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Abstract

We define the mathematical object called photon mass operator and we
evaluate it in the homogenous magnetic field using the Green function technique
in the homogenous magnetic field. The physical meaning of the photon mass
operator is the vacuum polarization by the external field.

1 Introduction

It is well-known that pulsars might possess a relatively intense electric field in addition to
a strong magnetic field (10'° — 10™@G). This is why there is an interest in studying some
quantum-electrodynamic processes in the presence of both types of strong fields.

A lot of work has already been done concerning classical and quantum electrodynamics
in the presence of an external homogeneous strong magnetic field, but little attention has
been devoted to the inclusion of an external strong electric field. Maybe the reason for this
reluctance lies in the well-known fact that a strong static electric field will spontaneously
break down in producing electron-positron pairs (the so-called Klein catastrophe) and in
consequence is no longer static. Here we consider the strong magnetic field being constant
due to the action of an external mechanism which is constantly pouring energy into the
system.

2 Vacuum polarization in a constant magnetic field

We define the mathematical object called photon mass operator and we evaluate it in
the homogenous magnetic field using the Green function technique in the homogenous
magnetic field. The physical meaning of the photon mass operator is the vacuum
polarization by the external field.

The Feynman propagator of photon involves the one-loop radiative correction to this
propagator and it can be graphically represented by the Feynman diagram of the second



order. The physical meaning of this diagram is the process v — (¢~ + ™) — 7, where v
is notation for photon, and e~, e* is the electron-positron pair. It means that photon can
exist in the virtual intermediate state with e™, e~ being virtual particles.

We calculate the dynamical modifications to the propagation properties of the photon
due to the presence of homogeneous external electromagnetic fields. The calculation is
carried out by a nonperturbative method in the external fields, but just to second order
in the fermion-photon coupling constant.

The Lagrangian describing to the lowest order the vacuum polarization process is the
following one (Tsai, 1974; Urrutia, 1978):

L2 = je? /(dx')(dx”)TmAl(x')G(x’, 2y Ax(2")G (2", ") + C.T. (1)

where the contact term C.T. will be determined later from the normalization conditions
and gauge invariance requirement. In this text we follow the approach by Dittrich et al.
(1978). This approach is the integral part of the global and general approach by Schwinger
and Ditrich (Schwinger, 1950; 1969; 1970; 1973; Dittrich, 1978). The non-source approch
is involved for instance in the monographs by Akhiezer et al. and Berestetskii et al.
(Akhiezer et al., 1965; Berestetskii et al., 1982).

Substituting for G(z', z"),

G2, 2') = q)(x’,x”)/ (gif)leip(xlx”)G(p) (2)
into eq. (1) and using
Alz) = / i A (3)
and
Oz, 2")P(2",2") =1 (4)
we get
£ = — [ (dk) AL (k) A5 (F)L () (5)
where
[ (k) = —ie’tr(1,G(p)nG(p - k)) + C.T. (6)
with

S t
G(p) :z'/ dsexp{—z’s <m2+p2+mpi)} X
0 z

_ 1032
cos 2 [(m 7p||) ‘ coS zwu} (7)
in a homogenous magnetic field with the notation

(ab)) £ —a" +azhs  (ab)1 = arby + ashy (8)



z=seH 9)

and

G = [ 2w (10)

The mathematical object II,,, is the photon mass operator and the goal of this article
is to evaluate it in the presence of the homogenous magnetic field of the intensity H in

the z-direction.
After substituting of eq. (7) into eq. (6) we get:

t
11, (k) = ie / dsl/ dsa exp{—zsl (m —l—pH + anzlpi) —
21
, tan z 1
—252(m2+(p—k)ﬁ 2(p k)2 )} X
z9 COS 21 COS 29

tr {% ((m —yp))e’” — C?f;;) Vo ((m —y(p— k)T — w> }) (11)

with

21 = eBsy; 29 = eBsy (12)
Introducing new variables of integration

1—1). 1+

S1 =S 9 3 S9 = S 9 (13)
we get
S2 — 51
= . = 14
S S1+ S2; W S+ 51 ( )
1-—- 1-—-
21 = eBs; = eBs R — 13 (15)
2 2
1 1
29 = eBsy = eBs —H]iz +Uzn (16)
2 2
and

