The proof of the Riemann conjecture

LIAO TENG

Tianzheng International Mathematical Research Institute, Xiamen, China

Abstract: In order to strictly prove the hypothesis and conjectures in Riemann's 1859 paper on the
Number of Prime Numbers Not greater than x from a pure mathematical point of view, and in order to
strictly prove the Generalized hypothesis and the Generalized conjectures, this paper uses Euler's
formula to study the relationship between symmetric and conjugated zeros of Riemann's {(s) function
and Riemann's &(s) function, and proves that Riemann's hypothesis and Riemann's conjecture are
completely correct.
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l. Introduction

Riemann hypothesis and Riemann conjecture are an important and famous mathematical
problem left by Riemann in his paper "On the Number of prime Numbers not greater than x" m
which is of great significance for the study of prime number distribution and known as the
biggest unsolved mystery in mathematics. After years of hard work, | have solved this problem
and strictly prove the Generalized hypothesis and the Generalized conjectures, The research
shows that the Riemann hypothesis and the Riemann conjecture and the Generalized Riemann
hypothesis and the Generalized Riemann conjecture are all completely valid and the Polignac
conjecture,twin prime conjecture and Goldbach conjecture are completely true. It would be good
if you had a thorough understanding of Riemann's paper "On the Number of primes not Greater
than x" from the beginning to Riemann's conjecture and were fully convinced of the logical

reasoning behind it. You need to do this before reading this paper.
Il. Reasoning

Lemma 1:
Yhein~3=[],(1 —p~*)"Y(n€ Z*,p € Z*,s € C, n goes through all the natural numbers, p goes

through all the prime numbers),this formula was proposed and proved by the Swiss
mathematician Leonhard Euler in 1737 in a paper entitled "Some Observations on Infinite Series",
Euler's product formula connects a summation expression for natural numbers with a
continuative product

expression for prime numbers, and contains important information about the distribution of
prime numbers. This information was finally deciphered by Riemann after a long gap of 122 years,
which led to Riemann's famous paper "On the Number of primes less than a Given Value M
honor of Riemann, the left end of the Euler product formula was named after Riemann, and the
notation {(s) used by Riemann was adopted as the Riemann zeta function .
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Because e=2.718281828459045... ,e is a natural constant, | use " X" for Multiplication, then

based on euler's e*=cosx+isin(x) (XxER),
get (e3))%=(cos(3) + isin(3))?=cos(2x3)+isin(2x3)=cos(6)+isin(6) ,

because e®=cos(6)+isin(6),
so

(e31)2= e6l ,
In general,

(ebi)°= eP*i(bER , cER) is established.

When x>0(x&ER),suppose e¥Y=x(e=2.718281828459045... xER and x>0, yER) then y=In(x),based

on euler's e*= cos(x)+isin(x) (xER),will get

eVl = el®i=cos(Inx)+isin(Inx)(xER and x>0).

uppose tER and t # 0, now let’s figure out expression for x'(x€R and x>0, t€R and t # 0) is

xU=(eY)t=(e¥)t=(cos(Inx) + isin(Inx))t(x > 0).

Suppose s is any complex number, and s=p+ti(p ER,tER and t # 0,s€C) ,then let's find the

expression of x5(x€R and x>0, seC),

You put s=p+ti(c ERtER and t # 0,s€C) and x'=(e¥)t=(e¥)*=(cos(Inx) + isin(Inx))t(x > 0)

into x5(x > 0) and you will get

xS = x(PF) = xPxt = xP (cos(Inx) + i sin(Inx))* = x (cos(tlnx) + isin(tlnx))(x > 0) , if You put

s=p-ti(p ER, tERandt # 0,s€C) and x%=(e¥)!=(e¥)t=(cos(Inx) + isin(Inx))t(x > 0) into
s ,you will get x%=x®1 =xP(x%)~1 = xP(cos(Inx) + isin(Inx))~t = x°(cos(—tlnx) +

isin—tlnx=xpcostlnx-isintlnx(x>0),

Then
)= i ni = ini = Znolm = i (n_lp x nlt‘) Z( ) Costin() +1 isin(In(n)))"
- Z(n‘P(COS(ln(n)) + isin(In(n)))™)
- Z(n“’(cos(tln(n)) — isin(tln(n)))(s € Cand s # 1),
68) = M o= Mz (1 = p~) =Tl (1 — p ) =1, (1 - ) ™'

1
(cos(Inp)+isin(Inp))t

[Tp=a[1 =7

Cands # 1),

17t = [Ip=1[1 — (p~)(cos(tlnp) — isin(tlnp)) ] 7' (s €

and
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1. X, 1
n—ti) - nzzl(n )(cos(ln(n)) +isin(In(n)))~*

n=1 n=1 n=1 n=1

Z(n_"(cos(ln(n)) + isin(In(n)))")
n=1

Z(n_"(cos(tln(n)) +isin(tn(n)))(s € Cand's # 1),
n=1

1
1-p~s

6® = [5G = M (1 = p) 7 =15 = p ) = (1 - ) 7' =
1

(cos(Inp)—isin(Ilnp))t

[Ip=a[1 = (n7P)

Cands # 1),

171 = [Ip=1[1 — (p™) (cos(tlnp) + isin(tlnp)) ]7* (s €

and
1 1 1
- = © = P o p-1 .
C’(l s) Zn:l ni-s Zn:l nl-p-ti Zn:l(n ) (cos(In(n))+isin(In(n)))~t

Yo (P~ (cos(In(n)) + isin(In(n)))?H) = X5 (nP~1)(cos(tin(n)) + isin(tin(n)))(s €
Cands #1).

SO

X=n"P(cos(tln(n)) — isin(tln(n))),

Y=n"?(cos(tln(n)) + isin(tln(n))),

G=[1 — (p~P)(cos(tlnp) — isin(tlnp)) |71,

H=[1 — (p~?)(cos(tlnp) + isin(tlnp)) ]71,

X and Y are complex conjugates of each other, that is

X=Y, and

G and H are complex conjugates of each other, that is

G=H, so {(s)=Xili— = N a X =[Ij G(s€ Cand s # 1), and {(E)=Xi,— = X, Y =

p=1locoH(s€Cand s#1),

then

C(s)=® (seCand s#1).

As Riemann said in his paper, n takes all the positive integers, so n=1,2,3... ,Let's just plug in
all the positive integers,

Obviously,

U(s)=C(p+t)=) % =Y. X=[ 17Pcos(tin1)+ 27Pcos(tIn2)+ 37Pcos(tin3)+ 4~Pcos(tIn4d)+...]-i[17Psin(t

In1)+ 27Psin(tIn2)+ 37Psin(tln3)+ 4~ Psin(tin4)+...]= U-Vi,

U=[ 1~Pcos(tIn1)+ 2~Pcos(tln2)+ 37Pcos(tIn3)+ 4~Pcos(tind)+...]
V=[17Psin(tIn1)+ 27Psin(tIn2)+ 3~ Psin(tIn3)+ 4~ Psin(tin4)+...] ,
Then

Us)=U(p-yD)=2, L =Y. Y=[ 17Pcos(tin1)+ 27Pcos(tin2)+ 37 Pcos(tin3)+ 4~ Pcos(tind)+...]+i[17Psin(t

nS
In1)+ 27Psin(tIn2)+ 37Psin(tin3)+ 47 Psin(tin4)+ ...]= U+Vi,
U=[ 17 Pcos(tin1)+ 2~Pcos(tln2)+ 37Pcos(tIn3)+ 4~Pcos(tind)+...],
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V=[17Psin(tIn1)+ 27Psin(tIn2)+ 37Psin(tIn3)+ 4~ Psin(tin4))+...],
(1 —s) = X(xP")(cos(tlnx) + isin(tlnx)) =[ 1P~ cos(tin1)+ 2P~ 1cos(tIn2)+ 3°P~1cos(tin3)+
4P~1cos(tin4)+...]+i[1P~tsin(tin1)+ 2P~ sin(tin2)+ 3P~ 1sin(tIn3)+ 4P~ 1sin(tin4)+...],50 only when

p=% and {(s)=0(s € Cand s # 1) ,then It must be true that {(1-s)={(s)=0(s € Cand s # 1).

{(s)(seCands# 1) and {(5)(s € Cands # 1) are complex conjugates of each other,that is

C(s)=ﬁ (seCands # 1),

if {(s)=0(s € Cand s # 1),then must {(s)=0(s € C and s # 1),s0 if {(s)=0(s € C and s # 1), it must
be true that {(s)=((s)=0(s € Cand s # 1).

According to Riemann's paper "On the Number of primes not Greater than x", we can obtain an

expression {(1-s)=21"5nt _SCOS(?)F(S)C(S) (seCand s# 1) in relation to the Riemann {(s)

(s € Cand s # 1)function, which has long been known to modern mathematicians, and which 1
derive later.

Base on {(1-s)=2'"5w _SCOS($)F(S)C(S)(S € Cand s# 1), then {(1-s)= {(s)=0(s € Cand s #
1.

Beacause only when p=%, the next three equations, {(p + ti)=0, {(1 — p — ti)=0, and {(p-ti)=0
are all true,so only s = % +ti (t € Rand t # 0) is true.
According the equation {(1-s)=2'"*x ‘Scos(%s)r(s)(;(s)(s € Cand s # 1) obtained by Riemann ,

when {(s)=0 (s€ Cands# 1) , then {(1-s)=0 (s€ Cands # 1) ,50 It must be true that
{(1-s)={(s)=0(s € Cand s # 1), or say It must be true that {(1-s)={((s)=0(s € Cand s # 1), SO

only s =%+ti (t€e Rand t # 0) is true, or say only s =%+ti (teRandt =+ 0) is true.

When {(1-5)=C(1 — 5)=0={(s)={(1-s)=0(s € Cand s # 1), and according

z(s)=2Sns—lsin(?)r(l-s)z(l-s) (s € Cands # 1), then

Only Z(s)=®=0 (s€Cands # 1),is also say {(s)={(s)=¢(1-s)=0(s € Cands = 1). so only
{(p+ti)=C(p-ti)=0is true.

According the equation Z(1-s)= 21751 ™S cos( ? )[(s)l(s) (s€ Cands # 1) obtained by
Riemann,since Riemann has shown that the Riemann {(s) function has zero, that is, in
{(1-s)= 21751~ Cos( ?)l’(s)((s) (seCands#1), {s)=0(se€Cands# 1) is true, so when

{(s)=0(s € Cand s # 1) , then only {(s)={(1-s)=0(s € Cand s # 1) is true.

in the process of the Riemann hypothesis proved about (s)={(1-s)= {(s)=0(s € Cand s # 1), is
refers to the {(s) (s€Cand s# 1) is a functional number? It's not. Does {(s)={(1-s)=
{(s)(seCands # 1) mean the symmetry of the {(s) (s € Cand s # 1) function equation?

Does that mean the symmetry of the equation s=s=1-s? Not really. In my analyst, {(s). ¢(1-s) and
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Us)(s € Cands # 1) function expression is the same, are Yo-,n"5(n traves all positive
integer,s € Cand s # 1), so according to

Yo n~% (ntraves all positive integer,s € Cands # 1), {(s)(s € Cands # 1) function of the
independent variable s, the relationship between S and 1-s only C3=3 kinds, namely s=sor s=1-s
or s=1-s. As follows:

According (s)={(1-s)=0(s € Cand s # 1) and {(s)={(s)={(1-s)=0(s € C and s # 1),then only s=sor

s=1-s or s=1-s ,s0 S€ER, orp+ti=1-p-ti ,or p-ti=1-p-ti, so sER,orp=% and t=0,or p=

% andt €R and t# 0,50s € R, for example s=-2n(n€ Z*), or s=%+oi ,or s=%+ti(t ERandt #

0). ZG) > {(1) > 0,drop it, s=-2n(n€ Z™),It's the trivial zero of the Riemann {(s)(s € Cands #
1) function, drop it.

