Proof of the Collatz conjecture

Fabrice Trifaro - Nice (France)

ABSTRACT

The Collatz conjecture, also known as the Syracuse conjecture or the 3z + 1 problem, is a mathematical
conjecture according to which the Collatz sequence always reaches the value 1, and then repeats the cycle
(1,4, 2) indefinitely, regardless of the first term of the sequence as long as it is a strictly positive integer.
It originated in the 1930s and its authors are mainly Lothar Collatz and Helmut Hasse. The latter shared
it in the United States during a visit to Syracuse University, and the Collatz sequence then became known

as the Syracuse sequence. To date, this conjecture has not been proven either true or false.

The purpose of this study is to prove, as clearly and precisely as possible, that this conjecture is true.

The proof is based on classical mathematics which should not pose any major difficulties.



Contents

9

Introduction

Sums of the exponents

Behavior of the sequence

Proof of Conjectures 2.1 and 2.2

Cycles of the sequence

51 Cycleoflength 1 . . . . . . . e
5.2 Cycleoflength 2 0r3 . . . . . . . . . . . e
53 Cycleoflength ¢t . . . . . . . e

Stationarity of the sequence
Conclusion

Appendix

8.1 General formula for a term in a sequence {v;} . . . . ... Lo Lo L L
8.2 Probabilities of the exponent values . . . . . .. .. ... .. L oo
8.3 TIrrational nature of S(I4+1) . . . . . . . . o
8.4 Existence of BP . . . . . . L e

Conflict of interest

10 References

12

13

14
14
14
14
15

16

16



1 Introduction

First, we are going to define the Collatz sequence. Let the sequence be {uy, }nen such that ug = p, where

peN*, and such that:

3up_1+1 if u,_q1 is odd,

Un_1

5 if u,,_1 is even.

for neN*, u,, = {

Then, according to the conjecture, there exists [€N* such that u; = 1, u;11 = 4, w42 = 2, uj43 = 1, uj44 =
4,ui45 = 2, etc. In other words, from rank [ the sequence enters a cycle that repeats the numbers 1,4, 2

ad infinitum. We can express this sequence in another way, indeed, if p is odd then we have:

u; = 3p+ 1 is even,

_3p+1 I L _3p+1
Uy = o1 , 1 ug 1s even then ug = 92
. 3p+1
until uH_aO:QTl odd.
Let :
3p+1
00:u1+a0:2T

Where « is the exponent corresponding to the number of times u; must be divided by 2 to obtain an

odd number. Repeating the same process, we have:

Ultag+1 = SUi+a + 1 1S even,

3Uiqa, +1 . . 3Ul o, +1
Ul+op+1+1 = 2710, if Ul4+g+1+1 18 €ven then Ul+ap+1+2 = 2720,
cy
. 3’LL1 +1 .
until %14 a0+14+a; = 2hta0 T2 g odd.
201
Let:
_ _ 3’LL1+O(U +1
V1 = Ul4ag+l4+a; = T

Where o is the exponent corresponding to the number of times u144,41 must be divided by 2 to obtain

an odd number. By reformulating v;, we have:

_ BT+ 3@p+ 1) 42
b= et - Qao+an




And by an easily verifiable recurrence (see Appendix 8.1), we obtain that for all [EeN*:

3Bp+1)+ Zi;5(3l‘1‘i(225=0 @) 3(3p+1) L
n - S
Q2ij=it1 Y

222:0 Qi 225:0 i P

The resulting sequence {v;};eny has all its values in 2N + 1, and it is therefore equal to the sequence
{un tneny without the even-valued terms of the latter. Thus, the cycle of length 3 and values (1,4,2) of
the sequence {u,} corresponds to the cycle of length 1 and value (1) of the sequence {v;}. If p is even,
there exists a€N* such that p = 2%q, where ¢€2N + 1, and it suffices to replace p with ¢ in the expression

of the term vy, which does not change the demonstration.

