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1. Introduction 

Mathematical constants play a key role in several areas of mathematics such as number theory, 

special functions, analysis or probability. As you know, π and e are the important constants which are 

widely used in mathematics and engineering. Besides these constants, there are many mathematical 

constants such as the Euler-Mascheroni constant, generalized Euler-Mascheroni constant, Lugo’s 

constant and Somos’ quadratic recurrent constant, etc.. 

The Euler-Mascheroni constant γ, now universally known as gamma, was introduced by the Swiss 

mathematician Leonhard Euler (1707-1783) in 1734, which is defined as the limit of the sequence 
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The constant γ is closely related to the gamma function (z)  by means of the familiar Weierstrass 

formula [1, p. 255, Equation (6.1.3)] (see also [12, Chapter 1, Section 1.1]): 
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Lugo[4] considered the sequence nL  , which is essentially an interesting analogue of the sequence 

nD , defined by 
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We can easily find that  
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where L is called Lugo’s constant. 

As you can see, the Lugo and Euler-Mascheroni constants are related to each other. 

In the study of mathematical constants, the remarkable trend is to find more accurate 

approximations for them, so during the past several decades, many mathematicians and scientists have  
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worked on this subject. 

Up to now, many researchers have made great efforts in this area of establishing more accurate 

approximations for the Lugo and Euler-Mascheroni constant and had lots of inspiring results. 

Lugo[10] proved the following asymptotic formula: 
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Chen and Srivastava[6] established new analytical representations for the Euler Mascheroni 

constant γ: 
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in terms of the psi (or digamma) function defined by )(z  defined by 
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Recently, authors have focused on continued fractions in order to obtain new approximations. 

[11,13-15] 

For example, Lu[7] provided the faster sequence convergent to γ as follows. 
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where 
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 harmonic number and 
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Moreover, he used continued fraction approximation to consider new classes of sequences for the 

Euler–Mascheroni constant as follows.[8] 
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where 
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In [9], he introduced new classes of sequences. 
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In [3], a sequence concerning the Lugo’s constant is given as, 
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In this paper, we provide a new continued fraction approximation for the Lugo’s constant. Then, 

we derive the inequalities concerning the Lugo’s constant. Finally, we give some numerical 

computations to demonstrate the superiority of our new results. 

The rest of this paper is arranged as follows. 

In Sect. 2, some useful lemmas and a new continued fraction approximation for the Lugo’s 

constant are given. In Sect. 3, inequalities for the Lugo’s constant are provided. In the last section, 

some numerical computations are given. 

2. A new continued fraction approximation for the Lugo’s constant 

In this section, some useful lemmas and a new continued fraction approximation for the Lugo’s 

constant are given. 

Lemma 2.1. We have the following power series representation of 
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Proof. We make the following substitution. 



ss

i

i
i Aai

n

a

A
a 






,),2,1(,

1 1

 .                      (2.1) 

Then, we can easily get that 
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Using the following power series expansion, 
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We show the first few terms as follows: 
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Lemma 2.2. The psi function   has the asymptotic formulas as follows: 
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where nB (n ∈ ℕ0 ≔ ℕ ∪ *0+) denotes the Bernoulli numbers defined by the generating formula 
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then the first few terms of nB  are as follows.   



 ,
66

5
 ,

30

1
 ,

42

1
 ,

30

1
 ,

6

1
 ,

2

1
 ,1

,1 ,0

10864210

12





BBBBBBB

nB n

. 

We can find expressions above by differentiating expressions (3.14) and (5.4) in [4].
 

Theorem 2.1. For any integer 0s  and 𝑟 ∈ ℝ, we have the following sequence convergent to the 

Lugo’s constant. 
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For any fixed s and r, we can obtain sequences with coefficients of which rate of convergence is faster 

than )1(  sn . 

Furthermore, for any integer s, let 
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Proof. We need to find the value of parameters which produce the best approximation.   

From [2], we can obtain 
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Using the expression above and Lemma 2.1 and Lemma 2.2, we can obtain 
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The proof of Theorem 2.1 is complete. 
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For the convenience of readers, we show 
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3. Inequalities associated with the Lugo’s constant 

In this section, we provide some useful lemmas and inequalities for the Lugo’s constant. 

In our investigation, we need the following lemmas. 

Lemma 3.1. (see [5] Lemma 2) Let 1k  and 0n  be integers. Then for all real numbers :0x  
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Using Lemma 3.1 and Lemma 3.2, we have 
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This proves the first expression. The proof of second is similar. Consequently, 
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Then, for 5x , 
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Define the function S( x ) by  
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Using Lemma 3.1 and Lemma 3.2, we have 
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This proves the first expression. The proof of second is similar. Consequently, 
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 Theorem 3.1. For all natural numbers n, 
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with the best possible constants 
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In order to prove, we define the function by 
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where )(xv  is the same as in Lemma 3.3. 
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Using )3,1)(( kkf calculated by mathematica, we conclude that the sequence f(n) is strictly 
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The proof of Theorem 3.1 is complete. 

Theorem 3.2. For all natural numbers n, 
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with the best possible constants 
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Proof. The inequality is equivalent to the following inequality. 
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In order to prove, we define the function by 
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where )(xv  is the same as in Lemma 3.4. 

Differentiating )(xf , we obtain 

1)()(
3

1
)( 3/4   xvxvxf .                      (3.28) 
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Using )5,1)(( kkf calculated by mathematica, we conclude that the sequence f(n) is strictly 

decreasing. This leads to  
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The proof of Theorem 3.2 is complete. 



 

4. Numerical Computation 

In this section, we give two tables to demonstrate the superiority of our new sequences 
0

8

5
,n

L , 1

24

7
,n

L ,

6

10

13
,n

L   over sequences given in [3]. 

For the convenience of readers, we show 
6

10

13
,n

L . 

qn

np
n

nc
n

nb
n

na
n

nn
ji

L
n

i

n

j
n



















 

40/27
)

10

13
ln()2ln2(

1

1 1

6

10

13
,

 ,         (4.1) 

where 

.
4259366615455490943

18710509023971366116

,
1501325053184

7212717239967
,

244333580

147420243
,

1359180

14561
,

810

839





q

pcba

 

Combining Theorem 2.1 and Theorem 3.1, 3.2, we have Tables 4.1 and 4.2. 

Table 4.1. 

N LLn 

 

LL
n

0

8

5
,

 

LL
n

1

24

7
,

 

10 21010588.6   
410341993.4   

51033127.3   

25 21047677.2   
510509458.7   

61026636.2   

50 21024418.1   
510927423.1   

71089117.2   

100 31023543.6   
610882702.4   

81065086.3   

250 31049767.2   
710874722.7   

91035082.2   

1000 41024854.6   
810941347.4   

111068436.3   

Table 4.2. 

N nv  
6

10

13
,n

LL   

10 1010328984.2   111054673.2   

25 1310836829.4   141030753.5   

50 1510070918.4   161034522.4   

100 1710298011.3   181044074.3   

250 2010520799.5   211066064.5   

1000 2410405723.3   251045776.3   
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