GROUP INVERSES AND GENERALIZED GROUP INVERSES
OF ANTI-TRIANGULAR MATRICES

HUANYIN CHEN AND DAYONG LIU

ABSTRACT. We provide representations for the group inverse and gen-
eralized group inverse of an anti-triangular operator matrix of the form

( Z 8 ) under the conditions ca = ¢ or ab = b. Specifically, we present

the weak group inverse for these types of anti-triangular block operator
matrices.

1. INTRODUCTION

Let A be a Banach algebra equipped with an involution denoted by *. An
element a € A is said to have a group inverse if there exists an element = € A
such that

ra® = a,azx® = z,and ax = za.

If such an z exists, it is unique and is denoted by a*, referred to as the group
inverse of a. Consider C™*", the Banach algebra of all n x n complex matrices,
where the involution is given by the conjugate transpose. It is clear that a
matrix A € C™*™ has a group inverse if and only if rank(A) = rank(A?).

The involution * is proper if x*z = 0 = x = 0 for any =z € A, e.g.,
in a C*-algebra, the involution is always proper. An element a in a Banach
algebra with proper involution * has weak group inverse provided that there
exist x € A and k € N such that

r = ax?, (a*ad’z)* = a*d’x,a” = za.
If such x exists, it is unique, and denote it by a®. As is well known, A € C™*"
has weak group inverse X if and only if it satisfies the equations

AX? = X, AX = AP A.
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Here, A has core-EP inverse A® if it satisfies the equations
A(AP)2 = AP (AAD)* = AAD AP AR+ — AF,

where k = ind(A) is the Drazin index of A. The group inverse and weak group
inverse are valuable tool in functional analysis, particularly in the study of
linear operators and their properties. It allows for the analysis of elements
that may not possess a classical inverse while still retaining useful algebraic
properties. We refer the reader for group inverse and weak group inverse
in [1, 3, 8,9, 10, 13, 14, 15, 16, 18, 21, 22].

An element a € A has generalized Drazin inverse if there exists x € A such
that

ar? = x,ar = za,a — xa® € A™,
Such z is unique, if exists, and denote it by a?. Here, A7 = {x € A | 1+\x €
A is invertible}. Evidently, z € A% if and only if lim |[z"||» = 0. Replacing
n—oo
A of quasinilpotents by the set of all nilpotents, we call the unique z the
Drazin inverse of a, and denote it by a”. The Drazin and generalized Drazin
inverses play important roles in ring and matrix theory (see [2, 4, 10, 17, 19,
23]).
An element a € A has generalized group inverse if there exists z € A such
that

r = az?, (a*a’r)" = a*a’x, lim ||a™ — a:a”“H% =0.
n—oo

Such x is unique if it exists. We call the preceding x the generalized group
inverse of a, and denote it by a®. The generalized group inverse is a natu-
ral generalization of weak group inverse. For a square complex matrix, they
coincide with each other. We list some characterizations of generalized group
inverse.

Theorem 1.1. (see [6, Theorem 2.2, Theorem 4.1 and Theorem 5.1|) Let A
be a Banach *-algebra, and let a € A. Then the following are equivalent:

(1) a € A®.
(2) There exist x,y € A such that

a=x+yry=yr=02zc A¥ yc A™
(3) a € A% and there exists € A such that

r = ar?, (a?)*a’r = (a¥)*a, lim [|a™ — a:a"+1||% = 0.
n—oo



GROUP INVERSES AND GENERALIZED GROUP INVERSES OF ANTI-TRIANGULAR MATRICES

(4) There exists an idempotent p € A such that
a+p € A is invertible, (a*ap)* = a*ap and pa = pap € AT,

The generalized inverses of an anti-triangular matrix are very tools in the
context of differential equations. It is hard to find the representations of gen-
a b

0
ca = ¢ or ab = b. Castro-Gonzalez and Dopazo considered the Drazin inverse
of M with @ = b = 1 (see [4]). Bu et al. studied the Drazin inverse of M
with a = b = a? (see [2]). Liu studied the group inverse of M with additional
condition a* = a for complex matrices (see [12]). In [23], Zou discussed the
same problem for an idempotent a in a ring. In [3], Cao et al. extended Liu’s
results and investigate the group inverse of M over a right Ore domain.

