Solving Recurrence Relations Using Generating Functions

Harry Willow

Abstract. This paper explores the applications of generating functions in solving various recurrence relations. We present the
explicit formulas for recurrence relations of different forms, demonstrating step-by-step transformations and manipulations using
generating functions. Several cases are examined, including linear and nonlinear recurrences, factorial-based sequences, and
Fibonacci-related expressions. The derivations leverage algebraic techniques and characteristic equations to obtain closed-form
solutions. The results highlight the power of generating functions in simplifying complex recurrence relations and deriving explicit
formulas efficiently.

Solve the recurrence relations using generating functions : a, =3" —a,_1+1, ag = 1.
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Find an explicit formula for a, if a, =1, a, = 1 and, for all integers n > 2, a, = na, ,
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Find an explicit formula for a, if a, =1, a, = 2 and, for all integers n > 2, a, =na, , + na, ,
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Since F(0) = a,, A=1. Since F/(0) =3, and A=1, B=0. Thus
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It is given that
any2 = 2apt1an

where ag = a; = 1. Find closed formula for this recurrence relation using generating functions.
Let b, =log, a,. Then by =log, ag = 0 and b; = 0.
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where f, is the n-th Fibonacci number and
where —a = 1-+5 and -3 = 1+\/§. T
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Solve the recurrence relation

Define b, = a2. Then b,_
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5 = an,2. Moreover, bg = 16 and b; = 169. First, Solve
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The characteristic equation of our new recurrence relation is r> — 5r +4 = 0. Its roots are r = 4 and r = 1. The solution

is of the form
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by = B14" + B-1".

b, =51-4"-35

and
=+/51-4"—-35 or a,=—v51-4"—-35
If a, = —+/51-4" — 35, then ag = —4, a contradiction. So a, = /51 -4" — 35,

—35. Thus




Evaluate
n

f
L

k=1
where fi is the k-th Fibonacci number and p > 1 is an |nteger
Note that f; = %(ak — %) where a = Hf and B = .Soa+pB=1and aB = —
Syt
kK~ & k
= P V5 - P

a [a n+1 5 (B n+1
_15-6) 1 5-0
5 1- VB 1-8
n+ n+1
o i % - zn+l _ i % - ‘;IH»I
- p—a p=B
5 p 5 P

5 prpfl V5 pz,p,;,
_ 1 (@ —a"™)(p=B) 1 (Bp"-B")(p—a)
VB p(pPP—p-1) V5 p(pP—p—1)
! (apn+l —aBp" —a™lp+ oc”+1ﬁ) 1 (5P”+1 —aBp" — BMp + aﬁ”“)
VG p(p> —p—1) VB p"(p>—p—1)
1 (a n+1 Banrl n+1p +5n+1p + aﬂ+lﬁ _ a5ﬂ+l)
V5 pr(p2—p—1)
_ 1 (\/Epnﬂ ( n+1 ‘5n+1) p+ OL”+1 (1 OL) _ (1 _5)6n+1)
Vs p"(p2—p—1)
_ 1 (\/gpn-i—l ( n+1 ﬁ”+1) p+an+1 n+2 6n+1 +5n+2)
G p(p2 —p—1)
B 1 (\/gpn+1 + (an+1 _6n+1) (_p+ 1) _ (an+2 _Bn+2))
VG p"(p2—p—1)
_ i (\/EPnJrl + \/Efn+1(—[3 +1)— \/Efn+2)
G p(p> —p—1)
P At (=P + 1) — fago
B p(p2—p—1)
References

R. C. Buck, Advanced Calculus. Third edition. McGraw-Hill, Inc., 1978.

K. H. Rosen, Discrete Mathematics and its Applications. 5th edition, McGraw-Hill, Inc., 2003.



K. H. Rosen, Elementary Number Theory and its Applications. 5th edition, Pearson Education Inc. Press, 2005.



