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Abstract

We will construct a new family of elliptic curves with the rank of at least three arising from

quartic curves.

1. Introduction

The equation Y? = aX* + bX? + ¢ has been studied by many mathematicians. Euler[2] found many
solutions of z'+mz?y*+y* = 22 for |m| < 200. Pocklington[3] and Zhang[6] proved that x?+maz?y?+y* =
2? has only trivial solutions for the restricted m. Bremner[1] and Jones determined the solvability of the
equation 2t + ma?y? + y* = 22 for |m| < 3000 by perfoming calculations with L-series of elliptic curve.

In this paper, we present a new family of elliptic curves with the rank of at least three arising from

quartic curves.
By’ =12 —a*2® + b’z (1)

Q:Y?’=aX"+bX*+c

We often come across this type of quartic curve, Y2 = aX* + bX? + ¢, when studying diophantine
equations. This quartic curve can be transformed into an elliptic curve if we know a rational point.
However, if the height of the rational point is very large, we cannot transform it into an elliptic curve.
Thus, a method of conversion without rational points is effective. In particular, we consider the quartic
curve Y2 = X4 — ¢2X? + b2 Taking U = X2 and V = XY, then we get an elliptic curve

E:V?=U%-a*U* +bU.

If a rational point P(U, V) on E is known, computing 2P(U, V') is possible using the group structure.
Since z-coordinate of 2P (U, V) is a perfect square number by the duplication formula of P(U, V'), we
obtain a rational point X = /U on the quartic curve. Thus, the information of rational points(e.g.,rank,
generators) on an elliptic curve can be pulled back to quartic curve. Therefore, we can know the solubility
of the quartic curve from the elliptic curve.

2. Main result

We shall construct a parametrized family with the rank of at least three. Forcing a? to be z-coordinates
of the point on E. Thus we get a first point P, = (a?, ab) on the elliptic curve. Now, we try to



increase the rank by forcing the x-coordinates of the second point P; to be o = b%. This holds when

b? — a® 4+ 1 = u? for some rational number wu.

k* — 2k — 4 _k2+2k‘+4>

A simple calculation shows that (a, b) = ( 12 ; 12

Hence, the second point

(K* + 2k +4)?  (K* + 2k +4)*(k + 4)
P = ( kA ! k> )

is a rational point on

k2 — 2k — 4)2 k2 4+ 2k + 4)2
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We try to increase the rank by forcing the x-coordinates of the 3rd point P; to be z = a? — b2

This holds when k + 2 = —2m?2 for some rational number m.

A simple calculation shows that
2

B 4dm
o (m2 1)

Hence, the point

B 4m? 2m(m — 1)(m + 1)(m? —m+ 1)(m* + m + 1)
P?’_((m2+1)2’ (m2 + 1)t )

is a rational point on

s 3 (m'4+3m*+1)2 ,  (m*P—m+1)*(m*+m+ 1) 5
YEr T T ey O (m? + 1)1 o @)

which contains the points,

P <mﬁ+3m”+n2(m?—m+dxm?+m+4xm¢+&ﬁ+i)>
1= )

(mz + 1)4 ! (m2 + 1)4
o mP=m+ 12+ m 412 (mP—m+1)2(mP+m+1)*(m—1)(m+1)
Py = (m? + 1)1 ! (m? + 1) )
- 4m? 2m(m — 1)(m + 1)(m?* —m+ 1)(m?* + m + 1)
P3_<(m2+1)2’ (m2 +1)° )

Specialization to m = 3 yields the elliptic curve

, 4 11881 , 8281
Y= — ———x" + ——.
10000~ " 10000

The points
(11881 9919 ) ( 8281 8281 ) < 9 273)
1= ) 2 = ) 3 =

10000° 10000 10000" 12500 257 625
have regulator 67.8487922570794 by Sage[4], then the three points are independent,
and Silverman’s specialization theorem[5] shows the rank of the family of elliptic curves

given by the parametric solution of (2) is at least three.



3. High rank examples

We calculated (2) for m < 100 and found several elliptic curves of the rank 4,5,6, and 7.

Table 1: High rank examples

rank m
4 1/2, 1/4, 1/6, 1/8, 5/2, 5/7,---
5 1/5, 3/5, 5/8, 3/10, 4/11, 3/16, ---
6 1/7, 1/10, 3/11, 4/19, 7/19, 8/25,---
7 74/57, - -
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