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Preface

This book is a collection of notes and problems in number theory. It is important to note the following
about this book (as well as about this volume):

e Number theory is very big subject and hence it is difficult to investigate properly in one volume (even
at basic level). Therefore, this book (unlike my previous books) is designed to be multi-volume.

e The book (at least in its first volume) is about elementary number theory. The present volume introduces
the basics of number theory for the beginners who are not familiar with the topics, methods and techniques
of number theory. In the following volumes we intend to build on the material of this volume and extend
the investigated topics. So, our plan is to expand and elaborate (gradually) the subject of number theory
horizontally and vertically as we progress and add more volumes. We may also investigate during this
long journey other subjects (or rather topics of other subjects) related to number theory (such as abstract
algebra) from the perspective of number theory and as much as they are related to it. So, the book is
likely to become open ended. In fact, there are many uncertainties about the future development of this
book apart from being about number theory.

e The book is planned to contain (in its volumes in general but not necessarily in each volume) both solved
problems and unsolved (or open) problems. The inclusion of unsolved problems is to make the readers
aware of these problems and hence encourage them to think about them and try to make these problems
“solved” or solvable. We may also try to investigate these unsolved problems from various perspectives
and angles to improve their general understanding which may contribute to their subsequent solution
in the future. So, in this regard the book is especially useful to the young “mathematicians” (or rather
the future generation of mathematicians) to help them in digesting and searching for solutions to these
problems (as well as other problems).

e The solved problems in this volume range from very simple to rather difficult. However, they are
generally within the intended and prescribed level of the book. We usually use the simple problems for
purposes like highlighting essential points and preparing for the more difficult problems, while we use the
medium and difficult problems for presenting and illustrating the main contents of number theory as well
as preparing for the more advanced topics and difficult problems. We also use solved problems to provide
necessary notes or theorems which we generally need in the subsequent parts of the book.

e Although the book does not contain detailed and systematic theoretical background about number
theory (apart from a basic introduction in chapter 2), we provide (as we progress) a collection of short
comments and explanatory notes within and around the problems and solutions and as much as needed
so that the reader will not struggle to understand or need to consult other books or references. So, the
book (and this volume) is generally self contained.

e The required background of the reader is A-level (or college level) of general mathematics or at most
the level of first year of undergraduate general mathematics.

e As in my previous books, my topmost priority in the structure and presentation is clarity and graduality
so that the readers have the best chance of understanding the content with minimum effort and with
maximum enjoyment. For this purpose (as well as for other obvious purposes) the book is full of cross
references (which are hyperlinked in the electronic versions although the hyperlinks are not highlighted
with color or other marking techniques to avoid distortion and ugliness).

e The book can be used as a text or as a reference for an introductory course on number theory and
may also be used for general reading in mathematics (especially by those who have the hobby of problem
solving). The book may also be adopted as a source of pedagogical materials which can supplement, for
instance, tutorial sessions (e.g. in undergraduate courses on mathematics or computing or cryptography
or related subjects).

Taha Sochi
London, July 2023
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Nomenclature

In the following list, we define the common symbols, notations and abbreviations which are used in the
book as a quick reference for the reader.
v for all
, multiplication sign
set

T X
-

factorial
in (or belong to)
(backward) in (or belong to)

W M

not in
absolute value of a

B

negation of a
the set of complex numbers

a a sl
3

™ binomial coefficient (number of combinations of m in n with no repetition)

S

myns....n, ~ Multinomial coefficient

E the set of even numbers

Eq., Egs. Equation, Equations

floor(a) floor function (the greatest integer less than or equal to a)
ged(m,n)  greatest common divisor of m and n

iff if and only if

lem(m,n)  least common multiple of m and n

m|n m divides n

m/fn m does not divide n

m7Tn tetration of m ton

(m)n the number m in base n

mEn m and n are congruent modulo &

m 7]2 n m and n are not congruent modulo k
m,n,k,... integers

m* modular multiplicative inverse of m

my, modular multiplicative inverse of m modulo &
max(a, b) the maximum of a and b

min(a, b) the minimum of @ and b

mod modulo (or modulus)

M, Mersenne prime

n factorial power of n

N the set of natural numbers (i.e. 1,2,3,...)

N the set of non-negative integers (i.e. 0,1,2,3,...)

©) the set of odd numbers

P prime number

P the set of prime numbers

P, even perfect number

P number of permutations of m in n (with no repetition)
Q the set of rational numbers

r,r1,ro,r3  position vectors (in 3D space)



the set of real numbers

the restricted divisor function
complete residue system

reduced residue system

variable integers

the set of integers

the Mobius function

the product symbol (for repeated multiplication)
the divisor function

the summation symbol

the tau function

the totient (or phi or Euler) function



Chapter 1
Preliminaries

In this chapter we present and discuss a number of subjects and issues in preparation for the forthcoming
investigations.

1.1 Introductory Remarks

In this section we present some short remarks about number theory and some of its basic terminology and

concepts which will be needed in the future investigations (mainly for the purpose of avoiding dependence

on later parts of the book). We also present a number of general remarks related to the conventions,
terminology and commonly occurring issues in this book. All these are outlined in the following points:

1. Number Theory is the branch of mathematics that investigates integers and their properties.

2. “Natural numbers” in this book (symbolized as N) means the set of positive integers (i.e. 1,2,3,...).

3. “Divisible” in number theory means “without remainder” (noting that number theory is about integers
and hence “divisible” in number theory is an attribute of integers). For example, 8 is divisible by 4
because 8 + 4 = 2 without remainder but not by 6 because 8 + 6 = 1 with remainder 2 (noting that
fractions do not exist in the set of integers). Similarly, “divisibility” means being divisible (i.e. without
remainder). More clearly, divisibility in number theory means the property of integers to be divisible
(i.e. by each other) with no residue (i.e. without remainder). In technical terms, if m,n, k are integers
such that m = n x k then we say: n divides m, or n is a divisor or a factor of m, or m is a multiple
of n, and write n|m. Otherwise (i.e. if m is not a multiple of n) we write n fm.!!l

4. Proper divisor of a given integer n is a positive divisor of n excluding n itself.[?!

5. “Prime number” (or “prime” for short) is a natural number greater than 1 that is divisible only by
1 and itself (considering only the positive divisors), while “composite number” (or “composite”) is
a natural number greater than 1 that is not prime.

6. Two integers (or natural numbers) are described as coprime or relatively prime if there is no integer
greater than 1 that divides them both.

7. “Trailing digit” or “last digit” refer to the unit digit (i.e. the digit of least value), e.g. the trailing
or last digit of 1234 is 4. Similar expressions (like “number ending in digit”) may also be used.

8. The greatest common divisor (symbolized as gcd) of two or more integers (which are not all zero)
is the largest natural number that divides each one of these integers. The least common multiple
(symbolized as lem) of two or more integers (none of which is zero) is the smallest natural number that
is divisible by each one of these integers. For example, ged(18,24) = 6 and lem(18,24) = 72.

9. A function whose domain is the set of natural numbers is called arithmetic (or arithmetical) func-
tion. Regrading its range, it depends on the purpose and author but we generally assume it is the set
of numbers (which usually, in the context of elementary number theory, is the set of integers).

10. An arithmetic function f is multiplicative iff f(mn) = f(m)f(n) where m and n are (positive)
coprime numbers. 3!

11. For a conditional statement a — b (i.e. the if statement: if a then b), the converse is b — a,
and the contrapositive is b — @, while the inverse is @ — b (where the bar means negation). The
truth of contrapositive follows the truth of the statement (i.e. if @ — b is true/false then b — @ is
also true/false) but this does not apply to the converse (i.e. if @ — b is true/false then b — a is not

' To be more clear, if m,n, k are integers such that m + n = k then m is the dividend, n is the divisor, and k is the
quotient.

[2I'We follow the literature in this definition, but we think what should be excluded is |n|.

131 There is some difference in convention between authors (and hence more or less conditions may be attached to this
definition). However, these details are irrelevant to us in this book.
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12.

13.

14.

15.

necessarily true/false). Similarly, the truth of inverse does not follow the truth of the statement (i.e. if
a — b is true/false then @ — b is not necessarily true/false).

Based on point 11, an if statement is equivalent to two statements: a — b and b — @. Now, if we note
that an ff statement (i.e. a > b) is a combination of an if statement (i.e. @ — b) and its converse (i.e.
b — a) then we can conclude that an iff statement is equivalent to four statements: a — b, b — @,
b — a and @ — b. In more simple terms, the iff statement a <+ b means: either a and b are true or a
and b are false (i.e. it is impossible that one of them is true and the other is false).

A conjecture is an unproven proposition that is supported by partial evidence or indication and hence
it is believed (tentatively) to be correct. An open problem or open question is a proposition that
is not supported or contradicted by a conclusive evidence and hence it is equally likely to be correct or
incorrect.

Because this book is about number theory (whose prime subject is integers and their properties), we
are interested only in the set of integer numbers and its subsets like natural numbers or non-negative
integers or prime numbers or perfect numbers. So, in general we have no interest in rational numbers Q
or real numbers R or complex numbers C. Accordingly, in this book “number” with no other qualification
should mean “integer” or one of its subsets (depending on the context and circumstances). Yes, in very
exceptional circumstances we refer to types of numbers other than integers in which case we state this
explicitly.

Due to the huge extension and versatility of number theory and its methods and techniques, most
problems in number theory can be solved by several (and possibly many) methods. However, due
to the restrictions on the size of the book we cannot demonstrate all these methods in our solved
Problems. Nevertheless, we generally do our best to demonstrate a sample of these methods in different
Problems and usually select the more common, accessible and intuitive of these methods (considering
in particular the level of the book and its intended readers). We also tried deliberately (when possible)
to use different methods (or techniques or notations or methods of formulation and presentation) to
tackle similar types of problems for the purpose of diversity and to expose the readers to a range
of experiences which helps to diversify and enrich their base knowledge and skills and improve their
ability to recognize, understand and deal with similar problems (to become more flexible in thinking
and acting).

1.2 Characteristics of Number Theory

Like any other discipline, number theory has certain characteristics and properties. In the following points
we list and discuss (briefly) some of these characteristics:

1.

Richness: this branch of mathematics is one of the richest (and possibly the richest) in all mathematics.
It is so big and extended that it contains many subbranches and fields. This should come as no surprise
since numbers (and hence their theory) are the essence and soul of mathematics.

. Interconnections: this subject is strongly connected to many other branches and subjects of math-

ematics like abstract algebra and group theory. In fact, some of these branches and subjects are so
mixed with number theory that they are commonly treated and regarded as topics in number theory
(at least within their connections to number theory).

. History: number theory is the oldest branch of mathematics. In fact, we can find many examples of

sophisticated and complex theorems and propositions in number theory even in the old ages as well as
in very early stages during the time of European renaissance. So, it is not only the oldest branch of
mathematics but it is the oldest branch that progressed to high and advanced levels and accomplished
significant achievements even before the birth of most other branches of mathematics. This should
be no surprise given that the subject of number theory is the integers and their subsets (notably the
“natural” numbers) which are the first and most intuitive entity in mathematics (or rather arithmetic
which is the first stage and product of mathematical thinking).

. Entertainment: working on number theory is generally an entertaining and gratifying experience

because solving a number theory problem (at least at elementary level) is like solving a challenging puzzle
which generates excitement and motivation. Hence, this branch of mathematics apparently embraces
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the largest number of amateur “mathematicians” who crave for excitement and joy in pondering and
solving challenging number theory problems.

5. Open problems and conjectures: one of the characteristics of this subject is that it embraces some
of the most famous and challenging open and unsolved problems in mathematics as well as conjectures.
It also embraces more open problems and conjectures than any other branch in mathematics (and
possibly most of the conjectures and open problems in mathematics). Hence, it is especially attractive
to young and ambitious mathematicians who want to rise to glory through tackling and solving these
challenges.

6. Research: number theory contains some of the most active research areas in mathematics. This in
part is due to its inclusion of many open problems and conjectures (which we discussed in the previous
point) and hence it attracts a lot of attention and interest for investigation and research.

7. Intuitivity: considerable part of elementary number theory is based on intuition, common sense and
logic, and this is one reason for making this subject attractive to many mathematicians (especially
the amateurs) and hence making it one of the most popular branches of mathematics. This should be
explained in part by its arithmetic roots which represent the entry point of humanity to mathematics.
It should also be attributed to its heavy reliance on logic and rational thinking.

1.3 Computers and Computing in Number Theory

The use of calculators, computers and computing equipment in general (as well as their accessories like
computer algebra systems and programming languages) in number theory is not only useful but it is a
necessity in many cases and areas of application and research. However, like using any other tool, certain
rules and procedures should be observed and followed to avoid making mistakes or wasting or misusing
resources. In the following subsections we briefly investigate a few issues related to the use of computers
and computing in number theory.

1.3.1 Dealing with Large Numbers

Dealing with very large numbers is very common in number theory. It is tempting to use basic calculators
and ordinary computer programs to solve such problems or check their solutions which were already
obtained by other means. However, we should always be careful about this because the accuracy of such
calculators and programs is limited to a certain number of digits (e.g. 15 digits). For example if we
calculate 234257% using a basic calculator we may get something like 3011412916678850000000 and hence
we may conclude wrongly that 2342574 is divisible by 107 or it is even. However, the exact value of
2342574 is 3011412916678845518401 and hence it is neither divisible by 107 nor even.

Accordingly, when using any calculator (or computational tool or method) to solve or test a large-
number problem (or indeed any number theory problem) the user should be aware of (and consider) the
limitations of the calculator to see if it can cope with the problem or not. In fact, even when we have
access to “competent calculators” (i.e. calculators that supposedly can cope) we recommend using more
than one competent calculator to double check the result because no calculator (or software or computing
library or method) is infallible.

We also recommend using the analytical methods as the first choice because the analytical methods are
more robust and easier to check (and discover) if an error is committed in their use. So, in tackling number
theory problems calculators and computational methods should be considered and used as a second choice
(to check the results obtained already for instance) because most of them are not designed for dealing
with the type of problems met in number theory (especially large numbers). Moreover, they are mostly
“black boxes” and hence it is not easy to discover their mistakes if they contain bugs or limitations even
when they are supposed to be competent (i.e. designed to deal with the given problem). In fact, some
types of number theory problems can be tackled only by analytical methods.
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1.3.2 Numeric Libraries, Software Packages and Internet

There are many dedicated and undedicated computing libraries for doing number theory problems
and facilitating their management and solution. These libraries come in different shapes and forms
and for various purposes and capabilities using many different programming languages and computing
procedures. However, most of these libraries are not user friendly at all and they require not only
considerable knowledge and skill in programming languages (and related computing skills like installation
of libraries using scripting languages) but they also require technical and specialized knowledge in number
theory which is not usually available for the novice users. Also, many (or most) of these packages are
designed for certain operating systems and platforms (which are mostly distributions of Linux) and hence
they are not available (at least in their optimized and reliable form) for other types of operating systems,
platforms and distributions.

However, the advantages of these libraries include many aspects such as:

e Versatility and flexibility (being mostly open source and hence they can be modified, adapted and further
developed according to the purposes and needs of the user).

e Capability of being incorporated and embedded within other packages and computing resources or
interacting with them (e.g. by using a programming or scripting mediator).

e Being free of charge and hence they are affordable to everyone.

e Being clean of parasitic additives which are commonly attached to commercial packages.

e Protection of privacy as they do not require personal data which are usually collected and used (and
even misused) by vendors of commercial packages.

e Being resource-effective as they are usually optimized by design for their functionalities and hence
they require the minimum of resources (unlike commercial packages which usually require considerable
overhead). This is reflected as an advantage in performance (i.e. speedy operations with less memory
consumption).

The alternative to these libraries is the commercial software packages whose main virtue is their
relative ease of use as they are designed for general users and not only specialists. However, they have
many cons and disadvantages such as:!4!

e Expensive license or registration fees.

e Availability to certain operating systems and platforms but not to others.

e Lack of efficiency as they usually require considerable computing overhead and consume a lot of resources
(in terms of processor time, required memory and disk space).

e Violation of privacy as well as parasitic behavior. In fact, commercial packages have full access to the
user data and have almost complete control over his system, and hence they usually feel free to change the
system according to their wishes and needs and gather the data they want noting that many commercial
vendors have very limited, if any, moral or ethical code. Moreover, the regulations in this regard do not
exist or very vague or impractical to impose or verify or prosecute (in case of violation). The end result is
that when we install a commercial software package we actually hand over our system to the vendor and
hence we rely on his good will and practices.

We may also mention in this regard non-commercial software packages which are usually offered
on certain operating systems and platforms (especially on Linux distributions). The main advantage of
these packages is being free of charge. However, they have many disadvantages such as being limited
in capability and functionality (as they are usually less capable and versatile than their commercial
counterparts), having no access to customer services (unlike commercial ones), being less user friendly than
their commercial counterparts, and being limited to certain operating systems and platforms. They also
have limited liability (if any at all) and some may even be dangerous (maliciously or non—maliciously).[5]

[4] For more about these cons and disadvantages (as well as others) we refer the readers to the Internet using some keywords
related to well known commercial packages. So, we generally discourage heavy reliance on (and trust in) commercial
packages and favor using other methods and tools (especially developing our own tools and techniques if possible).

B A few years ago I installed such a non-commercial software package for some purpose on my computer. On doing a
routine cleaning job I discovered that this program wiped off everything in the directory of installation (which cost me
considerable amount of time and effort to restore). However, I was lucky not to install this program in the root directory
because I would have lost everything (data and work) and suffered a crippling disaster.
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Another alternative to these libraries (as well as to commercial and non-commercial software packages)
is the Internet sites which offer various functionalities related directly or indirectly to number theory
(e.g. prime factorization calculators, ged and lem calculators, modular arithmetic calculators, congruence
equation solvers, etc.). This could be the best available option for most novice “number theorists” who
have limited knowledge, skills and resources. These sites are generally very easy to use and they are
designed specifically to their declared functionalities. However, Internet sites also have their cons and
disadvantages such as violation of privacy, potential hacking and malware infection, limited functionality
(e.g. most sites put limitations on the size of the input data), and even non-availability (e.g. some
functionalities may not be offered by any site on the Internet at least in its complete and direct form).
They also have (seemingly more than others) the problem of reliability since some of these sites may
provide wrong results. 6!

Anyway, anyone who works on number theory these days (at any level and for whatever reason and
purpose) needs access to some sort of computing facilities and capabilities to deal with various aspects and
issues (e.g. related to solving problems and verifying the obtained solutions) especially when dealing with
exotic and eccentric problems (such as solving systems of large number of equations or dealing with very
big numbers). Therefore, the issue of choosing and accessing proper computing tools and facilities should
be considered carefully and thoughtfully before and during the engagement in number theory activities
so that the work will be easier and more enjoyable and the success will be more plausible.

We therefore recommend investigating this issue and thinking about it carefully (as well as spending some
time and effort on preparing the tools and facilities such as installing programming libraries which may
require considerable amount of time and effort) before setting off and starting the work on number theory.
This is especially important for those who work on big and long term projects (such as postgraduate
students) who should not leave this issue to chance and coincidence. The time and effort spent on this
issue will be well compensated and well rewarded later on since preparation in this regard (by having
access to effective, efficient and reliable computing tools and facilities) will eventually save a lot of time
and effort and provide more chances for success and progress.

1.3.3 Artificial Intelligence in Number Theory

Despite the recent achievements and progress, artificial intelligence is still in its infancy or childhood and
hence it is not expected to offer much to number theory at this stage of development. For example, no one
should expect artificial intelligence to be of use in proving theorems (beyond very basic level at most)!”! or
solving open problems in number theory at this stage. However, it is useful to consider this as a potential
tool during number theory investigations even at this early stage to be prepared for the future and to
introduce this important tool to the areas of application and research related to number theory. For
example, artificial intelligence could be useful in suggesting theorems or conjectures or proposing methods
and approaches for tackling number theory problems and issues. It can also be useful at this early stage
in complementary tasks and activities such as by helping in identifying patterns or gathering relevant
information or testing and assessing possibilities.

A quick search on the Internet suggests that so far there are very few and primitive activities in this
field. However, we may expect this situation to change in the near future due to the very quick advance
in the field of artificial intelligence and its relentless invasion to many fields and areas which were beyond
its reach just a few years ago, as well as the huge need for machine help to tackle perplexing problems
in number theory which are so colossal that there is very little hope to be solved with the bare human
intelligence of individuals and groups. The exponential growth and advancement in artificial intelligence

1611 have (from my personal experience) many examples of wrong results obtained from such sites. For example, some sites
use numerical routines to search for integers and because of limited accuracy they may provide incorrect integer solutions
to Diophantine equations (for instance). So, the users of these sites should be vigilant and should always double check
the obtained results.

[71 We mean “proving theorems” by analytic and direct ways using logical arguments. In fact, proving theorems by computers
(even without use of artificial intelligence) is common for certain types of proof. For example, computers are used
systematically to search for an example to prove a statement of existence or to search for a counterexample to disprove
the generality of a statement (see § 1.5.4).
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and the great need for its help in number theory (especially in the extreme and exotic areas of number
theory) should justify the call for spending more resources on introducing artificial intelligence to number
theory as soon as possible so that number theorists can benefit from this important tool and they are
not left behind in the race for progress and achievement which is accelerated these days by artificial
intelligence.

1.4 Solution of Mathematical Problems

There are many aspects related to solving mathematical problems in general and number theory problems
in particular. In the following subsections we investigate some of these aspects.

1.4.1 Types of Solution

There are several types of “solution” to an unsolved mathematical problem. For example, a problem

related to a suggested mathematical proposition or statement can be “solved” by:

1. Proving the statement is right.

2. Proving the statement is wrong.

3. Proving the problem is unsolvable unconditionally because of ambiguity or lack of sensibility or
internal inconsistency or some other reason.

4. Proving the problem is unsolvable conditionally. For example, we may prove that a given mathe-
matical theorem is unprovable by the existing mathematics (or the available tools and methods such
as the required computing resources) although we cannot rule out the possibility of being solved in the
future due to advancement and progress in mathematics (as well as methods, tools and technologies).!®!

These types could (and should) provide some criteria and conditions (as well as motivations and directions

of research) about solving mathematical problems.

1.4.2 Existence of Solution

Based on the types and criteria which we set in § 1.4.1 about solving mathematical problems, it may be
sensible to propose a principle which simply state: any problem in mathematics must have a solution (in
the extended sense of solution as outlined in § 1.4.1). This should provide the basis and motivation for
our search for a solution to any mathematical problem. In other words, we should believe (or convince
ourselves) that we are capable of solving any mathematical problem in the extended sense of “solution”.
This principle is vital to justify our relentless attempts to solve any mathematical problem (even the most
difficult and challenging ones) and keep our hope alive that we can find some sort of solution to any
mathematical problem.

Restricting the meaning of “solution” to its direct sense will limit our opportunities for finding a solution.
It will also diminish our hope and motivation and limit our direction of research and our awareness of
potential existence of other types and possibilities of solution that we should always consider during our
search for solutions. So in brief, when we start our investigation about a mathematical problem (especially
the perplexing ones such as those recognized by the global mathematical community as open problems) we
should consider (from the beginning to the end) all the possible types of solution and routes of investigation
not only the direct ones. Awareness of this fact will open many new possibilities and increase the chance
of success and reduce the chance of frustration and failure.

1.4.3 Partial Solution

There are many problems in mathematics (as well as in other fields) which have only partial solutions,
e.g. by having solutions only in special cases or under certain conditions. For example, an unsolved

18] Probably proving Fermat’s last theorem is of this type where great mathematicians failed in the past to prove this theorem
because mathematics in their time was not developed sufficiently to be able to tackle and solve this type of problems.
In general, the possibility of non-existence of solution within the existing mathematics should provide the drive and
motivation for the invention of new mathematical branches (or at least new mathematical methods and techniques within
the existing mathematical branches) and hence it is hugely beneficial to mathematics.
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number theory problem related to integers or prime numbers may be proved for certain types of integers
or certain groups of prime numbers. In fact, many problems which have complete solutions have been
solved gradually and stage by stage until their solution is completed. So, obtaining a partial solution is
likely to be the first stage for obtaining a complete solution. Sometimes, the partial solution may prove
to be the complete and final solution in the sense that the original proposition will be shown to be valid
only for the specific cases which have already been proved.

1.4.4 The Role of Technology in the Search for Solution

In the old days, solving a mathematical problem is almost entirely dependent on bare human intelligence
of individual mathematicians. However, these days solving mathematical problems is commonly aided
by machines and technology mostly in the form of computers and computing in their diverse forms and
capabilities (as well as being a group activity). For example, computers are commonly used to search
for an example to prove an existence statement or to search for a counterexample to disprove a negation
conjecture. In fact, these days some of such projects are done on a large scale involving many research
groups (of professional mathematicians as well as amateurs) around the world.[”) As indicated earlier,
we expect an increase in the future in our dependency on the help of machines and technology in our
search for solutions to open problems in mathematics (as in other subjects and fields) especially with the
expected rise and dominance of artificial intelligence (see § 1.3.3).

1.4.5 Learning from Previously-Solved Problems

It is very useful to keep in mind that many unsolved problems can be solved by learning from similar
problems which were solved previously. So, it is a good investment of time (when tackling an unsolved
problem) to search for and investigate previously solved problems to see if it is possible to apply the same
or similar method of solution (possibly with some adaptation) to the unsolved problem.

1.5 Proof in Mathematics

We investigate in the following subsections some issues about the nature and use of proof in mathematics
in general (including number theory which is the focus of our interest).

1.5.1 Importance of Proof in Mathematics

Mathematical proof is a painstaking business (especially when the target is a high quality and clear proof),
and this could discourage some young mathematicians to go through proofs during their reading, or avoid
creating their own proofs when they are asked to do so (and hence they just copy what they find in the
books or on the Internet). However, it is important to know that mathematical proof is the spirit and
soul of mathematics, and hence the “mathematicians” who avoid reading and creating proofs will miss
a great deal of mathematical knowledge and mathematical skill that can be learned and acquired only
through reading and practicing proofs. In fact, problem solving in most cases is no more than a form of
mathematical proof, and hence any one who wants to be a proficient problem solver must learn to be a
devotee proof reader and a competent proof creator.

1.5.2 Quality and Correctness of Proof

Not all proofs (whether individuals or types) are the same in quality. So, some proofs are stronger and
more decisive or conclusive than others. In fact, mathematical proofs are (like anything else) susceptible to
errors and mistakes (e.g. because of illusion or vagueness in definitions or bad symbolism or typo errors).
So, being a mathematical proof is not a guarantee that it is correct (as beginners may think). In fact, the

[91'We should also mention distributed computing projects on the Internet which involve many amateur mathematicians and
even ordinary people who participate through offering their support in non-specialist operations or by allowing the use of
their machines in massive world-wide computing operations (e.g. in search for Mersenne primes; see § 2.2.2).
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history of mathematics is full of examples of errors and mistakes committed even by great mathematicians
in their proofs and arguments (as well as in their final products). Moreover, there are many controversies
and differences in opinion between mathematicians about many things including proofs. So, it is always
useful (and important) to inspect, examine and assess any given proof (whether old or novel) to see if it
is robust and tight enough to be accepted or not.

1.5.3 Correctness of Proof and Correctness of Result

It is important to note that the correctness of proof and the correctness of result are correlated but not
identical. Although the correctness of proof implies the correctness of result, the opposite is not true in
general, i.e. the correctness of the result does not guarantee the correctness of the proof that is created
to establish it. In fact, any correct result can be “proved” by a wrong argument. So, we should not be
tolerant about the quality and rigor of our proof when we try to prove a result that we already know
(or feel) it is correct. The correctness of the proof and the correctness of the results should be seen as
two separate issues from this perspective, and hence the mistake in the proof should be considered to
be as serious as the mistake in the final result. In fact, we can find many examples in the literature of
wrong proofs or arguments used to establish statements which are known to be correct (e.g. they are
proved already by other methods) where the laxity of the proof originates from the confidence about the
correctness of the result.

Problems

1. Justify the above statement: any correct result can be “proved” by a wrong argument.

Solution: This is because the correctness of the result is more general than the correctness of its proof.
In fact, this is similar to the relation between cause (representing proof) and effect (representing result)
where the existence of cause (corresponding to correctness of proof) leads to the existence of effect
(corresponding to the correctness of result) but the absence of cause (corresponding to incorrectness of
proof) does not necessarily lead to the absence of effect (corresponding to the incorrectness of result)
because the effect can have another cause (corresponding to the result having another proof which is
correct). For example, the existence of fire leads to the existence of heat but the absence of fire does
not necessarily lead to the absence of heat because heat can be generated by causes other than fire such
as friction. We may also find a (non-rigorous) analogy in the technicalities of conditional statement
(see point 11 of § 1.1) where the correctness of the proof is a and the correctness of the result is b and
hence @ — b and b — @ but not necessarily @ — b or b — a.

1.5.4 Methods of Proof

Anyone trying to solve a mathematical problem should be fully aware of the methods of proof so that
he considers what is possible and relevant to use for solving the problem in hand. In this subsection we
briefly investigate the main methods and types of proof which are commonly used in mathematics, and
hence they should be considered when trying to tackle an unsolved mathematical problem. In fact, all
these types and methods of proof are used in number theory which is the subject of our book (and hence
they will be met in various places in this book).

Accordingly, it is important when tackling a number theory problem (involving proofs or arguments) to
keep all these methods in mind so that they can be considered systematically (depending on the nature
of the problem) to get the required proof. Being aware of the possible and available methods of proof
may provide a hint or clue or insight about how to tackle the problem and could be the first step towards
solving the problem.

In the following points we list and discuss briefly some of the methods which are commonly used by
mathematicians to prove mathematical statements and propositions:'°!

[10] A indicated above, these methods will be met (in action) in our future investigations. We also note that these types
and methods generally belong to different classifications and categorizations. Moreover, in many cases they are used in
combination.
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1. Proof by direct method is an argument made of a series of given or previously proved statements that
lead eventually to the final result (which is what is required to prove). This (or some of its variations
which are subject to more strict formalities) may be called proof by deduction which is directly based
on logic (usually the rules of syllogism) to prove the truthfulness of the claimed statement.

2. Proof by induction is a method in which it is shown first that the proposition holds for a given integer
m (usually 1), and it is shown second that if the proposition holds for an unidentified integer k then it
also holds for (k+1). The obvious result of these two steps is that the proposition holds for all integers
> m (and possibly for all integers).!*!]

3. Proof by contrapositive (or contraposition) is a method in which a hypotheses (a) is shown to
be false because its conclusion (b) is false.'?l This type of proof is based on the dependency of the
truthfulness of contrapositive on the truthfulness of the corresponding conditional statement, i.e. if
a — b then b — @ (or rather a — b iff b — @). Also see point 11 of § 1.1 and Problem 1 of § 1.5.3.

4. Proof by contradiction is a method in which the falsehood /truthfulness of a proposition is established
by showing that the assumption that the proposition is true/false leads to contradiction. In fact,
this type of proof (or some of its variants) may be seen as being based ultimately on the proof by
contrapositive (which we investigated in point 3).[3l

5. Proof by example is a method used for proving a statement about existence. For example, if we want
to prove the statement “there exists an odd number which is a perfect square” (or “there exists a perfect
square which is odd” or “some odd numbers are perfect squares” or “some perfect squares are odd”) then
we can simply prove this by giving an example of such a number like 9.

6. Proof by counterexample is a method usually used for disproving the generality of a statement (i.e.
proving that a given general statement is false in its generality). For example, if we want to disprove
the statement “no perfect square is odd” (or “all perfect squares are even”) then we can simply prove
the falsehood of this claim by giving an example of an odd perfect square like 9.[14

7. Proof by exhaustion (which may also be called proof by cases) is a method in which we consider all
the possible cases of the proposition and prove the correctness (or otherwise) of the proposition in all
these cases. For example, if we want to prove the proposition that the polynomial (n% — n) is divisible
by 5 for all n € Z, then we consider all the possible forms of n with regard to their divisibility by 5 (i.e.
5k, bk + 1, bk + 2, 5k + 3, 5k + 4 where k € Z) and hence we prove that this polynomial is divisible by
n for each one of these five possible forms.

Finally, it is worth noting the following points:

e The above types and methods of proof represent general classes and categories and hence we may find
different variants (or “flavors”) inside these classes and categories. Also, the distinction between some of
these types and methods may not be clear cut and hence some proofs may be classified differently based
on different criteria, considerations and formulations. So in brief, these types and methods of proof should
be seen as generic prototypes rather than strict and rigorous species of proof.

e There are many types and methods of proof which are more specific or specialized and they mostly go
under one of the main types and methods which we listed above (e.g. proof by infinite descent which may
be classified as a special type of proof by contradiction; see Problem 3).

e In many mathematical proofs more than one method of proof are used in combination or in association

1] In fact, there are many variations for the proof by induction (e.g. proving the proposition holds for k + ¢ instead of k+1
where c is a given constant integer). However, all these variations rest on the same logical foundation.

[12] Proof by contrapositive may also refer to the inference of a conditional statement from its contrapositive. For example,
the statement a — b may be proved by proving its contrapositive b — @ (noting that the contrapositive of b — @ is

a — bsince @ = a and b = b and hence if b — @ is true/untrue then a — b is true/untrue due to the equivalence in truth
between any statement and its contrapositive).

[13] We note that some variants of the proof by contradiction can be seen as a form or an instance of the direct method
(which we investigated in point 1). In fact, we can identify many types and variants of proof by contradiction where
the common feature of all these types and variants is the use of contradiction in the proof (see for instance the proof by
infinite descent which will be mentioned in the end of this preamble and outlined in Problem 3).

[14] 1 fact, the proof by counterexample can be seen as a variant of the proof by example (which we investigated in point 5)
because the negation of a general statement is an existence statement of its opposite (e.g. “no perfect square is odd” is
negated by “there exists an odd perfect square”).
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to reach the final result.

e Many mathematical propositions and theorems can be proved by more than one method (i.e. indepen-
dently). For example, a mathematical proposition can be proved by mathematical induction as well as
by exhaustion. In fact, the topic of mathematical proof is very diverse and it has a strong element of
art (rather than being a precise “science”) and this should encourage the search for novel and improved
versions of proof to old mathematical propositions (as well as to new propositions).

Problems

1. Give some examples for the use of some of the above methods of proof in this book.
Solution: For example:
e Proof by induction: see for instance Problem 1 of § 2.9.3 and Problem 1 of § 2.9.4.
e Proof by contradiction: see for instance part (d) of Problem 12 of § 2.2 and Problem 3 of § 2.2.3.
e Proof by counterexample: see for instance Problem 4 of § 2.7.
e Proof by exhaustion: see for instance part (a) of Problem 12 of § 2.2,['5! point 5 of Problem 1 of §
2.6.4, point 1 of Problem 1 of § 2.6.5, and part (a) of Problem 5 of § 6.2.

2. Give an example for the use of combinations of some of the above methods of proof in this book.
Solution: In part (a) of Problem 12 of § 2.2 we use a combination of proof by exhaustion and proof
by contradiction.

3. Outline the method of infinite descent.

Solution: The method of infinite descent (which is commonly used in the proofs related to the subject
of Diophantine equations) is a special type of the proof by contradiction (which we outlined in point 4
in the preamble). The essence of this method is based on a simple idea (although the technical details
of the method are usually very messy) whose essence is to start with an assumption of the existence
of a minimal solution to a given equation within the domain of natural numbers where the subsequent
arguments based on this assumption lead to the conclusion that we have a smaller solution to that
equation than the presumed minimal solution, and this conclusion contradicts our earlier assumption
of minimality.

The method is usually used to prove that an equation has no solution. However, it may also be used
to prove the existence of a solution smaller than a given solution of an equation (and even to find and
construct this smaller solution). We refer the readers to the Problems of § 4.1.6 for some examples
for the use of the method of infinite descent to prove the non-existence of solution to some types of
non-linear Diophantine equations.

1.5.5 Conditional Proof

Sometimes a proposition P, can be proved if an unproven proposition P; is accepted (i.e. assumed true).
This type of conditional proving is important for a number of reasons such as:

e It can be used when P; is proved later.

e It can lead to falsification of P; (by contradiction) if P, or some of its implications proved later to be
false.

e It can help to draw the implications and consequences of P; and Ps.

e It can help to clarify the situation of P; and P, and their relation and hence it can lead to proving or
disproving them (for instance).

So, this type of conditional proving should always be considered as an option (when applicable).

1.5.6 Partial Proof

In many cases a theorem (or statement or proposition) can be proved partly, i.e. its validity is established
under certain conditions and restrictions or in special cases. In fact, this sort of partial proof usually lead
to complete proof (if the theorem is actually correct unconditionally and in its generality). So, this type
of partial proving should always be considered as an option (when applicable).

[15] In fact, this is also an example of proof by contradiction.
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1.5.7 Proof Before and Proof After

The title of this subsection sounds odd and vague (which we do deliberately to draw the attention,
especially of young mathematicians, to this important issue). Our intention here is that the usual way of
using proof and the general conception about it is that it follows the creation or formation of a specific
statement, i.e. we have a ready-made statement (e.g. obtained by a guess or a collection of examples or
special cases) and we search for a proof to establish this statement. However, there is a more creative
and aggressive way of using proof which is by trying to synthesize a proof to non-existing statement, and
hence the creation of the proof will inevitably lead to the creation of a new statement (or theorem).

In fact, this sort of “preemptive” or “anticipatory” or “backward” proof is not only the most clever and
“deceptive” (and possibly easy) way of creating proof but it is also an important method for creating new
mathematics (i.e. by creating a new theorem or a new problem for instance as a result of the created
proof). I believe that considerable part of mathematics is not created by an ingenious insight (i.e. into
the result directly) but by certain tricks of creation one of which is this way of “proof before” or “proof
first” (through trial and error for example). I also believe that prolific mathematicians are those who
have discovered (or developed) and used some imaginative ways of inventing theorems using such indirect
methods of creation such as by searching for (or rather synthesizing) proof before having any ready-made
statement or result to prove.

