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ABSTRACT

In this paper, we propose a response optimization method for time-varying or non
linear systems using lattice matrix operators.

In order to compare the effectiveness and accuracy of this method against previou
s nonlinear optimal control methods, simulation results for nonlinear plants with ti
me-varying and gap nonlinearity are presented in this paper.

This method overcomes the drawbacks of previous controller design methods that
have been complicated by the characteristics of the plant and allows easy and gen
eral development of controllers by matrix algebraic equations for objects with tim
e-varying or nonlinear or uncertain parameters, which have strong robustness to v
ariations in disturbances, environmental noise and parameters.
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1. Introduction

So far, many methods have been proposed to solve the optimization problems of
time-varying and nonlinear systems, such as approximation methods, analytical m
ethods and parametric transfer function methods.[1~3]

A parametric transfer function approach limited to the study of individual compo
nents of the system could not be used for system synthesis.

In addition to these methods, there are equilibrium Operator methods, generative
function methods, delta Operator methods, adaptive control, and robust control.



! The corresponding author. Email: hc.kang@star-co.net.kp

However, those methods have problems in practices or have many search algorit
hms.[4~6]

For example, adaptive control is discussed only for linear objects.

For systems with simultaneous time-varying, nonlinear, and gray-level properties
(TVNLG), only stability analysis methods are considered in the time domain, and

the optimal controller design method is not fully established.[7,8]

In this paper, we will establish a general optimization scheme that meets the con
trol requirements of TVNLG system and overcomes the effects of noise and distu
rbance.

In general, among the advantages of various advanced control schemes, feature p
oints are real-time control methods such as system configuration and fuzzy control

of feedback mode.

In other words, when the controller is updated to reduce the error in real time, i
t can fully achieve its own performance.

However, so far, in most system designs, only a fixed controller according to th
e specific characteristics of the plant has been used.

Therefore, the controller can be complex or difficult to implement depending on
the characteristics of the object.

On the other hand, all control laws must be robust according to the changes of
the object and environment.

So the current trend of system design is numerical methods [9, 10].

Some papers have proposed a system synthesis method by pseudo-spectral metho
d to solve the optimal control problem of time-varying systems [11-17], but these

methods require many solutions to boundary value problems.

To avoid this, some papers have presented a new method for harmonic observati
on of hysteresis systems by nonlinear smoothing operators [18,19].

In this paper, we propose an algebraic optimization method for time-varying nonl
inear systems by lattice matrix operators.

In the course of the integral calculation, the quadrature method is used to transf
orm the integral equation into matrix form and consider the total motion of the s
ystem by the lattice matrix operator.


mailto:hc.kang@star-co.net.kp

In this paper, as an application example, the response optimization of nonlinear
objects with gap nonlinearity and objects with time-varying characteristics is prese
nted.

We have demonstrated that this method is effective in overcoming noise and noi
se, especially.

We believe that the proposed method has the advantage of being simpler, general,

and optimal than previous control methods.

It is also believed that this method will be an obvious advance in optimal contr
ol methods for non-linear objects as well as time-varying objects.

Using this method, the controller can be easily and generally developed with ma
trix algebraic equations.

The paper is organized as follows.

In Section 2, we introduce lattice matrix operators.

Representing the lattice matrix operator of the basic elements by the quadrature
formula is discussed in Section 3.

The controller synthesis method of TVNLG system with lattice matrix Operator i
s presented in Section 4.

Section 5 presents the equivalent lattice matrix operator of time-varying nonlinear

elements.

Section 6 shows the simulation results applied to the control of nonlinear elemen
t with backlash characteristics.

Conclusions are given in Section 7.

2. lattice matrix operator
The lattice matrix operator means mapping the product of a linear space directly to
another linear space.
It has the form of a matrix and is called the lattice matrix operator.
That is, the lattice matrix operator is to map a linear space to another linear space.
The matrix operator is classified as lattice matrix Operator and projection matrix
Operator.
The quadrature formulas used to study lattice matrix operators include rectangular,
trapezoidal, and Simpson's rules.
The integral equation has an operational kernel and the lattice matrix operator is used in
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the process of solving the integral equation.

