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Abstract

The rainbow angle of about 42° is comparable whth golden mean based angle between
edge and base of the Great Pyramid. It allows brgntpgether different areas of knowledge
in an amusing way using simple geometry besides lawptics. The mathematical exercise
may encourage students to understand spectachedwo€ in a simple and didactical manner.
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1. Introduction

The rainbow is a spectacle of nature, which plageminant role in all ancient civilizations.
It is caused by refraction and internal reflectiohsun light by water drops forming a
circularly arranged sequence of spectral coloree $an must be behind the viewer. The
exploring of this phenomenon is associated withnammes of great researchef¢hazen [1],

Al Quardafi [2], von Freiberg [3], Snell [4], Descartes [5], Huygens [6], Newton [7], Young
[8], Airy [9], and many others. The first correct interpretatdrthe rainbow was already
given in the 11 century byAlkazen (Abu Ali al-Hasan Ibn Al-Haithan), a contemporary of
Avicenna in Persia.

Figure 1. Picture of a main rainbow
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2. Rainbow, Great Pyramid, | cosahedron: a Formal Geometric Comparison

Curiously, a light deflection angle around 42° ioWwn as the main rainbow angle between
the incident sunlight and the refracted and intéynaflected light rays within a water drop
(Figure 2). Because the light incidence condition is givean a circle on the water drop
sphere, the dispersed light appears on a bow.d#fisction depends on the refractivityl)

of water. According toSnell’s law of refraction the following relation existsetween the
angle of incident and the angle of refractior4]

‘I’l(/l) _ sin(i) (1)

For the complete deflection of the light beam bfyagtion and single or multiple internal
reflection within a water drop one obtains the aregtcording t¢10] (Figure 2)

0,, =2(i —r) + m(mr — 2r) modulo 21 (2)

Figure 2. Deflection of a ray of light (red) within a watdrop explaining the rainbow. Angle
of incidenti, angle of refractiom, and®, see relation (4) below. Support for the constomct
of the light beam path is given in tA@pendix.

We now use fom = 1 (case of main rainbow)

sin(i) = x; andsin(r) = % 3)
and get
®; =180 + 2 -arcsinx; — 4 - arcsin(%) 4)
and 180 — ®; = 4 - arcsin (%) — 2 - arcsin x; (5)



The extremum (minimum) of relation (4) can be chllted by setting the first derivative to
zero[10] [11]

e, _ 2 4

dx,  Vitx?z VnZ-x2 =0 (6)
Then we simply get for the angle of incidence
sin(i) = x; = 4_:2 (7)

If we deliberately choosa = 1.3337448, we calculate the angle of inciderespectively
refraction as = 59.367194°¢ = 40.176077°, and

0, = 138.03008° 180 — ©,; = 41.969922° (8)

Interestingly, the secondary rainbow € 2) shows an inverted sequence of colours. The
reader may study the contributionJaickson [10] and the elaborated treatise in German given
in [11] to learn more. The deliberately chosen refragtiitlexn can be realized for water at
11.5°C for yellow light of the Na-D excitation ddaeb with the mean wavelength df=
589.295 nm.

In a way, this particular deflection andgl80 — 0, = 41.969922° is a golden one, suggested

by the following relation

2 —0.) = -2
cos%(180 — 6;) = 0.5527864 = pve (9)

wheregp = % = 0.6180339887 ... is he golden ratidCuriously, this angle equals almost exactly

the anglex; between the edge and the base of the Great Pyfa#jifiL3]. Furthermore, also
an approximation holds that connects the rainbogteawith the anglex, between faces and
height of the Great Pyramid

arccos(g)
2¢

= 41.92916° ~ 180 — 6, (10)
We use thdythagorean theorem to determine the anglg between the edge and the base of
the Great Pyramid={gure 3).

When the base length is set to 2, then the highbisWith big® = ¢ + 1 we can determine
the angle with the following relations

(V) +(VZ)' =@ +2 = ¢ + 3 = 3.6180339887 (11)
_ V2 _ fi
cos(ag) = 75 = ot 12}
ap = 41.969915° (13)
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h=¢1/2

Figure 3. Geometry of the Great Pyramid with outlined disiening. Above Cut through
the middle of a Great Pyramid’'s face down the apath yellow displayed in-sphere
projection. Big¢) denotes the inverse of ¢ = ¢! =1+ ¢ . The length of the red secant
yields2 - ¢? [12] [13]. Below: Pyramid sketch with outlined angles.

Between the angles, andaj exists the approximate relationship (see relation
ap = 2¢ - ag (14)

Interestingly,2r. = /@ + 3 is the circumsphere diameter of an icosahedrom wniit triangle
edge length and the mid-sphere radius is exagth¢ ﬁ (seeFigure 4 andAppendix) [12]
[13] [14] [15].

We can assume that the knowledge about the matlusnoétthe golden ratio, but also of the
icosahedron and the rainbow were already preseaheiantiquity, may be without any known
documentation. The icosahedron is on®laton’s five solids,described in hiFheaetetus in
the fourth century B.C. However, well befoRtaton’s time such solids were obviously
known and worked with as documented by the Scotteived stone balls that are stone
‘spheres’ of ancient origin (Ashmolean museum efuhiversity of Oxford)16].



Figure 4. Projection of the Regular Icosahedron Solids DtvenThreefold Axis.
It is composed of 20 equilateral triangles, 12iced and 30 edges.

Conclusion

We really constantly underestimate the skills andwedge of ancient times. The golden
geometry of the Great Pyramid, the early explamatd the rainbow geometry and the
beautiful fivefold geometry of the icosahedron, répresent knowledge of times long past,
but a mutual influence may be assumed. They haveommon purely formal geometric

aspects that we tried to compare in this contrdruto stimulate the imagination of young
researchers.
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Appendix

Table 1. Coordinates of point8(x,y) constructing the light beam path in a sphericater
drop of unit radius at the origin by using= 1.3337448j = 59.367194°r = 40.176077°

P(x.y) X y
P: -cos() -0.50953 sin| 0.86045
P, COSs@r-i) 0.93367 Sirdr-i) 0.35812
Ps Ccos@r-i) 0.19658 sirdr-i) -0.98049
P, sin(i)/tan(2r-i) 2.24331 sin 0.86045
Ps -1 -2.5677
Formulasfor the lcosahedron (triangle edge length & ¢ = % = 0.61803398...) [13]
vV, = %(p‘za3 (15)
o2
= ma (16)
T, = vq;+3 a a7
-2
= (18)
Von =2 g3 (19)
sph =T 153
Vspn _ . ‘P_4 _ . — ~ —
Pt = = = 0263814507 = 0.8287977 ~ 2(V2-1) (20)
A =5-/3a? (21)
Agp = 122 22
sph — T[Ta ( )
Asph _ . (P_4
PR @3)