Beacause only when p=%,the next three equations, {(p + ti)=0, {(1 — p — ti)=0, and {(p-ti)=0 are all

1 .
true, ((E) > ¢(1) > 0,50 only s=zl+ti(tER and t # 0,s€C) is true, or say only s=%+t| (teRand t #
0,s€C) is true.Since Riemann has shown that the Riemann {(s)(s € Cand s # 1) function has zero,

that is, in {(1-s)=2'"°n *Cos(?)l’(s){(s) (seCands#1)(seCand s# 1), {(s)=0(s € Cands #

1) is true. According the equation &(s) = % s(s-1) F(%)T[_EZ(S)(S € Cands # 1) obtained

s s
2 2

by Riemann, so §(s)=E(1 - s)(s € Cands # 1), because T()=T() , and T

because {(s)= @(s €Cand s#1) , so &(s)= @(s €Cand s#¥1) So when {(s)=0 (s €

Cand s# 1) ,then §(s)={(1—s) =) =0(s€Cands#1) and §(s)=§(1 —s)=§(5)=0(s €
Cand s # 1) must be true , so the zeros of the Riemann {(s)(s € Cand s # 1) function and the

nontrivial zeros of the Riemann &(s)(s € Cand s # 1) function are identical, so the complex root

of Riemann &(s)=0(s € Cand s # 1) satisfies s=%+ti (teERand t # 0) . According to the Riemann
function H% (s-1) m2s )=(t) (t€Candt+ 0,s € Cands # 1) and he Riemann hypothesis
s=%+ti (teCandt=0), because s#1, and H% #0, T 2 #0, SO H%(s-l)n_f #0, and when

§(t)=0 (t€e Cand t # 0), then H% (s-1) 2 ¢ % +ti)=§(t)=0 (t € Candt # 0,s € Cands # 1), and

5® s=0(t € Candt# 0,s € Cand s # 1),so0 tERand t # 0. So the root t of

+ti)= ;=
2 IBs-nnTz [s-nn

the equations ]_[Z (s-1) m=z { % +ti )=¢(t)=0 (teCandt+#0,s€Cands+#1) and

3
oo 2y’ _1
4[1 @X N cos(%tlnx)dx=§(t)=0(t €Candt+#0,s€Cands # 1) and

) _3
E(t)=% -(t? + %)L Y(x) x 4 cos(%tlnx)=0(t €Candt+# 0,s € Cands # 1)mustbereal and t=+ 0.
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Riemann got []5(s-1)n 3((s)=¢(t) (t € Cand t # 0,5 € Cand s # 1)and &)~ -
3
( +)f"¥(x) x T cos(tlnx ) dx(t € Cand t # 0,5 € Cand s # 1) in his paper.or

[T(s-1)n24(s)=4(t) (t € Cand t # 0,5 € Cand s # 1) and

3
&ty=4f d("”’ ("”x‘z cos(5tnx)dx(t € Cand t # 0,5 € Cand s # 1),Becasue {( Liti)=0(teR and t #

0)is ture, so ng(s-l)n‘ic(§+ti )=E(t)=0(t € Cand t # 0,s € C and s # 1)and

@ d(xz‘f‘ )

1
and [13(s-D)n” ZQ(—+t| )=4[;" L= X7 cos (5 tnx)dx=E()=0(t € Cand t # 0,5 € Cand s # 1),and

® 3 .
&(t)=§ -( + j—‘)f1 Y(x) x4 cos G tlnx )=0(t €Candt+ 0,s € Cands # 1),50 the roots of equations
ng(s-l)n‘ic(§+ti):g(t):o(t €Candt# 0,5 € Cands # 1)

» d(xw (x)) -1

and 4 [ 4cos( tlnx ) dx =£(t)=0 (t € Candt # 0,s € Cand s # 1) and é(t)——-(t2

w 3
i) f] Y(x) x 4cos(%tlnx) =0(teCandt+#0,s€ Cands =+ 1) must all be real numbers.When

{(s)=0(seCands# 1) and §t)=0(t€ Candt # 0), the real part of the equation &(t)=0(s €
Cand s # 1) must be real between 0 and T. Because the real part of the equation (t)=0(t € Cand t #

. T, T T .
0) has the number of complex roots between 0 and T approximately equal to Zlnﬂ - ,This result

of Riemann's estimate of the number of zeros was rigorously proved by Mangoldt in 1895. Then,when
{(s)=0(s € Cand s # 1) and &(t)=0(t € C and t # 0), the number of real roots of the real part of the

T

equation &(t)=0(t € Cand t # 0) between 0 and T must be approximately equal to %ln% — ,So0,

when {(s)=0(s € Cand s # 1), the Riemann hypothesis and the Riemann conjecture are perfectly
valid.

Reasoning 1:

For any complex number s, when Rs(s) >0 and (s # 1),and ifs = p + ti(p € R,t €R) then

according to Dirichlet function

n(s)= an

(S € Cand Rs(s) > 0 and (s # 1)) andn (s)=(1-217%)2(s)(s € C and Rs(s) >

n(s) oo (-nn-t
(1_21—5) (1 21 s) n=1" s -

0 and s # 1),7(s)is the Riemann Zeta function,so Riemann {(s)=

(Gt Ol
(1-2")

the natural numbers, p goes through all the prime numbers). Let's prove that {(s)(s € Cand s #

[T,(1— p~5)"!(s € Cand Rs(s) > 0 and s # 1),ne Z*,p € Z*,s €C , n goes through all

1) and 7((s)(s € Cands # 1) are complex conjugations of each other.

> 1 —[1 Pcos(tinl)— 27Pcos(tIn2)+ 37Pcos(tin3)—4Pcos(tIn4)-...]-i[17Psin(tln1)— 2 Psin

nS

(tIn2)+ 37Psin(tin3) — 47 Psin(tln4)+...]= U-Vi,

_4yn-1
Z;’,‘;l( DX =[ 17Pcos(tin1)—27Pcos(tIn2)+ 3 Pcos(tIn3)—4Pcos(tIn4)-...]+i[1Psin(tin1)— 2 Psin

nS



The proof of the Riemann conjecture

(tIn2)+ 37Psin(tin3)—4"Psin(tln4)+...]= U+Vi,

oo EDT 1 1P=1 cos(tind) — 2P~ cos(tin2)+ 3°L cos(tin3) —4~° cos(tind)-...]+i[ 17° sin(tin1)

ni-s

— 27Psin(tIn2)+ 37 Psin(tin3)— 4 Psin(tIn4)+...],

_1\n—1
3y S —=[ 1P costin1) — 2P cos(tin2)+ 3°~* cos(tin3) —4°~ cos(tind)-...]+i[ 1° ¥ sin(tin1)

— 2P Ksin(tin2)+ 3P Ksin(tin3) — 4P Xsin(tin4)+...],

Because,

(_1)1’1—1 ) (_1)1"1—1
(1-2178) (1275’

M, —p™)=[l,A-p~5)*,
so

()"t (D
(1-21-5)" (1-21-%) ’

SO

(Gl T G Y o il 1 G
(1_21—5) n=1 ns (1_21_5) n=1 ns
Tt _p—sy-1z DT —p-5)-1
(1_21—5) Hp(l p ) - (1_21_§) Hp(l p S)

’

1 o (_1)n—1 (_l)n—l _ _
Z(S)=(1—21—S)21 ns (1—21—S)Hp(1 —p) K

1

_ ot ettt
T(1-2

1—§) Z:;1.0=1 ns - (1_21—5) Hp(l - p_g)_l :

(s)
so

only  ¢(s)=((s),

So

pl=S=p(=P~th=pl-Pp=ti=p1-P (cos(Inp) + i sin(Inp)) ~t=p'~P(cos(tlnp) — isin(tlnp)),
p'~S =p(t=P+th = pl=ppti = p1=P(pt) = p=P(cos(Inp) + isin(Inp))* = (p*~P(cos(tinp) +
isin(tlnp)),

Then

p~Um)=pTHHPrt=pp~ipt = ppt =(p?~*(cos(tlnp) + isin(tinp)),

(cos(tlnp)—isin(tlnp))
p~®=p~(P~D=p=Pp" = (p=P(cos(tinp) + isin(tinp))
)

(1 — p~379)=1-(p*~*(cos(tlnp) + isin(tlnp)) =1 — p*~* cos(tlnp) — ip®~Lsin(tinp),
1- p_(g))=1-(p‘9(cos(tlnp) + isin(tlnp)) =1 — p~? cos(tlnp) — ip~Psin(tlnp),

_4yn-1
ZEO=1( D™ _[ 1P ~Leos(tin1)— 2° ~Lcos(tin2)+ 3° ~1cos(tin3)—4P ~1cos(ting)-...]+i[1P ~Lsin(tIn

ni-s
1)— 2P ~Isin(tIn2)+ 3P ~Isin(tin3) — 4° ~Isin(tin4)+...],
_4\n-1
%24 S5 —=[ 17 cos{tin1)—27P cos(tin2)+ 3~Pcos(tin3)—4 Pcos(tind)-.. J+i[1 Psin(tin1)— 277

in(tn2)+ 37Psin(tin3)—4"sin(tin4)+...],
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1
when P=3

then

o _1)n-1
anl(n1)_5 _Zn 1
1-p~ ) =(1- p‘s),
and
(1—p @) =1-p5)7,
Hp(l - p_(l_s))_lznp(l - p_g)_ll

1)11 1

and

((—11_);‘;)1 [,(1 — p~(-9)1 = ((1—_12):) M, —p,
GO tge CO g cort

and

(1 - =52 (1 - p ),

(@ s (1 —p ™)

(1 - 9-S s me, G

(= s T S,

so when p=§, then

Only (1 — s)=¢(s).

According the equation {(1-s)=21"n 'Scos( )F s)(s€ Cands # 1) obtained by Riemann,since

Riemann has shown that the Riemann {(s) function has zero, that is, in
{(1-s)=2""5n 'SCos(n?S)F(s)Z(s) (s€Cands # 1),l(s)=0(s € Cand s # 1) istrue.

When 7(s)=0(s € Cand s # 1), then only {(k —5)={(s)=0(s € Cand s # 1), and
When 7(s)=0(s € Cand s # 1),then {(k —s)={(5)=0(s € Cand s # 1).

But the Riemann {(s)(s € Cand s # 1)function only satisfies {(1-s)=21"5n _Scos(%s)l'(s)z(s) (s€

Cands # 1),s0 when{(s)=0(s€ Cands # 1), then only {(1—5s)=7(s)=0(s€Cands #
1),and when {(s)=0(s € Cand s # 1), then only (1 —s)= {(s)=(s € Cands # 1)0, which is

U(k—5)=l(1 —s) =(s)(s € Cand s # 1),s0 only k=1 be true.so only Re(s):%(:% is true .

Yo 1 nk -[ 1P K cos(tin1) — 2P X cos(tin2)+ 3P K cos(tin3) —4° K cos(tin4)-...]+i[ 1°P K sin(tIn1)

— 2P Ksin(tin2)+ 3°Ksin(tin3) — 4P Xsin(tin4)+...],

_4yn-1
Z;’,‘;l( 1n)§ =[ 17Pcos(tin1)—27Pcos(tIn2)+ 3 Pcos(tin3)—4Pcos(tInd)-...]+i[1 ~PSin(tin1)— 2 Psin(

tIn2)+ 37 Psin(tin3)—4"Psin(tin4)+...],



The proof of the Riemann conjecture

pX=s=pk-p—th=pk=ep-ti-pk=p(cos(Inp) + isin(Inp)) ~t=pX~°(cos(tlnp) — isin(tlnp)),

pt~S = pl=e*th = ploeptl = pl=p(pt) = p'=P(cos(Inp) + isin(Inp))* = (p*~(cos(tinp) +
isin(tlnp)),

Then

p~(=pTirptD=ppipt = pp-k =(p°~*(cos(tlnp) + isin(tinp)),

(cos(tlnp)—isin(tlnp))
p~®=p~C~W=p=rpt = (p=P(cos(tlnp) + isin(tinp)),
p~&=9)=(pP~K(cos(tlnp) + isin(tlnp)),

so

(1 — p~&k=9))=1-(p*~K(cos(tlnp) + isin(tlnp)) =1 — p*~¥ cos(tlnp) — ip°Ksin(tlnp),
(1 — p~%)=1-(p~°(cos(tlnp) + isin(tlnp)) =1 — p~° cos(tlnp) — ip~Psin(tinp),

So

when p=§(kER) then

(Pt

(-t
Yne1 W=Zg°=1

(1-p &) =1 -p)

and

(1—-p ® =1 —p5),
[, —p &) =[[,(1 —p~9)7Y,

and

1 (GO 1 (-1)n-1
(1—21—k+5)2;1.0=1 nk-s (1_21_§)Z;1.0=1 s
and

-1 n-1 _ _ _
=9 T,

—_ (Dt —5y-1

(®=2 (-
1 o (DT

((k_ S):(l_zl—k+5) Zn:l nk-s ’

- 1 o (D!
((S)z(l_zl_g) Zn=1

S 7
ns

so when p=]§(k€R) then

Only ¢(k = 5)=0(s).