Consider  the  differential  equation of the system as  follows:

8,0y M) =Y b Ou @.n>m ®

Where u(t)- input , y(t)- output

This differential equation is represented by the Volterra integral equation of the second
kind.

Using the quadrature method, the integral equation with the operational kernel is
approximated as follows:

y(ti)—Iky(ti,r)y(r)df=Iku (t,, 7)u(r)dr )
where
K, (t,r)=—§ (ﬁ‘fglf—;[ak (D) t-2)""] ®)
k,(t,7)= g ((n__l)lk) ! :—Z_kk b ()t -2)™] (4)

V)= X H K, 7)Y = S H K G UE) RO @

where H is the weight of quadrature.
R.(y) is the error, which has been pointed out in [2].
Now let us introduce the following notation

u(t) =, YD = Yo K, (7)) =k K (7)) =k
Disregarding R, (y), formula (5) is as follows.
yi_ijEjyj:Zij;uj (i=1N) (6)
j=1 j=L

Equation (6) is rewritten in matrix form

1-H,k, 0 0 Y
—Hk, 1-H,k, - 0 Yo |_
H1EN1 HZENZ 1_HNENN Yn



H .k} 0 U,
_ Hl:kzu1 Hz:kzu2 u:2 @
Hky,  HoKy, H K | Un
Representing the formula (7) to form of vector
Vv =AYy =AU,
Therefore
v, =[-AT AU,
(8)
From formula (8), we can write as follow.
Ay =AUy (9)
Therefore
Yy = AVAU, (10)
where
1-Hk, 0 0
A -] K 1—|—.|2E22 0
H,K, H;IZNZ 1- H‘NIZNN
H k) 0 0
A H1:k2“l H2:k2“2 O
Hky,  Hoky, H Kin
From formula (8) and (10),
[-RT A=A = A (11)

[Definition] in (11) , A is defined as lattice matrix operator of the system.
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From (10)
Ac=1-A
As above (7), Matrix A}, A, are conform to the shape of triangular matrix.

On the function y(t), it’s time interval divide into equal parts, and representing ea
ch part as h.

Using trapezoid formula, | take as follows.

h

Hl:HN —E
H,=H;=---=H,,=h

usually, h=%

3. Representation of basic elements of control system by lattice matrix oper
ator

3.1 Lattice Matrix Operator of Integral Elements
On the integral element

y(t) =Iu(r)dr

where y(t) isoutput, u(t) is input.
On the each discrete interval t,,

y(ti)=JLu(r)dr=Zi:Hju(tj),i=1,_N (12)

Where coefficients H; is selected from quadrature formula

Representing  y(t,), y(t,),---y(ty) O Vi, ¥,,---y,, and u(t,),u(t,),---u(ty) to
u,u,,---u,, above formula written as following form of matrix.

A H, 0 0 - 0 |u
Y, H, H, 0 - 0 Ju,
Yn H, H, H; - Hyjuy

Representing above formula to the form of vector,

6



Yy =AU, (13)
Where A is integral lattice matrix operator.

Example of A
(005 0 0 - 0 |
005 010 0 - O

A=[005 01 01 - 0

005 01 01 --- 0.05

3.2 Differential lattice matrix operator
Differential lattice matrix operator A, is defined as follows.

A=A
3.3 lattice matrix operator multiplying on the function
a(t) is a given function, and let us y(t)=a(t)u(t).
Representing y(t,),y(t,),---y(ty) 10 Vi, ¥,,--+y, » and u(t),u(t,), --u(ty) to
ul,UZ'...u

n

Follow formula is concluded.

fa(t,) O 0 - 0 =
“ll o ag) o - 0 N
2.l 0 0 aw) - 0 |
I 0o 0 0 - a(tN)_-uN
Consequently,
Yy =A @)Uy (14)

where A, (a) is Product lattice matrix operator on the function af(t).

