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ABSTRACT

Formal Calculation uses an auxiliary form to calculate various nested sums and
provides results in three forms. It is also a powerful tool for analysis. This article
studies the symmetry of the coefficients in Formal Calculation. Three types of
extended numbers were introduced, and many formulas for symmetric functions
were obtained.
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1 INTRODUCTION

The notion of formal computation was introduced in [1].

Definition 1. The definition of V7 is recursive. p € Z,
N—1 N—1

Vof(n)=fn), 2 Vifn+1)=f(N), 2 f(n+1)=Vf(N), V' =V.
n=o n=o

Definition 2. The definition of SUM(N) = SUM(N, PS, PT) is recursive. K;,D; € C; T; € IN.

N—1
SUM(N/ [KI :DI]/ [TI = 1]) - Z (KI +nD1).
n=o
SUM(N, [Ky : D1, Kz : Do, [Ty, To = Ty +2 ] i (K, +nD,)VPSUM(n + 1, [Ky : Dy, [T4]).

[K; :D,K, : D..Kp; : D] = [Ky, K,...Kpq] : D, [Kq, K. .Kpq] 1 1 = [Ky, K. . K]
Use K to represent the set {K;...Kp}, T to represent the set {T;...Tp}.
Use the auxiliary form: (K; + T;)(K, 4+ T>)...(Kp+Tp) = X Hf\il X;,X; =T, or K.

Definition 3. X(T)=Number of {X;, X,... X} € T.
Definition 4. X7_;=Number of {X;, X,..X;_;} € T, Xx_;=Number of {X;, X,..X;_,;} € K.

Obviously:Xr_; + Xx_; =i—1.
Use the auxiliary form and each X; cannot be exchanged, [1] draws conclusions:
SUM(N, PS,PT) =

M N+T, N+Ty—M (Ti—Xx—1 Dy, Xi=T;
Form; — 3 o= Ha(g) (N 2y ) Zg o Hi g)( A]é[+1+g> Bi = {K+XTK1D Xi=K;

M N+Ty—M+g N+Ty—M+g _ J(T;—=Xk—1)D;, X;=T;
Form, — Y4, Hy(g) (V7 ™7%) = £ Ha(9) (7 ) B = {0 o ke

M N+T, M N+Ty— Ki+(T—X7_)D;, Xi=T;
Formy — ) o~ o H;(8) (N_ﬂg g) =2 oo H;(8) (TM+§A g) , Bi = {K +X7_ IDI,TXfK,

H;(g) = H;(g, PS, PT) = H;(g, M), is defined as ¥ y1)_, [TI2, B:.

For example:

SUM(N, PS, [1,2,3..M]) = ¥ N1 M (K; + nD;).

SUM(N, PS, [1,3...2M—1]) nNMIO(KM—i-nMDM Yo (Ka+1m.D5) Y 32— (Ky +1:Dy).
SUMI(N, PS, [1,2,4]) = 33— (K; +13D5) 332 (K; +nDy) (K, + D).

SUM(N, PS,[1,3,4)) = X}, (K3+n3D3)(K2+n3D2 S o (Ky +nDy).

PS =1K; : D;1,K, : D,..Kpy : Dpl, PT = [T4, T,...Tp). There are recursive relationships:

° H,(gM) = (A +¢Dm)H: (g M —1) + (By + (§ —1)Dpm)H; (g — 1, M — 1),
Apm = Kp, Bt = Dm(Tv — ((i—1) = (§—1))) — (§ — 1)Dm = TmDpm — (i — 1) Dy

° Hy(g M) = (Am—8gDm)H (g, M —1) + (By + (§ — 1)Dm)H. (g — 1, M — 1),
Av=Ky+(i—1—9—Tm)Dpm+8Dm =Kpm+ (i —1—Tam)Dym, Bvm = TmiDp — (i — 1) Dy

* H;(g, M) = (Am +¢Dm)H;(g M —1) + (By — (§—1)Dpm)H;3(g — 1, M — 1),
Apm = Kp, Bt = =Ky + (T — (§ — 1))Dm + (§ — 1)Dy = —Kyp + TpmD.

