Higher Categorical Structures in Godelian Incompleteness:
Towards a Topos-Theoretic Model of Metamathematical
Limitations

Paul Chun-Kit Lee MD
Division of Cardiology
NYU Langone Hospital Brooklyn, NY

New York University, New York

July 27, 2024



Acknowledgment: This paper was written with the help of Claude Sonnet 3.5 and GTP-4.



Abstract:

This paper presents a novel approach to Godelian incompleteness using higher category theory
and topos theory. We construct a hierarchy of (oo, 1)-categories modeling increasingly powerful
formal systems, and prove a generalized incompleteness theorem in this context. Using
techniques from homotopy type theory, we develop a topos-theoretic model of metamathematical
reasoning that captures subtle aspects of incompleteness phenomena. Our results have
implications for the foundations of mathematics and theoretical computer science. Furthermore,
we explore how this framework offers new perspectives on fundamental questions in physics and
cognitive science. We discuss potential implications for theories of computational physics, the
nature of mathematical insight, and the limits of formal models of physical reality. By situating
Godelian phenomena within the rich context of higher category theory, we open new avenues for
understanding the nature of mathematical truth, the limits of formal reasoning, and the
connections between metamathematics, theoretical physics, and human understanding.



1. Introduction

Godel’s incompleteness theorems, articulated in 1931, irrevocably altered the landscape of
mathematical logic, demonstrating inherent limitations within formal systems capable of
arithmetic computation. These theorems assert that no consistent system sufficiently expressive
to encapsulate arithmetic can prove all truths about its arithmetic expressions, nor can it
substantiate its own consistency.

While the implications of Gédel’s theorems have been rigorously explored and extended within
various mathematical paradigms, recent developments in category theory, particularly higher-
dimensional categories, beckon a fresh perspective on these philosophical enigmas. Higher
category theory, a field enriched by the foundational works of Lurie and Leinster, extends
traditional categorical frameworks to more complex relational structures, offering new tools for
articulating the properties of and relationships between mathematical systems (Leinster, 2001).

This paper proposes a novel reinterpretation of Godelian incompleteness through the lens of

(o0, 1)-categories and topos theory. By structuring formal systems within these higher-
dimensional categorical frameworks, we unveil a refined model of formal reasoning that
encapsulates not only the provenance of proofs but also the metamathematical intricacies that
emerge from such systems. Our approach leverages the nuanced construct of homotopy type
theory and the conceptual rigor of topos theory to forge a deeper understanding of the limitations
and capabilities of formal systems.

The principal contributions of this paper include the development of a hierarchy of (o,1)-
categories representing varying strengths of formal systems and a generalized incompleteness
theorem within this context. We employ homotopy type theory to further interpret these
relationships, offering a topos-theoretic perspective that encapsulates the subtle dynamics of
metamathematical reasoning.

In synthesizing these advanced mathematical frameworks, our study not only extends the legacy
of Godel but also provides a novel foundation for exploring the boundaries of mathematical and

computational logic. This research aims to inspire further inquiries into the foundational aspects

of mathematics and theoretical computer science, proposing new pathways for understanding the
intricate dance between truth, proof, and formal mathematical systems. An appendix is added to

make the complex ideas presented in our paper more accessible to a wider audience.

2. Preliminaries
2.1 (oo,1)-categories

An (oo,1)-category is a higher categorical structure with:



e Objects
e l-morphisms between objects
e 2-morphisms between 1-morphisms

e n-morphisms between (n-1)-morphisms for all n > 1
e All n-morphisms for n > 1 are invertible

We use the formalism of quasi-categories as developed by Joyal and Lurie. For a detailed
treatment, see Lurie's "Higher Topos Theory" [1].

