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Abstract.

We prove that the second smallest Laplacian eigenvalue of a
Collatz graph is greater than zero. Thus the Collatz graph is
connected.

Introduction.

The Collatz conjecture considers recursively sequences of
3n+1 If

positive integers where n is succeeded by 5 if nis even, or

n is odd. The conjecture states that for all starting values n the
sequence eventually reaches the trivial cycle 1,2,1,2...... The
inverted Collatz sequences can be represented as an undirected
Collatz graph [1]. In order to prove the Collatz conjecture, one must
demonstrate that this graph is connected.

Laplacian of a Graph.

Let G(V,E) be a Collatz graph with a set of node V and a set of
edge E. Let A and D be the adjacency matrix and the degree matrix of
the Collatz graph, respectively. The Laplacian matrix (L) is defined as

L= D-A

Since L is symmetric, its eigenvalues A; are real ; assume them
ordered in an increasing sequence [2]:

Let x € R” be a function on the vertices of G(V,E). Then

x"Lx = Y jjes(xi - %)
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<xx>

Let R(x) =

From the Rayleigh ‘s principle [3],
A1 = min,., R(2)
ﬂz = MAX 429 MiNgus=o R(X)

According to Collatz’s rules, let a variable xirepresents a node i
then

XTLx = Nimq.o(Xi - X250 HX2p41 - X3042)°
Let z be the first eigenvector of L
z=[1111.......1].
A, can be obtained from
A, = Min R(x) ; x#0,

with a constraint

X1 + Xy - + X, =0 (1)
If R(x) =0 then
X; —X3; =0 (2)
X2i+1 — X3i+2 =0 (3)

for i=1,2,3,-——-- , 0.

The solution x for (1), (2), and (3) is the zeros vector, x = [0, 0,--------
,0] which is not an eigenvector. It means that 4, > 0 then the
Collatz graph is connected.
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