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  INTRODUCTION : -    

   𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 

  𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 ′𝑛′,  𝑓(𝑛, 1) =
௡

ଶ
 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑎𝑛𝑑 3𝑛 + 1 𝑖𝑓 𝑜𝑑𝑑. 

𝑙𝑒𝑡 𝑓(𝑛, 𝑟) = 𝑓[𝑓(𝑛, 𝑟 − 1), 1] 𝑓𝑜𝑟 𝑛 ≥ 2 

  𝐿𝑒𝑡 𝑡ℎ𝑒 𝑠𝑒𝑡 𝐴(𝑛)  = {𝑓(𝑛, 1), − − − − −, 𝑓(𝑛, 𝑟), − − − −,  } 

 𝐿𝑒𝑡 𝑡ℎ𝑒 𝑠𝑒𝑡 𝐵(𝑛) = {𝑓(𝑛, 1), − − −−, 𝑓(𝑛, 𝑟), −−, 1,4,2,1,4,2,1 −} 

   𝐴𝑠 𝑝𝑒𝑟 𝐶𝑜𝑙𝑙𝑎𝑡𝑧ᇱ𝑠 𝐶𝑜𝑛𝑗𝑒𝑐𝑡𝑢𝑟𝑒 𝐴(𝑛) = 𝐵(𝑛). 

   In this proof all the numbers involved are ‘0’ & positive integers 

 And hence, no further mention of it will be made. 

  𝐼𝑡 𝑖𝑠 𝑜𝑏𝑣𝑖𝑜𝑢𝑠 𝑡ℎ𝑎𝑡 𝑖𝑡 ℎ𝑎𝑠 𝑡𝑜 𝑏𝑒 𝑝𝑟𝑜𝑣𝑒𝑑 𝑜𝑛𝑙𝑦 𝑓𝑜𝑟 𝑜𝑑𝑑 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 ′𝑛′ 

 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑓𝑜𝑟 𝑒𝑣𝑒𝑛 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓′𝑛ᇱ𝑖𝑡 𝑤𝑖𝑙𝑙 𝑡𝑒𝑛𝑑 𝑡𝑜 𝑎𝑛 𝑜𝑑𝑑 𝑛𝑢𝑚𝑏𝑒𝑟. 
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                                          PROOF:-  

 

        𝑃𝐴𝑅𝑇 1: −  𝐴𝑛 𝑎𝑛𝑎𝑙𝑦𝑠𝑖𝑠 𝑜𝑓 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 1, 5, 21, 85, 𝑒𝑡𝑐           

           (4-1)  { 4௥ିଵ +  4௥ିଶ + 4௥ିଷ +  − − −  + 1 } + 1 = 4௥                                                                                                                             
   𝑆𝑜,   𝑖𝑓  𝑛 = {4௥ିଵ +  4௥ିଶ +  − − −  + 1},   𝑓(𝑛, 2𝑟) = 1             

                                  𝐻𝑒𝑛𝑐𝑒  𝐴(𝑛) = 𝐵(𝑛).  

    𝑇ℎ𝑖𝑠 𝑐𝑜𝑛𝑠𝑡𝑖𝑡𝑢𝑡𝑒𝑠 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑆 = { 𝑎𝑟: 𝑎𝑟 = [(4௥ − 1) ÷ 3], 𝑟 ≥ 1} 

   𝐴𝑛𝑑 𝐴 (𝑎𝑟) =  𝐵(𝑎𝑟) . 𝐴𝑛𝑑 𝑆 = { 1, 5, 21, 85, − − −   }                    

         𝑃𝐴𝑅𝑇 2 ∶ −  𝐴𝑛 𝑎𝑛𝑎𝑙𝑦𝑠𝑖𝑠 𝑜𝑓  𝑛 = (4𝑘 + 1)  

  Let us assume that 𝑖𝑓,    𝑛 ≤ 4𝑘 + 1 𝑡ℎ𝑒𝑛 𝐴(𝑛) = 𝐵(𝑛) 

   Let,    𝑛ଵ = 4(𝑘 + 𝑟) + 1;  𝑡ℎ𝑒𝑛, 𝑓(𝑛ଵ, 3) = 3(𝑘 + 𝑟) + 1              

   The numbers of the set  ′𝑆ᇱ have value of 𝑘 = (0,1,5, 21, − − −) 

                 𝑖 ) ′𝑘ᇱ  𝑖𝑠 𝑜𝑑𝑑 &   ′𝑟ᇱ  𝑖𝑠 𝑒𝑣𝑒𝑛 

     Then (𝑘 + 𝑟)𝑖𝑠 𝑜𝑑𝑑 𝑎𝑛𝑑 𝑠𝑜 𝑓(𝑘 + 𝑟, 1) = 3(𝑘 + 𝑟) + 1 

   𝐴 (𝑛ଵ) = 𝐵 (𝑛ଵ), 𝑖𝑓, ( 𝑘 + 𝑟)  ≤ 4𝑘 + 1 𝑜𝑟 𝑟 ≤ 3𝑘 + 1 

    So,  𝑓𝑜𝑟   𝑘 = 1,   𝑟 = 2, 4  &   𝑘 + 𝑟 = 3, 5.  