2.2 Homotopy Type Theory

Homotopy Type Theory (HoTT) provides a synthetic approach to homotopy theory, blending
type theory and higher categorical concepts. Key notions we will use include:

o Identity types as encoding higher morphisms
e Higher inductive types for defining recursive structures with higher-dimensional
constraints
o Univalence axiom for relating type equivalence and equality
For a comprehensive introduction, refer to The HoTT Book [2].
2.3 Topos Theory
A topos is a category that behaves like the category of sets, possessing:
o Finite limits and colimits
» Exponential objects

e A subobject classifier

We will particularly focus on Grothendieck toposes, which are categories of sheaves on a site.
For background, see Mac Lane and Moerdijk's "Sheaves in Geometry and Logic" [3].

3. The Metamathematical (co,1)-category
Definition 3.1: Let M be the (o0, 1)-category where:
e Objects are formal systems
e I-morphisms f: A — B are provability relationships (B can prove at least what A can
prove)
e 2-morphisms a: f = g are proofs of the provability relationship
e Higher morphisms represent metamathematical reasonings about proofs

Theorem 3.2: M admits a model structure where:

o Weak equivalences are equivalences of formal systems



o Fibrations are conservative extensions
o Cofibrations are inclusions of formal systems

Proof: (Outline) We define the model structure using the framework of combinatorial model
categories on presentable (oo,1)-categories as developed by Lurie [1]. The key is to show that M
is locally presentable and that the proposed classes of morphisms satisfy the required lifting
properties.

4. Godelian Phenomena in Higher Categories

Definition 4.1: For any object F in M, define the Godel morphism G_F: F — Q, where Q is the
object of metamathematical truths, as follows: G_F(x) = "x is not provable in F"

Theorem 4.2 (Generalized Incompleteness): For any object F in M, the Gédel morphism G _F is
not equivalent to any morphism factoring through the "provable in F" morphism P_F: F — Q.

Proof: Assume, for contradiction, that G F =~ P _F o H for some H: F — F. Consider the element
g =H(]G _F]), where [G_F] is the encoding of G_F in F. We have:

G_F(g) = P_F(H([G_F])) = P_F(g)
But this leads to a contradiction:

o If G _F(g) is true, then g is not provable in F, contradicting P_F(g).
o IfG F(g)is false, then g is provable in F, contradicting the definition of G_F.

Therefore, G_F cannot factor through P_F.
Corollary 4.3: There exists an infinite hierarchy of increasingly powerful formal systems in M.

Proof: Given any formal system F, we can construct a strictly more powerful system F' by adding
G_F as an axiom. Iterating this process yields the infinite hierarchy.

5. Topos-Theoretic Model of Metamathematics

Definition 5.1: Let E be the topos of sheaves on M with respect to the Grothendieck topology
induced by conservative extensions.

Theorem 5.2: In E, Godel sentences correspond to certain monomorphisms in the subobject
classifier that are not classified by any morphism from the terminal object.

Proof: (Sketch) The subobject classifier QQ in E encodes provability predicates. Godel sentences,
represented by G_F, induce monomorphisms S Q that, by Theorem 4.2, cannot be the
pullback of true: 1 — Q along any morphism factoring through the object representing F.

6. Homotopy Type-Theoretic Interpretation



Definition 6.1: For each formal system F, define a higher inductive type GS(F) with:

e A base point b : GS(F)

e For each formula ¢ in F, a constructor g_¢ : GS(F)

e A path constructor p_ ¢ : b=g ¢ for each ¢ provable in F
e A higher path constructor witnessing proof-irrelevance

Theorem 6.2: There is an equivalence of (oo, 1)-categories between a suitable subcategory of E
and the category of higher inductive types of the form GS(F).

Proof: (Outline) We construct an (o, 1)-functor from E to the category of higher inductive types,
sending each object F to GS(F). The key is to show that this functor preserves the relevant
categorical structures and that it is fully faithful and essentially surjective on the relevant
subcategories.

7. Applications and Implications
7.1 Characterization of Proof Strength

The characterization of proof strength through homotopy groups draws extensively on the
foundational concepts outlined in [2]. For a deeper exploration of these concepts and their
application in logical frameworks, see [10].