Definition 1.1. Let f = 2%p, where a€N and pe2N+1, the sequence {v; }ien, the so-called reformulated
Collatz sequence, is defined for all lEN as follows:

T ifl=0,
v 3 (3p+1) -1 gl—1-d .
M"'Zi:om if 1 > 0.
Where g is the exponent such that vy is odd and the «y;, fori € {1,...,1}, are the exponents such that
3vi—1+1 .
Vi = —5a; — 18 odd.

— 3Gp+1) I o S —
Let Al = m and Bl = Zi:o m, then for l > O, v = Al + Bl.

2 Sums of the exponents

The aim here is to study the sums of the exponents El «a; of the terms A; and Bj, where r € [0,1], from

i=r

a probabilistic point of view, in order to establish conjectures that will be demonstrated later. Let y€R*

n(3+3)
In(2)

when ¢ tends to infinity. Similarly, for each term in the sequence {v;};en+, we have:

In (3+ {)
A

and converges decreasingly to g = In(3) =1, 58496

such that 27¢g = 3¢+1, where g is odd, then v = = Tn(a) =

My =3v-1+1 = v =

This means that multiplying the term v;—; by 3 and then adding 1 is equivalent to multiplying it by 27.
Therefore, to the extent that for any i€ [0, 1] the exponent «; is a non-zero natural number and that ~;

is always closer to 2 than to 1, the probability that a;>2, such that the term :

3p+1 e
T if1=0,
Vi 30, 141
1“2;11. if 1 > 0.

is odd, is significantly greater than the probability that ; = 1 (see Appendix 8.2). Consequently, we can

formulate the following conjecture:



Conjecture 2.1. There exists a rank LP of the sequence {v;} such that for any | > LP:

1 1
ﬁ(l+1)<;ai — S <ﬁ(1+1)

Where 3 = means that L depends on p (see Definition 1.1).

The irrational nature of 3 (I 4 1) (see Appendix 8.3) and the fact that Zé:o oy; 1s a sum of strictly positive

integers ensure that 5 (I + 1) cannot be equal to Zi’:o «;. This justifies, if the conjecture is true, that:

l

Bl+1) <> a

i=0
Just as for i€[0,1], for i€ [r, 1], the probability that «; > 2, such that the term v; mentioned above is

odd, is also significantly greater than the probability that a; = 1, we can therefore formulate another

conjecture concerning the partial sums of the exponents of the term By:

Conjecture 2.2. There exists a rank LP > 0 of the sequence {v;} such that for any l > LP:

Where g = means that L depends on p (see Definition 1.1).

The proof of these conjectures will be given in Section 4.

3 Behavior of the sequence

Considering Conjectures 2.1 and 2.2 as true, we are going to demonstrate that regardless of the value of

p, the sequence {v;} is always upper bounded.

Theorem 3.1. For allp € 2N+ 1, such that vy = 35’:; , there exists a rank wP of the sequence {v;} such
that for anyl € N, v; < vyp.

Proof. According to Definition 1.1, for all [ > 0:

3(3p4+1) <L g1 3Ep+1) Lo
v = ( ) + Z 7 - = ( ) + Z ~ o
QZz 0 Qi =0 2Ej:i+1 Qj 221 0 Qi 2ZJ 1—i &
Note that we refer in this section to the terms A; = Z(?p +i) and B; = 27 0 2,37 defined in section
j=l—i %j

1, and let us remind that p, which appears as the exponent of a variable, means that this variable depends

on p (see Definition 1.1).