                     𝑘 = 5,   𝑟 = 2, 4, 6, 8, − − −,16 & 

             𝑘 + 𝑟 = 7, 9, 11, 13, − − −, 21. 

                     𝑘 = 21,   𝑟 = 2,4, − − − − ,64   and so on. 

  These generate the set    𝐾ଵ = { 1, 3, 5, − − −} 

                                               𝐾ଵ = { 𝑘: 𝑘 = 2𝑠 − 1, 𝑠 ≥ 1} 

                 𝑖𝑖 )  ′𝑘ᇱ  𝑖𝑠   𝑜𝑑𝑑 &   ′𝑟ᇱ   𝑖𝑠 𝑜𝑑𝑑 
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  𝐴(𝑛ଵ) = 𝐵(𝑛ଵ),   𝑖𝑓 3(𝑘 + 𝑟) + 1 ≤ 4𝑘 + 1 𝑖𝑒 3𝑟 ≤ 𝑘 

       𝑘 = 3 , 5, 7  ;   𝑟 = 1   &     𝑘 + 𝑟 =  4, 6, 8 . 

So,  𝑘 = 9,11,13 ;    𝑟 = 1,3  & 𝑘 + 𝑟 = 10 , 12,14,16 ;   𝑎𝑛𝑑 𝑠𝑜 𝑜𝑛. 

These generate the set    𝐾ଶ = { 𝑘 : 𝑘 = 2𝑠 & 𝑠 ≥ 0 } 

  ( 𝑘 = 0, 2 𝑖𝑠 𝑖𝑛𝑐𝑙𝑢𝑑𝑒𝑑 , 𝑎𝑠 𝑖𝑡 𝑐𝑎𝑛 𝑏𝑒 𝑣𝑒𝑟𝑖𝑓𝑖𝑒𝑑. ) 

 The set          𝐾 = 𝐾ଵ𝑈𝐾ଶ = { 𝑘: 𝑘 = 𝑠 & 𝑠 ≥ 0 } 

 This set   ′𝐾′    generates the set, 

              𝑁(2ଶ) = { 1, 5, 9, 13, − − − −} 

                           = { 𝑛ଶ ∶  𝑛ଶ = (4𝑘 + 1), 𝑘 ≥  0}    &    . 

              𝐴(𝑛ଶ) = 𝐵(𝑛ଶ) 

    𝑃𝐴𝑅𝑇 3 ∶ −  𝐴𝑛 𝑎𝑛𝑎𝑙𝑦𝑠𝑖𝑠 𝑜𝑓  𝑛 = (4𝑘 + 3 ) 

   Though it is assumed that n= 4k+1 is solved ,4k+1 and 4k+3 are 

Interconnected. It will be shown how (4k+3) becomes (4k+1) before  

Becoming ‘1’. 

   Let 𝑛 = (4𝑘 + 3); ′𝑘ᇱ𝑐𝑎𝑛 𝑏𝑒 𝑜𝑑𝑑 𝑜𝑟 𝑒𝑣𝑒𝑛. 

  Let,  𝑘 = 2𝑘ଷ 𝑜𝑟 2𝑘ଷ + 1 & 𝑛ଷ = 8𝑘ଷ + 3 & 𝑛ଷଵ = 8𝑘ଷ + 7 .             

             (1) 𝑛ଷ = ( 8𝑘ଷ + 3 ) 

 𝑓(𝑛ଷ, 1) = 𝑓(2ଷ𝑘ଷ + 2ଶ − 1,1) = 3. 2ଷ𝑘ଷ + 2ଷ + 2ଶ − 3 + 1 

 𝑓(𝑛ଷ, 2) = 3. 2ଶ𝑘ଷ + 2ଶ + 2 − 1 = 4(3𝑘ଷ + 1) + 1 

             𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,   𝐴(𝑛ଷ) = 𝐵(𝑛ଷ). 

 Thus, the following set is generated. 
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  𝑁 ( 2ଷ ) = { 3, 11, 19, − − − } = { 𝑛ଷ:  𝑛ଷ = (2ଷ𝑘 + 3), 𝑘 ≥ 0 }. 