According the equation (1-s)= 21751 =S Cos( ? )JI(s)l(s) (s€Cands+# 1) obtained by
Riemann,since Riemann has shown that the Riemann {(s) (s € Cand s # 1) function has zero,
that is, in {(1-s)=21"5nt *Cos(?)l’(s)((s), {(s)=0(s € Cand s # 1) is true.

When {(s)=0(s € Cand s # 1), then only {(k —5)= {(s)=0(s € Cand s # 1), and

When {(s) =0 (s€ Cands # 1) ,then {(k—s) ={(s) = O(s€ Cands # 1) .And because
when {(s)=0(s € Cand s # 1), then only {(1 —s)={(5)=0(s € Cands # 1), whichis {(k—s) =
{(s)(s € Cand s # 1),s0 only k=1 be true.

According {(s)={(1-s)=0(s € Cand s # 1) and {(s)={(s)={(1-5)=0(s € Cand s # 1),then s=s or
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s=1-s or s=1-s ,s0 s€R, orp+ti=1-p-ti ,or p-ti=1-p-ti, so s €€ R,or p=% and t=0,or

1 .
pzzanthR and t# 0, so for tER , example s= -2n(n€ Z%), or s=%+0| ,or

s:%+ti(t €Rand t # 0). ZG) > (1) > 0,drop it, s= -2n(n€ Z*),It's the trivial zero of the
Riemann {(s)(s € Cands # 1) function, drop it.

1
Beacause only when p=5,the next three equations, {(p + ti)=0, ¢{(1 — p — ti)=0, and {(p-ti)=0 are all
1 1
true, Z(E) > (1) > 0, so only s=+ti (tERand t # 0) is true.Since Riemann has shown that the

Riemann {(s) function has zero, that is, in {(1-s)=2'"5n _SCOS($)F(S)Z(S) (s€Cands # 1), {(s)=0(s €
Cand s # 1) is true. According the

equation §(s) = %s(s—l)[‘(g)n_ %((s) (s € Cand s # 1) obtained by Riemann, so £(s)=£(1 —s)(s €

Cands # 1), because F(§)=F(§) , and nE=me , and because Z(s)=@(s € Cands# 1), so

£(s)=£(S) (s € Cand s # 1). So when (s)=0(s € Cand s # 1) ,then €(s)=t(1 —s) =((s) =0(s €
Cands # 1)and §(s)=§(1 —s)=§(5)=0 (s € Cands # 1)must be true , so the zeros of the
Riemann {(s)(s € Cands # 1) function and the nontrivial zeros of the Riemann &(s)(s €
Cands # 1) function are identical, so the complex root of Riemann §(s)=0(s € Cand s # 1)

1 .. _S
satisfies S=E+t|(tER andt# 0) , according to the Riemann function H%(s—l)n 2{(s )=(t)(s €

Cands # 1) and he Riemann hypothesis s:%+ti(tEC andt # 0), because s#1, and H%io,

S S
MT2%# 0, 50 H% (s-1) m2+%= o, and when §t)=0 (t€Candt+#0) , then

W 0
MGs-Dmz  [h(s-Dm 2

H%(s-l)n“gz(%ﬂi):ci(t):o(tER andt# 0,s€Cands # 1), and Z(%+ti)=

=0(teR andt+#0,seCands# 1), so teERandt# 0. So the root t of the equations

© d(X%‘V'(X) ) -

H%(s-l)n_gl(éﬂi):ﬁ(t):o(tER andt# 0,seCands # 1) and 4/ X %cos(%tlnx)dx=£(t)=0

1 dx
(teRandt # 0,s€ECand s # 1)

I _3
and E(t)=%-(t2 + ifl Y(x) x 4cos(%tlnx)=0(tER andt# 0,s€Cands # 1) must be real and
t # o.lf Re(s)=§ (k € R),then Z(k-s)=25"5m 'SCos(nTS)I'(s)((s) (s€Cands# 1,k €R) and §{(k—s) =

%s(s-k) F(g)n_ ZZ(S)(S €Cands# 1, ke R)aretrue, so when {(s)=0 (s€ Cands+# 1) ,then
{(s)=C¢(k—s) =¢(s) =0(s € Cand s # 1k € R)and §(s)=§(k —s)=§(5)=0(s € Cand s # 1k € R)

must be true , and s=l§+ti(kER , tERand t # 0,s€C) must be true, then H%(s-k)n_iz(gﬂi):&(t):o(t €

O %  _otecCandt# O,s€
M(s-lom™2 [5(s—km™2

Candt# 0,s€ Cands # 1,k €R), and ((§+ti)=
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Cands # 1,k € R),so teERandt # 0. So the root t of the equations Hg(s-k)n_il(gﬂi):«i(t):o(t €

Candt# 0,s€ Cands# 1,k €R) must be real and t # 0. But the Riemann (s)function only

satisfies Z(1-s)= 21751t =S Cos( ? )I(s)Ys) (s€Cands# 1) and &(s) = % s(s-1) I‘(g)n_§Z(s)( s €
Cands # 1), is also say that only {(1-s)=21"5nt ‘5C05($)F(s){(s)( s€Cands # 1) istrue, so only

k1
Re(s)=5=5 is true, so only k=1 is true.The Riemann hypothesis and the Riemann conjecture must
satisfy the properties of the Riemann {(s) (s € Cands # 1) function and the Riemann §(s)(s €
Cands # 1) function, The properties of the Riemann {(s) (s € Cands # 1) function and the
Riemann &(s)(s € Cands # 1) function are fundamental, the Riemann hypothesis and the
Riemann conjecture must be correct to reflect the properties of the Riemann {(s) (s € Cand s # 1)

function and the Riemann §(s)(s € Cands # 1) function, that is, the roots of the Riemann &(t)
1
(te Candt # 0)function can only be real, that is, Re(s) can only be equal to > and Im Im(s) must

be real, and Im(s) is not equal to zero.So the Riemann hypothesis and the Riemann conjecture must be
correct.

For any complex number s, when Rs(s)is any real number, including Rs(s)>0 and(s #
land Rss<0 and s#0), then Riemann{(s)=2sms—1sin(ns2)I'(1-s){(1-s) ( s€C and s#
1).Suppose s=p+ti(pER,tER and t # 0),let's prove that {(s) (s € Cands # 1) and {(5) (s €
Cands# 1) are complex conjugations of each other and get the equation

C(s)zzsns‘lsin(%s)r(l-s)Q(l-s).

Lemma 2:
The reasoning in Riemann's paper goes like:
2sin(rs)[1(s — DYs)=(2m)° X ns " ((—i) 1+ 1)(s € Cand s = 1) ™ (Formula 3),

based on euler's e*=cos(x) +isin(x) (x € R) can get

. T —_ —
e‘(_5)=cos(7n) +isin(7n) =0-i=-i,

. T
el(5)=cos(g)+isin(g)=0+i=i ,

then

T
2

(=547 = (D)7 ()5 =) el i)

T (T _ _
ie](_f)s-iel(E)S =i(cosTnSHsinTT[S)-i(cosn?s+isinn?s)=icos(n7s)-icos(n?s)+sin(n?s)+sin(n?s)

=Zsin(n7s) (s€Cands# 1) (Formula4).

According to the property of M(s-1)=I(s) of the gamma function,and
Yo 0¥ =(1-s),
Substitute the above (Formula 4) into the above (Formula 3), will get

2sin(rts)M(s)(s)=(21 )5q(1 —s)2 sinn?s(s € Cands # 1) (Formula5),
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If | substitute it into (Formula5), according to the double Angle formula sin(ns)=2$in(?)cos(§) (s€
Cands # 1), we Will get {(1-5)=21"5nt ‘Scos(?)r(s)((s) (se€Cands # 1)(Formula6),

1-s _
When s# —2n(n € Z,),because m 2 # 0 # 0 and F(%) # 0,s0 when {(s)=0(s € Cand s # 1),

then {(1-s)=0(s € Cand s # 1),

Substituting s—>1-s, that is taking s as 1-s into Formula 6, we will get
Z(s)=2Sns'lsin(?)l'(l-s)z(l-s)( s € Cands # 1)(Formula7),

This is the functional equation for {(s). To rewrite it in a symmetric form, use the residual formula

of the gamma function [3]

T

r(z)r(1-z)= (Formula 8)

sin(mtZ)

and Legendre's formula

Z, Z 1, i 7 L
FE)rC+)=21"%m2r(z) (Formula 9)
Take z=§ in (Formula 8) and substitute it to get

. TS TT
sm(;)— m (Formula 10),

In (Formula 9), let z=1-s and substitute it in to get

1 1-s

M(1-s)=2"5T zr(T)r(l-g)(s € Cands # 1) (Formula 11)

By substituting (Formula 10) and (Formula 11) into (Formula 7), we get
_S_ s _1-s 1.g
T 2T()Y(s)=n" 2 M(=)(1-s)(s € Cand s # 1),
also
S
F(Z)H_EZ(S) is invariant under the transformation s—>1-s,

And that's exactly what Riemann said in his paper.
That is to say:

F(Z)H_EZ(S) is invariant under the transformation s>1-s,
also

H(% — 1)1-[_%((5): H(? - 1)1'[_? Y1-s)(se€Cands # 1)
or

‘IT_ZF(Z)Z(S)=T[_12;S|—(?)Z(1-5)( s € Cands # 1)(Formula 2),

Then z(s)=25n5—1sm(§)r(1-s)z(1-s( seCands# 1) ,
under the transformation s->1-s ,will get
{(1-5)=2'"5n ‘%os(?)l’(s){(s)( s€ Cands # 1)(Formula1)

Reasoning 2:
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Because L(s, X(n)) = X(n){s) (s€Cands# 1) and L(1—s, X(n)) = X(n) Y1-s) (s€

Cands# 1),

and according to Z(s)=25ns'15in(?)l’(l-s)((l—s)( s € Cands # 1)(Formula 7),

o)

Only L(s, X (n))=2°m*Sin(z)r(1-s)L(1 —, X (n))(s € Cand s # 1)(Formula 12).

According to the property that Gamma function I(s) and exponential function are nonzero, is also
that r(?);& 0,and 11_? # 0, according to 1'[_21"(2) ((s)=n_$r($)((l-s)(sec and s# 1)

(Formula 2),
Mathematicians have shown that the real part of the complex independent variable s of the
Riemann {(s)function will have zero only if O<Re(s)<l and Im(s)# 0, so we agree on

i n(s) 1 ©
Riemann {(s) =(1_21_S)=(1_21_S)Zn=1

e G L
ns - (1-21-5)

[I,(1=p~*)"' (s € Cand 0 < Rs(s) <

lands # 1and Im(s) # 0, n€E Z,,p € Z,,s €C ,n goes through all the positive integers , p goes
through all the prime numbers).

According the equation Z(1-s)=21"5m ‘%os(?)l’(s)l(s)(sec and s# 1) obtained by Riemann,since
Riemann has shown that the Riemann {(s)(s€C and s# 1) function has zero, that is, in

{(1-5)=21"51 'Scos(?)r(s)l(s)(sec and s# 1), so {(s)=0(s€C and s# 1) is true, and so we agree on
{(1-s)= 21751 7S cos( ? )F(s)s) (s€ Cand 0 < Rs(s) < lands # 1landIm(s) # 0 ,n€Z*,p €

Z*,s €C, n goes through all the positive integers, p goes through all the prime numbers).