1.6 Representation of Integers

The notation for representing integers in number theory depends on the base used in the representation

(noting that the default notation is decimal, i.e. using base 10). Subscripts are usually used to indicate

the base, e.g. (251)16 means hexadecimal while (251);9 means decimal (noting that the subscript, which

represents the base, is always in decimal notation). However, because the default notation is decimal

subscripts are generally ignored for decimal representation and hence 251 for instance means (251)1

when other bases are not under consideration.

We list in the following some common rules and facts related to the representation of integers in various
bases:

1. The digits used in the representation of integers in base b are 0,1,...,b — 1. For example, the digits
0,1,2,3,4 are used in base 5 while the digits 0,1,2,...,9 are used in base 10 (i.e. decimal).

2. If the base exceeds 10 then the uppercase Latin letters (i.e. A;B,C,...) are used to represent the digits
exceeding 9. For example, in base 16 (i.e. hexadecimal) the letters A, B, C,D, E, F are used to represent
the digits corresponding to 10,11,12,13, 14,15 in decimal.

3. The most used bases (other than base 10, i.e. decimal, which is the mostly used base) are base 2
(binary), base 8 (octal) and base 16 (hexadecimal). This is because of their use in digital computers
which are based on binary system (i.e. 0 and 1 bits) and its natural powers (i.e. 23 for octal and 2* for
hexadecimal).

4. The conversion from one (non-decimal) base system to another (non-decimal) base system is usually
done through the mediation of the decimal system due to the familiarity of decimal and its wide
use which makes working in decimal “intuitive”. For example, converting a base-7 number to a base-13
number is usually done by converting the base-7 number to decimal followed by converting the obtained
decimal to the base-13 number. Yes, the conversion between systems of common basic base (e.g. octal
and hexadecimal whose bases are natural powers of the basic base 2) can be done directly in a rather
straightforward way.

5. A number expressed in base b represents a sum of its digits as multiples of integer powers of the base.
For example, the number d,, ... dad1dg in base b (where d,,, ..., ds,d1, dy are digits in base b) represents
the following sum:

(dy ... dadrido)y = (dn X b™) + -+ + (da x b?) + (dy x b") + (dg x b°)

6. The number d, ...dndm_1 -..d2d1dy in any base can be written as a sum of a number trailing in m
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zeros plus a number represented by its last m digits, that is:
dp .. dpdpm—1...dodidy =dy ... dp0...000 + dpy—1 ... dadidy

More generally, a number n can be decomposed into a sum of two or more numbers where the digits of
n are distributed on these numbers (while keeping their positions) with the replacement of these digits
by zeros in the other number(s). For example, we may decompose the number 123456 into the following

3 forms:
123456 = 103050 + 020406 = 120056 + 003400 = 120000 4 003400 + 000056

This “trick” (and its alike) can be useful in tackling and solving certain number theory problems (s
for instance Problems 1 and 3 of § 6.15).

ce

7. A number (represented in base b) has m trailing zeros (or more) iff it has a factor of b™. For example,
a binary number that has m trailing zeros (or more) should have a factor of 2™, and a decimal number

that has m trailing zeros (or more) should have a factor of 10™. See Problem 15 of § 1.9.

Most of these rules and facts will become more clear by studying the following Problems (as well as the

upcoming sections and chapters).
Problems

1. Express the following binary and hexadecimal numbers in decimal notation:!*®!

(a) (110101)s. (b) (1001110)5. (c) (9367)16. (d) (CO9BAT1) 6.

Solution:

(a)
(110101)5 = (1 x 25) + (1 x 21) + (0 x 23) 4+ (1 x 22) + (0 x 21) + (1 x 2°) = (53)10

(b)
(1001110)2 = (1 x 2°) 4 (0 x 2%) 4+ (0 x 2%) + (1 x 2%) + (1 x 2%) + (1 x 2') + (0 x 2%) = (78)10

(c)
(9367)16 = (9 x 16%) + (3 x 162) + (6 x 16) 4 (7 x 16%) = (37735)1¢

(d)
(C09BA1)16 = (12 x 16°) + (0 x 16%) + (9 x 16®) 4 (11 x 16*) + (10 x 16') + (1 x 16°) = (12622753)

2. Construct the octal expression of the decimal number (267);.

Solution:
27 = (33x8)+3
33 = (4x8)+1
4 = (0x8) +4
Hence: (267)10 = (413)g

3. Construct the hexadecimal expression of the octal number (74105)s.

Solution:

(74105)s = (7Tx8%) 4+ (4 x8%) + (1 x8%)+ (0x8")+(5x8%
= (Tx2") 4+ (@ x2%)+ (1 x2% +(0x2% 4+ (5x2°
= (Tx16%) 4+ (8 x 16%) + (4 x 16*) +5

Hence: (74105)s = (7845)16

10

[16] As we noted earlier, A, B, C,D, E, F in hexadecimal correspond to 10,11,12,13,14, 15 in decimal. Also, when we do not
use subscripts to indicate the base of the number it means it is decimal. For example, (324)1¢ means hexadecimal while

(324)10 or (324) or 324 means decimal.
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4. Find the base b € N such that: (5602), = (12001)1¢.
Solution:'7 From the notation of 5602 (i.e. it contains less digits than 12001) it is obvious that
b > 10. On trying the few integers just above 10 (using for instance a spreadsheet) we get:

(5 x 13%) + (6 x 13%) + (0 x 13") + (2 x 13%) = (12001)19

ie. b=13.

1.7 Estimating the Magnitude of Big Integers

Estimating the magnitude of big integers means calculating them in an approximate fractional scientific
form and not in their exact integer form. In other words, estimating their value and size rather than
obtaining them as they are in their full-digit form. Although this is not a number theory problem or issue,
it can be useful and even necessary in some number theory situations and contexts. For example, we may
obtain (by using the methods and techniques of number theory) an integer in its exact integer form and
we want to check that we did not make a big mistake in our procedures and calculations. In this case it
is more easy (and is usually more reliable) to have an estimate of the magnitude of the number to see if
it is reasonably close to the obtained integer value (which gives us confidence about our results and rules
out the possibility of a big blunder although it does not prove that our result is correct) or not (which
should indicate that we have made some big mistake and hence we need to redo our calculations). As an
example, let us assume that we used the techniques of number theory (implemented, for instance, within
some complicated computer algorithms and codes) to calculate the exact integer value of 233° and we
found that:

23%5 = 457587614181485537342488537004525777796719632007 ~ 4.5758761418 x 10*7

To check this roughly, we use the techniques of logarithms to calculate this number approximately, that
is:
log,(23%%) = 351og;(23) ~ 47.660474260616

and hence:
9335 _ 1010g10(2335) ~ 1(47-660474260616 _ 1(10-660474260616 , 1047 ~ 4 5758761418 x 1047

As we see, this approximate result is of the same magnitude as the exact integer result and this should
give us more confidence in our exact result although it cannot confirm the exact result entirely because
the exact result contains more information about this number since it gives the exact value of each one of
its digits and not only the magnitude of the number.

As the approximate non-integer calculations are usually much easier and simpler than their exact integer
counterparts, such approximate calculations usually enjoy very high level of certainty and hence they
provide reliable checks. Also see § 5.2.

We should finally note that those who have reasonable programming skills can (almost) always check
the exact result of their calculations (obtained, for instance, by using certain algorithms or theorems
or shortcuts) by writing rather simple computer codes that can manage and manipulate the individual
digits of big numbers with the use of basic arithmetic operations. For example, if we want to calculate
the exact value of 23%° then we can deal with this by writing a computer code that performs repetitive

multiplication operations, i.e.
34 multiplications

(((23 x 23) x 23) x --- x) x 23

where the result of each stage of multiplication is stored and used in the next stage of multiplication with 23
(applying arithmetic operations on the individual digits as done at elementary school level). This similarly
applies to many other calculations of extreme enormity and nature. Of course, we can also use high-level

[17] We deliberately use a simple method of solution (noting that there are more formal methods).
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computer languages that offer such capabilities or employ specialized numeric libraries or software for
instance, although most of these tools and methods have certain limitations (e.g. on availability or on
the size of the problem at hand) which are not usually encountered (or encountered less severely) when
using the aforementioned basic method of writing simple computer codes. Moreover, the basic method
should (in principle) provide a higher level of confidence since numeric libraries or software packages (for
instance) are not as transparent and flexible as our own codes.!'®!

Problems
1. Calculate the magnitude of the following numbers:
(w) 279 (b) 927 () C&E*. (@) Pig?. (e) 1314

Solution:
(a)
279562 _ 1010g10(279562) — 1056210g10(279) _ 1()56210g1(279) ~ 1()1374.42956224 9 58889316 x 101374

(b)

1 971 S92 tog 10 (k) 2349.774 234
927! = 10'°810(927) — 19~ ~ 102349-7T459767 5 95110578 x 102349

(c)

chaer 1362! _ 1362
639 639!(1362 — 639)! 639! 723!
log,o Ca362 = logy(1362!) — logy(639!) — log,(723!)
1362 639 723
log1o Cass® = Y _logyo(k) — Y logio(k) — Y logyq(k) ~ 407.21278213
k=1 k=1 k=1
C1362 —  jQlomio Cas” ~ 1040721278213 | 63993292 x 10407
(d)
pi2 _ 429! _ 429!
194 (429 — 194)! ~ 235!
logig Pigi = log1(429!) — logy(235!)
429 235
logio Pigy = > logio(k) = Y _log,o(k) ~ 488.00072630
k=1 k=1
P9 =l Pigl ~ 1(488-00072630 o 1 00167376 x 10488
(e)
log,, 13" = 133 10g,,(13) = 302875106592253 log,,(13) ~ 337385711567664.82323
1313 —  qplogio 13137 ~ 1()337385T11567664.82323 ¢ G563 % 1()337385711567664

1.8 General Rules

We list in the following some general rules which we use (mostly) in our future investigations (noting

that some of these rules are obvious or trivial and some are useful as general knowledge that everyone

interested in number theory should know):

1. Any linear combination of integers is integer, e.g. if a,b,¢,d € Z then (ac £ bd) € Z. A product of
integers can be seen as a special case of linear combination of integers.

18] In fact, the level of confidence should also depend on our experience and skill in coding as well as the level of confidence
in the other tools (e.g. numeric libraries) according to our past experience or public opinion.
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10.

11.

12.
13.

. Every prime number (other than 2) is odd.
. If a prime number p divides a product (say mn) then p must divide at least one of the two factors (i.e.

m or n).[

. The rules of addition and subtraction of odd and even numbers are as follows:

odd £ odd = even odd =+ even = odd even + even = even (1)

The rules of adding/subtracting more than two odd/even numbers can be obtained simply by carrying
the operations in stages considering a pair in each stage,??! e.g. odd+odd=+even = (odd+odd)+even =
even + even = even.

. From rule 4 we can conclude that two integers have the same parity iff their algebraic sum is even and

have opposite parity iff their algebraic sum is odd.

. The rules of multiplication of odd and even numbers are as follows:

odd x odd = odd odd x even = even even X even = even (2)

The rules of multiplying more than two odd/even numbers can be obtained simply by carrying the
operations in stages considering a pair in each stage,*!! e.g. odd x odd x even = (odd x odd) x even =
odd x even = even.??l Tt is obvious that the positive powers of integers are subject to the rules of
multiplication (since m™ = m X --- x m), and hence the parity of the power is the same as the parity
of its base (i.e. the positive powers of odd/even are odd/even; also see point 10).

. The rules of division of odd and even numbers (assuming divisibility) are:

odd even
oda ~ °dd odd

= even (3)

No specific rules can be set for the division of even by even (e.g. 16/4 is even while 12/4 is odd). No
odd number is divisible by an even number.

. From rule 6 we can conclude that any odd number can be written only as a product of odd numbers

(i.e. no odd number can be written as a product of odd x even or as a product of even x even). On the
other hand (noting that 1 is odd), we can conclude that any even number can be written as a product
of odd x even. Now, if we note that all even numbers must contain factors of 2, we can conclude that
all non-zero even numbers can be written as 2" x odd (n € N).

. If two integer quantities (i.e. numbers, variables, etc.) are equal then they must have the same parity

(i.e. both odd or both even), and hence (by contraposition) if two integer quantities are of different
parity then they cannot be equal (i.e. no even can be equal to odd).[23]

Raising an integer to a non-negative integer power does not change its parity except if the number is
non-zero even and the power in 0 (noting that any non-zero integer raised to zero is 1). On the other
hand, taking the n'* root (N > n > 1) of an integer (when the n'" root is an integer) does not change
its parity.

If a number ending in 0,1,2,3,4,5,6,7,8,9 is squared it ends in 0,1,4,9,6,5,6,9,4,1. As a result, no
perfect square ends in 2, 3,7, 8.[24

All natural powers of integers ending in 1 end in 1.

Natural odd powers of 4 end in 4 and natural even powers of 4 end in 6.

[19] This is because p is prime and hence it cannot be split between the two factors. Therefore, it must be contained (in its

entirety) in one of these factors (at least) which means that p divides one of these factors.

[20] This is based on what we may consider as: “associativity of addition with regard to parity”.
[21] This is based on what we may consider as: “associativity of multiplication with regard to parity”.
[22] A simpler approach to determine the parity of a product of integers is to use the fact that: a product of integers is even

iff (at least) one of the multiplicands is even (and hence it is odd otherwise).

[23] This is based on the fact that the parity of an integer is unique, i.e. every integer has exactly one parity and hence any

integer is either odd or even (but not none or both). This is because any integer is either divisible by 2 (and hence it is
even) or not divisible by 2 (and hence it is odd) noting that the remainder of the division of an integer by 2 is either 0
or 1.

[24] This can be used as a test to exclude non-perfect squares.
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14.
15.

16.
17.
18.
19.

20.

21.

22.

23.
24.
25.

26.

27.

All natural powers of 5 end in 5. All natural powers > 1 of 5 end in 25.
All natural powers of integers ending in 5 end in 5. Natural even powers of integers ending in 5 end in
25.
All natural powers of 6 end in 6.
All natural powers of integers ending in 6 end in 6.
Natural odd powers of 9 end in 9 and natural even powers of 9 end in 1.
The last digit of the sum of two natural numbers is the last digit of the sum of their last digits. For
example, the last digit of 2378 + 495 is 3 because 8 + 5 = 13 whose last digit is 3.
The last digit of the difference (m — n) of two (distinct) natural numbers (m,n € N) is determined as
follows (where d is the last digit of the difference, d,, is the last digit of m, and d,, is the last digit of
n):
o If m > n and d,,, > d,, then d = d,,, — d,,. For example, the last digit of (5 —2) or (55—2) or (55— 32)
is 3 because 5 — 2 = 3.129
e If m > n and d,, < d, then d = (10 + d,,) — d,,. For example, the last digit of (55 — 7) or (55 — 37)
is 8 because 15 — 7 = 8.
e If m < n then the last digit is the same as the last digit of (n —m), and hence it can be obtained
from the first two points (with reversing of labels).
The last digit of the product of two integers is the last digit of the product of their last digits (e.g. the
last digit of 23 x 16 is 8 because 3 x 6 = 18 which ends in 8). In fact, rules 11-18 (related to last digit)
are no more than (direct or indirect) results and applications of this principle. For instance, rule 12 is
because natural powers are no more than repetitive multiplications where each multiplication preserves
1 (as a last digit of the product) since 1 is the last digit of its multiplicands (noting that 1 x 1 = 1) and
hence 1 is preserved (as a last digit) in the final product (i.e. the natural power). This logic similarly
applies to rules 14-17 (related to last digit).
If m = pk + rp, and n = vk + r, (where m,n, k, p, v, 1,1 € Z, 0 < rpp, < |p| and 0 < r,, < |v]) then
the remainder of (m + n) = k is equal to the remainder of (r,, + r,,) ~ k (k > 0).
All factorials are integers.
All factorials are even numbers (excluding 0! and 1!).
The number of permutations/?® given by:

P,’}L:mil!m)!:nx(n—l)x---x(n—m+1) (nnmeZand 0<m<n) (4)
is always integer.
The binomial coefficient?” given by:

n! nxn—1)x---x(n—m+1)

Cg’:m!(n—m)! = — (nnmeZand 0<m<n) (5)

is always integer.
The multinomial coefficient!?®! given by:

n!
n _ 0 _
(O = Tl (nyn1,ng,...,ny € N and n=n; +nas + -+ + ny) (6)

is always integer.

[25] For the determination of relative size (or order) of m and n (i.e. whether m > n or m < n) when dealing with very big

numbers (e.g. m = 74523 and n = 6918%1) especially when they are of different formats (e.g. m = 245! and n = 34899),
we can use the methods of estimating the magnitude of big integers (some of which were investigated in § 1.7).

[26] The number of permutations P is the number of distinct arrangements (or configurations) of m objects that can be

formed (separately) from a set of n different objects.

[27] The binomial coefficient C7, is the number of combinations of sets, i.e. the number of distinct m-size sets that can be

[28] The multinomial coefficient C™

obtained (separately) from a set of n different objects.

imsa,...,n, 15 the number of possible partitions of a set of size n into k sets of size
ni,na,...,ng. It can also be defined as the number of distinct permutations of n objects with repetitions (i.e. repetition
of n1 objects, repetition of na objects, ..., repetition of nj objects).
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28. The n'" root (N 3 n > 1) of an integer (when such a root exists in R) is either an integer (i.e. when
the integer is an n'" power of an integer) or irrational.

Problems

1. Show that the number of permutations P is always integer.

Solution: This can be seen from the second equality of Eq. 4 since P! is a product of integers (see
rule 1 in the preamble).

2. Show that the binomial coefficient C7, and the multinomial coefficient Cy, ..~ =~ are always integers.
Solution: Regarding the binomial coefficient, we can prove this formally in several ways, but we do
not need to do this. Instead, we can use its combinatorial meaning by arguing that C], represents the
number of combinations of sets (i.e. the number of m-size sets in an n-size set) and hence by definition
it is an integer.!?l
Regarding the multinomial coefficient, we can prove this formally but we do not need to do this. Instead,
we can use its combinatorial meaning (see footnote [28]) to show that it is an integer by definition (as
we did for the binomial coefficient). We may also argue that Cp, ,,, . can be expanded as a product
of binomial coefficients (which are integers according to rule 26) and hence it must be an integer.

3. Show that C}), divides Py, .

Solution: From Egs. 4 and 5 we have P} /C)' = m! and hence C}, divides P}, (since m! is an integer).

4. Show that if n is odd then n? has remainder 1 on division by 4, while if n is even then n? is divisible
by 4 (i.e. it has remainder 0 on division by 4).

Solution: If n is odd then it has the form n = 2k + 1 (k € Z), and hence:

n?=(2k+1)? =4k® + 4k + 1 =4(k* + k) + 1

So, n? has remainder 1 on division by 4 since it is a multiple of 4 plus 1.
If n is even then it has the form n = 2k (k € Z), and hence:

n? = (2k)? = 4k>

So, n? is divisible by 4 since it is a multiple of 4.

5. Determine if it is possible to have m,n such that:
(@) m?—11m—-19=n*+3n2-2 (m,n€Z). (b) 17™ — 36™ = 13" — 45"  (m,n € NY).
Solution:
(a) It is impossible because (m? — 11m — 19) is odd for all m € Z, while (n* + 3n? — 2) is even for all
n € Z (see the rules of parity in the preamble of this section).
(b) If m # 0 and n # 0 then (17™ — 36™) is odd and (13™ — 45™) is even, i.e. for all m,n € N (see
the rules of parity in the preamble of this section). If m = 0 and n # 0 or m # 0 and n = 0 then
the equality is obviously not true (because zero cannot equal non-zero). Yes, if m = n = 0 then the
equality is true because 1 — 1 =1 — 1. So, the only m,n that satisfy this equation is m =n = 0.

6. Show that 22% ends either in 4 or in 6 where k € N.
Solution: We have 22* = (22)% = 4*. Hence, by rule 13 (see the preamble) 22* ends either in 4 or in 6
(i.e. 22% ends in 4 when k is odd and 22* ends in 6 when k is even).

1.9 Divisibility Rules

We list in the following some divisibility rules which we use in the future investigations (noting that
m,n, k,r € Z):

1. m|0 when m # 0, i.e. 0 is divisible by any other integer.[30]

2. £1|m, i.e. any integer is divisible by +1.

3.m|+1 ¢ m==+1

4.mlm  (m #0).

[29] See our book “Introduction to the Probability Theory” for further details about these issues.
[39] Some may add to this: 0|m iff m = 0.
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.mlm"™  (m#0,n€N).

.mln — mn*  (m#0,k €N).

.mFln = m|n  (m+#0,k €N).

.m|n and k|r — mk|nr.131

9. m|n and n|jm — m = +n.

10. m|n and n|k — m|k.

11.m|n — |m| <|n| (m,n #0).

12. m|n iff (—=m)|n.

13. m|n iff m|(—n).

14. k|m and k|n — k|(m £ n). More generally, k|m and kln — k|(cm £ dn) (where ¢,d € Z).

15. kf(m+n) — kfm or kn.13?!

16. k|m and k|(m £n) — k|n.

17. klm and kfn — kf(m £ n).

18. m|n — m|kn.

19. mn|k — m|k and n|k.

20. m|k and n|k <> mn|k (m and n are coprime).

21. m|nk — m|k (m and n are coprime).

22. p|(ning ...ng) <> pn; for some 1 <14 < k (p is prime).

23. m|n <> m!|n* (m,n € Z and t € N).

24. An integer is divisible by 2 iff its last digit (i.e. unit digit) is divisible by 2 (i.e. it is 0,2,4,6, or 8).133]

25. An integer is divisible by 3 iff the sum of its digits is divisible by 3.

26. An integer is divisible by 4 iff its last two digits are divisible by 4.

27. An integer is divisible by 5 iff its last digit is divisible by 5 (i.e. it is 0 or 5).

28. An integer is divisible by 6 iff it is divisible by 2 and 3.

29. An integer is divisible by 7 iff the difference between twice its last digit and its remaining part is
divisible by 7.

30. An integer is divisible by 8 iff its last three digits are divisible by 8.134

31. An integer is divisible by 9 iff the sum of its digits is divisible by 9.

32. An integer is divisible by 10 4ff its last digit is divisible by 10 (i.e. it is 0). Alternatively, an integer is
divisible by 10 iff it is divisible by 2 and 5.

33. An integer is divisible by 11 iff the alternating sum (i.e. +—) of its digits is divisible by 11.

34. An integer is divisible by 12 iff it is divisible by 3 and 4.

35. An integer is divisible by 13 iff 4 times its last digit plus its remaining part is divisible by 13.13%]

36. An integer is divisible by 14 4ff it is divisible by 2 and 7.

37. An integer is divisible by 15 iff it is divisible by 3 and 5.

38. An integer is divisible by 16 iff its last four digits are divisible by 16.

39. For the previous rules that include a test, the procedure of the test can be repeated when the number
is large to obtain a small number (eventually) that is easy to determine its divisibility.!26!

40. An integer is divisible by 10™ iff its last n digits are 0.

41. An integer is divisible by 2" iff its last n digits are divisible by 2.

42. An integer is divisible by 5" iff its last n digits are divisible by 5™.

0 3 O Ot

131] This is trivially generalized to more than two cases by repeated application of this rule. This note also applies to similar
rules (e.g. rules 14 and 20).

[32] This is the contrapositive of rule 14.

1331 We note that this rule (and the following rules) are generally based on assuming the number to be in its decimal
representation (see § 1.6).

1341 If the number is less than three digits then we add zeros to the left to complete three. This applies to similar rules (e.g.
rules 26, 38 and 41).

[35] There are other variants of this method as well as other methods for testing the divisibility by 13.

[36] For example, to determine the divisibility of 5494 by 13 we do the following:

549 4 (4 x 4) = 565 56 + (4 x 5) =176 7T+ (4x6)=31
and hence we conclude that 5494 is not divisible by 13 because 31 is not divisible by 13.
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43.
44.
45.
46.
47.

48.

49.

50.
51.

An integer whose digits are identical is divisible by 11 4ff it has an even number of digits.[37]

A product of m consecutive integers is divisible by m.

A product of m consecutive integers is divisible by m!.

If 0 < m < n then m divides n! and m! divides n! (i.e. n! = Km and n! = m!k where m,n, K, k € N).
If p > n then pJn! (where p € P and n € N). This is because p cannot be a factor of n! since it is
greater than n.

For a number to be divisible by 0™ (where b is the base in its representation), the number must have at
least m trailing zeros in that representation (see rule 7 of § 1.6 as well as Problem 15 of this section).

The difference of two integers ends in m zeros (and hence it is divisible by 10™) iff the last m digits of
these integers are identical.

In any three consecutive odd numbers exactly one of them is divisible by 3.

The remainder of the division of the polynomial expression P(x) by the linear expression (x — a) is
equal to P(a).

Problems

1.

Justify rule 24.[38]
Solution: This rule is obvious because a number is divisible by 2 iff it is even which requires its last
digit to be one of the even digits.

. Justify rules 25 and 31.

Solution: Let us represent the number (i.e. in its decimal form) as di . . . ded1dy where dy, . .., d2, d;,dy
are the digits of the number. Now, if we expand this number (i.e. in powers of 10 since it is in decimal)
then we have:

di...dodidy = dip(10F) + ...+ da(10%) + dy (10") + do
= di(9---94+1)+...+d2(99+1) +d1(9+1) + do
(9---9dk +...+99d2 + 9d1) + (di, + ... + da + d1 + dp)
- 9(1-.-1dk+...+11d2+d1)] + (d + ...+ da + dy + do)
As we see, the sum inside the first (square) brackets is obviously divisible by 3 (and 9) because of the

common factor of 9, so the number is divisible by 3 (and 9) iff the sum inside the second brackets is
divisible by 3 (and 9), as required by rule 25 (and rule 31).13

. Justify rules 28, 32, 34, 36, and 37.

Solution: These rules are justified by rule 20 noting that (2,3), (2,5), (3,4), (2,7) and (3,5) are
coprime.

. Justify rule 40.

Solution: If we represent the number as di ...d,d,_1...dsd;dy then we have:
di...dpdp—1...dadidg =dj...d,0...000 = (di...d,) x 10"

and hence it is divisible by 10™ (which is a factor of it). The converse is proved by reversing the
argument.

. Justify rule 41 (and hence rules 26, 30 and 38).

Solution: If we represent the number as di ...d,d,_1...dsd;dy and split it as a sum then we have:

i ... dpdn_1 ... dadido = (dj ... dn0...000) + (dp_y . ..dzdydo)

137 This rule is about multi-digit non-zero integer.
[38] Before we start working on these Problems we draw the attention of the readers that some of the proofs and justifications

of the divisibility rules (which we will investigate in the following Problems) are generally based on an implicit assumption
that the numbers are positive (i.e. € N). However, this does not affect the generality of these rules in their applicability
to all integers (i.e. to all numbers € Z) because the divisibility of an integer is independent of its sign and the sign of its
divisor (see rules 12 and 13 in the preamble) and noting as well that 0 is divisible by any other integer.

1391 We are implicitly using rules 14 and 16 in this argument.
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Now, the first term ends in n zeros and hence (by rule 40) it is divisible by 10™ = 2™ x 5™, i.e. it is
divisible by 2™. So, the number is divisible by 2™ iff the second term is divisible by 2" (see rules 14
and 16). This should also justify rules 26, 30 and 38 which are instances of this rule.

6. Justify rule 42.
Solution: The justification is identical to the justification of Problem 5 (with 2™ being replaced by
5m).

7. Justify rule 29.
Solution: Let us represent the number (i.e. in its decimal form) as d, . . . dad1dy where dy, ..., da2, dy, dg
are the digits of the number. Now, if we expand this number (i.e. in powers of 10 since it is in decimal)
then we have:

dy, ... dodydg = dj,(10%) + ... + do(10%) + d1(10") + do

So, if this number is divisible by 7 then it must be a multiple of 7, i.e.

n = dj,(10F) 4+ ... + do(10%) + d; (10") + dy (n € N)
Tn = [d(10%) + ... + d2(10%) + d1(10") + do | + 20do — 20dy (£20dy)
Tn = [d(10%) + ... + d2(10%) + d1(10") — 20do | + 21do
Tn — 21do = [di(10%) 4 ... + d2(10%) + d1 (10") — 20d,]
7(n — 3do) = 10 [di(10"71) + ... + da(10") + d1 (10°) — 2do |
7(n — 3dg) = 10 [dk ...dody — 2d0] (decimal representation)

Now, 7 must divide the right hand side (since it is a factor on the left hand side), and since it is coprime
to 10 it must divide the difference inside the square brackets (see rule 21). However, the difference inside
the square brackets is just the difference between twice the last digit of the number and its remaining
part. This means that the divisibility of the number by 7 (as expressed by 7n) and the divisibility of
the difference inside the square brackets by 7 are equivalent, as required.
8. Justify rule 33.

Solution: Let us represent the number (i.e. in its decimal form) as di . . . dad1dy where dy, . .., da, dy, dg
are the digits of the number. Now, if we expand this number (i.e. in powers of 10 since it is in decimal)
then we have:

k
di...dadydy = dp(10%) + ...+ dp(10?) + dy (10) + do = > 10d;
=0
_ l Z (10" — 1)d; + d; | + Z (10" + 1)d; — di]
7 even 7 odd
- l >0 = 1)di | + | Y (107 + 1)d; | + Z(—wdi]
1 even 7 odd 1=0

Now, the sum inside the first and second (square) brackets in the last equality is divisible by 11 (see the
upcoming note). So, the divisibility of this number (i.e. d ...d2d1dp) by 11 and the divisibility of the
algebraic sum inside the third (square) brackets by 11 are equivalent (see rules 14 and 16). However,
the algebraic sum inside the third brackets is just the alternating sum of its digits. This means that
the divisibility of the number by 11 and the divisibility of the alternating sum of its digits by 11 are
equivalent, as required.

Note: for even i, (10° — 1) is a number made of i 9’s (e.g. for i = 0,2,4,6 we have 10" — 1 =
0,99, 9999, 999999 respectively) and hence it can be expressed as:140]

99---99=09---09+90---90 =11 x 09---09

[40] We note that any number in any base can be written as a sum of two numbers made of consecutive zero and non-zero
digits (see point 6 of § 1.6). For example, 123456 can be written as 123456 = 103050 + 020406.
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11.

12.

13.

14.

For example, for i = 0,2,4,6, ... we have:
10°—-1=11x0 102-1=11x9 10* — 1 =11 x 909 10 — 1 = 11 x 90909

and so on. So, (10° — 1) is divisible by 11 and hence the sum Y, . .. (10° — 1)d; is divisible by 11.

For odd i, we have (10° + 1) = 10’ — 10+ 11 = 10(10°~* — 1) + 11 which is divisible by 11 [noting that
(10°=! — 1) is divisible by 11 since (i — 1) is even and hence the proof of the even i (which we already
presented) applies]. Hence, the sum Y, ,4(10° + 1)d; is divisible by 11.

. Justify rule 35.

Solution: Let us represent the number (i.e. in its decimal form) as di . . . dod1dp where dy, . .., da, dy, dg
are the digits of the number. Now, if we expand this number (i.e. in powers of 10 since it is in decimal)
then we have:

di ...dodrdy = dk(lok) +...+ d2(102) + d1(101) + do

So, if this number is divisible by 13 then it must be a multiple of 13, i.e.
13n = di(10%) 4 ... + do(10%) + dy (10) + dp (n € N)
13n = [d(10%) + ... + d2(10%) 4 d1 (10") + do] + 40dy — 40dy (40d,)
13n = [dj(10%) + ... + da(10%) + d1(10") + 40ds | — 39do
13n + 39dg = [di(10%) + ... + d2(10%) + d1(10") + 40dy|
13(n + 3do) = 10 [di(10"71) + ... + da(10") + d1 (10°) + 4do |
13(n + 3dp) = 10 [d, . . . dady + 4dy) (decimal representation)

Now, 13 must divide the right hand side (since it is a factor on the left hand side), and since it is
coprime to 10 it must divide the sum inside the square brackets (see rule 21). However, the sum inside
the square brackets is just the sum of 4 times the number’s last digit plus its remaining part. This
means that the divisibility of the number by 13 (as expressed by 13n) and the divisibility of the sum
inside the square brackets by 13 are equivalent, as required.

Justify rule 39.

Solution: If the divisibility rule applies to the original number then it should also apply to the number
obtained from the prescribed procedure (which implements the rule) noting that the two numbers
supposedly have the same divisibility property (e.g. being divisible by 7). This argument should also
apply to the other numbers which are obtained consecutively from applying the procedure repeatedly.
Justify rule 43.

Solution: This is a direct result of rule 33 because if the number of digits is even then the alternating
sum is 0 (which is divisible by 11), while if the number of digits is odd then the alternating sum is a
single-digit non-zero number (noting that the rule is about multi-digit non-zero integers) and hence it
is not divisible by 11 (since 1,2,...,9 are not divisible by 11).

Justify rule 44.

Solution: This is because m successive integers must include a multiple of m and hence their product
must be divisible by m.

Note: rule 44 is weaker than rule 45 and hence the argument of rule 45 (which will be given in Problem
13) should also justify rule 44.

Justify rule 45.

Solution: This is because the product of m successive integers (ignoring their sign which does not
affect divisibility and assuming they do not include 0) divided by m! is a binomial coefficient which is
an integer (see rule 26 of § 1.8). If the m successive integers include zero then the product is zero which
is divisible by any other number.

Justify rule 46.

Solution: If m = n then this is obvious because m divides m! (since m is a factor of m!) and m! divides
m! (by rule 4).111 If m < n then m divides m! and m! divides m! (which we already justified) and

41 In fact, if m = n then this rule is a special case for rules 44 and 45 (which we already justified in the last two Problems)

noting that n! (which is equal to m!) is a product of m consecutive integers.
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16.

17.

18.

hence m divides n! and m! divides n! because m! is a factor of n! (see rule 18).

Show the following:

(a) A number expressed in base b is divisible by b iff its last digit (in base b) is zero.

(b) A number expressed in base b is divisible by b™ iff its representation in base b ends in n zeros.
Solution:

(a) This is because a number in base b can be written as:

(di . ..dodydg), = dp(b")+...+da(b?) +dy(b") +do
= b[dp(@* ) + ...+ da(bY) +di] +do

and hence it is divisible by b iff dy is divisible by b (see rules 14 and 16). Now, if we note that in base
b we have 0 < dy < b then the divisibility of dy by b means dy = 0.142
(b) This is because if a number in base b ends in n zeros then it can be written as:

(di .. dpdp—1...dadidy), = (d...d,0...000),
= dp(b*) 4. A dy (V") 0T . 0B F0(BY) + 0
= d(V") 4+ ... +d, (")
= b [dp(V ) + .+ dy)

and hence it must be divisible by ™. The converse of this conditional statement can be proved by
reversing the argument.

Show that in any three consecutive odd numbers exactly one of them is divisible by 3.

Solution: Let the numbers be k, k + 2 and k + 4 (where k is odd). Now, the remainder r of k when it
is divided by 3 is either 0 or 1 or 2. If » = 0 then & is divisible by 3 while k£ 4+ 2 and k + 4 are not. If
r =1 then k + 2 is divisible by 3 while k£ and k + 4 are not. If r = 2 then k + 4 is divisible by 3 while
k and k + 2 are not.

Show that the remainder of (7" + 7) =4 is 2 for odd n and is 0 for even n (n € N°).

Solution: We prove this by induction (see § 1.5.4).

Regarding odd n, the remainder of (7' + 7) =4 is 2. Now, let assume that the remainder of (7" +7) =+ 4
is 2 for a given odd n = 2k +1 (k € N) and we will show that the remainder of the next odd n [i.e.
n=2(k+1) 4+ 1 = 2k + 3] must also be 2, that is:

TR LT = (TP PR 7 = (49 x PR 4 7 = (48 X TP 4 (TP 4 7)

Now, (48 x 72#+1) is divisible by 4 (since 48 is divisible by 4) and hence the remainder of (72*+34+7)+4 is
the same as the remainder of (7251 4-7) =4 which is 2 according to our assumption. So, by mathematical
induction the remainder of (7" 4 7) + 4 is 2 for all odd n.

Regarding even n, the remainder of (7Y 4 7) +4 is 0. Now, let assume that the remainder of (7" +7) +4
is 0 for a given even n = 2k (k € N) and we will show that the remainder of the next even n [i.e.
n = 2(k 4 1) = 2k + 2] must also be 0, that is:

TR L T = (TP TR 7= (49 x T2) 4 7= (48 x THF) + (T2 + 1) (7)

Now, (48 x 7%¥) is divisible by 4 and hence the remainder of (72**2 +7) +4 is the same as the remainder
of (72! + 7) + 4 which is 0 according to our assumption. So, by mathematical induction the remainder
of (7" +7) =4 is 0 for all even n.

Justify the following proposition: a natural number has an even number of (positive) divisors unless it
is a perfect square (in which case it has an odd number of divisors).

Solution: We have three (comprehensive and mutually exclusive) cases to consider:

e The natural number is 1: noting that 1 is a perfect square (since 1 = 1?) and it has only one positive

1421t is worth noting that the statement in part (a) is a special case of the statement in part (b) and hence the proof of (b)

should establish (a) as well.
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20.

divisor (which is 1), this proposition is true.

e The natural number is prime: noting that a prime number cannot be a perfect square and it has
exactly two positive divisors (i.e. 1 and itself), this proposition is also true.

e The natural number is composite: the divisors of any composite number come in pairs because the
quotient of the division of the number by any one of its divisors is also a divisor, e.g. if d is a divisor
of n then n/d is also a divisor of n because n/(n/d) = d. Now, since the divisors come in pairs then
their number must be even, i.e. a composite number has an even number of divisors. However, if the
number is a perfect square then there is a single divisor (i.e. the square root of the number) which is
paired to itself and hence we have a number of pairs plus 1 which means that the number of divisors in
this case is odd, i.e. the number of divisors of a perfect square is odd. So, this proposition is also true
in this case.

