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ABSTRACT. In this article, we present novel additive properties for the g-
Drazin inverse within the context of Banach algebras. Subsequently, we
provide representations for the g-Drazin inverse of block operator matrices
defined over Banach spaces. These findings build upon and extend various
well-known results, such as those by Bu, Feng, and Bai (J. Comput. Appl.
Math., 218(2012), 10226-10237) and Dopazo and Martnez-Serrano (Linear
Algebra Appl., 432(2010), 1896-1904).

1. INTRODUCTION

Let A be a complex Banach algebra with an identity 1. An element a € A
has g-Drazin inverse (i.e., generalized Drazin inverse) if there exists b € A
such that b = bab,ab = ba,a — a*h € A™'. Here, A™! = {a € A|1+ax €
A~ whenever axz = wa}. Such b is unique, if it exists, and denote it by a“.
The Drazin inverse a? of a is defined by replacing the preceding A" into the
set of all nilpotents in A. The Drazin and g-Drazin inverses are valuable tools
in the realms of matrix and operator theory. They have found applications
across various disciplines, including ordinary differential equations, statistics,
probability, Markov chains, among others.

The Drazin and g-Drazin invertiblity of the sum in a Banach algebra was is
extensively studied by many authors from different views, e.g., [1, 2, 3, 4, 6]
and [11]. The representation of (P + Q)” was obtained when PQP = 0 and
PQ? = 0 for two complex matrices P and @ (see [10, Theorem 2.1]). After
that, this conditions were extended to P3Q = 0,QPQ = 0 and QP?Q = 0
for complex matrices P and @ by Bu, Feng and Bai(see [3, Theorem 3.1]).
In [?, Theorem 2.2], the representation of the g-Drazin inverse (P + Q)¢ of the
sum of P, () was obtained under the assumption P@) = 0 for bounded linear
operators P and (). The g-Drazin invertibility of a + b was also concerned
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with in the case of aba = 0 and ab® = 0 for two elements a and b in a Banach
algebra (see [1, Theorem 2.4]). The motivation of this paper is to extend the
preceding conditions to the general setting.

In Section 2, we derive new additive properties for the sum of g-Drazin
invertible elements in a Banach algebra. These results provide a generalization
of Theorem 2.2 from [10, Theorem 2.2].

Let X be a complex Banach space and B(X) denote the Banach algebra of
all bounded linear operators on X. Let

u=(zp)o

be a block operator matrix, where A € B(X),B € B(Y,X),C € B(X,Y)
and D € B(Y') are g-Drazin invertible and X,Y are complex Banach spaces.
In Section 3, we present new expressions for the g-Drazin inverse of matrix
M, which extend Theorem 4.1 and Theorem 4.2 from [3, Theorem 4.1 and
Theorem 4.2] as well as Theorem 2.2 from [5, Theorem 2.2].

Throughout the paper, all Banach algebras are complex with an identity.
We use A? to denote the set of all g-Drazin invertible elements in A. Let
a™ =1 — aa? for any a € A?. N stands for the set of all natural numbers.

2. ADDITIVE RESULTS

The purpose of this section is to establish the new formulas for the g-Drazin
of the sum in a Banach algebra. We start by extending [3, Theorem 3.1] as
follows.

Lemma 2.1. Let a,b,ab € A?. If a’b = 0,b%a = 0, then a + b € A?. In this
case,

(a+b)d = a?+ b+ a(ba)? + b(ab)? + a(b?)? + b(a?)?
+ (aba + bab)z(a® + b?),
a = ab+ba,=a®+ %

ol = (ab)?+ (ba), B — () + (B,
y = i(o&d)i{)’ﬂiﬁﬂ—i—fozia”(ﬁd)HS
— (ot (e
Proof. Let a = ab + ba, B = a* + b?. Since (ab)(ba) = (ba)(ab) = 0, we have
at = (ab)? + (ba)?. Likewise, 8¢ = (a%)? + (b%)%. Set

_( ab+ba 1
M_< 0 a2~|—b2)'
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Then

where

Let z = a%z; 4 2% Then

o= (5 i )
1

Clearly, M = ( ( @24 ) (ab+ba, 1))2. By Cline’s formula (see [7, Theorem

2.1]), we have (a+b)? = (ab+ba,1) ( o2 —11- B2 ) has g-Drazin inverse. In light

of [9, Corollary 2.2, a 4+ b has g-Drazin inverse. Furthermore, we have

(a+b)?
= (a+b)[(a + b)??