/dsl/ dsg - - —/ ss/ldv > (17)

Further we simplify the exponential form as it follows:

exp {—z’sl <m2 + i + ta?%ﬂ) — 5y <m +(p—k)f + ta:;n(p — k)i)} =

exp {—is(wo + ¢1)} (18)
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where

COSZUV — COS 2

= e
70 4 2zsin z L
and
_< 1+vk )2+tan£+tann tann
L= \P e I z tan{ 4 tann +

After inserting of eq. (18) into II,, of eq. (11) we get

U dv 1
= ie / sds/ Uemiseo___—
cos & cosn

. i3 YPL
tr(exp —ispr {’Yu ((m —py)e’” - cosf)

Vo ((m —(p— k)t - M) }> +CT.

cosé

First, let us perform the p-integration using the relation

i 1/2
/ dretior” = *it (W> ;oa>0
a

Then,
<e—is<p1> — / (dp)
(2m)*
. ( 1+vk )2+tan§+tann tann
exp —is _— -
P I I z PL tan & 4 tann +
(—i) 1 =z
(47)2 $2 sin = COs& cos1)
Furthermore,
» (dp)
15p1 _
(e P / (2m)4 %
_ 1—|—v 2 tan¢ +tann tann
— k _— ——k
exp{ " (p” ”) N 4 bL tan & + tann +
1+wv s
5 k(e

since the integral vanishes over an odd function.
The analogical evaluation gives

(21)

(23)

(24)



tann

—1i5p1 — k —isp1
(e pL) tan & 4 tann Lle )
—1i8 —1 1 + v 2 1
(e pjuppw) = {e7%) ( ) Kkl = 5-9h
2 2s
1+w tann

(e DL pLapi}) = (757 (e757) (kL kuky }

2 tan& + tann

tan§ + tann 2stan 4 tann

2 .
. tan ? Z
< zswlpL pLu> = <@*“<f’1> ((77) /ﬁulﬁu - gtl/)

where we introduced gl and ¢+ by

-1 0 0 0

y 0 000

(k) = (") =1 0 0 0 0

0 001

and

00 0O

Y 01 00

(9:) = (") = 0 0 1 0

00 0O

(30)

With the help of eq. (23) we can now eliminate the factor (cos& cosn)~!, and we have

ds 1! dv z
W e el — CT.
Ly 27r / / M sin z *
where
= 2 —rtr{esp —i (m = pp)ee’s - 2L ) 5, x
py — Z4<e—i5801> F\eXPp —15¢1 \ Tu m Yp))e COS& T
ol el 1P —k)L
(=t~ e - 2=}

The expression (32) needs to evaluate trace. For this operation we have with

tr(..)=>_5;

where

Sl — m2tr<e—is<p1,y#eig3§7y6ia3n>

—18 ioS
Sy = tr{e™ 1y, yp e Sy (p — k) e

(31)

(33)

(34a)

(34b)



1

—is io3
Ss = tr(e”* "y, 3P Sy (p — k) L)

cosn
Sy = tr(e Py ypLy(p — k) ") !
a v cosé
S5 = tr(e™* Py (p — k)ﬁ*
. cos & cosnm
Furthermore we use the trace relations
1 . 1 F
Ztr {ewszmﬁy} = Ztr {(cos 2+ i03 sin z)%%} = —COSZ g + (B)W sin z
where
F
(B)uy = 91p92v — 1092
and
1 io3z
Ztr {6 ’Yﬂ’yuf}/)\’ya} = COs Z(g,uug)\a — GurGvo + g,uagu)\) -
1 .
E San(F,uug/\a' - F,u)\gzlo + F,uagu)\ - Fl/crg,u)\ + FV)\g,ua + F)\Ug,uu)
Using eq. (35) and (37) get for the individual Sy

trS, 1 —is —io3 io3 —isp1\—
e e Spe e =

F 1 :
cosn (— cos {Gu + <B>W sin f) —sinn Ztr {e’”3§7u’71’72’7u}

(34c)