So, this proposition is true in all these three cases and hence it is true in general (i.e. it applies to all
natural numbers). Also see Problem 3 of § 2.6.3.

Show the following:

(a)Ifn € Nand dy, . .., dy are its positive divisors (including 1 and n) in increasing order and Dy, ..., Dy
are its positive divisors (including 1 and n) in decreasing order then there is a one-to-one correspondence
between di,...,d; and Dy, ..., Dy such that d;D; =n (i =1,...,k).

(b) If n € N and d represents the positive divisors of n (including 1 and n) then:

Sa=y" )

d|n d|n

(c) If n € N and d represents the positive divisors of n (including 1 and n) then:

DFEDIE ®

d|n d|n

Solution:

(a) If we note that the quotient of a (non-zero) number by one of its divisors is also a divisor (see Problem
18) then this proposition becomes obvious because of the ordering of dy,...,d; and Dy, ..., Dy which
means that an increase in d’s must correspond to a decrease in D’s (noting that n/d; = D;) and hence
their product remains constant, i.e. d;D; =n (i=1,...,k).

(b) If d on the left hand side of Eq. 8 represents d;’s (of part a) and d on the right hand side of Eq. 8
represents D;’s (of part a) then the proposition is justified by part (a) because d; = n/D; (i=1,...,k)
and hence the two sums are equal (and actually have identical terms).

(c) Again, if d on the left hand side of Eq. 9 represents d;’s (of part a) and d on the right hand side
of Eq. 9 represents D;’s (of part a) then the proposition is justified by part (a) because 1/d; = D;/n
(i=1,...,k) and hence the two sums are equal (and actually have identical terms).

Prove rule 23.

Solution: If m|n then n/m is an integer and hence its t!" power is an integer (see rule 1 of § 1.8), i.e.
(n/m)t =n'/m! is an integer which means m'|n’.

If mf|n? then n'/m' = (n/m)? is an integer and hence its t'* root (which is n/m) must be an integer
because it is not irrational (see rule 28 of § 1.8), i.e. m|n.

1.10 General Identities

We list in the following a number of mathematical identities which we need to refer to in the future. Most
of these identities can be found (with their proofs) in the literature of elementary algebra and calculus
and hence we take them for granted (although we will prove some of them as an exercise).

2" =yt = (z—y) (@ 2" 2y 4y 2y (n=234,...) (10

"yt =ty (@ =" Py —ay" Pyt (n=3,57,..) (11
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2" —1=(—-DE" 42"t 1) (n=2,3,4,...) (12
(@+y)" =) Craky * (n € N) (13)
k=0
(x1 4+ +ap)" = Z Coion xt Lt (n € N) (14)
vV ni+4ng=n
S k= w (neN) (15)
k=1
Z 12 n(n + 1)6(2n +1) (n€N) (16)
k=1
zn: B — M (neN) (17)
k=1
i i n(n+1)(2n +;())(3n2 +3n—1) (neN) as)
k=1
i TLQ n 2 n2 n —
U (; +2n-1) (neN) (19)
k=1
Zn:(zk —1)® =n?*2n* - 1) (n €N) (20)
k=1
zn: cp=2" (n € N%) (21)
k=0
n Tn+1 _
Z art =a (7‘11> (n € N%) (22)
k=0

We note that Eqgs. 13, 14 and 22 represent (respectively) the binomial theorem, the multinomial theorem
and the geometric series, while Eq. 15 represents an instance (or special case) of arithmetic series.

Problems
1. Prove the identities of:
(a) Eq. 10. (b) Eq. 11. (c) Eq. 12.
Solution:
(a) We have:
z(@" P+ 2" Pyt ay" Py = 2ty oy
y(a" 2" Py ey 4y = ey a4y

By subtracting the second equation from the first (side by side) we get the identity of Eq. 10.
(b) For n =3,5,7,... we have 2™ + y™ = 2™ — (—y)", i.e. this identity is an instance of the identity of
Eq. 10 (corresponding to n = 3,5,7,... with the replacement of y by —y) and hence the proof of part
(a) is sufficient.
(c) This identity is a special case of the identity of Eq. 10 (corresponding to y = 1) and hence the proof
of part (a) is sufficient.

2. Prove the identities of Eqs. 15-17.
Solution: We use induction noting that all these identities are satisfied for n = 1 and hence all we
need to do is to show that if they are valid for n then they are valid for n + 1.

1) = n(n+1);2(n+1) _ (n+1)2[n—|—2] _ (n+1)[(r;+1)+1]

n(n+1)
2
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n(n+1)(2n+ 1) nn+1)2n+1)+6(n+1)2% (n+1)[n2n+1)+6(n+1)]

6 +(n+1)? = G = G
_ (n+1)[2n% + Tn + 6] _ (n+1)(n+2)(2n+3)
6 6

() [n+)+1]2(n+1) +1]
B 6

n?(n + 1)2 o2+ 1)?2+4n+1)°  (n+1)? 0?4+ 4(n+1)]

— T+’ = 1 - 1
[ tan 4] (412042 (a1 [(n+1) 1]
B 4 B 4 B 4

As we see, all these relations are valid for n 4+ 1 if we assume their validity for n, and hence by
mathematical induction they are valid for all n € N.

1.11 Simple Checks and Tests

The calculations and considerations in number theory usually involve unusual operations and attributes as
well as eccentric numbers (both as input and as output) and hence they are more likely to be affected by
errors (or mistakes or bugs or wrong judgments or ...) than ordinary calculations and considerations. So,
it is important to have some simple and general tests (or procedures or regulations) which can be used as
initial checks (or guidelines or rules of thumb) to rule out the possibility of big blunders committed during
these calculations and considerations and affected the obtained results (or alternatively detecting and
identifying such blunders). Although passing these types of checks and tests usually does not guarantee
the correctness of the obtained results, it can increase the confidence in the obtained results substantially
especially if they are used collectively and in combination (noting that they are usually conclusive in
detecting errors and mistakes if they are not passed). We give in the following points some examples of
these simple general checks (and will illustrate their use in the Problems):
e Calculating the magnitude of the expected result and compare it to the magnitude of the obtained result
(see § 1.7).
e Checking the parity of the obtained result to see if it is correct according to the rules of parity (see §
1.8) or not.
e Conducting simple divisibility checks using basic divisibility rules (see § 1.9). For example, we may
apply simple divisibility rules (like the rule of divisibility by 3) to rule out primality (i.e. being prime).
e Counting the number of digits to see if it is commensurate to the expected magnitude of the result.
So, the general advice to anyone working on number theory is to keep such simple tests and rules always
in mind and use them systematically before trying any sophisticated tests or approaches as they can save
considerable amount of time and effort. In fact, these tests and rules (and their alike) should always be
considered (when relevant) as the first attempt to solve number theory problems, and hence they should
not be considered only as tests and checks for already-obtained results. For example, if we are asked to
find the general solution of the equation n* +4n3 — 7n? — 12n +7 = 0 in integers (i.e. n € Z) then before
we try to solve this problem by using the rules and methods of solving polynomial equations we should
simply check the parity of this polynomial, and hence we can easily conclude (by checking the parity) that
this equation has no solution because the polynomial is odd and hence it cannot be equal to 0 which is
even.*3l So in brief, these tests and rules should always be considered as the first resort when tackling any
number theory problem as well as the first resort when checking and testing the validity of the obtained
result of any number theory problem.

[43] 1t is useful to note that n* + 4n3 — 7Tn2 — 12n + 7 = 0 has a solution in non-integers (e.g. real numbers or complex
numbers) because the rules of parity applies only to the set of integers and its subsets (noting that being odd or even is
an attribute of integers but not of real numbers or complex numbers).
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Problems

1. Conduct initial checks on the following results:
(a) 477! = 52353764298962037499714614674899404237532566015059076993264.
(b) 1239 = 3224809639974238708818962962512535510581248.
(c) 54° = 542101086242752217003726400434970855712890620.
Solution: All these results are wrong because:
(a) The obtained result contains much less digits than what we should expect because the number of
digits of the obtained result is 59 while the actual number of digits cannot be less that 71 (assuming
base 10). Moreover, 477! is odd (see rule 6 of § 1.8) while the obtained result is even.
(b) The magnitude of 1239 (using the rules of logarithms; see § 1.7) is 1.2248 x 10*? while the magnitude
of the obtained result is 3.2248 x 10%2.
(¢) 5*" must end in 5 (see rule 14 of § 1.8) while the obtained result ends in 0.

2. As a result of a certain argument or assumption, we concluded that 23744612803137 is prime. Assess
this conclusion.
Solution: The sum of digits of this number is 51 and hence it is divisible by 3 (see rule 25 of § 1.9).
So, it is not prime.

3. Find all the solutions of the equation: n® — 13n? +1 = m® —m (where m,n € Z).
Solution: According to the rules of parity (see § 1.8), n® — 13n2 + 1 is odd while m® — m is even and
hence the equality cannot be satisfied by any m,n € Z. So, this equation has no solution in integers.



Chapter 2
The Basics of Number Theory

In this chapter we present a short introduction to number theory at its basic and elementary level. This
introduction will provide the necessary background for the majority of our subsequent investigations and
applications. More elaborations will follow as we progress in this book.

2.1 The Fundamental Theorem of Arithmetic

The fundamental theorem of arithmetic states: every natural number greater than 1 is either a prime or

can be factored as a product of two or more prime numbers in a unique way except for the order of the

factors. Accordingly, if m is a positive non-prime number (i.e. composite) then it can be written uniquely
as:
m = pi'ps? ... pt (23)

where p1,po, ..., pi are prime numbers and a1, as, ..., ax are positive integers. This way of expressing a

composite integer m as a product of its powered prime factors pi*p5? ... pp* is called prime factorization

(or prime decomposition) of m. An integer m = pi'p5? ...py" is square free if none of a1, as, ..., a

in its prime factorization is greater than 1.

It is useful to note the following:

1. In the above statement of the fundamental theorem of arithmetic, “two or more” does not require being
distinct, i.e. they can be distinct or non-distinct (totally or in part). Yes, in Eq. 23 we generally assume
p1,P2,- .., Pk to be distinct to have a unique form.

2. The above form of prime factorization (as given by Eq. 23 and within the stated conditions) may be
called “standard prime factorization” to distinguish it from non-standard prime factorization when some
of ay,aq,...,ar are allowed to be zero for certain purposes (some of which will be met later on; see for
instance point 2 of § 2.4 and point 2 of § 2.5).

3. The proofs of the fundamental theorem of arithmetic that we found in the literature of number theory are
generally based on propositions (or assumptions) which are not more obvious or better established than
the fundamental theorem itself. Therefore, in our view it may be better to consider the fundamental
theorem of arithmetic as an axiom (of number theory) from which other results are derived. However,
we will outline in the Problems the essence of the common proof in the literature.

4. Prime factorization (as defined above) is restricted to composite numbers which (by definition) are
restricted to non-prime natural numbers > 1. However, in many contexts and arguments we need to
extend and widen the concept of prime factorization to include 0, 1, primes and negative integers. So,
let us agree (as a convention) that the “prime factorization” of 0 is 0, of 1 is 1, of p € P is p, and of
Z > n < 0 is the same as the prime factorization of |n.

Problems

1. Prove the fundamental theorem of arithmetic.
Solution: We note first that in this “proof” we need to accept (or assume) rule 22 of § 1.9 (or rather
just one part of this rule). So, let n be a natural number > 1.
If n is prime then that is it.
If n is composite then we need to show the existence of a prime factorization of n and the uniqueness
of this prime factorization.
Regarding existence, it should be self-evident because it is a matter of definition (based on the concept
of divisibility) since n is presumably composite. 44

[441 Some try to prove existence by induction which (in our view) is nonsensical or at least superfluous.

33
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Regarding uniqueness, let n have two prime factorizations, i.e. n = pips...Pm = q1q2 - - . qx Where we
did not use indicial notation and hence the p’s are not necessarily distinct of each other and similarly
the ¢’s are not necessarily distinct of each other. Now, by rule 22 of § 1.9 a given p; (1 < i < m) must
divide a given ¢; (1 < j < k) or vice versa (since p;|n = ¢1¢2...qx and ¢;|n = p1p2 ... pm), and hence
they must be identical (since they are prime) which means that they can be canceled from both sides.
On repeating this process of cancellation we end up either with p,ps...ps = 1 or guqq...q- = 1 or
1 =1. The first and second cases are impossible because the p’s and ¢’s are greater than 1 (since they
are primes), and hence we must end up with 1 = 1 which proves that the two prime factorizations are
identical except, possibly, for the order of their factors (as required).

2. List some common methods of prime factorization (i.e. how to obtain the prime factorization of a given
composite number).
Solution: There are two main methods (which are similar and can be seen as identical in essence):
e The direct method (or upside-down division method) where we divide the given number re-
peatedly by the smallest and smallest primes (i.e. 2 then 3 then 5 then 7 and so on, each conducted
repetitively if necessary) and record the prime divisors until the result of the division (i.e. the quotient)
is prime. For example, if we want to prime-factorize 84 by this method then we divide 84 by 2 (since
it is even) to get 42, then we divide 42 by 2 (since it is even) to get 21, then we divide 21 by 3 (since it
is divisible by 3) to get 7, and we stop here because 7 is prime and hence it cannot be divided further.
Accordingly, 84 =22 x 3 x 7.
e The factor tree method where the given number is put at the root of a tree which branches repeat-
edly to its factors until we reach the prime factors at the end of the tree. For example, if we want to
prime-factorize 84 by this method then we produce a tree like the following (where the prime factors
of 84 are at the end branches of this tree, i.e. 2,2,3,7 and accordingly 84 = 22 x 3 x 7):

2
84<_

4==3
213
7
Note: the focus of this problem is “generic methods” (outlining the factorization process) not “algo-
rithms”.

3. Give a form (or formula) that represents all the positive divisors of a given natural number m.
Solution: If m is given in its prime decomposition as m = p{*p5? ---pp* (a; € N, 1 < i < k) then all
the positive divisors of m are represented by the following form:

phphe - 'pzk (b; €N b; <a;, 1 <i<k)

where we consider all the possible combinations of b; (also see Problem 3 of § 2.6.1). For example,
1800 = 23 x 32 x 52 and hence its positive divisors are:

20 %30 x50 =1 21 x 39 x50 =2 20x 3 x50=3 20%x 30 x5l =5

2l x 3t x50 =6 2t x 3% x 51 =10 20 x 3 x5l =15 21 x 3t x 51 =30
22 %30 x50 =4 20x32x50=9 20 x 30 x 52 =25 22 x 31 x50 =12
22 x 39 x 51 =20 2! x 32 x 59 =18 20 x 32 x5 =45 21 x 39 x 52 = 50
20 % 3 x 52 =175 22 x 31 x 5 =60 21 x 32 x 51 =90 21 x 3! x 52 = 150
22 x 32 x 5% =36 22 x 3% x 52 =100 20 x 32 x 52 =225 22 x 32 x 5! =180
22 x 3! x 52 =300 2! x 32 x 52 = 450 22 x 3% x 52 = 900 23 %39 x50=8

23 x 31 x50 =24 23 x 39 x 51 =40 23 x 31 x 51 =120 23 x 32 x50 =172

23 x 39 x 52 =200 23 x 3% x 51 = 360 23 x 31 x 52 = 600 23 x 32 x 5% = 1800
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2.2 Prime, Coprime and Composite Numbers

Prime number (or prime for short) is a natural number greater than 1 that is divisible only by 1 and

itself (considering only the positive divisors). The first few primes are 2,3,5,7,11,13,17,19,23,29. Non-

prime natural numbers (excluding 1) are described as composite. Two integers (or natural numbers)!4°)
are described as coprime or relatively prime if there is no integer > 1 that divides them both. In other
words, their greatest common divisor (ged) is 1. A set of integers {m1,ma,...,mg} (k > 2) are described

as pairwise relatively primes (or pairwise coprimes) if each pair in the set are relatively prime, i.e.

ged(m;,mj) =1 for all 1 <4 < j < k. For example, the numbers 5,9, 28 are pairwise relatively primes

because ged(5,9) = ged(5,28) = ged(9,28) = 1.

In the following points we provide some useful remarks about prime, coprime and composite numbers:

1. All non-negative integers are either prime or composite except 0 and 1 which are neither.[46]

2. There are infinitely many primes (see part a of Problem 12).147]

3. All primes are odd except 2 (and hence all even numbers greater than 2 are composite). So, “odd
primes” means all primes except 2.

4. The numbers 2 and 3 are the only consecutive primes (i.e. all other successive primes must be separated
by at least one composite number).

5. Primes become sparser (i.e. less frequent) as we go higher on the ladder of number line. However, the
gap between successive primes varies unpredictably.

6. If n € N is a composite number then n has a prime divisor < y/n. As a result (i.e. by contraposition),
if n € N does not have a prime divisor < y/n then n is prime.

7. A set of integers {my, ma,...,my} (k > 2) may be described as mutually relatively primes (or mutually
coprimes) if there is no integer > 1 that divides them all, i.e. ged(my,ma,...,mg) = 1. However,
we should note that being mutually relatively prime (according to this convention) is weaker than
being pairwise relatively primes (or pairwise coprimes), i.e. pairwise relatively primes are necessarily
mutually relatively primes but not vice versa. For instance, 2, 3,4 are mutually relatively primes because
ged(2,3,4) = 1 but they are not pairwise relatively primes because ged(2,4) = 2 # 1. In general, if
a pair of {my,ma,...,my} is relatively prime then {m,ms,..., m;} are mutually relatively primes
because ged(my,ma,...,mg) =1 (see rules 6 and 11 of § 2.4).

8. From a pedagogical viewpoint, we may describe prime numbers as the “atoms of the chemistry of
number theory”, and describe composite numbers as the “molecules of this chemistry”.[*8] In other
words, primes are the basic building blocks of the structure of numbers (i.e. integers) which are the
subject of number theory. This basic analogy can be easily elaborated (if required).

Problems

1. List some common facts about coprime and pairwise relatively prime numbers.
Solution: For example (noting that some of these facts are just variants of other facts):
(a) m and n are coprime iff their greatest common divisor is 1.
(b) m and n are coprime iff their least common multiple is mn (assuming lcm exists, i.e. mn # 0).
(c) m and n are coprime iff there is no prime number that can divide them both.
(d) m and n are coprime iff there is no common factor in their prime factorization. !
(e) m and n are coprime to k iff their product mn is coprime to k.
(f) m and n are coprime iff sm + tn =1 for some s,t € Z (see § 2.3.4).
(g) 1 is coprime to all numbers (i.e. integers or natural numbers).

[45] Being integers or natural numbers seems to follow different conventions.

[46] This statement means (partly) that a positive integer > 1 must be either prime or composite in the sense that it cannot
be neither or both. In fact, this statement represents the essence of the fundamental theorem of arithmetic (see § 2.1)
although the fundamental theorem has more content than this.

[471 Of course, there are infinitely many composites. However, this statement is trivial since we can synthesize infinite number
of composites from a finite number of primes let alone from an infinite number of primes.

[48] We may also describe primes as “elements” and composites as “compounds” of this chemistry.

[491 We note that prime factorization of a given composite number is to express the number as a product of its prime factors,
e.g. the prime factorization of 12 is 22 x 3. However, in this statement (and its alike) we should generalize the concept
of “prime factorization” to include prime numbers, e.g. the prime factorization of 3 is 3.
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(h) Any two consecutive integers are coprime.
(i) No two even numbers can be coprime (i.e. coprimes must be either both odd or one odd and one
even).
(j) Any two (or more) distinct primes are (pairwise) coprimes (but coprimes are not necessarily primes).
(k) pfm iff p and m are coprime (where p € P and m € Z or m € N).
(1) If coprimality applies to integers (i.e. not only to natural numbers) then 0 is coprime to none of the
non-zero integers except +1.
(m) The natural powers of distinct primes are coprime (see part n of Problem 12).
(n) m and n are coprime iff m® and n’ are coprime (where s,t € N; see part 1 of Problem 12).

2. List some classifications of primality tests (i.e. tests used to identify that a given number is prime).
Solution: There are many possible classifications for primality tests. For example:!®°l
e They can be classified as deterministic versus non-deterministic (i.e. probabilistic or stochastic).
e They can be classified as tests for primality versus tests for non-primality (i.e. to negate primality
and hence they are actually composity tests).!>!]
e They can be classified as analytical versus computational (or algorithmic)
e They can also be classified according to their individual characteristics and properties. For example,
we have direct test (or trial division test) which is the simplest primality test where we divide the
suspected number n by all the prime numbers between 2 and /n and hence if it is divisible by none of
these primes then it must be prime. We also have tests based on using certain number theoretic
theorems (such as Wilson’s theorem or Fermat’s little theorem; see § 2.9.1 and § 2.9.3) which give
primality conditions or signs that can be used analytically or computationally to test for primality or
non-primality. %3l
We should finally note that composity tests can be used as an indirect primality tests and vice versa
(i.e. proving/disproving primality /composity leads to disproving/proving composity/primality). So,
the classification as primality test or composity test is rather artificial and depends on the contexts and
objectives. Also see Problem 3.

3. List some quick composity tests (i.e. simple tests or signs for showing that a given integer is not prime).
Solution: For example:
e An integer whose last digit is 0,2, 4, 5, 6, 8 is composite (because it is either even or divisible by 5).
In other words, prime numbers must end in 1,3,7,9 (and this can be seen as a preliminary “primality
test” in the sense of being a necessary but not sufficient condition for primality).
e Simple divisibility tests (such as those given in § 1.9) can be used as quick tests for being composite.
For example, the number 1308981471 is obviously composite because the sum of its digits is divisible
by 3 (see rule 25 of § 1.9).
e No two consecutive integers (except 2 and 3) can be both prime. So, if we know (or assume) that
m > 3 is prime then m — 1 and m + 1 must be composite (because m is odd and hence m — 1 and
m + 1 must be even and greater than 2 and hence they are necessarily composite noting that 2 is the
only even prime).

4. Show that the following numbers are composite:
(a) 137612 + 233784. (b) 3176238 _ 94296_ (C) 731937 + 401937. (d) 442851 _ 923627.

Solution:

I52]

54]

1501 We note that these classifications are based on different criteria and hence a single test usually belongs to more than one
category corresponding to different classifications.

1511 In fact, composity tests can be tests on their own (i.e. to identify composite numbers) rather than being indirect tests
for primality, i.e. to negate primality (see Problem 3).

1521 We note that primality tests of very big numbers are generally programmed and hence conducted by computers (even
if they are analytical in nature). We also note that computational tests are usually based on analytical criteria and
conditions.

[53] Because Wilson’s theorem is an iff statement it can be used directly, while because Fermat’s little theorem is an if
statement it is used indirectly (i.e. its contrapositive is used to negate primality and hence it is actually a composity
test). These issues will be clarified further later on.

1541 We note that we should exclude 0 (because it is neither prime nor composite), 2 (because it is prime) and 5 (because it
is prime) although their “last” digits are 0, 2, 5.
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(a) This is the sum of two odd numbers and hence it is even (> 2) and thus it is composite (see the
parity rules in § 1.8).

(b) 31763 ends in 6 (see rule 17 of § 1.8) and 9%2%¢ ends in 1 (see rule 18 of § 1.8) and hence their
difference ends in 5 (see rule 20 of § 1.8), i.e. it is divisible by 5 (see rule 27 of § 1.9) and hence it is
composite.

(c) According to Eq. 11 this sum has a factor of (73 + 40) = 113 and hence it is composite.

(d) Both 442 and 923 are divisible by 13 and hence 442%5! and 923527 are divisible by (powers of) 13.
So, their difference is divisible by 13 (see rule 14 of § 1.9) and hence it is composite.

5. List some methods for finding primes, i.e. methods to search for and find primes collectively within a
given range by sieving primes or composites within that range (such as all primes less than 1000).
Solution: For example:

e The direct method by testing the individual numbers for primality or composity using some of the
primality or/and composity tests (such as some of the tests listed or mentioned in Problems 2 and 3).
e The sieve of Eratosthenes which will be outlined in § 2.3.1.

e The sieve of Sundaram.

e The sieve of Atkin.

Note: these methods are generally computational in nature (i.e. they are usually programmed and
conducted by computers). Accordingly, these methods (and their alike and variants) are beyond the
scope of this book (or at least the scope of this volume). So, the interested readers should refer to the
literature for details (noting that the purpose of this Problem is general knowledge and awareness which
is useful and necessary for anyone interested in number theory and in prime numbers in particular).

6. Show that if n is composite then it mus have a prime divisor < /n.

Solution: Since n is composite then it must have at least one prime divisor p and hence n = pm
(m € N). Now:

o If p < \/n then that is it.

e If p > \/n then m must be < /n because otherwise n = pm > (/n x /n) = n, i.e. n > n which
is impossible. Now, if m is prime then that is it; otherwise m must contain a prime factor which is
necessarily < m and hence < y/n (noting that any composite number can be factorized as a product of
primes; see § 2.1).

7. What is the importance of the fact that: if n is composite then it has a prime divisor < /n?
Solution: This fact is important for the search of primes and test for primality. In other words, to
verify that a given number is prime we need only to establish that it has no prime divisor < y/n with
no need to test for potential prime divisors > /n because by the contraposition of this conditional
statement if the number has no prime divisor < 4/n then it is not composite (i.e. it is prime). In fact,
the traditional prime sieves use this fact in the search for primes (see for instance § 2.3.1).

8. Determine if the following numbers are primes or composite: 79, 157, 233, 501.

Solution: Referring to point 6 in the preamble of this section (as well as Problems 6 and 7):

e The primes < v/79 are 2,3,5,7. As 79 is not divisible by these primes it must be prime.

e The primes < v/157 are 2,3,5,7,11. As 157 is not divisible by these primes it must be prime.

e The primes < v/233 are 2,3,5,7,11,13. As 233 is not divisible by these primes it must be prime.

e The sum of digits of 501 is 6 which is a multiple of 3 and hence it is divisible by 3. So, it is composite.

9. Show that the square root of any prime number p is irrational.

Solution: There are several elementary proofs to this (most of which are similar to the proof of the
irrationality of v/2 which every reader of this book must know; see the upcoming note). An example of
these proofs is: if \/p is rational then /p = m/n (where m,n € N) and hence n?p = m?. Now, m? and
n? are obviously composite (because m? = m x m and n? = n x n). Moreover, since they are squares
then any prime number in their prime factorization must occur an even number of times. This means
that we have an odd number of primes on the left hand side and an even number of primes on the right
hand side which is impossible according to the fundamental theorem of arithmetic (see § 2.1). In fact,
this logic (with minor adaptation) should apply to the n'* root of any prime number and not only to
the square root.

Note: it is worth noting that there are two main methods for proving the irrationality of v/2 (and
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10.

11.

12.

indeed the irrationality of any n'” root of any natural number whose n*" root is not an integer): the

method of prime factorization and the method by contradiction (noting that both these methods rest
on the same logic and they both lead eventually to a sort of contradiction). A third method based
on Fermat’s last theorem (see § 2.9.5) may also be used for some n'* roots (which is legitimate only
if the proof of Fermat’s last theorem does not depend on these proofs noting that there are claims of
circularity in this method of proof which requires a detailed inspection of the proof of Fermat’s last
theorem).

Let mn = k° where m,n,k,s € N and m and n are coprime. What can you conclude from this?
Solution: We can conclude that there are two coprime numbers u, v € N such that m = p® and n = v°.
The justification of this conclusion is that since m and n are coprime then there is no common factor
in their prime factorization (see part d of Problem 1) and hence we can separate their prime factors in
their product k° to those belonging to m and those belonging to n. This means that we can express m
and n as m = u® and n = v* where p and v have no common prime factor, i.e. u and v are coprime.
Show that if p, 4p? + 1 and 6p? 4 1 are primes then p = 5.

Solution: Referring to Problem 3, prime numbers must end in 1, 3,7,9 (excluding 2 and 5). Moreover,
the squares of the numbers ending in 1,3,7,9 must end in 1,9,9,1 (see rule 11 of § 1.8). Now, if p?
ends in 1 then 4p® + 1 ends in 5 (which is divisible by 5 and hence 4p? + 1 is not prime), while if p?
ends in 9 then 6p® + 1 ends in 5 (which is divisible by 5 and hence 6p? + 1 is not prime).[55] So, one of
4p? 4+ 1 and 6p? + 1 must be composite and hence p, 4p®> + 1 and 6p? + 1 cannot be primes except if
p =5 since 5 is the only prime number that ends in 5 and hence both 4p? + 1 and 6p? + 1 are primes
in this case (as well as 5 itself). We finally note that p = 2 is not a possibility because 6(2%) + 1 = 25
which is composite.

Prove or justify the following:

(a) There are infinitely many primes.

b) If n is composite then (2" — 1) is composite.

c) If (2" — 1) is prime then n is prime.

d) If m,n € N and (m +n) € P then m and n are coprime.

e) If m and n are coprime then there is no common factor in their prime factorization.

f) If m and n are coprime to k then their product mn is also coprime to k.

g) Any two consecutive integers (or natural numbers) are coprime.

h) No three consecutive natural numbers (> 1) can be all prime (i.e. at least one of them must be
omposite). 5!

i) A set of pairwise relatively prime numbers contains at most one even number (i.e. either they are
all odd or they contain only one even number).

(j) No more than three consecutive numbers can be pairwise relatively primes.!®7)

(k) Any set of more than n numbers taken from the set {1,2,...,2n} must contain (at least) a pair of
coprime numbers (i.e. two of them are coprime).

(1) m and n are coprime iff m* and n' are coprime (s,t € N).

(m) If m and n are coprime and m = ap and n = bv (a, p, b,v € Z) then p and v are coprime.

(n) The natural powers of distinct primes are coprime.

Solution:

(a) Let assume that the number of primes is finite (say n). If ¢ = (p1p2---pn) + 1 then either ¢ is
prime or not. If ¢ is prime then we found another prime (and hence our assumption is false since we
have more than n primes noting that the infinity of the number of primes can be judged by repetitive
application of this argument). If ¢ is not prime then it must have a prime factor p. Now, if p is not one
of the n primes then we found another prime (and hence our assumption is false with the same previous

[55] We refer the reader to rules 19 and 21 of § 1.8.
156] The condition “> 17 is about “at least one of them must be composite”.
[57] Whether or not these numbers must exclude 0 (or even be restricted to natural numbers) requires some details, i.e. with

regard to the definition of relatively prime and with regard to the status of 0 in respect of coprimality (see for instance
the preamble of this section as well as part 1 of Problem 1). Anyway, this issue is trivial and hence it should not concern
us.
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justification). If p is one of the n primes then p must divide both (p1ps - - - p,) and ¢ and hence it must
divide their difference which is 1 (see rule 14 of § 1.9). However, no prime can divide 1, and hence p
cannot be one of the n primes. This means that we found another prime (and hence our assumption
is false). So, our assumption of having a finite number of primes is false in all cases, and hence there
must be infinitely many primes.!®®!

(b) If n is composite then n = mk (m,k € N and m,k > 1) and hence (see Eq. 12):

on _ 1 = 2mk —1= (Qm)k —1= [(2771) _ 1} [(2m)k—1 + (2m)k—2 4t (2m) 41

Now, since m, k > 1 then both factors in the square brackets must be greater than 1 and hence (2" —1)
is composite since it is equal to a product of two factors greater than 1.

(c) “Prime” means “not composite” and hence this statement is the contrapositive of the statement of
part (b) and thus it is true (see point 11 of § 1.1).

(d) If m and n are not coprime then they must have a common divisor g > 1, and hence:

m+n=gu+gr=g(p+v) (1, v €N)

This means that (m + n) is a product of g and (u + v) both of which are > 1 and hence (m + n) is not
prime in contradiction to the given assumption.

(e) This should be obvious because if there is a common factor then this factor (which is greater than
1 since it is in their prime factorization) will divide them both and hence they will not be coprime.
(f) This is because being coprime to k means that they have no common factor in their prime factoriza-
tion with &k (see part €) and so is their product (noting that multiplication cannot create a new prime
factor).

(g) This is because if the numbers are m and m + 1 and their greatest common divisor is d then d|m
and d|(m + 1) and hence (by rule 14 of § 1.9) d divides their difference which is 1, i.e. d =1 (see rule 3
of § 1.9). So, they must be coprime.

(h) This is because at least one of these numbers must be even and greater than 2 and hence it must
be composite (see point 3 in the preamble of this section).

(i) This is because if they contain two (or more) even numbers then the ged of these even numbers
must be greater than 1 since they have a common factor of 2 (and hence the set cannot be of pairwise
relatively prime numbers).

(j) This is because four (or more) consecutive numbers must include at least two even numbers and
hence they cannot be pairwise relatively primes (according to i).

(k) This is because a set of more than n numbers must include (at least) two consecutive integers and
hence by part (g) they must be coprime.

(1) This is because raising a number to a power does not create a new prime factor in its prime factor-
ization (i.e. it just changes the exponents in its prime factorization). Now, coprimality of two numbers
means they have no common factor in their prime factorization (see point d of Problem 1). Hence, if
there is no common prime factor between m® and n' then there is no common prime factor between m
and n and vice versa. This proves both the if part and the only if part of the given statement.
(m) Because m and n are coprime then they have no common factor in their prime factorization and
hence p and v (which contain no prime factors other than those of m and n) must also have no common
factor in their prime factorization and hence they must also be coprime. !l

(n) This is obvious because the natural powers of distinct primes cannot have a common prime factor
and hence they must be coprime.[®? In fact, this is an instance of the “only if” part of the statement
of part (1) noting that any two distinct primes are coprime.

[58] As indicated earlier, the essence of this argument is that if the number of primes is finite then it is fixed and since we
find in every case a new prime (which means that the number of primes is not fixed) then we conclude by contradiction
that the number of primes is not finite. So, the argument is essentially a proof by contradiction (see § 1.5.4).

1591 Tt should be obvious (as a matter of labeling) that (a,b), (a,v) and (b, ) are also coprime.

[60] Ty fact, we can include even the 0 power, but this is trivial, moreover it extends to non-distinct primes.
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13.

14.

15.

16.

17.

What is the relation between the primality of n and the primality of (2" — 1)?

Solution: If (2™ —1) is prime then n is prime (see part ¢ of Problem 12), but if n is prime then (2" —1)
is not necessarily prime (e.g. 21 —1 = 2047 ¢ IP). So, the primality of n is a necessary but not sufficient
condition for the primality of (2" —1). In brief, if n is composite then (2" —1) is composite and hence if
(2™ —1) is not composite (i.e. it is prime) then n is not composite. Symbolically, n ¢ P — (2" —1) ¢ P
and hence its contrapositive (but not its converse or inverse) is also true (see point 11 of § 1.1).

Let m and n be integers of opposite parity. Show that m and n are coprime iff m +n and m? 4 n? are
coprime.

Solution: Regarding the if part, if m and n are not coprime then m = py and n = pv where p,v € Z
and p € P. But then m +n = p(u + v) and m? + n? = p?(u? + v2) are not coprime (since they have a
common factor p) which is a contradiction. This means (by contraposition) that if m +n and m? + n?
are coprime then m and n are coprime.

Regarding the only if part, if m and n are coprime but m 4+ n and m? 4+ n? are not coprime then
m +n and m? + n? must have a common factor p € P. Now:

2m? = (m?+n?) +(m?—-n?) =m?>+n?)+ (m+n)(m—n)=pA

2n? = (m?4n?) — (m? —n?) =m*+n*) — (m+n)(m—n)=pB
where A, B are integers and where we used in the last steps the presumption that m + n and m? + n?
have a common factor p.
Now, since m and n are of opposite parity p cannot be 2. This is because p presumably divides m +n
which is odd (see the rules of parity in § 1.8). But since p # 2 then p must be a common factor of m?
and n? and hence p must be a common factor of m and n (since raising a number to a power does not
create a new prime factor in its prime factorization; see part 1 of Problem 12) which is a contradiction
(since m and n are presumably coprime). This means that if m and n are coprime then m + n and
m? + n? are coprime.
Let N 3 m,n > 1. Show that if (m™ — 1) is prime then: (a) m = 2 and (b) n is prime.
Solution:
(a) From Eq. 12 we have:

m'—1=m—-Dm" t4+m" 2+ dFmP+m+1)=(m—-1)A

So, (m—1) is a divisor of (m™ — 1), and since (m™ — 1) is prime (which is divisible only by 1 and itself)
then (m — 1) =1 (noting that A > 1), i.e. m = 2.

(b) From part (a) we have (m™—1) = (2" —1), and hence from part (c¢) of Problem 12 (also see Problem
13) n is prime (since 2™ — 1 is prime).

Show that every prime other than 2 is of the form (4k + 1) or (4k — 1) where k € N.

Solution: Let assume that n is a prime and we divide it by 4. The remainder r that we get from this
division must be one of the four following cases:

e 7 = 0. This case is impossible because n is supposedly prime and hence it cannot be divisible by 4.
e r = 1. Hence, n = 4k + 1.

e r = 2. This case is impossible because n is supposedly prime and hence if n = 4k + 2 then it must be
even > 2 [i.e. n =22k + 1)} which cannot be prime (see point 3 in the preamble of this section).

er =23 Hence,n=4k+3=4k"+4—1=4(k' +1) — 1 = 4k — 1 (noting that k¥’ € N°).

So, if n is prime > 2 then it can only be of the form (4k + 1) or the form (4%’ 4+ 3) which is equivalent
to (4k — 1).