— (a+b)(ab+ ba, 1)(M)? ( ZibQ )

:(aba+bab,a+b)( 0 )( —1|—b2
= (aba+bab)(ad) (aba—i—bab ( +02) + (a+b)(BY?)(a® + 2)

= a’ + b + a(ba)? 4 b(ab)? + a(b?)* + b(a )2 + (aba + bab) (a + b?).

Moreover, we have

» = Z( )l+3ﬁzﬂﬂ + Za Bd i+3 (Oéd)zﬁd - Oéd(ﬁd>2.
=0
as asserted. O

Lemma 2.2. Let a,b € A% If a®b = 0,b*> = 0 and (ab)? =0, then a+b € A%

In this case,

(a+b)" = a®+b(a”)? + ab(a®)® + bab(a)*.
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Proof. In view of Lemma 2.3, we have

(a + b)¢ = (aba + bab)z(a® + b*) + a + b(a?)?,
a = ab+ ba, B = a?,
al =0, = (a®)?,

= a7 = (3 + a8 + @A),

i=0
Hence,
z = (a)°+a(a ) +a*(a?)"
= (a®)% + ab(a?)® + b(a?)” + bab(a?)®.

Therefore

(a+0b)?

= (aba + bab)[(a®)* + ab(a®)® + b(a?)® + bab(a®)"] + a® + b(a?)?

a? + b(a?)? + ab(a?)? + bab(a)*,

as required. O

We now generalize [3, Theorem 3.1] from the Drazin inverse of complex
matrices to the g-Drazin inverse in Banach algebras.

Theorem 2.3. Leta,b € A%. Ifab = 0,bab = 0 and ba*b = 0, then a+b € A%,
In this case,

(a+b)¢ = ada+b?+ abza + o?bzala + a?bz(at)?a
+  a?b(B)%21a + a?b(B)?z10%a + @?b(54)321a
+ bzia + ab(B8%)? + a?b(87)? + o?b(B%)4,
a = a*+ab,B = b*+ ab,
O./d — (ad)Q + ab(ad)4,ﬁd — (bd)2 + a(bd)3,

a = 2(BY*2(a+batam + 3. BB7(a + b)(ad)H?
_ ﬁdo(aer) ~

2 = Zw“(a+b>( >Z+3+Z(6d>’+3<a+b>
- 5d(a+b)( 02— (p?)? (a+b)

a2+ ab a?b+ ab?
a+b b*+ab

[ a*+ab O (0 a*b+ab?
A‘( a+b 62+ab)’B_(O 0 )

Proof. Let M = ( ) . Then M = A + B, where
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Let a = a® + ab, § = b* + ab. Clearly, we have (ab)? = 0, a*(ab) = a®>b = 0 and
b%(ab) = 0. In light of [?, Theorem 2.3], we have

ad — (ad)Q + ab(ad)4,ﬁd — (bd>2 + a(bd)?).
By virtue of [8, Theorem 2.1],

d
d __ 0] O
A‘(a 6d)’

2 = Z(ﬁd)i—l—Q(a_’_b)aiO/r —I—Zﬁiﬁﬂ—(a—l—b)(&d)“—? —ﬁd(a+b)ad.
i=0 i=0

where

Let 2o = z10¢ + B%2,. Then

= (1 ohe )

Clearly, B?> = 0, and so B? = 0. We compute that

5 [ abzy ab(B%)?
sy — (2 W
B a?bzad + ob(B)%2 a?b(p)?
AB(AY)? = ( (a+ Blabza? 1 (a + Dab(8)22:  (a+ bjab(s) ) ’
BAB(A%) —

a2b22(ad)2 +a2b(ﬂd)2zlozd +a2b(ﬁd)321 a2b(ﬁd)4
(a + b)abze(a)? + (a + b)ab(B4)%210¢ + (a + b)ab()32,  (a+ b)ab(BH)* |-

Since ba*b = 0, we see that A2B = 0 and (AB)? = 0. According to Lemma
2.4, we have

M? = A?+ B(AY? + AB(AY)3 + BAB(AY)4

(T A
A=)

where
I' = o+ abz + a?bznat + a?b(8%)%2 + a?bzy(ad)?
+  a?b(BY)2 20 + a?b(4)32,
A = ab(ﬁd)2 +Oé2b(ﬁd)3 —|-0425(ﬁd)4,
A 21+ (@ + b)abza® + (a + b)ab($)?z; + (a + b)abzy(a?)?