The aim of this paper is to present representations for the group inverse
and generalized group inverse of an anti-triangular operator matrix M. In
Section 2, we explore the generalized Drazin invertibility of M and derive
the representation of its group inverse. Section 3 focuses on establishing the
existence and representation of the group inverse of M. Finally, in Section
4, we provide the weak group inverse for these types of anti-triangular block
operator matrices.

Throughout the paper, all Banach algebras are complex with a proper invo-
lution *. We use A%, AP, A%, A® and A® to stand for the sets of all group
invertible, Drazin invertible, g-Drazin invertible, weak group invertible and
generalized group invertible elements in A, respectively.

eralized inverses for an anti-triangular matrix. Let M = , Where

2. GENERALIZED DRAZIN AND GROUP INVERSES

To facilitate our discussion, we will now examine the existence of the gen-
eralized Drazin inverse of M. The following lemma is essential for this inves-
tigation.

Lemma 2.1. Let A be a Banach algebra and a € A=, b € A™!  Then If
ba = b, then the equation xa + 1 = xbx has a solution x such that x,a — br €
AL b € A,
Proof. Let x = 3 ¢;a“b', where ¢; € C,a; € Z. Since ba = b, we have

i=0

o0

zbr = [D ¢a® b c;a®b’] = [>° ¢;a®b][> ci(ba® )]
i=0 i=0 i=0

1=0
= [3 qa®bi][> b = 3 dpbF
i=0 i=0 k=0
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k
where dj, = > ¢;c_;a%. Also we have
i=0

ra+1 = [> ga“iba+1
i=0

[ee]
= 1+ coa®™t + 3 cia®(bla)
i=1
o0
= 1+ Coaao-H + Z Ck+1aak+1bk+1.
k=0

Then xa + 1 = xbx implies that
1+ coa®™ = 0,dj, = cpp1a® .

That is,
1+ cpa®tt =0,
cta® = ¢ja™,
CoC1a° + c1coa™ = caa”?,
CoC2a™° + c1c1a™ + cpcra®? = c3a™?,

Then
Co = _1acl = 1762 = _2763 = 5764 = _14a )
k
Chal = D, CiChiy Oy = — 1.

i=0
Let {C,} be the series of Catalan numbers, i.e., Co = 1,C,11 = CoC, +
w4+ CpCo(n > 0). Then ¢g = —Cy,¢; = C;. By induction, we claim that
Can = —Cap, Cans1 = Copyq. Hence, |c,| = Cp(n > 0). By using the asymptotic
expression of the Catalan numbers C,,, we have

n

lim Cn/(4—§) =1.

n—00 \/7_”7,

Therefore

R T 4 _
o Ved = ey =

Asb € A" we see that lim {/]| b || = 0; hence, lim {/|c,| || " || = 0. This
n—oo n—oo

(o.9)
implies that _ ¢;b" absolutely converges.
i=0
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(o)
Thus, the equation xa + 1 = zbzx has a solution z = > ¢;a~'b’, where
i=0

k
co = —1,¢pp1 = Y ¢icx—;. Moreover, we verify that
i=0
r=—a'14 (3 ¢b )b e A7,
=1

1=

br = —ba 'Y bt = —[> cibi]b € A,
i=0 i=0
1—(bx)at=1-bre A,
a—br=all —a'(bx)] e AL

This completes the proof. 0]

a b

Lemma 2.2. Let A be a Banach algebra and M = ( 10

A™ Ifba = b, then M € My(A)%.

Proof. In view of Lemma 2.1, the equation xa + 1 = xbx has a solution x such
that x,a — bz € A™!,bx € AT, 1t is easy to verify that

w2 ) ()

Since bx € A‘l”“, then so is b by [11, Theorem 2.2]. Thus, ( “ —Obx xbb )

has g-Drazin inverse. Therefore M has g-Drazin inverse,a s asserted. 0

a b
10

) witha € A71,b €

Lemma 2.3. Let A be a Banach algebra and M = (
AT Ifba = b, then M € My(A)<.
Proof. Clearly, we have M = P + @, where
a’a® aa’b aa™ a”™b
P_(aad 0 )’Q_<a“ 0)'

Claim 1. P has g-Drazin inverse.