According to the property that Gamma function I'(s) and exponential function are nonzero, is also
1-s _1=s

that F(T)#: O,andm 2z #0,

So when {(s)=0(s€C and s# 1), then {(1-5)=0(s€C and s=# 1), also must {(s)=((1-5)=0(s€C and

elZ_e—iZ

s# 1).Because sin(Z2)= ,Suppose Z=s=p+ti (pER,tER and t # 0,5€C), then

2i

) eis_g—is ei(p+ti) _g—i(p+ti)
SIN(S)= =
( ) 2i 2i ’
. elS_e—i5  @l(p—ti) _o—i(p-ti)
sin(s)= = . )

2i 2i
according x5 = x(P*t) = xPxt = xP(cos(Inx) + isin(Inx))*t = xP(cos(tlnx) + isin(tlnx))(x > 0),
then
eS=e(Ptth=ePelizeP (cos(t) + isin(t)) = eP(cos(t) + isin(t)),
els=el(P+t=ePl(cos(it) + isin(it)) = (cos(p) + isin(p))(cos(it) + isin(it))
els = ei(P~t)=ePi(cos(—it) + isin(—it)) = (cos(p) + isin(p))(cos(it) — isin(it)),
e s=e"1(P+th=e=Pi(cos(—it) + isin(—it)) = (cos(p) — isin(p))(cos(it) — isin(it))
e™18 = e7i(P~=e=Pi(cos(it) + isin(it)) = (cos(p) — isin(p))(cos(it) + isin(it)),
28=2(p+t)=2p2t=2P (cos(In2) + isin(In2))'=2P(cos(tln2) + isin(tln2)),
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25=2(P=t)=2p2-t=2P (cos(In2) + isin(In2)) "t =2P (cos(tln2) — isin(tln2)),
ms~1=2(P~1+t)=2p=12ti=2P=1 (cos(In2) + isin(In2))'=2P~1(cos(tln2) + isin(tIn2)),
s~ 1=2(P~1-t)=2p=12-t=2P (cos(In2) + isin(In2))~'=2°P~1(cos(tln2) — isin(tln2)),
So

S_ S—1_.S—
25=28, 57 l=qs—1 |

and

els_g—is  gis_g-is

2i 2i
So

’

sin(s)=sin(s) ,

So

. TS . TS
5|n(7)—51n(7) .
And the gamma function on the complex field is defined as:
_(t®is—1 -t
M(s)=f, t"te 'dt

among
Re(s)>0,this definition can be extended by the analytical continuation principle to the entire field
of complex numbers, except for non-positive integers,

So

r(s)=I'Gs) ,
and

r1-s)=r(1-—-s) .
When {(1-5)=C(1 — 5)=0={(s)={(1-s)=0(s€C and s+ 1), and according

Z(s)=2Sns‘lsin(?)r(l—s)l(l-s) (s€Cand s# 1), then

Only Z(s)=®=0(sec and s# 1),is also say {(s)={(s)={(1-s)=0(s€C and s# 1). so only
{(p+ti)=C(p-ti)=0is true.

According the equation {(1-s)= 2175w ™S cos( ? )I(s)l(s) (s€Cands # 1) obtained by
Riemann,since Riemann has shown that the Riemann {(s) (s € Cand s # 1) function has zero,
that is, in {(1-s)=21"5n *cos(?)r(s)l(s) (seCands # 1), {(s)=0(s € Cand s # 1)is true, so when

{(s)=0(s € Cand s # 1) , then only {(s)={(1-s)=0(s € Cand s # 1) is true.

in the process of the Riemann hypothesis proved about {(s)={(1-s)= {(s)=0, is refers to the {(s) is a
functional number? It's not. Does {(s)={(1-s)= {(s) (s € Cand s # 1) mean the symmetry of the
{(s function equation? Does that mean the symmetry of the equation s=s=1-s? Not really. In my

analyst, {(s). Z(1-s) and {(s) function expression is the same, are Y7, n~5(n traves all positive

integer, s € Cand s # 1)), so according to
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Yo, n~% (ntraves all positive integer,s € Cands # 1), {(s) (s € Cands # 1) function of the
independent variable s, the relationship between S and 1-s only C3=3 kinds, namely s=sor s=1-s
or s=1-s. As follows:

According {(s)={(1-s)=0(s € Cands # 1) and {(s)={(s)={(1-s)=0(s € Cands # 1),then only

s=sor s=1-s or s=1-s ,so SER, orp+yi=1-p-yi ,or p-yi=1-p-yi, so s € R,or p=%and y=0,0r
p= % andy €R and y# 0,50s € R, for example s=-2n(n€ Z%), or s=%+oi ,or s=%+ti(t ERand t #

0). ZG) > {(1) > 0,drop it, s=-2n(n€ Z*), It's the trivial zero of the Riemann {(s)(s € Cands #
1) function, drop it.

Beacause only when p=% ,the next three equations, {(p +ti)=0, ¢(1 —p —ti)=0, and {(p-ti)=0

are all true, Z(%) > {(1) >0, so only s=21+ti(tER andt # 0) is true, or say only s=%+ti
(teRand t # 0,s€C) is true.Since Riemann has shown that the Riemann {(s) function has zero,

that is, in (1-s)=2'5w~S cos(?)r(s)l(s) (s€Cands+# 1), {s)=0(seCands # 1) is true.

S
According the equation &(s) = %s(s-l)l"(%)n_ 2{(s)(s € C,and s # 1) obtained by Riemann, so

£(s)=k(1 —s)(s € C,and s # 1), because F(§)=?§), and T[_§=T[_§ , and because (s)={(s) (s €

Cands# 1), so E(s)=@(s € C,and s # 1). So when {(s)=0(s € C,and s # 1),then §(s)={(1 —

s) =) =0(s € Cands # 1)and (s)=¢(1 — s)=¢(5)=0(s € C,and s # 1) must be true , so
the zeros of the Riemann {(s) function and the nontrivial zeros of the Riemann §(s)(s € Cand s # 1)

function are identical, so the complex root of Riemann £(s)=0(s € Cands # 1) satisfies

1 _s

s=5+ti(tER and t # 0) .According to the Riemann function H%(s-l)n 2f(s)=¢(t)(t € C,and t # 0,s €
1 _s

C,ands # 1) and he Riemann hypothesis s=>+ti, because s#1, and H% #0, mz+#o0, so

]‘[%(s-l)rr_% # 0, and when §(t)=0(s € Cand s # 1), then H%(s-l)n_gl(%ﬂi):E(t):O(t € C,andt #

0,s € C,ands # 1), and

Z(%+ti)= 10l = 0 s=0(te Candt# 0,s€ Cands # 1), soteRandt # 0. So the

MEs-Dnz [Es—n2

root t of the equations H;(s-l)n_gl(%ﬂi )=¢(t)=0(t € C,andt # 0,s € C,ands # 1) and
4 ff@x‘i cos(5 tnx)dx=¢(t)=0(t € C,and t # 0,s € C,and s # 1)and

&(t):% -(t2 + i)floo ¥(x) x5 cos(%tlnx):O(t € C,andt # 0) must be real and t# 0. If
Re(s)= ]E( (k € R),then Z(k-s)=2K"5n ‘Scos(?)l’(s)l(s) (teCandt#0,s€Cands+#1) and

&k—s)= % s(s-k) F(g)n_ EZ(S)(S € C,ands # 1,k € R)aretrue , so when {(s)=0 (s €
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Cands # 1) ,then {(s)=¢(k—s) =((s) = 0(s € Cand s # 1)and
€(s)=8(k — s)=§(5)=0(s € C,and s # 1,k € R) must be true , and s=]§+ti (kER,tERand t #
0) must be true, then

T 3(s-k)m ¢S +ti)=€(t)=0(keR t€R and t # 0, k € R), and

O 0 s=0(k€R,teERandt # 0,s € Cands # 1),s0 tERandt # 0. So

+ti)= =
2 MEs-lnz [EE-kn2

the root of the equations HZ(s-k)n_iz(gﬂi)=£(t)=0(keR,teR andt+# 0,s € Cands # 1)
must be real and t#0 . But the Riemann {(s)function only satisfies

{(1-s)= 21751~ cos( = )M(s)y(s)( s € Cands # 1 )and ¥(s) =§ s(s-1) F(g)n_gi(s)(s €

Cands # 1), is also say that only Z(1-s)=21"57t _Scos(?)r(s)l(s)(s € Cands # 1) is true, so

k

only Re(s)=5=% (k € R) is true, so only k=1 is true.The Riemann hypothesis and the Riemann

conjecture must satisfy the properties of the Riemann {(s)(s € C,and s # 1) function and
the Riemann §(s)(s € C,and s # 1) function, The properties of the Riemann {(s)(s €
C,and s # 1) function and the Riemann §(s)(s € C,and s # 1) function are fundamental,
the Riemann hypothesis and the Riemann conjecture must be correct to reflect the
properties of the Riemann {(s)(s € C,ands # 1) function and the Riemann §(s)(s €
C,and s # 1) function, that is, the roots of the Riemann &(t)(t € C,and t # 0) function can

only be real, that is, Re(s) can only be equal to %, and Im(s) must be real, and Im(s) is not

equal to zero.So the Riemann hypothesis and the Riemann conjecture must be correct.
Riemann found in his paper that

I G - 1) e )= [ v Xg_ldx+f1°° q;(i) <7 dx

s—3 S

+% fol(xT xz 1)dx

_ 1 [ee] E_l _ﬁ
“se-p T J, W) (x27 +x7 2 )dx(s € Cand s # 1),

S 1+s
and floo Lp(x)(xi_1+x_7)dx are all invariant under the transformation

1
Because
s(s—1)

s>1-s If | introduce the auxiliary function Y(s)=[] G — 1) m 2{(s)(s € C,ands # 1),S0 | can
just write it as (s)=U(1-s). But it would be more convenient to add the factor s(s — 1)to U(s)

and introduce the coefficient %, which is exactly what Riemann did, is that to take &(s) =
%s(s-l)F G) m 2{(s)(s€ Cand s # 1).Because the factor (s-1) cancels out the first pole of {(s) at

s=1, And the factor s cancels out the pole of T’ (%) at s=0, and s is equal to -2, -4, -6,...,the rest

of the poles of FG) cancel out . So &(s)is an integral function.And notice that the factor
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s(s — 1)obviously doesn't change under the transformation s— 1 —s,so we also have the

function {(s)={(1—s)=0(s€ Cands # 1), base on (1-s)=21751 S cos( ? )E(s)s)( s €
Cands # 1).When sin(?)=0 , then if s=-2n(n € Z%), {(s)(s € Cand s # 1) is going to take the

zero . At the same time, according to {(1-s)=21"STr ‘%os(?)F(s)((s)(s € Cands # 1),when

s#1+2n(n€ Z%) , and if (s)=0(s€C and s# 1),then must {(1-s)=0(s€C and s# 1), is that to say

{(s)=T(1-s)=0. According to Riemann's hypothesis s=%+ti(tEC and t # 0), s and t differ by a linear

transformation . It's a 90 degree rotation plus a translation of % So line Re(s)=% in the s plane
corresponds to the real number line in the t plane,the zero of Riemann (s) on the critical line
Re(s)= % corresponds to the real root of §(t)(teCandt= 0). In Riemann function&(t)(t €

Candt# 0) , the function equation £(s) = §(1 —s)(s € Cands # 1) becomes equation
E()=E(—t)(t € Cand t # 0) is an even function, an even function is a symmetric function, it’s zeros
are distributed symmetrically with respect to t=0 The function £(t)(t € C,and t # 0) designed by

Riemann and Riemann's hypothesiss = % +ti(teCandt+# 0,s € C,ands # 1) and &(s)=¢(1 —

s)(s€Cands # 1) are equivalent to &(t) =§(—t)(t € Candt # 0) .So the function &(s)(s €
Cands # 1) is also an even function.The zero points on the graph of an even function £(s)(s €
Cands # 1) with respect to the coordinates of its argument on the real number line equal to some

value are symmetrically distributed on the line perpendicular to the real number line of the complex
plane. When §(t)=0(t € Candt # 0) , is also that §(t)=¢(—t)=0(t € Candt # 0),the zeros of

&(t)are symmetrically distributed with respect to t equals 0.When £(s)=0(s € Cand s # 1),is also
that &(s)=&(1 —s)=0(s € Cands # 1) ,the zeros of &(s)(s€ Cands # 1) are symmetrically

1 . . . .
distributed with respect to point (E,OI) on a line perpendicular to the real number line of the complex
plane.So when £(s)=£(1 — s)=0(s € Cand s # 1), s and 1-s are pair of zeros of the function £(s)(s €
1 . .
Cands # 1) symmetrically distributed in the complex plane with respect to point (E' 0i) on a line

perpendicular to the real number line of the complex planeWhen {(s)=0(s € Cands # 1),
{1-s)=0(s € Cands # 1) is aslo that {(s)={(1-s)=0(s € Cands # 1). We find {(s)={(1-s)=0(s €
Cands #1) and &(s)=§(1—s)=0(s€Cands# 1) are just the name of the function is

idifferent,the independent variable s is equal to %+ti(t€C,s€C),that means that the zero

arguments of function {(s)(s € Cand s # 1) and function &(s)(s € Cands # 1) are exactly the
same,so the zeros of the {(s) function in the complex plane also correspond to the symmetric

distribution of point (%, 0i) on a line perpendicular to the real number line in the complex plane,
soWhen {(s) =¢(1 —s) =0(s € Cands # 1),s and 1-s are pair of zeros of the function
U(s)(s € Cand s # 1) symmetrically distributed in the complex plane with respect to point (%, 0i)

on a line perpendicular to the real number line of the complex planeWe got



The proof of the Riemann conjecture

Z(_s) ={(s)(s=p+ti, pER, teER andt#0) before When t in Riemann's hypothesis

s=%+ti(tEC,sEC and t # 0) is a complex number, and s=%+ti=p+ti , then s in {(_s)=((§)(s=p+ti, p ER,