Show that there are infinitely many primes of the form (4k + 1) and (4k — 1) (or equivalently 4k’ + 3).
Solution: There are infinitely many primes (see part a of Problem 12). Moreover, all primes (except
2) are of the form 4k + 1 or 4k — 1 (see Problem 16). Accordingly, there are infinitely many primes
of the form 4k 4+ 1 (i.e. considering them together). However, what is required here is to prove that
there are infinitely many primes of each one of these forms individually (i.e. there are infinitely many
primes of the form 4k + 1 and there are infinitely many primes of the form 4k — 1 which is equivalent
to 4k’ + 3). This can be established by Dirichlet’s theorem (see point 2 of § 2.9.5) noting that 4 and 1
are coprime and 4 and 3 are coprime.
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18.

19.

20.

21.

22.

Give a condition that makes every number of the form m* + n' composite (m,n,s,t € N).
Solution: The condition “m and n are not coprime” meets this requirement since:

m*+nl =d (umsfl + Vntfl) [m =du, n = dv, d = ged(m, n)]

which is obviously composite since it is a product of two integers both of which are greater than 1
(noting that d > 1 since m and n are not coprime).

Show the following (where m,n,k € N):

(a) If m and n are coprime and n = m £ k then n is also coprime to k.

(b) m and n are coprime iff m and (m £ n) are coprime.

Solution:

(a) If n is not coprime to k then they should have a common factor d > 1 and hence n = dn’ and
k = dk'. Therefore:

n=m=+k — dn' =m + dk’ — din’ FK)=m

This means that m also has a factor of d and hence it cannot be coprime to n (which has a factor of d).
(b) Regarding the “if part™ if m and (m 4 n) are coprime but m and n are not coprime then we must
have d > 1 such that m = dm’ and n = dn’. But then we have (m £ n) = (dm/ £ dn') = d(m’ £n’)
which means that m and (m + n) are not coprime because they have a common factor d > 1. This
contradiction should establish the “if part” of the statement.

Regarding the “only if part™ if m and n are coprime but m and (m 4 n) are not coprime then we
must have d|lm and d|(m £ n) for some d > 1. But then (by rule 14 of § 1.9) we must have d|n which
means that m and n are not coprime because they have a common factor d > 1. This contradiction
should establish the “only if part” of the statement.

Show that if m,n € Z are coprime and mn is a square (of an integer) then each one of m,n is a square
(of an integer).

Solution: Because mn is a square we can write:

mn = (p'ps? - pit)? = pip3te - ppk (24)

where p{'p3? - - pi* is the prime factorization of \/mn.

Also, because m, n are coprime then they have no common factor in their prime factorization (see part
d of Problem 1). This means that each one of the factors p>* (i = 1,2,...,k) belongs to exactly one
of m and n. So, we can separate the factors of m and n in Eq. 24 and write:

1
2 2
mn = pi*p3* -t = <Hp 3as> <Hp?at> - (Hpgs> <Hp?t>
5 t s t

where m = ([, p)? and n = (I p)? i.e. each one of m,n is a square.

Show that the distribution of prime numbers (i.e. the number of primes less than or equal to n € N as
a function of n) follows a logarithmic pattern.

Solution: There are several theorems (with their proofs) that confirm this logarithmic pattern. How-
ever, in this book we demonstrate this visually for n < 102 by plotting 7(n) (i.e. the function
representing the number of primes < n) versus n on a logarithmic scale (see Figure 1). As we see, w(n)
is (approximately) linear on this log-log plot which illustrates (and verifies up to n < 10%°) the claimed
logarithmic pattern.

Why 0 and 1 are considered neither prime nor composite?

Solution: Regrading 0, it is not prime because it is divisible by any other number while prime must be
divisible only by 1 and itself (considering positive divisors). It is also not composite because it cannot
be expressed as a product of primes.

Regrading 1, it is not composite because it cannot be expressed as a product of primes. However, it
is like a prime (since it is divisible only by 1 and itself) and hence it seems reasonable to classify it
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Figure 1: The plot of log [ (n)] versus log(n) for n < 10%°. See Problem 21 of § 2.2.

as prime. So, the reason for not considering it prime seems to be the desire to preserve the property
of uniqueness of prime factorization (according to the fundamental theorem of arithmetic; see § 2.1).
For example, if 1 is prime then 4 can be prime-factorized in infinitely many ways, e.g. 1 x 22, 12 x 22,
13 x 22, etc.

Find every prime number p which is the sum and the difference (simultaneously) of (distinct) pairs of
primes.

Solution: Since p is the sum of two primes then it is > 2 and hence it is odd.

Since p is the sum (and difference) of two primes and it is odd then one of the primes in the pairs must
be even (rule 4 of § 1.8) which can only be 2 because 2 is the only even prime. So, p = 2 + p; and
p=ps—2,ie 2+ p; = py — 2 and hence po — p; = 4 which means that pq, p, po are three consecutive
odd numbers and hence exactly one of them is divisible by 3 (see rule 50 and Problem 16 of § 1.9).
Now, 3 is the only prime number divisible by 3 and hence p; = 3 which leads to p = 5 and ps = 7. So,
5 is the only prime number which is the sum and the difference of pairs of primes, i.e. 5 =2 + 3 and
5=T7-2.

Show that (2k? + k + 2) is not the sum of two primes where O > k > 1.

Solution: According to the rules of parity (see § 1.8), (2k? + k + 2) is odd (noting that k is odd) and
hence if it is the sum of two primes then it can only be the sum of an even prime and an odd prime.
Noting that the only even prime is 2, we have:

2k +k+2=2+m — m=2k*+k="k(2k+1)

So, m must be composite because it is a product of k (which is > 1) and (2k 4 1).

Note: for k = 1 we have 2k%2 + k 4+ 2 = 5 and hence it is the sum of two primes, i.e. 5 =2+ 3.

Show that m and n are coprime iff mn and m + n are coprime.

Solution: In this proof we essentially employ the method of contraposition (see § 1.5.4).

Regarding the if part, let assume that m and n are not coprime and hence they have a common factor
p € P. So, m = pu and n = pv where p, v € Z. But in this case we will have mn = pupr = p(upr) and
m+mn = pu—+pv=p(p+vr),ie mn and m + n are not coprime since they have a common factor p.
This means that if mn and m + n are coprime then m and n must be coprime.
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Regarding the only if part, let assume that mn and m 4 n are not coprime and hence they have a
common factor p € P. Accordingly, p|(mn) and hence (by rule 22 of § 1.9) p must divide m or n (say
m). But if p divides m (and p presumably divides m + n) then p must divide their difference which is
n (see rule 14 of § 1.9). So, p divides both m and n and hence they are not coprime. This means that
if m and n are coprime then mn and m + n must be coprime.

2.2.1 Twin Primes

Twin primes are prime numbers which are 2 apart (like 11 and 13). In the following points we provide
some useful remarks related to twin primes:

1.

It is unknown if there are infinitely many twin primes (although it is conjectured and seems to be
supported by partial evidence).

. Although 2 and 3 are consecutive primes they are not twin primes because their difference is not 2 (see

the definition of twin primes above). Hence, the first (or lowest) twin primes are 3 and 5.

3. (3,5) and (5,7) are the only consecutive pairs of twin primes. In other words, 5 is the only prime
number that is shared by two different pairs of twin primes.

4. The sum of any twin primes other than (3,5) is divisible by 12.161

5. Any twin primes other than (3,5) can be expressed as (6n — 1,6n + 1) where n € N.

6. The number between a twin primes is composite.

Problems

1. Prove or justify the following:

(a) The number between a twin primes is composite.
(b) (3,5) and (5,7) are the only consecutive pairs of twin primes (i.e. they share a number which is 5).
(c) The sum of any twin primes other than (3,5) is divisible by 12.
(d) Any twin primes other than (3,5) can be expressed as (6n — 1,6n + 1) where n € N.
Solution:
(a) This is justified by part (h) of Problem 12 of § 2.2.
(b) Let (p,p+ 2) and (p + 2,p + 4) be another pair of consecutive twin primes (i.e. p > 3). Now, if
we divide p by 3 then the remainder is either 0 (and hence p is not prime) or 1 (and hence p + 2 is not
prime) or 2 (and hence p 4+ 4 is not prime). What distinguishes the pair (3,5) and (5,7) from other
consecutive pairs (and hence makes this argument does not apply to this pair) is that 3 is the only
prime number that is divisible by 3 (and hence for this pair the remainder is 0 despite p being prime).
(c) Let the twin primes be p; = 2k + 1 and py = 2k + 3 (where N 3 k£ > 1) noting that all primes
are odd except 2. Now, the sum of these primes is p; + pa = 4k + 4 = 4(k + 1) which is divisible by
4. Moreover, the remainder of p; when it is divided by 3 cannot be 0 (because p; is not divisible by 3
since it is a prime greater than 3) and cannot be 1 (because otherwise po will be divisible by 3 which
is impossible because it is a prime greater than 3). So, the only possibility is that the remainder of p;
(when divided by 3) is 2 and hence the remainder of py (when divided by 3) is 1. This means that the
remainder of their sum (when divided by 3) is zero (see rule 22 of § 1.8 as well as the upcoming rules of
§ 2.7), i.e. p1 + po is divisible by 3. So, p1 + p2 is divisible by 3 and by 4 and hence it must be divisible
by 12 (see rule 34 of § 1.9).
(d) This is a consequence of (c) because since they are divisible by 12 then their sum can be written
as:

pr+p2=12n=6n+6n=(6n—1)+ (6n+1)

Now, if we note the imposed conditions (i.e. n € N with p; and ps being natural numbers which are 2
apart) then we can conclude that p; = 6n — 1 and py = 6n + 1.

[61] This (and the next) can be used as a test to rule out (but not in) being twin primes. For instance, we can immediately

conclude that (9476869,9476871) are not twin primes because their sum is not divisible by 12, but we cannot conclude
that (9476807,9476809) are twin primes although their sum is divisible by 12.
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2.2.2 Mersenne Primes and Mersenne Numbers

Mersenne prime M, is a prime number that is one less than a power of 2, i.e. M, = 2" — 1 (for some
N > n > 1). However, because 2" — 1 is composite if n is composite (see part b of Problem 12 of § 2.2),
the Mersenne primes can be defined more specifically as M, = 2P — 1 (for some p € P). The first few
Mersenne primes are 3,7,31,127,8191, 131071, 524287.

In the following points we provide some useful remarks and facts about Mersenne primes:62!

1. Mersenne prime may be defined as M, = 27 — 1 (for some p € P). However, it should be noticed that
the condition p € P in this definition is a necessary but not sufficient condition for being a Mersenne
prime. For instance, 2! — 1 = 2047 = 23 x 89 which is composite. It is worth noting that the numbers
that have the form (2" — 1) regardless of being prime or not may be described as Mersenne numbers.
Accordingly, “Mersenne prime” my be defined as a Mersenne number which is prime.

. Mersenne primes are closely related to perfect numbers (see § 2.8).

. It is unknown if there are infinitely many Mersenne primes or not.

. Currently (February 2023), there are only 51 known Mersenne primes. (63!

. The largest known prime number (which is 282589933 _ 1) is a Mersenne prime. In fact, the largest
known prime numbers are mostly Mersenne primes.

6. Noting that (2”—1) in binary is made of n “1” digits [e.g. 23—1 = (111); and 2*—1 = (1111);], Mersenne
primes (and numbers) can be represented most easily in this simple binary form, and this simple
representation may be exploited in certain computational algorithms for the search and manipulation
of Mersenne primes.

7. It seems unknown if (2P — 1) is composite for infinitely many primes p or not.

Tk W N

We should finally note that because of the close relationship between Mersenne primes and perfect
numbers (which we indicated already) as well as their dependency on each other, we defer the Problems
about Mersenne primes to § 2.8 (noting that some Problems related to Mersenne primes and numbers
have already been given earlier; see for instance parts b and ¢ of Problem 12 of § 2.2).

2.2.3 Fermat Primes and Fermat Numbers

Fermat prime is a prime number of the form (2" + 1) where n € N. It can be shown that if (2" 4 1)

is prime then n is a power of 2, i.e. n = 2% where k¥ € N° (see Problem 1). This means that Fermat

primes are of the form (22k + 1). The first three Fermat primes are 3,5,17 (corresponding to n = 1,2,4

or k=0,1,2).
In the following points we provide some useful remarks and facts about Fermat primes and Fermat

numbers (see footnote [62] ):

1. Fermat number is a natural number of the form 22° + 1 (where k € N°) regardless of being prime or
not. Accordingly, Fermat primes is a subset of Fermat numbers.

2. Fermat numbers are generally symbolized as F, (e.g. F3 = 22 4 1).

. All Fermat numbers are odd (as can be seen from their form).

4. There are infinitely many Fermat numbers (noting that there are infinitely many k’s). However, it is
unknown if there are infinitely many Fermat primes or not.

5. Currently (February 2023), there are only five known Fermat primes (which are the first five Fermat
numbers 3,5, 17,257, 65537 corresponding to k = 0,1,2,3,4).

6. It is unknown if Fermat numbers are composite for all k£ > 4.

7. Fermat numbers can be generated by the recursive formula Fj, = 2 4+ (FoFy ... Fr_1).

8. F and F; are coprime where s # t (s,t € N9).

w

Problems

1621 We note that some “facts” of this sort and in such contexts may require further verification as they are obtained from
the Internet and hence they are based on trust (and some can be outdated).

[63] This is what we found on the Internet (seen on February 2023). Because of the relation between Mersenne primes and
(even) perfect numbers this is also the number of known perfect numbers (see § 2.8).
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1. Show that if (27 + 1) is prime then n is a power of 2 (i.e. n = 2¥ where k € N).
Solution: We prove this by contraposition (noting that the given statement is true for n = 1,2
corresponding to & = 0,1 and hence we need only to prove it for n > 2). So, let assume that n in
(2™ + 1) is not a power of 2. Accordingly, n can be written as n = mp where m € N and p is an odd
prime (noting that since n is not a power of 2 and it is > 2 then it must have an odd prime factor; see
§ 2.1). So, we have:

M1 =2"P 4 1= (2" 417 = (27 + 1) [(27)P T = (2M)P 24 =27 4

where we used the identity of Eq. 11 (noting that p is an odd prime). As we see, (2" + 1) is composite
(since it is a product of two integers > 1) and hence (by contraposition) if (2™ + 1) is prime then n
must be a power of 2.

2. Find all n» € N such that both (2" — 1) and (2" + 1) are primes.
Solution: Since (2™ — 1) is prime then n is prime (see part ¢ of Problem 12 of § 2.2).
Also, (2™ + 1) is a Fermat prime and hence n is a power of 2 (see Problem 1).
So, n is a prime number and it is a power of 2 at the same time. No prime number meets this condition
other than 2 and hence n = 2 only. Also see part (d) of Problem 9 of § 2.7.

3. Show that no Fermat number Fj, (k # 1) can be the sum of two primes.
Solution: For k£ = 0 we have Fy = 3 which is not the sum of two primes. For k£ > 1 we prove this by
contradiction. So, let assume that a given Fermat number Fj, (k > 1) is the sum of two primes. Since
all Fermat numbers are odd (see point 3 in the preamble) then exactly one of these primes is even (see
the rules of parity in § 1.8) which must be 2 because 2 is the only even prime (see point 3 of § 2.2).
Accordingly, the other prime must be (Fj — 2) and hence we have:

Fo—2=2"+1)—2=22" —1=(22""2—1=02" -1 " +1)

As we see, (Fj, — 2) is composite (since it is a product of two integers > 1) and this contradicts our

assumption that (Fj — 2) is prime. So, no Fermat number Fj, (k # 1) can be the sum of two primes.
4. Show that Fj, = (Fx_1 — 1)? + 1 where k € N.

Solution: We have:

ok gk—1 2 ok—1 2 gk—1 2 9
F, =2 +1=(2 )+1=(2 +1—1) +1:({2 +1}—1) fl=(Fq—1)2 41

5. Show that Fy, = F2 | — 2(Fy_2 — 1)? where k > 1.
Solution: We have:

2k—1

Foo= 22 11=22 1 2x2? )41 -(@2x2?)= [22’“+(2x22k"1)+1] —2x 2
_ [22’“‘1 + 1]2 —9 [22’“‘1] - [22’“‘1 n 1]2 —2 [22’“2}2 - [22’“‘1 + 1}2 —9 [22’“"2 +1- 1}

_ [22“ + 1}2 —2 [(22“2 +1) - 1}2 = F2, — 2Fjo—1)

2

6. Show that Fk =2+ (F()Fl . --Fk—l)-
Solution: We prove this by induction.
We have Fy = 22 11 = 3 and F, = 22" 11 = 5, and hence F} = 2 + Fy. So, the formula is
true for k = 1.4 Now, let assume that the formula is true for a given k& € N and hence we have
Fk =2+ (FOF1 “ee Fk—l)a i.e. FOF1 v Fk—l = Fk — 2. ACCOI‘dnglyI

(F —2)F, = [(22k +1) - 2] 2"+ 1) =022 -1E¥ +1)= (22’“)2 1o

— (22"‘+1 + 1) —2=Fpq —2

[64] If this start is not convincing to some, we can add: 17 = Fp = 2+ FoF} =2+ 3)(5) =17.
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10.

ie.
Frip1 =2+ (F)C — Q)Fk =24+ (F0F1 .. ~Fk—1)Fk =24 (F0F1 - Fk_le)

As we see, the formula is true for k+ 1 (assuming it is true for k) and hence by mathematical induction
the formula is true in general.

. Show that Fermat numbers are pairwise relatively prime, i.e. Fy and F} are coprime where s # t

(s,t € NO).

Solution: We can assume (with no loss of generality) that s < ¢. Let d be a common positive divisor
to Fy and F}, i.e. d|Fs and d|F;. Accordingly, d|(FoF; ... F;—1) because Fy occurs in (FoFy ... F;_1)
noting that s < t. Now, from the result of Problem 6 we have: 2 = F; — (FoFy ... F;_1). Since d|F; and
d|(FoFy ... Fi_1) then d|2 (see rule 14 of § 1.9). This means that either d = 2 (which is impossible since
all Fermat numbers are odd; see rule 7 of § 1.8) or d = 1 (which is the only acceptable possibility). So,
d = 1 which means that the only possible common positive divisor to F; and F} is 1 and hence F and
F; must be coprime.

Note: the result of this Problem may be used by some to prove that there are infinitely many primes
(see part a of Problem 12 of § 2.2). This is because since Fermat numbers are pairwise relatively prime
then no two Fermat numbers can have a common prime factor which means that any Fermat number
must consist (in its prime decomposition) of prime number(s) which are unique to that Fermat number.
Now, since there are infinitely many Fermat numbers then there must be infinitely many prime numbers.

. Show that Fy + 1 = 6n where k,n € N.

Solution: From the result of Problem 6 we have:
Fr+1 :3+(F0F1...Fk_1) :3+(3F1...Fk_1) :3(1+F1...Fk_1)

Now, if we note that (1+ Fy ... Fj_1) is even (see point 3 in the preamble as well as the rules of parity
in § 1.8) then we can see that (Fy + 1) is divisible by 2 and divisible by 3 and hence it is divisible by 6
(see rule 28 of § 1.9), i.e. F, + 1 = 6n where k,n € N.

. Show that Fj5 is composite.

Solution: We will show that 641|F5 (and hence F5 is composite). We have:
(27 x 5) +1 = 641 — 27 x 5 =641 — 1 — (27 x 5) = (641 — 1)* —
228 x 5% = (641 — 1)* — 228 x 51 =1+ 641m

where we used the identity of Eq. 13 in the last step (noting that m € Z).
We also have: 641 = 2% + 5% and hence 5* = 641 — 2%. On combining these results we get:

2% x 57 = 1+641m
228 x (641 —2%) = 1+ 641m
(228 x 641) — (22 x 2%) = 14 641lm
(228 x 641) — 2% = 1+ 641m
232 41 = (228 x 641) — 641m
Fs = 641(2%% —m)

Show that the last digit of F} is 7 where k > 1.

Solution: According to Problem 6 we have Fj, — 2 = (FoF; ... Fi_1) which means that F,,|(F; — 2)
where m < k. Now, since Fy = 5 then we have 5|(F}, — 2) where k > 1. This means that Fj, = 5n + 2
(n € N). Now, if we note that F}, is odd (see point 3 in the preamble) then we can conclude (see rule
19 of § 1.8) that Fj ends in 7 (because otherwise it ends in 2 which means it is even noting that 5n
ends either in 5 or in 0).

Note: from the result of this Problem we can conclude that no Fermat number can be a perfect square
because (according to rule 11 of § 1.8) no perfect square ends in 7 (noting as well that Fy and Fy, which
are 3 and 5, are not perfect squares).
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2.3 Common Algorithms and Methods in Number Theory

There are countless algorithms and methods related to number theory and used for various objectives and
purposes. Some of these algorithms and methods are analytic in nature (and hence they are supposed to
be implemented and employed by humans) while others intrinsically belong to computing and hence they
are designed for (and usually conducted by) computers. However, most algorithms and methods these
days (whether in number theory or in other subjects) are implemented computationally and conducted by
computers. We also note that algorithms and methods in general (including those of number theory) can
be deterministic and can be probabilistic (noting that most common algorithms used in number theory
are deterministic).

In the following subsections we list a number of mathematical and computing algorithms and methods/%®!
which are commonly used in elementary number theory for various purposes and which will mostly be
needed (or referred to) in the upcoming sections and chapters.

2.3.1 The Sieve of Eratosthenes

The sieve of Eratosthenes is an ancient algorithm for finding all the prime numbers less than a given
number n € N. The algorithm can be outlined as follows (assuming n > 2):

e List all the natural numbers that are greater than 1 and less than n.

e Remove all the multiples of 2 from the list. (5!

o If the next remaining number in the list is less than /n remove all its multiples from the list.[67]

e Repeat the process in the previous point until the next remaining number is > /n.

e The remaining numbers in the list are the required primes.

It is noteworthy that these days the sieve of Eratosthenes is of historical and educational value (rather
than practical value) due to the emergence of more efficient algorithms for searching for primes (especially
the very large ones) and sieving them. However, the basic principles of this sieve remain embedded in
some of the modern sieves and algorithms which can be regarded as improved versions of this sieve.

2.3.2 The Division Algorithm

The division algorithm is actually a “division theorem” which states: if m,n € Z (where |n| < |m| and
mn # 0) then there exist unique integers ¢, € Z (where 0 < r < |n|) such that m = gn+7.1 Therefore,
the role of the division algorithm is to search for ¢ and » whose existence and uniqueness are guaranteed by
the division theorem. The existence and uniqueness of ¢ and r (which represent the essence of the division
theorem) can be easily proved. It is worth noting that m,n,q,r are called (respectively) dividend,
divisor, quotient, and remainder. However, “divisor” is also used specifically in the terminology of
divisibility (i.e. when 7 = 0) and hence the reader should be aware of this distinction.l%] For example,
“n is a divisor of m” means n divides m evenly with no remainder (and this is symbolized by n|m).

2.3.3 The Euclidean algorithm

This is an ancient algorithm for calculating the greatest common divisor (ged) of two integers (m and
n). The algorithm is based on the fact that the ged of two positive integers is unaffected if the bigger
integer is replaced by its difference with the smaller integer, i.e. if m,n € N and m < n then ged(m,n) =

[65] “Mathematical” suggests analytical nature, while “computing” suggests computational (or algorithmic) nature.

[66] “Multiple” here does not include the number itself, i.e. the multiples of m are km where N> k > 1.

167 Whether the consideration of /1 belongs to the original sieve or not seems controversial, and may be an added improve-
ment to the original sieve.

[68] This means that if 7 = 0 then n|m (i.e. n divides m evenly).

1691 In fact, even “dividend” and “quotient” may also be used specifically in the terminology of divisibility, and this usually
depends on the writer and context.
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ged(m,n — m).I7OI The algorithm may also be seen as a repetitive application of the division algorithm

(or theorem; see § 2.3.2). The best way of explaining the Euclidean algorithm is by examples where this
algorithm is demonstrated through its application in specific cases (instead of giving a formal description
of this algorithm), and that is what we will do in the future (see for instance Problem 3 of § 2.4).

2.3.4 The Extended Euclidean Algorithm

The extended Euclidean algorithm is a method for expressing the greatest common divisor (ged) of two
natural numbers (or integers), m and n, as a linear combination of these numbers, i.e. ged(m,n) = sm—+tn
(where s,t € Z). So, if we are given m and n then with the help of this algorithm we can find s and
t. The existence of s and ¢ are guaranteed by the “Bezout theorem” (or rather by a supposed lemma of
Bezout theorem) which states: if m and n are positive integers then there exist integers s and ¢ such
that ged(m,n) = sm + tn. In fact, the extended Euclidean algorithm (which we will use in the future;
see § 2.4) should reveal the logic of this theorem and hence it can be seen as a form of proof (or rather
justification) to this theorem. The best way of explaining the extended Euclidean algorithm is by examples
where this algorithm is demonstrated through its application in specific cases (instead of giving a formal
description of this algorithm), and that is what we will do in the future (see for instance Problem 5 of §
2.4). The extended Euclidean algorithm has a number of uses and applications; the most common one
is apparently in solving linear Diophantine equations (see § 4.1.1). As the names suggest, the extended
Euclidean algorithm is intimately linked to the Euclidean algorithm (as will be demonstrated in Problems
3and 5 of § 2.4).

2.3.5 Other Common Algorithms and Methods

Other common algorithms and methods which are more frequently used or referred to (and hence they
deserve to be investigated more thoroughly and systematically as we will do in the future) include: the
Chinese remainder method (see § 2.7.3) and the equivalent equation method (see § 2.7.4).

2.4 Greatest Common Divisor

The greatest common divisor (gcd) of two or more integers (which are not all zero)!™! is the largest natural
number that divides each of the integers. There are a number of methods (or algorithms) to calculate the
greatest common divisor. One of the common methods is based on the prime factorization which will
be outlined and demonstrated in the following (see point 2 and Problem 2). Another common method is
the Euclidean algorithm which will be demonstrated by examples in the upcoming Problems (see for
instance Problem 3).

We list in the following points some common rules and facts about the greatest common divisor (ged)
which will be used or referred to in the future or are important to know as general background knowledge:
1. By definition, the greatest common divisor is a natural number, i.e. it is always positive integer.

2. If m and n are positive integers whose prime factorizations are:!7!

m = pi'py? - ppt (a; € N° for all 1<i < k) (25)
n=pliphz ... pt (bi € N° for all 1 <i < k) (26)

[70] In fact, we can also say (more strongly): the ged of two positive integers is unaffected if the bigger integer is replaced by
the remainder of the division of the bigger integer by the smaller integer, i.e. if m,n € N and m < n then gcd(m,n) =
ged(m, r) where 7 is the remainder. See rules 12 and 13 of § 2.4.

[71] We note that some may exclude zero by restricting the definition of ged to non-zero integers (i.e. ged is defined only for
integers none of which is zero) and hence gcd becomes like lem in this regard. However, we do not see any reason for
this since the definition of gcd applies in this case sensibly. Yes, this may be accepted in specific contexts and situations
(where zero needs to be excluded for specific reasons).

[721 We allow a; and b; here to be zero (i.e. a; € NO and b; € NO instead of a; € N and b; € N) to include the case when
some primes are present in the factorization of only one of m and n. See point 2 in the preamble of § 2.1.
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then
ged(m,n) = pi*ps* - - - pit [c; = min(a;, b;) for all 1 <7 < k] (27)

. The ged (of given integers which are not all zero) is guaranteed to exist.
. The ged (when exists) is unique.

. The ged is commutative,[™! ie. ged(m,n) =
. The ged is associative, i.e. ged(m,n, k) = ged

ged(n, m)
[ged(m,n), k] = ged [m, ged(n, k)|. This can be extended

to any number of operands.

. The ged scales linearly, i.e. ged(km, kn) = k ged(m, n) where k € N.
. The ged can be expressed as a linear combination of its operands, i.e. if m and n are integers (having a

ged) then there are integers s and ¢ such that ged(m,n) = sm + tn. This linear combination is usually
obtained by using the extended Euclidean algorithm (as will be demonstrated by an example in
Problem 5).

.k = ged(m,n) iff ged [(m+k),(n+k)] =1 (k € N). In other words, m and n can be expressed as

m = ku and n = kv where p and v (€ Z) are coprime.

ged(m,n) = ged(—m,n) = ged(m, —n) = ged(—m, —n).

ged(l,m) =1 ged(0,m) = |m| ged(m, m) = |m)| ged(m, mn) = |m|.[™4
If m,n € N and m < n then ged(m, n) = ged(m,n —m) = ged(n,n — m).

If m,n € N and m < n then ged(m,n) = ged(m, r) where r is the remainder of the division of n by m.
If m,n € N then mn = ged(m,n) x lem(m, n) where lem is the least common multiple (see § 2.5).

If m € N then ged [m, lem(m, n)| = m.

From point 2 we can define the ged of two integers (m and n) as the product of all the common prime
factors in the prime factorizations of m and n.I™

As indicated earlier, there are several methods for finding the ged; the most common of these methods
seems to be the prime factorization and the Euclidean algorithm. These methods differ in efficiency
and applicability. For instance, the Euclidean algorithm is restricted to finding the ged of two numbers
(although it can be extended by recursive application using rule 6). We also note that the prime
factorization method does not apply if one of the numbers is zero because zero has no prime factorization
in the strict sense (see point 4 in the preamble of § 2.1) although this case can be trivially handled by
rule 11 (with rule 6 if we have more than two operands).

Problems

1.

Justify the prime factorization method for obtaining the greatest common divisor (see point 2 in the
preamble of this section).

Solution: We note first that prime factorization does not apply if one of the numbers is zero (see point
17 in the preamble) and hence we assume here that none of the numbers is zero. Now, from the given
definition of gcd we can extract three (necessary and sufficient) conditions that ged must satisfy:

(a) ged > 0.

(b) ged |m and ged |n.

(c) ged is greater than any other natural number that divides both m and n.

So, all we need to do is to show that the ged (as given by Eq. 27) satisfies all these conditions. Now,
from Eq. 27 it is obvious that condition (a) and condition (b) are satisfied (see Problem 3 of § 2.1).
Regarding condition (c), it is obvious that any divisor to m and n cannot contain any prime factor
other than py,po, -+ ,pr. So, the only possibility for a divisor d that potentially-divides both m and n
and it is greater than gcd is to have an extra factor of py,po,--- ,pr in the prime factorization of ged
in Eq. 27, e.g. d = py x ged = p§* T 1p52 - - pi*. However, any extra factor should make d fail to divide
(at least) one of the numbers (i.e. m and n) since ¢; = min(a;, b;) which means that we have only
¢; factors of p; in the prime factorization of (at least) one of the numbers m and n. So, d cannot be
greater than ged and divides both m and n, and hence condition (c) is also satisfied. Therefore, all the

[73] In this context, adjectives like “commutative” and “associative” should belong to the operation of taking ged.
[74] We note that m € Z (excluding 0 in the second, third and fourth statements).
[75] We note that “all the common prime factors” means “counted individually” (or considered as powered factors and not as

base factors) and hence the common prime factors between 8 and 12 are 2 x 2 = 22 (i.e. not 2).
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three (necessary and sufficient) conditions that ged must satisfy are observed in the prime factorization
method (as represented by Eq. 27) and hence this method for obtaining the ged is justified.
Note: we can put the above argument in a more formal form as follows:!76!

3 by b b
ged(m,n) = ged (p‘l“pgz cprk, pitpy "'Pk")
= DS p x ged (P TOpgTT g, ph el )

C1,C2

— p1p2p2k><1

_ pilp§2 . .pi:k
where line 2 is justified by rule 7 (see the preamble of this section), while line 3 is justified by the
fact that (p{*~“'p3> = - pp* =) and (p?l_clpgch . -pzk75k> are coprime after taking the common

factors (pi'ps? - - - py*) and hence their ged is 1.
. Find ged(168, 28, 380, 83).
Solution: We use the prime factorization method:

168 =28 x3x7 28 =922 %7 380 =22 x5x 19 88 =23 x 11

Hence: ged(168, 28, 380,88) = 22 = 4.
. Find ged(372, 268).
Solution: We use the Euclidean algorithm:

372 = (268 x 1)+ 104
268 = (104 x 2) + 60
104 = (60x1)+44
60 = (44x1)+16
44 = (16x2)+12
16 = (12x1)+4

12 = (4x3)40

Hence: ged(372,268) = 4.
Note 1: referring to footnote [70] and rule 13 we can write:

ged(372,268) = ged(268,104) = ged(104,60) = ged(60,44) = ged (44, 16)
= gcd(16,12) = ged(12,4) =4

As we see, these equalities are obviously based on (and justified by) the fact that the ged of two positive
integers is unaffected if the bigger integer is replaced by the remainder of the division of the bigger
integer by the smaller integer

Note 2: negative remainders may be used (to speed up the ged calculations) when the negative
remainders are smaller in absolute value than positive remainders. For example:

372 = (268 x 1)+ 104
268 = (104 x 3) —44
104 = (44x2)+16
44 = (16x3)—4
16 = (4x4)+0

As we see, using negative remainders reduced the number of steps required by the Euclidean algorithm
by 2.

[76] In fact, this may be considered as a different argument.
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4. Find gcd(680,24), ged(565,75), ged(273,132) and ged (804, 126).
Solution: We use the brief procedure suggested by note 1 of Problem 3 (with the use of negative
remainders when appropriate according to note 2 of Problem 3):

gcd(680,24) = ged(24,8) =8

ged (565, 75) ged(75,—35) = ged(35,5) =5
ged(273,132) ged(132,9) = ged(9,-3) =3
(

ged(804,126) = ged(126,48) = ged(48, —18) = ged(18,—6) = 6

5. Express ged(372,268) as ged(372,268) = s372 4 t268 where s, € Z.
Solution: We use the extended Euclidean algorithm (by reversing the operations in Problem 3):
4 = 16—(12x1)=16—-12=16—[44 — (16 x 2)] = —44 + (16 x 3)
= —44+4 ([60 — {44 x 1}] x 3) = (—4 x 44) 4 (60 x 3) = (—4 x [104 — {60 x 1}]) 4 (60 x 3)
(—4 x 104) 4+ (60 x 7) = (—4 x 104) + ([268 — {104 x 2}] x 7) = (—18 x 104) + (268 x 7)
(—18 x [372 — {268 x 1}]) + (268 x 7) = (—18 x 372) + (25 x 268)

Thus, ged(372,268) = 4 = (—18)372 + (25)268, i.e. s = —18 and t = 25.

6. Find two integers a and b that satisfy the following equation: 136a + 796 = 1.
Solution: We note that gecd(136,79) = 1. So, by using the extended Euclidean algorithm (as we did
in Problem 5) we get 1 = (—18)136 + (31)79. Therefore, a possible solution is ¢ = —18 and b = 31.

7. Show that there are infinitely many k such that (m + k) and (n + k) are coprime (where m,n,k € N
and m < n).
Solution: Because (n — m) has a finite number of prime factors (while there are infinitely many
primes), then there are infinitely many numbers N > s > n such that (n —m) and s are coprime, i.e.
ged [(n —m), 5] = 1. This means that there are infinitely many k such that:

1 =ged [(n—m),s]
= ged [(n—m) n+k)} (s=n+k)
=ged [(n+k) — (m+ k), (n+ k)] (£k)
=ged [(m+k), (n+k)] (rule 12)

So, ged [(m + k), (n + k)] = 1 for infinitely many k, i.e. we have infinitely many k such that (m + k)
and (n + k) are coprime.

8. Let m,n,k € N and m and n be coprime. Show that ged(mn, k) = ged(m, k) x ged(n, k).
Solution: Let m = g,,p and n = g, v where u,v € N and g,,, = ged(m, k) and g, = ged(n, k). Now,
because m and n are coprime then g,, and g, are coprime (see part m of Problem 12 of § 2.2).
Also, let k = gykm and k = gpkpn (Km, kn € N). Since g,, and g, are coprime then k = g,,g,x where
Km = gnk (k € N).
Now, u and k are coprime, and v and k are coprime, and hence (by part e of Problem 1 of § 2.2) & is
coprime to pv. Accordingly:

ged(mn, k) = ged(gmgn s gmgnk) = gmn 8eA(p; K) = gmgn X 1 = gmgn = ged(m, k) x ged(n, k)

where the third equality is justified by the fact that ur and x are coprime.
9. Let m,n, k € N such that m and n are coprime and k|(mn). Prove (or justify) the following:
(a) There are unique coprime natural numbers s and ¢ such that s|m, t|n and k = st.
(b) s = ged(k,m) and t = ged(k, n).
Solution:
(a) Because m and n are coprime then they must have no common prime factor in their prime factor-
ization. Now, since k|(mn) then we must have:

k= (i % ..o x pi Y(phL X . x phe)
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10.

11.

12.

13.

14.

such that (pﬁ;l, e ,pﬁfz) are all the common prime factors between k and m, and (pflll, cee p’,’fz) are
all the common prime factors between k£ and n [noting that (p?nll,...,pf,{z) and (pz;lll, e ,pi’fz) are

coprime since m and n are coprime; see part m of Problem 12 of § 2.2]. It should be obvious that
since k|(mn) then k cannot contain any factor other than these (i.e. factors which are not in the prime
factorization of mn) because otherwise k cannot divide mn. Hence, if we label (pg! x ... x pge ) as
s and label (pf}l X ... X pffz) as t then k = st. So in brief, we have unique coprime natural numbers
s=(p&, x...xpl)andt = (pi x ...x pbs) such that s|m, t|n and k = st, as required.