Consider the general two-dimensional second-order linear recursive equations:
R(M,g) =(Am+gDm)RIM—1,8) + (Bm+ (§—1)EM)R(M —1,8—1).

It can also be calculated in a similar way to H(g), which is easier to understand.
H(g) itself requires |D;| = |E;| and can’t change the sign, so that three forms exist.
Many conclusions have been drawn [1]:

1. H(g) = Y1 gHZ () (5) = 2§, By k) (M75).
2 Hy(9) = X, (—00*sH (0 (£). Hy(g) = Z§_, (~0*em, ) (M7F).
3 Zg:o Hi(9)g8 (1 — M8 = YL Ha(@)(1 — M8 = 331 Hy(9)g8
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4. Z;VIOHI g Zg oHZ Zg 0H3 g) M —8

X X+M—
5. Yi Hi(9) (¥ ) =t OHzg)(+g) i H(g) (YY) yeNxec
6. SUM(N, [Ly,L,...Lg, PS], [Ls,L,...Lg, PT]) = Hi:1 L; x SUM(N, PS, PT).

Recurrence relations — 1), inversion — 2). 1) — 3)4)5). 5) is the basis of SUM(N).

6) show that T; can be great than 1. Regardless of the practical implications, we can
make the definition domain of PT extend to C.

When D; # 0,K; +D;n = Di(g—; + 1), so only the case D; = 1 needs to be dealt with.

In this paper, if not specified, the defaultis D; = 1. PS = [K;, K,...Kyl, PT = [T, T»...Tpl.

- 1,2..N
Definition 5. F]Ig< = > Ka, K, - K)\ng]K -1, ]:N — ]:{ b
T<A <A< <AgM
Definition 6. E]Ig< = > Ki, KAZ...KAQ,Elg =1, Elg\' - Eg'z"‘N},

T<AT <A< A<M

Fﬁ*M’I =5;(N+M,N), Sy is unsigned stirling number of the first kind.
EN = S,(N+M,N), S; is stirling number of the second kind.

2 PROPERTIES OF H(G)

In the calculation of H(g), [[X; = (][ X;, X; € T)([] X;, X; € K).

Definition 7. H(g, T)=H(g T, PS PT)= HXieT Bi, Hg Y T)=> HX,ET B;.
Also define H(g, K),H(g, >_K).

Theorem 2.1.

1. Hy(g, Y K) =H;(g, Y K) = Fy ES +Fly o Ef+..+FKEY,

2 Hy(g, Y T)=Ha(g, Y. T) = FTE" 8 —FL By ¥+ ..+ (—1)SFTE]" ¢

3. Ha(g, X K) = (—0OM8(F}y_ES + .. + F3EY, ),S = {Ti—K;—i+1}.

4 H;(g,ZT) (— )8F5EM’g+( 18 TFS IEM S+ FSEMT8,8 = ((T,— K, —i+1))
5. Hi ( /Z ZH 1+}\1+7\i),0\7\1 \7\2\...§7\M,g<g.

6. Hi(g,2_T) ZHI 1 (Tiga, = A, 0< A <A <. <Ag<KM—g.

Proof.

PS1 = [PS,Kpi44]), PT1 = [PT, Tp14,]). Using induction to prove 2).
H,(g,> T,PS1,PT1) =H,(g,> T)+H:(g—1,) T)(Tpi4; — (M—g+1)).
F{PTI} in H;(g,>_T,PS1,PT1) has three sources.

= (—2)*FT L EYT g+(—1)xp}fg_1)_x£x =) Tty
)T B (M- g+ 1))

= (1) FL (B S BV R M 1 —g)) + ()Y BN S Ty ()
= () FIL BT ()BT T = (TSR
EX g+E§”j1 M1y
:SZ(Mngrx,Mfg)Jr(M+17§A)J§127(2/I—g+x,M+1fg)

=SSM—-g+x+1,M+1—g)=Ey — ().
5) and 6) are definitions.