1
teERandt+# 0) is consistent with s in Riemann's hypothesis s=E+ti(t €ECseCandt+0).If

U(s)={(s)=0(s=p+ti,p €R, t ERand t # 0),Since s and s are a pair of conjugate complex numbers,So
s and s must be a pair of zeros of the function {(s)(s € Cands # 1) in the complex plane with
respect to point (p,0i) on a line perpendicular to the real number line.s is a symmetric zero of 1-s,
and a symmetric zero of s. By the definition of complex numbers, how can a symmetric zero of the
same function {(s)(s € Cands # 1) of the same zero independent variable s on a line

perpendicular to the real number axis of the complex plane be both a symmetric zero of 1-s on a line
perpendicular to the real number axis of the complex plane with respect to point (%, 0i) and a
symmetric zero of S on a line perpendicular to the real number axis of the complex plane with
respect to point (p,0i)?Unless p and % are the same value, is also that p = %, and only 1-s=s

is true, and 1-s=s is wrong.Otherwise it's impossible,this is determined by the uniqueness of the zero
of the function {(s)(s € Cands # 1) on the line passing through that point perpendicular to the
real number axis of the complex plane with respect to the vertical foot symmetric distribution of the
zero of the line and the real number axis of the complex plane,Only one line can be drawn
perpendicular from the zero independent variable s of the function {(s)(s € Cands # 1) to the real
number line of the complex plane, the vertical line has only one point of intersection with the real
number axis of the complex plane. In the same complex plane, the same zero point of the function
U(s)(s € Cand s # 1) on the line passing through that point perpendicular to the real number line of
the complex plane there will be only one zero point about the vertical foot symmetric distribution of
the line and the real number line of the complex plane.Because Z(—s) =((s)(s=p+ti,p ER,
t ERand t # 0), then if {(p + ti)=0, then {(p — ti)=0, and because {(s)={(1 — s)=0(s€C and s* 1),
then {(1-p-ti)=0, and because {(s)={(1 —s)=0(s € Cand s # 1), then {(1-p-ti)=0. The next three
equations, {(p + ti)=0, {(p — ti)=0, and ((1-p-ti)=0, are all true, so only 1-p=p is true,only

1
S=E+ti(tER and t # 0) is true.Since the harmonic series ((1) diverges, it has been proved by the late

medieval French scholar Orem (1323-1382).The Riemann hypothesis and the Riemann conjecture
must satisfy the properties of the Riemann {(s) function and the Riemann §(s) (s € Cands # 1)
function, The properties of the Riemann {(s) (s€C and s# 1) function and the Riemann &(s)(s€C and
s# 1) function are fundamental, the Riemann hypothesis and the Riemann conjecture must be
correct to reflect the properties of the Riemann {(s) (s€C and s# 1) function and the Riemann

£(s)(seC and s# 1) function, that is, the roots of the Riemann &(t) function must only be real, that is,
1 .

Re(s) can only be equal to > and Im(s) must be real, and Im(s) is not equal to zero.So the Riemann

hypothesis and the Riemann conjecture must be correct. Riemann got

[13(s-1)m2(s)=E(t)(teR and t # 0, s€C and s # 1),and
1 1, foo _3 1
§(t)=> -(t2 +Z)f1 Y(x)x +cos (Etlnx)dx(tER andt# 0,s€Cands # 1) in his paper, or

ng(s-1)n‘§<(s):§(t) and (teRand t # 0,s€Cands % 1),
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© d(XZ‘F ® )

&(t)= 4f Ta cos( tlnx)dx(t €Randt# 0,se Cands# 1) M Because

Z(%+ti)=0(t€R and t # 0), so the roots of equations ]‘[%(s-l)ft_% Z(%+ti )=¢(t)= O(tER and t #

© d(XZ‘iJ (X))

0,seCands # 1) and 4f T2 cos( tlnx)dx &(t)=0(teRand t # 0,seCand s # 1) and

© _3
E(t)=% -(t? +%)f1 ¥(x) x 4cos(%tlnx)=0(t€R andt# 0,s€Cands # 1) must all be real

numbers. When ((s)=0(s € Cands # 1) and §(t)=0(t € Cand t # 0), the real part of the
equation §(t)=0(tEC) must be real between 0 and T. Because the real part of the equation &(t)=0

. T, T T .
has the number of complex roots between 0 and T approximately equal to Elnﬁ ~ 5 M This

result of Riemann's estimate of the number of zeros was rigorously proved by Mangoldt in 1895.
Then,when ((s)=0(s€C and s# 1) and §(t)=0(t € C and t # 0), the number of real roots of the
real part of the equation §(t)=0(t € C and t # 0) between 0 and T must be approximately equal

T, T T . : L
to Elng - Em ,50 when the Riemann {(s)(s€C and s# 1)function has nontrivial zeroes, then

the Riemann hypothesis and the Riemann conjecture are perfectly valid.
Definition:

—S

Assuming that a(n) is a uniproduct function, then the Dirichlet series Y52, a(n)n~% is equal to the

Euler product Hp P(p , s) .Where the product is applied to all prime numbers p, it can be expressed

as: 1+a(p)p~S+a(p?)p~25+... , this can be seen as a formal generating function, where the existence of

a formal Euler product expansion and a(n) being a product function are mutually sufficient and

necessary conditions. When a(n) is a completely integrative function, an important special case is

obtained,where P(p , s) is a geometric series, and P(p,s)= When a(n)=1,it is the

1
1-a(p)p~*
Riemann zeta function, and more generally the Dirichlet feature.

Euler's product formula: for any complex number s,
Rs(s) > 1ands # 1,then ¥, n° = [[,(1 — p~5)~1,and when Rs(s) >

1 Riemann Zeta function {(s) = X5 n* = [[,(1 —=p~*)~' (s € Cand Rs(s) > 0ands # 1 ,n €

zt, pE Zt,sec,n goes through all the natural numbers, p goes through all the prime numbers).

Riemann zeta function expression:

{(s)=1/15+1/25+1/35+...+1/m3 (m tends to infinity, and m is always even).

(1)Multiply both sides of the expression by (1/2%),
(1/25)Y(s)=1/15(1/25)+1/25(1/25)+1/35(1/25)+...41/m5(1/25)=1/25+1/45+1/65+...+41/(2m)*
This is given by (1) - (2)
Us)-(1/2%)(s)=1/15+1/25+1/35+..41/m>-[1/25+1/45+1/65+...+1/(2m)¥]

The derivation of Euler product formula is as follows:
Us)-(1/2%)T(s)=1/15+1/35+1/55+..+41/(m — 1)5.

Generalized Euler product formula:

Suppose f(n) is a functionthat satisfies f(n,)f(n,)=f(nyn,) and Y., |f(n)] <+ o (n; and n,
are both natural numbers), then}., f(n)=[1,[1 + f(p) + f(p*) + f(p*)+...].
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Proof:

The proof of Euler product formula is very simple, the only caution is to deal with infinite series and
infinite products, can not arbitrarily use the properties of finite series and finite products. What |
prove below is a more general result, and the Euler product formula will appear as a special case of

this result.
Dueto Y7o, |f(n)| < +o0 , so 1+ f(p) + f(p?) + f(p3)+... absolute convergence.Consider the part

of p<N in the continued product (finite product),Since the series is absolutely convergent and the
product has only finite terms, the same associative and distributive laws can be used as ordinary finite
summations and products.

Using the product property of f(n), we can obtain:

[Tp<n[1 + f(p) + f(p?) + f(p*)+...]=X f(n).The right end of the summation is performed on all
natural numbers with only prime factors below N (each such natural number occurs only once in the

summation, because the prime factorization of the natural numbers is unique).Since all natural
numbers that are themselves below N obviously contain only prime factors below N, So 2'f(n) =

Ynen f(n) + R(N)Where R(N) is the result of summing all natural numbers that are greater than or
equal to N but contain only prime factors below N.From this we get: [[,<y[1 + f(p) + f(p?) +
f(p3)+..]=n<A f(n) + R(N).For the generalized Euler product formula to hold, it is only necessary to
prove lim,_ R(N)=0,and this is obvious,because |[R(N)| <X .y |f(n)],and ), |f(n)| <+ o sign
of

limp e Ypsn [F()] =0,thus lim,,_,,, R(N)=0.Beacuse

1+ f(p) + f(p?) + f(p3)+..=1 + f(p)+(p)?+f(p)3+...=[1 — f(p)]?, so the generalized Euler product
formula can also be written as:

Ynf(n) =TIp[1 = f(p)]~".In the generalized Euler product formula, take f(n)=n"%,Then obviously

Yn [f(n)| < + o0 corresponds to the condition Rs(s)>1 in the Euler product formula,

and the generalized Euler product formula is reduced to the Euler product formula.

From the above proof, we can see that the key to the Euler product formula is the basic property that
every natural number has a unique prime factorization, that is, the so-called fundamental theorem of
arithmetic.

For any complex number s, X (n) is the Dirichlet characteristic and satisfies the following properties:
1: There exists a positive integer q such that X (n+q)= X (n);

2: when n and g are not mutual prime, X (n)=0;

3: X(a) X (b)= X (ab) for any integer a and b;

Reasoning 3:

If 0 < Re(s) < 1,then

L(s, X(n))=2fl°=1%n) (neZ,,p€Z,,s€Cands# 1, n goes through all the natural numbers, p goes

S

through all the prime numbers, X(n)ER and ( X (n) # 0),a(n) = a(p)=X(n) ),P(p, s) ).

Next we prove the generalized Riemann conjecture when the Dirichlet eigen function X (n) is any real

_ 1
1-a(p)p~°

number that is not equal to zero,

and

Sl i (s€CandRs(s) > 0ands # 1) and n(s)=(1-2"7%){(s)(s € C and Rs(s) >

ns

N (s)=Yn=1
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Oands # 1), {(s)(s € Cand s # 1) is the Ri S 0O L1 g DM
and s ), U(s)(s and s is the Riemann {(s) = i = G inel g

(="t

mnp(l —pS) (s € CandRs(s) > 0ands # 1,n€ Z*,p € Z*,s €C, n goes through

all the positive integers, p goes through all the prime numbers),so

"2 = Fia@n = [, P, ) = [ Ggmms) (ne

zt, p € Zt,s €Cand s# 1, n goes through all the positive integers, p goes through all the prime

numbers, X (n)€R and (X (n) # 0),a(n) =a(p)=X(n) ),P(p, s) ).