(a+ b)ab(BY)2 210 + (a + b)ab(8)32,
B+ (a+b)ab(5)* + (a + b)ab(B)*,

I+

[1]
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Since M = (( “ ) (1,5))?, it follows from [9, Corollary 2.2] that N := ( “ ) (1,0)

1 1
has g-Drazin inverse and (N%)? = (N?)? = M?. By using Cline’s formula again,

(a+b)! = (1,b><Nd>2(‘f)=<1ab>Md<?)

= (1,b)(/1; a ) (i‘):ra+bAa+A+bE.

Since b(a + b)ab = 0, by the computation, we complete the proof. O

Lemma 2.4. Let A be a Banach algebra, and let a,b € A%, If ab*> = 0,ba® = 0
and (ba)® = 0, then a +b € A?. In this case,

(a+b) = (a+bab+t?)M?( ),
Me = Fd + (Fd)QG + (Fd)3G2 + (Fd)SGF + (Fd)4G2F,
o - a’b+ aba a®b+ abab
- 0 a’b+bab )’
ro— a? 0
a a’>+ab+ba+b> b )’
Fd _ (ad)?) 0
- ((ld)4 + (bd)4 + (bd)5aaﬂ' (bd)S :
Proof. Set
M= a®*+a*b+aba  a®b+ abab
“\a+ab+ba+ b a’b+ bab+ b
Then
M- a’b+ aba a®b+ abab n a’ 0
- 0 a?b + bab a’+ab+ba +b* b
= G+ F.
Moreover, we have
a’ 0 0 0
Fo= (a2+ba 0)+<62—|—ab b3>
= H+ K.

Then

Z. 0¥ 0\ .. 0 0
i = ( (a2 + ba)a® 0 > K= ( DD (B2 4 ab) B ) '
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In view of [8, Theorem 2.1], we have
: CLd 3i 0
(Hd) = ( (C(Ld)3)i+1 0 ) )
4 0 0
dyi ;
(K9)' = ( (bd)3(i+1)(b2 + ab) (bd>3i (i € N).

_— a™ 0 _— 1 0
= (1)K = (e )
Since HK = 0, it follows by [?, Theorem 2.3] that

Then

FY = Y K'K™(H)* + Y (K™ H'H™
1=0 1=0
— Kde + KdHT(
+ Z KiKTf(Hd)i-‘rl + Z(Kd>i+1HiH7r_
i=1 i=1

We compute that

KTH® = _bd)3<22+ab> f)(ggjﬁ 8)
KiH™ = 2

Kz'Kw(Hd)iJrl — O7

( 0
(KYyHTHiH™ = {\ (b9)aa”

1> 2.
Therefore
Fd — (ad)3 0
(ad>4 + (bd)4 + (bd)5aa7r (bd)S .
We see that
2 2
G — ( @babaababab ) \G? = 0,GFG = 0 and GF? = 0.

Then G% = 0 and G™ = I. Then
M?* = F? 4+ (F)?G + (FH3G* + (FY)*GF + (FH)'G*F.
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Obviously, M = N3, where N = ( Cll ) (1,b). Therefore

(a+0b)* = (a+b,ab+ b*)M* ( ff ) :
as asserted. O

Lemma 2.5. Let A be a Banach algebra, and let a,b € A%, If
ba®> =0, =0 and (ba)* = 0,
then a +b € A?. In this case,
(a+b)* = a” + (a®)?b + (a®)*ba + (a®)*bab.
Proof. Using the notations in Lemma 2.6, we have G? = 0 and
pi= (e ) rrer={ G 0 ).

i~ [ @)+ (a?)?ba  (a)3b + (a?)5bab
e ( (a?)?b + (a")%a  (a®)*b + (a®)%bab )

Hence,
ard — (a?)? + (a®)*b + (a?)ba + (a?)Sbab (a?)3b + (a?)>bab
(@) + (@b + (a?)%ba + (a?)bab  (a?)*b + (a?)Sbab |
Therefore we compute that
(a+b¢ = (a+b,ab) Md(
= a’+ (a?)?b + (a)3ba + (a®)*bab,
as asserted. OJ

We have at our disposal all the information necessary to prove the following
result.

