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Let me denote Ly := e¢” Inln(Ny/py), L1 := e Inln Ny, 5. := pr — 1.
Nicolas has shown [1] that if
N,
(1) G(k):——L1>O
©(Nk)

is not violated for all k£, the Riemann Hypothesis is true; if the Riemann
Hypothesis is false, the sign of G(k) changes infinitely many times.
Notably, a failed attempt to prove it found is in Wang’s paper [2]
(an elementary problem occurs in the transiton from his Eq. (9) to
Eq. (10)). Below is my attempt.

In inequality (1), the primorial of order k is given by

k
=1

where p; are the first k£ prime numbers, starting from p; = 2. The
constant v ~ 0.577216 is the Euler-Mascheroni constant, and (Vi) is
Euler’s totient function for the primorial,

(3) S(N) = Ny li (1 - 5) |

Therefore,

(4) G(k) = Go(k) — L,
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k

) Gokh) =] -7

As the sign of G(k) fluctuates in case the Riemann Hypothesis is
false, there is a k with

(6) G(k) = Go(k) — L1 <0,
but
k
Therefore, for a certain € = €(k) for this £ with 0 < € < 1, one has
(8) ceGk)+(1—¢)G(k—1)=0.
This can be rewritten as ed + G(k — 1) = 0, where
Go(k
(9) d:LO—L1+ﬁ.
Dk
As G(k—1) >0 and € > 0, one has d < 0. This means that
k
(10) Gok) _pq = Al
Pk
On the other hand, from the inequality (7) itself one obtains
Go(k) Lo
11 — > — = B.
( ) Pk ﬁc

For counter-examples to Nicolas inequality to exist, one needs A > B,
in particular A # B; notably, A = B implies Go(k)/pr = A = B,
d=0,and G(k—1) =G(k) = 0.

Another inequality is (—d) 5 + G(k — 1) > 0 with positive free pa-
rameter 5 > 0; —d > 0, G(k — 1) > 0. Expressing G(k — 1) by Go(k)
and extracting Go(k)/py, one has
Go(k) - 1

Pk ﬁc - 5

where 5. — > 0. If 5. — < 0, one has Go(k)/pr < K. This means
that there is a critical § = f,, such that Go(k)/pr = K with

(13) (14 ) Lo — B Ly = 0.

However, this is not true because then A = B; hence, there are no
counter-examples to the Nicolas inequality.

(12) (1+p8)Lo—pL1) = K,
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ALTERNATIVE PROOF

The formulas A > B and A > K are equivalent because both are
giving the same inequality . L1 > pr Lg. On the other hand, K — B =
S with

B pr Lo

(14 o m—ﬁ< B, “)<“

where § < B.. A > K is equivalent to A — S > K — S = B and
A > B+ S < B. Hence, from A > K we cannot conclude that A > B.
However, A > K and A > B have to be equivalent. With this, one
comes to a contradiction (unless S = 0, which implies A = B, which is
in contradiction to A # B).

Moreover,

ﬁc Pk LO
(15) Ak g ().
Formula A — K = —S looks like 5. F' = g F with a function F' on both
sides. This formula becomes . = (. Because of K = B + S, one
has A = B. Notably, A = B implies L; — py Lo/5. = 0. This is in
contradiction to A # B.

CONCLUSION

In this publication, I have given proofs for the Riemann Hypothesis.
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