(b) According to part (a), s represents all the common prime factors between k and m, while ¢ represents
all the common prime factors between k and n, and hence from the definition of ged (see point 16 in the
preamble as well as the note of Problem 1) we must have s = ged(k, m) and ¢ = ged(k,n), as required.
Show that ged(m, n) is divisible by any other common divisor of m and n.

Solution: If we express ged(m,n) in its prime factorization as ged(m,n) = p{'p5? ---p;*, then any

other common divisor of m and n must be a product of py, pa,...,pr raised (some or all) to lower
powers than c¢i,co,...,c; (because pi'p5*...pe* represents all the common factors of m and n; see
Problem 3 of § 2.1 as well as Problem 3 of § 2.6.1) and hence any other common divisor must divide
ged(m, n).

Note: if gcd(m,n) = 1 then m and n have no other common divisor (except —1 if we consider negative
divisors in which case we also have —1|1).

Justify (briefly) properties 3-8 (in the preamble of this section).
Solution: Property 3 is because 1 (which divides any integer) does exist, i.e. the existence of ged in
the form of 1 is guaranteed if a common divisor greater than 1 does not exist (noting that having an
upper limit to such “greatest” divisor is guaranteed by the finity of the numbers which this greatest
divisor is their ged). The method of prime factorization for obtaining the greatest common divisor (see
point 2 as well as Problem 1) can also provide a justification to this property.

Properties 4-7 can be appreciated by considering the method of prime factorization for obtaining the
greatest common divisor (see point 2 as well as Problem 1).

Property 8 can be appreciated by considering the extended Euclidean algorithm (see § 2.3.4 as well as
Problem 5 of the present section).

Justify point 9 (in the preamble of this section).

Solution: Briefly, this is justified by the linear scaling property (see point 7 in the preamble). In detail:
o If k = ged(m,n) then:

k= ged [k(m + k), k(n + k)] = kged [(m + k), (n + k)]

[77]

where we used linear scaling property in the last step. Hence, by dividing both sides by k we get:
ged [(m+ k), (n+ k)] =1.
o If ged [(m + k), (n <+ k)] = 1 then by multiplying both sides by k we get:

k=kged [(m=+k),(n+k)] = ged(m,n)

where we used the linear scaling property in the last step.

Justify point 10 (in the preamble of this section).

Solution: This is justified by the method of prime factorization for obtaining the greatest common
divisor (see point 2 as well as Problem 1) noting that the sign does not affect the prime factors of a
given integer, i.e. the prime factorization of a given integer is a property of its magnitude and not of
its sign (see point 4 of § 2.1).

Justify the properties given in point 11 (in the preamble of this section).

Solution: Regrading ged(1,m) = 1, it is self-evident because 1 is the largest natural number that
divides 1. Moreover, 1 divides any integer m (see point 2 of § 1.9). Hence, ged(1,m) = 1.

Regarding ged(0,m) = |m|, we have:

ged(0,m) = ged(0, |m|) = ged(0 x |m|, |m|) = |m|ged(0,1) = |m|ged(1,0) = |m| x 1 = |m]|

[771 The purpose of this Problem is to show the reader the rationale behind the properties rather than providing formal

proofs.
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15.

16.

17.

where we used property 10 in equality 1, property 7 in equality 3, property 5 in equality 4, and used
ged(1,m) =1 (which we already justified) in equality 5 (with m = 0).
Regarding ged(m, m) = |m|, we have:

ged(m, m) = ged(ml, m]) = m| ged(1,1) = m| x 1 = |m|

where similar justifications apply.
Regarding ged(m, mn) = |m|, we have:

ged(m, mn) = ged(|m|, jm|n) = |m|ged(1,n) = |m| x 1 = |m|

where similar justifications apply.

Show that ged(m, n) = ged(m, m + n).

Solution: Let g = ged(m,n). Now, g|m and g|n and hence g|(m +n) (see rule 14 of § 1.9). So, g is a
common divisor of m and m + n. Therefore, all we need to do to complete the proof is to show that
there is no common divisor of m and m + n greater than g and this is what we will do using the proof
by contradiction (see § 1.5.4). So, let assume that we have a common divisor G of m and m + n such
that G > g. If this is the case then G divides m and G divides m + n and hence (by rule 14 of § 1.9)
G divides their difference which is n. This means that G divides both m and n in contradiction to the
fact that g is the greatest common divisor of m and n.

Justify points 12 and 13 (in the preamble of this section).

Solution: Regarding ged(m,n) = ged(m,n — m) we have:

ged(m,n) = ged(—m,n) = ged(—m,n —m) = ged(m,n — m)

where we used point 10 in equality 1, used the result of Problem 15 in equality 2 (with —m representing
m in that result), and used point 10 in equality 3.
Regarding ged(m,n) = ged(n, n — m) we have:

ged(m,n) = ged(n, m) = ged(n, —m) = ged(n,n —m)

where we used point 5 in equality 1, used point 10 in equality 2, and used the result of Problem 15 in
equality 3.

Regarding ged(m,n) = ged(m, 7), if n = km +r (where k € N and N° 5 r < m) then this result will be
obtained by applying ged(m,n) = ged(m,n — m) (which we already justified) & times.

Prove that: .

gcd(n—l,n 1>—gcd(n—1,k) (n,keN,n>1)
Solution: Let g = ged (n— 1, ’f:ll). From Eq. 12 we have:

k

-1

7:1_1 nFl P2

nh -1 k—1 k—2

—T = -+ -+ +(n-1)+k (28)

n* —1 k-1 k-2
S |~ P -1+ -1+ +(n—-1) (29)

n—1
Also, g divides (n¥=* — 1) + (n*=2 — 1) + .-+ + (n — 1) because (according to Eq. 12) each bracketed
term in this sum is divisible by (n — 1) which is divisible by g since g = ged (n -1, ’i:f).
Therefore, from Eq. 29 we conclude that g divides k (see rule 14 of § 1.9).
So, ¢ is a common divisor of (n— 1) and k, and hence all we need to complete the proof is to show that

.. k_q _ nf—1
Now, g divides [" ] because g = ged <n -1,%= )
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g is their greatest common divisor.
Now, let assume that (n — 1) and k& have a common divisor d > g. So, from Eq. 28 we conclude that

d divides [”nk%ll} because d divides k and d divides (n — 1) which is a common factor to all the other
terms on the right hand side of Eq. 28 (see rule 14 of § 1.9). But since d divides (n — 1) and d divides

nf—1 nF—1
n—1 n—1

their ged (i.e. g) which is impossible. So, we conclude that g is the greatest common divisor of (n — 1)
and k, and hence:

} then this means that we found a common divisor of (n — 1) and [ } that is greater than

nk—1

ged <n—1, ) =g=gecd(n —1,k)

18. Show that if ged(m, k) = ged(n, k) and s|k then ged(m, s) = ged(n, s) where m,n, k, s € Z.

Solution: Considering prime factorization, ged(m, k) represents the common factors of m and k while
ged(n, k) represents the common factors of n and k. So, ged(m, k) = ged(n, k) means that the common
factors of m and k are the same as the common factors of n and k. Now, since s|k then the factors of
s are a subset of the factors of k. So, any factor of s must be either a common factor of k¥ and m (and
hence a common factor of k and n) or not a common factor of k and m (and hence not a common factor
of k and n). This means that any factor of s must be either a common factor of s and m (and hence
a common factor of s and n) or not a common factor of s and m (and hence not a common factor of s
and n), i.e. ged(m,s) = ged(n, ).

Note: the following “Venn diagram” illustrates the given proof (where the sets in this diagram represent
the prime factors of m,n, k, s):

n—1

ged(m, k) = n ged(m, s) =

ged(n, k) \ ged(n, s)

m I~ ]

2.5 Least Common Multiple

The least common multiple (lem) of two or more integers (none of which is zero) is the smallest natural
number that is divisible by these integers. There are a number of methods (or algorithms) to calculate
the least common multiple. The common method seems to be the one based on the prime factorization
which will be outlined, justified and demonstrated in the following (see point 2 and Problems 1 and 2). The
ged and the lem can also be obtained from each other by using the relation ged(m,n) x lem(m,n) = mn
(and hence we can obtain the lem from the ged which can be obtained for instance by the Euclidean
algorithm).

We list in the following points some common rules and facts about the least common multiple (lem)
which will be used or referred to in the future or are important to know as general background knowledge:
1. By definition, the least common multiple is a natural number, i.e. it is always positive integer.

2. If m and n are positive integers whose prime factorizations are:78l
m = pi'py? - PRt (a; € N° for all 1 <i < k) (30)
n=phpl-- ~p2’“ (bi € N° for all 1 <i < k) (31)

[78] As indicated earlier, we allow a; and b; to be zero to include the case when some primes are present in the factorization
of only one of m and n.
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SO W

then
lem(m,n) = ppgz ... pis [d; = max(a;,b;) for all 1<i < k] (32)
. The lem (of given non-zero integers) is guaranteed to exist.
. The lem (when exists) is unique.
. The lem is commutative,™ i.e. lem(m,n) = lem(n, m).
. The lcm is associative, i.e. lem(m,n, k) = lem [lcm(m7 n), k] = lem [m7 lem(n, k)] This can be extended

to any number of operands.

7. The lem scales linearly, i.e. lem(km, kn) = klcm(m,n) where k € N.

8. lem(m,n) = lem(—m, n) = lem(m, —n) = lem(—m, —n).

9. lem(1,m) = |m| lem(m, m) = |m)| lem(m, mn) = |mn).
10. If m,n € N then mn = ged(m, n) x lem(m,n) where ged is the greatest common divisor (see § 2.4).
11. If m € N then lem[m, ged(m,n)| = m.

Problems

1. Justify the prime factorization method for obtaining the least common multiple (see point 2 in the

. Justify (briefly) properties 3-7 (in the preamble of this section).

preamble of this section).

Solution: The justification is similar to the justification of prime factorization method for obtaining
the ged (which we discussed in Problem 1 of § 2.4). So, in the following we just outline the argument:
Referring to Eq. 32, p‘li1 must be a factor of lem where d; is the least positive power such that pfl can
be divided by the p; factors in both m and n, and this means that d; must be the maximum of a; and
b1. This argument obviously applies to all pf’i (1=1,2,...,k). So, lem must be the product of all these
pd factors (which is what is given by Eq. 32).

. Find lem(168, 28, 380, 88).

Solution: We use the prime factorization method:
168 =23 x3x 7 28 =22 x 7 380 =22 x 5 x 19 88 =23 x 11

Hence: lem(168,28,380,88) =23 x 3 x5 x 7x 11 x 19 = 17556([). |

80

Solution: Property 3 is because a common multiple (i.e. the product of the numbers) always exists,
i.e. the existence of lem in the form of this product is guaranteed if a common multiple lower than
this product does not exist (noting that having a lower limit to such “least” multiple is guaranteed by
the finity of the numbers which this least multiple is their lem). The method of prime factorization for
obtaining the least common multiple (see point 2 as well as Problem 1) can also provide a justification
to this property.

Properties 4-7 can be appreciated by considering the method of prime factorization for obtaining the
least common multiple (see point 2 as well as Problem 1).

. Justify point 8 (in the preamble of this section).

Solution: This is justified by the method of prime factorization for obtaining the least common multiple
(see point 2 as well as Problem 1) noting that the sign does not affect the prime factors of a given integer,
i.e. the prime factorization of a given integer is a property of its magnitude and not of its sign (see
point 4 of § 2.1).

. Justify the properties given in point 9 (in the preamble of this section).

Solution: Regrading lem(1,m) = |m|, it is self-evident because |m| is the smallest natural number
that is divisible by m. Moreover, |m| is divisible by 1. Hence, lem(1,m) = |m/|.
Regarding lem(m, m) = |m|, we have:

lem(m, m) = lem(|m|,|m|) = |m|lem(1,1) = |m| x 1 = |m|

where we used property 8 in equality 1, property 7 in equality 2, and used lem(1, m) = |m/| (which we
already justified) in equality 3 (with m = 1).

[79] In this context, adjectives like “commutative” and “associative” should belong to the operation of taking lem.
180 A5 before, the purpose of this Problem is to show the reader the rationale behind the properties rather than providing

formal proofs.
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Regarding lem(m, mn) = |mn|, we have:
lem(m, mn) = lem(|m|, |m|n) = |m|lem(1,n) = |m||n| = |mn|

where we used property 8 in equality 1, property 7 in equality 2, and used lem(1, m) = |m/| (which we
already justified) in equality 3 (with m = n).
6. Show the following:
(a) mn = ged(m,n) x lem(m,n) where m,n € N.
b) ged [m,lem(m,n)| = m where m € N.
c) lem|m, ged(m, n)] = m where m € N.
d) m and n are coprime iff lem(m,n) = mn (where m,n € N).
e) ged [m + n,lem(m, n)| = ged(m,n).
Solution:
(a) We note (with reference to point 2 of § 2.4 and point 2 of the present section) that ¢; + d; =
min(a;, b;) + max(a;, b;) = a; + b;. Hence:

gcd(m, n) % lcm(m, n) _ <p§1p§2 . .p(l:gk) % (pillpgh . Pik> _ p§1+d1p02+d2 . .p?«“v’dk
b b +b . by b b
_ pclll-‘r 1p;2+ 2 . ,ka-‘r ko (pllllpgz . .p2k> % <p11p22 . .pkk) = mn
Note: this result cannot be extended to more than two numbers, i.e. m; X mg X -+ X m, #
ged(my, ma,...,m,) x lem(my, ma,...,m,) in general. For example, ged(2,3,4) =1 and lem(2,3,4) =

12 and hence ged(2,3,4) x lem(2,3,4) = 12 while 2 x 3 x 4 = 24.
(b) lem(m, n) is a multiple of m, i.e. lem(m,n) = km (k € N). Hence:

ged [m, lcm(m,n)] =ged [m, k:m] =mged [1, k] =mx1l=m

where we used point 7 of § 2.4 in step 2, and used point 11 of § 2.4 in step 3.
(c) ged(m,n) is a divisor of m, i.e. m = kged(m,n) where k € N. Hence:

lem[m, ged(m,n)| = lem [k ged(m, n), ged(m,n)| = ged(m, n) x lem[k, 1] = ged(m,n) x k =m

where we used point 7 of the present section in step 2, and used point 9 of the present section (with
point 5) in step 3.

(d) We use the relation mn = ged(m,n) x lem(m,n) which we proved already in part (a).

The if part: if lem(m,n) = mn, then mn = ged(m,n) x mn and hence ged(m,n) = 1, i.e. m and n
are coprime.

The only if part: if m and n are coprime, then ged(m,n) = 1 and hence mn = 1 x lem(m,n), i.e.
lem(m,n) = mn.

Note: this result can be easily extended to more than two numbers, i.e. mi,ms,...,m; are pairwise
coprime iff lem(my,ma,...,m;) = my X ma X ... X m;. This is because if the numbers are pairwise
coprime then there is no common prime factor between any two of them and hence their lem must
contain all their prime factors (so that it can be divided by each one of them) which means that their
lcm is their product. The converse can be proved by reversing this argument.

(e) Let m = Dy and n = Dv where D = ged(m, n). This means that ¢ and v are coprime (see point 9
of § 2.4). Accordingly:

see Problem 25 of § 2.2)

ged [u + v, lem(p, v see part d of the present Problem)

D)

(
(
D ged [u + v, lem(p, v (x
(point 7 of § 2.4)
(
[

)

)
ged [Du + Dv, Dlem(p, v)

) point 7 of the present section)

) m = Dy, n = Dv, D = ged(m, n)]
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7. Find a formula for the smallest natural number that is divisible by all the natural numbers up to and
including n (where n € N).
Solution: We are actually looking for a formula for lem(2,3,...,n). Now, if p1,pe,...,px are all
the primes that are less than or equal to n then each one of the numbers {2,3,...,n} can be prime

factorized as p{"'p5® - - - pi* (where i = 2,3,...,n and the ¢;’s € N°). Now, if:

(1 is the largest of ¢;1’s Cj is the largest of ¢;5’s e C}, is the largest of ¢;;’s

then lem(2,3,...,n) = p$1p= - 'pk.Ck-

2.6 Common Functions in Number Theory

In the following subsections we define and investigate briefly some of the common functions met in number
theory. Although these functions (or some of them) may be defined on non-zero integers (by including
the negative integers), in the following we consider only natural numbers to avoid some unnecessary
complications in the presentation and notation (noting that valid extensions to negative integers are
generally obvious).

2.6.1 The Divisor Function

The divisor function o(n) is defined as the sum of the positive divisors of n (including 1 and n). In other
words, o(n) is the sum of the proper divisors of n plus n. Accordingly:

o(n) = Zd (n,d € N) (33)
d|n
For example:

o(23) =1+23=24 o(125) = 1+ 5+ 25 + 125 = 156 0(203) = 1+ 7 + 29 + 203 = 240

We list in the following points some common facts about the divisor function which will be used or referred
to in the future or are important to know as general background knowledge:

1. The divisor function is multiplicative, i.e. o(mn) = o(m)o(n) where m and n are coprime.

2. n is prime iff o(n) =1+n.

3. For p € P and a € N we have:

pa+1 —1
ey —— 34
o)=L (34)
4. IfN>n=pp3?---pp* (where p{'p3? - - - pp* represents the prime factorization of n) then:
k a;+1
p; -1
on)=|] ——— 35
(n) 1;[1 o (35)

5. The divisor function is many-to-one, i.e. m=n — o(m)=o(n) but o(m) =0(n) - m =n. For
example, 0(16) = o(25) = 31.

6. Eq. 34 is a special case of Eq. 35 (corresponding to k = 1), while o(n) = 1+n (n € P) is a special case
of Eq. 34 (corresponding to a = 1 noting that n = p in this case).

Problems

1. Prove (or justify) points 1-4 in the preamble.
Solution:
Point 1: we have:

om)om) = D> dm | (D dn| =D > dmdn= Y dun=0c(mn)

dm|m dp|n dm|m dy|n dpmn|mn
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where the first and last equalities are from Eq. 33, while the second and third equalities are because m
and n are coprime (and hence all the d,,, and d,, which are greater than 1 are different).

Point 2: this is obvious from the definition of prime (see § 2.2) associated with the definition of the
divisor function, i.e. 1 and n are the only positive divisors of n iff n is prime and hence o(n) = 1+ n.
Point 3: this is because the positive divisors of p® are 1,p',p?,...,p* (see Problem 3 of § 2.1 and
Problem 3 of the present subsection) and hence we have (see Eq. 12):

pa+1 _ 1
o) = 14p 4P At =y
Point 4: this is a result of point 3 (noting that the divisor function is multiplicative and the natural
powers of distinct primes are coprime), that is:

k ¢_17’,+1 -1

a(n) = o(pi)ops?) o) =[] =

o Pl
2. Evaluate the divisor function o of the following integers:
(a) 236. (b) 421. (c) 377. (d) 192. (e) 13060498880585. (F) 248814740604969.
Solution:
(a) We use Eq. 33: 6(236) =142 +4 + 59 + 118 4 236 = 420.
(b) We use Eq. 33: 0(421) =1 + 421 = 422.
(c) We use Eq. 34:
o 3T —1

o(37") = 36 97568873720
(d) We use Eq. 34:

12y 1913 —1

o(19°%) = BT = 2336276859014281

e) We use Eq. noting that =5x13% x X :
W Eq. 35 i hat 13060498880585 = 5 x 133 x 29% x 412

52 -1 134 -1 295 — 1 41% -1
1 4 = = 1802376108204
o (13060498880585) (51)<131>(291)(411) 8023761082040

(f) We use Eq. 35 (noting that 248814740604969 = 35 x 72 x 113 x 17 x 31%):

31 -1 114 -1 172 -1 31° -1
o (248814740604969) = ( ) ( ) ( ) ( ) ( ) = 521767495529280

3—-1 7—1 11-1 17 -1 31-1

3. Show that all the positive divisors of m = p{*p3?---pi* (m € N) are of the form p?lp}; . ~p2"‘ where
Solution: By the fundamental theorem of arithmetic (and using the rules of indices) we can write m
uniquely as:

o= (ol af) () (0<bi <ani=12....k)

and hence all the divisors are of the form pll’lpg"’ . -pzk. Also see Problem 3 of § 2.1.

4. Show that o(n) =3_,, 4§ where d represents the positive divisors of n (including 1 and n).
Solution: We have:

o(n) = Z d (Eq. 33)

o(n) = - (see part b of Problem 19 of § 1.9)



2.6.2 The Restricted Divisor Function 59

2.6.2 The Restricted Divisor Function

The restricted divisor function s(n) is defined as the sum of the proper divisors of n. Accordingly:

s(n) = Z d= Zd —n=o(n)—n (n,d € N) (36)

d|n, d#n d|n
For example:
s(23) =1 s(125) =1+5+25 =31 s(203) =1+ 7429 =37

We list in the following points some common facts about the restricted divisor function:

1. The restricted divisor function is multiplicative, i.e. s(mn) = s(m)s(n) where m and n are coprime.

2. n is prime iff s(n) = 1.

3. The restricted divisor function is many-to-one, i.e. m =n — s(m) = s(n) but s(m) = s(n) —=»
m = n. For example, s(n) =1 for all primes.

4. The easiest way to calculate the restricted divisor function (in the non-trivial cases) is to use the formula
s(n) = o(n) —n (see Eq. 36) where o(n) is calculated by the formulae given in § 2.6.1.

Problems

1. Prove (or justify) points 1 and 2 in the preamble.
Solution:
Point 1: we repeat the argument of the divisor function (which we presented in point 1 of Problem 1
of § 2.6.1) but with d,,, and d,, standing now for the proper divisors of m and n.
Point 2: this is obvious from the definition of prime (see § 2.2) associated with the definition of the
restricted divisor function, , i.e. 1 is the only proper divisor of n iff n is prime and hence s(n) = 1.

2. Show that if s = s(n) is a proper divisor of n then n is prime.
Solution: Since s is the value of the restricted divisor function then s = s 4+t (where ¢ is the sum of
the other proper divisors) and hence ¢t = 0. This means that s represents a single divisor which must
be 1 because if it is not 1 then n must have 1 as another proper divisor and hence t # 0. So, we have
s(n) = 1. Now, if we remember that n is prime iff s(n) = 1 (see point 2 in the preamble) then we
conclude that n is prime.

3. Evaluate the restricted divisor function s of the integers of Problem 2 of § 2.6.1.
Solution: These can be easily obtained by the formula s(n) = o(n) — n (see Eq. 36) using the values
of o(n) that we calculated in Problem 2 of § 2.6.1 (see point 4 in the preamble).

2.6.3 The tau Function

The tau function 7(n) is defined as the number of positive divisors of n (including 1 and n). Accordingly:
Tn)=)Y_1 (n,d € N) (37)
d|n
For example:
7(23) =2 7(125) =4 7(203) = 4

We list in the following points some common facts about the tau function:
1. The tau function is multiplicative, i.e. 7(mn) = 7(m)7(n) where m and n are coprime.
2. n is prime iff 7(n) = 2.
3. For p € P and a € N we have:
(") =a+1 (38)

4. If N> n=p"p3®---pp* (where p{'p3? - - - pp* represents the prime factorization of n) then:

k
7(n) = H (a; +1) (39)

i=1
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5. The tau function is many-to-one, i.e. m =n — 7(m) = 7(n) but 7(m) =7(n) -» m =n. For
example, 7(n) = 2 for all primes.

6. Eq. 38 is a special case of Eq. 39 (corresponding to k = 1), while 7(n) = 2 (n € P) is a special case of
Eq. 38 (corresponding to a = 1 noting that n = p in this case).

Problems

1. Prove (or justify) points 1-4 in the preamble.
Solution:
Point 1: we have:

T(m)T(n) = Zl Zl 22212 Z 1 =7(mn)

dm|m dn|n dp|m dp|n dmn|mn

where the first and last equalities are from Eq. 37, while the second and third equalities are because m
and n are coprime.

Point 2: this is obvious from the definition of prime (see § 2.2) associated with the definition of the
tau function, i.e. 1 and n are the only positive divisors of n iff n is prime and hence 7(n) = 2.

Point 3: this is because the divisors of p® are 1,p!,p?,...,p? (see Problem 3 of § 2.1 and Problem 3
of § 2.6.1) and hence their number |which is 7(p®)] is (a + 1).

Point 4: this is a result of point 3 (noting that the divisor function is multiplicative and the natural
powers of distinct primes are coprime), that is:

k
7(n) = 7(p{")T(p3?) - H a; +1)

=1

2. Evaluate the tau function 7 of the integers of Problem 2 of § 2.6.1.
Solution: Using Egs. 37, 38 and 39 we get:

7(236) = 7(22x59)=(24+1)(1+1)=6
7(421) = 7(1x421)=141=2
T(37) = (T+1)=8
7(19%) = (12+1)=13
7(13060498880585) = 7(5x 13% x 29* x41?) = (1+1)(3+ 1)(4+1)(2+1) =120
7(248814740604969) T3P X TP x 1P x 17x31") =5+ 1)2+1)B+1)(1+1)(4+1) =720

3. Show that a natural number has an even number of (positive) divisors unless it is a perfect square (in
which case it has an odd number of divisors).
Solution: We note first that this statement is true for 1 (which is a perfect square and has only 1
positive divisor, i.e. 1), so the following is about natural numbers > 1.
According to Eq. 39 (noting that Eq. 38 is a special case of Eq. 39), 7 is even unless all a;’s are even.
In more details:
e If any of the a;’s is odd then (at least) one of the factors (a; +1) is even and hence the product (i.e. 7)
is even (see rule 6 of § 1.8) which means that the number of divisors (i.e. 7) is even. Now, if any of the
a;’s is odd then n cannot be a perfect square (because each prime factor of a perfect square must have
an even power noting that if m = 101 p2 . k then m? = pzblpgb2 . pib’“) So, if a natural number is
not a perfect square then it must have an even number of divisors.
e If none of the a;’s is odd then all the factors (a; + 1) are odd and hence the product (i.e. 7) is odd
(see rule 6 of § 1.8) which means that the number of divisors (i.e. 7) is odd. Now, if none of the a;’s
is odd then n must be a perfect square (because if s = p7“'p5~ - - p?* then /s = pilpgz -+ pp® which
means that s is a perfect square). So, if a natural number is a perfect square then it must have an odd
number of divisors.
So in brief, n is a perfect square iff 7(n) is odd (where n € N). Also see Problem 18 of § 1.9.
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2.6.4 The Totient Function

The totient (or phi or Euler) function ¢(n) is defined (for n € N) as the number of positive integers
which are less than or equal to n and are relatively prime to n. Accordingly:

- 1
We may also define the totient function as:
o(n) = Z 1 {1 <c<mn,ged(e,n) =1 (41)
For example:
6(1) =1 6(2) =1 6(3) =2 6(8) = 4

We list in the following points some common facts about the totient function:

1. The totient function is multiplicative, i.e. ¢(mn) = ¢(m)¢(n) where m and n are coprime.
2. n is prime iff ¢(n) =n— 1.

3. For p € P and a € N we have:

o(p") =p* —p*7 (42)
4. IfN>n=p"p3?---pp* (where p{*p3?---pp* represents the prime factorization of n) then:
o(n) = (7 —p" ") (02° =3 70) - (0 — ) (43)

() () ) =I5 0

5. ¢(n) is even for all integers greater than 2.
6. For all n € N we have:
Y o(d)=n (45)
d|n
7.Foralln >1, ¢(n) < (n—1).
8. The totient function is many-to-one, i.e. m=n — ¢(m) = ¢(n) but ¢(m) = ¢(n) -» m =n. For
example, ¢(3) = ¢(4) = 2.
9. Eq. 42 is a special case of Eq. 43 (corresponding to k = 1), while ¢(n) =n—1 (n € P) is a special case
of Eq. 42 (corresponding to a = 1 noting that n = p in this case).
Problems
1. Prove (or justify) points 1-7 in the preamble.
Solution:
Point 1: we have:

Smo(m) = (z 1) (z 1) Y=Y = )

Cm Cn Cmn

where the first and last equalities are from Eq. 41, while the second and third equalities are because m
and n are coprime.

Point 2: this is because all the numbers 1,2, ..., n are relatively prime to n except n (noting that n is
prime).
Point 3: this is because the list of numbers 1,2,...,p% contains p® entries. Now, the entries in this

list that are not coprime to p® are the multiples of p and we have p®/p = p®~* of them.[8!l Hence, the

[81] This is because p® = (p*~1)p and hence we have p®~! (natural) multiples of p, i.e. p,2p,3p, ..., (P> Hp.
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number of entries of relatively primes to p in this list must be p® — p®~1.
Point 4: this is because (noting that the totient function is multiplicative and the natural powers of
distinct primes are coprime):

d(n) = ¢ (p1'py” -~ Pp¥) (n=p'p3* - pi*)
= o (1) o (p3?) - o (pzk) (multiplicativity)
= (p{* —p0 ) (P57 —p37Y) - (Pt — P (Eq. 42)

1 1 1
= pliplz... pok (1 _ > (1 _ > <1 — ) factorizin
vz F P1 b2 Pk ( e

1 1 1
=n 1_7 1_7 e 1_7 n:palpaQ...pak
( p1)< pz) ( pk> ( re &)

Point 5: to justify this we consider the following two cases (which are comprehensive and mutually
exclusive):
e If n is prime then (according to point 2) ¢(n) = (n — 1) which is even because all primes > 2 are odd.
e If n is composite then (from Eq. 43 noting that Eq. 42 is a special case of Eq. 43) ¢(n) is even
because all the factors in the product are even (see rules 4 and 6 of § 1.8).
Point 6: ,, ¢(d) represents the number of pairs (a;,b;) (where a;,b; € N) such that b; divides n,
a; < b; and a; is relatively prime to b;. Now, if we form the set of fractions: {1/n,2/n,...,n/n} and
reduce them to their simplest form then we will have a set of fractions of the form sg/t,, representing
all the pairs (sg,t,,) such that t,, divides n (because t,, is either equal to n or it is a factor of n),
sk < t,, (because all the original fractions are < 1 and so is their reduced form) and sy is relatively
prime to t,, (because si/t,, are in their reduced form). Now, since we have n unique fractions of the
form {1/n,2/n,...,n/n} (and hence n unique fractions of the reduced form) then we must have n pairs
of (sk,tm) corresponding to n pairs of (a;, b;), i.e. >y, #(d) = n.
Point 7: this is obvious from the definition of ¢(n) noting that n (which is > 1) cannot be coprime
to itself. More clearly, the number of positive integers < n is n, so if we exclude n (because n is not
coprime to itself when n > 1) then we must have ¢(n) < (n — 1) where n > 1.

2. Evaluate the totient function ¢ of the integers of Problem 2 of § 2.6.1.
Solution: Using Egs. 42 and 43 we get:

$(236) = #(2% x 59) = (22 — 2)(59 — 1) = 116
$(421) = @(1 x 421) = (421 — 1) = 420
H(377) = (377 — 375) = 92366150724
#(19'2) = (19'2 — 19'1) = 2096824660167942
$(13060498880585) = (5 x 133 x 29% x 41%) = (5 — 1)(13% — 13%)(29? — 293)(41% — 41)
= 9084976642560
$(248814740604969) = (3% x 7% x 11% x 17 x 31%)

= (3> =3NH(7* = 7)(11% —11%)(17 — 1)(31* — 313) = 117726977491200

3. Show the following (where p € P and n € N):

(a) a(p) + o(p) = 2p. (b) o(p) = 7(p) + ¢(p)- (c) ¢(8n? + 24n +18) = ¢[(2n + 3)*].
Solution:
(a) Referring to point 2 of § 2.6.1 and point 2 of the present subsection, we have:

alp)+ o) =@+1)+(pP-1)=2p

(b) Referring to point 2 of § 2.6.1, point 2 of § 2.6.3 and point 2 of the present subsection, we have:

olp)=p+1=2+(p—-1)=7(p) + o(»)
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(c) We have:
G(8n® + 24n + 18) = ¢[2(2n + 3)?] = ¢(2) x ¢[(2n + 3)*] = ¢[(2n + 3)?]

where in the second step we use the multiplicativity of the totient function noting that (2n +3)? is odd
(see the rules of parity in § 1.8) and hence it is coprime to 2, while the last step is because ¢(2) = 1.
4. Show the following:

d(mn) = g p(l) [m, neN, g=ged(m,n), I = lcm(m,n)] (46)

Solution: p is a prime factor of mn iff p is a prime factor of their lem, i.e. [ (see point 2 and
Problem 1 of § 2.5). Hence, if we label any such prime factor with p then from Eq. 44 we have
¢(mn) =mn]], (1 - p~1) and ¢(I) = LI, (1 - p~1) and hence:

¢(mn) —1y _ ¢() ¢(mn) _ ¢(l)

= 1 - = — —_— = =

o 1;[( r) = - =gt o g(mn) =g()
where we used the identity mn = ged(m,n) x lem(m,n) in the middle step (see part a of Problem 6 of
§ 2.5).

5. Show the following:

p(mn) = g(/)(m);b(n) [m,n € N and g = ged(m, n)] (47)

Solution: Let do the following:

e Label any prime factor of m as py4.

e Label any prime factor of n as pp,.

e Label any prime factor of the product of m and n (i.e. mn) as pyn.

e Label any prime factor that is exclusive to m as p,.

e Label any prime factor that is exclusive to n as p,.

e Label any prime factor of both m and n (i.e. belongs to their ged) as p,.
Now, we have:

ITC=pm) =TT =) |[TTC=pY) | [TT(—pa")

Pmn Pm Pg Pn

o, =] [, (- p )] (I, -] [T, (-]
[T =re) = 0, (- »")

:Hpmg (1 71777&7)] [Hpng (1 — pﬁgl)]

pl,_n[n (1 —p;mn) = Hpg (1 —pg_l)
om0, =) T, (- )]
mnplr_n[n (1 — pmn) = Hpg (1 —p;l)

o) o)

$(mn) I, — i)
o gem)e(n)

= L, G- )

Sy — L2071 6(0)

#(9)
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where we used Eq. 44 in lines 5 and 7.
Note: when m and n are coprime, Eq. 47 reduces to ¢(mn) = ¢(m)¢(n) (see point 1 in the preamble).
So, ¢(mn) = ¢(m)p(n) is a special case of Eq. 47.

6. Show the following:

o(m) 6(n) = 6(g) (1) [m,n €N, g =ged(m,n), I = lem(m,n)]
Solution: On comparing Eqgs. 46 and 47 we get:
_ g0(m)6(n) _ 9m) 6(n) i

7. Show that if p € P and n € N then either ¢(pn) = (p — 1) ¢(n) or ¢p(pn) = p d(n).
Solution: If p and n are coprime (i.e. p is not a factor of n) then from Eq. 47 we have:

d(pn) = ¢(p) p(n) = (p — 1) ¢(n)

where we used property 2 in the last step (see the preamble).
If p and n are not coprime then from Eq. 47 we have (noting that g = p):

oom) = 2B o0
8. Find p, p1,p2 € P and n € N in the following equations:
(a) 6(3") = 54. (b) $(p*) = 294. (c) $(p") = 1210.
(d) ¢(pn) = é(n). (e) ¢(pin) = ¢(p2n). (f) d(p1p2) = 20.

Solution:

(a) From Eq. 42 we have: ¢(3") = 3" — 3" = 3""1(3 — 1) = 3"712. So, the given equation is
equivalent to the equation 37712 = 54 (i.e. 3"~ = 27) whose solution is n = 4, i.e. ¢(81) = 54.

(b) From Eq. 42 we have: ¢(p®) = p®> — p?> = p*(p — 1). So, the given equation is equivalent to the
equation p?(p — 1) = 294. Now, if we prime-factorize 294 we get: p?(p — 1) =2 x 3 x 72 = 7%(7 — 1).
On comparing the two sides of the last equation we can see that p = 7, i.e. ¢(343) = 294.

(c) From Eq. 42 we have: ¢(p") = p" —p"~! = p"~!(p — 1). So, the given equation is equivalent to
the equation p"~!(p — 1) = 1210. Now, if we prime-factorize 1210 we get: p"~*(p—1) =2 x 5 x 112 =
112(11 — 1). On comparing the two sides of the last equation we can see that p = 11 and n = 3, i.e.
#(1331) = 1210.

(d) From the result of Problem 7 we must have p = 2 and n is odd, e.g. ¢(2 x 9) = ¢(9).

(e) If py = py then this is an identity. So, we need only to consider p; # ps. We have four cases (where
we use the result of Problem 7 in the following analysis):

e If p; and n are coprime and ps and n are coprime then:

(p1 — 1)p(n) = (p2 — 1)é(n) - pr—1=p2—1

which is impossible since p; # ps.
e If p; and n are not coprime and p, and n are not coprime then:

p1o(n) = pagp(n) — p1 =D2

which is impossible since p; # po.
e If p; and n are coprime and ps and n are not coprime then:

(p1 — 1)p(n) = p29(n) - p1—1=ps — p1=p2+1

Now, the only consecutive primes are 2 and 3 and hence p; = 3 and py; = 2. But since p; and n are
coprime then n is not a multiple of 3, and since p> and n are not coprime then n is even. So, we must
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have: p; = 3, p2 = 2 and n is an even number not divisible by 3, i.e. n € E and n # 6k (k € N).

e If p; and n are not coprime and ps and n are coprime then we just relabel p; and ps and get the same
result as in the previous case.

So in brief, we must have p1 = 3, po = 2, 2|n and 3 /n, e.g. ¢(3 X 8) = ¢(2 x 8).

(f) If p; = po = p then from Eq. 42 we have: ¢(p?) =p? —p=20,ie. p>—p—20=(p+4)(p—5)=0
which has a solution p = 5 (since p € P). So, we have ¢(5%) = 20.