 

              𝐼𝑛   𝑛ଷଵ,   𝑘ଷ   𝑐𝑎𝑛 𝑏𝑒 𝑜𝑑𝑑 𝑜𝑟 𝑒𝑣𝑒𝑛.  

 Therefore let,  𝑛ସ =  2ସ𝑘ସ + 7  &  𝑛ସଵ =  2ସ𝑘ସ + 15 

               (2) 𝑛ସ = 2ସ𝑘ସ + 2ଷ − 1 

   𝑓(𝑛ସ, 1) = 3. 2ସ𝑘ସ + 2ସ + 2ଷ − 3 + 1 = 2ସ(3𝑘ସ + 1) + 2ଷ − 2 

   𝑓(𝑛ସ, 2) =  2ଷ(3𝑘ସ + 1) + 3 ∶  [ (8𝑘 + 3) ] 

 𝑓(𝑛ସ, 4) =  2ଶ( 3ଶ𝑘ସ + 3 + 1) + 1 

  𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 , 𝐴(𝑛ସ) = 𝐵(𝑛ସ) 

  Thus, the following set is generated. 

     𝑁(2ସ) = { 7, 23, 39, − − − } = {𝑛ସ ∶ 𝑛ସ = (2ସ𝑘 + 7), 𝑘 ≥ 0 } 

             

                                                                                                                           
                       𝐼𝑛 𝑛ସଵ, 𝑘ସ  𝑐𝑎𝑛 𝑏𝑒 𝑜𝑑𝑑 𝑜𝑟 𝑒𝑣𝑒𝑛.  

       𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑙𝑒𝑡 𝑛ହ =  2ହ𝑘ହ + 15 & 𝑛ହଵ = 2ହ𝑘ହ + 31   

                  (3) 𝑛ହ = 2ହ𝑘ହ + 2ସ − 1 

   𝑓(𝑛ହ, 6) =  4(3ଷ𝑘ହ + 3ଶ + 3 + 1) + 1 

  𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝐴(𝑛ହ) = 𝐵(𝑛ହ) 

 Thus, the following set is generated. 

  𝑁(2ହ) = { 15, 47, 79, − − } = { 𝑛ହ: 𝑛ହ = (2ହ𝑘 + 15), 𝑘 ≥ 0} 

  − − − − − − − − − − − − − − − − − − − − − − − − − − 

 − − − − − − − − − − − − − − − − − − − − − − − − − − 
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  𝑙𝑒𝑡 𝑛௥ = 2௥ + 2௥ିଵ − 1   &  𝑛௥ଵ = 2௥ + 2௥ − 1 
 

 

                            (r-2):-       𝑛௥2௥𝑘௥ + 2௥ିଵ − 1 

  𝑓(𝑛௥ , 2𝑟 − 4) =   4( 3௥ିଶ𝑘௥ + 3௥ିଷ + 3௥ିସ +  − − −  + 1) + 1  

  𝑇ℎ𝑒𝑟𝑓𝑜𝑟𝑒  𝐴( 𝑛௥  ) = 𝐵( 𝑛௥  ) 

 Thus, the following set is generated. 

  𝑁( 2௥  ) = { [ (2௥ିଵ − 1), − − −− , ( 2௥ିଵ − 1 + 𝑘2௥), − −] } 

                 =   { 𝑛௥ ∶  𝑛௥ = (2௥𝑘 + 2௥ିଵ − 1), 𝑘 ≥ 0 } 

   

  

   PART 4  ; -   The  Conclusion 

 All these sets put together constitutes the master set  N ( 2 )  

   𝑁 (2) ≡ {𝑁(2ଶ)𝑈𝑁(2ଷ)𝑈 − − − − − 𝑈(2௥) − −− ;  𝑟 →  ∞ } . 

 The Set  𝑁 ( 2 ) = { 1, 3, 5, − −} = { 𝑛ଶ: 𝑛ଶ = (2𝑘 + 1), 𝑘 ≥ 0 }  

  𝐴𝑛𝑑        𝐴(𝑛ଶ) = 𝐵(𝑛ଶ) 

   The above set represents all odd numbers. All even numbers tend 

 to an odd number.  

               𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,      𝐴(𝑛) = 𝐵(𝑛)  &  𝑛 ∈ 𝑁 

 Thus,  𝐶𝑂𝐿𝐿𝐴𝑇𝑍ᇱ𝑆    𝐶𝑂𝑁𝐽𝐸𝐶𝑇𝑈𝑅𝐸,  Is proved for all  

  Positive Integers. 

 


