things symmetric, as stated. □

The problem is now how to linearize the above operations ⊞ and ⊠. And here, leaving
aside the arbitrary distributions, and focusing on the case of the real measures, and leaving
aside as well ⊠, say for later, we are led to the following concrete question:

Question 13.13. What is the free analogue of the logarithm of the Fourier transform
Ff (x) = E(eixf ), linearizing the operation ⊞ for the real probability measures?

In answer now, this is something quite tricky, and Voiculescu’s idea in [87] was that
of solving this problem by temporarily exiting the class of real probability measures, and
even the general tracial framework of Definition 13.3. Let us start with:



13B. FREE CONVOLUTION 307

Theorem 13.14. Consider the shift operator on H = l2(N), given by S(ei) = ei+1.
The operators of the following type, with f ∈ C[X] being a polynomial,

T = S∗ + f(S)

model then in uncolored moments, up to finite order, all the distributions µ : C[X]→ C,
when regarded as random variables with respect to the state φ(T ) =< Te0, e0 >.

Proof. There are two things to be done here, the hard one, understanding what the
statement exactly says, and then the easy one, proving what is to be proved:

(1) Regarding the statement, as just mentioned, this is something tricky, exiting the
framework of Definition 13.3. That definition was something clean, with the expectation
being a trace, tr(ab) = tr(ba), and with us being interested in the colored momentsMk(a).
What we are doing here is to use the state φ(T ) =< Te0, e0 >, which is not a trace, and
get interested in uncolored moments only, that is, Mk(a) = φ(ak) with k ∈ N.

(2) Why all this, you would wonder. In answer, not my idea, that is Voiculescu’s. And
as we will soon discover, such tricks can eventually solve Question 13.13.

(3) Good, so with the statement agreed upon, by presidential decision, let us turn now
to the proof. The shift and its adjoint are given by the following formulae:

S(ei) = ei+1 , S∗(ei) =

{
ei−1 (i > 0)

0 (i = 0)

Consider now a variable as in the statement, written as follows:

T = S∗ + a01 + a1S + a2S
2 + . . .+ anS

n

The computation of the moments of T amounts then in expanding T k, and looking
for terms which simplify up to 1, according to the rule S∗S = 1. In practice, we get:

φ(T ) = φ(a01) = a0

φ(T 2) = φ(a2011 + a1S
∗S) = a20 + a1

φ(T 3) = φ(a30111 + a0a11S
∗S + a0a1S

∗1S + a0a1S
∗S1) = a20 + 3a0a1

At order 4 the computation is similar, but a bit more complex, as follows:

φ(T 4) = φ
[
a401111 + a20a1(11S

∗S + 1S∗1S + 1S∗S1 + S∗11S + S∗1S1 + S∗S11)

+a21(S
∗S∗SS + S∗SS∗S) + a2S

∗S∗S2
]

= a40 + 6a20a1 + 2a21 + a2

And so on, you get the point, the idea being that we are led into a certain recurrence,
with the 2k-th moment of our distribution φ(T 2k) providing us with the needed value of
the coefficient ak. Thus, we are led to the conclusion in the statement. □
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Before getting further, with free products of models as above, let us work out a basic
example, which is something fundamental, that we will need in what follows:

Proposition 13.15. In the context of the above correspondence, the variable

T = S + S∗

follows the Wigner semicircle law γ1 =
1
2π

√
4− x2 dx.

Proof. In order to compute the law of variable T in the statement, we can use the
moment method. Indeed, the moments of this variable are as follows:

Mk = φ(T k) = φ((S + S∗)k) = #(1 ∈ (S + S∗)k)

Now since S shifts to the right on N, and S∗ shifts to the left, while remaining positive,
we are left with counting the length k paths on N starting and ending at 0. But this is
something that we are familiar with, the number of such paths being L2k = Ck, the
Catalan numbers, and with the corresponding measure being the Wigner law γ1. □

Getting back now to our linearization program for ⊞, the next step is that of taking a
free product of the model found in Theorem 13.14 with itself. There are two approaches
here, one being a bit abstract, and the other one being more concrete. We first have:

Proposition 13.16. We can talk about semigroup algebras C∗
red(G) ⊂ B(l2(G)), a bit

as we did for the group algebras, and at the level of examples:

(1) With G = N we recover the shift algebra A =< S > on H = l2(N).
(2) With G = N ∗ N, we obtain the algebra A =< S1, S2 > on H = l2(N ∗ N).

Proof. We can talk indeed about semigroup algebras C∗
red(G) ⊂ B(l2(G)), with the

semigroup elements g ∈ G being now isometries, and with this in hand:

(1) With G = N we recover the shift algebra A =< S > on the Hilbert space H =
l2(N), the shift S itself being the isometry associated to the element 1 ∈ N.

(2) With G = N ∗N we recover the double shift algebra A =< S1, S2 > on the Hilbert
space H = l2(N ∗ N), the two shifts S1, S2 themselves being the isometries associated to
two copies of the element 1 ∈ N, one for each of the two copies of N which are present. □

In what follows we will rather use an equivalent, second approach to our problem,
which is exactly the same thing, but formulated in a less abstract way, as follows:

Proposition 13.17. We can talk about the algebra of creation operators Sx : v → x⊗v
on the free Fock space associated to a real Hilbert space H, given by

F (H) = CΩ⊕H ⊕H⊗2 ⊕ . . .
and at the level of examples, we have:

(1) With H = C we recover the shift algebra A =< S > on H = l2(N).
(2) With H = C2, we obtain the algebra A =< S1, S2 > on H = l2(N ∗ N).
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Proof. We can talk indeed about the algebra A(H) of creation operators on the free
Fock space F (H) associated to a real Hilbert space H, with the remark that, in terms of
the abstract semigroup notions from Proposition 13.16, we have:

A(Ck) = C∗
red(N∗k) , F (Ck) = l2(N∗k)

As for the assertions (1,2) in the statement, these are both clear, either directly, or by
passing via (1,2) from Proposition 13.16, which were both clear as well. □

The advantage with this latter model comes from the following result, from [87], which
has a very simple formulation, without linear combinations or anything:

Proposition 13.18. Given a real Hilbert space H, and two orthogonal vectors x ⊥ y,
the corresponding creation operators Sx and Sy are free with respect to

φ(T ) =< TΩ,Ω >

called state associated to the vacuum vector.

Proof. In standard tensor product notation for the elements of the free Fock space
F (H), the formula of a creation operator associated to a vector x ∈ H is as follows:

Sx(y1 ⊗ . . .⊗ yn) = x⊗ y1 ⊗ . . .⊗ yn
As for the formula of the adjoint of this creation operator, called annihilation operator

associated to the vector x ∈ H, this is as follows:

S∗
x(y1 ⊗ . . .⊗ yn) =< x, y1 > ⊗y2 ⊗ . . .⊗ yn

We obtain from this the following formula, which holds for any two vectors x, y ∈ H:

S∗
xSy =< x, y > id

But with these formulae in hand, the result follows by doing some elementary compu-
tations, in the spirit of those done for the group algebras, in the above. □

With this technology in hand, let us go back to our linearization program for ⊞. We
know from Theorem 13.14 how to model the individual distributions µ ∈ P(R), and by
combining this with Proposition 13.17 and Proposition 13.18, we therefore know how to
freely model pairs of distributions µ, ν ∈ P(R), as required by the convolution problem.
We are therefore left with doing the sum in the model, and then computing its distribution.
And the point here is that, still following [87], we have the following key result:

Theorem 13.19. Given two polynomials f, g ∈ C[X], consider the variables

S∗ + f(S) , T ∗ + g(T )

where S, T are two creation operators, or shifts, associated to a pair of orthogonal norm
1 vectors. These variables are then free, and their sum has the same law as

R∗ + (f + g)(R)

with R being the usual shift on l2(N).
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Proof. We have two assertions here, the idea being as follows:

(1) The freeness assertion comes from the general freeness result from Proposition
13.18, via the various identifications coming from the previous results.

(2) Regarding the second assertion, the idea is that this comes from a 45◦ rotation
trick. Let us write indeed the two variables in the statement as follows:

X = S∗ + a0 + a1S + a2S
2 + . . .

Y = T ∗ + b0 + b1T + a2T
2 + . . .

Now let us perform the following 45◦ base change, on the real span of the vectors
s, t ∈ H producing our two shifts S, T , as follows:

r =
s+ t√

2
, u =

s− t√
2

The new shifts, associated to these vectors r, u ∈ H, are then given by:

R =
S + T√

2
, U =

S − T√
2

By using now these two new shifts, which are free according to Proposition 13.18, we
obtain the following equality of distributions:

X + Y = S∗ + T ∗ +
∑
k

akS
k + bkT

k

=
√
2R∗ +

∑
k

ak

(
R + U√

2

)k

+ bk

(
R− U√

2

)k

∼
√
2R∗ +

∑
k

ak

(
R√
2

)k

+ bk

(
R√
2

)k

∼ R∗ +
∑
k

akR
k + bkR

k

To be more precise, here at the end we have used the freeness property of R,U in
order to cut U from the computation, as it cannot bring anything, and then we did a
basic rescaling at the very end. Thus, we are led to the conclusion in the statement. □

As a conclusion, the operation µ → f from Theorem 13.14 linearizes ⊞. In order to
finish, we are left with a routine computation inside C∗(N), which leads to:

Theorem 13.20. Given a real probability measure µ, define its R-transform as follows:

Gµ(ξ) =

∫
R

dµ(x)

ξ − x
=⇒ Gµ

(
Rµ(z) +

1

z

)
= z

The free convolution operation is then linearized by this R-transform.
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Proof. Still following Voiculescu [87], this can be done as follows:

(1) Consider a variable as in Theorem 13.14, as follows, with f being a polynomial:

X = S∗ + f(S)

In order to establish the result, we must prove that the R-transform of X, constructed
according to the procedure in the statement, is the polynomial f itself.

(2) In order to do so, we fix |z| < 1 in the complex plane, and we set:

qz = δ0 +
∞∑
k=1

zkδk

The shift operator and its adjoint act then on this vector as follows:

Sqz = z−1(qz − δ0) , S∗qz = zqz

It follows that the adjoint of our operator X acts on this vector as follows:

X∗qz = (S + f(S∗))qz

= z−1(qz − δ0) + f(z)qz

= (z−1 + f(z))qz − z−1δ0

Now observe that the above formula can be written in the following way:

z−1δ0 = (z−1 + f(z)−X∗)qz

The point now is that when |z| is small, the operator appearing on the right is invert-
ible. Thus, with this assumption, we can rewrite the above formula as follows:

(z−1 + f(z)−X∗)−1δ0 = zqz

Now by applying the trace, we are led to the following formula:

tr
[
(z−1 + f(z)−X∗)−1

]
=

〈
(z−1 + f(z)−X∗)−1δ0, δ0

〉
= < zqz, δ0 >

= z

(3) Let us apply now the procedure in the statement to the real probability measure
µ modeled by our variable X. The Cauchy transform Gµ is given by:

Gµ(ξ) = tr((ξ −X)−1) = tr
(
(ξ̄ −X∗)−1

)
= tr((ξ −X∗)−1)

Now observe that, with the choice ξ = z−1 + f(z) for our complex variable, the trace
formula found in (2) above tells us that we have:

Gµ

(
z−1 + f(z)

)
= z

Thus we have Rµ(z) = f(z), which finishes the proof, as explained in (1). □
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13c. Limiting theorems

With the above linearization technology in hand, we can do many things. First, we
have the following free analogue of the CLT, due to Voiculescu [87]:

Theorem 13.21 (Free CLT). Given self-adjoint variables f1, f2, f3, . . . which are f.i.d.,
centered, with variance t > 0, we have, with n→∞, in moments,

f1 + . . .+ fn√
n

∼ γt

with the limiting measure being the Wigner semicircle law γt.

Proof. The R-transform of the variable on the left in the statement can be computed
by using the linearization property from Theorem 13.20, and is given by:

R(z) = nRf

(
z√
n

)
≃ tz

Regarding now the right term, as explained in chapter 3, the Cauchy transform is:

Gγt(ξ) =
ξ −

√
ξ2 − 4t

2t
But this gives Rγt(z) = tz, according to the following computation:

Gγt(tz + z−1) =
tz + z−1 −

√
(tz + z−1)2 − 4t

2t

=
tz + z−1 + tz − z−1

2t
= z

Observe that Rγt(z) = tz follows in fact as well from the following formula, coming
from Proposition 13.15, and from the technical details of the R-transform:

S + S∗ ∼ γ1

Thus, the laws in the statement have the same R-transforms, so they are equal. □

Next, still following [87], we have the following free analogue of the CCLT:

Theorem 13.22 (Free CCLT). Given random variables f1, f2, f3, . . . which are f.i.d.,
centered, with variance t > 0, we have, with n→∞, in moments,

f1 + . . .+ fn√
n

∼ Γt

where Γt is the Voiculescu circular law of parameter t, given by the formula

Γt = law

(
a+ ib√

2

)
with a, b being free, each following the Wigner semicircle law γt.
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Proof. Let us decompose our variables into real and imaginary parts, as follows:

fi =
hi + iki√

2

The variables hi and ki satisfy then the assumptions of the free CLT, so we have:

h1 + . . .+ hn√
n

∼ γt ,
k1 + . . .+ kn√

n
∼ γt

Now since the two limiting semicircle laws that we obtain in this way are free, their
rescaled sum is circular, in the above sense, and this gives the result. □

Following now Hiai and Petz [57], we have the following free analogue of the PLT:

Theorem 13.23 (Free PLT). We have the following convergence, in moments((
1− t

n

)
δ0 +

t

n
δ1

)⊞n

→ πt

the limiting law being the Marchenko-Pastur law of parameter t > 0,

πt = max(1− t, 0)δ0 +
√

4t− (x− 1− t)2
2πx

dx

also called free Poisson law of parameter t.

Proof. This follows from Theorem 13.20, and from some computations for πt:

(1) Consider the measure η in the statement, appearing under the convolution sign.
The Cauchy transform of this measure is easy to compute, and is given by:

Gη(ξ) =

(
1− t

n

)
1

ξ
+
t

n
· 1

ξ − 1

In order to prove the result, we want to compute the following R-transform:

R = Rη⊞n(z) = nRη(z)

According to the formula of Gη, the equation for this function R is as follows:(
1− t

n

)
1

1/z +R/n
+
t

n
· 1

1/z +R/n− 1
= z

By multiplying both sides by n/z, this equation can be written as follows:

t+ zR

1 + zR/n
=

t

1 + zR/n− z
With n→∞ this reads t+ zR = t/(1− z), so the limiting R-transform is:

R(z) =
t

1− z
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(2) Getting now to the R-transform of πt, as a first observation, things fine at t = 1,
because according to our formulae from chapter 3, we have:

Gπ1(ξ) =
1−

√
1− 4ξ−1

2
=⇒ G

(
1

1− z
+

1

z

)
=

1−
√

1− 4(z − z2)
2

= z

=⇒ Rπ1(z) =
1

1− z

In order to deal now with the general case, t > 0, recall from chapter 3 that the law
πt appears via Stieltjes inversion from the following Cauchy transform:

Gπt(ξ) =
1− t+ ξ −

√
(ξ − 1− t)2 − 4t

2ξ

Now observe that, by using this formula, we have the following computation:

Gπt

(
t

1− z
+

1

z

)

=
z − z2

2(1 + tz − z)

1− t+ 1 + tz − z
z − z2

−

√(
1 + tz − z
z − z2

− 1− t
)2

− 4t


=

z − z2

2(1 + tz − z)

1 + tz2 − z2

z − z2
−

√
(1− 2z + (1 + t)z2)2 − 4t(z − z2)2

z − z2


=

1 + tz2 − z2 −
√(

1− (1−
√
t)z
)2 (

1− (1 +
√
t)z
)2

2(1 + tz − z)

=
1 + tz2 − z2 −

(
1− (1−

√
t)z
) (

1− (1 +
√
t)z
)

2(1 + tz − z)

=
1 + tz2 − z2 − (1− 2z + (1− t)z2)

2(1 + tz − z)

=
2z + (2t− 2)z2

2(1 + tz − z)
= z

Thus Rπt(z) = t/(1− z), and we are led to the conclusion in the statement. □

The above result is quite remarkable, putting an end to the chronic difficulties that we
were having in this book, in dealing with the Marchenko-Pastur laws πt at t ̸= 1. Indeed,
with our free probability knowledge, we can rewite the story of these laws, as follows:
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Theorem 13.24. The Marchenko-Pastur laws, πt with t > 0, appear from

π1 =
1

2π

√
4x−1 − 1 dx

which is itself a basic beta law, or the square of γ1, via the formula πt = π⊞t
1 .

Proof. This is something very simple and beautiful, and self-explanatory, based on
Theorem 13.23, or simply on the fact that Rπt(z) = t/(1 − z) is linear in t. By the way,
observe that we have as well γt = γ⊞t

1 and Γt = Γ⊞t
1 , for similar reasons. □

Next, we can talk about compound free Poisson limits and laws, as follows:

Definition 13.25. Associated to any compactly supported positive measure ν on C is
the probability measure

πν = lim
n→∞

((
1− c

n

)
δ0 +

1

n
ν

)⊞n

where c = mass(ν), called compound free Poisson law.

In what follows we will be mostly interested in the case where ν is discrete, as is for
instance the case for the measure ν = tδ1 with t > 0, which produces the free Poisson
laws. The following result allows one to detect the compound free Poisson laws:

Proposition 13.26. For ν =
∑s

i=1 ciδzi with ci > 0 and zi ∈ C, we have

Rπν (y) =
s∑

i=1

cizi
1− yzi

where R denotes as usual the Voiculescu R-transform.

Proof. In order to prove this result, let ηn be the measure appearing in Definition
13.25, under the free convolution sign. The Cauchy transform of ηn is then given by:

Gηn(ξ) =
(
1− c

n

) 1

ξ
+

1

n

s∑
i=1

ci
ξ − zi

Consider now the R-transform of the measure η⊞n
n , which is given by:

Rη⊞n
n
(y) = nRηn(y)

By using the general theory of the R-transform, from Theorem 13.20, the above for-
mula of Gηn shows that the equation for R = Rη⊞n

n
is as follows:(

1− c

n

) 1

1/y +R/n
+

1

n

s∑
i=1

ci
1/y +R/n− zi

= y

=⇒
(
1− c

n

) 1

1 + yR/n
+

1

n

s∑
i=1

ci
1 + yR/n− yzi

= 1
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Now multiplying by n, then rearranging the terms, and letting n→∞, we get:

c+ yR

1 + yR/n
=

s∑
i=1

ci
1 + yR/n− yzi

=⇒ c+ yRπρ(y) =
s∑

i=1

ci
1− yzi

=⇒ Rπρ(y) =
s∑

i=1

cizi
1− yzi

Thus, we are led to the conclusion in the statement. □

Finally, we have the following result, providing an alternative to Definition 13.25, and
which, together with Definition 13.25, can be thought of as being the free CPLT:

Theorem 13.27 (Free CPLT). For ν =
∑s

i=1 ciδzi with ci > 0 and zi ∈ C, we have

πν = law

(
s∑

i=1

ziαi

)
with the variables αi being free Poisson(ci), and free.

Proof. Let α be the sum of free Poisson variables in the statement:

α =
s∑

i=1

ziαi

In order to prove the result, we will show that the R-transform of α is given by the
formula in Proposition 13.26. We have the following computation:

Rαi
(y) =

ci
1− y

=⇒ Rziαi
(y) =

cizi
1− yzi

=⇒ Rα(y) =
s∑

i=1

cizi
1− yzi

Thus we have the same formula as in Proposition 13.26, and we are done. □

13d. Random matrices

We have learned so far the basics of free probability, and obviously, the theory can be
indefinitely developed, sky is the limit. Before doing that, however, let us have a bit of
thinking, I mean, in relation with concrete questions, is this theory any good?

In answer, let us look at the random matrices. As our first success, we certainly have
Theorem 13.24, which provides a more conceptual approach to the laws πt with t > 0
discovered by Marchenko and Pastur in [73], in relation with the Wishart matrices.

However, the story is far from being over with this, and following Voiculescu [89], we
have the following claim, which is obviously first class mathematical discovery:
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Claim 13.28. The following happen, in connection with the random matrices:

(1) The Gaussian matrices follow with N →∞ the Voiculescu circular law Γt.
(2) When looking at a family of such matrices, with N →∞ these become free.
(3) The Wigner and Wishart matrices are subject to asymptotic freeness too.

So, we will discuss this, in the remainder of this chapter. Getting started now, for our
computations, we will need explicit models for Γt. Following [87], let us start with:

Proposition 13.29. Let H be the complex Hilbert space having as basis the colored
integers k = ◦ • • ◦ . . . , and consider the shift operators on this space:

S : k → ◦k , T : k → •k
We have then the following equalities of distributions,

S + S∗ ∼ γ1 , S + T ∗ ∼ Γ1

with respect to the state φ(T ) =< Te, e >, where e is the empty word.

Proof. We already know S + S∗ ∼ γ1, from Proposition 13.15, and S + T ∗ ∼ Γ1

follows from this, by using the freeness result from Theorem 13.19. □

At the combinatorial level now, we have the following result:

Theorem 13.30. A variable a ∈ A follows the law Γ1 precisely when

tr(ak) = |NC2(k)|
for any colored integer k = ◦ • • ◦ . . .

Proof. By using Proposition 13.29, it is enough to do the computation in the model
there. To be more precise, we can use the following explicit formulae for S, T :

S : k → ◦k , T : k → •k
With these formulae in hand, our claim is that we have the following formula:

< (S + T ∗)ke, e >= |NC2(k)|
In order to prove this formula, let us expand the quantity (S + T ∗)k, and then apply

the state φ. With respect to our previous computations, for S+S∗, what happens is that
the contributions will come this time via the following formulae, which must successively
apply, as to collapse the whole product of S, S∗, T, T ∗ variables into a 1 quantity:

S∗S = 1 , T ∗T = 1

As before, in the proof for the semicircle laws, these applications of the rules S∗S = 1,
T ∗T = 1 must appear in a noncrossing manner, but what happens now, in contrast with
the computation from the proof before, where S + S∗ was self-adjoint, is that at each
point where the exponent k has a ◦ entry we must use T ∗T = 1, and at each point where
the exponent k has a • entry we must use S∗S = 1. Thus the contributions, which are
each worth 1, are parametrized by the partitions π ∈ NC2(k), as desired. □
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More generally now, by rescaling, we have the following result:

Theorem 13.31. A variable a ∈ A is circular, a ∼ Γt, precisely when

tr(ak) = t|k|/2|NC2(k)|
for any colored integer k = ◦ • • ◦ . . .