(34d)

(34e)

(35)

(36)

(38)

where we used the cyclicity of the trace and the antisymmetry of ;7. with respect to

indices 1 and 2.
The term with tr in eq. (38) can be modified as follows

1 Z'O.S
Ztl‘ {6 5’71,’}/1’}/2’}%} = COS§(gy1g2y — Gv291, + gu,ugl2) -

1.
E Sln§ (FVIQQ;J, — 1'v291, + Fl/p,QlQ - F1u9y2 + F12gyu + FQ,U,ng) =

F :
— (B) cos& — sin&(—gua2y — 910910 + Gop — Gu29v2 — Gu1Go1) =
nv

F
_ (B>W cos§ — sin& g, + 2sin§giy

We therefore have:

(39)



trS, . (F ) . 2sin ¢ si 1
— . — — COSZg,, — SN 2V — 4 S11 ¢ S1N v
4m2<€7zs<p1> I B/ N9y,

(40)

where the second term on the right-hand side is an odd function in v, which gives no

contribution after substitution in II,,. Using

Juw = gﬂy + g;J[y

we get thanks to the addition theorem

tI‘Sl

s S 1 I .
I (e o) m {cos 2V g, + cos z g, + odd function
The next term to evaluate is S,. For this term, it can be shown that

tI'SQ .
4m2(e~iser)

1 - —15 io3 i3 d o
I(e—tery tre™ "1 y,p1e” S (p — k) ") £ C* Dyg
where
a —is -1 —is (e} —1s a
CoP = (e7isv1) {(e erpipl) — k(e «plp”>} _
1—v? a1.B v af
—— Mk =9
and

o 1 io3 io3
D% = Ztr {yae™ Spse™ "}
Exploiting the cyclicity of the trace we then get

tI'SQ
4(eiser)

1 —v?

1

Further we use the easily derived formulas:

Ao A A
NV = —NWY) — 29\\1,

io3 io3 i A io3 io3
4tr{<— 1 )W@ “ykje ”’m—;svne “Yme "%}

(41)

(42)

(44)

(45)



which, after substitution into above equation enables to write

tI"SQ .
4e~iser)
1 - Uz ]. ,L'o.3 7:0.3
<— 1 ) s {6 Sk — 2ky) ke "%} -
11 . 3 3
i0°& A A i
Qfsztr{e (=77 — 290)vae ”w} (51)
Using
Yhvky = —kf; s = —2 (52)

we have instead of eq. (51)

tI‘SQ .
4(e~iser)
1-— U2 1 ;3 ;3
. - 0°& o 0°n _
( 1 ) 2t {67 (b = 2ky k)™ |
i 1 io3 io3 d
—gitr {e 2y, e "*yu} = By + By + B3 (53)

where for B; we have the following formulas:

1 — o2 1 : :
B, = (—U ) k2 =tr {6“735%6“73”%} =

4 )"
1_71)2]?2 (cos 20 g- 4+ cos z gl ) + odd functions (54)
4 I guu gp,u
1—2? a 1 io3¢ io3n
BQ = —Z —T kf”,jk'n Ztr {6 Ya € 'Vu} =
1 —o? ,
2\ K.k cos z 4 odd functions (55)

7/1 io3 io3
B3E—g1tr{e SyLe ”%} =

? cos 2 gjl, + odd functions (56)
s

The evaluation of S3, Sy, Ss is similar to the proceeding calculation and the synthesis
of them into I, is as follows:

2
v
k:2> (cos zvgjl, + cos zgﬂw) —

5
tI'SZ' 9
I,uy =92 ; 74<6_i5<ﬂl> = <—2m +

21 z
—(1 —v?) cos zk k:l,+(cova+ : ”) —
( ) [l s V9 szg;w
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(cos zv — veot zsin zv)(kuky — kipukiy — kjukyp)  +