U
Theorem 2.2. PS=[K;:D;],D; #o,
H,(g) = (—1)M~8H, (g, [-K;+ T; — (i— 1) : Dil, PT) = (—1)8H; (g, PS, [ — T; +z—1])
H,(g) = (—1)M- “Hhi(g K+~ (1)1 DL PT) Holg) = (- 1)8H, (g, PS, 1§ — Ty +i— 1))
H,(g) = (—1)MH;, (g, [=T; : D}, 5 — Ti+i—1)).
H,(g) = (—1)MH,(g, [~ K,+T (i —1) : D, [ D).
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3 SYMMETRIC EXPRESSIONS IN H(G)

PT =T, T+1..T +M—1]. It can be inferred from the definition of SUM(N) that
K; can exchange orders. H;(g) = [T+ g—1l¢H;(g, > K). It is clearly a symmetric
function of K, we also reached the same conclusion. H,(g), H;(g) are also symmetric
functions, and there’s no K7 factors.

Definition 8. Fr(N +M,N) = Fyy/ /TN pry v, Ny = BT TN 1,

Obviously:

Fr(o,0) =Er(0,0) =1,Fr(1,0) = Er(1,0) = 0,F7(1,1) = E7(1,1) = 1.
Fo(N+M,N)=S5;(N+M,N),E;(N+M,N) =5,(N+M,N).

o Fr(M+1,g+1) = Fy " T = (T M)Fr(M, g + 1) + Fr(M, g).
o Ef(M+1,9+1) = ]{\ZT;’ TH8) (T4 9)Er(M, g + 1) + Er(M, g).

Fr(N+M,N)=SUM(N,I[T, T+1..T+M—1],[1,3..2M —1]).
o Ex(N+M,N) = SUM(N, [T, T...T}, [1,3...2M — 1]).

Theorem 3.1. PT = [T..T+M—1], Hy(g, ¥ K) = ¥ M 8 ()M~ JF]KEﬁTg“] T+,

j=o0
Proof.
H,(0,1) =K; —T,H,(1,1) = T. It's holds when M = 1.
Hy(gM) = (Ky—T—g)H,(gM—1)+(T+g—1)H,(g—1,M —1).
H,(g) is a symmetric function = Z]Aio A (j)F}K
( )=-T,A;(0) =T.
800) = —(T+ QA3 (0) +(T+g—1)A3, " (0) —
$(0) = (—1)M 8T + g —1lEr(M+1,g+1) = (—1)M [T+ g — z]gE;};Tg“-"”g}.

The rest only need to consider terms that multiply with K.

A3 () = A3, L (—1) = A3, o) =(~ 1)M=8TT + g —1)gEr(M+1—j,g+1).

H,(g) =[T+g—1lg ij\igg (—1) —g—]leE;[\z T;—1] T+g}

H,(g,T) = [T +g—1lg — the conc1u51on O

Definition 9. <7> =(T—1 +n—j)<]’-: > (]—1—1)<” 1>T, Gr=T,&r=o, <;Z>n,j<o>T =o.

T

Obviously: ), =T,(})r =0.n >0, <;1> = <7> is Eulerian number.

1

Definition 1o0. <§A>JT = Z]l::o (—1)%2{77 G),o <j<go<g<M.

i>T
Theorem 3.2. PT = [T, T+ 1..T +M — 1, H;(0) = [TX, K;, H;(M) = [TX, (T —K)),

Hylo<g < M) =y M <g >TF}K+(—1) g)F}{}.

Proof.

The coefficient before F}I\f{ is obvious, so H;(g) can be written in that form.
Hy(0 < g < M) = Y17 AL (DFX + (-1 (M) FY.

Hs(o,1) =K;,H;3(1,1) =T —K; — A%(0) =0,A](0) =T.

H;(g M) = (K +8)H;(gM—1) +(T+M—-g—Ky)H;(§—1,M—1) —
A,(0) = A%, (0) + (T +M—g)AS, " (0) — AS,(0) = <§4 >

M) =AYy, (=1 — A5 7, = 1) = AR G) = (57

Similarly, PS = [K,K —1...K — M + 1], then H(g) are symmetric functions of T.