_ 1
1-a(p)p~s

1
(cos(tlnp)+isin(tlnp))

(1 - a(p)p~*)=1-a(p) (p* (cos(tinp) — isin(tinp)) =1 — a(p)p~® cos(tlnp) + a(p)ip~Psin(tinp),

a(p)p~*=a(p)p~" =a(p) (p~P(cos(tlnp) — isin(tlnp)),

1
(cos(tlnp)—isin(tlnp))

(1 — a(p)p~5)=1-a(p)p~° cos(tlnp) — ia(p)pPsin(tlnp) ,
because

a(p)p~*=a(p)p~° =a(p)(p~P(cos(tlnp) + isin(tinp)),

(1—-a(p)p~®)=1—a(p)p~s ,

SO

(1-a(P)p™) =1 -aP)p",

SO

[1,(1 —a(p)p~)*=[I,(1 —a(p)p~)* ,
becuse L(s, X (n))=Xi; a(m)n™ = [[,(1 —a(p)p~)~! and L, X (n))=Yaz;a(m)n™s =

[1,(1 - a(p)p~%) (s € Cand s # 1), for the Generalized Riemann function

L(s, X (n))=X>_, Xn(sn) = Yn=1a(mn=s =TJ, ﬁ(ne Zt,p€Zt,seCands#1,n

goes through all the positive integers, p goes through all the prime numbers,

X(n)€Rand (X (n) # 0),a(n) = a(p)=X (n) ),P(p, s) )-

1
“1-a(p)p~S
o)

L(s, X (n))=L(s, X (n))(s € Cand s # 1).

a(p)p' S =a(p)pt P =a(p)p*Px " = a(p)p* P (cos(Inp) + isin(Inp))~* = a(p)p*~P(cos(tlnp) —
isin(tlnp)),

a(p)p'~® = a(p)pt=P*+t = a(p)p*~*p" = a(P)p' (") =
a(p)p*~P(cos(Inp) + isin(Inp))*t=a(p)p’~P(cos(tlnp) + isin(tlnp)),
then

1
(cos(tlnp)—isin(tlnp))

(1 —a(p)p~*~)=1-a(p)p°~" (cos(tinp) + isin(tinp)) =

a(p)p~*=a(p)p°! =a(p) (pP~*(cos(tlnp) + isin(tlnp)),
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1-a(p)pP~! cos(tlnp) — a(p)p? lisin(tlnp) ,
(1 — a(p)p~5)=1-a(p)(p P (cos(tlnp) + isin(tinp)) =1 — a(p)p~® cos(tlnp) — ia(p)p~Psin(tlnp) ,

1
When p=; , then

(1—a(p)p =1 —-a(p)p® ),

(1—a(P)p TN =1 -aP)p)7?,

SO

[1,(1 —a(P)p @) =[[,(1 —a(p)p™>) 7,

becuse L(1 —s, X (0)=[I,(1 —a(p)p™*~9)™* and L(5, X (n)=[1,(1 —a(p)p™)~*, ne Z*,p €

Z*,s €Cand s# 1, ngoes through all the natural numbers, p goes through all the prime numbers, X

(n)ER and (X (n) # 0),a(n) = a(p)=X () ),P(p , s)=#p)p_s .
)

Only L(1—s, X(n))=L(s, X(n))(s€eCands # 1) ,

and

Only L(1 =5, X (n))=L(s, X (n))(s € Cand s # 1).

Because L(s, X (n))=X (n){(s)(s € Cands # 1) and L(1 —s, X (n))=X (n){(1-s)(s € Cand s # 1),

so When only p=§, it must be true that L(s, X (n))=L (§, X (n)) (seCands # 1), and it must be

true that L(1 —s, X (n))=L(s, X(n))(s € Cand s # 1).

Suppose k€ R,

a(p)p*® =a(p)p™ P~ = a(p)p*Px~" = a(p)p"* P (cos(Inp) + isin(Inp))~* = a(p)p" P (cos(tinp) —
isin(tlnp)),

a(p)p*~*=a(p)p*P*D=a(p)p*-Ppii=a(p)p* P (p") = a(p)p*P(cos(Inp) + isin(Inp))'=
a(p)(p*~P(cos(tlnp) + isin(tlnp)),

then

1
(cos(tlnp)—isin(tlnp))

a(p)p~*~=a(p)p?* =a(p) (pP~*(cos(tinp) + isin(tnp)) ,

(1 —ap)p~ & )=1-(a(p)p?¥(cos(tlnp) + isin(tlnp)) =1 — a(p)p°~* cos(tlnp) — ip?Xsin(tlnp),
(1 —a(p)p~%)=1-(a(p)p~*(cos(tlnp) + isin(tlnp)) =1 — a(p)p ™ cos(tlnp) — ia(p)p~Psin(tlnp),

When p=§(k€ R), then

(1—a(p)p~*) =(1 — a(p)p‘g):
(1—a(E)p * N =1 —aP)p™) Y,
SO

(1 = a(@)p~* )=, —a@Ep )",

becuse L(k —s, X (n)=][,(1 - a(p)p~* ) 1 (seCands # 1) and L(5, X m)=[1p(1 —
a(p)p—s)seC and s#1, for the

generalized Riemann function L(s, X (n))(n€ Z*,p € Z*,s eCand s+ 1, n goes through all
the positive integers, p goes through all the prime numbers, X (n)eRand X (n) # 0, a(n) =

a(p)=X(m) ),P(p . s) )-

_ 1
1-a(p)p~*s

SO
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Only L(k—s, X (n))=L(s, X(n))(s € Cands # 1),

and

Only L(k—5, X (n))=L(s, X(n))(s € Cands # 1).

And because Only L(1 —s, X (n))= L(s, X (n))(s € Cand s # 1),s0 only k=1 be true.
So

Xm _ X (m)n(s) X (n) (-1
GRH(s, X () = L(s, X () = Eila 5 = (pims; = gy ot s =

XM oo (D pht
(1-21-9) Zn:l ne+ti - T (1-21-9) Zn 1 X( )(np nti

(=™~ 1 _ (D" e -p
(1-21- S)Zn 1 X (m)(n” )(cos(ln((n))+isin(1n(n)))t - (1—21-S)Z“=1 X (m)(n~? (cos(In(m)) +
151n(ln(n)))‘t) =

(-1 Zn 1 X (m)n~P(cos(tln(n)) — isin(tln(n))) =

(- 21 %)

((1 12)1 S)Zn 1 X (Mn~P(cos(tin(n)) — isin(tln(n)))(s € Cands # 1,n €

Z* and n goes through all positive integers ) ,

_ CXm_ XNE  x@ oD
GRH(s, X (n)) = L(s, X (n)) = Z n(gn) = (1 - 215) - 1 _(;)—5) Z( )_

n=1

(n )(—Ttl)

nP n

X o EDTt (=DM
- (1—21-9) L N (1—21-9) nz

1
—21- S) z(x (n ) nP (cos(In(n)) + isin(In(n)))~ =

1 < ) N :
= 7(1 YRS Z(X (m)n~P(cos(In(n)) + isin(In(n)))") =

ﬁz;ﬂ":l(x (m)n~P(cos(tln(n)) + isin(tln(n))) (s€ Cands # 1,n €
Z*,n goes through all positive integers ) ,

o X KON X() e (DM
GRH (15, X)) =L(1 -5, x () = Zi, 2P = 20 = Ky O =

((_11_);)1 Yn=1 X (n) (nll_p #) = ((_11_);15_)12{?21()( (m)nP~*(cos(tln(n)) + isin(tin(n)))(s €

Cands # 1,n € Z*,n goes through all positive integers ) ,

Suppose

U=[ X (n)17Pcos(tin1)— X (n)27Pcos(tIn2)+ X (n)3~Pcos(tin3)— X (n) 4 Pcos(tIn4)+...],

V=[ X (n)17PSin(tin1)— X (n)27Psin(tIn2)+ X (n)37Psin(tln3)— X (n)4~Psin(tin4)+...],
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Then

L(s, X (n))=L(s, X(n))(s € Cand s # 1).

And n goes through all the natural numbers, so n=1,2,3,... ,let's just plug in, so

L(s, X(m)) = Xnis

x(n) =[ X (M)17P cos(tinl) — X (n)27P cos(tin2)+ X (n)37P cos(tIn3)

— X () 47P cos(tind)+...]-i[ X (n)17P sin(tinl) — X (n)27P sin(tin2)+ X (n)37° sin(tIn3)
— X (n)47Psin(tind)+...]= U-Vi,
U=[ X (n)17Pcos(tin1)— X (n)27Pcos(tIn2)+ X (n)3~Pcos(tin3)— X (n) 4 Pcos(tIn4)+...],

V=[ X (n)17Psin(tin1)— X (n)27Psin(tin2)+ X (n)37Psin(tin3)— X (n)4 Psin(tin4)+...],

Then

LG, X(m)=Yn1 X(n)-[ X (n)17Pcos(tin1)— X (n)27Pcos(tin2)+ X (n)37Pcos(tin3)—4"Pco

s(tind)+...]+i[ X (n)17Psin(tin1)— X (n)27Psin(tIn2)+ X (n)37Psin(tIn3)— X (n) 4~ Psin(tin4)+
.= U+Vi,

U=[ X (n)1 Pcos(tin1)— X (n)27Pcos(tIn2)+ X (n)37Pcos(tin3)— X (n) 4~ Pcos(tin4)+...],

V=[ X (n)17Psin(tin1)— X (n)27Psin(tin2)+ X (n)37Psin(tin3)— X (n)4~Psin(tin4)+...],
L(s, X(n))(s€ Cands # 1)and L(s, X(n))(s € Cands # 1) are complex conjugates of each
otherthatis L(s, X (n))=L (E, X (n)) (seCands#1).
When p==
en p=,
then

L(s, X(n))=L(1 —s, X(n))=U-Vi(s € Cands # 1),
U=[ X (n)17Pcos(tin1)— X (n)27Pcos(tIn2)+ X (n)37Pcos(tin3)— X (n) 4~ Pcos(tin4)+...],
V=[ X (n)17Psin(tinl)— X (n)27Psin(tIn2)+ X (n)37Psin(tIn3)— X (n)4 Psin(tin4)+...] .

and When p:%,
then
Only L(1—s, X(n))=L(s, X(n))(s€Cands #1).

Xmnk-s)  X(n) ot
(1- 21— k+S) (1- 21— k+s) Zn 1 nk-p—ti

GRH(k —s, X(n)) = L(k—s, X(n)) =

(-t
(1-21-k+s) Zn 1 X(n)(nk pﬁ =

(_ 1)n—1

(1_21—_1(Jr,5)2£1(X(n)np‘k(cos(tln(n)) + isin(tln(n))(s € Cands # 1,n €
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Z*,n goes through all positive integers) ,

W=[ X (n)1P Kcos(tin1)— X (n)2°Kcos(tin2)+ X (n)3° Kcos(tin3)— X (n) 4P~ Kcos(tind)+...]

U=[ X (n)1PKsin(tin1)— X (n)2PKsin(tIn2)+ X (n)3° Ksin(tin3)— X (n)4° Ksin(tIn4)+...] .

When p=§(ke R),

then

only L(k—s, X (m)=L (5, X (n)) = W - Ui.

But the Riemann {(s) function only satisfies {(1-s)=2'"5m _Scos(?)r(s)l(s)(se Cands # 1), so

when {(s)=0(s € Cand s # 1), then only {(1 —s)= {(s)=0(s € Cand s # 1),and when {(5)=0(s €
Cands # 1), then only (1 —s)= {(5)=0(s € Cand s # 1), which is {(k—5s)=0(1 —5s) ={(5)(s €

Cand s # 1),s0 only k=1 be true.so only Re(s =§=% (k € R).

SoOnly L(1—s, X(n)) =L(s, X(n))(s € Cand s # 1) is true, so only k=1 is true.

According the equation {(1-s)= 2175w ™S cos( ? )I(s)l(s) (s€Cands # 1) obtained by
Riemann,since Riemann has shown that the Riemann {(s) (s € Cand s # 1) function has zero,

that is, in {(1-s)=21"5mw S cos(?)l’(s){(s)(s €C)(seCands+# 1)(seCands# 1), {(s)=0(s €
Cands # 1) is true. So only When p% and {(s)=0 and X(n) #0, then L(s, X (n))= X (n){(s)=0(s €
Cands #1) is true. Because L(s, X(n)) = X(n) {s) (s€Cands#1) and L(1-

s, X(m)) = X(n) Y1-s) (s€eCands#1) , so When p =

N |-

, it must be true that

L(s, X(m))=L(s, X (n)) (s € Cand s # 1), and it must be true that L(1 —s, X (n))=L(s, X (n))(s €

Cands # 1).
According ((1 —s)={(s)=0(s€ Cands #1) and {(s)={(s)=(1-5)=0(se€ Cands=# 1), so

L(s, X(n))=L(1—s,X(n))=0(seCands#1) and L(s, X(n)) =L@, X(n)) =L(1 —
s, X (n))=0(s € Cand s # 1),then s=s or s=1-s or s=1-s,s0 SER, or p+yi=1-p-yi,or p-ti=1-p-ti,
so s €ER,or p:%and t=0, or p = % andt €ER and t # 0, so s€ R for example s=-2n(n€ Z%),

or s=%+oi ,or s=%+ti(t €Randt # 0). ZG) > {(1) > 0, drop it, when s= -2n(n€ Z*), it's the
trivial zero of the Riemann {(s)(s € Cands # 1) function, drop it.