Proof. This follows indeed from Theorem 13.30, by rescaling. Alternatively, we can
get this as well directly, by suitably modifying Proposition 13.29 first. □

Even more generally now, we have the following free version of the Wick rule:

Theorem 13.32. Given free variables ai, each following the Voiculescu circular law
Γt, with t > 0 being a fixed parameter, we have the Wick type formula

tr(ak1i1 . . . a
ks
is
) = ts/2#

{
π ∈ NC2(k)

∣∣∣π ≤ ker i
}

where k = k1 . . . ks and i = i1 . . . is, for the joint moments of these variables, with the
inequality π ≤ ker i on the right being taken in a technical, appropriate sense.

Proof. This follows a bit as in the classical case, the idea being as follows:

(1) In the case where we have a single complex normal variable a, we have to compute
the moments of a, with respect to colored integer exponents k = ◦ • • ◦ . . . , and the
formula in the statement coincides with the one in Theorem 13.31, namely:

tr(ak) = t|k|/2|NC2(k)|
(2) In general now, when expanding the product ak1i1 . . . a

ks
is

and rearranging the terms,
we are left with doing a number of computations as in (1), and then making the product
of the expectations that we found. But this amounts precisely in counting the partitions
in the statement, with the condition π ≤ ker i there standing precisely for the fact that
we are doing the various type (1) computations independently. See [78], [90]. □

Getting back now to the case of the single variables, let us record as well:

Theorem 13.33. The moments of the Voiculescu circular law are the numbers

Mk(Γt) =
∑

π∈NC2(k)

t|π|

with NC2 standing as usual for the noncrossing matching pairings.

Proof. This comes indeed from the formula in Theorem 13.31, which gives:

tr(ak) = t|k|/2|NC2(k)| =
∑

π∈NC2(k)

t|π|

Thus, we are led to the conclusion in the statement. □

As an application of this, let us go back to the random matrices. We first have:
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Theorem 13.34. Given complex Gaussian matrices ZN ∈MN(L
∞(X)), having inde-

pendent Gt variables as entries, with t > 0, we have

ZN√
N
∼ Γt

in the N →∞ limit, with the limiting measure being Voiculescu’s circular law.

Proof. As explained in chapter 8, the asymptotic moments are given by:

Mk

(
ZN√
N

)
≃ t|k|/2|NC2(k)|

Now by using Theorem 13.31, we are led to the conclusion in the statement. □

Getting now to asymptotic freeness, following Voiculescu [89], we first have:

Theorem 13.35. Given a family of sequences of Wigner matrices,

Zi
N ∈MN(L

∞(X)) , i ∈ I
with pairwise independent entries, each following the complex normal law Gt, with t > 0,
up to the constraint Zi

N = (Zi
N)

∗, the rescaled sequences of matrices

Zi
N√
N
∈MN(L

∞(X)) , i ∈ I

become with N →∞ semicircular, each following the Wigner law γt, and free.

Proof. The first part of the statement is the Wigner theorem from chapter 8, and
what is new with respect to that is the “free” at the end. Now in order to prove this,
asymptotic freeness, we can assume that we are dealing with the case of 2 sequences of
matrices, |I| = 2. So, assume that we have Wigner matrices as follows:

ZN , Z
′
N ∈MN(L

∞(X))

We have to prove that these matrices become asymptotically free, with N → ∞. In
order to do this, we can use a trick. Consider indeed the following matrix:

YN =
ZN + iZ ′

N√
2

This is a complex Gaussian matrix, so by Theorem 13.34 we have, with N →∞:

YN√
N
∼ Γt

Now recall that the Voiculescu circular law Γt was by definition the law of the following
variable, with a, b being semicircular, each following the law γt, and free:

c =
a+ ib√

2
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We are therefore in the situation where the variable (ZN + iZ ′
N)/
√
N , which has

asymptotically semicircular real and imaginary parts, converges to the distribution of
a + ib, equally having semicircular real and imaginary parts, and with these real and
imaginary parts being free. Thus ZN , Z

′
N become asymptotically free, as desired. □

Getting now to the complex case, we have a similar result here, as follows:

Theorem 13.36. Given a family of sequences of complex Gaussian matrices,

Zi
N ∈MN(L

∞(X)) , i ∈ I
with pairwise independent entries, each following the complex normal law Gt, with t > 0,
the rescaled sequences of matrices

Zi
N√
N
∈MN(L

∞(X)) , i ∈ I

become with N →∞ circular, each following the Voiculescu law Γt, and free.

Proof. This follows indeed from Theorem 13.35, which applies to the real and imag-
inary parts of our complex Gaussian matrices, and gives the result. □

Finally, we have as well an asymptotic freeness result for the Wishart matrices, coming
again as a consequence of Theorem 13.35, and completing the proof of Claim 13.28.

13e. Exercises

Welcome to freeness, such a pleasure having you here, and as exercises, we have:

Exercise 13.37. Learn more C∗-algebra basics, including the GNS theorem.

Exercise 13.38. Have a look as well at the von Neumann algebra theory.

Exercise 13.39. Further meditate on the multiplicative convolution operation ⊠.

Exercise 13.40. Find a proof for the R-transform, by staying in the tracial setting.

Exercise 13.41. Compute, with bare hands, the Cauchy transform of πt.

Exercise 13.42. Study a bit the free compound Poisson laws that we constructed.

Exercise 13.43. Clarify what we said, in regards with the free Wick formula.

Exercise 13.44. Do some joint moment computations, for random matrices.

As bonus exercise, and no surprise here, read the originals [87], [88], [89].



CHAPTER 14

The bijection

14a. Cumulants

In order to further advance in our study, we need to better understand the corre-
spondence between classical and free. At the general level this comes of course from
“independence gets replaced by freeness”. But this remains quite vague, I mean go get
the formula of πt out of the formula of pt, based on this, this is no easy task.

So, let us have a closer look at what we did in the previous chapter, all the formulae
there, regarding γt,Γt, πt, πν , and compare them with our previous formulae from this
book, regarding their classical counterparts gt, Gt, pt, pν . We are led in this way to:

Speculation 14.1. The correspondence mt ↔ µt between the classical and free can
be understood in several possible ways, as follows,

(1) Basic guideline: “independence gets replaced by freeness”.
(2) Same thing, sounding better: “the operation ∗ gets replaced by ⊞”.
(3) Moments, we have here the following connecting formula, with the categories

D ⊂ P and D′ ⊂ NC being related by D′ = D ∩NC and D =< D′, /\ >:

Mk(mt) =
∑

π∈D(k)

t|π| ←→ Mk(µt) =
∑

π∈D′(k)

t|π|

(4) Functional transforms, we have here the following connecting formula:

logFmt(−iz) =
∞∑
n=1

cn ·
zn

n!
←→ zRµt(z) =

∞∑
n=1

cn · zn

and there are certainly more ways, by looking at orthogonal polynomials, Gram or Hankel
determinants, or Weingarten functions. The only wrong way is via densities.

To be more precise here, (1) and (2) are from Mao’s red book, (3) is something that
we know well for gt ↔ γt, Gt ↔ Γt, pt ↔ πt, and I will leave to you as an exercise to
establish this for pst ↔ πs

t too, with the obvious definition for πs
t , but we will be back to

this with soon, and the assertions at the end are a quote from comrade Stalin.

321
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As for (4), this is something new, coming by closely examining the R-transform for-
mulae from the previous chapter. Indeed, for the Poisson laws, this certainly holds:

logFpt(−iz) = (ez − 1)t =
∞∑
n=1

t · z
n

n!

zRπt(z) =
zt

1− z
=

∞∑
n=1

t · zn

Observe that by linearity this holds, more generally, for the compound Poisson laws.
Next, for the Gaussian laws this holds too, due to more trivial reasons, as follows:

logFgt(−iz) =
z2t

2
= t · z

2

2!

zRγt(z) = z2t = t · z2

As yet another piece of evidence, for the Dirac mass δt, which reigns over probability
theory at large, being at the same time classical and free, this works too:

logFδt(−iz) = zt = t · z
1!

zRδt(z) = zt = t · z
Summarizing, we have our speculation up and running, and the problem is now, which

of the 2 main ways there shall we follow. In answer, we will follow a middle path:

Principle 14.2. The corrrespondence betwen classical and free is best understood via
quantities kn, κn, called cumulants and free cumulants, appearing as follows:

logFm(−iz) =
∞∑
n=1

kn(m) · z
n

n!
, zRµ(z) =

∞∑
n=1

κn(µ) · zn

Indeed, we can say that we have m ↔ µ when kn(m) = κn(µ). And with some further
combinatorial work, this will clarify our correspondence for the moments too.

So, this is the situation, hope you got it, what we have initially suggests jumping
into heavy analysis, by comparing logFm and Rµ, and this is indeed what Bercovici and
Pata did in [24], when first examining the correspondence question. However, from a
more modern perspective, it is actually better to replace analysis by combinatorics, by
comparing instead the coefficients of logFm and Rµ, with this being equivalent to what
Bercovici-Pata did, but coming with a bonus, namely moment results too.

Getting to work now, we first need to talk about cumulants kn. And here, forgetting
all the above, and everything advanced in general, and coming as a continuation of what
we did in chapter 1, following Rota, let us formulate the following key definition:
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Definition 14.3. Associated to any real probability measure µ = µf is the following
modification of the logarithm of the Fourier transform Fµ(z) = E(eizf ),

Kµ(z) = logE(ezf )

called cumulant-generating function. The Taylor coefficients kn(µ) of this series, given by

Kµ(z) =
∞∑
n=1

kn(µ)
zn

n!

are called cumulants of the measure µ. We also use the notations kf , Kf for these cumu-
lants and their generating series, where f is a variable following the law µ.

In other words, the cumulants are more or less the coefficients of the logarithm of
the Fourier transform logFµ, up to some normalizations. To be more precise, we have
Kµ(z) = logFµ(−iz), so the formula relating logFµ to the cumulants kn(µ) is:

logFµ(−iz) =
∞∑
n=1

kn(µ)
zn

n!

We will see in a moment the reasons for the above normalizations, namely change of
variables z → −iz, and Taylor coefficients instead of plain coefficients, the idea being that
for simple laws like pt, gt, we will obtain in this way very simple quantities.

As a first observation, the sequence of cumulants k1, k2, k3, . . . appears as a modifica-
tion of the sequence of moments M1,M2,M3, . . . , the numerics being as follows:

Proposition 14.4. The sequence of cumulants k1, k2, k3, . . . appears as a modification
of the sequence of moments M1,M2,M3, . . . , and uniquely determines µ. We have

k1 =M1

k2 = −M2
1 +M2

k3 = 2M3
1 − 3M1M2 +M3

k4 = −6M4
1 + 12M2

1M2 − 3M2
2 − 4M1M3 +M4

...

in one sense, and in the other sense we have

M1 = k1

M2 = k21 + k2

M3 = k31 + 3k1k2 + k3

M4 = k41 + 6k21k2 + 3k22 + 4k1k3 + k4
...

with in both cases the correspondence being polynomial, with integer coefficients.
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Proof. We know from Definition 14.3 that the cumulants are given by:

logE(ezf ) =
∞∑
s=1

ks(f)
zs

s!

By exponentiating, we obtain from this the following formula:

E(ezf ) = exp

(
∞∑
s=1

ks(f)
zs

s!

)
Now by looking at the terms of order 1, 2, 3, 4, this gives the above formulae. □

The interest in cumulants comes from the fact that logFµ, and so the cumulants kn(µ)
too, linearize the convolution. To be more precise, we have the following result:

Theorem 14.5. The cumulants have the following properties:

(1) kn(cf) = cnkn(f).
(2) k1(f + d) = k1(f) + d, and kn(f + d) = kn(f) for n > 1.
(3) kn(f + g) = kn(f) + kn(g), if f, g are independent.

Proof. Here (1) and (2) are both clear from definitions, because we have:

Kcf+d(z) = logE(ez(cf+d))

= log[ezd · E(ezcf )]
= zd+Kf (cz)

As for (3), this follows from the fact that the Fourier transform Ff (x) = E(eixf )
satisfies the following formula, whenever f, g are independent random variables:

Ff+g(x) = Ff (x)Fg(x)

Indeed, by applying the logarithm, we obtain the following formula:

logFf+g(x) = logFf (x) + logFg(x)

With the change of variables x = −iz, we obtain the following formula:

Kf+g(z) = Kf (z) +Kg(z)

Thus, at the level of coefficients, we obtain kn(f + g) = kn(f)+ kn(g), as claimed. □

At the level of basic examples now, we have the following result:

Theorem 14.6. The sequence of cumulants k1, k2, k3, k4, . . . is as follows:

(1) For µ = δt the cumulants are t, 0, 0, 0, . . .
(2) For µ = gt the cumulants are 0, t, 0, 0, . . .
(3) For µ = pt the cumulants are t, t, t, t, . . .
(4) For µ = p2t the cumulants are 0, t, 0, t, . . .

Also, for the compound Poisson laws the cumulants are kn(pν) =Mn(ν).



14A. CUMULANTS 325

Proof. We have 5 computations to be done, the idea being as follows:

(1) For a Dirac mass, µ = δt, this comes from the following computation:

Kµ(z) = logE(etz) = log(etz) = tz

(2) For a normal law, µ = gt, this comes from the following computation:

Kµ(z) = logFµ(−iz) = log exp
[
−t(−iz)2/2

]
= tz2/2

(3) For a Poisson law, µ = pt, this comes from the following computation:

Kµ(z) = logFµ(−iz) = log exp
[
(ei(−iz) − 1)t

]
= (ez − 1)t

(4) For a Bessel law, µ = p2t , this comes from the following computation:

Kµ(z) = logFµ(−iz) = log exp

[(
ez + e−z

2
− 1

)
t

]
=

(
ez + e−z

2
− 1

)
t

(5) In order to prove the last assertion, generalizing (3,4), by continuity we can assume
that our input measure is discrete, ν =

∑
i tiδzi with ti > 0 and zi ∈ R. We have:

Kpν (y) = log exp

[∑
i

ti(e
yzi − 1)

]

=
∑
i

ti
∑
n≥1

(yzi)
n

n!

=
∑
n≥1

yn

n!

∑
i

tiz
n
i

=
∑
n≥1

yn

n!
Mn(ν)

Thus, we are led to the conclusion in the statement. □

Getting back to theory now, the sequence of cumulants k1, k2, k3, . . . appears as a
modification of the sequence of moments M1,M2,M3, . . . , and understanding the relation
between moments and cumulants will be our next task. Let us start with:

Definition 14.7. The Möbius function of any lattice, and so of P , is given by

µ(π, ν) =


1 if π = ν

−
∑

π≤τ<ν µ(π, τ) if π < ν

0 if π ̸≤ ν

with the construction being performed by recurrence.
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As an illustration here, for P (2) = {||,⊓}, we have by definition:

µ(||, ||) = µ(⊓,⊓) = 1

Also, || < ⊓, with no intermediate partition in between, so we obtain:

µ(||,⊓) = −µ(||, ||) = −1
Finally, we have ⊓ ̸≤ ||, and so we have as well the following formula:

µ(⊓, ||) = 0

Thus, the Möbius matrix Mπν = µ(π, ν) of the lattice P (2) = {||,⊓} is as follows:

M =

(
1 −1
0 1

)
Back to the general case now, the main interest in the Möbius function comes from

the Möbius inversion formula, which can be formulated as follows:

Theorem 14.8. We have the following implication,

f(π) =
∑
ν≤π

g(ν) =⇒ g(π) =
∑
ν≤π

µ(ν, π)f(ν)

valid for any two functions f, g : P (n)→ C.

Proof. Consider the adjacency matrix of P , given by the following formula:

Aπν =

{
1 if π ≤ ν

0 if π ̸≤ ν

Our claim is that the inverse of this matrix is the Möbius matrix of P , given by:

Mπν = µ(π, ν)

Indeed, the above matrix A is upper triangular, and when trying to invert it, we are
led to the recurrence in Definition 14.7, so to the Möbius matrix M . Thus we have:

M = A−1

Thus, in practice, we are led to the inversion formula in the statement. □

As an illustration here, for P (2) the formula M = A−1 appears as follows:(
1 −1
0 1

)
=

(
1 1
0 1

)−1

With these ingredients in hand, let us go back to probability. We first have:

Definition 14.9. We define quantities Mπ(f), kπ(f), depending on partitions

π ∈ P (k)
by starting with Mn(f), kn(f), and using multiplicativity over the blocks.
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To be more precise, the convention here is that for the one-block partition 1n ∈ P (n),
the corresponding moment and cumulant are the usual ones, namely:

M1n(f) =Mn(f) , k1n(f) = kn(f)

Then, for an arbitrary partition π ∈ P (k), we decompose this partition into blocks,
having sizes b1, . . . , bs, and we set, by multiplicativity over blocks:

Mπ(f) =Mb1(f) . . .Mbs(f) , kπ(f) = kb1(f) . . . kbs(f)

With this convention, following Rota and others, we can now formulate a key result,
fully clarifying the relation between moments and cumulants, as follows:

Theorem 14.10. We have the moment-cumulant formulae

Mn(f) =
∑

ν∈P (n)

kν(f) , kn(f) =
∑

ν∈P (n)

µ(ν, 1n)Mν(f)

or, equivalently, we have the moment-cumulant formulae

Mπ(f) =
∑
ν≤π

kν(f) , kπ(f) =
∑
ν≤π

µ(ν, π)Mν(f)

where µ is the Möbius function of P (n).

Proof. There are several things going on here, the idea being as follows:

(1) According to our conventions, and to Möbius inversion, the 4 formulae in the
statement are all equivalent. In what follows we will focus on the first 2 formulae.

(2) Before anything, let us first work out some examples. At n = 1, 2, 3 the moment
formula in the statement gives, in tune with Proposition 14.4:

M1 = k| = k1

M2 = k| | + k⊓ = k21 + k2

M3 = k| | | + k⊓| + k⊓| + k|⊓ + k⊓⊓ = k31 + 3k1k2 + k3

At n = 4 now, the computation is as follows, again in tune with Proposition 14.4:

M4 = k| | | + (k⊓ | | + . . .︸ ︷︷ ︸
6 terms

) + (k⊓⊓ + . . .︸ ︷︷ ︸
3 terms

) + (k⊓⊓ | + . . .︸ ︷︷ ︸
4 terms

) + k⊓⊓⊓

= k41 + 6k21k2 + 3k22 + 4k1k3 + k4

As for the cumulant formula in the statement, at n = 1, 2, 3 this gives the following
formulae for the low order cumulants, again in tune with Proposition 14.4:

k1 =M| =M1

k2 = (−1)M| | +M⊓ = −M2
1 +M2

k3 = 2M| | | + (−1)M⊓| + (−1)M⊓| + (−1)M|⊓ +M⊓⊓ = 2M3
1 − 3M1M2 +M3
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Finally, at n = 4, after computing the Möbius function of P (4), we obtain the following
formula for the fourth cumulant, again in tune with Proposition 14.4:

k4 = (−6)M| | | + 2(M⊓ | | + . . .︸ ︷︷ ︸
6 terms

) + (−1)(M⊓⊓ + . . .︸ ︷︷ ︸
3 terms

) + (−1)(M⊓⊓ | + . . .︸ ︷︷ ︸
4 terms

) +M⊓⊓⊓

= −6M4
1 + 12M2

1M2 − 3M2
2 − 4M1M3 +M4

(3) Time now to get to work, and prove the result. As mentioned above, the formulae
in the statement are all equivalent, and it is enough to prove the first one, namely:

Mn(f) =
∑

ν∈P (n)

kν(f)

In order to do this, we use the very definition of the cumulants, namely:

logE(ezf ) =
∞∑
s=1

ks(f)
zs

s!

By exponentiating, we obtain from this the following formula:

E(ezf ) = exp

(
∞∑
s=1

ks(f)
zs

s!

)
(4) Let us first compute the function on the left. This is easily done, as follows:

E(ezf ) = E

(
∞∑
n=0

(zf)n

n!

)
=

∞∑
n=0

Mn(f)
zn

n!

(5) Regarding now the function on the right, this is given by:

exp

(
∞∑
s=1

ks(f)
zs

s!

)
=

∞∑
p=0

(∑∞
s=1 ks(f)

zs

s!

)p
p!

=
∞∑
p=0

1

p!

∞∑
s1=1

ks1(f)
zs1

s1!
. . . . . .

∞∑
sp=1

ksp(f)
zsp

sp!

=
∞∑
p=0

1

p!

∞∑
s1=1

. . .

∞∑
sp=1

ks1(f) . . . ksp(f)
zs1+...+sp

s1! . . . sp!

But the point now is that all this leads us into partitions. Indeed, we are summing
over indices s1, . . . , sp ∈ N, which can be thought of as corresponding to a partition of
n = s1 + . . .+ sp. So, let us rewrite our sum, as a sum over partitions. For this purpose,
recall that the number of partitions ν ∈ P (n) having blocks of sizes s1, . . . , sp is:(

n

s1, . . . , sp

)
=

n!

p1! . . . ps!
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Also, when resumming over partitions, there will be a p! factor as well, coming from
the permutations of s1, . . . , sp. Thus, our sum can be rewritten as follows:

exp

(
∞∑
s=1

ks(f)
zs

s!

)
=

∞∑
n=0

∞∑
p=0

1

p!

∑
s1+...+sp=n

ks1(f) . . . ksp(f)
zn

s1! . . . sp!

=
∞∑
n=0

zn

n!

∞∑
p=0

1

p!