Theorem 3.3. PS = [K.K—M+1], H5(g,> T) Z 1)8 ]FTE{KK 1 K=M-+g}
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Theorem 3.4. PS=[K,K—1..K—M+1], H,(M) = M ,Ti,H,(0) = Hf\il (K—T;),
s i
Hilo<g<M)=Y 1 = (M ) FF+ (oM (M )FT

Proof.

Hy(0 < g < M) = Y17 A§ ()FT + (—1)M=s (M) FY,
H,(0,1) =K—T;,H,(1,1) =T; = A%(0) =K, Al(0) = 0.
H;(gM) = (K—g—TmH:(§ M—1) + (Ty —M+g)H:(g§ —1,M —1) —
A54(0) = (K—g)Af;_, (0) — (M —g)Af; ", (0) - Agl0) = —(M_, . )

AR () = =A% (—1)+ A3, (—1) = AR, () = — <M79>1K :

_K

O
4 PROPERTIES OF EXTENDED NUMBERS
Theorem 4.1.
AT x4+ T+ 1) (x+T+M—1) = Y M Fr(M,k)xk
(x+TM =M Er(M+1,k+ 1)
Proof.
VSUM(N, [T, T...T] [1,2..M)) = (T+nM = T} H, (g) (%)
:ZQA:O E{TTH T+g}( ) Zg oS Er(M+1, g—i—l)( ) — 2).
O
=Y M 5,(M,k)x* because Eo(M+ 1,k+1) = S,(M, k).
Theorem42 Er(M+1, g+1)
=2 B, (ST E) (T+RM =1 _ng( ) Efp i
Proof.
H,(g [T, T..T],[1,2..M]) = g'ET(M+1 g+1).
Based on Crammer’s law, H, (g Zgﬂ 7)8+1tk (;Mfﬁi}%_l) VSUM(k). [1]
Er(Mt1,g+1) =2 587 (—1 g+1+’<( )(:r+k—1) 1), 21— 2).
O
—(_1\— n—i () n—2 — n—2
Theorem 4.3. <]'-’>_1 = (—1) ! (]. ) <;’>_27( 2) 1((]» )+2" I (j )).
Proof.
1) is to prove: (]’.1’1) =—(n—j—2) (] 1) (j+1) (7 2).
Right = —(n—1) (j 1) (j+1) (" 1) =—j (jf ) +(+1) (]'»’71) = Left.
Prove 2) in a similar way.
O

By recurrence relation:

Theorem 4.4. <§/I>T =H,(g,[T,1..1],[T.T+M—1]) =T x H;(g, [1...1], [T + 1..T + M — 1]).

MYy g+k T+M M—
Theorem 4.5. TE]N,<g >T— ,Z (g ) [T+ kr(k+1)V T
J— k f— J—
=T x ( 5{\4:02 <§4_1>T+1 (QA 1) +(—1)8 (é\ﬂ 1)),0 <g<M-1.
Proof.
Based on Crammer’s law, H;(g) = Y 8% (—1)8™"** (ng;rf,J VSUM(n). [1]

PS =[1..1],PT = [T+ 1...T+M— 1],PS1 =1[1,2..T,1...1],PT1 = [1,2.T, T+ 1. T + M —1].
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<§4>T = T x Hy(g) = 753 H5 (g, PS1, PT1).

= T Y8 (—q)gtnte (§+M ) T+n—1lr x M1 5 1), 3.2 = 2).
O
(M) =T(T +1)2M77 —T(T+ M).
Theorem 4.6. ZQA:O (—1)8¢'Er(M + 1,9+ 1) = (T—1)M. ZQ/I:O <§4>T = [TIM,
Proof.
H,(0) = = YL, (—0FH, () = XL, (—0RKEy ™ ™ - ).
PS = [1...1],PT —[T+1.T+M—1], T x Hy(M) =T x Zk:0 H; (k) —2).
O

K; is a constant, K;K,...Ky;, Ki; —K; = 1 or 2, there are M-1 intervals between fac-
tors. K;; — K; = 1 is defined as continuity, K, ; — K; = 2 is defined as discontinuity.