So only s=%+ti (tet,andt# 0,s € C) istrue,orsays=%+ti (teR,andt#0,s €

C ) is true.And beacause only when p=% ,the next three equations, L(p + ti, X (n))=0(s €

Cands# 1), L(1—p—ti, X(n))=0(s € Cands # 1) and L(p—ti, X(n))=0(s € Cands # 1)
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are all true. And because L(%, X (n))>0(s € Cand s # 1), so only s=%+ti (teRand t # 0) is

1. .
true,or say only s=_Hi (teRand t #0 ) is true.
The Generalized Riemann hypothesis and the Generalized Riemann conjecture must satisfy

the properties of the L(s, X(n))(s € Cands # 1) function, The properties of the

L(s, X (n))(s € Cands # 1) function are fundamental, the Generalized Riemann hypothesis

and the Generalized Riemann conjecture must be correct to reflect the properties of the

L(s, X(n))(s € Cand s # 1) function, that is, the roots of the L(s, X (n)=0(s € Cand s # 1)

can only be s=§+ti(t€C and t # 0), that is, Re(s) must only be equal to %, and Im(s) must be

real, and Im(s) is not equal to zero.So the Generalized Riemann hypothesis and the
Generalized Riemann conjecture must be correct.

According L(1—s, X(n))= L(s, X(n))=0(s € Cand s # 1),s0 the zeros of the L(s, X (n))(s €
Cand s # 1)function in the complex plane also correspond to the symmetric distribution of point

(%,Oi) on a line perpendicular to the real number line in the complex plane,so When L(1 —s, X (n)) =
L(s, X(n)) =0(s € Cands # 1),s and 1-s are pair of zeros of the function L(s, X (n)) (s €
Cand s # 1) symmetrically distributed in the complex plane with respect to point (%,Oi) on a line

perpendicular to the real number line of the complex plane.

We got L(s, X (n)) =L(s, X(n))(s=p+ti,p €R, teR andt# 0) before,When t in Generalized

Riemann's hypothesis s:%+ti(tEC,sEC and t # 0) is a complex number, and s:%+ti:p+ti ,thens

in L(s, X(n))=L(s, X(n))(s=p+ti,p €ER, tERandt+# 0) is consistent with s in Generalized

Riemann's hypothesis s:%+ti(t€C,s€C and t # 0).when L(s, X (n)) =L(s, X (n))=0(s=p+ti,p €

R, t ERand t # 0),since sand s are a pair of conjugate complex numbers, so sand s must be a pair
of zeros of the Generalized function L(s, X (n))(s € Cand s # 1)in the complex plane with respect
to point (p,0i) on a line perpendicular to the real number line.s is a symmetric zero of 1-s, and a
symmetric zero of s. By the definition of complex numbers, how can a symmetric zero of the same

Generalized Riemann function L(s, X (n))(s € Cands # 1) of the same zero independent
variable s on a line perpendicular to the real number axis of the complex plane be both a
symmetric zero of 1-s on a line perpendicular to the real number axis of the complex plane with

N . - . . .

respect to point (E,OI) and a symmetric zero of s on a line perpendicular to the real number axis
. . . 1

of the complex plane with respect to point (p, 0i)? Unless p and 5 are the same

. 1 — . 1. . .
value, is also that p = b and only 1-s=s is true, only s=5+t| (teRand t # 0,s€C) is true. Otherwise

it's impossible,this is determined by the uniqueness of the zero of Generalized Riemann function
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L(s, X (n))(s € Cand s # 1) on the line passing through that point perpendicular to the real number
axis of the complex plane with respect to the vertical foot symmetric distribution of the zero of the
line and the real number axis of the complex plane,Only one line can be drawn perpendicular from the
zero independent variable s of Generalized Riemann function L(s, X (n))(s € Cand s # 1)on the
real number line of the complex plane, the vertical line has only one point of intersection with the
real number axis of the complex plane. In the same complex plane, the same zero point of Generalized
Riemann function L(s, X (n))(s € Cand s # 1) on the line passing through that point perpendicular
to the real number line of the complex plane there will be only one zero point about the vertical foot
symmetric distribution of the line and the real number line of the complex plane,so | have proved the
generalized Riemann conjecture when the Dirichlet eigen function X (n) is any real number that is not
equal to zero,Since the nontrivial zeros of the Riemannian function {(s)(s € Cands # 1) and the

generalized Riemannian function L(s, X(n))(s€ Cands # 1) are both on the critical line

1
perpendicular to the real number line of Re(s)=5 and Im(s)# 0, these nontrivial zeros are general

1
complex numbers of Re(s)=5 and Im(s)# 0,s0 | have proved the generalized Riemann conjecture

when the Dirichlet eigen function X (n) is any real number that is not equal to zero.
The Generalized Riemann hypothesis and the Generalized Riemann conjecture must satisfy the

properties of the L(s, X (n))(s € Cands # 1) function, The properties of the L(s, X (n))(s €
Cand s # 1) function are fundamental, the Generalized Riemann hypothesis and the Generalized

Riemann conjecture must be correct to reflect the properties of the L(s, X(n)) (seCands #
1) function, that is, the roots of the L(s, X(n)) = 0(s€Cands# 1) can only be
s=§+ti(t€C,sEC and t # 0), that is, Re(s) can only be equal to %, and Im(s) must be real, and Im(s) is
not equal to zero.

When L(s, X(n)) = 0 (n€ Z*,p € Z*,s €C and s# 1, n goes through all the positive integers, p goes
through all the prime numbers, X(n) €R and X(n) # 0), a(n) = a(p)=X(n),

P(p, s)= )), then the Generalized Riemann hypothesis and the Generalized Riemann

1

1-a(p)p~*
1, .

conjecture must be correct, and s = -+ ti (teRandt# 0).

Reasoning 4:

For any complex number s,when X(n) is the Dirichlet characteristic and satisfies the following

properties:

1: There exists a positive integer g such that X(n+q)= X(n)(n € Z*);
2: when n and q are not mutual prime, X(n)=0(n € Z*);

3: X(a) X(b)=X(ab) (a € Z*,b € Z*)for any integer a and b;

Suppose g=2k(k € Z%),

if n and n+q are all prime number, and if X (Y) = 1 (Y traverses all positive odd numbers) or
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if X(Y) # 0 (Y traverses all positive odd numbers),
then X(n+q) = X(n) = X(p)=1(n,n + q,and p go through all the prime numbers),
or X(n+qg)= X(n) = X(p)#0(n,n+ g,and p go through all the prime numberss), because n(n

traverses all prime numbers) and q=2k(k € Z*) are not mutual prime, then X(n)=0 (n € Z*), and

for any prime number a and b,

X(a) X(b)= X(ab)(a € Z*,b € Z* ,a and b are all prime number),

then the three properties described by the Dirichlet eigenfunction X(n) above fit the definition of the

Polignac conjecture, the Polignac conjecture states that for all natural numbers k, there are infinitely
many pairs of prime numbers (p,p+2k)(k € Z*). In 1849, the French mathematician A. Polignac

proposed the conjecture.When k=1, the Polygnac conjecture is equivalent to the twin prime

conjecture.In other words, when L(s, X(n)) = 0(n€ Z*,p € Z*, s €C, n goes through all the natural

numbers, p goes through all the prime numbers, X(n)ER

and( X(n) # 0),a(n) = a(p)=X(n)),P(p , s) ), and generalized Riemann hypothesis and

“1-a(p)p~S
the generalized Riemann conjecture are true, then the Polygnac conjecture must be completely true,
and if the Polignac conjecture must be true, then the twin prime conjecture and Goldbach's

conjecture must be true.l proved that the generalized Riemannian hypothesis and the generalized
Riemannian conjecture are true, so when L(s, X (n)) = 0(n€ Z*,p € Z*,s €C and s# 1, n goes

through all the natural numbers, p goes through all the prime numbers, X (n))€R and ( X (n)) #

1

1, ,.
_W) and s = S+t (teRandt=# 0),l also proved that

0),a(n) =a(p)=X (m)),P(p, s)

the Polignac conjecture,twin prime conjecture must be true and Goldbach conjecture are completely
or almost true.The Generalized Riemann hypothesis and the Riemann conjecture are perfectly valid, so
the Polygnac conjecture and the twin prime conjecture and Goldbach's conjecture must satisfy the
properties of the Generalized Riemann {(s)(s € Cand s # 1) function and the Riemann {(s)(s €
Cand s # 1) function, so the Polignac conjecture,twin prime conjecture must be true and Goldbach
conjecture is completely true.Riemann hypothesis and the Riemann conjecture are completely correct
and the Generalized Riemann hypothesis and the Generalized Riemann conjecture are completely
correct and the Polignac conjecture,twin prime conjecture must be tue and Goldbach conjecture are
almost or completely true.

Reasoning 5:

In order to explain why the zero of the Landau-Siegel function exists under special conditions,we need

to start with the Riemann conjecture. | have solved the Riemann conjecture for the Dirichlet feature

X (n)=1(n traverses all positive integers) and the generalized Riemann conjecture for the Dirichlet

feature X (n)#0(n traverses all positive integers), Now | propose a special form of Dirichlet
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L(s, X (p))(SEC, X (p)ER and X (p)=0, p traverses all odd primes,including 1) function problem. Let

me first explain to you what Landau-Siegel zero conjecture is. As you may know, the Landau-Siegel
zero point problem, named after Landau and his student Siegel, boils down to solving whether there

are abnormal real zeros in the Dirichlet L function. So let's look again at what the Dirichlet L function is.
Look at the abve proof process,which is the expression of Dirichlet L(s, X (n))(s€C and s# 1,

n€ Z* and n traverses all positive numbers)

X (m)
ns

L(S! X (n)):Z?IOZI

(s€eCands#1) .

I shall first introduce the Dirichlet L(s, X (n))(s&€C and s# 1,n traverses all positive integers) function

and explain its relation to the Riemannn {(s)(s € Cand s # 1) function. Here, X (n)(n€ Z* and n

traverses all positive integers) is a characteristic value of a Dirichlet function, which is all real numbers,
and X (n)(n traverses all positive integers) is a real function. The L(s, X (n))(s€ECand s# 1, X (n)ER,
n€ Z* and n traverses all positive integers) function can be analytically extended as a meromorphic

function over the entire complex plane. John Peter Dirichlet proved that L(1, X (n))#0(s&C and

s# 1, X (n)ER and X (n)£0, n€ Z* and n takes all positive integers) for all X (n)(n€ Z* and n

traverses all positive integers), and thus proved Dirichlet's theorem. In number theory, Dirichlet's
theorem states that for any positive integers a,d, there are infinitely many forms of prime numbers,
such as a+nd, where n is a positive integer, i.e., in the arithmetic sequence a+d,a+2d,a+3d,... There

are an infinite number of prime numbers-there are an infinite number of prime modules d as well as

a.If X(n)(n€ Z* and n traverses all positive integers) is the main feature, then L(s, X (n))( s€C and

s# 1 ands# 1, X (n)ER, n€ Z* and n traverses all positive integers) has a unipolar point at s=1.