) witha € A% b €

p_ a’a® aa%baa’
aa® 0

> € My(aa® Aaa®).
a’a® € (aa®Aaa®) ™!, aa’baa’ € (aa’Aaa®)™,
By virtue of Lemma 2.2, P has g-Drazin inverse.
Claim 2. @ has g-Drazin inverse.
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0 — aa™ a™b\ [ a* 0 aa™ a™b
o a” 0 o 0 a™ a” 0 ’

aa™ 0 . aa a” 0
a” 0 n a” 0 0 a" )°

Then () has g-Drazin inverse.
Since PQ = 0, it follows by [24, Lemma 4.1] that M = P + @ has g-Drazin
inverse, as asserted. O

a b
10

3

Q
3

S

Lemma 2.4. Let A be a Banach algebra and M = (
Ifba =b, then M € My(A)%.
Proof. Obviously, we have M = P + @), where
abb®  b2b? ab™ bb"
P‘( bt 0 )’Q_( o0 )

Claim 1. P has g-Drazin inverse.

> with a,b € A?.

abb® b\ [ abb® b (o 0
w0 ) = Lt 0 0 b )
ot bt b 0 abb?® b2

(bbd o) =~ Lo bbd) < e 0

bb?  b2be
1 0
Claim 2. @ has g-Drazin inverse.
It is easy to verify that
(bb™)(ab™) = b™ (ba)b™ = bb".
Since bb™ € A,
Since bblab™ = 0 and bbla = bb? € A%, it follows by [20, Lemma 2.2] that

ab™ € A?. Tn light of Lemma 2.3, azl) bg

Cline’s formula (see [11, Theorem 2.2]), @ has g-Drazin inverse. Obviously,
abblab™ = abb®™ = 0 and bb%ab™ = 0. Since

abb?  b2ve ab™ bb"
PQ—(bbd ())(lfr 0)_0,
it follows by [24, Lemma 4.1] that M = P + @ has g-Drazin inverse. This
completes the proof. O

has g-Drazin inverse. By using
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Theorem 2.5. Let A be a Banach algebra and M = ( CCL 8

If ca = ¢, then M € My(A)?.
Proof. Since cb € A?, by using Cline’s formula (see [11, Theorem 2.2]), bc € A%

) with a,cb € A?.

In light of Lemma 2.4, ( (11 %C ) has g-Drazin inverse. One easily checks that
10 a b
M= 0 c 10 )
a be _ a b 10
1 0 - 10 0 ¢
By using Cline’s formula, we prove that M has g-Drazin inverse. O

Lemma 2.6. Let a € A. Then the following are equivalent:

(1) a € A%,
(2) a € A and Aa = Aa’.
(3) a € A? and aA = a*A.

Proof. (1) = (2) This direction is obvious.
(2) = (1) Write a = za? for some x € A. Then we have

20— prgntl _ 249

= z"a(a" — a"*tad) + 2"a" 2a? — a*a?
— xna(an _ an—i—lad) + (x"a"“)aad _ a2ad
= za"a(a™ — a"a?).

a—a

Hence,
la—aa® =< @ Il a|7] a" —aat =
This implies that lim || a—a2a? 7= 0, and so a = a2a®. Thus a € a2A().Aa2,
n—oo
as required.
=1 18 18 obvious by the symmetry.
1 3) This is obvi by th OJ

We are ready to prove:

Theorem 2.7. Let A be a Banach algebra and M = ( (Z 8 ) with a,cb € A?.
If ca = ¢, then

(1) M € My(A)*.
(2) a,cb € A* and a™b(ch)™ = 0.
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o f
M#:(v 5)’

In this case,

where
a = a — (a?)?b(chb)"c — a?b(ch)¥c — a”b(ch)"c — a™b[(cb)¥)?e,
B = (a¥)%b(ch)™ + a™b|(cb)#]? + a®b(ch)* + a™b(ch)*,
v o= ()" + (ch)*e,
§ = —(cb)*.

Proof. Since ca = ¢, we verify that

v-(G (D )

In light of Theorem 2.5, M has generalized Drazin inverse. By virtue of Lemma
2.6, M has group inverse if and only if there exists some X such that M = X M?
if and only if there exists some Y such that M = M?Y. By the preceding
conditions, we deduce that

wox(B1) (105 %) o

a®> ab — beb 1
( 0 (cb)? )Y -\ —c

_— O = O
O = O =
—_

(1) = (2) It follows from equations (1) that a € Aa?. In light of Lemma
2.6, a € A",

Write Y = ( Y1 Y2 ) Then
Ys Ysa

a*y; + (ab — beb)ys = a — be (3),
a’ys + (ab — beb)yy, = b (4),
(ch)2ys = cbe (5),

(cb)?yy = —cb (6).