∑
s1+...+sp=n

(
n

s1, . . . , sp

)
ks1(f) . . . ksp(f)

=
∞∑
n=0

zn

n!

∑
ν∈P (n)

kν(f)

(6) We are now in position to conclude. According to (3,4,5), we have:
∞∑
n=0

Mn(f)
zn

n!
=

∞∑
n=0

zn

n!

∑
ν∈P (n)

kν(f)

Thus, we have the following formula, valid for any n ∈ N:

Mn(f) =
∑

ν∈P (n)

kν(f)

We are therefore led to the conclusions in the statement. □

The above cumulant technology is quite powerful, and can be applied as well to other
measures that we know. For the exponential law et, the cumulants are:

kn =
(n− 1)!

tn

For the uniform law ut the cumulants are quite tricky to compute, and are given by
the following formula, with Bn ∈ Q being the n-th Bernoulli number:

k1 =
t

2
, kn =

tn

n
·Bn (n > 1)

Finally, there is also a discussion to be made, in relation with the notion of infinite
divisibility of measures. We will leave some learning here as an exercise.

14b. Free cumulants

Getting back now to free probability, following Speicher [82], let us formulate:

Definition 14.11. The free cumulants κn(a) of a variable a ∈ A are defined by

Ra(z) =
∞∑
n=1

κn(a)z
n−1

with R being as usual the Voiculescu R-transform.
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As before with the classical cumulants, we have a number of basic examples and
illustrations, and a number of basic general results. Let us start with some numerics:

Proposition 14.12. The free cumulants κ1, κ2, κ3, . . . appear as a modification of the
moments M1,M2,M3, . . . , and uniquely determine µ. We have

κ1 =M1

κ2 = −M2
1 +M2

κ3 = 2M3
1 − 3M1M2 +M3

κ4 = −5M4
1 + 10M2

1M2 − 2M2
2 − 4M1M3 +M4

...

in one sense, and in the other sense we have

M1 = κ1

M2 = κ21 + κ2

M3 = κ31 + 3κ1κ2 + κ3

M4 = κ41 + 6κ21κ2 + 2κ22 + 4κ1κ3 + κ4
...

with in both cases the correspondence being polynomial, with integer coefficients.

Proof. This is something quite instructive, a bit more complicated than the similar
result in the classical case, worth discussing in detail, the idea being as follows:

(1) We know that the Cauchy transform is the following function:

G(ξ) =
∞∑
n=0

Mn

ξn+1

By inverting, K(G(ξ)) = ξ, the numbers κn appear as follows, with G = G(ξ):

1

G
+

∞∑
n=1

κnG
n−1 = ξ

With ξ = z−1 our equation takes the following form, with G = G(z−1):

z

G
+ z

∞∑
n=1

κnG
n−1 = 1

With ψ =
∑∞

n=1Mnz
n we have G/z = 1 + ψ, and our equation becomes:

1

1 + ψ
+

∞∑
n=1

κnz
n(1 + ψ)n−1 = 1



14B. FREE CUMULANTS 331

(2) By expanding the fraction on the left, our equation becomes:
∞∑
n=0

(−ψ)n +
∞∑
n=1

κnz
n(1 + ψ)n−1 = 1

Moreover, we can cancel the 1 term on both sides, and our equation becomes:
∞∑
n=1

(−ψ)n +
∞∑
n=1

κnz
n(1 + ψ)n−1 = 0

Alternatively, we can write our equation in the following way:
∞∑
n=1

κnz
n(1 + ψ)n−1 = −

∞∑
n=1

(−ψ)n

(3) Good news, this latter equation is something that we are eventually happy with.
By remembering that we have ψ =

∑∞
n=1Mnz

n, our equation looks as follows:

κ1z + κ2z
2(1 +M1z +M2z

2 + . . .) + κ3z
3(1 +M1z +M2z

2 + . . .)2 + . . .

= (M1z +M2z
2 + . . .)− (M1z +M2z

2 + . . .)2 + (M1z +M2z
2 + . . .)3 − . . .

Which looks nice and exploitable, and with this, we are basically done.

(4) Indeed, by looking at terms of order 1, 2, 3, 4, we have the following equations:

κ1 =M1

κ2 =M2 −M2
1

κ2M1 + κ3 =M3 − 2M1M2 +M3
1

κ4 + 2κ3M1 + κ2M2 =M4 − 2M1M3 −M2
2 + 3M2

1M2 −M4
1

Thus, we are led to the formulae of κ1, κ2, κ3, κ4 in the statement. And then, by
inversion, to the formulae of M1,M2,M3,M4 as well, as desired. □

Observe the similarity with the formulae for classical cumulants. In fact, we have:

Conclusion 14.13. The first three classical and free cumulants coincide, but

k4 = −6M4
1 + 12M2

1M2 − 3M2
2 − 4M1M3 +M4

κ4 = −5M4
1 + 10M2

1M2 − 2M2
2 − 4M1M3 +M4

are different, and the same happens at higher order as well.

This is something quite interesting, and we will back later with a conceptual explana-
tion for this, via partitions, the idea being that all this comes from:

P (n) = NC(n) ⇐⇒ n ≤ 3

But more on this later. At the level of basic general results, in analogy with what we
know about the classical cumulants, we first have the following result:
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Theorem 14.14. The free cumulants have the following properties:

(1) κn(λa) = λnκn(a).
(2) κn(a+ b) = κn(a) + κn(b), if a, b are free.

Proof. This is something very standard, the idea being as follows:

(1) We have the following Cauchy transform computation:

Gλa(ξ) =

∫
R

dµλa(x)

ξ − x
=

∫
R

dµa(y)

ξ − λy
=

1

λ

∫
R

dµa(y)

ξ/λ− y
=

1

λ
Ga

(
ξ

λ

)
But this gives the following formula, by using the definition of the R-transform:

Gλa

(
λRa(λz) +

1

z

)
=

1

λ
Ga

(
Ra(λz) +

1

λz

)
=

1

λ
· λz = z

Thus we have the formula Rλa(z) = λRa(λz), which gives (1).

(2) This follows indeed from the fact that the R-transform linearizes ⊞. □

Again in analogy with the classical case, at the level of the main examples we have
the following result, with π2

t = πtε with ε = (δ−1 + δ1)/2 being a free Bessel law:

Theorem 14.15. The sequence of free cumulants κ1, κ2, κ3, κ4, . . . is as follows:

(1) For µ = δt the free cumulants are t, 0, 0, 0, . . .
(2) For µ = γt the free cumulants are 0, t, 0, 0, . . .
(3) For µ = πt the free cumulants are t, t, t, t, . . .
(4) For µ = π2

t the free cumulants are 0, t, 0, t, . . .

Also, for the compound free Poisson laws the free cumulants are κn(πν) =Mn(ν).

Proof. The proofs are analogous to those from the classical case, as follows:

(1) For µ = δt we have Gµ(ξ) = 1/(ξ − t), and so Rµ(z) = t, as desired.

(2) For µ = γt we have, as computed before, Rµ(z) = tz, as desired.

(3) For µ = πt we have, also from before, Rµ(z) = t/(1− z), as desired.
(4) For µ = π2

t , a free Bessel law, this can be established too, but the best is to prove
directly the last assertion, which generalizes (3,4). With ν =

∑
i ciδzi we have:

Rπν (y) =
∑
i

cizi
1− yzi

=
∑
n≥1

yn−1
∑
i

ciz
n
i

=
∑
n≥1

yn−1Mn(ν)

Thus, we are led to the conclusion in the statement. □
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As before in the classical case, we can define generalized free cumulants, κπ(a) with
π ∈ P (k), by starting with the numeric free cumulants κn(a), as follows:

Definition 14.16. We define free cumulants κπ(a), depending on partitions

π ∈ P (k)

by starting with κn(a), and using multiplicativity over the blocks.

To be more precise, the convention here is that for the one-block partition 1n ∈ P (n),
the corresponding free cumulant is the usual one, namely:

κ1n(a) = κn(a)

Then, for an arbitrary partition π ∈ P (k), we decompose this partition into blocks,
having sizes b1, . . . , bs, and we set, by multiplicativity over blocks:

κπ(a) = κb1(a) . . . κbs(a)

With this convention, we have the following result, due to Speicher [82]:

Theorem 14.17. We have the moment-cumulant formulae

Mn(a) =
∑

ν∈NC(n)

κν(a) , κn(a) =
∑

ν∈NC(n)

µ(ν, 1n)Mν(a)

or, equivalently, we have the moment-cumulant formulae

Mπ(a) =
∑
ν≤π

κν(a) , κπ(a) =
∑
ν≤π

µ(ν, π)Mν(a)

where µ is the Möbius function of NC(n).

Proof. As before in the classical case, the 4 formulae in the statement are equivalent,
via Möbius inversion. Thus, it is enough to prove one of them, and we will discuss the
first formula, which in practice is the most useful one. Thus, we must prove that:

Mn(a) =
∑

ν∈NC(n)

κν(a)

(1) In order to prove this, let us get back to the construction of the free cumulants,
from Definition 14.11. The Cauchy transform of a is the following function:

Ga(ξ) =
∞∑
n=0

Mn(a)

ξn+1

Consider the inverse of this Cauchy transform Ga, with respect to composition:

Ka(Ga(ξ)) = ξ
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According to Definition 14.11, the free cumulants κn(a) appear then as follows:

Ka(z) =
1

z
+

∞∑
n=1

κn(a)z
n−1

(2) In practice, as seen in the proof of Proposition 14.12, this formula leads to:

κ1z + κ2z
2(1 +M1z +M2z

2 + . . .) + κ3z
3(1 +M1z +M2z

2 + . . .)2 + . . .

= (M1z +M2z
2 + . . .)− (M1z +M2z

2 + . . .)2 + (M1z +M2z
2 + . . .)3 − . . .

But, in case you have followed the proof of Proposition 14.12, you know how to exploit
this formula at order n = 1, 2, 3, 4. The same method works in general, and after some
computations, this leads to the formula that we want to establish, namely:

Mn(a) =
∑

ν∈NC(n)

κν(a)

(3) We are therefore led to the conclusions in the statement. All this was of course
quite brief, and for details here, we refer for instance to Nica-Speicher [78]. □

The above free cumulant technology is quite powerful, and can be applied as well to
other measures that we know. For the arcsine law αt, the free cumulants are:

κ2r+2 = (−1)r2tr+1 1

r + 1

(
2r

r

)
For the uniform law ut the free cumulants are more tricky to compute, and are given

by the following formula, with Bn ∈ Q being the n-th Bernoulli number:

κn =
(−t)n

n!
·Bn

Finally, there is also a discussion to be made, in relation with the notion of free infinite
divisibility of measures. We will leave some learning here as an exercise.

14c. The bijection

As a main application now of the theories of Rota cumulants and Speicher free cumu-
lants, following Bercovici and Pata [24], we can formulate the following simple and bright
definition, making a rock-solid connection between classical and free:

Definition 14.18. A convolution semigroup of measures

{mt}t>0 : ms ∗mt = ms+t

is in Bercovici-Pata bijection with a free convolution semigroup of measures

{µt}t>0 : µs ⊞ µt = µs+t

when the classical cumulants of mt coincide with the free cumulants of µt.
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Getting now to the examples, we know from the above cumulant computations that
we have correspondences gt ↔ γt and pt ↔ πt, as well as the trivial correspondence
δt ↔ δt. In order to find more examples, we can take some inspiration from the group
theory material from chapter 7, which suggests looking at two more situations:

gtt ↔ γtt , p2t ↔ π2
t

So, let us do this. Let us first welcome the shifted semicircle law γtt , with due respect,
meaning full probabilistic computations for it, the result being as follows:

Theorem 14.19. The shifted semicircle law γtt of parameter t > 0, namely

γtt =
1

2πt

√
4t− (x− t)2 dx

on [t− 2
√
t, t+ 2

√
t], has the following properties:

(1) The mean is E = t, the variance is V = t.

(2) The moments are Mk =
∑[k/2]

s=0

(
k
2s

)
1

s+1

(
2s
s

)
tk−s.

(3) Equivalently, we have Mk =
∑

π∈NC12(k)
t|π|.

(4) The skewness is γ = 0, the kurtosis is κ = 2.

(5) G(ξ) = (ξ − t−
√

(ξ − t)2 − 4t)/2t.

(6) M(z) = (1− tz −
√

(1− tz)2 − 4tz2)/2tz2.
(7) The R-transform is R(z) = t+ tz.
(8) The free cumulants are t, t, 0, 0, . . .
(9) We have the formula γss ⊞ γtt = γs+t

s+t .
(10) This measure is the free version of gtt.
(11) The Hankel determinants at t = 1 are Hk = 1, exactly as for γ1.
(12) The orthogonal polynomials are modified Chebycheff polynomials.

Proof. The first moment formula is what comes out of the density, and the second
moment formula, which is more practical, comes from this. Numerically, we have:

M1 = t

M2 = t2 + t

M3 = t3 + 3t2

M4 = t4 + 6t3 + 2t2

But this gives the formulae of E, V, γ, κ in the statement. Next, we have:

G(ξ) = Gγt(ξ − t) =
ξ − t−

√
(ξ − t)2 − 4t

2t

But this gives the formula ofM(z) = z−1G(z−1) in the statement, and we can capture
the R-transform too, coming from G(t+tz+z−1) = z. The free cumulant formulae follow,
as well as the semigroup assertion, and the liberation claim too. Finally, the discussion
regarding the Hankel determinants and orthogonal polynomials is standard. □
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Next, let us welcome the free Bessel law π2
t , with due respect too. We have:

Theorem 14.20. The free Bessel law π2
t of parameter t > 0, appearing as

π2
t = πtε , ε =

δ−1 + δ1
2

has the following properties:

(1) The mean is E = 0, the variance is V = t.
(2) The moments are Mk =

∑
π∈NCeven(k)

t|π|.

(3) Equivalently, M2r =
∑r

b=1
1
b

(
r−1
b−1

)(
2r
b−1

)
tb.

(4) At t = 1 the moments are M2r =
1

2r+1

(
3r
r

)
.

(5) The skewness is γ = 0, the kurtosis is κ = 2 + 1/t.
(6) M =M(z) satisfies M = 1 + (zM)2(M + t− 1).
(7) G = G(ξ) satisfies ξG = 1 + ξG3 + (t− 1)G2.
(8) The R-transform is R(z) = tz/(1− z2).
(9) The free cumulants are 0, t, 0, t, . . .
(10) We have the formula π2

s ⊞ π2
t = π2

s+t.
(11) This measure is the free version of p2t .
(12) The density is analytic, with an atom at 0 when t < 1.

Proof. The moment formulae are something that can be obtained from Fourier, but
we prefer to discuss this in the next chapter, using easiness. Numerically, we get:

M1 = 0 , M2 = t , M3 = 0 , M4 = 2t2 + t

But this gives the above formulae of E, V, γ, κ. As for the rest, this is standard, and
we partly know all this, save for the study of the density, for which we refer to [10]. □

We can go back now to the Bercovici-Pata bijection, and formulate a nice result:

Theorem 14.21. In the standard cube of basic real probability limiting measures

π2
t γt

πt γtt

p2t gt

pt gtt

the upper measures appear as free versions of the lower measures.

Proof. This comes indeed from our various cumulant computations above. □
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At a more advanced level now, we have an easiness result too, as follows:

Theorem 14.22 (continuation). The moments are Mk =
∑

π∈D(k) t
|π|, with

NCeven

~~

��

NC2

��

oo

��

NC

��

NC12

��

oo

Peven

~~

P2

��

oo

P P12
oo

being the corresponding categories of partitions D ⊂ P .

Proof. This is again self-explanatory, based on our various moment results. Let us
also mention that, in the context of the classification results from chapter 4, with L ⊂ N
being as there the set of sizes of blocks of the partitions in D, the classical cumulants on
the bottom are kn = tδn∈L, and the free cumulants on top are κn = tδn∈L. See [20]. □

Getting now to the unitary case, meaning complex measures such as Gt, or distribu-
tions which are not usual measures such as Γt, things here are more tricky, because the
Bercovici-Pata bijection is something of real nature. We can nevertheless persist, and
adopt the easiness point of view on liberation, in order to have our say here.

So, let us welcome to our family of basic limiting measures the shifted circular law
Γt
t, which is something self-explanatory, along with the full family of free Bessel laws
{πs

t |s ∈ {1, 2, . . . ,∞}}, appearing as πs
t = πtεs , with εs being the uniform measure on the

s-th roots of unity, with in particular the purely complex free Bessel law Πt = π∞
t .

With these conventions, we have the following complex analogue of Theorem 14.21,
which is formulated with respect to the easiness viewpoint on liberation:

Theorem 14.23. In the standard cube of basic complex limiting measures

Πt Γt

πt Γt
t

Pt Gt

pt Gt
t

the upper measures appear as free versions of the lower measures.
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Proof. This is standard too, with the corresponding categories D ⊂ P being:

NCeven

~~

��

NC2

��

oo

��

NC

��

NC12

��

oo

Peven

~~

P2

��

oo

P P12
oo

Thus, we are led to the conclusion in the statement. See [10], [20], [84]. □

As a last manipulation, we can merge our real and complex cubes, and we obtain:

Theorem 14.24. In the standard cube of basic probability limiting measures

Πt Γt

b2t γt

Pt Gt

p2t gt

the upper measures appear as free versions of the lower measures.

Proof. We would like to merge our 3D cubes, real and complex, into a 4D cube.
Unfortunately, this cannot be properly done, due to the double presence of pt, πt. So,
what to do? Well, do some cleanup, leading to the above 3D cube, corresponding to:

NCeven

~~

��

NC2

��

oo

��

NC

��

NC12

��

oo

Peven

~~

P2

��

oo

P P12
oo

Finally, observe that our cube is something quite subtle, featuring a classical/free
correspondence on the vertical, a discrete/continuous correspondence on the horizontal,
and a real/complex correspondence on the depth. Nice and conceptual. □
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And with this, end of our discussion regarding the Bercovici-Pata bijection. All this
was of course basics, and at the advanced level, crazy things can happen, such as:

Question 14.25 (Belinschi, Bożejko, Lehner, Speicher). The normal law g1 being
freely infinitely divisible, what is its classical analogue?

And isn’t this puzzling, weird question that we have here, obtained by playing with
fire, namely applying free transforms to classical measures, although the converse can be
certainly attempted too. For more on all this, we refer to their paper [22].

14d. Chi variables

Getting now to the chi, chi square problematics in free probability, we would need a
linearization result for ⊠. And we have here the following result of Voiculescu [88]:

Theorem 14.26. The operation ⊠ can be linearized as follows:

(1) Start with ψ(z) =M1z +M2z
2 +M3z

3 + . . .
(2) Compute its inverse, ψ(χ(z)) = z.
(3) Compute S(z) = (1 + z−1)χ(z).
(4) Then logS linearizes the free multiplicative convolution, Sµ⊠ν = SµSν.

Proof. There are several proofs here, and following Haagerup [55], we have:

(1) According to our conventions from chapter 13, we want to prove that, given non-
commutative variables a, b which are free, we have the following formula:

Sµab
(z) = Sµa(z)Sµb

(z)

(2) For this purpose, consider the orthogonal shifts S, T on the free Fock space, from
chapter 13. By using the algebraic arguments there, from the proof of the R-transform
theorem, we can assume, a bit as there, that our variables are as follows:

a = (1 + S)f(S∗) , b = (1 + T )g(T ∗)

Our claim, which will prove the theorem, is that we have the following formulae, for
the S-transforms of the various variables involved:

Sµa(z) =
1

f(z)
, Sµb

(z) =
1

g(z)
, Sµab

(z) =
1

f(z)g(z)

(3) Let us first compute Sµa . We know that we have a = (1 + S)f(S∗), with S being
the shift on l2(N). Given |z| < 1, consider the following vector:

p =
∑
k≥0

zkek

The shift and its adjoint act on this vector in the following way:

Sp =
∑
k≥0

zkek+1 =
p− e0
z

, S∗p =
∑
k≥1

zkek−1 = zp
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Thus f(S∗)p = f(z)p, and we deduce from this that we have:

ap = (1 + S)f(z)p

= f(z)(p+ Sp)

= f(z)

(
p+

p− e0
z

)
=

(
1 +

1

z

)
f(z)p− f(z)

z
e0

By dividing everything by (1 + 1/z)f(z), this formula becomes:

z

1 + z
· 1

f(z)
ap = p− e0

1 + z

We can write this latter formula in the following way:(
1− z

1 + z
· 1

f(z)
a

)
p =

e0
1 + z

Now by inverting, we obtain from this the following formula:(
1− z

1 + z
· 1

f(z)
a

)−1

e0 = (1 + z)p

(4) But this gives us the formula of Sµa . Indeed, consider the following function:

ρ(z) =
z

1 + z
· 1

f(z)

With this notation, the formula that we found in (3) becomes:

(1− ρ(z)a)−1e0 = (1 + z)p

By using this, in terms of φ(T ) =< Te0, e0 >, we obtain:

φ
(
(1− ρ(z)a)−1

)
= < (1− ρ(z)a)−1e0, e0 >

= < (1 + z)p, e0 >

= 1 + z

Thus the above function ρ is the inverse of the following function:

ψ(z) = φ

(
1

1− za

)
− 1

But this latter function is the ψ function from the statement, and so ρ is the function
χ from the statement, and we can finish our computation, as follows:

Sµa(z) =
1 + z

z
· ρ(z) = 1 + z

z
· z

1 + z
· 1

f(z)
=

1

f(z)
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(5) A similar computation, or just a symmetry argument, gives Sµb
(z) = 1/g(z). In

order to compute now Sµab
(z), we use a similar trick. Consider the following vector of

l2(N ∗ N), with the primes and double primes referring to the two copies of N:

q = e0 +
∑
k≥1

(e′1 + e′′1 + e′1 ⊗ e′′1)⊗k

The adjoints of the shifts S, T act as follows on this vector:

S∗q = z(1 + T )q , T ∗q = zq

By using these formulae, we have the following computation:

abq = (1 + S)f(S∗)(1 + T )g(T ∗)q

= (1 + S)f(S∗)(1 + T )g(z)q

= g(z)(1 + S)f(S∗)(1 + T )q

In order to compute the last term, observe that we have:

S∗(1 + T )q = (S∗ + S∗T )q

= S∗q

= z(1 + T )q

Thus f(S∗)(1 + T )q = f(z)(1 + T )q, and back to our computation, we have:

abq = g(z)(1 + S)f(z)(1 + T )q

= f(z)g(z)(1 + S)(1 + T )q

= f(z)g(z)

(
1 + z

z
· q − e0

z

)
Now observe that we can write this formula as follows:(

1− z

1 + z
· 1

f(z)g(z)
· ab
)
q =

e0
1 + z

By inverting, we obtain from this the following formula:(
1− z

1 + z
· 1

f(z)g(z)
· ab
)−1

e0 = (1 + z)q

(6) But this formula that we obtained is similar to the formula that we obtained at
the end of (3) above. Thus, we can use the same argument as in (4), and we obtain:

Sµab
(z) =

1

f(z)g(z)

We are therefore done with the computations, and this finishes the proof. □
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With the above result, coupled with the other results from chapter 13, we can poten-
tially do many things, in relation with the chi, chi square problematics in free probability.
We will discuss in what follows two such results, one continuous and one discrete.

