Solving cubic equation using Cardano’s method
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Abstract

A cubic equation is solvable by radicals. This means that the solutions of the cubic equation can be obtained using
four basic arithmetic operations which include addition, subtraction, multiplication and division, and taking the
square and cube roots.
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1. Introduction
Without loss of generality a cubic polynomial in one variable is defined in the following way:
flx)=a3+ba? +cox+d

Where b, c and d are real numbers. The corresponding cubic equation is defined as follows:

fl@)=a2*+bz*+cx+d=0 (1)
Our goal to to solve the equation (1) for x.
First we substitute z = a4y
(a+y)P+bla+y)’+cla+y)+d=0 (2)
o® +y® 4+ 30y + 3ay® + ba? + by? + 2bay + ca+cy +d =0 (3)
&+ %+ (Ba+b)y? + 30y +ba® + 2bay +ca+cy+d=0 (4)

The parameter « is determined in the following way:

(3a+b=0)$<a:—g> (5)

y® 4+ (3a® + 2ba + )y + o +ba’ +ca+d=0 (6)
fla)=a®+ba®+ca+d (7)

y=pr+tgq (8)

p°+¢® + 3pa(p + ) + (3a% + 2ba + ) (p+ q) + f(a) = 0 )
(p+9q) (3pq+3a2+2ba+c)—|—p3—|—q3+f(a):0 (10)



Now we will assume that p and ¢ are chosen so that the following equality holds

3a% +2b b2 —3
(3pq+3a2+2ba+c:O):<pq:— ot a—f—cz c>

3 9
M:b2—30
9
2b° — 2
F:f(oz):a3+boz2+coz+d:—b 921)70—1— 7d

PP+ +F=0
P+ +F=0)= p’+¢=-F)
P = M

Knowing the sum and the product of p? and ¢* one can conclude that they are the two solutions of the quadratic

equation, which will be denoted by z; and z5.

3
21 =P

z2:q3
—(z1+22)=F
2122:M3

24+ Fz+M3=0
A=F?—4M3

Considering the value of the discriminant A, we will analyze two cases.

Case A>0

—F +VF?2—4M3
2

—F —F2 —4M3
2

p13 =z 6(27ri)1

Z1

z9 =

qu = 29 e(2m3)i

: Y 2mi ;

Di = \3/ 21 e(2mi)i — 21 e el
- 27 -

q; = \3/ 29 e(2mj)i — Jz9 € 3

where 14,7 € {0,1,2}

2w (i4j) ; 2w (i4j) ;
—_—a1 3 3

ey = (V) (Va F) = yarm 5 — M T

iy = 2) = (52 21)




We can find the roots of the cubic equation (1) as it follows.

(i=0,j=0)= (672“3”” = 1)

b b
vo=—gtpota=—g+Vat

(Z _ 1’.] _ 2) N <627r(§+2)1: _ 1)

b b x; = b 1 3 .
x1=—§+p1+q2=—§+%e%z+er%’:—g—a(%+%>+§<%—%)z

(i=2,j=1)= GL%“” = 1)

b b . L. b1 3 .

rrm =t ba =~ E ey K- L m vm) - D m - v
Case A <0

(A<0)= (F*—4M°® <0) = (M > 0)

VA = \/F2 — 43 = \/iz(fl)(FQ — AM3) = +i\/AM3 — F?

; —F + iv4M?3 — F?
1:
2
; —F — iV/4AM3 — F?
2:
2

We convert complex numbers z; and z, from Cartesian Coordinates to Polar Coordinates.

2 4
o= VM
3 _ 2
30 = Atan?2 (F, AME - F >
20 20
F
cos(36) = ~2
4M3 — F?
sin(30) = 50

21 = 0(cos(36) + isin(30)) = p eB0+2m)i
2y = 0(cos(30) — isin(36)) = g e(~30+2m)i
PP = 21 = g (30427

F=z=0 o(—30+2mj)i

where i,j € {0,1,2}
Diq; = g eBo+2mi)i i o o(=30+2m))i = ¥/ p2 Y

(pigy = M) = (7571 1)




We can find the roots of the cubic equation (1) as it follows.

(i=0j=0) = <e 27(040) ; 1)
— eFi =M e = VM (cos(0) + i sin(0))
q = /0 e~ Tt =M et = \/M (cos(&) — isin(0))

xo=—§+p0+QO=—§+2\/MCOS( =—*+ \/m cos(6)

(i=1,j=2)= ( SR
pr= Yo elFH)i = \/M e® ()i
a1 = Y el = VT 0% ()i = VI 01 o(-%)i =

2 23
p1+q = VM(2 Re(p1)) = 2V M cos (9 + ;) = —Tc (cos (0) + ﬁsinw))
b b VT3
=gt pta = -3 — o (cos(6) + V3sin (6))
(i=2,j=1)= (e%(i“”' - 1)

po = /3 UET0i — AT @ ()i
g2 = /5 50 = VAT o0 (5)i = /BT o0 (- 5)i =

P2+ g2 = VM(2 Re(ps)) = 2/ M cos <9 + 4;) _ YB3 (\/gsin(ﬁ) — cos (0)

; )
b b Vb2 -3
T2 =3 +p2t+q= 3 + TC (\/gsin(ﬁ) — €08 (9))

Thus, in the case that the discriminant is negative, we calculated the roots of the cubic equation using trigonometric
functions. Now we will prove that it is not possible to express the function cos(#) as a finite sequence in terms of

coefficients b, ¢ and d.

cos(36) = 4 cos®(6) — 3 cos(6)
4cos®(0) — 3cos(f) — cos(30) =0

cos®(6) — zcos(ﬁ) — CosiSG) =
_ 3 cos(30)
b=0,c= T d 1
M= b? — 3¢ }
9 4
e 20 — 9bc +27d  cos(30)
B 27 T4
Ay — F?—anpd — (- o530) t 4(L ’ _cos’(30) =1 sin®(30) _ 0
' 4 4 16 16 =

If the discriminant Ag were positive, then we could solve Equation (70), but since Ag is negative, it means that we

cannot solve the Equation (70) without using trigonometric functions.



2.

Case

Case

Case

3.

Examples

A=0

A>0

A <0

Comment

flz)=2® —42® + 50 -2 =10

a = 1.33333333

F = f(a) = —0.074074074

M =0.111111111
M3 =0.001371742

A=0
To = 2
Ty =1
xo =1

flr) =2 4+522% + 750 —27=0
a = —1.733333333

F = f(a) = —5.284592593
M = 0.504444444

M3 =0.128363051

A = 27.41346667

xo = 0.2959

T = —2.747929 + 1.2549423
Ty = —2.747929 — 1.2549423

22 +8122 - 17224+ 6.4=0

a=-—-27

F = f(a) = 92.206
M = 13.02333333

M?3 = 2208.851246

A = —333.4585481

0 = 46.99841748
cos(36) = —0.980947923
sin(36) = 0.194270875
0 = 0.982026181

zo = 1.308196337

x1 = —9.902248954
T = 0.494052617

This article is for educational and informational purposes only.
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