4. The controller Synthesis method of the time-dependent system by lattice
matrix operator
Let us consider following time-dependent system.

u(t (t
()®~Acom~ i .

+




Fig 1. Block diagram of time-dependent system

The operator of closed system is as follows.

AYZ = ApA\sont(I + Ap A\:ont)_l (15)

where A is lattice matrix operator of the plant and A, is as follows.

A =1 - ADA T A = A - A) A
Representing the operator of the standard system (required system) as A, , our

demand is realization of the formula A, = Ay .

Therefore

Akont = A;(' - AR)lAR (16)

Consequently, the block diagram of synthesized system is as follows.

controller

l &1 (I-4,) "4, A [ A il

Fig 2. Block diagram of synthesized system
If the servo system is composed with controller and plant is worked perfectly,
the output signal yg(t) is

V(1) = A A (R Py, Pl + A AL (PP, P () (17)

where R,P,,---, P, - parameter of controller
If the actual output signal of the system is most nearly allied to typical output
signal y, (t), formula (17) is
y(t) = yg () (18)
Where, we consider
E(t,R. P R)=u(t) - y(t) (19)
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Then, controller synthesis problem is defined.

IR -R)=max[EGR.P-R) 1 min(i=1--1)

O<t<T

or
]
J(R,P,R)=[EX(tP,P, P ¢ midi=1r) (20)
0 i

5. Equivalent lattice matrix operator of time-dependent nonlinear element
Equivalent lattice matrix operator of time-dependent nonlinear element is determ
ined through iterative computation and simulated test.
Input-output relation of nonlinear element is denoted as following nonlinear func
tion. y.,(t)=F[u,(t)].
[Theorem] Computational algorithm of equal lattice matrix operator A, of nonlinear

element s as follows.
Step 1: Computation of zero approximation A, (0) of lattice matrix operator and

Uy (&) 5 Yo (L)

u,(,),y, () are obtained using input signal u,(t) and static characteristic o
f nonlinear element, and then A, (0) is determined.

Step 2: Computation of first approximation A, (1) of lattice matrix operator A,

A]I ®= A;lmp(tl) =Y (tl)/unl (tl)

where, A, () isequivalent lattice matrix operator of nonlinear element.
y.(t)/u,(t,) is obtained from static characteristic of nonlinear element an

d denotes the gain coefficient A,  (t)) of nonlinear element when t=t,.
Step 3: Computation of second approximation A, (2) of nonlinear element

Input signal u,(t,) of nonlinear element is determined using curve of u,(t)

(This curve is determined through measurement or multiple simulated test) in insta
nt of t=t,.

Then, y.,(t,)/u,(t,) is determined using static characteristic of nonlinear ele
ment.



As a result, A, (2)=A,,,t)=Y,(t)/u,(,) is determined.
Step 4: If not|ly,(t,) - yu(ty)|<e, Yyu(ts)/uy(ty) is computed according upper step.

Computation is performed until satisfying follow condition.
”ynl(tn )_ Yni (tn—l )" <&,

Then, A, (t) is function of time so that is denoted as function related to time

and calculated with multiplication lattice matrix operator related to time.
Anl(n)zAamp(tn )= ynl(tn)/unl(tn)
Hence, equivalent lattice matrix operator of time-dependent or nonlinear element

is defined as transfer coefficient on each time interval.
Equivalent lattice matrix operators of nonlinear elements such as backlash, satur

ation, non-sensitivity, magnetic hysteresis and delay are defined as above.

6. Simulation results
Example 1: Let’s consider rolling control plant of the missile (or DC motor

velocity servo system) as time-dependent plant.
K

W(s) =
®) Ts+1
Then, let’s take following mark.
Cu=- M, (1/3)
Iy (21)
clgz—'\gx (/s

Now, we can rewrite KT as follows by C,and C,
K=-S(5s)
(22)

11
Cll
Block diagram of this element is as follows.

1
— = 3
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Fig 3. Block diagram of inertial element.