Since cb € (cb)? A, it follows by Lemma 2.6 that cb € A7.
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Moreover, we have

a™b(cb)™ = a"[a’ys + (ab — beb)ya)(cb)™
= —a"bcbyy(cb)™

—a"b(ch)*|(cb)*yu] (cb)™

= a"b(ch)¥cb(ch)™

= 0,

as required.

(2) = (1) By hypothesis, we have a,cb € A# and a"b(ch)™ = 0. Then ca® =
ca’a® = ca = c. Let y; = a” — (a™)2b(cb)™c — a¥b(cb)¥c, yo = (a¥)?b(ch)™c +
a®b(cb)*,y3 = (cb)#c,yy = —(cb)#. Then we verify that equations (3) — (6)
hold. This implies that M = M?Y, and so M has group inverse by Lemma

2.60.
o B
Z:(v 5)’

Let
= a — (a®)?b(cb)"c — a?b(cb)*c — a?b(ch)"c — a™b[(cb)*]?c,
= (a”)%b(ch)™ + a™b[(cb)¥|* + a?b(ch)* + a™b(ch)¥,
= (cb)"c+ (cb)Fe,
= —(cb)*.

where

=2 » e

We verify that ca” = c¢. Then
ac +by = aa” — a®b(ch)c+ a™b(ch)*c — aab(ch)™c + b(ch)"e,
aB+b5 = a’b(ch)™ — a™b(ch)*,
ca = (cb)"e.

cf = cb(ch)?,
Since a™b(cb)™ = 0, we deduce that

ac +by = aa” — a®b(ch)"c+ a™b(ch)*c — aa?b(ch)™c + b(ch)™c
= a%a— a?b(ch)"c+ a™b(ch)*c
= aa+ fc.
Likewise, we verify that

af +bd = ab,
ca = 7ya+dc,
cB = ~b.
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We compute that

B a b a B
Mz = c 0)(7 5)
ac+ by af +bo

ca cf

- a B a b
ZM = vy 5)(0 0)
B aa+ e ab

- ya+d6c b )’

Then MZ = ZM. Similarly, we check that MZM = M and Z = ZMZ.
Therefore M# = Z, as asserted. O
Theorem 2.8. Let A be a Banach algebra and M = (
If ab = b, then

(1) M € My(A)*.
(2) a,cb € A* and (cb)™ca™ = 0.

In this case,
#_(a B
" _(7 5)’

8 ) with a, cb € A?.

where
a = a” —b(ch)"ca” — b(chb)"c(a™)? — b(cb)#ca™ — b](cb)*]?ca™,
B = blch)* +b(ch)",
v = (cb)¥ca® + (cb)#ca™ + [(cb)#]?ca™ + (cb)™c(a¥)?,
§ = —(cb)*.
Proof. This is proved similarly to Theorem 2.7. U

3. GENERALIZED GROUP INVERSES

This aim of this section is to investigate various conditions under which the
representation of the generalized group inverse of M is presented. We begin
with

Lemma 3.1. Let a € A® and b € A. Then the following are equivalent:
(1) a™b = 0.

2) a"b=0.
233 (1—a®a)b = 0.
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Proof. (1) = (3) Since a™b = 0, we have that b = aa’. Then a®ab =
a®a?a® = aa® = b. Hence (1 — a®a)b = 0, as required.

(3) = (2) Since (1 — a®a)b = 0, we have b = a®ab. Thus, (1 — aa®)b =
(1 - aa®)a®ab = 0.

(2) = (1) Since (1 — aa®)b = 0, we have b = aa®b. Then

aa®b = a®>a?a®b = aa®b = b.
This implies that a™b = 0, as required. O

Lemma 3.2. Let a € A® and b € A™. If a*b = 0 and ba = 0, then
a+be A®. In this case,

(a+0)® =a®.

