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Abstract

In this paper, we will expose for the Gaussian multiple a theorem relating the
predictability to correlations. This theorem is based on another equality which will
be also proven. For the correlations to be predictability, the proof will show that
the variance-covariance matrix must be located onto the boundary of the positive
semi-definite matrix cone with only one zero eigenvalue.
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1 Introduction

The aim of this paper is to propose a theorem relating the conditions in which the
correlations imply the predictability. Correlations will imply predictability when the
variance-covariance matrix will be located onto the boundary of the cone of positive
semi-definite symmetric matrices with only one zero eigenvalue.
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2 Conditional variance and marginal variance

In what follows, we will make the link between the conditional variance (Schur’s com-
plement) ΣX2−ΣXΩ.Σ

−1
Ω2 .ΣΩX and the marginal variance Var(.) of the difference between

the current variable X and the conditional mean E[X∣Ω]:

ΣX2 − ΣXΩ.Σ
−1
Ω2 .ΣΩX = Var(X − E[X∣Ω])

Proof:

ΣX2 − ΣXΩ.Σ
−1
Ω2 .ΣΩX = Var(X − E[X∣Ω])

ΣX2 − ΣXΩ.Σ
−1
Ω2 .ΣΩX = ΣX2 − 2.Cov(X,E[X∣Ω]) + Var(E[X∣Ω])

2.Cov(X,E[X∣Ω]) − ΣXΩ.Σ
−1
Ω2 .ΣΩX = Var(E[X∣Ω]

2.Cov(X,ΣXΩ.Σ
−1
Ω2 .ω⃗ + µX − ΣXΩ.Σ

−1
Ω2 .µΩ) − ΣXΩ.Σ

−1
Ω2 .ΣΩX = Var(E[X∣Ω]

2.Cov(X,ΣXΩ.Σ
−1
Ω2 .ω⃗) − ΣXΩ.Σ

−1
Ω2 .ΣΩX = Var(E[X∣Ω]

Using the bilinearity of the covariance we obtain:

2.ΣXΩ.Σ
−1
Ω2 .ΣΩX − ΣXΩ.Σ

−1
Ω2 .ΣΩX = Var(E[X∣Ω]

ΣXΩ.Σ
−1
Ω2 .ΣΩX = Var(E[X∣Ω]

We will now develop Var(E[X∣Ω]):

Var(E[X∣Ω])

= Var(ΣXΩΣ
−1
Ω2 .ω⃗ + µX − ΣXΩ.Σ

−1
Ω2 .µΩ)

= Var(ΣXΩΣ
−1
Ω2 .ω⃗)

As we have the following relationship:

Var(A.X) = Var(A.X.Xt.At) − Aµ.µt.At = A.(E[X.Xt] − µ.µt).At = A.var(X).At

we obtain:

Var(E[X∣Ω])

= Var(ΣXΩΣ
−1
Ω2 .ω⃗)

= ΣXΩΣ
−1
Ω2 .ΣΩ2 .Σ−1

Ω2 .ΣΩX

= ΣXΩ.I.Σ−1
Ω2 .ΣΩX

= ΣXΩ.Σ
−1
Ω2 .ΣΩX

We have proven the relationship: ΣX2 − ΣXΩ.Σ
−1
Ω2 .ΣΩX = Var(X − E[X∣Ω])
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3 Context when the Correlations are predictability for
the multiple Gaussian

Theorem:

If Ω ≡ ω⃗ is a set of Gaussian variables with #Ω ≥ 2 and X a variable then there exists
a predictable relationship between the variables Ω and the variable X:

X = E[X∣Ω] = ΣXΩ.Σ
−1
Ω2 .ω⃗ + µX − ΣXΩ.Σ

−1
Ω2µΩ =

#Ω

∑
i=1
βXωi .ωi + βX

If:

KXΩ.K−1
Ω .KΩX = 1

Where Σ(Ω,X)2 is the covariance-variance matrix between the variables (Ω,X) and
K(Ω,X)2 = (diag−1(Σ(Ω,X)2))

1
2 .Σ(Ω,X)2 .(diag−1(Σ(Ω,X)2)

1
2 is the correlation matrix be-

tween the variables (Ω,X).