It is assumed that C,,C,, are being changed in 45 seconds, and measurement

value
is being changing, too.
Namely, this plant is the time-dependent plant.

C,,C,; are configured by Look-up table.

The lattice matrix operator of integral element is as follows by Equation (13)
when sampling time is 0.2ms

01 0 0 - O]
01 02 0 -~ O

A=10°*01 02 02 - 0

01 02 02 - 01

The controller can be configured from Equation (16). Ideal output signal is obta
ined from design requirement. For an example, if transient time must be 3ms, sa
mpling with 0.2ms, the following column vector for equation (17) is obtained.

Y.()=[0.06 0.12 0.18 0.2 0.26 033 0.4 0.46 053 0.6 0.66 073 0.8 0.86 1]

The simulation block diagram is as follows.
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Fig 4. Block diagram for simulation.

Simulation result is as follows.
40

30 b

10 -

Amplitude[deg]

-20

-30

-40

Fig 5. Simulation result

Here, when noise or dynamical disturbance be acted to the system and para
meters of the system are changed in the range of 20% , there is no difference

with above result.
Example 2: Let’s consider the following non-linear control system with backlash p

roperty.
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0.2083
+ 1
T s+1.71 5
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| /% ’ ' / 1
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_'3; 04 i\ —
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(b)

1) output without backlash property, 2) output with backlash property

Fig 6.Block diagram of the non-linear control system with backlash prope
rty (a- block diagram , b-simulation result)

[]
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i

(a)
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Amplitude[deg]

(b)
Fig 7. Advanced block diagram of the non-linear control system with bac
klash property and its simulation result (a- block diagram, b-simu
lation result)

In the simulation results, we can see that the performance of the system with th
e introduced controller is improved and the error between input and output is abo
ut 0.0001.

It is difficult to obtain this result by any other controller.

Controller is as follows.

[1.393 0 0 0
~1.454  0.4889 0 0
A, =1.0e+04* 0.4807 —0.9697 0.4889 0
0 04807 -009697 04889 0

0 0 0.9614 —2.9008 1.9393]

o O O

Example 3: Let’s consider the following ball stabilization device.
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q1=9, g, =X

J - rotary inertia moment of the beam
(a) J,- rotary inertia moment of the ball

Fig 8. ball stabilization device and generalized coordinates
(a)- Ball control device (b) generalized coordinates

The motion equation of this device is as follows.

(J +J, + mx*)8 + mgxcosé + 2mxx& =u

Representing above formula to transferfunction

LONLS ,  Where k=—"9
O(s) s

(&

m+ -2
r

The step response for simulation is as follows.

1.025 T y T V T
I I I I I
12— = =
| | | | |
= LsHEH--A- 1= -+ A-1- 1=
E 1 I I |
I I I I
= 10l HE—H- - —H-H—- —
= i 1 i
= | | | |
2 1.005 — =l S o e o et -
- I I I
e 1 [ 1
ks I I I
7 09954 -+ 44 -+ -
CE | | | |
| | | |
099 =+ — - =1} -
I I I I
0985 - —H —7A—-\+r—H—t|— —H-
I I I I I
0.98 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1
time[s]

Fig 9. The step response for simulation

The control signal for simulation is as follows.
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control signal[V]

1
0.4 0.6 0.8
time[s]

Fig 10. The control signal

7. Conclusion

In this paper, we propose a modeling method for TVNLG plants by integral equ
ations and a design method for controllers by lattice matrix operators.

Here, the controller may consist of a non-regression type such as Example 1 or
a regression type as in Example 2, and the performance of the regression controll
er improves better than the non-regression type, but it can cause very small oscill
ations or Alias effects.

The controller using lattice matrix operators is general as a solution of matrix al
gebraic equations, and this design method can be applied to plants with time-depe
ndent or non-linear properties.

This method can meet any requirement of system design as the initial condition
is approached near the input value.

Thus, this method can be used for terminal control that requires precise control i
n conjunction with other controls.

In addition, this method can be applied not only to control but also to measurem
ent and identification.
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