7.2 Connections to Complexity Theory

The conjecture regarding a fully faithful (oo,1)-functor from a suitable subcategory of M to the
(0,1)-category of complexity classes links closely with ongoing category theory research. For
foundational texts that explore similar themes, refer to [9].

7.3 Potential Implications for Computer Science and Al

Our categorical framework for understanding Gédelian incompleteness may have subtle but
important implications for theoretical computer science and artificial intelligence. The hierarchy
of increasingly powerful formal systems we describe could inform research on the limitations of
formal verification methods in software engineering. Additionally, our work suggests potential
boundaries for what can be achieved by Al systems based on current logical frameworks,
particularly in areas requiring meta-mathematical reasoning. However, the practical impact of
these theoretical limits on real-world Al systems remains an open question for future research.

8. Speculative Extensions and Philosophical Implications

The speculative examination of Gédelian incompleteness through higher category theory and its
philosophical implications leverages the foundational work found in [1] and [2]. These texts



provide a comprehensive background on the theoretical frameworks crucial for understanding
the potential of formal systems to encapsulate mathematical insights.

8.1 Metamathematics and Computational Universality

The infinite hierarchy of formal systems described in our work bears some resemblance to
Wolfram's concepts of computational universality and different levels of computational
irreducibility [4]. It may be fruitful to explore whether our categorical framework can provide a
rigorous foundation for some of Wolfram's more informal ideas about the nature of mathematical
truth and proof.

Conjecture 8.1: There exists a functor from our metamathematical (oo,1)-category M to a suitably
defined category of abstract rewriting systems that preserves key aspects of Godelian
incompleteness.

8.2 Non-algorithmic Mathematical Insight

Penrose has argued that human mathematical understanding transcends algorithmic processes
[5]. Our work on the limitations of formal systems might provide a new perspective on this
debate.

Speculation 8.2: The ability to "jump" levels in our hierarchy of formal systems might be related
to non-algorithmic mathematical insight. This could potentially be formalized using adjunctions
between different levels of our categorical hierarchy.

8.3 Quantum Logic and Beyond

The framework we've developed might be extensible to non-classical logics, potentially offering
new insights into quantum logic or other alternative logical systems.

Research Direction 8.3: Investigate the possibility of constructing a version of our
metamathematical (o0,1)-category based on quantum logic, and explore how Godelian
phenomena manifest in this context.

8.4 Cognitive Science and Mathematical Creativity

The structural insights from our higher categorical approach might inspire new models of human
mathematical reasoning and creativity.

Hypothesis 8.4: The process of mathematical discovery could be modeled as a form of higher
categorical adjunction between the "syntax category" of formal proofs and a "semantics

category" of mathematical concepts.

8.5 Towards a "Theory of Everything" for Mathematics



Just as physicists search for a unified theory of fundamental forces, we might speculate about an
ultimate foundation for all of mathematics.

Open Question 8.5: Does there exist a "maximal" object in our metamathematical (0,1)-category
M that, while not escaping Gddelian limitations, could serve as a practical foundation for all of
mathematics?

9. Conclusion and Future Directions

This paper has developed a higher categorical framework for studying Gédelian incompleteness,
leveraging tools from (o0,1)-category theory, topos theory, and homotopy type theory. Our results
provide a more nuanced understanding of the structure of formal systems and their limitations.

The speculative ideas presented in Section 8 suggest that our higher categorical approach to
metamathematics may have implications far beyond the immediate results presented in this
paper. They point towards deep connections between mathematical logic, theoretical computer
science, physics, and cognitive science that may drive research in foundations of mathematics for
years to come.

While this paper presents a novel categorical approach to Gddelian incompleteness, it has several
limitations. The framework is highly abstract and may not easily translate to practical
applications in computational settings due to the complexity of working with (oo,1)-categories
and topoi. Our results, while theoretically significant, are challenging to empirically validate.
The approach makes certain philosophical assumptions about mathematical truth and formal
systems that, while common in mathematical logic, are not universally accepted. Additionally,
our work primarily extends existing incompleteness results to a categorical setting rather than
fundamentally altering their implications. Future work should focus on bridging the gap between
this abstract framework and more applied areas of mathematics and computer science.