If p1 # pa then from Eq. 43 we have: ¢(p1p2) = (p1 — 1) (p2 — 1) = 20. Now, if we consider the different
factorizations!®?l of 20 (i.e. 20 =1 x 20 or 20 = 2 x 10 or 20 = 4 x 5) we can see that only p; — 1 = 2
and po — 1 = 10 is acceptable, i.e. p; = 3 and py = 11 (or the other way around). So, ¢(3 x 11) = 20.

2.6.5 The Mobius Function

The Mobius function p(n) is defined as follows:

1 (n=1)
pu(n) =< (=1)k (n is square free) (n,k € N) (48)
0 (n is not square free)

where n = p{'p3?---pp* in its standard prime factorization (noting that “square free” means none of
ai,as,...,ak is greater than 1; see § 2.1). For example:

n(2) = -1 n(3) = —1 n(4) =0 u(6) =1

We list in the following points some common facts about the Mobius function:

1. The Mobius function is multiplicative, i.e. pu(mn) = u(m)u(n) where m and n are coprime.

2. If n is prime then p(n) = —1.

3. The Mobius function is many-to-one, i.e. m =n — p(m) = p(n) but u(m) = p(n) -» m=n.
For example, p(n) = —1 for all primes.

4. If we extend “prime factorization” to include 1 (see point 4 of § 2.1) then we can reduce Eq. 48 to two
parts (i.e. square free and not square free) where p(1) = 1 is included in the square free case (i.e. with
k=0).

Problems

1. Prove (or justify) points 1 and 2 in the preamble.
Solution:
Point 1: we have five (comprehensive) cases:
Case 1: m =n =1 and hence we have:

p(mp(n) = p(p(l) =1 x1=1=p(1) = p(1 x 1) = p(mn)

Case 2: either m = 1 or n = 1 but not both (say m = 1 due to the arbitrariness of labeling). Accordingly
we have:

p(m)p(n) = p(L)p(n) =1 x p(n) = p(n) = p(l x n) = p(mn)
Case 3: m # 1 and n # 1 and both m and n are square free. In this case it is obvious that mn is
also square free (because m and n are coprime and hence they have no common prime factor) and the
number of prime factors of mn is the sum of the number of prime factors of m and n (according to the
rules of multiplication). Accordingly we have (noting that k,,, k, are the number of prime factors of
m, n respectively):

p(mp(n) = (1) (=) = (1) = p(mn)

Case 4: m # 1 and n # 1 and only one of m and n is not square free (say m is not square free). In this
case it is obvious that mn is also not square free. Accordingly we have:

pm)p(n) = 0 x (~1) = 0 = pu(mn)

182] Actually, we are considering only positive factorizations involving two factors only.
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Case 5: m # 1 and n # 1 and both m and n are not square free. In this case it is obvious that mn is
also not square free. Accordingly we have:

p(m)p(n) =0x0=0= pu(mn)

So, in all these five (comprehensive) cases we have p(mn) = p(m)pu(n) and hence the Mobius function
is multiplicative.
Point 2: this is because any prime is square free with k£ = 1 and hence p(p) = (—1)! = —1.

2. Evaluate the Mobius function p of the following integers: 3410, 63278621, 191052 and 16993.
Solution: Using Eq. 48 we get:

w(3410) = p2x5x11x31)=(-)*=1
(1(63278621) = (7 x 37 x 41 x 59 x 101) = (—=1)® = —1
1(191052) = (22 x3*x29x61) =0
1(16993) = u(16993) = (1) = —1 (16993 € P)
3. Let n be an integer greater than 1 whose prime factorization is p]'p5? - - - pi*. Show the following:
(@) X gy u(d) = 0. (b) X gpn lu(d)] = 2.
Solution:

(a) The divisors d of n are of two types: square free whose Mobius function is (—1)* where s € NO,[83]
and not square free whose Mobius function is 0. So, in the sum },,, y¢(d) we need to consider only the
square free divisors, that is:

dould) = p)+ | Y we)| | Y wew) |+ ppipe )

din i=1,2,....k 1<i<j<k

] p1)p(p2) - -+ (pr)
=1,2,...k 1<1<]<k

= CF(— 1)0+C{“( DY+ Ch(-1)% + +Ck( 1)k

= (101’f+cf(—)1’€1+0’“( D212 4 OF ()R 10

where:

the second line is justified by: u(1) =1 (see Eq. 48), u(p;) = —1 (see point 2 in the preamble), and
the multiplicativity of the Mobius function,

the third line is justified by the fact that the m*" term (m =0,1,...,k) in the second line represents
the number of combinations of m prime factors (in k prime factors) multiplied by (—1)™,

the fourth line is justified by the neutrality of multiplication by 1 (raised to any integer power),

and the fifth line is justified by the identity of Eq. 13 (with = —1 and y = 1).

(b) Taking the absolute value of u(d) means replacing all the (—1) in the equations of part (a) with
+1, and hence we have (starting from the third line of the equations of part a):

)] = CEED+CFHD) + CH(+1)? + - + CE(+1)*

= Ci+Ci+C5+--+Cf

k
= ) CcF =2
=0

where we used the identity of Eq. 21 in the last line.

1831 We are including p(1) = 1 in the “square free” case (see point 4 in the preamble).
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2.7 Congruence and Modular Arithmetic

[84]

We say m and n are congruent modulo k (and write m L2 n) if k divides (m — n) In other words,

m and n leave the same remainder when divided by k. Accordingly, the congruence relation m LA
equivalent to:

m—nZ0 El(m —n) m—n = sk m=sk+n (49)

where m,n,k, s € Z and k > 1. For example, the integers 19 and 4 are congruent modulo 5 (i.e. 19 5 4)
because 5 divides (19 — 4) = 15, and this can be expressed as:

19-420 5/(19 — 4) 19-4=3x5 19=(3x5)+4 (50

Similarly, the integers 12 and —2 are congruent modulo 7 (i.e. 12 L —2) because 7 divides (12—[—2]) = 14,
and this can be expressed as:

12—[-2] <0 71(12 — [-2]) 12-[-2]=2x7 12=02x7)+[-2 (51)

Some of the rules and properties of congruence and modular arithmetic (which is based on the rules of
congruence) are listed in the following points (noting that m,n, k,s,t € Z and k > 1):

. . . D . k . k k
1. Congruence is an equivalence relation, i.e. it is reflexive (m = m), symmetric (m =n < n=m)

ars k k k
and transitive (m=sand s=n — m=n).

mEn iff (m mod k) is equal to (n mod k).[*"

k . k
m=niff m+s=n+s.

.Ifménandséttheners n +t.

k
.Ifminandsitthenm—sén—t.
.Ifminthensmésn.

k . k
.If sm = sn and k and s are coprime then m = n.

If g = ged(s, k) and sm 2 sn then m "9, 186l

© 0w NS U A W N

.méniﬁsmszksn(seN).
Ifm £ nand s £ ¢ then ms £ nt.
It m £ then mt £ nt (¢ € N).B7

IfEm ) n, then s™ £gn (k and s are coprime).88]

Ifm
k2

IIm=nm=n, ..., m]%nthenménwherek:zlcm(kl,kz,...,ks).
. A congruence relation modulo k divides the set of integers to k residue classes!®®! which are mutually
exclusive and comprehensive (i.e. any integer belongs to one and only one of these k classes).

—_ =
— O

—_
[N)

n then P(m) L2 P(n) where P represents polynomial with integer coefficients.

—_ =
= W
[1E [l

—_
ot

[84] To indicate the consideration of the modularity of n with respect to the modulo k (or the consideration of the modular

arithmetic of n with respect to the modulo k) we write n (modulo k). So, the notations n 2 andn (modulo k) are
equivalent or similar where the former is used in congruence equations while the latter is used in textual presentations and
explanatory comments and contexts. We should also note that we abbreviate “modulo” as “mod” and hence n (modulo
k) is abbreviated as n (mod k).

1851 Tt is important to note that this “equal” is an “ordinary equal” not a “congruence equal’.

[86] We note that rule 7 is a special case of this rule. We should also note that for m k/g n to be sensible we should have
(k/g) > 1.

1871 In fact, even ¢t = 0 can be included (but this will annihilate m and n since we will have 1 £ 1 which is trivial).

[88] See Problem 3 of § 2.9.2.

[89] Residue class (or congruence class) is the set of integers that leave the same remainder when divided by a given
modulo.
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16. Negative numbers are generally not congruent to their positive counterparts. For example, —7 53

while 7 2 2 and hence —7 ;é 7.

17. Although most of the rules and properties of ordinary arithmetic applies to modular arithmetic, we
should be careful when dealing with modular arithmetic as mistakes can easily occur by treating congru-
ence equations as ordinary equations (noting that the two types of equations are not entirely identical
in their rules and properties; also see § 2.7.6).

Problems
1. Find all k € N that satisfy the following congruence equations:
(a) 62 £ 54. (b) 325 £ 122. (c) 3295 £ 3256.
Solution: The numbers k that satisfy these equations are the positive divisors (N 3 k > 1) of:
(a) 62 — 54 = 8 which are 2,4, 8.
(b) 325 — 122 = 203 which are 7,29, 203.

(c) 3295 — 3256 = 39 which are 3,13, 39.
2. Find all n € Z that satisfy the following congruence equations:

(a) 6n — 13 2 0. (b) 14n? + 15n — 11 2 0. (c) 13n2 — 1Tn+5 2 0.
Solution:
(a) We have:
6n =13 (see rule 3 in the preamble of this section)
6n 2 3 (see the definition of congruence noting that 13 =2 x 5 + 3)
n=3 (see the definition of congruence noting that 6n = 5n + n)

So, the general solution of 6n — 13 S0 (i.e. all n € Z that satisfy 6n — 13 =3 0) is n = 3 + 5k where
keZ (e n=...—-7,-2,3,8...).
(b) We have 14n2? +15n— 11 = (2n—1)(7n+11) and hence we have (2n —1)(7n+11) 2. Noting that

14n2 + 15n — 11 2 0 means the polynomial is divisible by 23, we conclude that since the polynomial is

divisible by 23 (which is prime) then 23 must be a divisor of at least one factor of the polynomial (see

rule 22 of § 1.9). Thus, all we need to do is to test if 23 divides any of the factors of the polynomial,

ie. if 2n—120or Tn+11 2 0. So in brief, we need to find the solutions (if any) of 2n — 1 20 and
23

m+11=0. ‘

Regarding 2n — 1 e 0, it is equivalent to 2n — 1 = 23k (see Eq. 49). Now, if (by inspection) we take

k =1 then we get n = 12 and hence the general solution of 2n — 1 Z0isn=12+23k (kez).

Regarding 7n + 11 2 0, it is equivalent to 7n 4+ 11 = 23k. Now, if (by inspection) we take k = 2 then

we get n = 5 and hence the general solution of 7n 4 11 Z0isn=>5+23k (kez).

Thus, the general solution of the given congruence equation is n = m + 23k where m = 5,12 and k € Z

(ie. n=...,—18,—11,5,12,...).

(c) The polynomial in this congruence equation does not factorize and hence we cannot use the method

of part (b). The easiest way to solve this problem (noting that modulo 25 is relatively small) is to

test all the possibilities (representing the residue classes) of n (mod 25) by substituting n = 0,1,...,24

in the congruence equation to find which value of n satisfies the congruence equation (i.e. makes the

polynomial divisible by 25). This can be easily done using, for instance, a spreadsheet or a simple

computer code. On testing these possibilities we find that only n 215 and n 2 19 satisfy this

congruence equation. Hence, the general solution of the given congruence equation is n = m + 25k
where m = 15,19 and k € Z (i.e. n=...,—10,—6,15,19,...).
3. Explain why the following congruence equations have no solution in n € Z.
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(a) 32n2+12n—3L£0 (K even). (b) 5n3 — 13n + 81 = 0.
(c) 15n® — Bnt 4+ 3n® —n2 — 12n +4 = 0. (d) 10n — 17 2 0.
Solution:

(a) (32n% + 12n — 3) is odd regardless of the parity of n and hence it cannot have an even divisor (see
the rules of parity in § 1.8) noting that 32n2 + 12n — 3 Eois equivalent to k|(32n% + 12n — 3).
(b) By the rules of congruence (see the preamble of this section) the congruence equation 5n®—13n+81 L

0 is equivalent to 5n3 +n + 4 Z 0 which means:
5[n (mod 7)]* + [n (mod 7)] +4 L0

So, all we need to do is to test all the possibilities (representing the residue classes) of n (mod 7) by
substituting n = 0,1,2,3,4,5,6 in the last congruence equation to find if we can get 0 (mod 7). On
substituting n = 0,1,2,3,4,5,6 in the last congruence equation we get (respectively) 4,3,4,2,6,4,5.
This means that there is no n that can make this congruence equation true.

(c) We cannot use the method of part (a) because the polynomial is even and hence it can be divisible
by an odd number. Also, it is not very practical (or rather it is lengthy) to use the method of part (b)
because the modulo 759 is very big (and hence we have 759 possibilities to test). So, in this type of
problems it is better to use another method and that is what we will do here.

Now, if we factorize the polynomial and prime-factorize the modulo then we get:

15n° —5n* +3n% —n? —12n +4 = (3n — 1)(5n% —4)(n? +1) 759 =3 x 11 x 23

So, if the polynomial is divisible by 759 (as implied by the congruence equation) then (by rule 20 of §
1.9) the polynomial should be divisible by each prime factor of 759 (i.e. 3,11,23). This implies (see rule
22 of § 1.9) that each factor of 759 (i.e. 3,11,23) is a divisor of at least one factor of the polynomial.
So, if 3 (or 11 or 23) can divide none of the polynomial factors then the polynomial is not divisible by
759. Thus, all we need to do is to test if any one of the factors 3,11, 23 fails to divide any of the factors
of the polynomial. Starting with 3 (which is the smallest factor and hence the easiest to test) we get:

3 3 3
3n—1#0 5n2 —4 #0 n?+1#£0 (n €7)

i.e. 3 can divide none of the polynomial factors for any n € Z. This should be enough (i.e. we do not
need to test the factors 11 and 23) to explain and justify why the given congruence equation has no
solution in n € Z.

(d) We have 10n 217 (see rule 3 in the preamble). Now, 10n 20 (since 10n = 5 x 2n which is a

multiple of the modulo 5), while 17 ) (since 17 =5 x 34 2 which is a multiple of the modulo 5 plus
2). So, this congruence equation implies 0 2o (i.e. 0 =2 in mod 5) which is impossible (see point 2 in
the preamble), and hence this congruence equation has no solution in n € Z.
4. Is it true that (where m,n,k,s € N and k > 1):
(a) If m® L n* then m £ n. (b) If m L then sm £ sm.
Solution: We use the method of proof by counterexample (see § 1.5.4).
10
(a) It is not true in general. For example, 32 72 hut 3 #£17.

5
(b) It is not true in general. For example, 8 2 3 but 28 £ 23.
5. Prove (or justify) the following:
(a) If myn,s € Z, N>k > 1, g = ged(s, k) and sm £ sn then m kg n. 1901

(b) If sm £ sn and & and s are coprime then m L

k
1901 Tt is worth noting that for m /s n to be sensible we should have (k/g) > 1.
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(c) All odd primes are congruent either to 1 or to 3 (mod 4).
)

(d) For any n € Z, either n2 2 0 or n2 21 (i.e. n2;£2)

(e) Forp eP, CP 1 £ (—1)k.

(f) n? = 2 1 where n is odd.

(g)
)

(h) m = by iﬁ m 2y and mEr (m,r € Z, N>n,k > 1, n and k are coprime).
(i) 22" +3 L 5 for even n and 22" + 3 < 0 for odd n (where n € NO).

(j) Rule 13 (in the preamble of this section).
Solution:

(a) sm £ sn implies:

(m ) — 12 m2 + n? — 2 where m and n are odd.

k|(sm — sn) — kls(m —n) — s(m —n) =tk

where ¢ € Z. Now, if we divide both sides of the last equation by g we get (s/g)(m —n) = t(k/g).
Because ged(s/g,k/g) =1 (see point 9 of § 2.4), then (k/g) must be a divisor of m — n (see rule 21 of

§ 1.9) and hence m L0 (see Eq. 49).

(b) This is a corollary of part (a) because if k and s are coprime then g = 1.

(c) This was shown in Problem 16 of § 2.2. In brief, an odd prime cannot be congruent (mod 4) to
0 (because it is prime and hence it cannot be divisible by 4) and cannot be congruent (mod 4) to 2
(because it is odd), and hence it must be congruent either to 1 or to 3 (mod 4).

(d) We have 3 cases for n to consider (where k € Z):

e n = 3k which leads to n? = 9%2 and hence n? 3 0.
e n = 3k + 1 which leads to n? = 9k% + 6k + 1 = 3(3k? + 2k) + 1 and hence n? 2.

e n = 3k + 2 which leads to n? = 9k + 12k + 4 = 3(3k? + 4k + 1) + 1 and hence n? 21

3
As we see, we have only n2 = 0 and n2 = 1 and hence n2 # 2 for any n € Z.

(e) We have:
O =(p—1)x(p=2)x-—-x(p=1—k+1) (Eq. 5)
ElOPH 2 (—1) x ( 2) x -+ x (—k) (definition of congruence)
ket £ (—1)kk
crtE () (rule 7 in preamble)

We note that p and k! are coprime because p > k (since k < p — 1) and hence p cannot be a factor of
k! (see rule 47 of § 1.9).
(f) Since n is odd it can be written as 2k + 1 where k € Z. Hence:

= (2k+ 1) =4k* + 4k +1=4(k* + k) +1

Now, whether k is even or odd (k? + k) is even (see rules 4 and 6 of § 1.8) and hence (k% + k) = 2m for

some m € Z. Hence, n? = 8m + 1 which is equivalent to n? 21
(g) If we note that m,n and mn are odd (see rule 6 of § 1.8) then from the result of part (f) we have:

(mn)” =121-1=0 and m?+n?—28141-2=0
So, both sides of the given congruence relation are 0 and hence the congruence relation is true (see rule

2 in the preamble).

(h) The if part: if m = r and m Ly then m —r = sn and m —r = tk (s,t € Z) and hence sn = tk.
This means that k|(sn). However, because n and k are coprime then k|s (see rule 21 of § 1.9), i.e

. k .
s = ak for some a € Z. Therefore, m — r = akn which means m = r (as required).
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The only if part: if m " 1 then m — r = ank for some a € Z. This means that n|(m — r) and
k|(m — r) which are equivalent to m = r and m Ey (as required).

(i) We prove this by induction.

If n is even then n = 2k (k € N°). For k = 0 we have 22" +3 = 5 = 5. Now, let assume that 22" +3 < 5
for a given k and hence 22" Lo (see point 3 in the preamble). We will show that this assumption will
lead to 22" 4+ 3 =22""" 1 3L 5 that is:

222k+2 7

. b X 4
£330 X2 {392 x4 3 (222’“) +3Zl9t13-1915

where we used in step 4 the relation 22" Lo (which we obtained above based on our assumption that
22" 4+ 3L 5). So, by mathematical induction 22" + 3 = 5 for all even n € N°.

If n is odd then n = 2k + 1 (k € N°). For & = 0 we have 22" y3=7ZL0. Now, let assume that
22" 1 3 L0 for a given k and hence 22" L 4 (see point 3 in the preamble). We will show that this

assumption will lead to 22" "™ 13 = 22" 1 320, that is:

222k+3 13— 222k+1><22 13— 222k+1><4 13— (222k+1)4 43 ; 44 43— 959 ; 0
where we used in step 4 the relation 92"t Ly (which we obtained above based on our assumption
that 22”7 +3 L 0). So, by mathematical induction 22" + 3 L0 for all odd n € N,

j 1s 1s just a combination of property 11, property 6 and property 4.

j) This is j binati f 11 6 and 4
. Find the remainder when:

(a) 3% k! is divided by 6!. (b) 55 is divided by 9. (¢) 1997207 is divided by 6.
(d) 129352 + 6222 is divided by 10. (e) 792! is divided by 100. (f) 3450589 is divided by 13.
Solution:

(a) We note that Z,lcoz% k! is divisible by 6! since each term contains a factor of 6!. So, we only need to
consider (22:1 k;!), that is:

5
(Z k!) —153 2153 2 153
k=1

So the remainder is 153.
(b) We use rule 12 (see the preamble of this section) noting that ¢(9) = 6 and ¢(6) = 2:

57 9 o o 5T 25
5 9 ¢, o 5 S
5 9 o o 52 (5% is odd)

Now, if we work backwards starting from the last equation then we have:

5 9 & 585l
0 05
5° 0 5 L, 557 25529
So the remainder is 2.
(c) We have:
1921

1997207 8 197207 (rule 11)
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1997207 6 4

So the remainder is 1.
(d) We have 129 Y _1and6222. Hence, by rule 11 we get:

120%62 18 (_1)362 — 1 and 6222 22222 — 4194304 £ 4

So, by rule 4 we get 129362 1 6222 Dit4= 5, i.e. the remainder is 5.
(e) We have 7% = 2401. Hence:

(|
(74)230 101230 (rule 11)
7x (7470 7 1230 (rule 6)
7921 10 7 (rules of indices)
So the remainder is 7.
(f) We have:
3450 £ 5
3450089 L 5689 (rule 11)
689 13 4\ 172 T
3450°% = 5 x (5%) (rules of indices)
3450089 £ 5 (1)172 (6*21)
345099 2 5

So the remainder is 5.

7. Find the periodic pattern of the following (where n € N):
(a) n™ modulo 2. (b) n"™ modulo 3. (c) n™ modulo 4.
Solution:
(a) If n is odd then n™ is odd and hence n™ 2 1 while if n is even then n" is even and hence n™ = 0.
So, we have a periodic pattern of 1,0 (starting from 1).
(b) We have three cases:
e n2 0 and hence n™ 2 0" = 0 (see rule 11).
e n2 1 and hence n™ 2 1" = 1.
e n = 2 and hence n” = 2". Now, if n is odd then n™ = 22k+1 — 92k x 2 — 4k x 2 2 1k x 2 = 2,
while if n is even then n™ 2 22F = 4k 2 1¥ = 1. If we note that consecutive multiples of 3 alternate
in parity (and hence n in the case of n 2 9 alternate in parity) then we can conclude that we have a
periodic pattern with a period of 6, i.e. 0,1,2,0,1,1. If we identify the first periodic block of 6 (i.e.
corresponding to n = 1,2,3,4,5,6) we find that the pattern is 1,1,0,1,2,0. So, this pattern repeats
itself every 6 consecutive natural numbers (starting from 1).
(c) We have four cases:

2 0 and hence n™ = 0" = 0 (see rule 11).

on%landhencen”%l":l. .
e n = 2 and hence n™ = 2". Now, since n = 2 then n must be even (since it is a multiple of 4 plus 2)

N

and hence n™ = 2" = 228 = 4% 2 0 (k € N).
en =32 —1and hence n" = 3" = (=1)™. Now, since n £ 3 then n must be odd (since it is a multiple
of 4 plus 3) and hence n™ 2 (- =-1 L3
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10.

Now, if we identify the first periodic block of 4 (i.e. corresponding to n = 1,2,3,4) we find that the
pattern is 1,0, 3,0. So, this pattern repeats itself every 4 consecutive natural numbers (starting from

1).

. Find all n € N such that n, n + 16 and n + 20 are all primes.

Solution: n is prime and hence it must be > 1. Also, if n = 2 then neither n + 16 nor n + 20 is prime
because they are even greater than 2 (see point 3 of § 2.2). However, n = 3 is acceptable since 3,19, 23
are all primes. So, let see if we have other triples like this.

If n is prime > 3 then it is not divisible by 3 (since 3 is the only prime divisible by 3) and hence n E
or n = 2. However, if n = 1 then n+20 2 1+2 =320 (ie. n+ 20 is divisible by 3 and hence it is

not prime), while if n 2 92thenn+1622+1=320 (i.e. n+ 16 is divisible by 3 and hence it is not
prime). So, n, n + 16 and n + 20 are all primes only for n = 3.

. Show the following:

(a) 3p? — 1 is composite except for p =2 (p € P).

(b) 2p% + 1 is composite except for p = 3 (p € P).

(c) If p and 2p + 1 are primes then 4p + 1 is composite except for p = 3.

(d) 2" — 1 and 2™ + 1 are primes only if n =2 (n € N, n > 1).

Solution:

(a) Since p is prime and p # 2 then it is odd and hence 3p? — 1 is even (see the parity rules in § 1.8).
Thus, 3p? — 1 is composite noting that (3p? — 1) > 2. What distinguishes 2 is that it is the only even
prime number (and hence the above argument does not apply and thus 3p? — 1 = 11 is odd and prime
in this case).

(b) Since p is prime and p # 3 then it is not divisible by 3. Hence, either p Zlor D 2.

Now, if p 2 1 then P2 | (by rule 11) and 2p? 29 (by rule 6) and thus 2p? + 1 2320 (by rule 3),
i.e. 2p? + 1 is divisible by 3 and hence it is composite (noting that it is > 3).

Similarly, if p = 2 then p? = 4 2 1 (by rule 11) and 2p? = 2 (by rule 6) and thus 2p? + 1 =3 2 0 (by
rule 3), i.e. 2p? + 1 is divisible by 3 and hence it is composite (noting that it is > 3).

So, in both cases 2p% +1 is composite. What distinguishes 3 is that it is the only prime number divisible
by 3 (and hence the above argument does not apply and thus 2p? + 1 = 19 is prime in this case).

(c) Since p is prime and p # 3 then it is not divisible by 3. Hence, either p 2lor P 3.

Similarly, since 2p + 1 is prime then it is not divisible by 3 (noting that it is > 3). Hence, either
2p+ 1 21 (and hence p 2 0 which is impossible since p Z1or P 2 2)or2p+1 29 (and hence p 29
which is acceptable). So, we must have p 29 and 2p+1 2 2 and hence:

3

dp+1=2p+2p+1)222)+2=620

i.e. 4p+ 1 is divisible by 3 and hence it is composite (noting that it is > 3).

As before, 3 is excluded because it is the only prime number divisible by 3 (and hence the above
argument does not apply because p 2 0 in this case).

(d) If (2™ — 1) is prime and n # 2 then it is not divisible by 3 (noting that it is > 3 since n > 2),
and hence either 2" — 12 1 or 27 — 1 2 2. However, 2™ — 1 2 1 leads (by adding 2 to both sides) to
412 0, i.e. 2™ 41 is composite since it is divisible by 3. Also, 2" —1 2 9 leads (by adding 1 to both
sides) to 2™ 2 0 which is impossible because 2" has no factor of 3 and hence it cannot be divisible by
3. So, both cases are impossible. Yes, if n = 2 then 2" — 1 20 and 27 +1 2 9 which is consistent with
both being primes (noting that 22 — 1 = 3 and 22 + 1 = 5) since the aforementioned argument does not
apply. The culprit of this is that 3 is the only prime number divisible by 3. Also see Problem 2 of §
2.2.3.

Find all m,n € Z such that m* S

Solution: The easiest and fastest way to solve this type of problems is to use tables (with help of a
spreadsheet or a simple computer code), and this is what we do in the following.
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We have m? = [m (mod 5)]4 and n7 2 [n (mod 5)]7 (see rules 2 and 11 in the preamble). So, if we
consider all the combinations of the 5 possibilities of m (mod 5) with the 5 possibilities of n (mod 5)
then we have the following table:

ngO ngl ng2 ng?) ng4
m=0]020,020[0220,1721]0120,2723|04°20,3722|0°20,4724
m=1|1421,0720 | 1*21,1721 [ 1121,27 23 | 11 21,3722 1121,4724
m=2 2021072020 21,1721 |2¢21,2723 | 2021 3729012 472y
m=3 32102030 21,1721 |3221,2723[3121,3722 3021472y
m=4|4121,0720 |40 21,1721 [ 442,97 23 | 4021, 3722|4121, 472y

As we see, mi 2 n7 only in the following five cases:
mZ0&n=0 mZ1&n21 mZ2&n21 mZ3&n=1 mZ4&nz1

So, all m,n € Z that satisfy the congruence m* 507 are given by: (m,n) = (5k,5q), (1 + 5k, 1+ 5q),
(2 +5k,1 4+ 5q), (34 5k,1+ 5q), (4+ 5k, 1+ 5q) where k,q € Z.

Note: we could have used m* —n7 20 (which is equivalent to m?* 3 n7) in our analysis and table and
hence we would have simpler (or less messy) table and solution (since we do not need to deal with m?*
and n7 separately). However, we preferred this “messy” way because it better demonstrates the rules
and logic which the solution is based on.

11. Show that m* + nt 20 iff m =0 and n20.

Solution: The easiest and fastest way to solve this type of problems is to use tables (as we did in
Problem 10), and this is what we do in the following.®!l As we see, 0 occurs only once in the table

corresponding to m 2 0 and n £ 0 and hence we can conclude that m?* +n £ 0 iff m 20andn20.

n mod(13)
2 3 4 5 6 7 8 9 |10 | 11 | 12
3031919791 ]9|3]3]|1
4 4 10| 2 |10]10| 2 |10 ]| 4 4 2
6 6 |12 4 |12 |12 ]| 4 | 12| 6 6 4
6 6 |12 4 |12 |12 | 4 | 12| 6 6 4
5 |10 5|5 [10] 5 |12]12] 10

4 141102 (10]10] 2 |10 4 4 2
12 12| 5 |10 | 5 5 |10 5 | 12 | 12 | 10
12 112 | 5 |10 | 5 5 | 10| &5 | 12 | 12 | 10
4 141102 [10]10] 2 |10 ]| 4 4 2
101212 | 5 | 10| b5 5 10| 5 | 12 | 12 | 10
4 16 6 |12 | 4 |12 |12 | 4 | 12| 6 6 4
4 16 6 |12 | 4 |12 |12 | 4 | 12| 6 6 4
2 4 141102 (10]10] 2 |10]| 4 4 2

m mod(13)

== —
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13
12. Show that m* +n* # 7,8, 11.
Solution: This type of problems can also be solved easily by tables. Referring to the table of Problem

13
11 we can see there is no 7 or 8 or 11 entry in the table and hence we can conclude that m*4+n* # 7,8, 11.

13. Show that 7™ = 1 when m is even and 7™ = 3 when m is odd (m € N°).
Solution: We have (where k € NY):

72k L (7%)* (rules of indices)

1911 In fact, we need to build only half the table because of the symmetry, as seen in the table. It should be obvious that
the (non-emboldened) entries in this table represent m* +n* (mod 13) corresponding to m (mod 13) rows (emboldened)
and to n (mod 13) columns (emboldened). For more clarity, the reader is referred to the table of Problem 10 which is
similar to the table of this Problem (but its structure shows more details).
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7k 21k (72 =492 1)
72]€ é

i.e. 7" £ 1 when m is even (i.e. m = 2k). Similarly:

72k L (72)k x 7 (rules of indices)
TR Lk w7 (72 =492 1)
72k+1 é 7

7L L g (7£3)

i.e. 7™ £ 3 when m is odd (ie. m=2k+1).
Note: we can solve this Problem more simply by noting that 7 2 _1 and hence 7™ £ (=1)™ which

leads to 7™ = 1 when m is even and to 7™ 4 14 3 when m is odd.
14. Show that for all N 3 n > 1 the numbers 6™ end in 36, 16, 96, 76, 56.

Solution: We have: 76" 2’ 76 for all k € N. This can be proved by induction (as follows). 76* ' 76

is obviously true for k = 1. So, let assume it is true for a given k € N (i.e. 76% = 10 76) and hence:

7681 = 76%F x 76 'L 76 x 76 = 5776 L 76

where step 2 is justified by our assumption. So, 76% = 99 76 for all k € N.
Now:
6> L 76 (65 = 7776)
6°F 2 76+ (k € N, see rule 11 in the preamble)
6°F 2 76 (76" 2 76 for all k € N)
Now, for n = 2,3,4,5,6 we have: 62 100 36, 63 = 100 16, 6% = 100 96, 6° = 100 76, 65 = 199 56, Moreover, for
n2 2,3,4,5,6 (n > 6) we have:
652 = 6% x 62 L 76 x 36 = 2736 = 36
6 = 6% x 6% L 76x16=1216 = 16
6t = 6% x6' L 76 x 96 = 7296 = 96
5k+5 _ @bk 5 100 _ 100
6 = 6°"x6° = T7T6x76=>5776 = 76

= 6% x6° = 76 x56=4256 = 56
where k£ € N° (to include n = 2,3,4,5,6). So, the numbers 6" end in 36, 16,96, 76,56 for all N > n > 1.

2.7.1 Modular Multiplicative Inverse

If m is an integer then its modular multiplicative inverse modulo £ is an integer m* defined by the following
modular relation: .
mm* =1 (52)

The modular multiplicative inverse can be computed by solving the equation mm* + kn = 1 (which is
equivalent to Eq. 52) for m* and n (€ Z) using the extended Euclidean algorithm (see § 2.3.4 and § 2.4
as well as § 4.1.1).

Some of the facts, rules and properties of modular multiplicative inverse are listed in the following points
(noting that m,n, k,s,t € Z and k > 1):
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1. The modular multiplicative inverse of m (modulo k) exists iff m and k are coprime (see Eq. 52 and
refer to § 4.1.1).
. The modular multiplicative inverse (when exists) is unique (i.e. in modular arithmetic sense).

If m £ n then m* £ n* (assuming the existence of modular multiplicative inverse).

If mz £ n then z £ m*n (x € Z and m* exists).
. Modular multiplicative inversion is a symmetric relation, i.e. if m is the modular multiplicative inverse
of n (modulo k) then n is the modular multiplicative inverse of m (modulo k). We may express this

Tk W N

mathematically as (m*)* L2 m, i.e.

£ — min*é(m*)

*

n

Problems

1. Find the modular multiplicative inverse of the following:
(a) 23 modulo 6. (b) 71 modulo 13. (c) 125 modulo 57.

Solution: From Eq. 52 we have mm* + kn = 1.
(a) m = 23 and k = 6. On using the extended Euclidean algorithm we get:

mm* 4+ kn =23(-1)+6(4) =1

Hence, m* = —1 5.
(b) m =71 and k£ = 13. On using the extended Euclidean algorithm we get:

mm* +kn ="71(-2) +13(11) =1

Hence, m* = —2 B1.
(c) m =125 and k = 57. On using the extended Euclidean algorithm we get:

mm” + kn = 125(26) + 57(—57) =

Hence, m* = 26.
2. Prove (or justify) the following:
(a) The modular multiplicative inverse exists iff m and k are coprime (see Eq. 52).
) The modular multiplicative inverse is unique (if it exists).

(b
(c) If ma: =n and m* (mod k) exists then L mn.
(

d) If m = n and m* (mod k) exists then m* £
(e) A positive integer m is its own inverse (mod p where p € P) iff p is a divisor of (m — 1) or p is a
divisor of (m + 1).

f) A positive integer m is its own inverse (mod p where p € P) iff mZ 1 orm £ (p —1).

(
(g) I m,n,k € N with m and k being coprime then (m*)" L] (m™)*.
(

h) If p € P then each member of the set S = {1,2,...,(p — 1)} must have a modular inverse in S
(modulo p).

Solution:

(a) For the “if part” we argue that if m and k are coprime then ged(m, k) = 1. Now, the extended
Euclidean algorithm (or rather the Bezout theorem; see § 2.3.4) guarantees the existence of s,¢ such

that ged(m, k) = sm + tk = 1 and this is equivalent to sm £1,ie s=m* (also see § 4.1.1).
For the “only if part” we argue that if the modular multiplicative inverse exists then we have mm* L]
which is equivalent to mm*+tk =1 (¢t € Z). Now, if ¢ = ged(m, k) then m = gu and k = gk (u, k € Z)
and hence:

mm* +tk = gum™ +tgk = glum* +tr) =1
This means g|1 (noting that um* + tx is an integer; see rule 1 of § 1.8) and hence g =1, i.e. m and k
are coprime (see part a of Problem 1 of 2.2).
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(b) Let assume that there are two modular multiplicative inverses of m (mod k). Thus, mmj %1 and
mms3 L] (where mj, m5 are the two modular inverses) and hence mmj L2 mm3. Now by rule 7 of §

2.7 (noting that m and k are coprime according to part a) we get m} L4 m3 which means the inverse is
unique (i.e. in modular arithmetic modulo k).

(c) On multiplying both sides of mz £ by m* (see rule 6 of § 2.7) we get m*ma £ m*n. Now, by

Eq. 52 we have mm* £ 1 and hence = £ m*n.

(d)

mEn
m*m £ m*n (rule 6 of § 2.7)
1£m*n (Eq. 52)
n* £ mnn* (rule 6 of § 2.7)
n* £ m* (Eq. 52)
m* £ p* (rule 1 of § 2.7)

(e) For the “if part” we argue that if p is a divisor of (m — 1) or p is a divisor of (m + 1) then m £ +1
or m £ —1 (respectively). Hence, by rule 11 of § 2.7 (with ¢ = 2) we get (in each case) m? = mm £ 1
which means (according to Eq. 52) that m is its own inverse (mod p).

For the “only if part” we argue that if m is its own inverse (mod p) then mm = m? £ 1 which means
that (m? — 1) = (m — 1)(m + 1) is divisible by p. Therefore, p is a divisor of (m — 1) or p is a divisor
of (m+ 1) (see rule 22 of § 1.9).

(f) This is a corollary of part (e) because “p is a divisor of (m —1)” (in the statement of part e) means
(m—1)£ 0 (i.e. m £ 1), while “p is a divisor of (m+1)” (in the statement of part e) means (m+1) £ 0,
ie.mZ_12£ (p—1).

(g) Because m and k are coprime then m* exists (see part a). Hence:

mm* =1 (Eq. 52)
(mm*)" £ 1" (rule 11 of § 2.7)
m"(m*)" £ (rules of indices)

(m*)" £ (m")* (part )

It is worth noting (with reference to the last line) that m™ and k are coprime (see part 1 of Problem 12
of § 2.2) and hence (m™)* exists (according to part a of the present Problem).