The continuous result that we would like to discuss, due to Voiculescu [89], which is
something of key importance for the study of circular variables, is as follows:

Theorem 14.27. The polar decomposition of circular variables is c = uq, with:

(1) u being a Haar unitary, meaning a unitary with tr(uk) = δk0, for k ∈ Z.
(2) q being a quarter-circular, meaning q = |s| with s semicircular.
(3) u, q being free.

Proof. This is something quite tricky, the idea being as follows:

(1) To start with, the statement assumes that we are inside a von Neumann algebra,
and this in order for the polar decomposition of operators to stay inside the algebra. Also,
the trace must be assumed to be faithful, in order to be able to recover things.

(2) In order now to get familiar with the polar decomposition, let us first decompose
a semicircular s. For this purpose, we can use the following simple model for s:

s = x ∈ L∞ ([−2, 2], γ1)
Indeed, we can see right away that the decomposition is s = eq, with e = sgn(x) and

q = |x|. Thus, probabilistically, we have s = eq, with e being a unitary having moments
1, 0, 1, 0, . . ., then q = |s| being quarter-circular, and with e, q being independent.

(3) Getting now to circular variables, as in the statement, things here are more tricky,
because we don’t have available classical models as in (2). However, the known models,
using shifts on Fock spaces, or random matrices, both work. Alternatively, the result can
be deduced from a variation of Theorem 14.26. For a discussion here, see [78], [89]. □

As for the discrete result that we would like to present, from [10], this is:

Theorem 14.28. The modified free Bessel law π̃s
t , which is the real probability measure

given by the following moment formula, which must hold for any k ∈ N,
Mk(π̃

s
t ) =Msk(π

s
t )

is subject to the following formulae, involving π = π1 only:

(1) π̃s
t = π⊠s−1 ⊠ π⊞t, at s ≥ 1, t > 0.

(2) π̃s
t = ((1− t)δ0 + tδ1)⊠ π⊠s, at s > 0, t ∈ (0, 1].

Proof. This is again something quite tricky, the idea being as follows:

(1) To start with, at s = 2, the free Bessel law π2
t being a real probability measure,

we have available a squared version of it, given by the following formula:

f ∼ π2
t =⇒ f 2 ∼ π̃2

t



14D. CHI VARIABLES 343

Equivalently, in terms of moments, this modified free Bessel law π̃2
t is given by:

Mk(π̃
2
t ) =M2k(π

2
t )

And the point is that many things can be said about π̃2
t , the idea being that its

combinatorics is simpler than that of π2
t itself. With as illustrations here being our claims

in the statement, which are both crucially based on the doubling operation.

(2) In view of this, the problem appears, what is the correct generalization of the
above law π̃2

t , in the general case s ∈ N ∪ {∞}? And here, at s = 1 to start with, since
the Marchenko-Pastur law πt = π1

t will not simplify when squaring, or doing other types
of similar manipulations on it, we must leave this law untouched, π̃1

t = π1
t .

(3) Next, some further thinking along these lines, and some computations too, suggest
a manipulation as follows, which is in tune with what we have above at s = 1, 2:

f ∼ πs
t =⇒ f s ∼ π̃s

t

However, passed s =∞ that we obviously have to leave aside, this won’t work well at
s ≥ 3, because we will not obtain in this way a real probability measure. So, the trick is
the one in the statement, restricting the attention to the uncolored moments of f s, which
amounts in defining π̃s

t by the following formula, which must hold for any k ∈ N:
Mk(π̃

s
t ) =Msk(π

s
t )

(4) With this understood, getting now to what the statement says, in order to prove
that, we first have the following computation, for the S-transform of πt = π⊞t:

ξG2 + 1 = (ξ + 1− t)G =⇒ z(ψ + 1)2 + 1 = (1 + z − zt)(ψ + 1)

=⇒ χ(z + 1)2 + 1 = (1 + χ− χt)(z + 1)

=⇒ χ(z + 1)(t+ z) = z

=⇒ S = 1/(t+ z)

We conclude that the S-transform of the measure π⊠s−1 ⊠ π⊞t is given by:

S(z) =
1

(1 + z)s−1
· 1

t+ z

(5) Next, the S-transform of (1− t)δ0 + tδ1 can be computed as follows:

M = 1 + tz/(1− z) =⇒ ψ = tz/(1− z)
=⇒ z = tχ/(1− χ)
=⇒ χ = z/(t+ z)

=⇒ S = (1 + z)/(t+ z)

Thus, the S-transform of the measure ((1− t)δ0 + tδ1)⊠ π⊠s is given by:

S(z) =
1

(1 + z)s
· 1 + z

t+ z
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(6) Summarizing, done with two measures. In order to deal now with π̃s
t , we first have

the following computation, for the R-transform of πs
t , with w = e2πi/s:

R(z) =
t

s

s∑
k=1

wk

1− wkz
= t · z

s−1

1− zs

Next, we can do some standard manipulations on this formula, as follows:

R = tzs−1/(1− zs) =⇒ M = 1 + (zM)s(M + t− 1)

=⇒ M̃ = 1 + zM̃ s(M̃ + t− 1)

=⇒ ψ̃ = z(1 + ψ̃)s(t+ ψ̃)

=⇒ z = χ̃(1 + z)s(t+ z)

=⇒ (1 + z−1)z = S̃(1 + z)s(t+ z)

=⇒ S̃ = (1 + z)1−s/(t+ z)

Thus the S-transform of π̃s
t coincides with the S-transforms computed in (4,5), and we

are done. For further details here, and more on the free Bessel laws, we refer to [10]. □

14e. Exercises

This was an exciting chapter, and as exercises about this, we have:

Exercise 14.29. Compute the cumulants of the exponential law et.

Exercise 14.30. Compute the cumulants of the uniform law ut.

Exercise 14.31. Compute the free cumulants of the arcsine law αt.

Exercise 14.32. Compute the free cumulants of the uniform law ut.

Exercise 14.33. Clarify everything that we said, regarding γtt .

Exercise 14.34. Clarify everything that we said, regarding π2
t .

Exercise 14.35. Learn more about circular and semicircular systems.

Exercise 14.36. Learn more about π̃s
t , and about their classical versions p̃st too.

As bonus exercise, have some thinking at what happens in the unitary case.



CHAPTER 15

Quantum groups

15a. Quantum groups

We have seen in the last 2 chapters that a reliable theory of free probability can
be developed, essentially based on Voiculescu’s R-transform, which linearizes the free
convolution operation ⊞. Indeed, with this transform, which is the free analogue of logF ,
linearizing the usual convolution operation ∗, we can do as many things in free probability
as you can do in classical probability, using Fourier. And, sky is the limit.

This being said, we sort of reached the limit already, at least at the level of basic
things that can be said. So, what is next? We can try here to get more technical, along
the lines of the 5-year plan evoked in the beginning of chapter 14. Or upgrade to free
geometry and physics, as per the general hierarchy explained in the beginning of chapter
13. Or do something else, so many things that can be potentially tried.

Not clear what to do, and looking for advice, I think I know whom to ask. The lady
comes quite often to the garden, picking pretty much everything that can be picked, that
I normally leave there to the attention of bigger animals, like cats, chickens or foxes. I
bet that, among the million things accumulated at her nest, she has some free probability
measures, that she can lend me for this chapter. Let’s see if we can make a deal:

Magpie 15.1. There’s basic stealing, and advanced stealing.

Well, thanks magpie, not that I got what I wanted, but this looks like a good piece
of advice, just be free as a bird, and enjoy. So, getting back now to what we were doing,
the truth is, we’ve been shamelessly stealing theorems from classical probability, and it is
probably most reasonable to keep doing that, but at a more advanced level:

Plan 15.2. We can upgrade to geometry, with our free manifolds X appearing as
abstract spectra of suitably chosen algebras A, and do some probability after.

Getting to work now, with free geometry, what comes first? Free spheres, you would
say, and normally good answer. However, thinking a bit, we would like afterwards to
integrate on these spheres, and the rotationally invariant measure that we need is most
likely a “quantum rotationally invariant” measure, involving the action of a “free rotation
group”. So, we need quantum groups first, and the spheres will come after.

345
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So, let us introduce the quantum groups. The good axioms here, due to Woronowicz
[98], and slightly modified for our present purposes, are as follows:

Definition 15.3. A Woronowicz algebra is a C∗-algebra A, given with a unitary
matrix u ∈MN(A) whose coefficients generate A, such that the formulae

∆(uij) =
∑
k

uik ⊗ ukj , ε(uij) = δij , S(uij) = u∗ji

define morphisms of C∗-algebras ∆ : A → A ⊗ A, ε : A → C and S : A → Aopp, called
comultiplication, counit and antipode.

To be more precise, we are using here the general C∗-algebra formalism, that we know
well since chapters 8 and 13. The tensor product ⊗ appearing above can be any C∗-
algebra tensor product, and more on this in a moment. As for Aopp, this is the opposite
algebra, having multiplication a · b = ba, and more on this in a moment too.

So, let’s see how this works. With the convention that A is cocommutative when
Σ∆ = ∆, where Σ(a⊗ b) = b⊗ a is the flip, we have the following key result:

Proposition 15.4. The following are Woronowicz algebras:

(1) C(G), with G ⊂ UN compact Lie group, with structural maps as follows:

∆(f) =
[
(g, h)→ f(gh)

]
, ε(f) = f(1) , S(f) =

[
g → f(g−1)

]
(2) C∗(Γ), with FN → Γ finitely generated group, with structural maps as follows:

∆(g) = g ⊗ g , ε(g) = 1 , S(g) = g−1

Moreover, we obtain in this way all the commutative/cocommutative algebras.

Proof. For the first assertion we can use the matrix u = (uij) formed by the standard
matrix coordinates of G, which is by definition given by:

g =

u11(g) . . . u1N(g)
...

...
uN1(g) . . . uNN(g)


Indeed, all axioms are clearly satisfied. Next, for the second assertion we can use the

diagonal matrix formed by the generators, with again the axioms being satisfied, and with
the remark here that, for things to work fine, the target of S must be indeed Aopp:

u =

g1 0
. . .

0 gN


Finally, regarding the last assertion, in the commutative case this follows from the

Gelfand theorem, and in the cocommutative case, we will be back to this. □
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The above result is quite interesting, and based on it, and on Gelfand duality in
general, we can formulate the following definition, complementing Definition 15.3:

Definition 15.5 (continuation). Given a Woronowicz algebra (A, u), we write it as

A = C(G) = C∗(Γ)

and call G a compact quantum Lie group, and Γ a finitely generated discrete quantum
group. We say that these quantum groups are dual to each other, and write:

G = Γ̂ , Γ = Ĝ

Also, we agree to identify two Woronowicz algebras, (A, u) = (B, v), when we have an
isomorphism of ∗-algebras < uij >≃< vij > mapping uij → vij.

To be more precise, the convention A = C(G) comes from Proposition 15.4 and
Gelfand, the convention A = C∗(Γ) comes from Proposition 15.4, and the resulting duality
between G,Γ generalizes the usual Pontrjagin duality, for the abelian groups.

As for the convention at the end, which by the way clarifies our ⊗ comment made
after Definition 15.3, this is something more technical, coming from the fact that a non-
amenable discrete group Γ has several possible completions of C[Γ], that we must identify,
in order to have uniqueness of Γ, as a discrete quantum group. More on this later.

Let us discuss now some tools for studying our beasts. We first have:

Proposition 15.6. Let (A, u) be a Woronowicz algebra.

(1) ∆, ε satisfy the usual axioms for a comultiplication and a counit, namely:

(∆⊗ id)∆ = (id⊗∆)∆

(ε⊗ id)∆ = (id⊗ ε)∆ = id

(2) S satisfies the antipode axiom, on the ∗-algebra generated by entries of u:

m(S ⊗ id)∆ = m(id⊗ S)∆ = ε(.)1

(3) In addition, the square of the antipode is the identity, S2 = id.

Proof. As a first observation, the result holds in the commutative case, A = C(G)
with G ⊂ UN . Indeed, here we know from Proposition 15.4 that ∆, ε, S appear as func-
tional analytic transposes of the multiplication, unit and inverse maps m,u, i:

∆ = mt , ε = ut , S = it

Thus, the various conditions in the statement on ∆, ε, S simply come from the group
axioms satisfied by m,u, i. In general now, the first axiom follows from:

(∆⊗ id)∆(uij) = (id⊗∆)∆(uij) =
∑
kl

uik ⊗ ukl ⊗ ulj

As for the other axioms, the verifications here are similar. □
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In order to reach to more advanced results, the idea will be that of doing representation
theory. Following Woronowicz [98], let us start with the following definition:

Definition 15.7. Given (A, u), we call corepresentation of it any unitary matrix
v ∈Mn(A), with A =< uij >, satisfying the same conditions as u, namely:

∆(vij) =
∑
k

vik ⊗ vkj , ε(vij) = δij , S(vij) = v∗ji

We also say that v is a representation of the underlying compact quantum group G.

In the commutative case, A = C(G) with G ⊂ UN , we obtain in this way the finite
dimensional unitary smooth representations v : G→ Un, via the following formula:

v(g) =

v11(g) . . . v1n(g)
...

...
vn1(g) . . . vnn(g)


With these conventions, we have the following fundamental result, from [98]:

Theorem 15.8. Any Woronowicz algebra has a unique Haar integration,(∫
G

⊗ id
)
∆ =

(
id⊗

∫
G

)
∆ =

∫
G

(.)1

and for any corepresentation v ∈Mn(C)⊗ A we have the formula(
id⊗

∫
G

)
v = P

where P is the orthogonal projection onto Fix(v) = {ξ ∈ Cn|vξ = ξ}.
Proof. This is something that we know well in the classical case, for the algebras of

type A = C(G) with G ⊂ UN , from chapter 7, and the proof in general is similar. □

Next, we can develop the Peter-Weyl theory for the corepresentations of A. Consider
the dense subalgebra A =< uij >, and endow it with the scalar product < a, b >=

∫
G
ab∗.

With this convention, we have the following key result, also from [98]:

Theorem 15.9. We have the following Peter-Weyl type results:

(1) Any corepresentation decomposes as a sum of irreducible corepresentations.
(2) Each irreducible corepresentation appears inside a certain u⊗k.
(3) A =

⊕
v∈Irr(A)Mdim(v)(C), the summands being pairwise orthogonal.

(4) The characters of irreducible corepresentations form an orthonormal system.

Proof. This is something that we know well from chapter 7, when G ⊂ UN is a
compact group. In general, the proof is quite similar, by using Theorem 15.8. □

Finally, no discussion about compact and discrete quantum groups would be complete
without a word on amenability. The result here, again from [98], is as follows:
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Theorem 15.10. Let Afull be the enveloping C
∗-algebra of A, and Ared be the quotient

of A by the null ideal of the Haar integration. The following are then equivalent:

(1) The Haar functional of Afull is faithful.
(2) The projection map Afull → Ared is an isomorphism.
(3) The counit map ε : Afull → C factorizes through Ared.
(4) We have N ∈ σ(Re(χu)), the spectrum being taken inside Ared.

If this is the case, we say that the underlying discrete quantum group Γ is amenable.

Proof. This is well-known in the group dual case, A = C∗(Γ), with Γ being a usual
discrete group. In general, the result follows by adapting the group dual case proof:

(1) ⇐⇒ (2) This simply follows from the fact that the GNS construction for the
algebra Afull with respect to the Haar functional produces the algebra Ared.

(2) ⇐⇒ (3) Here =⇒ is trivial, and conversely, a counit ε : Ared → C produces an

isomorphism Φ : Ared → Afull, by slicing the map ∆̃ : Ared → Ared ⊗ Afull.

(3) ⇐⇒ (4) Here =⇒ is clear, coming from ε(N −Re(χ(u))) = 0, and the converse
can be proved by doing some functional analysis. See [98]. □

The compact quantum groups include the compact Lie groups, G ⊂ UN , and the

abstract duals G = Γ̂ of the finitely generated groups FN → Γ. Following Wang [93], let
us discuss now a number of truly “new” quantum groups. We first have:

Theorem 15.11. The following universal algebras are Woronowicz algebras,

C(O+
N) = C∗

(
(uij)i,j=1,...,N

∣∣∣u = ū, ut = u−1
)

C(U+
N ) = C∗

(
(uij)i,j=1,...,N

∣∣∣u∗ = u−1, ut = ū−1
)

so the underlying quantum spaces O+
N , U

+
N are compact quantum groups.

Proof. This comes from the elementary fact that if a matrix u = (uij) is orthogonal
or biunitary, then so must be the following matrices:

(u∆)ij =
∑
k

uik ⊗ ukj , (uε)ij = δij , (uS)ij = u∗ji

Thus we can define ∆, ε, S by using the universal property of C(O+
N), C(U

+
N ). □

Before going further, let us emphasize the fact that O+
N , U

+
N are really huge, much

bigger that anything that you can imagine. Indeed, besides of course containing ON , UN ,
these quantum groups contain the duals of LN = Z∗N

2 and FN = Z∗N , and this due to the
following quotient maps, coming from the universal properties of C(O+

N), C(U
+
N ):

C(O+
N)→ C∗(LN) , C(U+

N )→ C∗(FN)

Moving on, still following Wang [93], let us discuss now the construction and basic
properties of the quantum permutation group S+

N . The construction is as follows:
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Theorem 15.12. The following universal C∗-algebra, with magic meaning formed by
projections (p2 = p∗ = p), summing up to 1 on each row and each column,

C(S+
N) = C∗

(
(uij)i,j=1,...,N

∣∣∣u = magic
)

is a Woronowicz algebra, and the underlying quantum group S+
N , called quantum permu-

tation group, appears as a liberation of the usual permutation group SN .

Proof. The first assertion comes from the standard fact, say easy exercise for you,
that if a matrix u = (uij) is magic, then so must be the following matrices:

(u∆)ij =
∑
k

uik ⊗ ukj , (uε)ij = δij , (uS)ij = u∗ji

As for the second assertion, what that precisely says is that we have an inclusion
SN ⊂ S+

N , with the group SN being the classical version of S+
N , obtained at the algebra

level by dividing C(S+
N) by its commutator ideal. Which, in practice, means:

C(SN) = C∗
comm

(
(uij)i,j=1,...,N

∣∣∣u = magic
)

But this is something coming from Gelfand. Indeed, the algebra on the right must
be of the form A = C(X), with X being a certain compact space. Now since we have
coordinates uij : X → C, our space must appear as X ⊂ MN(C), and then the magic
condition on the matrix u = (uij) tells us that the matrices g ∈ X must have 0-1 entries,
summing up to 1 on each row and column. Thus X = SN , as desired. □

As before with the quantum groups O+
N , U

+
N , what our construction produces is some-

thing huge, with the result here, which is worth recording, being as follows:

Theorem 15.13. The quantum permutation groups S+
N are as follows:

(1) At N = 2, 3 we have S+
N = SN .

(2) At N = 4 we have D̂∞ ⊂ S+
4 , so S

+
4 is not finite.

(3) At N = 5 we have Ẑ2 ∗ Z3 ⊂ S+
5 , so S

+
5 is not coamenable.

(4) At N = 6 and higher, S+
N remains not coamenable.

Proof. This is something quite tricky, the idea being as follows:

(1) This comes from the fact that a magic matrix of sizeN = 2, 3 must have commuting
entries, which is obvious at N = 2, and is a good exercise at N = 3.

(2) This comes from the fact that if u, v are magic, then so is diag(u, v). Indeed, we
obtain in this way a quotient map C(S+

4 )→ C∗(Z2 ∗Z2), so an embedding of the dual of
D∞ = Z2 ∗ Z2 into S+

4 . Now D∞ being obviously infinite, so must be S+
4 .

(3) This comes as in (2), by using a diag(u, v) trick, and with the group Z2 ∗Z3 being
notoriously non-amenable, so must be the dual of S+

5 , having it as quotient.

(4) This comes from (3), because we have S+
5 ⊂ S+

N , obtained via diag(u, 1N−5). □
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Moving on, we can complete our collection with some further beasts, as follows:

Theorem 15.14. We have compact quantum groups as follows:

(1) Subgroups B+
N ⊂ O+

N and C+
N ⊂ U+

N , obtained via the fact that u = (uij) must be
bistochastic, that is, with sums 1 on each row and column.

(2) Quantum groups S+
N ⊂ Hs+

N ⊂ U+
N with s ∈ {2, 3, . . . ,∞}, constructed according

to the formula Hs+
N = Zs ≀∗ S+

N , with ≀∗ being a free wreath product.