Our results on the infinite hierarchy of formal systems and their inherent limitations raise
intriguing questions about the nature of physical reality and human understanding. The existence
of this hierarchy suggests that any attempt to fully describe the physical world using a single
formal system or computational model may be fundamentally limited. This has potential
implications for theories that propose the universe is essentially a computational system, such as
those advanced by Wolfram [4]. At the same time, our work provides a new perspective on
Penrose's arguments [5] that human mathematical understanding transcends algorithmic
processes. The ability to recognize and "jump" between levels in our hierarchy might indeed
require a form of insight that goes beyond traditional computation. While our work doesn't
definitively resolve these debates, it suggests that if the physical world is based on computation,
it may require a form of 'super-computation' that transcends the limitations of any single formal
system in our hierarchy. Similarly, human mathematical intuition might operate by navigating
this hierarchy in ways that cannot be captured by any single formal system. This opens up new
avenues for exploring the connections between metamathematics, theoretical physics, cognitive
science, and the nature of reality and understanding itself. Future work could investigate how our
categorical framework might inform debates about the computational nature of physics, the
limitations of formal models of physical reality, and the nature of mathematical insight.



Future directions include:

halb o e

Extending the framework to study large cardinal axioms in set theory
Investigating connections to quantum logic and foundations of physics
Exploring implications for the theory of hypercomputation
Formalizing the speculative ideas presented in Section 8

By situating Godelian phenomena within the rich context of higher category theory, we open
new avenues for understanding the nature of mathematical truth and the limits of formal

reasoning.
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Appendix A: Making Sense of Higher Categorical Godelian Incompleteness

Introduction: This appendix aims to make the complex ideas presented in our paper more
accessible to a wider audience. We provide two summaries:

1. A Computer Scientist's Guide, which breaks down the concepts for those with a technical
background in computer science.

2. A Layperson Summary, which uses a Lego analogy to explain the core ideas in simple
terms. Readers can move between these summaries as needed, with cross-references
provided for key concepts.

Appendix Al: A Computer Scientist's Guide to Higher Categorical Godelian
Incompleteness

1. Background Concepts
1.1 Category Theory Basics
e A category consists of objects and morphisms (arrows) between them.
o Composition of morphisms is associative and there are identity morphisms.
o Think of it as a generalization of sets (objects) and functions (morphisms).
1.2 Higher Categories
e Inan (oo,1)-category, we have objects, 1-morphisms between objects, 2-morphisms
between 1-morphisms, and so on.
o It's like having functions, and then "functions between functions", and so on.
e All n-morphisms for n > 1 are invertible (like isomorphisms).
1.3 Topos Theory
e A topos is a category that behaves like the category of sets.
o It has operations analogous to union, intersection, function spaces, etc.
e Toposes can model various logical systems.
1.4 Homotopy Type Theory (HoTT)
e A type theory that integrates ideas from homotopy theory.
o Types are viewed as spaces, and elements of a type as points in that space.
o Equality is replaced by paths, leading to a richer notion of equivalence.
2. The Paper's Approach
2.1 The Metamathematical (oo,1)-category M

e Objects: Formal systems (like Peano Arithmetic, ZFC, etc.)



e 1-morphisms: Provability relationships

e Higher morphisms: Meta-reasoning about proofs

e This structure captures the relationships between different formal systems and ways of
reasoning about them.

2.2 Generalizing Godel's Incompleteness

e Define a "Gddel morphism" for each formal system.

e Prove that this morphism can't be factored through the system's own provability
predicate.

o This is analogous to showing that the Godel sentence can't be proved or disproved within
the system.