The predictable relationship is obtained when the variance covariance matrix Σ(Ω,X)2

lies on the boundary of the cone of positive semi-definite matrices with only one zero
eigenvalue.

Proof:

We will consider a symmetric matrix Σ(ΩX)2 strictly positive definite or a symmetric
matrix Σ(ΩX)2 having a single negative eigenvalue:

Σ(ΩX)2 = (
ΣΩ2 ΣΩX

ΣXΩ ΣX2
)

We will project this matrix onto the boundary of the cone of symmetric positive semi-
definite matrices (see paper [4] page 9).The projection is done by spectral decomposi-
tion and by putting the last eigenvalue equal to 0:

Σ+(ΩX)2 = PS (Σ(ΩX)2) = (
Σ+
Ω2 Σ+ΩX
Σ+XΩ Σ+X2

)

The symmetric matrix Σ+(ΩX)2 is singular because it is onto the boundary of the cone
of the positive semi-definite matrix, we obtain therefore:

det(Σ+(ΩX)2) = det(Σ+Ω2).(Σ
+
X2 − Σ

+
XΩ.(Σ

+
Ω2)
−1.Σ+ΩX) = 0

We suppose that Σ+
Ω2 is strictly positive definite, we can therefore deduce:

det(Σ+Ω2) > 0Ô⇒ Σ+X2 − Σ
+
XΩ.(Σ

+
Ω2)
−1.Σ+ΩX = 0
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From the theorem proof in the previous section, we obtain therefore:

Σ+X2 − Σ
+
XΩ.(Σ

+
Ω2)
−1.Σ+ΩX = Var(X − E[X∣Ω]) = 0

The equality implies that we have the predictable relationship:

X = E[X∣Ω] = Σ+XΩ.(Σ
−1
Ω2)
+.ω⃗ + µX − Σ

+
XΩ.(Σ

−1
Ω2)
+µΩ =

#Ω

∑
i=1
βXωi .ωi + βX

We will factorize the variance Σ+X2 into quadratic form Σ+X2 −Σ
+
X,Ω.(Σ

+
Ω2)
−1.Σ+X,Ω to show

the correlations KX,Ω.K−1
Ω2 .KΩ,X:

Σ+X2 − Σ
+
X,Ω.(Σ

+
Ω2)
−1.Σ+X,Ω

= Σ+X2 − Σ
+
X,Ω.(diag−1(Σ+

Ω2))
1
2 .K−1
Ω2 .(diag−1(Σ+

Ω2))
1
2 .Σ+Ω,X

= Σ+X2 − (Σ+X2)
1
2 .KX,Ω.K−1

Ω2 .(Σ
+
X2)

1
2 .KΩ,X

= Σ+X2 .(1 − KX,Ω.K−1
Ω2 .KΩ,X)

The expression X = E[X∣Ω] is valid when we have:

Σ+X2 − Σ
+
XΩ.(Σ

+
Ω2)
−1.Σ+ΩX = Σ+X2 .(1 − KXΩ.K−1

Ω2 .KΩX) = 0

This implies that we have the predictable relationship when the quadratic form KXΩ.K−1
Ω2 .KΩX

verifies the following equality:

KXΩ.K−1
Ω2 .KΩX = 1

We have proven the theorem.
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4 Conclusion

In this paper and a Gaussian context, we have proved a theorem giving the conditions
under which correlations imply the predictability. This implication is true when the co-
variance matrix lies on the boundary of the cone of positive semi-definite matrices with
only one zero eigenvalue. The paper therefore aimed to relate the notion of correlation
to that of predictability.
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