Proof. Here (1) is something self-explanatory, with the quantum group property
coming as before for O+

N , U
+
N , S

+
N , by looking at the matrices u∆, uε, uS, and (2) is some-

thing more tricky and algebraic, and for details here, we refer to [10]. □

And with this, good news, done with the preliminaries, and we can go ahead with
easiness and probability, for our free quantum groups. Following the material from chapter
7, which was itself based on the material from chapter 4, let us start with:

Definition 15.15 (update). A category of partitions is a collection D =
⊔

k,lD(k, l)

of subsets D(k, l) ⊂ P (k, l), having the following properties:

(1) Stability under the horizontal concatenation, (π, σ)→ [πσ].
(2) Stability under vertical concatenation (π, σ)→ [σπ], with matching middle symbols.
(3) Stability under the upside-down turning ∗, with switching of colors, ◦ ↔ •.
(4) Each set P (k, k) contains the identity partition || . . . ||.
(5) The sets P (∅, ◦•) and P (∅, •◦) both contain the semicircle ∩.

In other words, what we have here is our previous definition for the categories of
partitions, from chapter 7, with the last axiom there, stating that P (k, k̄) with |k| = 2
must contain the crossing partition /\ , slashed. With this, following [20], we have:

Theorem 15.16. Any category of partitions D ⊂ P produces a series of compact
quantum groups G = (GN), with GN ⊂ U+

N for any N ∈ N, via the formula

Hom(u⊗k, u⊗l) = span
(
Tπ

∣∣∣π ∈ D(k, l)
)

for any k, l, and Tannakian duality. We call such quantum groups easy.

Proof. Indeed, the axioms in Definition 15.15 show, via the standard properties of
π → Tπ, that the following spaces form a Tannakian category, in the sense of [99]:

Ckl = span
(
Tπ

∣∣∣π ∈ D(k, l)
)

Thus, Tannakian duality applies, and provides us with a closed subgroup GN ⊂ U+
N

such that the following equalities are satisfied, for any colored integers k, l:

Hom(u⊗k, u⊗l) = Ckl

We are therefore led to the conclusion in the statement. □
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At the level of the examples now, we certainly have the easy groups from chapter 7,
and we have as well their free versions constructed above, the result being:

Theorem 15.17. We have easy quantum groups as follows, with calligraphic standing
for matching, meaning satisfying #◦ = #•, as a weighted equality, in each block:

K+
N

// U+
N

H+
N

//

==

O+
N

>>

S+
N

//

OO

C+
N

OO

S+
N

OO

==

// B+
N

OO

>>

:

NCeven

||

��

NC2

��

oo

��

NCeven

��

NC2

��

oo

NC

||

NC12

��

oo

NC NC12
oo

Moreover, the quantum reflection groups Hs+
N with s ∈ {1, 2, . . . ,∞} fit on the left diagonal

of the left cube, corresponding to the categories NCs, fitting on the right cube.

Proof. This is identical to the proof of the classical result, from chapter 7, with the
diagrams, intertwiners and everything being identical, save for the very end in each case,
with the categories generated by the relevant partitions being noncrossing, due to the fact
that we removed the crossing axiom, in our updated Definition 15.15. □

In relation now with the easiness considerations from chapter 14, we first have:

Theorem 15.18. The basic orthogonal easy quantum groups are

H+
N

// O+
N

S+
N

//

>>

B+
N

>>

HN
//

OO

ON

OO

SN

OO

==

// BN

OO

==

:

π2
t γt

πt γtt

p2t gt

pt gtt

with on the right being the asymptotic laws of truncated characters.

Proof. We already know the result for the bottom objects, from chapter 4, and the
proof for the top objects is identical, using the Weingarten formula. Let us also mention
that the orthogonal easy quantum groups were fully classified by Raum and Weber in
[79], with the uniform classical and free objects being the above ones. See [20], [79]. □

In the unitary case now, still in relation with the easiness considerations from chapter
14, and further clarifying things there, we have a similar result, as follows:
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Theorem 15.19. The basic unitary easy quantum groups are

K+
N

// U+
N

S+
N

//

>>

C+
N

>>

KN
//

OO

UN

OO

SN

OO

==

// CN

OO

==

:

Πt Γt

πt Γt
t

Pt Gt

pt Gt
t

with on the right being the asymptotic laws of truncated characters.

Proof. The story here is similar to that of Theorem 15.18, with the remark however
that at the classification level, things are far more complicated. See [72], [79]. □

Finally, as explained in chapter 14, we cannot really merge our pairs of 3D cubes into
4D cubes. Instead, we can get rid of some of the objects, and we are led in this way to:

Theorem 15.20. The very basic easy quantum groups are

K+
N

// U+
N

H+
N

//

==

O+
N

>>

KN
//

OO

UN

OO

HN

OO

<<

// ON

OO

==

:

Πt Γt

b2t γt

Pt Gt

p2t gt

with on the right being the asymptotic laws of truncated characters.

Proof. This follows indeed from Theorems 15.18 and 15.19. □

And with this, end of our discussion regarding quantum groups and easiness. Good to
have this done, we have now a good understanding of the probabilistic easiness phenomena
from chapter 14. But of course, many other things can be said, as a continuation, notably
with De Finetti theorems, and we refer here to [16], [36], [37], [41], [68], [70].

15b. Spheres, manifolds

What is next? According to our Plan 15.2, doing some geometry, and then, guided
by Magpie 15.1, we will do some probability, hopefully of truly advanced type. So, just a
bit more algebra and abstractions, and after that probability, that is promised.

To start with, following [17], we can talk about free spheres, as follows:
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Definition 15.21. We have free real and complex spheres, defined via

C(SN−1
R,+ ) = C∗

(
x1, . . . , xN

∣∣∣xi = x∗i ,
∑
i

x2i = 1

)

C(SN−1
C,+ ) = C∗

(
x1, . . . , xN

∣∣∣∑
i

xix
∗
i =

∑
i

x∗ixi = 1

)
with the symbol C∗ standing for universal enveloping C∗-algebra.

Here the fact that these algebras are indeed well-defined comes from the following
estimate, which shows that the biggest C∗-norms on these ∗-algebras are bounded:

||xi||2 = ||xix∗i || ≤
∣∣∣∣∣∣∑

i

xix
∗
i

∣∣∣∣∣∣ = 1

As a first result now, regarding the above free spheres, we have:

Theorem 15.22. We have embeddings of compact quantum spaces, as follows,

SN−1
R,+

// SN−1
C,+

SN−1
R

//

OO

SN−1
C

OO

and the spaces on top appear as liberations of the spaces on the bottom.

Proof. In practice, we must establish the following isomorphisms, where the symbol
C∗

comm stands for “universal commutative C∗-algebra generated by”:

C(SN−1
R ) = C∗

comm

(
x1, . . . , xN

∣∣∣xi = x∗i ,
∑
i

x2i = 1

)

C(SN−1
C ) = C∗

comm

(
x1, . . . , xN

∣∣∣∑
i

xix
∗
i =

∑
i

x∗ixi = 1

)
It is enough to establish the second isomorphism. So, consider the second universal

commutative C∗-algebra A constructed above. Since the standard coordinates on SN−1
C

satisfy the defining relations for A, we have a quotient map of as follows:

A→ C(SN−1
C )

Conversely, let us write A = C(S), by using the Gelfand theorem. The variables
x1, . . . , xN become in this way true coordinates, providing us with an embedding S ⊂ CN .
Also, the quadratic relations become

∑
i |xi|2 = 1, so we have S ⊂ SN−1

C . Thus, we have
a quotient map C(SN−1

C )→ A, as desired, and this gives the results. □
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By using the free spheres constructed above, we can now formulate:

Definition 15.23. A real algebraic manifold X ⊂ SN−1
C,+ is a closed quantum subspace

defined, at the level of the corresponding C∗-algebra, by a formula of type

C(X) = C(SN−1
C,+ )

/〈
fi(x1, . . . , xN) = 0

〉
for certain family of noncommutative polynomials, as follows:

fi ∈ C < x1, . . . , xN >

We denote by C(X) the ∗-subalgebra of C(X) generated by the coordinates x1, . . . , xN .

As a basic example here, we have the free real sphere SN−1
R,+ . The classical spheres

SN−1
C , SN−1

R , and their real submanifolds, are covered as well by this formalism. We have
as well as examples the compact quantum groups, embedded as follows:

G ⊂ U+
N =⇒ G ⊂ U+

N ⊂ SN2−1
C,+ , xij =

uij√
N

At the level of the general theory, we have the following version of the Gelfand theorem:

Theorem 15.24. If X ⊂ SN−1
C,+ is an algebraic manifold, as above, we have

Xclass =
{
x ∈ SN−1

C

∣∣∣fi(x1, . . . , xN) = 0
}

and X appears as a liberation of Xclass.

Proof. This is something that we already met, in the context of the free spheres. In
general, the proof is similar, by using the Gelfand theorem. Indeed, if we denote by X ′

class

the manifold constructed in the statement, then we have a quotient map of C∗-algebras
as follows, mapping standard coordinates to standard coordinates:

C(Xclass)→ C(X ′
class)

Conversely now, from X ⊂ SN−1
C,+ we obtain Xclass ⊂ SN−1

C . Now since the relations
defining X ′

class are satisfied by Xclass, we obtain an inclusion Xclass ⊂ X ′
class. Thus, at

the level of algebras of continuous functions, we have a quotient map of C∗-algebras as
follows, mapping standard coordinates to standard coordinates:

C(X ′
class)→ C(Xclass)

Thus, we have constructed a pair of inverse morphisms, and we are done. □

Finally, once again at the level of the general theory, we have:

Definition 15.25. We agree to identify two real algebraic submanifolds X, Y ⊂ SN−1
C,+

when we have a ∗-algebra isomorphism between ∗-algebras of coordinates
f : C(Y )→ C(X)

mapping standard coordinates to standard coordinates.
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Observe that this convention, which is something technical, coming from amenability,
fits with the similar convention from Definition 15.5, via the embeddings G ⊂ SN2−1

C,+
mentioned after Definition 15.23. Observe also that our whole formalism, Definitions
15.23 and 15.25, fixes some chronic bugs of Gelfand duality, that we preferred not to talk
about, in chapters 8 and 13. Well, now you know, and very nice all this.

With this discussed, let us go back now to the spheres, and try to integrate over them.
For this purpose, it is convenient to deal at the same time with all 4 spheres in Theorem
15.22, that we will call “basic spheres”, and generically denote S. With the convention
that the corresponding unitary quantum groups are denoted U , we first have:

Proposition 15.26. For the basic spheres, we have a diagram as follows,

C(S)
α //

γ

��

C(S)⊗ C(U)

γ⊗id

��
C(U)

∆ // C(U)⊗ C(U)

where on top α(xi) =
∑

j xj ⊗ uji, and on the left γ(xi) = u1i.

Proof. The diagram in the statement commutes indeed on the standard coordinates
xi. Thus by linearity and multiplicativity, the whole the diagram commutes. □

In practice now, the map α constructed above is what is called a coaction, and skipping
some discussion here, the conclusion is that we have a good relationship S ↔ U , a bit like
in the classical case. Now based on this, in analogy with what happens in the classical
case, we can introduce the uniform integration over our spheres S, as follows:

Definition 15.27. We endow each of the algebras C(S) with the functional∫
S

: C(S)→ C(U)→ C

obtained by composing the morphism xi → u1i with the Haar integration of C(U).

In order to efficiently integrate now over our generic spheres S, in the lack of some
trick like spherical coordinates, we can use the Weingarten formula:

Theorem 15.28. The integration over the basic spheres is given by∫
S

xe1i1 . . . x
ek
ik

=
∑

π,σ∈D(k)

δσ(i)WkN(π, σ)

where D ⊂ P are the partitions for U , and WkN = G−1
kN , with GkN(π, σ) = N |π∨σ|.
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Proof. According to our conventions, the integration over S is a particular case of
the integration over U , via xi = u1i. By using the Weingarten formula for U , we get:∫

S

xe1i1 . . . x
ek
ik

=

∫
U

ue11i1 . . . u
ek
1ik

=
∑

π,σ∈D(k)

δπ(1)δσ(i)WkN(π, σ)

=
∑

π,σ∈D(k)

δσ(i)WkN(π, σ)

Thus, we are led to the formula in the statement. □

Still following [17], we have the following key result:

Theorem 15.29. The integration functional of S has the ergodicity property(
id⊗

∫
U

)
α(x) =

∫
S

x

where α : C(S)→ C(S)⊗ C(U) is the universal affine coaction map.

Proof. In the real case, xi = x∗i , it is enough to check the equality in the statement
on an arbitrary product of coordinates, xi1 . . . xik . The left term is as follows:(

id⊗
∫
U

)
α(xi1 . . . xik) =

∑
j1...jk

xj1 . . . xjk

∫
U

uj1i1 . . . ujkik

=
∑
j1...jk

∑
π,σ∈D(k)

δπ(j)δσ(i)WkN(π, σ)xj1 . . . xjk

=
∑

π,σ∈D(k)

δσ(i)WkN(π, σ)
∑
j1...jk

δπ(j)xj1 . . . xjk

=
∑

π,σ∈D(k)

δσ(i)WkN(π, σ)

Now by comparing with the formula in Theorem 15.28, we obtain the result. As for
the proof in the complex case, this is similar, by adding exponents everywhere. □

Still following [17], we have as well the following useful abstract result:

Theorem 15.30. There is a unique positive unital trace tr : C(S)→ C satisfying

(tr ⊗ id)α(x) = tr(x)1

where α is the coaction map of the corresponding quantum isometry group,

α : C(S)→ C(S)⊗ C(U)
and this is the canonical integration, as constructed in Definition 15.27.
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Proof. First of all, it follows from the Haar integral invariance condition for U that
the canonical integration has indeed the invariance property in the statement, namely:

(tr ⊗ id)α(x) = tr(x)1

In order to prove now the uniqueness, let tr be as in the statement. We have:

tr

(
id⊗

∫
U

)
α(x) =

∫
U

(tr ⊗ id)α(x) =
∫
U

(tr(x)1) = tr(x)

On the other hand, according to Theorem 15.29, we have as well:

tr

(
id⊗

∫
U

)
α(x) = tr

(∫
S

x

)
=

∫
S

x

We therefore conclude that tr equals the standard integration, as claimed. □

Getting now to probabilistic aspects, we know from chapter 11 that for the classical
spheres the laws of the standard coordinates, which are called hyperspherical laws, become
normal and independent, with N →∞. Here is the free analogue of this result:

Theorem 15.31. For the free spheres SN−1
R,+ , SN−1

C,+ , the rescaled coordinates

yi =
√
Nxi

become semicircular/circular and free, in the N →∞ limit.

Proof. In the real case, the Weingarten formula from Theorem 15.28, coupled with
the standard fact that the Gram and Weingarten matrices are asymptotically diagonal,
GkN ≃ diag(Nk/2) and WkN ≃ diag(N−k/2), gives the following estimate:∫

SN−1
R,+

xi1 . . . xik =
∑

π,σ∈NC2(k)

δσ(i)WkN(π, σ) ≃ N−k/2
∑

σ∈NC2(k)

δσ(i)

With this formula in hand, we can compute the asymptotic moments of each coordinate
xi. Indeed, by setting i1 = . . . = ik = i, all Kronecker symbols are 1, and we obtain:∫

SN−1
R,+

xki dx ≃ N−k/2|NC2(k)| = N−k/2Mk(γ1)

Thus the rescaled coordinates yi =
√
Nxi become semicircular in the N → ∞ limit,

and the asymptotic freeness result follows as well, from the above general joint moment
estimate. As for the proof in the complex case, this is similar. See [17]. □

So long for the free spheres, and integration over them. This is of course just the tip
of the iceberg, and the next step is to consider quotient spaces of type X = GN/GN−M ,
with G being an easy quantum group, which unify the spheres with the quantum groups.
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Then, we can look at more complicated quotient spaces, with a class of fairly general
examples here, covering those before with L =M , being as follows:

X = (GM ×GN)
/
(GL ×GM−L ×GN−L)

And there is even more, because these latter quotient spaces are at the core of what is
called “affine homogeneous spaces”, and again, a bit as before for the quantum groups and
the spheres, a Weingarten formula can be worked out, along with some basic asymptotic
consequences, involving the basic limiting laws from classical and free probability. For
more on all this we refer to the easy geometry literature, [17] and its follow-ups.

15c. Hyperspherical laws

The problem now, which is highly non-trivial, is that of computing the moments of
the coordinates of the free sphere at fixed values of N ∈ N. And the answer here, from
[14], based on advanced quantum group and calculus techniques, is as follows:

Theorem 15.32. The moments of the free hyperspherical law are given by∫
SN−1
R,+

x2l1 =
1

(N + 2)l
· q + 1

q − 1
· 1

l + 1

l+1∑
r=−l−1

(−1)r
(

2l + 2

l + r + 1

)
r

1 + qr

where q ∈ [−1, 0) is such that q + q−1 = −N .

Proof. This is something quite tricky, sort of thing that a physicist does in 20 min-
utes, and mathematicians spend 2 years after in understanding, the idea being:

(1) In order to get into the mood, let us first see what our formula tells us, at l = 1:

M2 =
1

N + 2
· q + 1

q − 1
· 1
2

2∑
r=−2

(−1)r
(

4

r + 2

)
r

1 + qr

=
1

N + 2
· q + 1

q − 1
· 1
2

[
− 2

1 + q−2
+

4

1 + q−1
− 4

1 + q
+

2

1 + q2

]
=

1

N + 2
· q + 1

q − 1

[
1− q2

1 + q2
+

2(q − 1)

1 + q

]
=

q + 1

N + 2

[
2

1 + q
− 1 + q

1 + q2

]
=

q + 1

N + 2
· q2 − 2q + 1

(1 + q)(1 + q2)

=
1

N + 2

[
1− 2q

1 + q2

]
=

1

N + 2

[
1− 2

(
q +

1

q

)−1
]

=
1

N + 2

[
1 +

2

N

]
=

1

N
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Which was not particularly fun, hope you agree with me. Note by the way that this
is the correct answer, because we have x21 + . . .+ x2N = 1, uniformly.

(2) At l = 2 now, the computation becomes particularly tough, but still can be done
by hand. Then at l = 3, things complicated. In any case, here are the formulae:

M4 =
2

N(N + 1)
, M6 =

5N − 7

N(N + 1)(N2 − 2)

And, are these correct. In answer, the Weingarten formula in Theorem 15.28 gives:

M4 = Tr

[(
1 1
1 1

)(
N2 N
N N2

)−1
]
=

2

N(N + 1)

M6 = Tr



1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1



N3 N2 N2 N N2

N2 N3 N N2 N
N2 N N3 N2 N
N N2 N2 N3 N2

N2 N N N2 N3


−1 =

5N − 7

N(N + 1)(N2 − 2)

(3) Summarizing, our formula looks good. Observe also that, as a byproduct of our
computations, the expectation, variance, skewness and kurtosis are:

E = 0 , V =
1

N
, γ = 0 , κ =

2N

N + 1

As a comment here, E, V, γ equal those from chapter 11 for the classical hyperspherical
laws, but the kurtosis, which was there κ = 3N/(N + 2), has changed. Which is not
surprising, because we should have κ ≃ 3 for classical laws, and κ ≃ 2 for free laws.

(4) As yet another verification, this time in the general case, l ∈ N, up to some noise,
our formula predicts a moment M2l having as denominator the following product:

P =
l+1∏

r=−l−1

(1 + qr)

And this fits with the product of Chebycheff polynomials from the Di Francesco for-
mula for det(GkN) for the quantum group O+

N , from chapter 7, and we will leave some
verifications here, first at small values of l, and then in general, as an exercise.

(5) Next, the N → ∞ asymptotics of our formula, meant to fit with Theorem 15.31,
are less obvious to work out. And more on this, later in the proof.

(6) Finally, before getting into the proof, let us mention that [14] contains as well a
number of useful reformulations and corollaries of the formula in the statement, notably
with the fact that the support is as follows, with the density being analytic:

S =

[
− 2√

N + 2
,

2√
N + 2

]
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(7) Getting now to the proof, the idea will be that of transporting our computation
from space to space, no less than 4 times, up to reaching a tough computation on the unit
circle T, and solving that with some help from advanced orthogonal polynomials:

SN−1
R,+ −→ O+

N −→ O+
F = SU q

2 −→ B(l2(N)) −→ T

(8) Regarding the first transport, via x1 = u11, we know this, from the previous section.
Next, to any F ∈ GLN(R) satisfying F 2 = 1 let us associate the following algebra:

C(O+
F ) = C∗

(
(uij)i,j=1,...,N

∣∣∣u = FūF = unitary
)

Observe that we have O+
IN

= O+
N . In general, the above algebra satisfies Woronowicz’s

generalized axioms in [98], which do not include the strong antipode axiom S2 = id.

(9) At N = 2, up to a trivial equivalence relation on the matrices F , and on the
quantum groups O+

F , we can assume that F is as follows, with q ∈ [−1, 0):

F =

(
0

√
−q

1/
√
−q 0

)
Our claim is that for this matrix F we have an identification O+

F = SU q
2 . Indeed, the

relations u = FūF tell us that u must be of the following form:

u =

(
α −qγ∗
γ α∗

)
Thus C(O+

F ) is the universal algebra generated by two elements α, γ, with the relations
making the above matrix u unitary. But these unitarity conditions are as follows:

αγ = qγα , αγ∗ = qγ∗α , γγ∗ = γ∗γ

α∗α + γ∗γ = 1 , αα∗ + q2γγ∗ = 1

We recognize here the relations in [98] defining the algebra C(SU q
2 ), and it follows

that we have an isomorphism of Hopf C∗-algebras, as follows:

C(O+
F ) ≃ C(SU q

2 )

(10) Now back to the general case, let us try to understand the integration over O+
F .

