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ABSTRACT

The problem of finding the zeros of functions is one of the important issues in
mathematics, and | would not be exaggerating if | said that all of mathematics is based on
such problems. Here, curiosity struck me to understand the mechanism or the secret
behind these functions. | never expected that this curiosity would lead me to encounter an
important function like the Riemann zeta function, starting from the Taylor and Maclaurin
series, which at least enabled me to find a function that links the point belonging to a
certain domain and the values of this domain with an exponential function, as
demonstrated in the proof.

In conclusion, I believe that if this function cannot find the zeros of the Riemann zeta
function, it will at least allow us to look at the zeta function from another perspective that
is easier to deal with.

Before starting with the solution for the Riemann zeta function, we want to introduce a
function known to everyone, but whose mathematical logic we may not fully understand

Let us consider the infinite series: f,(x) where n—o

fa)=a™x™ + a,_1x" 1 +a,_,x" % + ... 6))

We observe that the value of the function f,(x) at any point (t) is :

fa®=a,t" + a,_1t" 1 +a,_,t"%+... Q)

However, we can rewrite each t € R in the form t=x+b wherex=x,

And according to the Taylar series, we study the variation of the function f,(t) around
the point x. from that we conclude:

F =0+t + L2t )2+ .. 3)

by substituting (t) with the value x+b, we find:

£ eetb) = £ + 12 (erbon) + 22 (x4 b — 2)2 +... @)
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feetb) = £y + bR 4+ p2 L0 4 p3 ®)

now, let’s subtract f(x) from both sides of equation (5)

\ . ©
feerb) — fr) =pE2 4 p2 LD 4 p3 LD (6)

we divide both sides of equation (6) by b
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f—(’”b;_f @) represents the value of the derivative at the

We observe in equation (7) that
point c. where ¢ € ]%,%x+b[ This is according to the finite increments theorem.

Thus, we can rewrite equation (7) in the following form:

f@) = e+ 4p2 B0y @)

At the point x=x,=0 , we write equation (8) in the following form:

F@)=f©0) +bQ+p2 B0 ©

Thus, we can rewrite equation (9) in the following form:

f)= fO+ EQc+ 2D 2y (10)

By comparing equations (9) and (10), we conclude that:

1=1
c=1p
2
c? =§b2 (110



By making some adjustments, we can rewrite equation (11) in the following form:

1=1

b
c==
2
c? b2
=== 12)

c3 b3

3! 4!

By adding both sides of equation (12), we conclude:

2 2 b b2 b3
Ttet oo =1+t

2! 3! 4! (13)

2 ¢3
we observe on the left side of equation (13) that ( 1+C+;+;+. ..) is the expansion of

the function ( e€).

b  b* b3
=> ettty
We multiply both sides of equation (14) by (b) , then add +1 to both sides. We obtain the

equation in the following form

(14)

1+ bec=1+b+2 + 24 (15)
20 31"

The right side of equation (15) is the expansion of the function (e’).therewhere we
conclude the following:

b
c_¢ -1

1 +be¢ =e? => -

(16)

And this is the mathematical logic behind the limit of the function ( ex—_l ) as (x—=0)

. e*—1
lim =1 7 0<c<x
x->0 X




""Returning to the Riemann zeta function, which is written in the following form:

We will write the function f(z) in the following form:

n 2 3

v Z'_z* z
f@) =Yn=1 5 =255t e (18)
=0 & f=1 +2—+—+- =G(s) a9
Using the same method as in the beginning of the solution, we obtain the equation:
b
z e’ -1
= 20

Where (z) is a complex number and is written in the form (z=x+yi) . We choose(b=1)

Then we conclude that: e*tY L= e-1 (21)

The task is to determine the values of x and y in equation (21)

e*[cosy +isiny]=e-1 => e*cosy+ie*siny=e-1 (22)

=>e*siny=0 ; e*>0 V x€R

=>siny=0 => y=nn i NEZ (23)
Substitute the value of (y) into equation (22) :

e*cos(nm) =e-1 jcos(nm) = (—1)"

=>e*(—1)"=e-1

Since (e-1) is strictly positive, then (n=2m)

=>e¥=e1 => x=In(e-1) (24)

Thus, we obtain the complex number z=x+yi

Z =1n (e-1)+ 2mmi imeE Z (25)



b_
To clarify further on deriving the equation for (e = %), and based on the initial steps

of the solution, and considering that b=1, we write:

fz+1)—f(2) f@ @

=f +—
z+1-z §(2) 2! 3! (26)

But:

fe+)-f@ | _ ¢ f© | 0 _

m —_f(O) + 20 + 3 +.. = Z(S) (27)
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We can also express f (z) in the form:

N e - f(3)(0) 2

f(z)=f0)+f (0).Z+T.Z +... (28)

By comparing Equation 27 with Equation 28, we conclude that:
f@=4) = e‘=e-1 (29)

Thus, (z=In(e — 1) + 2mmi) that we obtained in solving Equation (e = e — 1) is the
set of zeros of the Riemann zeta function.
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