Proof. Since a € A®, by virtue of Theorem 1.1, there exist z € A* and
y € A™! such that a = = + y,2*y = 0,yxr = 0. As in the proof of [7,
Theorem 2.2], + = a?a® and y = a — a®?a®. Then a = x + (y + b). Since
by = b(a — a’*a®) = 0, it follows by [23, Lemma 4.1] that y + b € A™"
Obviously, a*(y +b) = a*y +a*b = 0. In light of Theorem 1.1, a +b € A®. In
this case,

(a—i—b)@ =% = a®,

as asserted. O
Theorem 3.3. Let A be a Banach algebra and M = ( Z 8 ) with a €
A® cb e A%, If

ca = ca” = c,aa”™b = 0,b"aa” = 0,a"b(chb)"™ =0,

then M € My(A)®. In this case,

where
a = a® — (a®)%b(ch)"c — a®b(ch)*c — a®b(ch)"c — aTb|(cb)¥]c,
B = (a®)%b(ch)™ + a"b[(ch)*]? + a®b(cb)* + aTb(ch)*,
v = (cb)™ + (cb)¥c,
6 = —(cb)?”.
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Proof. Since ca = ca* = c, it follows by [5, Theorem 15.2.12] that ca? = ¢ and
c = c(a*)? = c(a?)*. By virtue of Theorem 1.1, we derive that

c = CEL( :d)[*c(gdg]]a = c[(a%)*a]

Since a € A®, we have the generalized group decomposition: a = x +v, where
r e A¥ y e A and z*y = 0,yx = 0. As in the proof of [6, Theorem 2.2],

r = a%a®,
y = d—d2d®,

Write M = P + @), where
“(To)es(iv)
Since y € A™! (@ is quasinilpotent. One easily checks that
o (F (1) (48
o - (- (0

We verify that

cx = ca’a® = ca® =,
7b(ch)™ = [1 — 227]b(ch)™ = [1 — (a®a®)a®]b(cb)™
= a"b(ch)".

Since a™b(cb)™ = 0, it follows by Lemma 3.1 that a"b(cb)™ = 0. This implies
that 27b(cb)™ = 0. In light of Lemma 3.2 and Theorem 2.7, we derive that

e (37).

v oo

where

a = a7 — (27)2b(cb)"c — ab(cb)*c — x7b(chb)"c — x™b[(chb)]?c

B = (2%)%(cb)™ + x™b[(cb)#]* + a7 b(ch)* + x7b(cb)¥,

v = (et (chyte,

§ = —(cb)*.
Obviously, ## = a® and 2™ = 1 — 227 = 1 — (a?a®)a® = a”. This completes
the proof. 0

We are ready to prove:
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Theorem 3.4. Let A be a Banach algebra and M = ( CCL

b ) with a € A®
and bc € A*. If

0
ca = ca* = c,aa™b = 0,b*aa” =0,
a*b(ch)™ = 0,b*b(cb)™ = 0.
then M € My(A)®. In this case,

o 4
M®:<7 5)’

= a” — a?b(ch)?c — a™b[(chb)?)?c,

= a"b[(ch)*]? + a*b(ch)? + ab(ch)",
= ()" + (ch)’e,

= —(cb)%.

Proof. Write M = P + @), where

(0O o= (0 M)

Then Q? = 0, and so it is nilpotent.
By hypothesis, we check that

where

=2 @R

ca = ca* = c,aa™b(ch)(ch)* = 0, [b(ch)(cb)*aa™ = 0.
Moreover, we derive that
a™b(ch) (cb)[(eb)?(ch)?™ = a™b(cb)(cb)?[1 — (cb)?((cb)®)?] = 0.
Since c[b(cb)(cb)?] = (cb)*(cb)? € A¥*, it follows by Theorem 3.4 that P has

generalized group inverse and
@_(a b
d ( v 0 )

= a — a?b(cb)?c — a™b[(ch)?)?c,
a™b[(cb)?? + a*b(chb)? + a™b(cb)?,
(cb)™ + (cb)e,

= —(cb)4.

where

2 » L
|
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Furthermore, we verify that

e a* c* 0 b(chb)™
PQ = )(ch)?) b 0)(0 0 )

(eb)(
a*b(ch)™ B
(") bo(chy” )0

QP = (%’) <cct b(cb)(cb)? :(b(cb)“c 0)

_ [ belbe)T 0 _
= 0 0 )=
According to Lemma 3.2, M = P + @ has generalized group inverse and

M® = P® as required. U

Corollary 3.5. Let A be a Banach algebra and M = ( CCL 8

(
0
0
0
0
b

) with a € A®.

(1) If ¢b € A* and ca = ca* = ¢,a*b = 0,a™b = 0, then M € M,(A)®. In

this case,
o
M®:<7§)’
where
a = a® — (a®)%b(ch)"c — a®b(ch)*c — a®b(ch)"c
B = (a®)%(ch)™ + a®b(ch)#,
v = () + (D)
§ = —(cb)*.