2.3 Topos-Theoretic Model
e Construct a topos of sheaves on the category M.
o In this topos, Godel sentences correspond to special subobjects.
o This gives a geometric/spatial intuition for incompleteness phenomena.
2.4 Homotopy Type Theory Connection
e Define a higher inductive type GS(F) for each formal system F.
o This type encodes the provability structure of F.
e The homotopy groups of GS(F) measure the "proof strength" of F.
3. Computational Analogies
3.1 Incompleteness as Undecidability
e Godel's theorem is similar to the undecidability of the halting problem.
e The paper's framework can be thought of as a "type system" for formal systems, where
incompleteness is a type of type-checking problem that can't be fully resolved.
3.2 Hierarchy of Systems as Complexity Classes
e The infinite hierarchy of formal systems is analogous to the hierarchy of complexity

classes in computational complexity theory.
o Each level can solve problems (prove theorems) that lower levels can't.

3.3 Higher Categories as Generalized Graphs

e You can think of higher categories as generalizations of graphs, where edges can go
between edges, and so on.

e This allows modeling of more complex relationships, similar to how hypergraphs extend
graphs.



4. Potential Computational Implications
4.1 Proof Assistants

o This work might lead to new ways of structuring proof assistants, taking advantage of the
higher categorical structure.

4.2 Automated Reasoning

o The categorical framework might suggest new strategies for automated theorem proving,
by revealing structure in the space of proofs.

4.3 Complexity Theory

e The conjectured relationship with complexity theory, if proven, could provide new tools
for analyzing computational problems.

4.4 Quantum Computing

o The mention of connections to quantum logic suggests potential applications in quantum
computing theory.

5. Connections to Broader Scientific Ideas
5.1 Wolfram's Computational Universality

e Our hierarchy of formal systems relates to Wolfram's concepts of computational
universality and computational irreducibility [4].

e The categorical framework might provide a rigorous foundation for some of Wolfram's
ideas about mathematical truth and proof.

5.2 Penrose's Non-Algorithmic Mathematical Insight

e Penrose argues that human mathematical understanding transcends algorithmic processes
[5].

e Our work on the limitations of formal systems offers a new perspective on this debate.

e The ability to "jump" levels in our hierarchy of formal systems might relate to non-
algorithmic mathematical insight.

6. Conclusion

This paper essentially creates a "meta-type-system" for mathematical theories, using very
advanced mathematics. It's as if we're not just programming, but creating a language to talk



about all possible programming languages and their limitations. While it's highly abstract, it
potentially offers a new perspective on the limits of computation and formal reasoning.



Appendix A3: Layperson Summary

Imagine we're trying to build the ultimate Lego set that can construct any possible

mathematical idea. Our paper is about proving that no single Lego set can build everything, no

matter how advanced it is.

We used some really fancy math tools to look at this problem in a new way:

1.

We created a "Lego World" (called an (oo,1)-category, see 1.2 in the Computer Scientist's
Guide) where each Lego set is a mathematical system. In this world, you can connect
Lego sets (like linking proofs), and even connect the connections (like proving things
about proofs), and so on infinitely.

We proved a super-version of the "you can't build everything" rule (Theorem 4.2, see 2.2
in the Guide). It's like showing that for any Lego set, there's always a special brick it can't
make, even if it can make all the parts of that brick.

We showed you can always make a better Lego set by adding this special brick
(Corollary 4.3). This creates an endless tower of better and better Lego sets, but none of
them can build everything.

We then built a "Lego City" (a topos, see 1.3 in the Guide) where all these Lego sets live
together. In this city, the special bricks that can't be built show up as weird shadows that
don't fit anywhere (Theorem 5.2, see 2.3 in the Guide).

Finally, we created a way to measure how powerful each Lego set is (Theorem 7.1, see
2.4 in the Guide). It's like counting how many layers of bricks it can stack before things
get wobbly.

Our work also connects to some big ideas from famous scientists:

Stephen Wolfram, who studies how simple rules can create complex systems, might see
our Lego world as a way to understand his ideas about computation and nature more
deeply.

Roger Penrose, who believes human minds can do things computers can't, might view our
endless tower of Lego sets as support for his idea that mathematical understanding goes
beyond step-by-step rules.