Given a noncrossing pairing π ∈ NC2(2k) and an index i = (i1, . . . , i2k), we set:

δFπ (i) =
∏
s∈π

Fisl isr

Here the product is over all strings s = {sl ↷ sr} of π. Our claim is that the following
family of vectors, with π ∈ NC2(2k), spans the space of fixed vectors of u⊗2k:

ξπ =
∑
i

δFπ (i)ei1 ⊗ . . .⊗ ei2k
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Indeed, having ξ∩ fixed by u⊗2 is equivalent to assuming that u = FūF is unitary. By
using now the above vectors, we obtain the following Weingarten formula:∫

O+
F

ui1j1 . . . ui2kj2k =
∑
πσ

δFπ (i)δ
F
σ (j)WkN(π, σ)

(11) With these preliminaries in hand, let us start the computation. Let q ∈ [−1, 0)
be such that q + q−1 = −N . Our claim is that we have the following formula:∫

O+
N

φ(
√
N + 2uij) =

∫
SUq

2

φ(α + α∗ + γ − qγ∗)

Indeed, the moments of the variable on the left are given by:∫
O+

N

u2kij =
∑
πσ

WkN(π, σ)

On the other hand, the moments of the variable on the right, which in terms of the
fundamental corepresentation v = (vij) is given by w =

∑
ij vij, are given by:∫

SUq
2

w2k =
∑
ij

∑
πσ

δFπ (i)δ
F
σ (j)WkN(π, σ)

We deduce that w/
√
N + 2 has the same moments as uij, which proves our claim.

(12) Next, before jumping into computations over SU q
2 , it is convenient to introduce

a useful degree of flexibility, coming from an extra parameter. The point indeed is that
the following variables over SU q

2 have the same law, whenever AB = −q:

α + α∗ + γ − qγ∗ ∼ α + α∗ + Aγ +Bγ∗

Indeed, this comes via Weingarten, applied as in (11). Thus, as a conclusion, the law
that we want to compute is that of the following variable, with AB = −q:

√
N + 2uij ∼ α + α∗ + Aγ +Bγ∗

(13) In order to do now the computation over SU q
2 , we can use a matrix model due to

Woronowicz [98], where the standard generators α, γ are mapped as follows:

πu(α)ek =
√

1− q2kek−1 , πu(γ)ek = uqkek

Here u ∈ T is a parameter, and (ek) is the standard basis of l2(N). The point with
this representation is that it allows the computation of the Haar functional. Indeed, if D
is the diagonal operator given by D(ek) = q2kek, then the formula is as follows:∫

SUq
2

x = (1− q2)
∫
T
tr(Dπu(x))

du

2πiu
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(14) Thus, the law of the variable that we are interested in is of the following form:∫
SUq

2

φ(α + α∗ + Aγ +Bγ∗) = (1− q2)
∫
T
tr(Dφ(M))

du

2πiu

To be more precise, this formula holds indeed, with M being as follows:

M(ek) =
√

1− q2k+2 ek+1 + qk(Au+Bu−1)ek +
√

1− q2k ek−1

(15) Next, let us perform a change of basis. Consider another copy of l2(N), with
orthonormal basis denoted {e′n}, and define a linear map J : l2(N)→ l2(N) as follows:

J(e′k) =
√

1− q2
√

1− q4 . . .
√

1− q2k ek
In terms of D′ = J−1DJ and M ′ = J−1MJ , our formula in (14) becomes:∫

φ(α + α∗ + Aγ +Bγ∗) = (1− q2)
∫
T
tr(D′φ(M ′))

du

2πiu

Since J is diagonal, we have D′(e′k) = q2ke′k. As for M
′, this is given by:

M ′(ek) = J−1MJ(e′k)

=
√

1− q2
√

1− q4 . . .
√

1− q2kJ−1M(ek)

= e′k+1 + qk(Au+Bu−1)e′k + (1− q2k)e′k−1

(16) As a conclusion to all this, by removing all prime signs, and by remembering as
well from (12) what we wanted to do, we have a formula as follows:∫

O+
N

φ(
√
N + 2uij) = (1− q2)

∫
T
tr(Dφ(M))

du

2πiu

To be more precise, this formula holds indeed, with M being as follows:

M(ek) = ek+1 + qk(Au+Bu−1)ek + (1− q2k)ek−1

(17) This was for the easy part. The hard part, inspired from Koelink-Verding [67],
is that of computing the above integral. First, the q-shifted factorial is given by:

(a; q)k = (1− a)(1− qa) . . . (1− qk−1a)

Next, the multivariable version of this q-shifted factorial is given by:

(a1, . . . , ar; q)k = (a1; q)k . . . (ar; q)k

Finally, the q-hypergeometric series is given by the following formula:

rφs

(
a1, . . . , ar
b1, . . . , bs

; q, z

)
=

∞∑
k=0

(
(−1)kqk(k−1)/2

)s−r+1 (a1, . . . , ar; q)k
(q, b1, . . . , bs; q)k

zk
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(18) With this, we can now introduce the Al-Salam-Chihara polynomials, depending
on two parameters a, b, which are defined by the following formula:

Qk(x) =
(ab; q)k
ak

3φ2

(
q−k, az, az−1

ab, 0
; q, q

)
Here we use the convenient parameterization 2x = z + z−1. These polynomials are

known to satisfy the following recurrence relation, and we refer to [6] for this:

2xQk(x) = Qk+1(x) + qk(a+ b)Qk(x) + (1− qk)(1− abqk−1)Qk−1(x)

(19) Now by getting back to (16), let us set a = Au and b = Bu−1. In terms of these
new parameters a, b, the formula there for our tridiagonal operator M reads:

M(ek) = ek+1 + qk(a+ b)ek + (1− q2k)ek−1

Now recall from (16) that we have AB = −q, and so ab = −q. Thus the recurrence
formula for the corresponding Al-Salam-Chihara polynomials is:

2xQk(x) = Qk+1(x) + qk(a+ b)Qk(x) + (1− q2k)Qk−1(x)

We deduce that the collection {Qk(x)} of Al-Salam-Chihara polynomials evaluated at
x play the role of eigenvectors for the operator M , with corresponding eigenvalue 2x.

(20) And with this, we are now into orthogonal polynomials, and some 3 pages of
calculations, based on the Poisson kernel for the Al-Salam-Chihara polynomials, and on
some remarkable formulae from [5], at black belt level 8φ7, lead to the formula in the
statement. For details on all this, and for more, we refer to [14]. □

15d. Hypergeometric laws

With the above computation done, end of the world, you would say. Well, not really,
because abstract algebra can strike, and there will be a further twist to the story. We will
be explaining this in what follows, which is material from the paper [11].

Let us start with something routine. Still guided by Magpie 15.1, now that we stole
the hyperspherical laws, let us steal as well the hypergeometric ones:

Definition 15.33. The free hypergeometric law of parameters (N,m, p) is the law of

σmp =
m∑
i=1

p∑
j=1

uij

over the quantum permutation group S+
N .

Observe the similarity with the formula from chapter 12 for the classical hypergeo-
metric laws, involving the usual permutation group SN . We can actually exploit this
similarity for getting some useful pieces of information about our laws, as follows:
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Theorem 15.34. The moments of the free hypergeometric laws are given by

Mk =
∑

π,ν∈NC(k)

WkN(π, ν)m
|π|p|ν|

with WkN being the Weingarten matrix for S+
N . In particular we have

E =
mp

N
, V =

mp(N −m)(N − p)
N2(N − 1)

, γ =
(N − 2m)(N − 2p)

√
N − 1

(N − 2)
√
mp(N −m)(N − p)

exactly as for the usual hypergeometric laws. As for the kurtosis, this is

κ =
P (N,m, p)

N10(N − 1)11(N − 2)6(N2 − 3N + 1)m2p2(N −m)2(N − p)2

with P (N,m, p) being a certain polynomial, which might absorb some bottom terms.

Proof. According to the Weingarten formula for S+
N , we have:

Mk =

∫
S+
N

m∑
i1=1

. . .
m∑

ik=1

p∑
j1=1

. . .

p∑
jk=1

ui1j1 . . . uipjp

=
m∑

i1=1

. . .
m∑

ik=1

p∑
j1=1

. . .

p∑
jk=1

∑
π,ν∈NC(k)

δπ(i)δν(j)WkN(π, ν)

=
∑

π,ν∈NC(k)

WkN(π, ν)
m∑

i1=1

. . .
m∑

ik=1

δπ(i)

p∑
j1=1

. . .

p∑
jk=1

δν(j)

=
∑

π,ν∈NC(k)

WkN(π, ν)m
|π|p|ν|

Now the point is that, since we have P (k) = NC(k) at k = 1, 2, 3, the Weingarten
matrices for SN and S+

N coincide at k = 1, 2, 3, so we have that E, V, γ figures, from chapter
12. Finally, regarding the kurtosis, yes I know that’s not professional, that denominator
is the Di Francesco determinant of G4N , divided by the square of the variance V . □

Still following [11], we have the following basic asymptotic study:

Theorem 15.35. We have the following asymptotic results,

(1) With N,m, p→∞ and mp/N → t ∈ (0,∞), we have:

σmp ∼ πt

(2) With M,m, p→∞ and m/N → ν ∈ (0, 1) and p/N → 0, we have:

σmp − pν√
pν(1− ν)

∼ γ1

with σmp following the free hypergeometric law of parameters (N,m, p).



366 15. QUANTUM GROUPS

Proof. This is quite standard, by using the Weingarten formula for the moments of
the free hypergeometric laws, from Theorem 15.34, namely:

Mk =
∑

π,ν∈NC(k)

WkN(π, ν)m
|π|p|ν|

Indeed, we have the following standard estimate, for the Weingarten matrix:

WkN(π, ν) =

{
N−|π| +O(N−|π|−1) if π = ν

O(N |π∨ν|−|π|−|ν|) if π ̸= ν

Now in the regime N,m, p→∞ and mp/N → t ∈ (0,∞), it follows that we have:

WkN(π, ν)m
|π|p|ν| →

{
t|π| if π = ν

0 if π ̸= ν

Thus, in this regime we obtain indeed the moments of the Marchenko-Pastur law:

Mk =
∑

π∈NC(k)

t|π|

As for the second assertion, the proof is a bit more technical. See [11]. □

With this discussed, time now for abstract algebra to strike. We have indeed the
following result from [11], which was at that time something quite unexpected:

Theorem 15.36. The projective orthogonal and unitary quantum groups coincide,
PO+

n = PU+
n , and appear as a twist of the quantum permutation group S+

n2,

PO+
n = PU+

n ∼ S+
n2

and with this being something having no classical counterpart.

Proof. As mentioned, this is something quite surprising, the idea being as follows:

(1) To start with, the projective version of (A, u) is the pair (PA, v), with PA =< vij >
and v = u ⊗ ū. The inclusion O+

n ⊂ U+
n produces then an inclusion PO+

n ⊂ PU+
n , and

since the main character on both sides follows π1, we have an isomorphism:

PO+
n = PU+

n

Observe that this isomorphism has no classical counterpart, because On, Un have noth-
ing much to do with each other, and so do their projective versions POn, PUn.

(2) Next, the above isomorphism is even better understood in the context of the quan-
tum permutation groups S+

X of the finite quantum spaces X. Indeed, with the convention
that Mn is the quantum space given by C(Mn) =Mn(C), we have:

PO+
n = PU+

n = S+
Mn
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(3) Next, the fact that we have Mn ∼ {1, . . . , n2}, twist of quantum spaces, raises the
possibility for the corresponding quantum permutation groups to be related by a twisting
operation. So, putting everything together, we would reach to a scheme as follows:

PO+
n = PU+

n = S+
Mn
∼ S+

n2

(4) And, is is true or not. At n = 2 things are quite special, with the groups SU2,
SO3 and their magic being involved, and it was known, basically since the probabilistic
computations in [13], that we have isomorphims as follows, confirming the above:

PO+
2 = PU+

2 = PU2 = SO3 ∼ SO−1
3 ≃ S+

4

(5) Now the point is that this holds in general too, as explained in [11], the reason
behind this being the fact that the quantum automorphism group of a twisted group
algebra is the twist of the quantum automorphism group of the original group algebra.

(6) Finally, let us mention that all this is of potential key important in physics, showing
that in the context of the Standard Model, in Chamseddine-Connes formulation [32], as
analysed by Bhowmick, Andrea and Dabrowski in [27], acting on the QED and QCD parts
are twists of S+

4 , S
+
9 . Which is quite interesting, suggesting that QED and QCD, suitably

twisted, might be some sort of Yang-Mills theories based on S+
4 , S

+
9 , respectively. □

Quite interesting all this, we are now deep into quarks. Still following [11], we have
the following remarkable probabilistic consequence of the above physics trickery:

Theorem 15.37. The following families of variables have the same joint law,{
v2ij

∣∣∣i, j = 1, . . . , n
}
∈ C(O+

n ) ∼
{
ρij =

1

n

∑
ab

uia,jb

∣∣∣i, j = 1, . . . , n
}
∈ C(S+

n2)

so in particular, the squared free hyperspherical law of parameter n coincides with the 1/n
rescaling of the free hypergeometric law of parameters (n2, n, n).

Proof. This comes from Theorem 15.36, but as pointed out in [11], thinking a bit
retrospectively, this can be recovered as well directly, via Weingarten, as follows:∫

O+
n

v2kij =
∑

π,ν∈NC2(2k)

W2k,n(π, ν)

∫
S+

n2

ρkij =
∑

π,ν∈NC2(2k)

n|π′|+|σ′|−kWk,n2(π′, ν ′)

To be more precise, here π → π′ is the shrinking operation for the pairings, discussed
in chapter 7, in the context of Gram determinants, and this gives the result. □

Observe now that the squared free hyperspherical law of parameter n is something
that we know well, having struggled with it for pages in a row, in the previous section.
What a comeback. In other words, we are dealing here with a generalization of that.
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As a puzzling consequence of the above remarkable coincidence, we have:

Theorem 15.38. The squared hypespherical law of parameter n, having

E =
1

n
, V =

2n− 2

n2(n+ 2)
, γ =

n− 2

n+ 4

√
8(n+ 2)

n− 1

and the 1/n rescaling of the hypergeometric law of parameters (n2, n, n), having

E =
1

n
, V =

n− 1

n2(n+ 1)
, γ =

(n− 2)2

n3(n2 − 2)

√
n+ 1

n− 1

have as common free analogue the free law discussed above, having

E =
1

n
, V =

n− 1

n2(n+ 1)
, γ =

(n− 2)2

n3(n2 − 2)

√
n+ 1

n− 1

and with the corresponding 3 kurtoses being distinct.

Proof. The classical formulae come indeed from our results in chapter 12, and the
free formulae come from Theorem 15.32 and its proof, or from Theorem 15.34. □

Finally, still talking violations of Bercovici-Pata, the above remains something quite
specialized. At a more basic level, the main characters of the classical and free tori are
related by the Meixner/free Meixner correspondence, discussed in [3], [31].

15e. Exercises

This was a quite technical chapter, and as exercises here, we have:

Exercise 15.39. Learn more about amenability, and related topics.

Exercise 15.40. Investigate the free quantum groups, at small values of N .

Exercise 15.41. Learn about quantum isometries, and related topics.

Exercise 15.42. Learn about the various types of quantum quotient spaces.

Exercise 15.43. Clarify what we said, regarding the deformations of O+
N .

Exercise 15.44. Further explore the free hyperspherical laws.

Exercise 15.45. Learn various algebraic twisting techniques.

Exercise 15.46. Further explore the free hypergeometric laws.

As bonus exercise, and no surprise here, systematically learn quantum groups.



CHAPTER 16

Wishart matrices

16a. Block transposition

Time to end this book, and not very clear what to talk about, so many possible
choices. However, looking back at what we did, in the last few chapters, there is something
frustrating there, namely the fact that the free probability that we learned, while certainly
having the potential of being as wide as classical probability, right, remains something a
bit abstract, not really alive, heavily depending on classical probability.

So, can we have some alive theory going on, an independent creature, self-replicating
at will, with laws and theorems endlessly producing further laws and theorems, without
any help from the outside? That would be very nice, and getting started with this, I think
I should first ask the rat, as usual in such philosophical situations:

Rat 16.1. Any strong and healthy rat can produce dozens of baby rats, over the time.
The same should happen for the random matrices.

Well, thanks rat, this sounds like a good idea, manipulating and cutting and gluing
the random matrices, until reaching to a Frankenstein. By the way, good luck in finding
a lady rat, and there should be certainly place under the stove for all of you guys, unless
the cats have their say, I mean we can perhaps talk later, about all this.

Getting started now, we will be mostly interested in the Wishart matrices, which being
“discrete”, are easier to manipulate. Regarding them, let us recall that we have:

Theorem 16.2. Given a sequence of complex Wishart matrices

WN = YNY
∗
N ∈MN(L

∞(X))

with YN being N ×M complex Gaussian of parameter 1, we have

WN

N
∼ max(1− t, 0)δ0 +

√
4t− (x− 1− t)2

2πx
dx

with M = tN →∞, with the limiting measure being the Marchenko-Pastur law πt.

Proof. This is the Marchenko-Pastur theorem [73], that we know well since chapter
8. Let us also mention, at the level of the basics, that, as explained in chapter 13, as a
consequence of the results of Voiculescu in [89], when looking at a family of sequences of
such matrices, in the N →∞ limit these become asymptotically free. □

369
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Regarding now the possible manipulations on the Wishart matrices, there are many
of them, gradually explored over the time, and quite systematically in the last 20 years,
notably with an interesting 2003 paper of Graczyk, Letac and Massam [51]. Of partic-
ular interest here is the study of more general products of random matrices, be them of
Gaussian, Wigner or Wishart type, and for some recent developments here, in relation
with the free Bessel laws, we refer to [10] and subsequent papers.

However, it is not about products, which remain something quite technical, that we
would like to talk about, in this chapter. As something which is perhaps more fruitful,
or at least looks more basic, we have the idea of block-transposing or block-modifying a
Wishart matrix, according to the following suprising finding of Aubrun [7]:

Fact 16.3. When suitably block-transposing the entries of a complex Wishart matrix,
we obtain as asymptotic distribution a shifted version of Wigner’s semicircle law.

So, let us first try to understand this, and for generalizations, we can see later. Fol-
lowing [7], and some more recent work in [18], where the Aubrun finding was further
studied, and better understood, let us start with the following definition:

Definition 16.4. The partial transpose of a complex Wishart matrixW of parameters
(N,M) = (dn, dm) is the matrix

W̃ = (id⊗ t)W
where id is the identity of Md(C), and t is the transposition of Mn(C).

In more familiar terms of bases and indices, the standard decomposition Cdn = Cd⊗Cn

induces an algebra decomposition Mdn(C) = Md(C) ⊗Mn(C), and with this convention

made, the partial transpose matrix W̃ constructed above has entries as follows:

W̃ia,jb = Wib,ja

Our goal in what follows will be that of computing the law of W̃ , first when d, n,m
are fixed, and then in the d → ∞ regime. For this purpose, we will need a number of
standard facts regarding the noncrossing partitions. Let us start with:

Proposition 16.5. For a permutation σ ∈ Sp, we have the formula

|σ|+#σ = p

where |σ| is the number of cycles of σ, and #σ is the minimal k ∈ N such that σ is a
product of k transpositions. Also, the following formula defines a distance on Sp,

(σ, π)→ #(σ−1π)

and the set of permutations σ ∈ Sp which saturate the triangular inequality

#σ +#(σ−1γ) = #γ = p− 1

where γ ∈ Sp is a full cycle, is in bijection with the set NC(p).



16A. BLOCK TRANSPOSITION 371

Proof. All this is standard combinatorics, that can be found for instance, along with
many other things, in the paper of Biane [28], and that we will leave as an exercise. □

We use the standard bijection NC(p) ≃ NC2(2p), denoted π → π̃, obtained by
fattening the partitions. We have the following formula, where ∨ is the join operation on
NC2(2p), and ρ12 = (12)(34) . . . (2p− 1, 2p) is the fattened identity permutation:

|π| = |π̃ ∨ ρ12|
Similarly, we have the formula |πγ| = |π̃ ∨ ρ14|, where ρ14 is the pairing corresponding

to the fattening of the inverse full cycle γ−1(i) = i − 1, which pairs an element 2i with
2(i− 1)− 1 = 2i− 3, or, equivalently, an element i ∈ {1, . . . , 2p} with i+ (−1)i+13.

We will need the following well-known result, which is something standard:

Proposition 16.6. The number ||π|| of blocks having even size is given by

1 + ||π|| = |πγ|
for every noncrossing partition π ∈ NC(p).

Proof. We use a recurrence over the number of blocks of π. If π has just one block,
its associated geodesic permutation is γ and we have, as desired:

|γ2| = 1 + δ2|p

For the partitions π having more than one block, we can assume without loss of
generality that π = 1̂k ⊔ π′, where 1̂k is a contiguous block of size k. Recall now that
the number of blocks of the permutation πγ is given by the following formula, where
ρ14 ∈ P2(2p) is the pair partition which pairs an element i with i+ (−1)i+13:

|πγ| = |π̃ ∨ ρ14|
If k is an even number, k = 2r, in order to prove the result, consider the following

partition, which contains the block (1 4 5 8 . . . 4r − 3 4r), along with the blocks coming
from the elements of the form 4i+ 2, 4i+ 3 from {1, . . . , 4r} and from π′:

σ = ˆ̃12r ⊔ π′ ∨ ρ14
Now recall that we can count the blocks of the join of two partitions by drawing them

one beneath the other, and then counting the number of connected components of the
curve, without taking into account the possible crossings. We conclude that we have the
following formula, where ρ′14 is ρ14 restricted to the set {2k + 1, 2k + 2 . . . , 2p}:

|π̃ ∨ ρ14| = 1 + |π̃′ ∨ ρ′14|
As for the case where k is odd, here there is no extra block appearing, and so:

|π̃ ∨ ρ14| = |π̃′ ∨ ρ′14|
Summarizing, we are led to the conclusion in the statement. □
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We can now investigate the block-transposed Wishart matrices, and we have:

Theorem 16.7. For any p ≥ 1 we have the formula

lim
d→∞

(E ◦ tr)
(
mW̃

)p
=

∑
π∈NC(p)

m|π|n||π||

where |.| and ||.|| are the number of blocks, and the number of blocks of even size.