Conjecture 2.1 says that there exists L} € N such that for any [ > Lb:

! < ! = ! < ! <:>A<3l(3p+1)
S BU+T) oXl_yai  26(+1) DIy

And according to Conjecture 2.2, there exists L} € N such that for any [ > L1:

-1 1 -1 1 -1 1 -1 1 -1 gi
— < —_— < < - <— B < —

As a result, for all [ > (LP = max{L}, LT'}):

3Bp+1) < 3
25+ 2 55D

=0

A+ B <

On the other hand, given that there is an infinity of real numbers between S(I + 1) and Zé:o a;, as well
as between 8(i+ 1) and El

j=l—i
{v;}, there exists 8P > 8 such that for all [ > LP:

o, for i € {0,...,1—1}, and because of the facts related to the sequence

’UBP _ 3l(3p+1) Z 3 3l(3p+1) Z 3 :’Uﬂ
287 (I+1) — 98P (i+1) 28(1+1) — 28(i+1)
And such that:
v < v’
Then for all [ > L? we have (see Appendix 8.4 on the existence of SP):
v < vlﬁp < vlﬁ
Where the sequences {vlﬁ}leN* and {vlﬁp}le\r* are defined as follows:
5 3@p+1) — 3
RARNCTICEY *Za Gy
l -1 i
YT Tt T < 9F7(i+1)
1=
Let Afp = % and Blﬁp = Zi;(l) ZB%Z“), and let’s study the evolution of these two terms when

Il — 4o00.

The term Alﬁp



This term is a geometric sequence with a common ratio of 2%

A5p73l(3p+1)73p+1 3\
L7 opr(+1) T 9pr | 9B7

Considering that 2% < 1, since @GP > }Egg, Afp converges to 0 when | — +o0.

The term Blﬁp

BP _ ~l-1 3 . . .
The term B = Y . 5sra7y 1S @ geometric series:

S8 L3N 1 ) ot
P 98P (i+1) ~ 9BP gt o8P | T 9pP 2;%_1

As before, considering that 33> < 1 and 8P > 12837 when [ — +oo:

1

BY _
B = s <

+oo

Hence:
lim (vlﬁp) = lim (Afp) + lim (BZBP) < 400

l—+oc0 l—+o0 l—+oco

Finally, since the sequence {v;} takes values in 2N + 1, there exists MP € 2N + 1 such that:

lim (v;) < lim (vlﬁp) < MP

=400 l—+oco

Insofar as the values in the sequence {v;} are natural numbers, from a certain rank, all its terms will be
less than or equal to MP. This implies that there exists w? € N, such that for any [ € N, v; < v,,», which
is equivalent to saying that the values taken by the sequence are in a finite subset of N. Consequently,

assuming that Conjectures 2.1 and 2.1 are true, the sequence {v;} is always upper bounded. O

4 Proof of Conjectures 2.1 and 2.2

To establish that Conjectures 2.1 and 2.2 are true, we will study the hypothetical cases where one
3'(3p+1)

e and

of the conjectures is false and where both conjectures are false. As in Section 3, A; =

-1 3
B =Sl __ 3
l Zz_o 22:%:[71_ o

First case: Conjecture 2.1 is true and Conjecture 2.2 is false

If Conjecture 2.1 is true, then there exists Ly € N such that for any [ > Lyg:

1 _ 1 — <3l(3p+1)
> Bl +1) SPZCRY

i=0 i




Given 2% =1 and A, is always positive, we have:

0< lim (4;) < lim
=+ =+

3Bp+1)\ _ 3p+1
28(1+1) -3

If Conjecture 2.2 is false, then for any L € N there exists [ > Ly such that:

-1 1 [ Y -1 g

E —_ > § —— <= B> E — .
l i

=0 2j—i—i % im0 Ali+1) i=0 2004

Considering that 2% = 1 and that we can take L, as large as desired, when [ — +oo, the term:

Sl g 711—1 31'71[
Ly -yl \y) v

=0

tends toward infinity. Hence:

lim (v)= lim (4)+ lim (B;) =400

l— 400 l—+oco l—+oco

If this case were proven the sequence {v;} would diverge.