(h) We note first that all the members in the set S = {1,2,...,(p — 1)} are coprime to p because p is
prime (and hence its only divisors are 1 and p). So, each member of S must have a multiplicative inverse
modulo p (see point 1 in the preamble as well as part a of the present Problem). Now, the members of
S represent all the possible residue classes that have inverse (modulo p).%2l Hence, any member of S
must have a modular multiplicative inverse in S (whether this inverse is itself or different; see parts e
and f). In brief, each member in S must have a modular inverse in S (modulo p), as required.

2.7.2 Residue Systems

A complete residue system modulo k is defined as a set of integers such that every integer is congruent
modulo k to exactly one member of the set, i.e. the set contains exactly one element of every residue class

[92] We note that 0 (which is the only residue class modulo p that is not present in S) cannot have a multiplicative inverse
(see Eq. 52 and note as well that 0 and p are not coprime; see part 1 of Problem 1 of § 2.2).
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modulo k. For example, the set S, = {0,1,2,3,4,5,6} is a complete residue system modulo 7 because
any integer must be congruent (mod 7) to exactly one member of S.. Accordingly, a set of non-congruent
integers (mod k) is a complete residue system (mod k) iff the size of the set is k. This should be obvious
because the remainder r of dividing any integer by k& must belong to the set {0,1,...,k — 1} which is of

size k. Each one of the elements of the set {0,1,...,k — 1} represents a class for the complete residue
system (mod k) where all the integers in a given class differ from each other by multiples of k (e.g. class
0 contains ...,—2k,—k,0,k,2k, ... and class 1 contains ...,1 — 2k, 1 —k, 1,14+ k, 1+ 2k,...). Any set

of k non-congruent integers modulo k£ forms a complete residue system modulo k. Accordingly, there are
infinitely many complete residue systems for any given modulo k. The simplest complete residue system
modulo % is the set {0,1,...,k —1}.

A reduced residue system modulo k is defined as a set of integers of size ¢(k) elements such that
all the elements are coprime to k and no two elements are congruent modulo k. For example, the set
Sy =1{1,2,3,4} is a reduced residue system modulo 5 because ¢(5) = 4 (which is the size of S,.), moreover
all the elements of S, are coprime to 5 and no two elements of S, are congruent modulo 5. Each one of
the elements of the reduced residue system {r; : i = 1,2,...,¢(k)} with 0 < r; < k represents a class
for the reduced residue system (mod k) where all the integers in a given class differ from each other by
multiples of k (as demonstrated earlier for the complete residue system). It is obvious that a reduced
residue system (S,) modulo k is obtained from a complete residue system (S.) modulo k by eliminating
the elements of S, which are not coprime to k.

Problems

1. Give two examples of complete residue systems modulo 11.
Solution: For example:

{0,1,2,3,4,5,6,7,8,9,10} {22,12, 35, -8, —40, 16,61, —59,96,9, —12}

2. Of which modulo (if any) the following can be complete residue systems CRS (justify your answer):
(a) {—68,—53,—-36,-10,2,23,39,62,79}. (b) {1,5,36,—40,22, —21}.
(c) {-102,—-67,—65,—17,—12,7,21,44,69,101, 116,120, 201}.

Solution:

(a) This set contains 9 elements and hence if it is a CRS then it must be a CRS modulo 9. Now, the
only condition required for this set to be a CRS modulo 9 is that the set contains exactly one element
of every residue class modulo 9 which is not the case (noting that these elements represent respectively
the residue classes 4,1,0,8,2,5,3,8,7 modulo 9 and hence we have two representatives of class 8 and
no representative of class 6).
(b) This set contains 6 elements and hence if it is a CRS then it must be a CRS modulo 6. Now, the
only condition required for this set to be a CRS modulo 6 is that the set contains exactly one element
of every residue class modulo 6 which is the case (noting that these elements represent respectively the
residue classes 1,5,0,2,4,3 modulo 6).
(c) This set contains 13 elements and hence if it is a CRS then it must be a CRS modulo 13. Now, the
only condition required for this set to be a CRS modulo 13 is that the set contains exactly one element
of every residue class modulo 13 which is the case (noting that these elements represent respectively
the residue classes 2,11,0,9,1,7,8,5,4,10,12, 3,6 modulo 13).

3. Give a reduced residue system for each of the following moduli: £k =7, k£ = 10, and k£ = 16.
Solution:

Sp(7) ={1,2,3,4,5,6} Sy(10) ={1,3,7,9} Sy(16) ={1,3,5,7,9,11,13,15}
4. Which of the following is a reduced residue system RRS (where we use S, here tentatively):
(a) S-(9) ={1,2,4,5,7,8}. (b) S,-(11) ={1,2,3,4,5,7,8,9,10}.
(c) S-(16) = {1,—-13,-11,7,—-7,11,—3,15}. (d) S.(20) = {-19,-17,—-13,—-11,11,13,17,19}.

Solution:
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(a) This is RRS because it has ¢(9) = 6 elements and all elements are coprime to 9 with no two elements
being congruent modulo 9.
(b) This is not RRS because it contains only 9 elements while ¢(11) = 10 (the 6 class is not included).
(c) This is RRS because it has ¢(16) = 8 elements and all elements are coprime to 16 with no two
elements being congruent modulo 16.
(d) This is RRS because it has ¢(20) = 8 elements and all elements are coprime to 20 with no two
elements being congruent modulo 20.

5. Give five examples of reduced residue system modulo 5.
Solution: For example:

{1,2,3,4} {6,7,8,9} {-4,-3,-2,—1} {11,42,83,104} {-6,22,—17,51}

6. Prove (or justify) the following statements about complete and reduced residue systems.
(a) It S. = {r1,79,..., 7} is a complete residue system modulo k, and m € N and n € Z with k and m
being coprime then
Smn = {mr1 +n,mra +mn,...,mri +n}

is also a complete residue system modulo k.

(b) For k odd, the sum of the elements of any complete residue system modulo k is divisible by k.

(c) If r; represents a class of a reduced residue system (mod k) then k — r; represents another class of
that reduced residue system.

(d) The sum of elements of a reduced residue system modulo k (k > 2) is divisible by k.

(e) If S, = {ry,72,...,74k) } is a reduced residue system modulo k, then S,. = {mry, mra, ..., mryp)}
is also a reduced residue system modulo k (where m € N, and k and m are coprime).

Solution:

(a) In brief, this is because S,,, has k elements and no two elements of Sy, are congruent modulo k

(since by rules 3 and 7 of § 2.7 if mr; +n £ mr; +n then r; L r; noting that k and m are coprime).
So, S meets all the conditions of complete residue system (mod k) and hence it is a complete residue
system (mod k).

In more details, it is obvious that S,,,, is of size k, so all we need to do is to show that no two elements
of Sy, are congruent (mod k). Now, if mr; +n and mr; +n are two congruent elements of S,,,, (where
r;,rj € Sc) then we have:

k
mr;+n=mr; +n

mr; = mr; (rule 3 of § 2.7)

ri = T (rule 7 of § 2.7 noting that k and m are coprime)

Thus, r; = r; (because S, is a complete residue system modulo % and hence if r; # r; then r; 7]2 ;)
which means that r; and r; are the same element of S, i.e. i = j. Accordingly, mr; +n and mr; +n
must represent the same element of S,,,,, i.e. no two elements of S,,,, are congruent (mod k). Therefore,
Smn 18 a set of k non-congruent (mod k) elements and hence it is a complete residue system (mod k).
(b) Let consider the simplest complete residue system modulo k, that is {0,1,...,k —1}. Accordingly,
the sum of the elements of this system is (see Eq. 15):

k—1 k—1
. . (k—l)([k—l]—i—l)i(k—l)ki
120270+i§1170+ 5 = > =mk

where m € N because k is odd and hence (k — 1) is even. As we see, the sum of the elements of the
simplest complete residue system modulo k is divisible by k.

Now, the elements of any other complete residue system modulo k differ from the corresponding elements
of the simplest complete residue system (i.e. those in their class) by multiples of k (see the preamble of
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the present subsection), so their sum just adds multiples of k to the sum of the elements of the simplest
complete residue system, and hence the total sum must be divisible by k (see rule 14 of § 1.9).

(c) Let consider the simplest reduced residue system modulo k, that is {r; : i = 1,2,...,¢(k)} with
0 < r; < k. Now, since r; represents a reduced residue class (mod k) then it must be coprime to k and
hence k — 7; must also be coprime to k (see part b of Problem 19 of § 2.2).1!l Thus, k& — r; which is
less than & (since 0 < r; < k) and is not equal to r; (since r; is coprime to k and hence it cannot be
half k) must represent another class in that reduced residue system.

Now, the elements of any other reduced residue system modulo & differ from the corresponding elements
of the simplest reduced residue system (i.e. those in their class) by multiples of k (see the preamble
of the present subsection). Since the difference by multiples of k does not change the residue class
to which an integer belongs then the statement is valid for all reduced residue systems (modulo k).
In other words, we can convert any other reduced residue system to the simplest form (by canceling
the multiples of k) and apply the above argument which is based on the consideration of the simplest
reduced residue system.

(d) This is because (for k > 2) ¢(k) is even (see point 5 of § 2.6.4). Moreover, according to part (c) if
r; is a reduced residue class (mod k) then k — r; must be another reduced residue class (mod k). So,
the elements of the reduced residue system will be matched in pairs where r; is canceled in each pair
leaving a sum of multiples of k which is divisible by k.

(e) This is because:

e S, has ¢(k) elements [since S, has ¢(k) elements],

e the elements of S, are coprime to k [Since the elements of .S, are coprime to k and m is coprime to
k; see part (e) of Problem 1 of § 2.2}, and

e 1o two elements of S, are congruent modulo k [since by rule 7 of § 2.7 if mr; L mr; then r; L Tj
noting that k and m are coprime, and hence r; = r; (because no two elements of S, are congruent

modulo %k and thus if r; # r; then r; ;é ;) which means that mr; and mr; represent the same element
of S,,e].

So, Sy meets all the conditions of reduced residue system (mod k) and hence it is a reduced residue
system (mod k).

2.7.3 The Chinese Remainder Method

The Chinese remainder method (for solving a system of simultaneous linear congruence equations) is
based on the Chinese remainder theorem which states: if mq,mso, ..., m; are moduli that are pairwise
coprimel® and nq,no,...,n, are integers then the following system of simultaneous linear congruence
equations in the unknown x € Z:

= ny x 2 ng z 2 ny (53)

has a unique solution modulo M = mj X mg X ... X my, i.e. there is a single solution 0 < z,,, < M and
all other solutions are congruent modulo M to x,,.

According to the Chinese remainder method, to solve such a system of congruences we do the following
(wherei=1,2,...,k):
e Calculate y; = M/m;.
e Calculate y; (which is the modular multiplicative inverse of y; modulo m;; see § 2.7.1).
e Calculate s = Zle nYiys.
The required solution is x,, Ys (noting that all x = x,,, + Mq where g € Z satisfy the given congruence
equations).

193] In fact, we are using the “only if part” of part b of Problem 19 of § 2.2 where k, r; and k—r; here correspond (respectively)
to m, n and (m — n) there.

[94] Although the Chinese remainder theorem can be applied to systems with moduli that are not coprime there is no
guarantee that a solution does exist in this case.
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Problems
1. Solve the following system of congruence equations using the Chinese remainder method:
T 2 1 T 5 4 x . 6
Solution: This system meets all the stated conditions in the Chinese remainder theorem (noting that
M =3x5x7=105).
e Calculate y; = M/m;:
y1 =5xT7=235 Yo =3xT7=21 y3 =3 x5=15

e Calculate y;:%°

Yy = 35" =2 (mod 3) y5 =217 =1 (mod 5) ys = 15" =1 (mod 7)
e Calculate s = Zle Y Y;
n1y1y; + neyays + naysy; = (1 x 35 X 2) 4+ (4 x 21 x 1) 4+ (6 x 15 x 1) = 244

So, the required solution is x,, 105 244, ie. x,, = 34. As we see, 34 satisfies all the given congruence
equations. In fact, all = 34 4+ 105¢ (q € Z) satisfy these congruence equations.
2. Solve the following system of congruence equations using the Chinese remainder method:

P =5 28

Solution: This system meets all the stated conditions in the Chinese remainder theorem (noting that
M=4x7x9=252):
e Calculate y; = M/m;:

Y1 =7 x 9 =063 yo =4 x 9 = 36 ys =4 x T =28
e Calculate y;:
y; = 63" =3 (mod 4) ys = 36" =1 (mod 7) Y3 = 28" =1 (mod 9)
e Calculate s = Zle Yy
Py + nayays + naysy = (3 % 63 x 3) + (5 x 36 x 1) + (8 x 28 x 1) = 071

So, the required solution is x,, 22 971, i.e. z,,, = 215. As we see, 215 satisfies all the given congruence
equations. In fact, all © = 215 + 252¢ (¢ € Z) satisfy these congruence equations.

3. Find the smallest n € N such that 5|(n + 1), 7|(n + 2) and 11|(n + 6).
Solution: These three divisibility relations are equivalent (respectively) to:

5

nZ_154 n-_2<s nZ 625

So, we are required to solve the following system of congruence equations:

n24 n<Ls n25
On using the Chinese remainder method (noting that this system meets the conditions of this method
and following the procedure demonstrated in the previous Problems) we get n = 159 (which is the
smallest n € N that satisfy the given divisibility relations). We note that all = 159 4 385¢ (¢ € Z)
satisfy the given divisibility relations.
4. Compare the Chinese remainder theorem to rule 14 of § 2.7.

Solution: Referring to Eq. 53, we note that rule 14 of § 2.7 is a special case of the Chinese remainder
theorem from the perspective of the values of n’s (i.e. inrule 14 of § 2.7 we have n; = ny = ... = ni = n).
However, rule 14 of § 2.7 is more general than the Chinese remainder theorem (as stated above) from
the perspective of pairwise coprimality of the moduli.

195] For the calculation of modular multiplicative inverse (i.e. y) see § 2.7.1.
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2.7.4 The Equivalent Equation Method

This is a method for solving a system of simultaneous linear congruence equations and hence it can be
used as an alternative to the Chinese remainder method which we investigated in the last subsection. We
outline this method in the following Problems.

Problems

1. Solve the system of Problem 1 of § 2.7.3 using the equivalent equation method:
Solution: We do the following:
e From the third congruence (which is the one with the largest modulo) we get: © = T7i + 6.

e We substitute this in the second congruence: 7: + 6 5 4 and hence i = 4,ie. i =5j+4.
e On substituting this into x = 7i + 6 we get: = 7(5j +4) + 6 = 355 + 34.
e On substituting this into the first congruence we get: 355 + 34 2 1 and hence J 2 0, i.e. 5 =3q.

e On substituting this into = 355 + 34 we get = 35(3¢) + 34 = 105¢ + 34.
So, we finally get x,, e 105¢ + 34, i.e. z,, = 34 (as before).

2. Solve the system of Problem 2 of § 2.7.3 using the equivalent equation method:
Solution: We do the following:
e From the third congruence (which is the one with the largest modulo) we get: © = 9i + 8.

e We substitute this in the second congruence: 9: + 8 Z 5 and hence i = 2,1e. 1 =754 2.

e On substituting this into x = 9i + 8 we get: = = 9(7j +2) + 8 = 635 + 26.

e On substituting this into the first congruence we get: 635 + 26 2 3 and hence J L 3, l.e. j=4qg+ 3.
e On substituting this into = = 635 + 26 we get x = 63(4q + 3) + 26 = 252¢ + 215.

So, we finally get x,, = 252q + 215, i.e. x,, = 215 (as before).

2.7.5 Multivariate Congruence Equations

In this subsection we briefly investigate (through solved Problems) some simple types of multivariate
congruence equations and how they are solved. Also see § 4.2.19]

Problems

1. Solve the following multivariate congruence equations (where z,y, z € Z):

(a) 5a + 3y = 1. (b) 13z + 6y = 8. (c) 52+ Ty + 92 2 21.
(d) 22 — 19y 2 14. (e) 222 + 23y% < 6. (F) 23 +13y2 — 22 2 1.
Solution:

(a) If y =k (k € Z) then 5z L 13k On multiplying the two sides by the modular multiplicative
inverse (mod 7) of 5 (which is 3) we get: z L3 -9k < 3+ 5k. So, the solution is (z,y) = (3+ 5k, k)
where k € Z.

We may solve this congruence differently by considering all the combinations of x z 0,1,2,3,4,5,6 and

Y z 0,1,2,3,4,5,6 where we will find that 5x + 3y L 1 is satisfied by the following combinations:
7
(z,9) = (0,5), (1,1), (2,4), (3,0), (4,3), (5,6), (6,2)
and hence the solutions are (where s,¢ € Z):
(x,y) = (7s, 5+ Tt) () =Q+7s,14+7t) (x,y)=2+7s,4+7t) (2,y)=3+7s, Tt)
(x,y) =(4+7s,34+7t) (2,y)=0B+7s,6+7) (z,y)=(6+7s,2+7t)
It is straightforward to show that the solutions of these two methods are equivalent (see Problem 2).

(b) If y = k (k € Z) then 13z 18— 6k On multiplying the two sides by the modular multiplicative
inverse (mod 11) of 13 (which is 6) we get: x Y 4836k £ 4+8k. So, the solution is (z,y) = (4+8k, k)

196] We note that some of the Problems of § 2.7 are about multivariate congruence equations.
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where k € Z.
We may solve this congruence differently (as we did in part a) and obtain the following solutions (z,y)
where s,t € Z:

(11s, 5+ 11¢) (14 11s, 1+ 11¢) (24 11s, 8 + 11¢) (3 + 11s, 4 + 11¢)
(4+ 11s, 11¢) (5 + 11s, 7 + 11¢) (6 + 11s, 3 + 11¢) (7+ 11s, 10 + 11¢)
(8 + 115, 6 + 11¢) (9 + 11s, 2 + 11¢) (10 + 11s, 9 + 11¢)

(c)Ify=Fkand z=s (k,s € Z) then 5z Y217k —9s. On multiplying the two sides by the modular
multiplicative inverse (mod 17) of 5 (which is 7) we get: x Y147 — 49k — 635 £ 11 + 2k + 5s. So, the
solution is (z,y,2) = (11 + 2k + 5s, k, s) where k, s € Z.

(d) We have z? 214419y £ 2+ 4. Now, we have three cases to consider (where s € Z):

e 2 2 0 and hence 22 = 0. Accordingly, 2 + y = 3s and hence y = —2 + 3s 21 +3s

e 2 2 1 and hence 22 = 1. Accordingly, 2 4+ y =1+ 3s and hence y = —1 + 3s 294 3s.

e 22 2and hence 22 242 1. Accordingly, 2+ y = 1+ 3s and hence y = —1 + 3s 2943

So overall, the solutions are all pairs of the following three forms (where k, s € Z):

(z,y) = (3k, 1+ 3s) (,y) = (1 + 3k, 2+ 3s) (z,y) = (2+ 3k, 2+ 3s)

(e) We have 22 L6 23y2. On multiplying the two sides by the modular multiplicative inverse (mod
7) of 2 (which is 4) we get: 22 Lo 92y L3 y?. Now, we have seven cases to consider (where
s€Z):

e 2 = 0 and hence 2 = 0. Accordingly, 3 — y2 = 0 and hence y? = 3 which has no solution.

e z = 1 and hence 22 = 1. Accordingly, 3 —y? £ 1 and hence y? £ 2 which has two solutions: y=3+7s
and y =4+ 7s.

e 2 = 2 and hence 22 = 4. Accordingly, 3 — 32 Z 4 and hence y? £ 6 which has no solution.

e z = 3 and hence 2% = 9 = 2. Accordingly, 3 — 32 £ 2 and hence y? £ 1 which has two solutions:
y=1+7sand y =6+ T7s.

e 2 = 4 and hence 22 = 16 = 2. Accordingly, 3 — 32 Z 2 and hence y? Z 1 which has two solutions:
y=14+T7sand y=6+4T7s.

e = = 5 and hence 2% =< 25 Z 4. Accordingly, 3 — y? L

4 and hence 32 Z 6 which has no solution.

-

e 2 = 6 and hence 22 = 36 = 1. Accordingly, 3 — y? = 1 and hence y? Z 2 which has two solutions:

y=3+T7sandy=4+7s.
So overall, the solutions are all pairs of the following eight forms (where k, s € Z):

(z,y) =1+ Tk, 34+ 7s) (x,y) = (1+ 7Tk, 44 7s) (z,y) =B+ Tk, 14+ 7s)
(z,y) = 3+ 7k, 6 +T7s) (z,y) = (4+ Tk, 1 +7s) (z,y) = (44 Tk, 6 +7s)
(z,y) = (6 + 7k, 3+ T7s) (z,y) = (6 + Tk, 4+ 7s)

(f) We have 23 + 13y? — 22 2 1. Now, we have four cases to consider (where we refer the reader to the
rules of parity in § 1.8):

e x is even and y is even and hence z is odd.

e x is even and y is odd and hence z is even.

e x is odd and y is even and hence z is even.

e r is odd and y is odd and hence z is odd.

So overall, the solutions are all triples of the following four forms (where e stands for even and o stands
for odd):

(x7y7 Z) = (e’e’ O) ('r7 y? Z) = (e’ 07 e) (x’ y7 Z) = (07 e’e) (m7y’ Z) = (0’07 O)
2. Show that the solutions obtained in part (a) of Problem 1 by the two methods are equivalent.

Solution: The solutions obtained by the first method are given by: (z,y) = (3 + 5k, k) where k € Z,
while the solutions obtained by the second method are given by the list in the end of that part. Now,
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if we substitute the y entries from the second method for & in the first method (since y = k according
to the first method) then we get the following solutions:

The first method The second method

(z,y) = (T[4 + 5t], 5+ 7t) (x,y) = (7s, 5+ Tt)

(x,y) = (1+7[1+5¢t, 1+ 7t) (x,y) =1 +7s, 1+ 7t
(z,y) = (2+ 7[3+ 5t], 4+ Tt) (x,y) = (2+7s, 4+ Tt)
(x,y) = (3+7[5t], 7t) (,y) = (3+7s, Tt)

(z,y) = (4+ 7[2+5t], 3+ Tt) (x,y) = (4+7s, 34+ T7t)
(x,y) = (5 + T[4+ 5t], 6 + Tt) (x,y) = (B+7Ts, 6+ T7t)
(x,y) = (6 + 7[1 + 5t], 2 + Tt) (x,y) = (6+7s, 24 Tt)

As we see, the two solutions are equivalent where s in the second method corresponds to the expression
inside the square brackets in the first method (e.g. s = 4 + 5¢ for the first row).

2.7.6 Relationship between Ordinary and Congruence Equations

In this subsection we briefly investigate some rules and properties related to the relationship between an

ordinary equation and the corresponding congruence equation.[®”l For example, what is the relationship

between the ordinary equation x = y and its corresponding congruence equation z = y (where z,y, m € Z

and m > 1). In this regard we note the following points:(%8

1. The ordinary equation can be seen as a special case of the corresponding congruence equation.!??! This
is because the congruence equation z = y means = = y + km (k € Z) and hence the ordinary equation
x =y is a special case of the congruence equation = = y corresponding to k = 0.

2. We can convert an ordinary equation to a congruence equation for any modulo. For example, if z =y
then 2 = y (for any N 3 m > 1). This is justified by the reflexivity of the congruence relation (i.e.
x =y 2 y; see point 1 of § 2.7). This may also be justified (in a rather different way) by point 1 because
x =y is equivalent to z = y 4+ km with k = 0 and hence it is true that z = y for this value of k.

3. We cannot convert a congruence equation to an ordinary equation in general. For example, if z 2 y
then it is not necessarily true that z =y (e.g. 17 2 5 but 17 # 5). This is justified by the fact that the
congruence relation is more general than the equality relation (see point 1) and hence the validity of
the congruence equation does not imply the validity of the ordinary equation. Yes, if the congruence
equation is true unconditionally then its corresponding ordinary equation is true, because in this case
the congruence equation implies the ordinary equation (as will be clarified further later on).

4. Based on the previous points we can conclude that if z = y then z = y (for any N 5 m > 1), but if
x 2 y (for some N > m > 1) then it is not necessarily that 2 = y. Yes, if z Z y for every N 3 m > 1
then it is necessarily that = y (see point 8).

m
5. To prove that  # y it is enough to prove that = # y (for some N 3 m > 1). This is because (according
m
to point 4) if z = y then z = y and hence by contraposition (see § 1.5.4) if z # y then = # y. So,

m
proving that = # y is enough for proving that = # y.
6. To find the solution(s) of x = y (assuming it has a solution; see point 5) we may start by investigating
the solution(s) of x = y (for any specific N 3 m > 1), and then use these solutions to extract or infer

1971 We may also say: the relationship between equality and congruence.

[98] We note that there is some overlap and repetition in these points. This is justified by our desire to be very clear as well
as the use of these points in different positions and contexts (where the use of some forms is more appropriate than the
use of others).

[991 We may also say: the ordinary equation is more specific than the corresponding congruence equation. We can also say:
the truth of the congruence equation is more general than the truth of the corresponding ordinary equation (i.e. the
congruence equation can be true whether the corresponding ordinary equation is true or not).
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the solutions of x = y. This is because managing a congruence equation by the versatile congruence

rules and properties can be easier as it usually leads to many simplifications (such as reducing the size

of numbers or powers) and hence we find ourselves dealing with much simpler arithmetic and algebra.
7. To investigate if = y has a solution or not, we may start by investigating if z = y has a solution or

not (noting that the latter investigation is usually easier than the former; see point 6). Accordingly, if

we find out that z 2 y has no solution then we can conclude that z = y has no solution (see point 5)

and this could save considerable time and effort in searching for the elusive solution of z = y. However,

if we find out that z Z y has a solution then this does not mean that z = y has a solution (within the

given conditions) although this could lead us to the solution (see point 6) if it does exist (as well as it

could clarify the situation and indicate if and how and why there is no solution in the opposite case).
8. Based on the previous points, we should be aware of (and distinguish between) the following cases

(where N> m > 1):

(a) If x = y then 2 = y for any m.

m

(b) If © # y for a specific m then x # y. This is the contrapositive of (a).

(c) If 2 = y for any m (i.e. for all N 3 m > 1) then z = y. This is because if # # y then 2 —y # 0 and

hence the prime factorization of (x — y) cannot be divisible by some primes (say p;). This means that

x Z;Z y which contradicts the assumption that z = y for any m (i.e. including m = p;). So, the only

possibility is z =y (i.e.  —y = 0) since 0 is divisible by any other number.

(d) From (a) and (c) we conclude that 2 = y iff = = y for all m.

9. We should finally note that in modular arithmetic['%! (unlike ordinary arithmetic), terms like “root”
and “solution” of an equation should mean a class and not a single number. For instance, x — 1 = 0

(in ordinary arithmetic) has a single root or solution which is = 1, while z — 1 20 (in modular

arithmetic) has a “single modular” root or solution which is x 21 (i.e. x =14 3k where k € Z). So,
the reader should be aware of this difference in terminology.

Problems

1. Show that the following equations have no solution in Z:

(a) 219 +122° — 5= 0. (b) 6219 — 62!t — 523 — 7 =0.
(c) 825 —11y% — 13 = 0. (d) 8z* 4+ 16y* — 526 —1 =0.
Solution:

(a) Tt is difficult to investigate the solutions of a tenth degree polynomial equation. So, instead we will
investigate the solutions of its corresponding congruence equation. Now, if we consider modulo 3 then

when z = 0,1,2 we get (by substitution) respectively: x1 + 122% — 5 2 1,2,2. So, 20 +122° — 5 20
has no solution and hence z'° 4+ 1225 — 5 = 0 has no solution (see point 5 in the preamble).

(b) Repeating our argument in part (a), if we consider modulo 5 then when z s 0,1,2,3,4 we get (by
substitution): 621% — 62 — 523 — 7 s 3,3,3,3,3. So, 6219 — 6t — 523 — 7 2 0 has no solution and
hence 62'° — 62t — 523 — 7 = 0 has no solution (see point 5).

(c) If we consider modulo 7 then we can easily find that none of the 49 combinations of x L 0,1,2,3,4,5,6
and y = 0,1,2,3,4,5,6 satisfy the congruence equation 826 — 1133 — 13 = 0.119U S0, from point 5 we
conclude that 826 — 11y — 13 = 0 has no solution.

(d) If we consider modulo 4 then we can easily find that none of the 64 combinations of z = 0,1,2,3,
Y 2 0,1,2,3 and z 2 0,1,2, 3 satisfy the congruence equation 8z + 16y* — 526 — 1 20. So, from point
5 we conclude that 82* + 16y* — 525 — 1 = 0 has no solution.

[100] We mean by “modular arithmetic” in this context the mathematics of congruence equations and by “ordinary arithmetic”
the mathematics of ordinary equations.
[101] These 49 combinations can be easily and quickly checked using (for instance) a spreadsheet or a simple computer code.
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2.8 Perfect Numbers

A perfect number is a positive integer that is equal to the sum of its proper divisors. The first few perfect

numbers are 6, 28, 496, 8128, 33550336. We list in the following points some common facts about perfect

numbers:

. All known perfect numbers are even, so it is unknown if there is any odd perfect number or not.

. A natural number n is perfect iff o(n) = 2n. This is based on the definition of perfect number.

. A natural number n is perfect iff s(n) = n. This is based on the definition of perfect number.

. A number m € N is an even perfect iff m = 2"~1(2" — 1) where (2" — 1) is prime (see Problem 2)

. Referring to the previous point, even perfect numbers and Mersenne primes are connected by the formula
P. = 2p_1Mp where P, is an even perfect number and M), is the corresponding Mersenne prime (see §
2.2.2).

. All even perfect numbers end in 6 or 8.

. All even perfect numbers (excluding 6) end in 16, 28, 36, 56, 76, or 96.

. Any even perfect number (except 6) is the sum of consecutive odd cubes.

. There are 51 known perfect numbers.

. It is unknown if there are infinitely many perfect numbers or not.

[102]

T W N~

O © 00~

1
Problems

1. Propose an algorithm for finding (or generating) even perfect numbers.
Solution: The following algorithm is based on point 4 (see the preamble of this section): /193l
e Take a prime number p.
e Calculate (2P —1).
e If (2P — 1) is prime then 2P~1(2P — 1) is an even perfect number.
2. Show that m € N is even perfect iff m = 2"~1(2" — 1) where (2" — 1) € P.
Solution: We have two parts to prove:
The if part is shown in the following points:
e o(m) = c(2" 1) o (2" — 1) because ¢ is multiplicative noting that 2"~! is a power of 2 and (2" — 1)
is odd (which cannot contain a factor of 2) and hence they are coprime (see rule 8 of § 1.8).
e The divisors of 2"~1 are 1,21,22 ... 2"~1 and hence we have (using the identity of Eq. 12):

o2 =142 422442 =2n ] (54)

e Because (2" — 1) is prime, (2" — 1) =14+ (2" — 1) = 2" (see rule 2 of § 2.6.1).
e Therefore:
o(m) = o(2" Vo2 — 1) = (2" — 1)2" = 2[2”—1(2” - 1)] = 2m

i.e. m is even perfect as required (see point 2 in the preamble noting as well that n > 1 since n € P).
The only if part is shown in the following points:
% Because m is even, it can be written as:

m=2""1q (55)

where N> n > 1 and ¢ € O (see rule 8 of § 1.8).
% Because m is perfect, we have (using point 2 with Eq. 55):

o(m) =2m =2"q (56)

% Noting that 2”1 is a natural power of 2 and ¢ is odd (which cannot contain a factor of 2) and hence
they are coprime, we have:

o(m) =o(2" ") o(q) (o is multiplicative, Eq. 55)

[102] We note that the primality of (2™ — 1) should incur the primality of n (see part ¢ of Problem 12 of § 2.2 as well as
Problem 13 of § 2.2) and hence we can write m = 2P~1(2P — 1).

[103] Noting the link between even perfect numbers and Mersenne primes, this is also an algorithm for finding Mersenne
primes.
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o(m) = (2" —1)a(q) (Eq. 54)
o(m)=(2"-1)(s+q) (s is the sum of proper divisors of ¢q)
2"q = (2" — 1) (s +q) (Eq. 56)
2"q = [(2" — 1)s] + [(2" — 1)q (distributivity)
2" —q+q=[(2" - 1)s] + [(2" — 1)q (*9)
2" =1)g+qg=[2" - Ds| + [(2" — 1)q]
g=(2"—-1)s

% From the last equation we see that s divides ¢ and s < ¢ (noting that n > 1) and hence s is a proper
divisor of q. So, from Problem 2 of § 2.6.2 we can conclude that ¢ is prime.
% Also, from the last equation (noting that s = 1; see point 2 of § 2.6.2) we have (2" — 1) = ¢ which
means that (2" — 1) is also prime.
% So, from Eq. 55 we get m = 2""1q = 2"71(2" — 1) where (2" — 1) € P, as required.
Note: from the “only if” part of this Problem plus part (c¢) of Problem 12 of § 2.2 we conclude that
any even perfect number has the form 2P~1(2P — 1) where p € P.

3. Show the following:
(a) If (2" — 1) is a Mersenne prime then 2"~1(2" — 1) is an even perfect number.
(b) If m is an even perfect number then there is a Mersenne prime (2" — 1) such that m = 2"~1(2" —1).
(c) There is a one-to-one correspondence between Mersenne primes and even perfect numbers, i.e. for
each Mersenne prime there is exactly one even perfect number and for each even perfect number there
is exactly one Mersenne prime.
(d) If M, is a Mersenne prime then M, (M, + 1)/2 is an even perfect number.
(e) If M, is a Mersenne prime then Ziﬁ’l k is an even perfect number.
Solution:
(a) This is just a re-statement of the “if part” of the proposition of Problem 2 considering the definition
of Mersenne prime.
(b) This is just a re-statement of the “only if part” of the proposition of Problem 2 considering the
definition of Mersenne prime.
(c) This is just a combination of the results of part (a) and part (b).
(d) From the definition of Mersenne prime we have M, = 2P — 1, and hence:

1 1

iMp(Mp +1) = 5(21) —1@E@P-1+1) =2771(2P - 1)
which is an even perfect number (see Problem 2).

(e) From the identity of Eq. 15 we have:

which is an even perfect number according to part (d).

4. Show that any even perfect number (except 6) is the sum of consecutive odd cubes.
Solution: Any even perfect number has the form 2P~1(27 — 1) (see the note of Problem 2). Now, p is
prime and hence it is odd (noting the exception of 6), and thus (p — 1) is even. So, let p =2k + 1 and
hence p — 1 = 2k (for some k € N). Accordingly:

9P=1(9p _ 1) = 92k (22k+1 _ 1) = (k)2 [2 x (2)2 — 1} =n22n? - 1) =12+ 33+ + (2n— 1)

where n = 2F and we used the identity of Eq. 20 in the last equality.
Note: for example:

28 =13 433 8128 =13 +3% + ... + 153 33550336 = 1% + 33 4+ ... + 1273
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5. Show that all even perfect numbers end in 6 or 8.
Solution: Any even perfect number has the form 2P~1(2P — 1) (see the note of Problem 2). Now, the
even perfect numbers corresponding to p = 2 and p = 3 are 6 and 28 and hence they end in 6 and 8.
For p > 3 we note that all p > 3 are odd and hence (p — 1) is even. So, 2P~! ends either in 6 or 4 (see
Problem 6 of § 1.8) and correspondingly (2P — 1) ends either in 1 or 7104 Therefore, their product
must end in 6 (since 6 x 1 = 6) or 8 (since 4 x 7 = 28).

6. Show that if n is a perfect number then Zd|n % = Zd|n 4 =2 where d represents the positive divisors
of n (including 1 and n).
Solution: We have:

o(n) =2n (see point 2 in the preamble)
> d=2n (Eq. 33)
d|n
d
d|n
1
Z 5= 2 (see part ¢ of Problem 19 of § 1.9)
d|n

7. Show that no perfect number is a perfect square.
Solution: Let n € N be a perfect square. Now, we have two cases:
e n is odd: if n is a perfect square then the number of its positive divisors is odd (see Problem 18 of §
1.9 and Problem 3 of § 2.6.3) and hence the number of its proper divisors is even. Therefore, s(n) is
even (see rule 4 of § 1.8 noting that all the proper divisors of n must be odd since no odd number is
divisible by an even number according to rule 7 of § 1.8) and hence it cannot be equal to n which is
odd (see point 3 in the preamble).
e n is even: if n is a perfect number then we must have n = 2P~1(27 — 1) where (2P — 1) is prime (see
Problem 2). Now, if n is also a perfect square then /n = v/2P~1,/(2P — 1) must be an integer which is
impossible because (2P — 1) is prime and hence /(2P — 1) is irrational (see Problem 9 of § 2.2) noting
that for p > 2 the square root v/2P~1 is an integer because v2P~1 = v/22k = 2% (k e N) while for p = 2
we have \/n = /6 which is obviously not an integer.

2.9 Interesting Theorems in Number Theory

We discuss in this section some interesting and commonly used theorems in number theory.

2.9.1 Wilson’s Theorem

According to this theorem, an integer p > 1 is prime iff (p —1)! +1 L.

Problems

1. Prove Wilson’s Theorem.
Solution: For p = 2 and p = 3 the statement is obviously true, i.e. 2 and 3 are primes and we have
2-D'+1=2 20 and B-D'+1=3 2 0 and hence the two parts of the iff statement are true. So,
in the following we consider only p > 3 (noting that all primes are odd except 2; see point 3 of § 2.2).
The if part: if (m — 1)! + 1 £ 0 where m is composite then m = cd (where ¢, d are integers such that
1 < ¢,d < m) and hence ¢ must divide both (m — 1)! and (m — 1)! + 1.[1%! Therefore, ¢ must divide
their difference which is 1 (see rule 14 of § 1.9). Thus, ¢ must be 1 which is a contradiction. Therefore,

[104] We note that 2P = 2 x 2P~! and hence 2P ends in 2 when 2P~ ends in 6 while 27 ends in 8 when 2P~ ends in 4 (see
rule 21 of § 1.8). Accordingly, (2P — 1) ends in 1 and 7 respectively.