(2) If bc € A* and ca = ca* = c,a*b = 0,aa™b = 0,b(cb)™ = 0 then
M € My(A)®. In this case,

o f
M®:<75)’

= a” — a*b(ch)%c — a™b|(ch)?]?c,
a™b[(cb)?]? + a*b(ch)? + a™b(cb)?,
(cb)™ + (cb)lc

—(cb)?.

= 0, by virtue of Lemma 3.1, a"b = 0. The result follows

where

@ 2 » L

Proof. (1) Since a”
by Theorem 3.3.
(2) It is immediate from Theorem 3.4. O
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a b

Theorem 3.6. Let A be a Banach algebra and M = ( c 0 ) with a € A®.

(1) If ¢b € A% and ab = a*b = b,b*a” = 0,(ch)"ca™ = 0, then M €
M5(A)®. In this case,

o f
M®:(7 5)’

where
a = a® —b(ch)"ca® — b(ch)"c(a®)? — b(ch)#ca® — b[(cb)¥]*ca”,
B = b(ch)* + b(ch),
v = (cb)#ca® + (cb)*ca™ + [(cb)#]?ca™ + (cb)™c(a®)?,
5 = —(cb)?.

(2) If be € A* and ab = a*b = b,b*a” = 0, (ch)"ca™ = 0,a*(bc)"b =
0,b*(bc)™b = 0, then M € My(A)®. In this case,

e (31)
where
a = a® —be(be)?b(ch)?ca® — bl(cb)¥)?ca
B = bleb)?,
v = (cb)%a® + (cb)lca” + [(cb)4Pca” + (cb)™c(a®)?,
§ = —(cb)e.

Proof. (1) Since ab = b, it follows by [5, Theorem 15.2.12] that a%b = b, and so
aa™ = a(1 — aa?)b = ab — a(a?) = 0. Construct z,y, P and Q as in Theorem
3.3. Then M = P+ Q,P*Q =0,QP =0 and @ is quasinilpotent.
By hypothesis, we verify that
= a2(a®b) = a’*h =1,
(eb)cx cb)m e[l — zat] = (cb) = 0.

Applying Theorem 2.8 to P = ), P has group inverse. According to
Theorem 1.1, we deduce that

o (1)
v 0 )’
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where

x# — b(ch)"eax® — b(cb) e(x™)? — b(ch)# ca? — b(cb)#]2ca™,
b(cb)# + b(ch)™,

(eb)#cx® + (cb)cax™ + [(cb)#|2ca™ + (cb)™c(a)?,

—(cb)*.

=2 » L

Since 7% = a® and 2™ =1 — 227 = 1 — (a?a®)a® = a”. The proof is true.

(2) Write M = P + @, where

([ a (be)(be) 0 (bc)™b
b= ( ¢c 0 @={o 0o )

Then Q? = 0; hence, it is nilpotent.

By hypothesis, we check that

a(be)(be)db a*(be)(be)® = (be)(be)?b, aa™ (be)(be)?b = 0,
((be) (b)) aa” 0, (c(be) (b)) "ca™ = (cb)™ca™ = 0.

Since c[(bc)(be)db] =
above, P has generalized group inverse and

a f
= < 70 ) ’
where
a = a® — be(be)b(ch)?ca® — b(ch)¥)ca”,
B = blch)e,
v = (cb)4ca® + (cb)lea™ + [(cb)¥?ca™ + (cb)"c(a®)?,
§ = —(cb)?.
Furthermore, we verify that
o a* c* 0 (bc)™d
70 = ogsony o) (00" )
_ 0 a*(bc)tb ) 0
0 (o (o e \ _ ( Gee o
P =10 o c 0 ):( 0 o)
= 0.

c(be)b|(cb)42eh = (cb)*(cb) € A¥*, by the argument

According to

M® = P®  as required.