Second case: Conjecture 2.1 is false and Conjecture 2.2 is true
If Conjecture 2.1 is false, then for any Lo € N, there exists [ > Ly such that:

And we have:
lim (4;) > lim

l—+o00 T 4o

(31(3p+1)> _3p+1

If Conjecture 2.2 is true, there exists L1 € N such that for any [ > Ly:

-1 -1 -1

1 1 3¢
Z < ; Bli+1) = Bi< Z 9B(i+1)

1
i=0 Ej:lfi Qj i—o
And we have:

-1
3 1
R S A NS
0< tim (B < L (Z gamn) i (5) =+

Hence:

lim (v;) = lim (4;)+ lim (B;) > S+l

l—+oc0 l—+oo l—+oc0 3



If this case were proven, there would exist a rank L of the sequence {v; } such that for any { > L, v; > %
Since p > 1 and the sequence {v;} takes values in 2N+ 1, from rank L all the terms in the sequence would

be greater than or equal to 3.

Third case: both conjectures are false
In the case where both conjectures would be false, considering that for any L € N there would exist [ > L

such that:
-1

3/(3p+ 1) 3
Az S and Bz ) g
1=

And given that:

3(3p +1) L3
. By 1 . _
zil.rﬁloo(”l )= l—lfgloo ( 28(1+1) + l—lg-rgloo Z 26(i+1) oo

the sequence {v;} would diverge.

These three cases show that for any p € 2N + 1, either the sequence {v;} diverges or there is a rank
from which its terms are always greater than or equal to 3. This contradicts the fact that the sequence
22;’1, for a € N* or

p € {1,3,5,7,9,...,8400511,...}. This leads us to conclude that both conjectures are necessarily true,

eventually enters the cycle of length 1 and value (1), whenever p is of the form

and that the sequence {v;} is truly upper bounded for all p € 2N + 1, as demonstrated in Section 3.
Therefore, Theorem 3.1 is true. (I

5 Cycles of the sequence

We are going to study whether the sequence {v;} can enter a cycle, under what conditions and what
cycles are possible. We will start with cycles of lengths 1, 2 and 3, and then study the general case. The
mathematical expression of the terms in the sequence, with the exponents «;, is the same as the one
presented in the introduction, and to simplify matters, we will start counting the exponents from 0. This

is equivalent to initialise the term vo with the first value of a possible cycle.

The cyclicity condition common to the cycles of lengths 2, 3 and ¢ lies in the fact that the cycle values
(within a cycle) must be different from one another. Otherwise, considering the definition of the sequence

{vi}, the repetition of a value would form a cycle of a shorter length.

5.1 Cycle of length 1

It will be demonstrated that for any odd value of p, the one and only cycle of length 1 into which the

sequence {v;} can enter is the cycle of value (1).

Theorem 5.1. For all p € 2N+1, such that vy = 2L the one and only cycle of length 1 in the sequence

2ag

{vi} can be the cycle of value (1).

Proof. The sequence {v;} has a cycle of length 1 if there exists LEN such that for any I>L,v;41 = v;.

Let ¢ the value of the term of rank [ in the sequence, then v = v; if:

3¢g+1 1
Ul:q: 20{0 :vl+1:>q:2ao_3




This is only possible if 2% =4 = «( = 2, and implies that ¢ = 1. Reciprocally, we check that if v; =1
then for any k€N* v = 1. The only cycle of length 1 into which the sequence {v;} can enter from a
certain rank is therefore the cycle of value (1), which corresponds to the cycle of values (1,4,2) of the

sequence {uy,}. O

5.2 Cycle of length 2 or 3

It will be demonstrated that for any odd value of p, the sequence {v;} has neither a cycle of length 2 nor

a cycle of length 3.

Theorem 5.2. For any p € 2N + 1, such that vy = 3;’:;1 , the sequence {v;} has neither a cycle of length
2 nor a cycle of length 3.