Dirichlet defined the properties of the characteristic function X (n)( n€ Z* and n traverses all positive

integers) in the Dirichlet function L(s, X (n))(s€C, X (n)ER, n € Z* and n traverses all positive
integers) :

1: There is a positive integer g such that X (n+g)= X (n)(n traverses all positive integers);

2: when n(n traverses all positive integers) and g are non-mutual primes, X (n)=0(n€ Z* and n

traverses all positive integers);

3: For any integeraand b, X (a) X (b)= X (ab)(a is a positive integer, b is a positive integer);

From the expression of the Dirichlet function L(s, X (n))( sEC and s# 1,,X(n)ER, n€ Z* and n takes

all positive integers), it is easy to see that when the Dirichlet characteristic real function X (n)=1(s&C
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ands# 1,n € Z* and n takes all natural numbers), Then the Dirichlet L(s,1)( s€ECand s# 1, X (n)ER,

n€ Z* and n traverses all positive integers) becomes the Riemann {(s)(s € Cand s # 1) function, so

the Riemann {(s)(s € Cand s # 1) function is a special function of the Dirichlet function L(s, X (n))(s
ECands# 1, X (n)ER, n€ Z* and n traversing all natural numbers), when the characteristic real
function X (n)(n€ Z* and n traverses all positive integers) is equal to 1, Also called a trivial
characteristic function of the Dirichlet function L(s, X (n))(s€Cands# 1, X (n)€R, n€ Z* and n
traverses all positive integers). When the eigenreal functions X (n)#1, they are called nontrivial

eigenfunctions of the Dirichlet function L(s, X (n))(s € Cands # 1, X (n)€R , n€ Z* and n traverses
all positive integers). When the independent variable s in the expression of the Dirichlet function

L(s, X (n))(s € Cand s # 1, X (n)ER, n€ Z* and n traverses all positive integers) is a real number
B, then for all eigenfunction values X (n)( n€ Z* and n traverses all natural numbers), L(B, X (n))(BE
R, X (n)ER, n€ Z* and n traverses all positive integers) is called the Landau-Siegel function. Visible
landau - siegel function L(B, X (n))(BER, X (n)ER, n€ Z* and n traverses all positive integers) is
dirichlet function L(s, X (n)) (s € Cand s # 1, X (n)ER ,n€ Z* and n traverses all positive integers)

of a special function, landau - siegel guess is landau and siegel they guess L(B, X (n))(BER,X(n)ER,
n€ Z* and n traverses all positive integers) is not zero, So Landau and Siegel's conjecture that
L(B, X (n))#0(BER, X (n)ER, ne Z* and n traverses all positive integers) is easy to understand,

right? Well, now that you know what the Landau and Siegel null conjecture is all about, let's continue

to see how I'm going to solve the Landau and Siegel null conjecture. Look at the abve proof process:

w X X (m)n(s) X (n) w (—1n1
GRH(s, X (m) = L(s, X () = Bila "0 = Ggims; = Gogios; Snet o5

(_1)1'1—1 _ (_1)n—1

X (n) oo o 11
(1_21—5) Zl’l=1 np+ti - (1_21—5) Zn=1 x (n)(__ =

nP nti

D voo - 1 _ D" G -

(1_21—5) Zn:l X (n)(n )(cos(ln((n))+isin(ln(n)))t (1_21—5) Zn:l X (n)(n (COS(ln (n)) +
isin(In(n)))—t)=(—1)n—-1(1-21—s)n=10c0 X
(n)n—p(costln(n)—isintln(n))=(—1)n—1(1 - 21-s)n=1o0 X

(n)n—p(costln(n)—isintln(n))(s€C and s#1,n€Z+ and n goes through all positive

integers ) ,
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then

LB, X (m))=

(=1

5 Zn L X M) (P (cos (0 x In(n) + isin(0 x
(1- 21

(1-21"F

In(m))= 2T, (X ()= = _B>(X<1)1'“— X227+ X337 - x(947P +

).
When X (n) =1 (n € Z* and n traverses all natural numbers), because the real exponential function
of the real number has a function value greater than zero, so

nf> 0(n € Z* and n traverses all positive integers) and 1P —2B+0,3F—4B =0,5F — 6P =

0,.,(n—1F—m)P#0,..,and | —— e | # 0, it can be known that when and X (n) =1(n €

13)

Z* and n traverses all positive integers), then L(B,1)#0(BER, X (n)eR and X (n) =1,n € Z* and n
traverses all positive integers), so for Riemann {(s)( s € C and s # 1) functions, its corresponding
landau-siegel function L(B,1)(BER, X (n)eR and X (n) =1,n € Z* and n traverses all positive
integers) of pure real zero does not exist, This means that the Riemann {(s)(s€C and s+ 1) function
does not have a zero of a pure real variable s.

when X (n)#1(n € Z* and n traverses all positive integers), because the real exponential function of
the real number has a function value greater than zero, so

nf> 0(n € Z* and n traverses all positive integers) and 1P —2B+0,3F —4P £ 0,5F — 6P =

0,..,(n—1)F —mP=+0,..,and |(1T11—B)| # 0, it can be known that when X(n)#1(n€ Z* and n

traverses all positive integers), then L(B,1)=0(BER, X (n)eR and X(n)#1,n € Z* and n traverses all
positive integers) so for Riemann {(s)( (SEC and s=# 1)) functions, its corresponding landau-siegel
function L(B,1)(BER,X(n)eR and X (n) #1,n € Z* and n traverses all positive integers) of pure real
zero does not exist, This means that the generalized Riemann {(s)( SEC and s# 1) function does not
have a zero of a pure real variable s.
When X (n) #1and X (n) #0,n € Z* and n traverses all positive integers, because the real
exponential function of the real number has a function value greater than zero, so n™# > 0(n €

* and n traverses all positive integers) and 1P —2B 0,38 —4B £ 0,5F —6F £, v, (n—

DB - @m)PF #0,..,and |m| # 0, it can be known that when X (n) #1and X (n) #0,

n € Z* andn traverses all positive integers, then L(B,1)#0(BER, X (n)ER X (n) #1 and
X (n) #0,n € Z* and n traverses all positive integers) so for generalized Riemann L(s, X (n)) (seC)
functions, its corresponding landau-siegel function L(B,1)(BER, X (n)€R, X (n) #1 and
X (n) #0,n € Z* and n traverses all positive integers) of pure real zero does not exist, This means
that the generalized Riemann L(s, X (n)) (s€C and s+ 1) function does not have a zero of a pure real
variable s.When X (n) =0 (n € Z* and n traverses all positive integers), because the real exponential
function of the real number has a function value greater than zero, so

n~P > 0(n traverses all positive integers) and X (1)1f =0, X (2)2f =0, X (3)3° =
0, X(4)4P =0, x(5)5P =0, X (6)6P =0,.., X(n—1)(n—1)F =0, X (n)nP =

and | ——— a | # 0, it can be known that when X (n) =0 (n € Z* and n traverses all positive

21 B)

integers), then L(B,1)=0(BER, X (n)eR and X (n) =0, n € Z* and n traverses all positive integers), so
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for generalized Riemann L(s, X (n))(s€C and s# 1) functions, its corresponding landau-siegel
function L(B,1)(BER,X(n)eR and X (n) =0,n traverses all positive integers) of pure real zero exists,
This means that the generalized Riemann L(s, X (n))(s€C and s+ 1) function has a zero of a pure real
variable s, that means the twin prime conjecture, Goldbach's conjecture, Polignac's conjecture are all
true.

When X (p)=0(p traverses all odd primes, including 1), then L(s, X (p))=0(seC and s+ 1, X (n) €R and
X (p)=0, p traverses all odd primes, including 1) was established. At the same time L(s, X (p))(seC
and s# 1, X(p)eER and X (p)=0, p traverses all odd primes, including 1) the corresponding
landau-siegel function L(B,0)(BER, X (p)ER and X (p)=0, p € Z* and p traverses all odd primes,
including 1) expression as shown as follows:

LB, X ()= =g £en X ()PP (cos (0 X In(p)) + isin(0 x In(p))) =

T2 (X ()P PY= [ X (1)17F- X (2)27P+ X (3)37F- X (5)5 P+ X (7)7F + ..

(1 21 B) (1-21-B)

—X(@P)pP+-](BER, p€Z*and p traverses all primes, including 1).
When X (p)=0(p traverses all odd primes, including 1), then L(s, X (p))=0(s€C and s# 1, X (n) €R and
X (p)=0, p € Z* and p traverses all odd primes, including 1) was established. At the same time
L(s, X (p)) (s€EC, X (p) ER and X (p)=0, p € Z* and p traverses all primes, including 1) the
corresponding landau-siegel function L(B,0)(BER, X (p)ER and X (p)=0, p€ Z* and p traverses all
primes, including 1),
When X (n) =0 (n € Z* and n traverses all positive integers), because the real exponential function
of the real number has a function value greater than zero, so

n® > 0(n € Z* and n traverses all positive integers) and X (1)1f =0, x (2)28 =0, x (3)3f =
0, X(4)4P =0, x(5)58 =0, X(6)6F =0,.., X(n—1)(n—1)P =0, X (n)nP =

Land | ——— (1 =) | # 0, it can be known that when X (n) =0 (n € Z*and n traverses all positive

integers), then L(B,0)=0(BeR,X(n)eR and X (n) =0, n € Z* and n traverses all positive integers), so
for generalized Riemann L(s, X (n))(seCand s# 1) functions, its corresponding landau-siegel
function L(B,1) # 0(BER, X (n)eER and X (n) =1,n traverses all positive integers)) and L(B, X (n)) =
O(BER, X (n)eRand X (n) =0, n € Z* and n traverses all positive integers)) ,this means that the
generalized Riemann L(s, X (n))(seC and s= 1) function has a zero of a pure real variable s, that
means the twin prime conjecture, Goldbach's conjecture, Polignac's conjecture are all true.

Now | summarize the Dirichlet function L(s, X (n))(seC and s# 1, X (n) €ER, n € Z* and n traverses
all positive integers) as follows:

1: When X (n)=1(n € Z* and n traverses all positive integers), the generalized Riemannian hypothesis
and the generalized Riemannian conjecture degenerate to the ordinary Riemannian hypothesis and the

ordinary Riemannian conjecture, whose nontrivial zeros s satisfy s=%+ti(teR and t#0), and ordinary

Riemann {(s)=L(s, X (n))(s€C and s# 1, X (n)ER and X (n)=1, n € Z* and n traverses all positive
integers) the corresponding Landau-siegel function L(B,1)0(BER, X (N)ER and X (n)=1, n € Z* and n
traverses all positive integers), ordinary Riemann hypothesis and ordinary Riemann hypothesis all hold,
and for Riemann {(s)(SEC and s# 1) function, its corresponding Landau-Siegel function L(B,1)(BER,
X (n)eR and X (N)=1,n € Z* and n traverses all positive integers) does not exist pure real zero, which
also shows that Riemann {(s)(S€C and s# 1) function does not exist zero when variable s is a pure real
zero.

2: When X (n)=0(n € Z* and n traverses all positive odd numbers,including 1), then X (p)=0(p €
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Z* and p traverses all odd primes, including 1), a special Dirichlet function L(s, X (p))( s€C and s# 1,
X(p)eRand X (p)=0, p € Z* and p traverses all odd primes, including 1) has zero, and when zero is
obtained, the independent variable s is any complex number. This special dirichlet function L(s, X
(p))(seC and s# 1, X (p)ER and X (p)=0, p € Z* and p traverses all odd prime, including 1) the
corresponding Landau-siegel function L(B,0)=0(BER, X (p)ER and X (p)=0, p € Z* and p traverses all
odd prime, including 1) holds, so for this particular Dirichlet function L(s, X (p))=0(seC and s# 1, X
(p)ER and X (p)=0, p € Z* and p traverses all odd primes, including 1)holds.The existence of a pure
real zero of the corresponding Landau-Siegel function L(B,0)(BER, X (p)eR and X (p)=0, p € Z* and
p traverses all odd prime numbers, including 1) shows that the twin prime numbers, Polignac
conjecture and Goldbach conjecture are all true.

3: When the X (n)#£0(n € Z* and n traverses all positive integers), Dirichlet function L(s, X (n))(seC
and s# 1, X (n)e and X (n)#0, n € Z* and n traverses all positive integers) has zero, it's nontrivial

zero meet s:%+ti(teR and t#0). For dirichlet function L(s, X (n))(seC and s# 1, X (n)eR and X (n)#£0,

n € Z* and n traverses all positive intege), it's corresponding Landau-siegel function L(B, X (n))(BER,
X(n)eRand X (n)£0, n € Z* and n traverses all positive integers) of pure real zero does not exist, In
other words, it shows that the Dirichlet function L(s, X (n))(seC and s# 1, X (n)ER and X (n)#0, n €
Z* and n traverses all positive integers) does not exist for the zero of a pure real variable s, so if X
(n)#0(n € Z* and n traverses all positive integers), then both the generalized Riemannian hypothesis
and the generalized Riemannian conjecture hold and the Generalized Riemann L(s, X (n))(seC and
s#= 1, X(n)eER and X (n)#0, n € Z* and n traverses all positive intege) function of nontrivial zero s

also meet s:§+ti(teR and t#0). Now we know that merely proving that the nontrivial zero s of the

Riemann conjecture L(s,1)(s€C and s# 1, X (nN)€R and X (n)=1,n € Z* and n traverses all positive
integers) and the generalized Riemann conjecture L(s, X (n))(seC and s# 1, X (n)€R and X (n)#0, n €

Z* and n traverses all positive integers) satisfies s:%+ti(teR,t;tO) is sufficient to prove that the twin

primes, Polignac's conjecture, Goldbach's conjecture are all true..

IIl. Conclusion
After the Riemann hypothesis and the Riemann conjecture and the Generalized Riemann
hypothesis and the Generalized Riemann conjecture are proved to be completely valid, the
research on the distribution of prime numbers and other studies related to the Riemann
hypothesis and the Riemann conjecture will play a driving role. Readers can do a lot in this
respect.
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