Definition 11. MIN§ (M) = K 3~ K;...Ky, K = Ky, MINZ (M) = MINg(M), count of dis-
continuities=g.

Obviously, o < g < M—1, MINgK(M) have (Q/I*I) items.
PS=[T+1,T+2.T+M—1],PT=[T+2,T+4.T+2M—2], T x H;(g) = T( )
PS=[T,T+1.T+M—1],PT = [T, T +2..T + 2M — 2], H;(g) = MINg (M) + MINT (M)
By definition:

Theorem 4.7. A1 + A2 +...+Ag11 =M—g,A; 20,

(W =T 1222 (g+ 1)t (T+A)(T+ A1 +A2)e(T+A1 4.+ Ag).
PS=I[T,T..T],PT =[1,3..2M —1].

Hi(g) =Y TA(T+ DML (T+ g+ (14+A1)(3+ A1 +A2).(2g — T+ A7 + ..+ Ag).
H,(g)=Changed MINg_ (M) + MINg(M). Select M-g from M factors, change i to (T-i).
PS=[T,T+1.T+M-—1],PT =[1,3..2M—1].

H,(g)=Changed MINg— (M) + MINg(M). Select M-g from M factors, change i to (T+i-1).

Ha(g) =Y (T—DM(T=2)22.(T—g—1 o1 (1T+ A1) 3+A7 +2A2)(2g — T+ A7 + .. + Ag).

For example, express the product in terms of ():

MINo(3) +MIN; (3) = (123) + (124) + (134),
H,(1)=(T—1,T—2,3)+(T—1,2,T—4)+ (1,T—3,T—4).
MIN,(3) + MIN,(3) = (124) + (134) + (135),

H;(2) =(T,2,4)+ (1, T +2,3)+ (1,3, T+ 4).

5 THE FORMULAS FOR SYMMETRIC FUNCTIONS

If1+K =Ky and 1+ T; = Try, Hy(g _( )H LTI, Ki 21— [

M—g ~{KK+1..K+M—1} g . M
pan By =T (Ki—1) ().

Z ]F;T]Tﬂ T+M— 1}EM 8 _ H T-|—i—1)<§/[).
2.1 — Hy(g, Y K) = (—1)M- 8ZM gF{T KIgs 31

M—g {T—K; M- TT+1..T
Theorem 5.1. ijog F]{ }Eﬁa _g_]:zjzog( )FH(E;A ;1] +g)

=Ty (M) ErM+1—j,g+1).

Ki=T—S5,(M,g) = ijo
Ki=T=1-5(Mg) =Y "8 (-1) (;M) S:(M+1—j,g+1).
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Ki=—q > S8 (T+q) (M) S.(M—jig) = T 0 g (M) Er(M+1—j,g+1).

7

Ki=qT=1-"8(1—q) (M) S,(M—jg) = T} (=qV (M) S,(M+1—j,g+1)

21— PS=[K.K—M+1],H (g, Y. T) = ¥$ OF]{T K}EM 5,33 -

Theorem 5. 5 SFN TIEL = (o S (oK T

Compared to 5.1, this is a little different.

Theorem 5.3. PS1 = [0, —1... — (p — 1), Kpy1...KnmI, PT1 = [Lq, L>...Ly, Ty ... Taal,
SUM(N, PS1,PT1) =[] L; x SUM(N —p, [Ky 1 +p..Kpp +p), [Tpi1..Tpl).
ZM gF{O y—1eo—(p—1) Kps1.. KM}Eg

j=o0 M—g—j = 08 <P
Zj\/log pF{O —(p—1)Kp+1-. KM}E?g\ng i Z;VIOP gF{Kp+1+p Km+p}E§A i 0<g<M—p.
Proof.