The fancy math we used is like having special Lego-building machines:

Category theory is like a machine that helps us organize and connect Lego sets.
Topos theory is like a machine that builds entire Lego cities with their own building
rules.

Homotopy type theory is like a machine that can build flexible, stretchy Legos that
connect in weird ways.



Why does this matter? It shows that even in math, where we think everything is certain, there are
always new things to discover. No matter how advanced our "math Lego set" becomes, there will
always be new, exciting pieces we haven't built yet.

For experts, our work might lead to new ways of understanding really hard math and computer
problems. It's like getting a new super-powered Lego set that lets us build things we couldn't
even imagine before



Appendix B: Detailed Proof of Theorem 4.2 (Generalized Incompleteness)

Theorem 4.2 (Generalized Incompleteness): For any object F in M, the Gédel morphism G_F: F
— Q is not equivalent to any morphism factoring through the "provable in F" morphism P_F: F
— Q.

Proof:
1. Assume, for contradiction, that G F =~ P _F o H for some H: F — F.

2. Let [G_F] be the encoding of G_F in F. This encoding exists because F is assumed to be
powerful enough to represent its own syntax and semantics.

3. Define g = H(|G_F]). This is a well-defined element of F.
4. By our assumption of equivalence, we have: G_F(g) = (P_F o H)(|G_F]) = P_F(g)
5. Now, consider the truth value of G_F(g): Case 1: If G_F(g) is true:
o By the definition of G_F, this means g is not provable in F.
o ButP F(g) = G_F(g) is true, which means g is provable in F.
o This is a contradiction.
Case 2: If G_F(g) is false:
o This means g is provable in F.
o Butthen P_F(g) = G_F(g) is false, which means g is not provable in F.
o This is also a contradiction.
6. Both cases lead to a contradiction, so our initial assumption must be false.
7. Therefore, G_F cannot be equivalent to any morphism factoring through P_F.

This proof demonstrates that for any formal system F, there exists a statement (represented by g)
that the system can neither prove nor disprove, generalizing Godel's First Incompleteness
Theorem to our categorical setting.

Appendix C: Example of a Formal System in M

Let's consider how Peano Arithmetic (PA) would be represented in our metamathematical (oo,1)-
category M.

1. Object: PA is represented as an object in M. This object encapsulates the axioms and rules
of inference of Peano Arithmetic.

2. 1-morphisms:



o Identity morphism: id PA: PA — PA This represents the trivial fact that PA can
prove everything provable in PA.

o Inclusion morphisms: For any theory T that extends PA (e.g., ZFC set theory), we
have a morphism i: PA — T. This represents the fact that T can prove everything
that PA can prove.

o Interpretation morphisms: If PA can be interpreted in another theory S, we have a
morphism int: PA — S.

3. 2-morphisms: Consider two different ways of interpreting PA in ZFC: intl, int2: PA —
ZFC A 2-morphism a: intl = int2 would represent a proof in ZFC that these two
interpretations are equivalent.

4. Higher morphisms: These represent meta-theoretical reasoning about proofs and
interpretations.

5. Godel morphism for PA: G_PA: PA — Q This morphism maps each formula ¢ in PA to
the statement "o is not provable in PA".

6. Provability morphism for PA: P_ PA: PA — Q This morphism maps each formula ¢ in PA
to the statement "¢ is provable in PA".

Example of how M captures incompleteness for PA:
1. By Theorem 4.2, G_PA is not equivalent to any morphism factoring through P_PA.

2. This means there exists a formula g in PA (the Godel sentence for PA) such that: G_PA(g)
=~ "g is not provable in PA" is true, but P PA(g) =~ "g is provable in PA" is false

3. In the language of category theory, g represents a point 1 — PA in M for which G_PA and
P_PA disagree.

4. This disagreement manifests as a non-trivial 2-morphism in M, representing the meta-
theoretical proof of PA's incompleteness.

This example demonstrates how our categorical framework captures the essence of Godel's
Incompleteness Theorem for a specific formal system, grounding the abstract concepts in a
concrete and familiar setting.
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