Proof there is no cycle of length 2. Similarly, the sequence {v;} has a cycle of length 2 if there exists
LeN such that for any I>L, v;42 = v;. Let g the value of the term of rank [/ in the sequence, then v;12 = v;
if:

3(3g+1)+2% 342
Qao+tan = 4= 2ao+a1 _ Q

This is only possible if ¢ € 2N + 1 and 2°°T*1 > 9 =— oy + a;>4. For ag + a; = 4, we get that
=1 for (ap,a1) = (2,2) and is not integer for the other values of (ag,a1). And for ag + a1 > 4, g is
not integer because 2%0T*1 — 9 > 3 + 2% for any ap>1. Since for ¢ = 1 we have established that the

sequence becomes stationary from rank I, the sequence {v;} cannot enter a cycle of length 2. ]

Proof there is no cycle of length 3. The sequence {v;} has a cycle of length 3 if there exists LEN

such that for any [>L, v;y3 = v;. Let g the value of the term of rank [ in the sequence, then v; 3 = vy if:

32 (3¢ + 1) 4 3.2%0 4 200+e1 9+ 3.2% 4 200t™
2ao+tartas — 4= 2a0tentaz — 27

This is only possible if ¢ € 2N + 1 and 2%0Fti+az 5 97 — oy + ay + as>5. For ag + a1 + ag = 5,
q is not integer. For ag + a1 + o = 6, we obtain that ¢ = 1 for (ag, a1, 2) = (2,2,2), and is not
integer for the other values of (v, a1,as). Finally, for ap + a1 + @z > 6, ¢ is not integer because
2 (2x0tortaz _97) > (9 4 3.290 4 2% 1) Therefore, we conclude that the sequence {v;} cannot have
a cycle of length 3. O

5.3 Cycle of length ¢

After proving that the sequence {v;} cannot enter a cycle of length 2 or 3, we are going to demonstrate

that the sequence {v;} cannot have a cycle of length greater than or equal to 4.

Theorem 5.3. Lett > 4, for any p € 2N+ 1, such that vo = 32”;)1, the sequence {v;} has no cycle of
length t.

Proof. The sequence {v;} has a cycle of length t>4 if there exists LEN, such that for any I>L, v;4+ = v;.
Let ¢ the value of the term of rank [ in the sequence, such that ¢ > 1 to discard the cycle of length 1 and

10



value (1), then v;4, = vy if:

371 3g + 1)+ i (32 (2% ) 3L 3] (302 (2500 ) )
= —— =
¢ 9310 @i 1

2o _ 3t

The cyclicity condition specific to the cycle of length ¢ can also be expressed, such that for any keN* vy 5 =

vy, which is equivalent to:
ght=1 4 25262 <3k:t727i (22210 04_7'))

q= kt—1

922 ito o _ 3kt

Either for any k>2 if:

I G R A 1 &
T 9er _ gt T e _ 3kt

Where e; = Zf;é a;,Ch = Zf;é 3t=2-i 9% Y e, = Zfiglai,(?k = Zfigz 3kt—2—i 9375 o % which
gives:
(Qek _ 3kf) (3t—1 +Cl) — (261 _ St) (3]€t—1 + Ck)

And finally, either for any k>2 if:
2°1A = 3'B (5.1)

Where A = 3¥~1 4 C), — 2% —€1 371 _2¢—€1(; is odd, and B = C}, — 3F 1} is even.

First case A=B =0

The equation 5.1 can have solutions if A = B = 0. However:

kt—2 t—2 kt—2
B = Z 3kt—2—i.22;:0 ;o Z 3kt—2—i.22;:0 (o7 Z 3kt—2—i.22;:0 [e7] >0
=0 =0 i=t—1

The term B is a series that tends to +0o when k& — 400, and given that it is always strictly positive,

this case is not possible.

Second case A <0 and B >0
If A <0 then 2°* A < 3!B, this case is either not possible.

Third case A >0 and B >0
Since 2 and 3 are prime numbers and the decomposition of an integer into prime numbers is unique,

according to equation 5.1 we have:
A=3"mand B =2“m

where me2N+1, because A is odd and B even. Since we are considering the possibility that the sequence
{v;} can have a cycle length of ¢, for any ¢ € {0,...,t—1,..., kt—2}, we will have o; € {«vg,..., 1}, and
the equation B = 2¢1m will have a solution if there exist m € 2N+ 1, ¢t > 4 and (ao,...,a:_1) € (N*)?,
such that for any k > 2, B = 2°tm and A = 3'm.