Proof. The matrix elements of the partial transpose matrix are given by:

W̃ia,jb = Wib,ja = (dm)−1

d∑
k=1

m∑
c=1

Gib,kcḠja,kc

This gives the following formula, for the corresponding normalized trace:

tr(W̃ p) = (dn)−1(dm)−p

d∑
i1,...,ip=1

n∑
a1,...,ap=1

p∏
s=1

Wisas+1,is+1as

= (dn)−1(dm)−p

d∑
i1,...,ip=1

n∑
a1,...,ap=1

p∏
s=1

d∑
j1,...,jp=1

m∑
b1,...,bp=1

Gisas+1,jsbsḠis+1as,jsbs

After interchanging the product with the last two sums, the average of the general
term can be computed by the Wick rule, namely:

E

(
p∏

s=1

Gisas+1,jsbsḠis+1as,jsbs

)
=
∑
π∈Sp

p∏
s=1

δis,iπ(s)+1
δas+1,aπ(s)

δjs,jπ(s)
δbs,bπ(s)

Let γ ∈ Sp be the full cycle γ = (1 2 . . . p)−1. The general factor in the above product
is 1 if and only if the following four conditions are simultaneously satisfied:

γ−1π ≤ ker i , πγ ≤ ker a , π ≤ ker j , π ≤ ker b

Counting the number of free parameters in the above equation, we obtain:

(E ◦ tr)(W̃ p) = (dn)−1(dm)−p
∑
π∈Sp

d|π|+|γ−1π|m|π|n|πγ|

=
∑
π∈Sp

d|π|+|γ−1π|−p−1m|π|−pn|πγ|−1

The exponent of d in the last expression on the right is as follows:

N(π) = |π|+ |γ−1π| − p− 1

= p− 1− (#π +#(γ−1π))

= p− 1− (#π +#(π−1γ))
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As explained in the beginning of this section, this quantity is known to be ≤ 0, with
equality iff π is geodesic, hence associated to a noncrossing partition. Thus:

(E ◦ tr)(W̃ p) = (1 +O(d−1))m−pn−1
∑

π∈NC(p)

m|π|n|πγ|

But together with |πγ| = ||π||+ 1, this gives the result. □

We would like now to find an equation for the moment generating function of the

asymptotic law of mW̃ . This moment generating function is defined as:

F (z) = lim
d→∞

(E ◦ tr)
(

1

1− zmW̃

)
We have the following result, regarding this moment generating function:

Theorem 16.8. The moment generating function of mW̃ satisfies the equation

(F − 1)(1− z2F 2) = mzF (1 + nzF )

in the d→∞ limit.

Proof. We use the formula in Theorem 16.7. If we denote by N(p, b, e) the number
of partitions in NC(p) having b blocks and e even blocks, we have:

F = 1 +
∞∑
p=1

∑
π∈NC(p)

zpm|π|n||π||

= 1 +
∞∑
p=1

∞∑
b=0

∞∑
e=0

zpmbneN(p, b, e)

Let us try to find a recurrence formula for the numbers N(p, b, e). If we look at the
block containing 1, this block must have r ≥ 0 other legs, and we get:

N(p, b, e) =
∑
r∈2N

∑
p=Σpi+r+1

∑
b=Σbi+1

∑
e=Σei

N(p1, b1, e1) . . . N(pr+1, br+1, er+1)

+
∑

r∈2N+1

∑
p=Σpi+r+1

∑
b=Σbi+1

∑
e=Σei+1

N(p1, b1, e1) . . . N(pr+1, br+1, er+1)

Here p1, . . . , pr+1 are the number of points between the legs of the block containing 1,
so that we have p = (p1+. . .+pr+1)+r+1, and the whole sum is split over two cases, r even
or odd, because the parity of r affects the number of even blocks of our partition. Now
by multiplying everything by a zpmbne factor, and by carefully distributing the various
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powers of z,m, b on the right, we obtain the following formula:

zpmbneN(p, b, e) = m
∑
r∈2N

zr+1
∑

p=Σpi+r+1

∑
b=Σbi+1

∑
e=Σei

r+1∏
i=1

zpimbineiN(pi, bi, ei)

+ mn
∑

r∈2N+1

zr+1
∑

p=Σpi+r+1

∑
b=Σbi+1

∑
e=Σei+1

r+1∏
i=1

zpimbineiN(pi, bi, ei)

Let us sum now all these equalities, over all p ≥ 1 and over all b, e ≥ 0. According to
the definition of F , at left we obtain F − 1. As for the two sums appearing on the right,
that is, at right of the two zr+1 factors, when summing them over all p ≥ 1 and over all
b, e ≥ 0, we obtain in both cases F r+1. So, we have the following formula:

F − 1 = m
∑
r∈2N

(zF )r+1 +mn
∑

r∈2N+1

(zF )r+1

= m
zF

1− z2F 2
+mn

z2F 2

1− z2F 2

= mzF
1 + nzF

1− z2F 2

But this gives the formula in the statement, and we are done. □

Our goal now will be that of further processing the formula in Theorem 16.8, as to
reach to a formula for the density of the corresponding law. We first have:

Theorem 16.9. The Cauchy transform of mW̃ satisfies the equation

(ξG− 1)(1−G2) = mG(1 + nG)

in the d→∞ limit. Moreover, this equation simply reads

R =
m

2

(
n+ 1

1− z
− n− 1

1 + z

)
with the usual R-transform substitutions G→ z and ξ → R + z−1.

Proof. We have two assertions to be proved, the first one being standard, and the
second one being something quite magic, the idea being as follows:

(1) Consider the equation of F , found in Theorem 16.8, namely:

(F − 1)(1− z2F 2) = mzF (1 + nzF )

With z → ξ−1 and F → ξG, so that zF → G, we obtain, as desired:

(ξG− 1)(1−G2) = mG(1 + nG)
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(2) Next, let us look at the equation of the Cauchy transform that we have. With the
substitutions ξ → K and G→ z, this equation becomes:

(zK − 1)(1− z2) = mz(1 + nz)

The point now is that with K → R + z−1 this latter equation becomes:

zR(1− z2) = mz(1 + nz)

But the solution of this latter equation is trivial to compute, given by:

R = m
1 + nz

1− z2
=
m

2

(
n+ 1

1− z
− n− 1

1 + z

)
Thus, we are led to the conclusion in the statement. □

We can now answer our original question, regarding the limiting law, as follows:

Theorem 16.10. With d→∞ we have the following convergence in law,

mW̃ ∼ µmn

where µmn is the free difference of free Poisson laws of parameters m(n± 1)/2.

Proof. Consider two free variables a, b, following free Poisson laws of parameters s, t.
According to our formulae from chapter 13, the corresponding R-transforms are:

Ra =
s

1− z
, Rb =

t

1− z

By using the general dilation formula Rqb(z) = qRb(qz) at q = −1, we deduce that we
have R−b = −t/(1 + z). Thus, our two formulae above can be written as follows:

Ra =
s

1− z
, R−b = −

t

1 + z

Now when making the sum, the corresponding R-transform will be given by:

Ra−b =
s

1− z
− t

1 + z

But with s = m(n+ 1)/2 and t = m(n− 1)/2, this latter formula reads:

R =
m

2

(
n+ 1

1− z
− n− 1

1 + z

)
And since this is the formula found in Theorem 16.9, we obtain the result. □
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16b. Shifted semicircles

Still following [18], let us have now a closer look at the asymptotic laws that we found
in Theorem 16.10, among others with the goal of recovering, as a particular case of that
result, the original finding by Aubrun, regarding shifted semicircles [7].

It is convenient to enlarge our study to all possible real values of m,n, as follows:

Definition 16.11. The real measure µmn of parameters m > 0, n ≥ 1 is given by

a ∼ πm(n+1)/2 , b ∼ πm(n−1)/2 , free =⇒ a− b ∼ πmn

that is, is the free difference of free Poisson laws of parameters m(n± 1)/2.

As a first remark, the various formulae that we found before, namely moment formula,
and various equations for the functional transforms, are valid in this more general setting.
Let us collect these formulae, along with a bit more, in a single statement:

Theorem 16.12. The measure µmn is a compound free Poisson law,

µmn = πν , ν =
m(n− 1)

2
δ−1 +

m(n+ 1)

2
δ1

and has the following properties:

(1) The moments are Mk =
∑

π∈NC(k)m
|π|n||π||.

(2) The mean is E = m, the variance is V = mn.
(3) γ = 1/(n

√
mn) and κ = 2 + 1/(mn).

(4) (M − 1)(1− z2M2) = mzM(1 + nzM).
(5) (ξG− 1)(1−G2) = mG(1 + nG).
(6) R(z) = m(1 + nz)/(1− z2).

Proof. Regarding the first assertion, let us recall from chapter 13 that the R-
transform of a compound free Poisson law is given by the following formula:

ν =
∑
i

ciδyi =⇒ Rπν (z) =
∑
i

ciyi
1− yiz

For the measure ν in the statement, we obtain the following R-transform:

R(z) =
m(n− 1)

2
· −1
1 + z

+
m(n+ 1)

2
· 1

1− z
=
m

2

(
n+ 1

1− z
− n− 1

1 + z

)
But this is the R-transform of µmn that we computed before. As for the rest, these

are basically things that we know from before, coming now in reverse order:

(1) We have the formula of the R-transform, and by using the manipulations from the
proof of Theorem 16.9, in reverse, we obtain the equation for the Cauchy transform G.

(2) Next, the same procedure leads to the equation for moment generating function,
that we can call now M as usual, since done with matrices and the M,N there.
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(3) Next, the same procedure leads to the formula in the statement for the moments,
that we can call Mk as usual, now that done with indices and combinatorics.

(4) It remains to compute E, V, γ, κ. The low order moments are as follows:

M1 = m

M2 = m2 +mn

M3 = m3 + 3m2n+m

M4 = m4 + 6m3n+ 4m2 + 2m2n2 +mn

Thus the mean is E = m, and the variance is V = mn. Next, we have:

M ′
3 =M3 − 3EM2 + 2E3 = m

M ′
4 =M4 − 4EM3 + 6E2M2 − 3E4 = mn(2mn+ 1)

Thus the skewness and kurtosis are given by the following formulae:

γ =
m

mn
√
mn

=
1

n
√
mn

, κ =
mn(2mn+ 1)

m2n2
= 2 +

1

mn

Finally, observe that we have κ ≃ 2 as we should, our law being of free nature. □

Regarding now the main particular cases of measures of type µmn, corresponding to
some previously known random matrix computations, the situation is as follows:

Theorem 16.13. The measures µmn are as follows:

(1) At n = 1 we have the Marchenko-Pastur laws, µm1 = πm.
(2) With n = sm→∞ we obtain Aubrun’s shifted semicircles.
(3) With m = t/n→ 0 we obtain the free Bessel law π2

t .

Proof. These results come either from Definition 16.11, or from Theorem 16.12:

(1) This follows from Definition 16.11, because at n = 1 we have m(n ± 1)/2 =
m, 0. Observe that this is in tune with the Theorem 16.2, because at n = 1 the partial
transposition is trivial, so Theorem 16.10 computes the asymptotic law of mW .

(2) In order to explain what is going on here, recall from Theorem 16.10 that, with

the notations there, we have mW̃ ∼ µmn in the d→∞ limit. Thus, with the convention
that D is the dilation operation, given by a ∼ µ =⇒ qa ∼ Dq(µ), we have:

W̃ ∼ Dm−1(µmn)

Now the point is that, what Aubrun discovered in [7] is the following formula, valid
in the regime in the statement, n = sm→∞, and with d→∞ too, as usual:

W̃ ∼ γ1s

So, let us prove this. In view of what we have, this amounts in proving that:

lim
m→∞

Dm−1(µm,sm) = γ1s



378 16. WISHART MATRICES

For this purpose, let Γ = Γ(ξ) be the Cauchy transform of ν = Dm−1(µmn). The
Cauchy transform of µmn = Dm(ν) is then G(mξ) = m−1Γ, and by making the replace-
ments ξ → mξ and G→ m−1Γ in the equation of G in Theorem 16.12, we obtain:

(ξΓ− 1)(1−m−2Γ2) = Γ(1 + nm−1Γ)

In the limit n = sm→∞, as indicated above, this equation becomes:

ξΓ− 1 = Γ(1 + sΓ) =⇒ sΓ2 + (1− ξ)Γ + 1 = 0

=⇒ Γ =
ξ − 1±

√
(1− ξ)2 − 4s

2s

By applying now the Stieltjes inversion formula, we obtain the following density:

φ(x) =

√
4s− (x− 1)2

2sπ

But this is exactly the density of the semicircle law γ1s , and we are done.

(3) This comes from Theorem 16.12, because with m = t/n → 0, the measure ν
appearing there, producing the compound free Poisson law µmn = πν , is given by:

ν =
m(n− 1)

2
δ−1 +

m(n+ 1)

2
δ1

=
t−m
2

δ−1 +
t+m

2
δ1

≃ t · δ−1 + δ1
2

Thus, we obtain indeed the free Bessel law π2
t , as constructed in chapter 14. □

As a comment now on (3), we were talking before the statement of the theorem about
“previous random matrix computations”, and in the case of the free Bessel law π2

t , this
refers to the computations in [10] using products of Gaussian matrices, producing matrix
models for π2

1, or rather for its modified version π̃2
1, in the sense of chapter 14.

Now the point is that these latter computations have nothing to do with our current
block-transposition business for Wishart matrices. Thus, in short, what we have here
are different approaches to the modeling on π2

1. And in relation with this, an interesting
question appears. Indeed, with the methods in [10] working for any πs

1, we have:

Question 16.14. Can our block-transposition business for Wishart matrices be suit-
ably modified, as to cover the general free Bessel laws πs

t?

And good question this is, very natural because, as explained earlier in this book, the
free Bessel laws πs

t are at the core of free probability of discrete type, so any candidate
for a serious subtheory in free probability should have these laws πs

t well understood.
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Well, so this is at least how the general philosophy goes. In practice now, Question
16.14 has led to a lot of work, first with my second paper with Nechita, [19], laying the
foundations for a possible answer, and we will talk about this in a moment, and then with
two follow-ups to that [19] paper, one by myself not solving the problem, but working on
that was fun, and one by Nechita with Arizmendi and Vargas [4], basically solving the
problem, but in a quite complicated way. Somehow, Question 16.14 still stands.

So, this is the situation and.. but wait, someone is meowing. That is the young grey
cat, he’s been around the house for a few weeks already, and boy, is this young fellow
quick and smart, compared to the other fossils. Let’s see what he has to say:

Cat 16.15. Come on man, you can do everything with random matrices, even talk
about the zeroes of zeta.

Okay, thanks cat, shall I understand that there is hope. So, we will add this to our to-
do list in free probability and random matrices, find simple models for the laws πs

t , along
of course with improving the physics that we have, quantum and statistical mechanics,
which is already not that bad, and why not, some thinking about zeta too.

Getting back to work now, still following [18], we have the following key supplementary
result, adding to Theorem 16.12, regarding the densities of the measures µmn:

Theorem 16.16. The density of µmn has the following properties:

(1) It has at most one atom, located at 0, of mass max(1−mn, 0).
(2) The support is positive precisely when n ≤ m/4 + 1/m and m ≥ 2.

Proof. We have two assertions here, the idea being as follows:

(1) The first assertion follows from the general characterization of atoms of a free
additive convolution, given by Bercovici and Voiculescu in [25], namely x is an atom for
the free additive convolution of two measures ν1 and ν2 precisely when:

x = x1 + x2 , ν1({x1}) + ν2({x2}) > 1

In addition, if this is the case, we have the following formula, also from [25]:

[ν1 ⊞ ν2]({x}) = ν1({x1}) + ν2({x2})− 1

In our situation, we can apply this with ν1 being a free Poisson law of parameter
m(n + 1)/2, and ν2 being the image of a free Poisson law of parameter m(n − 1)/2
through the negation map, and we are led to the formula in the statement.

(2) This is something more complicated, based on a detailed study of the degree 3
equation for the Cauchy transform, from Theorem 16.12, namely:

(ξG− 1)(1−G2) = mG(1 + nG)
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We use the standard fact that the support of the absolutely continuous part of a
probability measure is a union of intervals defined by the points where the analyticity of
the Cauchy transform G breaks. In our case, for the measure µmn, these points are the
roots of the discriminant of the above equation defining G, which is as follows:

∆(ξ) = 4ξ4 − 12mξ3 + (n2m2 + 12m2 − 20nm− 8)ξ2

+(−2n2m3 − 4m3 + 22nm2 − 20m)ξ

+n2m4 − 4n3m3 − 2nm3 + 12n2m2 +m2 − 12nm+ 4

Now observe that ∆(ξ) = 0 is a degree 4 equation in ξ that has either 2 or 4 real
solutions, with 4 complex solutions being ruled out, since the support must be non-empty.
In order to decide between these cases, we compute the discriminant of ∆:

∆2(m,n) = −256m2(n− 1)(n+ 1)
(
m3n3 + 15m2n2 − 27m2 + 48mn− 64

)3
Indeed, recall that the sign of the discriminant of a quartic equation permits to decide

whether the equation has two real and two complex roots or 4 roots of the same type, real
or complex, the precise result being that the discriminant is negative precisely when the
quartic has two real and two complex roots. In our case, due to our assumption n ≥ 1,
and with the case n = 1 being trivial, already discussed in Theorem 16.13 (1), the sign of
∆2 is the opposite of the sign of the following two-variable polynomial:

P (m,n) = m3n3 + 15m2n2 + 48mn− 27m2 − 64

But this leads, via some calculus, partly computer aided, to the conclusion in the
statement. For details and pictures here, taking about 3 pages, we refer to [18]. □

Finally, as a comment on all this, the above computations, and particularly the con-
ditions n ≤ m/4 + 1/m and m ≥ 2 found in [18] and discussed above for the positivity
of the support, are something quite interesting in quantum information theory, where the
block transposition of the Wishart matrices can be a useful tool, and where positivity is
a key asset. For more on all this, we refer to [7], [18], and their various follow-ups.

16c. Block modifications

As a continuation of the above, let us discuss now more general block modifications,
following the more recent paper [19]. We have the following construction:

Definition 16.17. Given a complex Wishart matrix W = Y Y ∗ ∈ Mdn(L
∞(X)) as

befoe, with Y being a complex Gaussian dn× dm matrix, and a linear map

φ :Mn(C)→Mn(C)
we consider the following matrix, obtained by applying φ to the n× n blocks of W ,

W̃ = (id⊗ φ)W ∈Mdn(L
∞(X))

and call it block-modified Wishart matrix.
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Here we are using some standard tensor product identifications, the details being as
follows. Let Y be a complex Gaussian dn× dm matrix, as above:

Y ∈Mdn×dm(L
∞(X))

We can then form the corresponding complex Wishart matrix, as follows:

W = Y Y ∗ ∈Mdn(L
∞(X))

The size of this matrix being a composite number, N = dn, we can regard this matrix
as being a n × n matrix, with random d × d matrices as entries. Equivalently, by using
standard tensor product notations, this amounts in regarding W as follows:

W ∈Md(L
∞(X))⊗Mn(C)

With this done, we can come up with our linear map, namely:

φ :Mn(C)→Mn(C)

We can apply φ to the tensors on the right, and we obtain a matrix as follows:

W̃ = (id⊗ φ)W ∈Md(L
∞(X))⊗Mn(C)

Finally, we can forget now about tensors, and as a conclusion to all this, we have
constructed a matrix as follows, that we can call block-modified Wishart matrix:

W̃ ∈Mdn(L
∞(X))

In practice now, what we mostly need for fully understanding Definition 16.17 are
examples. Following Aubrun [7], then [18], and the paper by Collins and Nechita [33]
too, we have the following basic examples, for our general construction:

Proposition 16.18. We have the following examples of block-modified Wishart ma-

trices W̃ = (id⊗ φ)W , coming from various linear maps φ :Mn(C)→Mn(C):
(1) Wishart matrices: W̃ = W , obtained via φ = id.

(2) Aubrun matrices: W̃ = (id⊗ t)W , with t being the transposition.

(3) Collins-Nechita one: W̃ = (id⊗ φ)W , with φ = tr(.)1.

(4) Collins-Nechita two: W̃ = (id⊗ φ)W , with φ erasing the off-diagonal part.

Proof. This is indeed something self-explanatory, standing more as a definition. □

Getting back now to the general case, that of Definition 16.17, the linear map there
φ : Mn(C) → Mn(C) is certainly useful for understanding the construction of the block-

modified Wishart matrix W̃ = (id⊗ φ)W , as illustrated by the above examples.

In practice, however, we would like to have as block-modification “data” something
more concrete, such as a usual matrix. To be more precise, we would like to use:
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Proposition 16.19. We have a correspondence between linear maps

φ :Mn(C)→Mn(C)

and square matrices Λ ∈Mn(C)⊗Mn(C), given by the formula

Λab,cd = φ(eac)bd

where eab ∈Mn(C) are the standard generators of the matrix algebra Mn(C), given by the
formula eab : eb → ea, with {e1, . . . , en} being the standard basis of Cn.

Proof. This is standard linear algebra. Given a linear map φ :Mn(C)→Mn(C), we
can associated to it numbers Λab,cd ∈ C by the formula in the statement, namely:

Λab,cd = φ(eac)bd

Now by using these n4 numbers, we can construct a n2 × n2 matrix, as follows:

Λ =
∑
abcd

Λab,cdeac ⊗ ebd ∈Mn(C)⊗Mn(C)

Thus, we have constructed a correspondence φ→ Λ, and since this correspondence is
injective, and the dimensions match, this correspondence is bijective, as claimed. □

Now by getting back to the block-modified Wishart matrices, we have:

Proposition 16.20. Given a Wishart dn× dn matrix W = Y Y ∗, and a linear map

φ :Mn(C)→Mn(C)

the entries of the corresponding block-modified matrix W̃ = (id⊗ φ)W are given by

W̃ia,jb =
∑
cd

Λca,dbWic,jd

where Λ ∈Mn(C)⊗Mn(C) is the square matrix associated to φ, as above.