Theorem 2.6. Let a,b € A%, If ab®> = 0,aba = 0 and ab®a = 0, then a +b €
A In this case,

(a+b)?
— ()2 + (B + b+ (b)ab+ 30 b(AY)+2(a + blataTa

1=0

+ S 688 (a+ b)(a)2a — bi(a + b)al
=0

a=a’+ab,f=0b+aba? = (ad)2 + (ad)gb, Bt = (bd)2 + (bd)4ab'
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Proof. Let

B a® +ab a’b+ ab?
M‘( a+b b +ab )

Then M = A + B, where

_ a® + ab 0 _ 0 a?b+ ab?
A‘( a+b b2+ab>’B_(O 0 )

9

Let a = a® + ab, f = b* + ab. Clearly, we have (ab)* = 0, (ab)a® = (aba)a = 0

and ab(b?) = ab® = 0. In light of [?, Theorem 2.3|, we have
a’ = (a®)? + (a)®, p* = (b)* + (b%)*ab.

By virtue of [8, Theorem 2.1],
a0
A=
(4 ).

2 =Y (B (a+ba'a™ + ) BB (a+b) () — BYa+b)a’.

=0 =0

where

Let 211 = 2i(a?) + (84)'2(i € N). Then

= (LN e ).

Obviously, B? = 0, and then B? = 0. We compute that

iepn [0 (ah)?b+ (a?)3b? [ a®?* 0
(A)B_(O 22(ab + ab?)  BA = 0 0 )’

0., Y ) (AYBAB = 0, BA2 — 0, (BA)? = 0.

d\3 —
(A ) BA = ( 23a2b2 0

In light of Lemma 2.7, we have

M = A+ (AY’B + (AY3BA + (AY)*BAB

B ad (ad)2b+ (ad)3b2
- Z1 + 23a2b2 5d '
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Since M = (( “ (1,5))?, it follows from [9, Corollary 2.2] that N := ( Cll ) (1,0)

1
has g-Drazin inverse and (N%)? = (N?)? = M?. By using Cline’s formula again,
et = o (§) = ( ]
~ 1,0) ol (a®)?b + (a®)®p? a
N 21 + z3a%b? B¢ 1

= aa+bzia+ (a?)?b + (a)3b* + bpe
= a®+ (a?)?b + (a?)3V? + b + (b%)3ab + bz a,

as required. O

3. BLOCK OPERATOR MATRICES

The aim of this section is to investigate the g-Drazin inverse for the block
matrix M given by (x). We now generalized [3, Theorem 4.1] and derive

Theorem 3.1. Let A € B(X) have g-Drazin inverse, D € B(Y) and M
be given by (). Let W = AA? + AYBCA?. If AW has g-Drazin inverse,
ABCA™ = 0,ATABC =0 and D = CA?B, then M has g-Drazin inverse. In

this case,

M = P!+ PQP)'+Q(PQ)! + Q(P)?
+ (PQP +QPQ)Z(P* +Q°),

7 = Z( )z+3@ /B7l'+ Zaa (ﬂd)z+3 ( d)25d_ad(5d)2’

a::PQ+QPﬁ W+Q2

al = (PQ)+(QP)!,p! = (P)?,

b 240 AA°R [ AA™ A™B
= c ca )@= 0 o )

Pd _ AAd d]2 d
= (e 1wy (aan )
- ( éﬁj ) [(AW)4)i+2 (| AHTAT 4 AATBCATTA™,0 ).

i=1

Proof. One easily checks that

A B
M:(Ccm ) P+a,

where

~
I

VRN

=
Qo

[SH
O
o
Reliee
\_/
A

A™B
0 .
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We check that P?Q = 0,Q*P = 0 and PQ has g-Drazin inverse. Clearly,
Q% = 0. In view of Lemma 2.3, we have

M? = P+ P(QP)! +Q(PQ)! + Q(P!)*
+ (PQP+QPQ)Z(P*+ Q?),

a = PQ+QP =P +0Q7

at = (PQ)"+(QP)!, = (P)?,

—— i(ad)i+36i6ﬂ+iaiaﬂ(ﬂd)iJrg
=0 i

=0
(a2t — ()
Also we have
A%AT AA'B 0 O
P:H+&H:<CMNCMB)%:(GMO)’
PP, = 0 and PZ = 0. Hence P§ = 0. Obviously, we have

d
H_(é%)(AAMBy

AAl

By hypothesis, ( A, AA’B ) ( oAl

Cline’s formula, we get

W:(AM>MWWWAAMB)