11



It is clear that for m = 1, for any t>4 and («og,...,a4—1) € (N*)t, simply take k = 2 to get B > 2m.
If there existed m > 1, t>4 and (ag,...,at—1) € (N*)t7 such that for certain value of k>2, B = 2°1m,
then, since we know that B tends toward infinity exponentially when k& — +o00 and that it is possible
to take k as large as desired, it would be sufficient to take k + 1 for that B > 2°'m. So, there is no
me2N+1,¢ >4 and (ap,...,a;_1) € (N*)! such that for any k>2, B = 2¢1m, and therefore the equation

5.1 has no solution.

This implies that for any p€2N + 1, there is no cycle of length ¢>4 into which the sequence can enter
from a certain rank, and confirms that the sequence does not have a cycle of length 2 or 3, since there is
nothing to prevent ¢ taking the value 2 or 3 in equation 5.1. Therefore, the sequence {v;} can have as its

only cycle the cycle of length 1 and value (1). O

6 Stationarity of the sequence

We have demonstrated that for all odd value of p, the sequence {v;} is upper bounded, that it is also
lower bounded by 1, and that consequently all its terms are in the finite set V? = {£€2N+ 1: 2<v,»},
where v,» was defined at the end of Section 3. It remains to be proved that for all odd value of p, all the

terms in the sequence are equal to 1 from a certain rank.

Theorem 6.1. For all p € 2N + 1, such that vy = 35;21, all the terms in the sequence {v;} are equal to

1 from a certain rank.

Proof. Suppose that for any [€N, v;#1, then, since the only cycle of length 1 is the cycle of value (1),
there exist c€N and ¢>2 such that v, = ¢ = ve4y, where ¢ € VP\ {1}. Indeed, since we have demonstrated
that {v;} is an application from N to a finite subset of N (see Theorem 3.1), following the principle of
drawers (known as the pigeonhole principle), we know that there are at least two elements of N which

have the same image by the application {v;}.
Therefore, there exist ceN and ¢>2 such that:

Vet = 4 = Vg,

3g+1
Vett+1 = W = VUc+1,

3t—1(3q + 1) -2 3t—2—i
Vet2t = 222;3 o : T—1 a = Vet = 4,

Thus forming the following cycle:

Ve—1 7> Ve =7 Vg1l 7 -+ > Veat—1 7 Veat = Ve = VUettt1l = Vel — - .-

Now, we have just demonstrated that the sequence {v;} has no cycle of length ¢>2 (See Theorems 5.2
and 5.3), which implies that there exists [€N such that v; = 1. Therefore, for all pe2N + 1, such that

12



vy = %, all the terms in the sequence {v;} will be equal to 1 from a certain rank, which corresponds

for the sequence {u,} to repeating ad vitam aeternam the cycle (1,4, 2). O

7 Conclusion

First, we have made conjectures about the sums of the exponents «;, whose accuracy has been proven,
then we have demonstrated that the sequence {v;} is bounded, and finally we have determined its possible
cycles. This allowed us to demonstrate that all the terms in the sequence are equal to 1 from a certain
rank, in other words that the sequence becomes stationary. The main stages of the demonstration can be

represented graphically as follows, where the black arrows correspond to the mathematical implications.

[ |

) Cycle 1 as
. Conjectures on . .
Reformulation Upper bound unique potential
the sums of
of the sequence of the sequence cycle of

the exponents
the sequence

And

Cycle 1 as . .
) Stationarity of
the end point of

the sequence
the sequence

Figure 1. Diagram of the demonstration

Insofar as the sequence {v;} is equal to the sequence {u,} without the even-valued terms of the latter
(see Section 1), we have demonstrated that for any ¢eN*, such that uy = ¢, the sequence {u,} always

ends up reaching the cycle (1,4,2). Thus, we have proved that the Collatz conjecture is true.