Proof. Again, this is linear algebra, coming from the following computation:

W̃ia,jb =
∑
cd

Wic,jdφ(ecd)ab =
∑
cd

Λca,dbWic,jd

We are therefore led to the conclusion in the statement. □

At the level of the main examples, from Proposition 16.18, the very basic linear maps
φ : Mn(C)→ Mn(C) used there can only correspond to some basic examples of matrices
Λ ∈Mn(C)⊗Mn(C), via the correspondence in Proposition 16.19. This is indeed the case,
and in order to clarify this, and at a rather conceptual level, let us formulate, inspired by
the representation theory material from chapter 7, the following definition:
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Definition 16.21. Let P (k, l) be the set of partitions between an upper row of k
points, and a lower row of l points. Associated to any π ∈ P (k, l) is the linear map

Tπ(ei1 ⊗ . . .⊗ eik) =
∑
j1...jl

δπ

(
i1 . . . ik
j1 . . . jl

)
ej1 ⊗ . . .⊗ ejl

between tensor powers of CN , called “easy”, with the Kronecker type symbol on the right
being given by δπ = 1 when the indices fit, and δπ = 0 otherwise.

Observe the obvious connection with notion of easy group, from chapter 7, the point
being that a closed subgroup G ⊂ UN is easy precisely when its Tannakian category
CG = (CG(k, l)) with CG(k, l) ⊂ L((CN)k, (CN)l) is spanned by easy maps.

For our purposes, we will need a slight modification of Definition 16.21, as follows:

Definition 16.22. Associated to any partition π ∈ P (2s, 2s) is the linear map

φπ(ea1...as,c1...cs) =
∑
b1...bs

∑
d1...ds

δπ

(
a1 . . . as c1 . . . cs
b1 . . . bs d1 . . . ds

)
eb1...bs,d1...ds

obtained from Tπ by contracting all the tensors, via the operation

ei1 ⊗ . . .⊗ ei2s → ei1...is,is+1...i2s

with {e1, . . . , eN} standing as usual for the standard basis of CN .

In relation with our Wishart matrix considerations, the point is that the above linear
map φπ can be viewed as a “block-modification” map, as follows:

φπ :MNs(C)→MNs(C)

As an illustration, let us discuss the case s = 1. There are 15 partitions π ∈ P (2, 2),
and among them, the most “basic” are the 4 partitions π ∈ Peven(2, 2). We have:

Theorem 16.23. The partitions π ∈ Peven(2, 2) are as follows,

π1 =

[
◦ •
◦ •

]
, π2 =

[
◦ •
• ◦

]
, π3 =

[
◦ ◦
• •

]
, π4 =

[
◦ ◦
◦ ◦

]
with the associated linear maps φπ :Mn(C)→Mn(C) being as follows,

φ1(A) = A , φ2(A) = At , φ3(A) = Tr(A)1 , φ4(A) = Aδ

and the associated square matrices Λπ ∈Mn(C)⊗Mn(C) being as follows,

Λ1
ab,cd = δabδcd , Λ2

ab,cd = δadδbc , Λ3
ab,cd = δacδbd , Λ4

ab,cd = δabcd

producing the main examples of block-modified matrices, from Proposition 16.18.
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Proof. This is something elementary, coming from the formula in Definition 16.21.
Indeed, in the case s = 1, that we are interested in here, that formula becomes:

φπ(eac) =
∑
bd

δπ

(
a c
b d

)
ebd

Now in the case of the 4 partitions in the statement, such maps are given by:

φ1(eac) = eac , φ2(eac) = eca , φ3(eac) = δac
∑
b

ebb , φ4(eac) = δaceaa

Thus, we obtain the formulae in the statement. Regarding now the associated square
matrices, appearing via Λab,cd = φ(eac)bd, these are given by:

Λ1
ab,cd = δabδcd , Λ2

ab,cd = δadδbc , Λ3
ab,cd = δacδbd , Λ4

ab,cd = δabcd

Thus, we are led to the conclusions in the statement. □

Moving ahead now, we would like to study the distribution of the arbitrary block-

modified Wishart matrices W̃ = (id⊗ φ)W . We will use as before the moment method.
However, things will be more tricky in the present setting, and we will need:

Definition 16.24. The generalized colored moments of a random matrix

W ∈MN(L
∞(X))

with respect to a colored integer e = e1 . . . ep, and a permutation σ ∈ Sp, are the numbers

Mσ
e (W ) =

1

N |σ| E

 ∑
i1,...,ip

W e1
i1iσ(1)

. . .W
ep
ipiσ(p)


where |σ| is the number of cycles of σ.

This is something quite technical, in the spirit of the free probability and free cumulant
theory in [78], that we will need in what follows. In order to understand how these
generalized moments work, consider the standard cycle in Sp, namely:

γ = (1→ 2→ . . .→ p→ 1)

If we use this cycle γ ∈ Sp as our permutation σ ∈ Sp in the above definition, the
corresponding generalized moment of a random matrix W is then the usual moment:

Mγ
e (W ) =

1

N
E

 ∑
i1,...,ip

W e1
i1i2

. . .W
ep
ipi1

 = (E ◦ tr)(W e1 . . .W ep)

In general, we can decompose the computation of Mσ
e (W ) over the cycles of σ, and

we obtain in this way a certain product of moments of W . See [78].
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As a second illustration now, in relation with the usual square matrices, and more
specifically with the square matrices Λ ∈ Mn(C) ⊗Mn(C) as in Proposition 16.19, we
have the following formula, that we will use many times in what follows:

Proposition 16.25. Given a usual square matrix, of composed size,

Λ ∈Mn(C)⊗Mn(C)

we have the following generalized moment formula,

(Mσ
e ⊗M τ

e )(Λ) =
1

n|σ|+|τ |

∑
i1,...,ip

∑
j1,...,jp

Λe1
i1j1,iσ(1)jτ(1)

. . . . . .Λ
ep
ipjp,iσ(p)jτ(p)

valid for any two permutations σ, τ ∈ Sp, and any colored integer e = e1 . . . ep.

Proof. This is something obvious, applying the construction in Definition 16.24 with
N = n2, X = {.}, W = Λ, and then making a tensor product of the corresponding
moments Mσ

e , M
τ
e , regarded as linear functionals on Mn(C)⊗Mn(C). □

Consider now the embedding NC(p) ⊂ Sp obtained by “cycling inside each block”.
That is, each block b = {b1, . . . , bk} with b1 < . . . < bk of a given noncrossing partition
σ ∈ NC(p) produces by definition the cycle (b1 . . . bk) of the corresponding permutation
σ ∈ Sp. Observe that the one-block partition γ ∈ NC(p) corresponds in this way to
the standard cycle γ ∈ Sp. Also, the number of blocks |σ| of a partition σ ∈ NC(p)
corresponds to the number of cycles |σ| of the corresponding permutation σ ∈ Sp.

With these conventions, we have the following result, from [19], generalizing our var-
ious Wishart matrix moment computations, that we did so far in this book:

Theorem 16.26. The asymptotic moments of a block-modified Wishart matrix

W̃ = (id⊗ φ)W

with parameters d,m, n ∈ N as before, are given by the formula

lim
d→∞

Me

(
W̃

d

)
=

∑
σ∈NC(p)

(mn)|σ|(Mσ
e ⊗Mγ

e )(Λ)

where Λ ∈Mn(C)⊗Mn(C) is the square matrix associated to φ :Mn(C)→Mn(C).

Proof. We use the formula for the matrix entries of W̃ , directly in terms of the
matrix Λ associated to the map φ, from Proposition 16.20, namely:

W̃ia,jb =
∑
cd

Λca,dbWic,jd
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By conjugating this formula, we obtain the following formula for the entries of the

adjoint matrix W̃ ∗, that we will need as well, in what follows:

W̃ ∗
ia,jb =

∑
cd

Λ̄db,caW̄jd,ic =
∑
cd

Λ∗
ca,dbWic,jd

Thus, we have the following global formula, valid for any exponent e ∈ {1, ∗}:

W̃ e
ia,jb =

∑
cd

Λe
ca,dbWic,jd

In order to compute the moments of W̃ , observe first that we have:

tr(W̃ e1 . . . W̃ ep) =
1

dn

∑
irar

∏
s

W̃ es
isas,is+1as+1

=
1

dn

∑
irarcrdr

∏
s

Λes
csas,dsas+1

Wiscs,is+1ds

=
1

dn

∑
irarcrdrjrbr

∏
s

Λes
csas,dsas+1

Yiscs,jsbsȲis+1ds,jsbs

The average of the general term can be computed by the Wick rule, which gives:

E

(∏
s

Yiscs,jsbsȲis+1ds,jsbs

)
= #

{
σ ∈ Sp

∣∣∣iσ(s) = is+1, cσ(s) = ds, jσ(s) = js, bσ(s) = bs

}
Let us look now at the above sum. The i, j, b indices range over sets having respectively

d, d,m elements, and they have to be constant under the action of σγ−1, σ, σ. Thus when
summing over these i, j, b indices we simply obtain a factor as follows:

f = d|σγ
−1|d|σ|m|σ|

Thus, we obtain the following moment formula:

(E ◦ tr)(W̃ e1 . . . W̃ ep) =
1

dn

∑
σ∈Sp

d|σγ
−1|(dm)|σ|

∑
arcr

∏
s

Λes
csas,cσ(s)as+1

On the other hand, we know from Proposition 16.25 that the generalized moments of
the matrix Λ ∈Mn(C)⊗Mn(C) are given by the following formula:

(Mσ
e ⊗M τ

e )(Λ) =
1

n|σ|+|τ |

∑
i1...ip

∑
j1...jp

Λe1
i1j1,iσ(1)jτ(1)

. . . . . .Λ
ep
ipjp,iσ(p)jτ(p)

By combining the above two formulae, we obtain the following moment formula:

(E ◦ tr)(W̃ e1 . . . W̃ ep) =
∑
σ∈Sp

d|σ|+|σγ−1|−1(mn)|σ|(Mσ
e ⊗Mγ

e )(Λ)
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We use now the standard fact, that we know well from before, that for σ ∈ Sp we have
an inequality as follows, with equality precisely when σ ∈ NC(p):

|σ|+ |σγ−1| ≤ p+ 1

Thus with d→∞ the sum restricts over the partitions σ ∈ NC(p), and we get:

lim
d→∞

Me

(
W̃
)
= dp

∑
σ∈NC(p)

(mn)|σ|(Mσ
e ⊗Mγ

e )(Λ)

Thus, we are led to the conclusion in the statement. □

16d. Poisson laws

In order to interpret the asymptotic moment formula that we found in Theorem 16.26,
things are quite tricky, because at that level of generality, the resulting measure can vary
a lot, generically escaping from the class of measures that we can efficiently study.

Still following [19], our purpose in what follows will be that of identifying the situa-
tions where Theorem 16.26 produces compound free Poisson laws, or at least the obvious
situations when this happens. Let us introduce the following technical notion:

Definition 16.27. We call a matrix Λ ∈Mn(C)⊗Mn(C) multiplicative when

(Mσ
e ⊗Mγ

e )(Λ) = (Mσ
e ⊗Mσ

e )(Λ)

holds for any p ∈ N, any exponents e1, . . . , ep ∈ {1, ∗}, and any σ ∈ NC(p).

Obviously, this is something quite technical, but we will see in a moment where the
above condition comes from, the idea being that the combinatorics in the formula from
Theorem 16.26 will heavily simplify, and we will be led to compound Poisson laws. Also,
in what regards the examples, there are many of them, and we will discuss this later.

Getting back now to the block-modified Wishart matrices, and to the asymptotic
moment formula that we found in Theorem 16.26, as just mentioned, the above notion of
multiplicative matrix is exactly what we need, for further improving all this. Indeed, we
have the following result, substantially building on Theorem 16.26:

Theorem 16.28. Consider a block-modified Wishart matrix

W̃ = (id⊗ φ)W
and assume that the matrix Λ ∈Mn(C)⊗Mn(C) associated to φ is multiplicative. Then

W̃

d
∼ πmnρ

holds, in moments, in the d→∞ limit, where ρ = law(Λ).
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Proof. This is something quite tricky, using all the above:

(1) Our starting point is the asymptotic moment formula found in Theorem 16.26, for
an arbitrary block-modified Wishart matrix, namely:

lim
d→∞

Me

(
W̃

d

)
=
∑

σ∈NCp

(mn)|σ|(Mσ
e ⊗Mγ

e )(Λ)

(2) Now since our modification matrix Λ ∈ Mn(C) ⊗ Mn(C) was assumed to be
multiplicative, in the sense of Definition 16.27, this formula reads:

lim
d→∞

Me

(
W̃

d

)
=
∑

σ∈NCp

(mn)|σ|(Mσ
e ⊗Mσ

e )(Λ)

(3) Our claim now, which will lead right away to the result, is that given an arbitrary
square matrix Λ ∈Mn(C)⊗Mn(C), multiplicative or not, having eigenvalue distribution
ρ = law(Λ), the moments of the corresponding compound free Poisson law πmnρ are given
by the following formula, for any choice of an extra parameter m ∈ N:

Me(πmnρ) =
∑

σ∈NCp

(mn)|σ|(Mσ
e ⊗Mσ

e )(Λ)

(4) Indeed, we know from chapter 14 that in the real case, the free cumulants of πmnρ

are the moments of mnρ. But, as explained in [78], the same happens in the general
complex case, in the sense that the free ∗-cumulants of πmnρ are the ∗-moments of mnρ.
We conclude that these free ∗-cumulants are given by the following formula:

κep(πmnρ) = Mp
e (mnρ)

= mn ·Mp
e (Λ)

= mn · (Mγ
e ⊗Mγ

e )(Λ)

But with this in hand, by using now Speicher’s moment-cumulant formula, that we
discussed in chapter 14 in the real case, and which holds in the general complex case too,
as explained for instance in [78], we are led to the moment formula in (3).

(5) The point now is that with that formula from (3) in hand, our previous asymptotic

moment formula for the block-modified Wishart matrix W̃ simply reads:

lim
d→∞

Me

(
W̃

d

)
=Me(πmnρ)

Thus we have indeed W̃/d ∼ πmnρ, in the d→∞ limit, as stated. □
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Let us work out now some explicit consequences of Theorem 16.28, by using the
modified easy linear maps from Definition 16.22. We recall from there that any modified
easy linear map φπ can be viewed as a “block-modification” map, as follows:

φπ :MNs(C)→MNs(C)
In order to verify that the corresponding matrices Λπ are multiplicative, we will need

to check that all the functions φ(σ, τ) = (M e
σ ⊗M e

τ )(Λπ) have the following property:

φ(σ, γ) = φ(σ, σ)

For this purpose, we can use the following result, coming from [19]:

Proposition 16.29. The following functions φ : NC(p) × NC(p) → R are multi-
plicative, in the sense that they satisfy the condition φ(σ, γ) = φ(σ, σ):

(1) φ(σ, τ) = |στ−1| − |τ |.
(2) φ(σ, τ) = |στ | − |τ |.
(3) φ(σ, τ) = |σ ∧ τ | − |τ |.

Proof. All this is elementary, and can be proved as follows:

(1) This follows indeed from the following computation:

φ1(σ, γ) = |σγ−1| − 1 = p− |σ| = φ1(σ, σ)

(2) This follows indeed from the following computation:

φ2(σ, γ) = |σγ| − 1 = |σ2| − |σ| = φ2(σ, σ)

(3) This follows indeed from the following computation:

φ3(σ, γ) = |γ| − |γ| = 0 = |σ| − |σ| = φ3(σ, σ)

Thus, we are led to the conclusions in the statement. □

We can get back now to the easy modification maps, and we have:

Proposition 16.30. The partitions π ∈ Peven(2, 2) are as follows,

π1 =

[
◦ •
◦ •

]
, π2 =

[
◦ •
• ◦

]
, π3 =

[
◦ ◦
• •

]
, π4 =

[
◦ ◦
◦ ◦

]
with the associated linear maps φπ :Mn(C)→MN(C) being as follows:

φ1(A) = A , φ2(A) = At , φ3(A) = Tr(A)1 , φ4(A) = Aδ

The corresponding matrices Λπ are all multiplicative, in the sense of Definition 16.27.

Proof. In order to prove this, recall from Theorem 16.23 that the associated square
matrices, appearing via Λab,cd = φ(eac)bd, are given by:

Λ1
ab,cd = δabδcd , Λ2

ab,cd = δadδbc , Λ3
ab,cd = δacδbd , Λ4

ab,cd = δabcd
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Since these matrices are all self-adjoint, we can assume that all the exponents are 1
in Definition 16.27, and the multiplicativity condition there becomes:

(Mσ ⊗Mγ)(Λ) = (Mσ ⊗Mσ)(Λ)

In order to check this condition, observe that for the above 4 matrices, we have:

(Mσ ⊗M τ )(Λ1) =
1

n|σ|+|τ |

∑
i1...ip

δiσ(1)iτ(1) . . . δiσ(p)iτ(p) = n|στ−1|−|σ|−|τ |

(Mσ ⊗M τ )(Λ2) =
1

n|σ|+|τ |

∑
i1...ip

δi1iστ(1)
. . . δipiστ(p)

= n|στ |−|σ|−|τ |

(Mσ ⊗M τ )(Λ3) =
1

n|σ|+|τ |

∑
i1...ip

∑
j1...jp

δi1iσ(1)
δj1jτ(1) . . . δipiσ(p)

δjpjτ(p) = 1

(Mσ ⊗M τ )(Λ4) =
1

n|σ|+|τ |

∑
i1...ip

δi1iσ(1)iτ(1) . . . δipiσ(p)iτ(p) = n|σ∧τ |−|σ|−|τ |

By using now the results in Proposition 16.29, this gives the result. □

Summarizing, the partitions π ∈ Peven(2, 2) provide us with some concrete input for
Theorem 16.28. The point now is that, when using this input, we obtain the main known
computations for the block-modified Wishart matrices, from [7], [33], [73]:

Theorem 16.31. The asymptotic distribution results for the block-modified Wishart
matrices coming from the partitions π1, π2, π3, π4 ∈ Peven(2, 2) are as follows:

(1) Marchenko-Pastur: 1
d
W ∼ πt, where t = m/n.

(2) Aubrun type: 1
d
(id⊗ t)W ∼ πν, with ν = m(n−1)

2
δ−1 +

m(n+1)
2

δ1.
(3) Collins-Nechita one: n(id⊗ tr(.)1)W ∼ πt, where t = mn.
(4) Collins-Nechita two: 1

d
(id⊗ (.)δ)W ∼ πm.

Proof. All these results follow from Theorem 16.28, with the maps φ1, φ2, φ3, φ4 in
Proposition 16.30 producing the 4 matrices in the statement, modulo some rescalings:

(1) Here Λ =
∑

ac eac ⊗ eac, and so Λ = nP , where P is the rank one projection on∑
a ea ⊗ ea ∈ Cn ⊗ Cn. Thus we have the following formula, which gives the result:

ρ =
n2 − 1

n2
δ0 +

1

n2
δn

(2) Here Λ =
∑

ac eac ⊗ eca is the flip operator, Λ(ec ⊗ ea) = ea ⊗ ec. Thus ρ =
n−1
2n

δ−1 +
n+1
2n

δ1, and so we have the following formula, which gives the result:

mnρ =
m(n− 1)

2
δ−1 +

m(n+ 1)

2
δ1
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(3) Here Λ =
∑

ab eaa ⊗ ebb is the identity matrix, Λ = 1. Thus in this case we have

the following formula, which gives πmnρ = πmn, and so nW̃ ∼ πmn, as claimed:

ρ = δ1

(4) Here Λ =
∑

a eaa ⊗ eaa is the orthogonal projection on span(ea ⊗ ea) ⊂ Cn ⊗ Cn.
Thus we have the following formula, which gives the result:

ρ =
n− 1

n
δ0 +

1

n
δ1

Summarizing, we have proved all the assertions in the statement. □

And with this, end of our sequence of theorems. Good work that we did, having
Theorem 16.31 stated as such is a good thing. Of course, the linear maps used there
are quite trivial, with the corresponding matrices having very simple spectral theory, but
there is a beginning for everything, and Theorem 16.31 stands for such a beginning.

Getting now to final conclusions, what we have in Theorems 16.26, 16.28 and 16.31
is certainly quite nice, doing some much needed unification work, and providing a solid
basis for a more advanced theory of block-modified Wishart matrices. However, going
beyond this, and reaching to a true next-level theory, remains a challenging question:

(1) One problem is to stay with Theorem 16.28 as main result, and look for more
general classes of multiplicative matrices, generalizing those used in Theorem 16.31, which
are, after all, of quite trivial nature. In practice, this leads to delicate combinatorics.

(2) The other problem is that of staying with Theorem 16.26 as main result, and
inventing the correct generalizations of the multiplicative matrices, and of the compound
free Poisson laws, allowing for advances. Again, this leads to delicate combinatorics.

We refer to the papers [7], [18], [19] and their various follow-ups, including the paper
[4], making some important advances, for more on all this, and with a mention as well to
[10] and its various follow-ups, concerned with a closely related problematics.

∗ ∗ ∗

And with this, end of our discussion regarding the various manipulations that can be
done on the Wishart matrices. Of course, this remains one of the many questions that
can be of interest, in relation with the random matrices, in general.

Talking now random matrices in general, there are many things to be learned, going
in many possible directions, sometimes in relation with free probability, and sometimes
not. In fact, the random matrices, first discovered by Wigner in the 50s [97] are much
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older than free probability, a theory invented by Voiculescu in the 80s [87], and to be
more precise, as of now, moment when I type these lines, twice as old.

Thus, many things to be learned. Of particular interest, and going well beyond what
we have been doing in this book, which remains something introductory, is the study
of the fluctuations. There is an enormous quantity of work which has gone into this
direction, and for getting an idea of how things looked like more recently, 30 years ago,
have a look at the paper of Tracy and Widom [86], which remains a classic.

Finally, don’t forget physics. For some reason, all good random matrix theorists know
well physics, and all good theoretical physicists know well random matrices. There are a
lot of things to be learned here too, in relation with quantum and statistical mechanics,
and more than certainly, lots of interesting new things to be discovered.

16e. Exercises

Congratulations for having read this book, and no exercises for this final chapter.
Instead, you can have a look at the various books and articles referenced below. Which
are a bit biased towards free probability and random matrices, yes I know, but recall from
what we learned in this book, starting with page N = 1, probability theory is always
something biased, and you can see that even in the N →∞ limit.
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