Lemma 3.2, M = P + () has generalized group inverse and
OJ



GROUP INVERSES AND GENERALIZED GROUP INVERSES OF ANTI-TRIANGULAR MATRICHS

Corollary 3.7. Let A be a Banach algebra and M = ( Z 8 ) with a €
A® b c A%
(1) If ab = a*b = b,b*a” = 0, (cb)™c = 0, then M € M,(A)®. In this case,
e_(a b
e < v 90 )
where

a = a® —b(ch)#ca® — b[(cb)#]ca”,
B = b(ch)* + b(ch),
v = (cb)#ca® + (cb)#ca™ + [(cb)#]?ca”,
5 = —(cb)*.
(2) If ab = a*b = b,b*a™ = 0, (cb)™c = 0, (bc)™b = 0, then M € M,(A)®. In
this case,
@_(a B
e < 70 ) ’
where
a = a® — be(be)ib(ch)?ca® — b[(cb)¥)ca”,
B = bleb)?,
v = (cb)ca® + (cb)4ca™ + [(cb)¥ca” + (cb)™c(a®)?,
§ = —(cb)?.
Proof. 1t is immediate from Theorem 3.6. 0J

We come now to investigate the special cases of Theorem 3.3 and Theo-
rem 3.6 and establish explicit representations of generalized group inverse for
related anti-triangular block operator matrices.

Theorem 3.8. Let A be a Banach algebra and M = ( (2 8

A® ch e A7
(1) If cb € A¥ ab = a*b = b,ca = ca* = ¢, then M € My(A)®. In this

case,

) with a €
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where

= a® —2b(cb)"c — b(ch)*c

b(ch)# + b(ch)™,

= (cb)#c+ (chb)™c

= —(cb)*.

(2) If bc € A* ab = a*b = b,ca = ca* = ¢,a*b(ch)™ = 0,b*b(cb)™ = 0, then
M € My(A)®. In this case,

@_(a B
M ( 79 )

= a® —b(ch)lc

= b(ch)?,

= (cb)¥c+ (cb)™c

= —(cb)%.
Proof. (1) Since ca = ca* = ¢, it follows by [5, Theorem 15.2.12] that ca? = ¢
and ¢ = ¢(a*)? = c(a?)*. By virtue of Theorem 1.1, we derive that

=2 @R
I

where

=2 » L

c = ca=|c(a?)*]a = c[(a?)*a]
= c[(a)"a*a®]
= ca®.

In view of [5, Theorem 15.2.12], a%b = b, and then aa™b = 0, and so aa"b = 0.
Furthermore, we have

baa™ = (a*b)*a” = b* — b*aa® = b* — b*a® = 0.
Since a € A®, we have the generalized group decomposition: a = x + vy, where
v € A%,y € A and x*y = 0,yx = 0. As in the proof of [6, Theorem 2.2],
r = a%a®,
y = d—d*d®.
Write M = P + @, where

[z b (v O
-(F0)e-(00)

Since y € A™ Q) is quasinilpotent One easily checks that
B 0 0 01\
re = (55 ) (5 0)= (i 0)=0

0 x 0 yb
or = (1) 0)- (2 8)
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We verify that
cr = ca’a® = ca® = ¢,
zb = a?a®b=a%b=0.

By virtue of [3, Theorem 3], P has group inverse. In light of Theorem 1.1, we

have
(30
vy o)

where

= a7 — 2b(cb)"c — b(ch)¥c,

= b(cb)” + b(ch)™,

= (cb)*c+ (chb)™c,

= —(cb)*.

Since 27 = a® and 2™ = 1 — 227 = 1 — (a®>a®)a® = a”. We obtain the result.
(2) Write M = P + @, where

P= (0 ) o= (0 "),

By hypothesis, we verify that
cb(ch)(ch)d = (cb)?(ch)d € A¥,
ab(cb)(cb)? = a*b(ch)(cb)? = b(cb)(ch)?,

ca = ca*=c.

o2 L

By the argument above, P has generalized group inverse and

o B
P#:<7 5)’

where
a = a® —b(ch)c,
B = bch)?,
Y= (ch)le+ (e,
§ = —(cb)d.
As in the proof of Theorem 3.6, we easily check that
o 0 a*b(ch)™ B
Q= {0 ((cb)(eh)?) b b(ch)" ) =9
B b(cb)™c 0\ _
op — (e 0 ) 0.

Clearly, @ is nilpotent, and so it is quasinilpotent. In light of Lemma 3.2,
M = P + @ has generalized group inverse and M = P®. as required. U
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4. WEAK GROUP INVERSES

Lemma 4.1. Let a € A. Then a € R® if and only if a € RPN R®. In this
case, a¥Y = a®.

Proof. See [6, Lemma 4.5]. O

Theorem 4.2. Let A be a Banach algebra and M = ( Z 8 ) with a € A@.