) = AW has g-Drazin inverse. By using

CA?
For any n € N, we compute that
dyi AA? dyi+1 d
(P1> —\ oA [(AW>] (A,AAB),

c (A
%—(awmﬂo>

According to [?, Theorem 2.3], P has g-Drazin inverse and

Pl = X PPI(PY) 4 T (H) PP
1=0 1=0

SO
= (e ) 1wy (Aants)

+ Z CAd

=1

([ AA d]i+2 i+1 d i—1
[(AW)2)+2 (( AF1LA™ 4 AACBCAITLA™,0 ).
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This completes the proof. O

Corollary 3.2. Let A € B(X) have g-Drazin inverse, D € B(Y) and M be
given by (). Let W = AAY+AYBC AL, If AW has g-Drazin inverse, ABC =0
and D = CA?B, then M has g-Drazin inverse. In this case,

M= PY 4 (PY)Q,

A AAYB 0 A"B
P—(c CAdB)’Q_(O 0 )

AA4
Pt = C'Ad ) [(AW)d]Q( A, AAB )
+ Y AA [((AW)4])+2 ( AHTAT 4 BCATTA™0 )
=\ cAf T
Proof. Since QP = 0, we easily obtain the result by Theorem 3.1. U

Lemma 3.3. Let A € B(X) have g-Drazin inverse and M = ( é ? > Let

W = AAY+ AYBCA?. If AW has g-Drazin inverse, CA°BC = 0, ABCA™ = 0
and ATABC = 0, then M has g-Drazin inverse. In this case,

M? = G+ (G')°H,

G! = P+ P(QP)! + Q(PQ)" + Q(P?)?
+ (PQP+QPQ)Z(P* + @),

0 — (0 0
— \o —-cA‘B )’

where P, Q), Z is defined as in Theorem 3.1.

Proof. Clearly, we have

A B
MZ(C CAdB):G+H’

A B 0 0
G:(C CAdB)’H:(O —CAdB)'

Then we check that GH = 0, H*> = 0. By virtue of [?, Theorem 2.3], M¢ =
G+ (GY)?H. Applying Theorem 3.1 to G, we complete the proof. O

where

Theorem 3.4. Let A € B(X) have g-Drazin inverse, D € B(Y') have g-Drazin

iverse and M = ( é ZB; ) Let W = AAY + AYBCAY. If AW has g-Drazin
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inverse, CA‘BC = 0, ABCA™ = 0,ATABC = 0,BDC = 0 and BD? = 0,
then M has g-Drazin tnverse. In this case,

Me = Z LiLw(Kd)i—H + E(Ld)i+1Kz’K7r
=0 =0

+ Z Lz’Lw(Kd>i+2L + Z(Ld>i+3KiK7rL
=0 =0
— LKL — (LYK KL,

A B 0 0 0 0
K:(C o>’L:<o D)’H:(O —CAdB>’

K? = G+ (GY)*H,
G = Pl PQP) +Q(PQ)Y +Q(P?)
+ (PQP+QPQ)Z(P*+ Q?),
where P, Q, Z is defined as in Theorem 35.1.

Proof. Write M = K + L, where

e (20)5-(28)

Then we have K¢ = G? + (G%)?H, where G, H as defined in Theorem 3.3.
Since BDC = 0 and BD? = 0, we check that KLK = 0, KL? = 0. Then we
have

Md — Z LiLﬂ'(Kd)i+1 + Z(Ld)i+1KiK7r

i=0 i=0
+ Z LiLw(Kd)i+2L + Z(Ld>i+3KiK7rL
i=0 i=0
— LeKd[ — (Ld)2KKdL.
The theorem is therefore established. O
The following example illustrates that Theorem 3.4 is a nontrivial general-

ization of [5, Theorem 2.2].

A B
Example 3.5. Let M = ( C D ), where

00 0 010
A=(o10]|,B=(00 0],
000 000
000 010
c=(o001],D=[001
000 00 0
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We easily check that CA?BC = 0, ABCA™ = 0, ATABC = 0, BDC = 0 and
BD? = 0. Then applying Theorem 3.4, we compute that

Mi — i)LiLﬂ-(Kd)iJrl n i)@d)iHKin
b L 4 S )KL
_ AR — (LYK KL
Since L is nilpotent, we have LY = 0, and so M = Z LlL”(Kd)“rleZ LIL™ (K42,
where K= G4+ (GY)2?H. As H =0, we get K = Gd Pd—l—Q(Pd) More-

over, we have P4 = (P))4 + (P)*P, = (P)¢ = 181 8 ) which implies that
LK?=0 and KL =0. Then M?= (61 8) But BC' # 0.
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