By the definition of H;(g), there clearly is:
Hq(g+p,PS1,PT1) =[] L; x Hy(g, [Kpy1 +p.. Kpg +pl, [Tpy 1. Til) — SUM(N).
Let PT = [1,2...M], 2.1 — the rest.

O
Special:
H1 o, ZK K<+ plLPT) — TT, (p+K) =X M, F],O’_I“‘_(p_l)’Kl Kuipr .

Z JP” "BV, P>

From [TY, (x +K;) = Z}VIO FKxM=, it’s easy to get:

S KMIEM =TT, (k+1) z] o (IVKMIFM — 0, M > k >

The extension can be obtained with H;(g).
PS=lo,—1..—(M—1)],PT = [T, T+1.T+M—1],H;(g <M) =o,
PS1 =PT1 =[T,T+1.T+M—1],H;(g >0) =0 —

Theorem 5.4.
_ ; I m—
M () <§4>TF;M T=0,0<g<M.

Mea S\
by <§4>TP;K+ (—1)8 @4) FK —0,0<g<MK={T,T+1..T+M—1).

] .

Proof.
Proof of the third equation. From Z]]\io (—1)/kM—i F;VI = 0 and the first equation,

j 0
it can be seen that <§A > and <§A > = <§A_1> have the same thing;:
T T T

0 j . . .
4.5 = <§A>T =a; 7%+ a2 +... — <§A>T =a,1"" +a,2Y7 + .. — the expression.

The same conclusion can be obtained by combining definition of <1gv1 >]T and 4.5.

PS=[T,T+1.T+p—1,Kyp1..Kpl, PT = [T, T+ 1..T+ M—1,
= H?:I (T+i—1)H;(8, [Kpi1..Kpl, [T +p.. T+ M—1]) —
Theorem 5.5. K ={T,T+1..T+p—1,Ky1;..Km}, Kg = {Kpy1...Kp},

j]\i;1< >F]K+ ()FIK—OM>g>M p.

) o ()58

1 j _
I, T+z—1)(Z;\AOP <§A p>T+pF}K]‘+(—1)8 @A p)PM ) 0<g<M-p.
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PS=[K,K—1.K—M+1],PT =[o,1..M—1],H,(g >0) =0,
PS1 =PT1 =[T,T+1.T+M—1],H,(g<M)=0—

Theorem 5.6.
M-1_/m ' M1 _
Z]':ol — <M*g>7KPj T=0,0<g<M.

M—1 M j K M— K
S —(M) R M (M) 0,0 <g < MK = (T, T+1.T+M—1)

PS =[K,K—1..K— M+1],PT = [K,K—1...K—p—|—1,Tp+1...TML
H,(g+p) = 1_[ (K—i+1)H,(g, [K—p..K=M+1], [Ty ;.. Tml) —

Theorem 5.7. T, ={K,K=1.K=p+1,Tpi1..Tnm}, Ty ={Tp+1-.Tm},
M-1_/m V T M— T

Z]-:O _<Mfg>,K'Fj +(—1) 3( )F =0,0<g<p.
M71 /M ] T M—p—g T _

2 j=o <M—P—g>4< F+=1) (8*?) Fy

p . M—p—1 M—p j T M—p\ T
T, K (S = (W) (F s (7))o <g <M—p.

Theorem5.8. T€ Z,pcIN,o<g<M,p<M,
M—g AT, T+1..T+p—1,Kpt1..Kp} g
ZJ 0 F En- 8=

M—p—g+ip {Kpt1.-.Knm} ng—i
Z ()T+p+g—l PZZ ]p EMpg+z]

Proof.
PS1=[T,T+1.T+(p—1),Kpy1..Ku), PT1 = [T, T+ 1. T+ M—1],
PS2 = [Kyi1..Kygl, PT2 = [T +p —1..T + M —1l.
H,(g,[T,PS],[T,PT]) =T xH;(g)+ T x H;(g—1) —
H,(g,PS1,PT1) = [T +¢—1]¢H;(g, }_K,PS1,PT1)
=[T+p—1l, Y, (!)H:(g—i,PS2,PT2).
=T+p—1p, Xt ) T+p—1+g—ilg_iHi(g—i, YK, PS2,PT2).

