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Abstract

In this paper, we will expose for the Gaussian multiple causation a theorem
relating the causation to correlations. This theorem is based on another equality
which will be also proven.
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1 Introduction

The aim of this paper is to propose a theorem relating the conditions in which the corre-
lations imply causality. The main theorem is based from an intermediate result relating
the Gaussian conditional variance (Schur’s complement) to the variance applied to the
difference between the current variable and its conditional mean.



2 Conditional variance and marginal variance

In what follows, we will make the link between the conditional variance (Schur’s com-
plement) Kx. — KXQ.KEIZ' .Kax and the marginal variance Var(.) of the difference be-
tween the current variable X and the conditional mean E[X|Q]:

Ty — Zxa.Zo-Zax = Var(X - E[X|Q])

Proof:

Ix2 — xa.Zgh-Zax = Var(X - E[X|Q])

Ixe — Zxa.Zgt-Zax = Iy — 2.Cov(X, E[X|Q]) + Var(E[X|Q])
2.Cov(X,E[X|Q]) - Zxa.25}) Zax = Var(E[X|Q]
2.Cov(X,Exq.Zop.@ + px — Zxa.-Eoh-ta) - Zxa-Zg-Zax = Var(E[X|Q]
2.Cov(X,Exq.Eop.@) — Zxa.Loh Zax = Var(E[X|Q]

Using the bilinearity of the covariance we obtain:

2.Zx0.Zo) Zax — Zxa.Eoh-Zax = Var(E[X|Q]

Txa-Zgt-Zox = Var(E[X|Q]

We will now develop Var(E[X|Q]):

Var(E[X|Q])

= Var(ZxaZoh.@ + pix — Zxa.Zo) Ho)

= Var(ExoZo).@)

As we have the following relationship:

Var(A.(Y - 1)) = Var(A.Y — Aji) = Var(A.Y) = AVar(Y).A'
we obtain:

Var(E[X|Q])

= Var(ExoZoh-@)

= ZxoZoh T2 Zoh Zax

=yl Zo) Zox

= 2XQ~2§_2£ 2Zaox

We have proven the relationship: Zy: — Zyq.E 1 .Zax = Var(X - E[X|Q])



3 Context when the Correlations are causation

Theorem:

If Q = @ is a set of causes with #Q > 2 and X a variable then there exists a causal
relationship between the variables Q and the variable X :

X = E[X|Q] = Zxa.Zgp.@ + tx — Zxa.Zgrlo = gﬂ){wi.wi + By
iz
If:
Kxo.Kg' Kox = 1
Where ¥ xy is the covariance-variance matrix between the variables (Q,X) and

Kaxy = diag’l(E(Q,X)z).Z(Q,X)z.diag’l(il(g,x)z is the correlation matrix between the
variables (Q,X).

Proof:

We will consider a symmetric matrix Zqx)> strictly positive definite or a symmetric
matrix X gxy: having a single negative eigenvalue:

s e Tox
(ORI I Ty

We will project this matrix onto the boundary of the cone of symmetric positive semi-
definite matrices (see paper [4] page 9).The projection is done by spectral decomposi-
tion and by putting the last eigenvalue equal to 0:

Ziaxy: = Ps (Zeaxy) = (Zf;z Z;EX)
ZXQ sz

The symmetric matrix ZE“QX)Z is singular because it is onto the boundary of the cone of
the positive semi-definite matrix, we obtain therefore:

det(Z{ayy2) = det(Z)-(Z3: - Zxo-(Z) " Zox) = 0
X/ is strictly positive definite, we can therefore deduce:
det(T) >0 =T} —Z35.(Z5:) " Zhy = 0

From the theorem proof in the previous section, we obtain therefore:

= X0 (Z5:) T Zhx = Var(X - E[X]Q]) =0



The equality implies that we have the causal relationship:
| | #Q
X = E[X|Q] = 2. (22) "@ + pix —~ Zxa-(Z2) "Ha = Y Bxw,-wi + Bx
i=1

We will factorize the variance £}, into quadratic form 3, -2} .(28,) .2} ; to show
the correlations KX’Q.KS_IZI Kax:

%~ Zra (Be) T Zia

.o 1 L |
=Iy —Xyq.(diag 1(252))2.K921.(dlag 1(23))2,25’){
=Zp- (2;2)%~KX,Q-K5;-(2;2)%.1(9’)(
= E;z(l - KX,Q~K§21~KQ,X)

The expression X = E[X|Q] is valid when we have:

e~ Zxa (2e) ™ Zhx = 2k (1 - Kxa. K Kax) = 0

This implies that we have the causal relationship when the quadratic form K xQ.Kézl Kox
verifies the following equality:

Kxa.Kot Kox = 1

We have proven the theorem.



4 Conclusion

In this paper, we have proved a theorem giving the conditions under which correlations
imply causality. The paper therefore aimed to relate the notion of correlation to that of
causality.
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