(1) If ¢b € A* and ca = ca* = ¢,aa™ = 0,b*aa”™ = 0,a™b(ch)™ = 0, then
M e MQ(A)@. In this case,

a B
M@:(v 5)’

where
a = o® - (a@)zb(cb)”c — a@b(cb)#c — a@b(cb)”c
— (1 = aa®lb{(eh)#Pe.
B = (a )%é%b)u[1—aa®]b[(cb)#12+a®b(cb)#
+ [1 — aa¥W)b(ch)#,
7 = ()T + (cb)¥e,
§ = —(cb)*.

(2) If bc € A* and

ca = ca* =c,aa"b=0,b*aa” = 0,
a*b(ch)™ = 0,b*b(cb)™ = 0,

then M € MQ(A)@. In this case,
M®_ (b
v o)’

= a” — a?b(ch)Pc — a™b[(ch)P)?e,

= a"b[(ch)P]? + a®b(ch)P + a™b(ch)?,
= (cb)™ + (cb)Pe,

= —(cb)P.

Proof. In view of Lemma 4.1, a € AD if and only if « € A9NAP and
a® = 4®. Therefore we obtain the result by Theorem 3.3 and Theorem
3.4. OJ

8) withaEA@.

where

=2 ® L

s

Theorem 4.3. Let A be a Banach algebra and M = ( .
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(1) If ¢b € A* and ab = a*b = b,b*a” = 0,(cb)"ca”™ = 0, then M €
MQ(A)@. In this case,

@) a B
M :(st)’
where

= ®_ b(cb)”ca@ — b(cb)”c(a@)2 — b(cb)#ca@ — b[(cb)#?ca”,
b(cb)* + b(ch)™,

- (cb)#c;@ + (cb)#ea™ + [(cb)#]2ea” + (cb)me(a®)2,

= —(cb)*.

(2) If be € A* and ab = a*b = b b*a™ = 0,(ch)"ca™ = 0,a*(bc)™b =
0,0*(bc)™b = 0, then M € My(A)Y. In this case,

=2 @R
Il

M® (P
v
where
a = o®— bc(bc)Db(cb)Dca@ — b[(cb)P)?cam,
5 = blch)"
v = (cb)Pca® + (cb)dcam + [(cb)P]2ca” + (cb)c(a®)?,
6 = —(cb)P.
Proof. 1t follows directly from Lemma 4.1 and Theorem 3.6. OJ

Theorem 4.4. Let A be a Banach algebra and M = ( (2 8 ) with a €

A®,cb e AP. If ab = a*b = b,ca = ca* = ¢,b(ch)™ = 0, then M € MQ(A)@.
In this case,
M®_ (B
v

= oW b(cb)Pe,
= b(ch)P,

= (cb)Pc+ (cb)™c,
= —(cb)P.

Proof. Since b(cb)™ = 0, we see that b(chb)™c = 0, and so be — b((cb)(cb)Pc = 0.
By using Cline’s formula, we have bc = bebe[(be)P]?be = (be)?(be)P. Hence,
bc € A#. This completes the proof by Lemma 4.1 and Theorem 3.8. U

where

=2 @R

We conclude this paper with an example to illustrate Theorem 4.4.
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> € C'2*12 where

A B
C Ogxe

101000
010100

Example 4.5. Let M

],

000000
000000
000000
1 00O0O0O0O
000000
000011
] € C&6,
] . We directly verify that

]’B
000O0O0© O

000100
000O0O0O0
000010
0 00O0O01

|

A:

000O0O0O0
000O0O0O0
000O0O0O0
000O0T1T1
000O0O0O0

|

O:

101000
010100
00 0O0O0O
00 0O0O0O
000010
00 0O0O01
AB
By using the formula in Theorem 4.4, we compute that

Then A@

C,B(CB)™ = 0.

— A*B=B,CA=CA" =

1010 0 00O0O0O O

0101

AW _p B
C —C

(

M®

0
0
0
0
0
1
0
0
0
0
-1
0

0 000O0O0 O

0000 O O0OO0OO0OO0OO0O O
0000 O O0OO0OO0OO0OO0O O

1 000O0O0 O
-1 0 00 0 O

0000
0000

1

0000 0O 0O0OO0OO0OO0O O
0000 O O0OO0OO0OO0OO0O O
0000 O O0OO0OO0OO0OO0O O
0000 O O0OO0OO0OO0OO0O O

1 10000 -1

0000 O O0OO0OO0OO0OO0O O

0000
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