Ki=0,g=M— p—>Zp F{T Thp= I}EMP SO —1+M—1]p lEM P,
g=1 _>ZM IP{T Tﬂﬂ 1Kp+1 K} Z'f () _1+p p ZZM p—1+i {Kp+1 KM}.

]
p—M— IHZf OF]{TT+1 T+p—1} [T+p]

6 PT=PS AND ITS PROMOTION

H, (g, PT,PT) = Hf\il T; (Q/I), promoting it:

Theorem 6.1. PS = [T;,T,..Tp— pr0,— 1. — (p— 1)], then

T )
H3 p) :Hizl T, Hy(g # p) = o, SUMN) = [T, T; (YT 7).
Proof.

H:(g,M) = (Kp +8)H: (g, M —1) + (Tmy —M + g)H:(g — 1, M — 1)
Using induction and the recurrence relationship one can obtain H,(g).
PT1 = [TM7P+1"'TM]/ 2.2 —

H.(g,[0...— (p— 1)), PT1) = (—1)M~8H, (g, PT1,PT1) = ()M S [ My, T; (g)

Hy(g) = TTL," Ti x Hy(§ — (M = p), lo... = (p — 1)}, PT1) — Hs(g).
H;(g) can be obtained from the definition. H;(g) — SUM(N).
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Theorem 6.2. PS =[o,—1...— (M — p— 1), Tp— p+1 — (M —p)..Tp — (M —p)], then
H(g) = (M T, T (35)), Hal) = T 70 (R ).
H;(M—p) = Hf\il T;, H;(g#M —p) =0,SUM(N) = Hi:1 (I%]JEA_MW)
Proof.
2.2 & 6.1 = H,(g).
M

p =o0,H;(M) = ] T;. Recurrence relation & induction on p — H,(g).
i=1
H;(g) can be obtained from the definition. H;(g) — SUM(N).

Using similar methods:

Theorem 6.3. PS =1[T;,To..TmM—p,0,—1... — (p —1)],

PT = [o, (M p—1), (M—p)—TM_p+1 M —p)—Tpml, then
H(g) = (=08 I, Ti (1)), Ha(p) = (=10 T, T Halg #p) = o,
H,(g) = (—1) ngMIT- (5"7),

SUM(N) = (—1P TTX, T (Y74 7) p > o SUM(N) =TT, Ty, p = o,

7 TRANSFORMATION OF SUM(N)

Hf\il (x+K;) = ZQ/I:O agxM*g = ZQ/I:O F(Ingfog = VSUM(x+1,PS,[1,2..M]).
No need to know the value of K;. Any polynomial can be converted to VSUM(N, PS, [1, 2...]).

By choosing c and K, K,... appropriately, SUM(N) can be converted to ¢ x VISUM(N, [K,, K, ..., PT1).
However, it is generally necessary to solve higher-order equations to solve for K'.
But specifies that every nested sum can be flattened, converting to ¢ x VISUM(N, PS, [1, 2...]).

_ M N+Y N+Y+g . M N+Y+M+X—g
1) =) g—obg (g—:_X+1) Zg 0Cs ( +X+1) (3) =2 o= (M+1+X )' can
be converted to ¢ x V"XSUM(N+Y — X, PS, [1,2..M]). ¢ = ﬁ% =% = %. It

is only necessary to solve the system of linear equations to find F}K. so them can

also be converted to Zgl:o agxM=s.

Special:

bp=b;=..=b;=0—K; =0,K, =—1..Ky =—(q—1).

Co=c¢=..=¢=0—K; =1,K, =2..K;=4¢.

do=d;=..=dj=0—K; =0,K, =-1..Ky = —(q—1).

(1),(2), (3) can also be converted tocx VSUM(N+Y —X,PS, [ X+ 1, X+ 2..X+ M]).
b d

C= XD (XM = (x+1) X = H(X+NLK,)'

Special: co =¢; =... =¢g=0— K; =X+ 1,K, = X+2.K; = X +¢.
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