COSZU — COS 2

(guuki - 2kJ.,ukJ_1/) (57)

Further simplifications of II,, can be achieved by integration by parts. We have:

sin’ z

d ©o ” —
/ s o (cos 2v g#,, +cosz gy,)
©ds | z d i
[ ds H ~isp
BT + 1/0 . [sinz(COS 20 gm, +cosz g, )ds (e 0) +
e~ (cos zv g-, + cos z g )i <Z> :BT+i/OOCLS(F + Fy + F3) (58)
w H7ds \sin z o s ? ’

where BT are boundary terms. Differentiations gives

z
Fy = — COS 2V +cos z ¢! 1) X
1= Gin 9 ) (—1)
11— v sin zv + cot z cos zv 1
2 2 2
WL+A:—< . N )k 59
I 2sin 2 zsin® z L} ( )
1 —ispo % |
Fy=——¢ " (vzsinzv g, + 2sin z g}, ) (60)
s sin z
F;=ce¢ ZS“"O(cos 2v g + cos 2z g” )=— { — ZCF)SZ] (61)
ssin z sin z
After short calculation we then write:
oo d ' d
/ 052 piseo! (cos 20 gW + cos z g = BT + / T E emiseo i
0o =z sinz S z sinz
1 —? v sin zv + cot z cos zv 1
2 2 2
k—( _ )k X
{[m + 4 I 2sin 2 28in® z L]
(cos zv gy, +cosz gl,)  +
i
Vgt 2eems - sgt]) @
. KCOSZ o ) G+ [( cot 2) cos zv — zvsin 2v] g,, (62)
Using the v-integration by parts, we write
1 4 ;
/ Ueivo ! [(1—2cotz)coszv —2usinzv] =
12 S
BT + / e ivo [ v COS zv — cot 2 sin zv] (vkﬁ 4 Y ki) (63)
sin 2



Now, using the results of the s-integration and v-integration we get II,, after some
rearrangement

a [°ds [l dv on T
(k) = 5= [ 2 [ S{ewl, +CT. 64
“()27703712{6 w } (64)
where
Ly = (guk® = kuk ) No — (gl b — Ky ) Nu -+
(Qiyk’i - kluku> Ny (65)
and
Ny = - (cos zv — v cot zsin zv) (66)
sin z
le—zcotz<1—v2+vs,mw> chszv (67)
sin z sin z
t —
Ny = —z Y 4 0 P in v+ 22 w (68)
sin 2 sin 2 sin® z

and the contact tems in this case involve the boundary conditions. The contact terms
involve also the normalization condition

Huu(k)|k2—>0;B—>0 =0 (69)
It requires to investigate @y:
2 1—1)21{:2+ <coszv—COSZ> 12 (70)
= m -_—
0 4 I 2zsin 2z +
Since
COS 2V — COS 2 1
_— = —(1—2* 71
< 2zsIn z >z~>0 4< vY) (71)
then, k7 can be joined with &j to make k* and we have
2 1 2\1.2
©olzs0 =M —1—1(1—1} )k (72)
and
Polk2 0,80 = m” (73)
Then, we have
No=1-2v% N =0; Ny=0; forz—0 (74)

and the resulting contact terms are

CT. = e ™™ (1 — ) (kg — kuky) (75)
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and for HW(/{) we get
ds (1 d’u i
() = 5 [ [ 5 [k —kkvo - -
(gw’fn - ’fuuknu) N1 + (gwfﬁ /m/ﬁy) Nz} —
e (1 = 0?) (g k® — k) } (76)

3 Discussion

The purpose of this paper was to present a complete and explicit result by using a
different approach that is an extension of the simple and transparent method proposed
by Tsai to calculate the photon mass operator in an external homogeneous magnetic
field. The main idea was to calculate the usual vacuum polarization ”bubble” of
quantum electrodynamics (photon mass operator = {y — (e~ +e*) = v}) using an
explicit momentum representation for the exact electron propagator in the external fields.
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