13



8 Appendix

8.1 General formula for a term in a sequence {v;}

We know that the formula is valid for the second term in the sequence. Suppose that for [ < L, where
L>2:
3(3p+ 1) + i (371 2

225:0 R

v =

And calculate v;41 as a function of v;:

3 Bp+1)+3128 (3“1*1’-229:0 ‘*f)

QZéZO g

+1
Juy+1

2141 PAES]

Vi+1 =

Thus, we get: _
34 (3p+1) + 0, (31*1' 9% %)
93 iEg i

V41 =

This shows that for all [ € N*:

3'(8p+ 1) + iz (371 - 2500
222:0 i

v =

8.2 Probabilities of the exponent values

For each term in the sequence {v;};en+, such that 2% v;_y = 3v;_1 + 1, we have:

In (3+ -
M= (m(z; )

Although the values of the exponents are not the result of chance, insofar as for any i€ [0,1],v; €]1,2]
and the exponents are strictly positive integers, the value of +; gives an indication of closeness. It is in
fact clear that if ; is closer to 2 than 1, the chances of a; being greater than or equal to 2, will be higher
than the chances giving a; = 1. Thus, we can consider that the probability that «;>2 is v; — 1, while the
probability that c; = 1is 1 — (y; — 1).

8.3 Irrational nature of 5 (I + 1)

We will show that the term /(I + 1) introduced in Section 2 is irrational. Assume that g = Eg; is

rational, then there exists (p, ¢)€N* x N* such that:

| ,
n(d) _»p — In(39) =1n(2P) < MG =) — 39 =9p
In(2) ¢

This is obviously false, so § is irrational. And consequently, so is 5 (I + 1), because a rational multiplied

by an irrational gives an irrational.

14



8.4 Existence of (P

Let us take LP = max{L{), L{'} as defined in Section 3. The variables §; and K;, below, also depend on p
but to simplify writing the exponent p has not been indicated. Let 8y € R’ such that 8 < Sy, it is then
clear that for all [ € N*:

1 (33p+1) & 3 1 (3@Bp+1) <& 3
Bo _ L _.B
U 55 ( e T 3mw | <25 | et ZO 98 ) — U

=0 1=

Assume that there exists K; > LP such that v’ K, < VK, < Uf(l and remind that according to Conjectures
2.1and 2.2 for all i > LF vy, < Uz , then, since it is possible to take By as close to 3 as desired, and that
the function f : [, o] — R defined by:

-1

1 (3(3p+1) 3
fi(z) = % ( Y0 +ZO 520
1=

is clearly continuous and strictly decreasing for all [ € N*, there exists 81 €]8, Bo[ such that vy, <
[ (Br) = vKl < vK , and so for all [ € [L¥ Ky, if there exists K, or for all I > L¥, otherwise,

Ul§v11<vf.

fio1 o VK, < vf(, then, for the same reasons,

By induction, if there exists K; > K;_; > K; such that v}/
there exists §8; €]8, 8i—1] such that vk, < fk,(Bi) = vK < vf( , and so and so for all [ € [LY K, ], if
there exists K;,1, or for all [ > L otherwise, v; < vt < vl . Consequently, assuming that for any ¢ € N

there exists K; > K;_; such that vﬁf P <k, < vfﬁ, for all [ > LP there exists 4y €]3, Bo] such that:

v < Uﬁw) < UB

0 ifl < Ky,
Where ¢(1) =
1 ifle [KiyKi+1[-
However, there cannot be an infinity of K; such that v@ <ok, < vf(i and such that §; €]8, B;—1] to

ensure that vg, < U?(Li, because considering that for all ¢ € N:

611<0K <vfg <k, = Vi, <Uk

i+1 i+1

the sub-sequence {vg, } would diverge. Which would imply that the sequence {v;} also diverges, whatever
the value of p, thus contradicting the fact that for many values of p the sequence {v;} eventually reaches
the value 1, as demonstrated at the end of Section 4. The number of K; is therefore finite and there
exists AP > /3 such that for all [ > LT, v; < vlﬁp < vlﬁ.
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