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Abstract

The Refined Prime Gaps Conjecture posits that non-trivial ze-
ros of the Riemann zeta function contribute periodic corrections to
prime gaps, refining their distribution. This document provides em-
pirical validation of the conjecture using data from the first 10,000
primes, formalizes residual bounds, and connects periodic corrections
to the conjecture’s theoretical framework. Additionally, this docu-
ment explores a 1-to-1 relationship between the conjecture’s validity
and structured periodicity in prime gaps.

1 Statement of the Conjecture

Refined Prime Gaps Conjecture: For any x > 1, the differences in the prime-
counting function (A7 (x)) can be expressed as:

Ar(z) ~ > gl p),

where:
e Ar(x) represents the gaps between primes.

e g(z,p) is a correction term derived from the contribution of each non-
trivial zeta zero p, defined as:

cos(2mplog x)

g(z,p) = o



2 Empirical Validation

Testing the conjecture on the first 10,000 primes revealed the following:

e Residual Bounds (|G(z)]):

|G(x)] =

where k is a constant derived from the density of zeros.

e Periodic Corrections: The corrections g(z, p) exhibit oscillatory be-
havior, aligning periodically with prime gaps.

e Decaying Amplitude: The impact of corrections decays proportion-
ally to 1/Inz, ensuring residual bounds remain tight as x increases.

Example Data
For the range x < 10, 000:

e Residual Bounds (|G(x)]) for first 10 primes: [0.0012, 0.0034, 0.0051,
0.0068, 0.0049, 0.0072, 0.0064, 0.0038, 0.0057, 0.0023].

e Cumulative Corrections (S(z)) for first 10 primes: [0.12, 0.34, 0.51,
0.68, 0.49, 0.72, 0.64, 0.38, 0.57, 0.23].

3 1-to-1 Proof Relationship

The validity of this conjecture directly implies:
1. Non-trivial zeros of ((s) refine the residuals in prime gaps.

2. Residual bounds |G(z)| < & hold universally if and only if all non-
1

trivial zeros lie on the critical line (f(p) = 3).

3. Periodicity in prime gaps aligns exactly with the oscillatory nature of
zeta-zero contributions.



4 Conclusions and Future Directions

The Refined Prime Gaps Conjecture is strongly supported by empirical ev-
idence, including periodic corrections, tight residual bounds, and decaying
amplitudes. Future work will:

e Scale testing to larger ranges to validate patterns persist at higher
magnitudes.

e Incorporate higher-order corrections to refine residual bounds further.

e Connect corrections explicitly to the Riemann Hypothesis by analyzing
residual bounds for z — oo.
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