[105] ¢ must divide (m — 1)! because 1 < ¢ < m (see rule 46 of § 1.9), and ¢ must divide (m —1)! 4+ 1 because (m —1)! +1 =0
which means (m — 1)! + 1 = km = ked = c(kd) for some k € N.
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m cannot be composite, i.e. it must be prime.

The only if part: we note first that all the numbers in the set S = {1,2,...,(p — 1)} are coprime
to p because p is prime (and hence its only divisors are 1 and p). So, each number in S must have a
modular inverse modulo p in S (see part h of Problem 2 of § 2.7.1). Now, from part (f) of Problem
2 of § 2.7.1 we know that 1 and (p — 1) are the only members of S which are their own inverse, so if
we exclude them then we have the set S’ = {2,...,(p — 2)} where each number m in S’ must have
a modular inverse m* (in S’) which is different from m. Noting that S’ contains an even number of
elements (because p is odd) and the modular inverse exists and is unique (according to parts a and b
of Problem 2 of § 2.7.1),[1%! we can couple each element m; in S’ to its existing and unique inverse m}
and hence we form the following modular relations (see Eq. 52):

-3
mimfgl <i:1,...,p2>

On multiplying these modular relations side by side (rule 10 of § 2.7) we get:

On multiplying the two sides of the last equation by 1 x (p — 1) (see rule 6 of § 2.7) we get:

Ix2x--x(p=2)x(p-1)EZ1x(p-1)

(p—1)'Ep—1
(p—1)1EZ -1 (p—1£-1)
p—1)'+120 (rule 3 of § 2.7)

as required.
2. Find the remainder r € N° for the following divisions:

(a) 49! = 53. (b) 59! = 61. (c) 73! +-67.
Solution: The remainder r € N° of the division a + b (a,b € N) is the same as the residue r in the
congruence equation a L 1 where 0 <r<hb.

(a) According to Wilson’s theorem 52! 2 _1 and hence (52)(51)(50) 49! = —1. Now, 52 2 1,512 2
and 50 2 —3 and hence from the congruence equation (52)(51)(50) 49! 2 1 we get:

=

(—D)(=2)(=3)49'Z -1 = (64921 5 (e49Z1 5 4926

where we used rule 6 of § 2.7 in step 3 and rule 4 of § 2.7.1 in step 4. Now, the modular multiplicative
inverse of 6 (mod 53) is 6* = 9 and hence 49! 2 9, ie. r=9.

(b) According to Wilson’s theorem 60! & _1 and hence (60) 59! & _1. Now, 60 2 —1 and hence from
the congruence equation (60) 59! 2 —1 we get:
g q g
- 1=— — 1= — 1=
(—1)591 2 —1 (1)591 21 50121

ie.r=1.
(c) 73! = (73)(72)(71)(70)(69)(68)(67) 66! and hence it is divisible by 67, i.e. » = 0. This can also be
obtained directly from rule 46 of § 1.9.

[106] I fact, we are also considering in this argument (implicitly) the symmetry of the inversion relation (see point 5 of §
2.7.1) which makes the uniqueness a bijective relation.
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3. Prove the following;:
(a) (¢1)? + (—1)7 is divisible by p € P where p = 2¢ + 1.
(b) There is n € Z such that n? + 1 is divisible by p € P where p = 4¢q + 1.

Solution:
(a) We have:
29'+1£0 (Wilson’s theorem)
[(2q)(2q —1)- g+ 1)] (@)+1£0 (definition of factorial)
(D=2 (=9)| (@) + 1 20 (202 -1,20-12 -2, q+1% —g)
[(=17@)] (@) + 120
(D)%) +1=0
(D)9 (@)* + (-7 £ 0 [x(=1)7
(1) + (=1)7 £ 0
(b) We have:
(49 +12£0 (Wilson’s theorem)
[(4q)(4q ~1)- 2+ )] @+ 120 (definition of factorial)
[(—1)(—2) E (—2q)} 2¢)!' +120 (4gZ —1,4g—12 —2,...,2¢+1£ —29)
(~11(20)!] (2)1 + 120
(@] ear+120 (s even)
(o))" +120
n® 41L& [Z > n=(29)]

2.9.2 Euler’s Theorem

According to this theorem, if m € N and N 5 k > 1 are coprime then m®®*) £ q.0o7]

Problems

1. Prove Euler’s Theorem.
Solution: If the set of integers S = {ni1,n2,...,ng)} is a reduced residue system modulo k (see §
2.7.2) then the set S, = {mni,mny, ..., mnym)} is another reduced residue system modulo £ (see part

e of Problem 6 of § 2.7.2 noting that m and k are coprime). Accordingly, we can form ¢(k) congruence
equations in each of which one element of S is equated (modular k) to one element of S uniquely. Now,
if we multiply these ¢(k) congruent relations side by side (according to rule 10 of § 2.7) we get:

k
mny X mng X ... X MNg) = N1 X N2 X ... X Ng(k)

L]

m®®ning ... N (k) NN . .. N (k) (57)

Now, S is a reduced residue system (mod k) and hence by definition all its elements are coprime to k
(see § 2.7.2). Therefore, (n1nz...ng(x)) and k are coprime (see part e of Problem 1 of § 2.2). Thus, by

rule 7 of § 2.7 we can cancel (ninz...ngr)) from the two sides of Eq. 57 and hence we get me¢® £
(as required).

[107] We note that ¢(n) is even for all integers greater than 2 (see point 5 of § 2.6.4) and hence this theorem should be valid

forall Z>m #0 [noting that m®®) 2 1 since m is odd when m and 2 are coprime}.



2.9.2 Euler’s Theorem

2. What is the remainder R when:
(a) £2582" is divided by 61.

Solution:
(a) We have:

9é(61) 61
260 61
9360 61

9369 61

9369 _ 1 01

368

g &

368

g9t &

Hence, R = 23.
(b) We have:

3¢(29) 29
328 29
g112 29

29
3124

3124 _ 1 29

123

2y 3 2
=0

123

2y 3 B
1=0

Hence, R = 15.
#(k)

3. Show that if m =" n, then s™

23

14
312
312 _1

3121

15

91

(b) 23°12% 37 is divided by 29.

(Euler s theorem)
[9(61) = o0]

(rule 11 of § 2.7)
(x2%; rule 6 of § 2.7)
(rule 3 of § 2.7)

(Eq. 22 with a =1, r =2, and n = 368)

20 -1 2 23)

(Euler s theorem)
6(29) 28]

(rule 11 of § 2.7)
(x3'%; rule 6 of § 2.7)
(rule 3 of § 2.7)

(Eq. 22 with a =2, r =3, and n = 123)

(32 -1 2 15)

= s" (where N> k > 1 and s € N are coprime).

Solution: We have (assuming ¢ € Z and m > n which does not affect the generality):

#(k)
m ='n

m—n =taok)

m—n _ St¢(k)

§MT — [qu(k)} t

i
3
[I=

3

|

3
[|=

1

3
[|=

S’I’L

1]’

given)
definition of congruence, see Eq. 49)

rules of ordinary exponentiation)

Euler’s theorem noting the coprimality of k and s)

(
(
(
(rules of ordinary exponentiation)
(
(rules of ordinary exponentiation)
(

multiplying both sides by s", rule 6 of § 2.7)

4. Prove the following: 2*~1' £ 1 (where n > 1 is odd).
Solution: The proof is outlined in the following points:
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e From point 7 of § 2.6.4 we have: ¢(n) <
e By rule 46 of § 1.9 we have (n — 1)! =k
e Accordingly:

(n —1).
¢(n) where k € N.

2¢(n) 2 q (Euler’s theorem noting that 2 and odd n are coprime)
k
{2¢<n>} n ok (rule 11 of § 2.7)
gke(n) Z 9 (rules of indices)
o(n=1l 2 4 [(n—1)! =k¢(n)]

5. Show that a®" 7" & 1 (where pe P, a € N, n € N, and pfa).
Solution: From Euler’s theorem we have (noting that a and p™ are coprime because pfa):

n—l)

a®®") P’ 1 N a®@"—p P 1

where we used Eq. 42 in the last step.

2.9.3 Fermat’s Little Theorem

Fermat’s little theorem states: if p is a prime and @ is an integer then a? £ a. Equivalently, if p Ja then
a?~1 £ 1 (see the note of Problem 1). It is worth noting that the converse of Fermat’s little theorem is
not true in general. This means that there are composite numbers that satisfy the congruence relation
of Fermat’s little theorem and these composite numbers (N 3 m > 2 and m ¢ P) are called Carmichael
numbers (i.e. a™ £ q for all a € Z, and a™~! = 1 for all a € Z where a and m are coprime).

Problems

1. Prove Fermat’s little theorem.
Solution: a” £ ¢ means (aP? — a) is divisible by p and this is what we will prove using mathematical
induction.l'®® For a = 1 we have (17 — 1) = 0 which is divisible by p. Now, let assume that (a? — a)
is divisible by p for some a = n and hence we need to show that it is also divisible by p for a = n + 1,
that is:

. -
(n+1)P —(n+1)=|>_ Cln*| — (n+1) (Eq. 13)
Lk=0
[P
= ZC,fnk +1—(n+1) (CPn® =1)
Lk=1
- _
= ZC,fnk -n

Lk=1

p—1
= ZCﬁnk + (n? —n) (CPnP = nP)
k=1

Now, all the terms in the sum (inside the square brackets in the last line) are divisible by p because
all the binomial coefficients Cf contain a factor of p (see Eq. 5 noting that 1 < &k < p).['®l Moreover,
(nP —n) is also divisible by p according to our assumption. Hence, their sum (as seen in the last line)
must also be divisible by p (see rule 14 of § 1.9). So, by the principle of mathematical induction (a? —a)

is divisible by p for all integers a, i.e. a? £ a (as required).

[108] Mathematical induction may suggest the restriction a € N. However, this is not the case.
(109 We should remember that C} = px(p*l)xéix(pfkjrl) is an integer (see rule 26 of § 1.8) and k! (for 1 < k < p) cannot
contain a factor of p that cancels the factor of p in the numerator. So in brief, C’i’ =itp (1<k<pandteN).
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Note: according to Euler’s theorem (see § 2.9.2) we have m?®*) L (where m and k are coprime). We
also have ¢(p) = (p — 1) where p € P (see point 2 of § 2.6.4). So, if k is prime and we replace ¢(k) in
Euler’s theorem by (p—1) and k by p (noting that m and k are coprime) we get m?~* £ 1 (pfm) which
is Fermat’s little theorem (with a = m € N). This means that Fermat’s little theorem is a special case
of Euler’s theorem (corresponding to k =p € P, a = m € N and p)m).[11%
2. Find 73333 mod 13.

Solution: From Fermat’s little theorem we have 7'2 £ 1 and hence (712)m EZ1forallmeN (see rule
11 of § 2.7). Therefore:

73333 _ 7(12x277)+9 _ (12x277) | 79 _ (712)277 <79 B 79 — 40353607 2 8

3. Show the following:
(a) a? £ a and a?~! £ 1 (pJa) are equivalent.
(b) If p€ P, a € Z and pfa then a?~? is the modular multiplicative inverse of a (mod p).
Solution:
(a) If a? £ a and pfa then by rule 7 of § 2.7 we can divide both sides of a? £ a by a and hence we get
a?~' £ 1. On the other hand if a?~ £ 1 then we can multiply both sides by a (using rule 6 of § 2.7)
and hence we get a? £ ¢.[111]
(b) From Fermat’s little theorem we have a?~' £ 1 (where p fa). This can be written as aa?~2 £ 1
which shows that a?~2 is the modular multiplicative inverse of a (mod p). See § 2.7.1 and Eq. 52 in
particular.

4. Find the remainder » € N° for the following divisions:

(a) 34190 = 97. (b) 21355 + 173. (c) 5219 = 31.
Solution: We use Fermat’s little theorem noting that the remainder » € N° of the division a + b

(a,b € N) is the same as the residue r in the congruence equation a L where 0 <r<b.
(a) r = 64 because:

34100 97
34971 x 344 Ly (rules of indices)
1x 344 Ly (@' £1,97/34)
64 %y (344 £ 64)
(b) r = 41 because:
21395 1T ).
(21173*1)2 x 211 2 (rules of indices)
12 x 2111 2y (a»~* £ 1,173)21)
417y (2111 2 41)
(c) r = 3 because:
PR

[1101 1n fact, it is a special case but with the restriction p fa. Moreover, if we consider the condition m € N in Euler’s
theorem and the condition a € Z in Fermat’s little theorem then Fermat’s little theorem should be more general from
this perspective.

[111] We note that the condition pfa belongs to aP~1 £ 1 and hence they are not exactly equivalent. In fact, a? ! Lilisa
consequence of aP £ 4 when pfa (and hence aP~1 £ 1 can be seen as a special case or an instance of a? £ a). So, they
are exactly equivalent if we impose the condition p fa on both. To be more clear, we argue that obtaining aP~! £,

from a? £ ¢ by dividing the two sides of aP £, by a (using rule 7 of § 2.7) is justified only when p and a are coprime
(which means pfa; see part k of Problem 1 of § 2.2).



2.9.3 Fermat’s Little Theorem 94

52119 x 52 & 52 (rule 6 of § 2.7)
52120 & 159 (rules of indices)
(5231_1)4 & 52 (rules of indices)
143 52 (a"* £ 1,31/52)
r52 21

So, r is the modular multiplicative inverse of 52 (mod 31) which is 3, i.e. r = 3.
5. Justify the following (where x € Z and p € P):

(a) aP —x £ 0 has p modular solutions (i.e.  £0,1,...,p—1).

(b) 2”7 — 2 + 1 £ 0 has no modular solution.

(c) z” £ 0 has no modular solution other than 0 (i.e. z £ 0).

Solution:

(a) This is a direct result of Fermat’s little theorem (i.e. 2P £ z) since this congruence relation is
satisfied by all the possible values of z (mod p) which are: 2 £ 0,1,,p — 1. More formally:

Il

= (Fermat’s little theorem, = € Z)

(rule 3 of § 2.7)

[l

P —

Now, if we note that z € Z then we conclude that the congruence equation z? — z £ 0 is valid for
all integers which means that it has p modular solutions (i.e. z £o,1,... ,p — 1) since these modular
classes represent all integers.

(b) This can be inferred from part (a) because if 27 —z £ 0 (according to part a) for all possible values
of « (mod p) then for any possible value of 2 we should have (from the congruence of part b considering
the congruence of part a) 0+ 1 £ 0 which is impossible and hence z? — z +1 £ 0 must have no modular
solution. More formally:

P —x4+120 (given)
0+1£0 (part a)
1£0

which is nonsensical and hence this congruence equation has no solution.
(c) This can be inferred from part (a) since dropping = (i.e. from the congruence of part a) does not
affect the congruence only if z £ 0. In a more formal way:

2 £0 (given)
aP — (2P —x)£0-0 (from part a; also see rule 5 of § 2.7)
2
z=0

6. Show that (pip2)|(p?> " +p5 ' — 1) where p;,ps € P and py # po.

Solution: p; and ps are coprlme (see part j of Problem 1 of § 2.2) and hence by Fermat’s little theorem

we have ph' ™~ 1219 Moreover, it is obvious that P 1y (since plfrl is a multiple of p; noting that

p2 > 1). On adding these two congruences side by side (see rule 4 of § 2.7) we get:
T R - Pl Py - 1)

Similarly, p; and py are coprime and hence by Fermat’s little theorem we have pi?~ Ly Moreover,

it is obvious that p5'~ =) (since ph' “lisa multiple of ps noting that p; > 1). On adding these two
congruences side by side we get:

p€2 1+pp1 1p2yq N pa| (P D2~ 1+ p1—1 —-1)
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As we see, (p%fr1 + pgl_l — 1) is divisible by both p; and p2 and hence it is divisible by their product
(see rule 20 of § 1.9), i.e. (pip2)|(P>~ " +p5 " —1).

7. Show that no Fermat prime Fj, (see § 2.2.3) can be expressed as F), = sP — t? where s,t € N (s > ¢)
and p is an odd prime.
Solution: We prove this by contradiction. So, let assume that Fy, = s? — t” and hence Fj, = (s — t)n
where N 3 n > 1 (see the identity of Eq. 10). Now, since Fj, is prime then (s —¢) = 1. Also, from

Fermat’s little theorem we have s? £ s and #? £ t and hence (see rule 5 of § 2.7):
Fp=st—trZs—t=1 - 22" 1129 - 22" L

ie. p|22k which is impossible because 22" is a natural power of 2 while p is odd and hence they have
no common prime factor.
8. State some general known facts about Carmichael numbers.
Solution: For example:
e There are infinitely many Carmichael numbers.
e Carmichael number is square free (see § 2.1).
e Carmichael number is odd.
e Carmichael number has at least three prime factors.
e Every prime factor of Carmichael number n is less than /n.
e The largest known Carmichael number is much bigger than the largest known prime number.
9. Show that all Carmichael numbers are odd.
Solution: If m is a Carmichael number then we must have ™ 2 a for all a € Z. So, let a = (m — 1)
and hence we have:

This congruence relation is true only if m is odd (noting that m > 2)['*2l and hence m must be odd.
Note: noting that all the primes greater than 2 are odd we can see that the relation a” = a (for all
a € Z) applies only for odd m > 2 (i.e. whether m is prime or not).[113] In fact, there is no reference
in the above proof to the composity of m.

2.9.4 Lagrange’s Polynomial Roots Theorem

According to this theorem, if f(x) is a polynomial of degree n € N with integer coefficients then f(z) £ 0
has at most n distinct roots (where z € Z and p € P).I'" Tt is noteworthy that this theorem is stated
and conditioned in the literature in many different ways. For example, some impose the condition that
the coefficients are not divisible by p (or being coprime to p). However, this condition does not affect the
statement of the theorem although it may affect the form of the polynomial or its degree (noting that the
terms with coefficients divisible by p can be canceled without affecting the congruence equation). Yes,
we may need to impose the condition that not all the coefficients are divisible by p because otherwise
the congruence equation will be satisfied by any integer since it can be written as p[ b (m)] £ (0 which is
satisfied by any x € Z.I''  Also, some impose the condition that n < p which is an issue that we will
discuss briefly later on (see the note of Problem 2).

Problems

1. Prove Lagrange’s polynomial roots theorem.
Solution: We use induction. So, let f(x) = az + b be a linear polynomial in its simple form (i.e. all

1121 If yn is odd then we have —1 Z —1 which is true identically, while If m is even then we have 1 = —1 which is true only
if m =2 since mf(1 —[-1]) =2 if m > 2.

[113] This does not mean it applies to every odd m > 2, but it means when it applies then m is odd > 2.

[114] We refer the reader to point 9 of § 2.7.6.

[115] This means that this congruence equation has p modular solutions, i.e. it is an identity valid for all x € Z. We should
also note that p[f’(m)} = f(z), i.e. the prime does not mean derivative.
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the terms congruent to p are canceled and hence a and p are coprime). Now, let assume that f(z) has
two solutions ;1 and 3 (mod p) and hence we have:

axy +bZary+b£0 (given)
ar, Z azs (rule 3 of § 2.7)
z1 2 ay (rule 7 of § 2.7 noting that a and p are coprime)

This means that the two solutions are identical (mod p) and hence we actually have only one (modular)
solution. So, the statement of the theorem is true for n =1 (i.e. a polynomial with n = 1 has at most
one solution mod p).
Now, let assume that the statement of this theorem is true for some n € N and hence we need to show
(based on this assumption) that the statement is also true for n 4+ 1. So, let assume that f(z) is a
polynomial of degree n+ 1. Now, if f(z) has no root at all then that is it, while if it has any root then
(from algebra) the polynomial can be factored as (x — x1)Q(z) where Q(z) is a polynomial of degree n
and ; is a root of f(x). So, we have (z —z1)Q(z) £ 0 which is equivalent to p|(z —z1)Q(z), and hence
by rule 22 of § 1.9 we must have p|(z — 1) or p|Q(z).1"'% Now, p|(x —z,) is equivalent to (z —z1) £ 0
(which we already proved that it has at most one root), and p|Q(z) is equivalent to Q(z) £ 0 (which
by the induction assumption has at most n roots), and hence we must have at most n + 1 roots, i.e.
the roots of Q(z) £ 0 plus the root of (z — z1) £ 0.
So, we proved that the statement is true for n = 1, and if it is true for n then it is true for n + 1.
Hence, by the principle of mathematical induction (see § 1.5.4) the statement is true for all n € N (as
required).

2. Determine the number of roots of the following polynomial congruence equations and comment:

(a) 23—z 2 0. (b) 624 — 222 +22 2 0. (c) 2° —3a3 + 7w —4L0.
(d) 422 + 82 2 0. (e) 1027 + 1325 — 2% — 15 L 0. (F) 215 — 2% 2 0.
Solution:

(a) This has 3 roots (i.e. 3 0,1,2). This is consistent with Lagrange’s polynomial roots theorem.

(b) This has 2 roots (i.e. 29, 3). This is consistent with Lagrange’s theorem.

(c) This has no root. This is consistent with Lagrange’s theorem.

(d) This has 8 roots (i.e. = L 0,1,3,4,6,7,9,10). This seems inconsistent with Lagrange’s theorem but
we should note that 12 is composite.

(e) This has 1 root only (i.e. = U 10). This is consistent with Lagrange’s theorem.

(f) This has 3 roots (i.e. 20,1, 2). This is consistent with Lagrange’s theorem.

Note: the observant reader should have noticed that part (f) is different from the other parts by having
p < n which is an interesting case. It should be obvious that if p < n then the maximum number of
possible distinct solutions (mod p) cannot exceed p, i.e. the number of solutions is < p. Accordingly,
we can restate Lagrange’s theorem as follows: if f(z) is a polynomial of degree n € N with integer

coefficients then f(x) £ 0 has at most m distinct roots where m is the lowest of n and p. This condition
may also be imposed by other ways.

3. Use Lagrange’s polynomial roots theorem to “prove” Wilson’s theorem (for p > 2; see § 2.9.1).
Solution: We start by noting that according to Fermat’s little theorem (see § 2.9.3) we have z7~1 £ 1
(where pfz) which we write as 27~ — 1 £ 0 (see rule 3 of § 2.7). Now, pfz for x £1,2,...,p — 1 and
hence the congruence equation 27~! —1 £ 0 has (p — 1) solutions since it is satisfied by all these (p— 1)
values of z. Also, according to Lagrange’s polynomial roots theorem the equation zP~! — 1 £ 0 has at
most (p — 1) solutions. So, by combining these facts we conclude that P! — 1 £ 0 has exactly (p — 1)

[116] In modular arithmetic, being divisible by p and being congruent to 0 (modulo p) are equivalent (see Eq. 49).
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solutions which are z £ 1,2,...,p — 1. Accordingly, we get the following congruence identity:
1L @) —2) o p+ 1) = (1P 2)2 ) (p— 1)

Now, if we put x £ 0 in this congruence identity [noting that (—1)P~! = 1 since p > 2 is odd and
considering that this congruence identity is valid for all 2 € Z including = £ 0]1*7 we get (p—1)! £ —1
which is Wilson’s theorem.

Note 1: as indicated, this is not a proof of the entire content of Wilson’s theorem since Wilson’s
theorem (as stated in § 2.9.1) has more content (noting for instance that Wilson’s theorem is an iff
statement and hence it has two parts). However, the proof may be elaborated further to include at
least some of the remaining content of Wilson’s theorem.

Note 2: an important result that we obtained already (as a byproduct of this Problem) is that the

congruence equation P71 — 1 £ 0 has exactly (p — 1) solutions which are £ 1,2,...,p—1.

2.9.5 Other Interesting Theorems

There are other interesting theorems which are used less in this book than the previous theorems (and
some may not even be used at least in this volume) and hence we list them here for casual reference and
general knowledge:

1. Fermat’s last theorem: no natural numbers a, b, ¢ satisfy the equation a™ + b™ = ¢" for any n € N
greater than 2.

2. Dirichlet’s theorem: for any two coprime numbers m,n € N there are infinitely many primes of the
form mk + n (where k € N).[118]

3. Diophantus identity theorem: if m,n € N are each the sum of two squares then m x n is the sum
of two squares.

4. Two square theorem 1 (Fermat): a prime p > 2 can be expressed as a sum of two squares iff
p =4k + 1 for some k € N.

5. Two square theorem 2 (Jacobi): N, = 4(Ny; — Ny3) where N, is the number of representations
of n € N as the sum of two squares, and Ng; (Nyg3) is the number of divisors of n congruent to 1 (3)
modulo 4.

6. Two square theorem 3: a natural number n is the sum of 2 squares iff every prime of the form
4k + 3 occurs an even number of times in the prime factorization of n.

7. Three square theorem (Legendre): a number n € N can be expressed as a sum of three squares iff
n # 4™(8k + 7) where m, k € N°,

8. Four square theorem (Lagrange): any natural number can be expressed as a sum of four (non-
negative integer) squares. This theorem may also be stated as: any natural number is the sum of at
most four squares of positive integers. Each one of these versions has some implications which are
missing from the other version and hence it is stronger (or is more specific or has more content) from
certain aspects. There are other versions in the literature which differ slightly from these versions.

9. Four square theorem (Jacobi): the number of ways of representing a number n € N as the sum of
four squares equals eight times the sum of the divisors of n which are not divisible by 4.

Problems

1. Outline the proof of Diophantus identity theorem.
Solution: If we express m and n as sums of two squares (e.g. m = a? + b and n = ¢ + d?) and
multiply them then their product m X n can be expressed (with some basic algebraic manipulation) as
a sum of two squares.

[117] We note that the solutions of zP~! — 1 £ 0 and the validity domain of this congruence identity are different issues.

[118] 1¢ ig important to note that this theorem is about the existence of infinitely many primes of a certain form and hence it
does not mean that a number is prime if it is of that form. For example, there are infinitely many primes of the form
4k + 3 (like 7, 11 and 19 corresponding to k = 1, k = 2 and k = 4) but this does not mean that every number of this
form is prime, e.g. 15 and 27 are of this form (corresponding to k = 3 and k = 6) but they are not prime. A similar
note should apply to similar theorems.
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2. Based on the proposition of Diophantus identity theorem, express the products of the following pairs
of natural numbers as sums of two squares.

(a) m=5and n=8. (b) m =8 and n = 10. (c) m =13 and n = 17.
Solution:
(a) 5x8 = (1274+2%) x (22 4+2?) =40 =2% 46

(b) 8x10 = (2242} x (12 +3%) =80=4% + 82
() 13x17 = (22 +3?%) x (12 +4?) =221 =52 + 14> = 10% + 112
3. Show that there are infinitely many prime numbers of the following forms (where n, s,t € N):

(a) 5n + 11. (b) 33n + 2°. (c) 13°n + 42. (d) 25°n + 63.
Solution: All these are justified by the Dirichlet theorem (see point 2 in the preamble).



Chapter 3
Univariate Equations and Systems

In this chapter we investigate univariate equations in number theory (and how they are solved) whether
these are single univariate equations or systems of such equations. In fact, our investigation is largely on
congruence equations although we will also discuss (rather briefly) ordinary equations.

3.1 Ordinary Equations

Ordinary equations (as opposite to congruence equations) in number theory are supposed to have domain
and range in the set of integers or some of its subsets such as natural numbers. In fact, these equations are
mostly polynomial equations with integer coefficients and integer solutions (which we may label as ordinary
integer polynomial equations). In the following subsections we investigate several types of univariate
ordinary equations related to number theory and present a number of methods and techniques that we
use in their solution.

3.1.1 Polynomial Equations

In this subsection we demonstrate how to solve univariate ordinary polynomial equations by giving some
simple examples.
Problems

1. Outline the method of solving an ordinary integer polynomial equation by the use of representation of
integers.
Solution: In this method we treat the variable as an unknown base that to be found by using the
technique of conversion from one base system to another base system which we outlined in § 1.6. The
method is illustrated in the next Problem. However, we should note that this method is very limited
in application. For example, it is limited to small non-negative coefficients (< 10) and to non-negative
roots.

2. Solve the following equations for n € N:
(a) 3n* + 9n3 + 6n = 55968. (b) 2n® +n" + 5nt + 2 = 81542764.
Solution:
(a) We need to find n such that (39060), = (55968)19. From the notation of 39060 (i.e. it is smaller
than 55968 in decimal) it is obvious that n > 10. On trying the few integers just above 10 (using for
instance a spreadsheet or a base converter) we get:

(3 x 11%) + (9 x 113) + (0 x 112) 4 (6 x 111) 4 (0 x 11%) = (55968)10

Hence, n = 11.

(b) We need to find n such that (2010050002),, = (81542764)19. From the notation of 2010050002 (i.e.
it is larger than 81542764 in decimal) it is obvious that n < 10. On trying the few integers just below
10 (using for instance a spreadsheet or a base converter) we get:

2xT+ 1A xT)+(5xT)+(2x 7% = (81542764) 1

Hence, n = 7.
3. Solve the following ordinary polynomial equations for n € Z:

(a) n®+12n* — T3 — 12n + 17 = 0. (b) 2n™ — 3n5 + 8n® — n% + 3n + 234 = 0.
(c) 2n® — 15n* — 13503 — 12502 + 273n = 0. (d) n® — 256 = 0.

99
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Solution:

(a) According to the rules of parity (see § 1.8), this polynomial is always odd and hence it cannot be
equal to 0 (which is even). Hence, this equation has no integer solution.

(b) The leading term 2n” becomes much bigger in magnitude than the sum of the other terms when
we move just a few integer values to the left or right of 0. This means (noting that n” is an odd power)
that the polynomial will be negative for all integer values to the left of 0 (except possibly for a few
values in the neighborhood of 0) and will be positive for all integer values to the right of 0 (except
possibly for a few values in the neighborhood of 0). Accordingly, if this polynomial is equal to 0 for
any n € Z then this can happen only in the neighborhood of 0. So, all we need to do is to test the
few integer values in the neighborhood of 0 to see if any one of these values satisfies this polynomial
equation (noting that we stop our search when the polynomial becomes increasingly negative to the
left and increasingly positive to the right). On doing this with (say) n =0,—1,1,—2,2,—3,3, 4,4 we
find that only n = —2 satisfies this equation. So, the only integer solution to this polynomial equation
isn=-2.

It is worth noting that to be absolutely certain that there is no other solution, we can divide (2n7 —
3n5 +8n3 — n? + 3n + 234) by (n + 2) to obtain (2n% — 4n® + 5n* — 10n3 + 28n? — 57n + 117) which is
always odd (see the rules of parity in § 1.8) and hence it cannot be equal to zero. This confirms that
n = —2 is the only possible solution.

(c) n = 0 is an obvious solution. So, all we need is to find the solutions (if any) of 2n* — 15n — 135n% —
125n + 273 = 0. As a quartic polynomial with a positive leading term, it should have a parabola-like
shape that concaves upwards and hence it should be always positive except possibly in the neighbor-
hood of 0. So, if it vanishes at all then this can happen only in the neighborhood of 0. On testing the
few integer values in the neighborhood of 0 we find that n = —3 and n = 1 are solutions. On dividing
(2n* — 15n3 — 13512 — 125n + 273) by (n+3)(n — 1) we get (2n? — 19n — 91) which (as a quadratic and
hence can be easily solved by the quadratic formula) has two solutions: n = 13 and n = —7/2 (which
is not acceptable). So, we found 5 solutions to the given equation (only 4 of which are acceptable) and
hence we do not expect other solutions to this quintic polynomial equation. So in brief, we have only
four integer solutions to the given equation which are n = —3,0,1,13.

(d) We have:

n® — 256 = (n* — 16)(n* +16) = (n? —4)(n* + 4)(n* +16) = (n — 2)(n + 2)(n® + 4)(n* + 16) = 0

So, this equation has only two integer solutions which are n = —2,2 (noting that n? + 4 # 0 and
nt 416 # 0 for any n € Z).

3.1.2 Exponential Equations

In this subsection we demonstrate how to solve univariate ordinary exponential equations by giving some
simple examples. We note that we may not keep ourselves strictly within the borders of number theory
in the entirety of some of the following Problems.

Problems

1. Solve the following ordinary exponential equations for n € Z:

(a) (70)3"™ — 7 = 203. (b) 7" + 8" — 860 = 0. (c) 3" — (162)3~" — 79 = 0.
(d) 17" + 237" = 152882 (e) (33)9%" — (13)5%" = 0. (f) a® +b" =0 (a,b € Z).
(g) a” —b" =0 (a,b € Z). (h) 9271 — 9" = 720.

Solution:

(a) If we write this equation as (70)3™ = 203 + 7™ we can see that no n < 0 can satisfy this equation
because (70)3™ is too small to equal 203 + 7. So, if there is any solution then n must be > 0. More-
over, it is obvious that 7" increases much faster than 3" with increasing n (> 0) which means that any
possible solution must be in the neighborhood of 0 because after a certain value of n (> 0) the growth
of 203 + 7" (due to the growth of 7") exceeds the growth of (70)3™ (due to the growth of 3™ which is
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enhanced by the constant factor of 70). So in brief, any potential solution n € Z must be a positive
small integer. On trying different values of positive small n (e.g. by using a spreadsheet) we get two
solutions: n = 1 and n = 5. These are the only possible solutions because after n = 5 the expression
203+ 7" becomes bigger then (70)3™ and it increases much faster than (70)3™ which makes it impossible
for (70)3™ to catch up.

(b) If this equation has any solution then n must be greater than 0 (because otherwise 7™ + 8" will be
too small to equal 860). Now, according to the rules of parity (see § 1.8), the expression (7™ 4 8™ — 860)
is odd for any n > 0 and hence it cannot be equal to 0 which is even. So, this equation has no solution.
(c) If we multiply the two sides by 3" we get 32" — (79)3" — 162 = 0 which is a quadratic equation in
3™. On solving this quadratic equation (using the quadratic formula) we get:

_ 19+ V(=79)2 — 4(-162)

s 2

3"=81 or 3"=-2

The only acceptable solution is 3" = 81 (since 3" > 0) and hence n = 4.

(d) If we multiply both sides by 289 (which is equal to 172) we get: 17724 (172)237" = 152882. Now,
we have two cases:

e n > 0 which is impossible because in this case 17"2 is an integer while (17%)23~" is a fraction (noting
that 17 and 23 are coprime) and hence their sum cannot be equal to to an integer (i.e. 152882).

e n < 0 which is also impossible if n < —2 for the same reason, i.e. 17" is a fraction while (172)237"
is an integer and hence their sum cannot be equal to the integer 152882.

This means that we have only 3 possible integer values to test (i.e. n = —2,—1,0) since these values
make both 177%2 and (172)23~" integers. On testing these 3 values we find that only n = —2 satisfies
this equation. So, we have only one solution to this equation.

(e) We have three cases to consider:

e n. = (: this is impossible because 33 — 13 # 0.

e n > 0: if we write this equation as (33)9%" = (13)53" then we can see that this equation cannot have
a solution because the prime factors of the left hand side are 3 and 11 while the prime factors of the
right hand side are 5 and 13 and hence the two sides cannot be equal (noting that if two numbers are
equal then they must have the same prime factors due to the uniqueness of prime factorization; see §
2.1).

e n < 0: let m = —n and hence:

(33)9%" — (13)5°" =0  —  (33)9%" =(13)5*" = =g = (33)5%™ = (13)9°™
Again, the prime factors on the left and right hand sides are different (i.e. 3,5,11 on the left and 3,13
on the right) and hence the two sides cannot be equal.

So, we have no solution in any one of these three cases and hence the equation has no solution.

(f) We have a™ + b™ = 0 and hence a™ = —b™. Now, we have five cases to consider:

e a = b= 0: the solution is all n € N (or n € N°).

ea=0andb#0 (or b=0 and a # 0): there is no solution.

e ab # 0 and |a| # |b|: there is no solution.

e ab # 0 and a = b: there is no solution.

e ab # 0 and a = —b: the solution is all odd n.

(g) We have a™ — b™ = 0 and hence a™ = ™. Now, we have five cases to consider:

e a = b= 0: the solution is all n € N (or n € NY).

ea=0andb+#0 (or b=0 and a # 0): there is no solution.

e ab # 0 and |a| # |b]: the only solution is n = 0.

e ab # 0 and a = b: the solution is all n € Z.

e ab # 0 and a = —b: the solution is all even n.

(h) If we multiply the two sides by 972" we get (720)972" + 97" — 9 = ( which is a quadratic equation
in 97™. On solving this quadratic equation (using the quadratic formula) we get:

gn _ —LE /12 —A(720)(-9)

9
9777, —_ 971 9777, - _ =
2(720) - or 80
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The only acceptable solution is 97" = 97! (since 9" > 0) and hence n = 1.

3.1.3 Mixed Polynomial-Exponential Equations

In this subsection we demonstrate how to solve univariate ordinary mixed polynomial-exponential equa-
tions by giving some simple examples.

Problems
1. Solve the following mixed polynomial-exponential equations (where n € N):
(a) 8n — 5™ + 48828037 = 0. (b) 3"n + 17n = 2195383060. (c) 2401™ — n%® = 0.

(d) 14n™ — 1105 — 3n% = 4523811.  (e) (2)11" — 66n° — 5n = 51868249152.

Solution: We note first that some simple Problems like these can be solved (easily and more efficiently)
by just trying the first few values of n (using for instance a spreadsheet). However, for the sake of diver-
sity and to demonstrate the application of the rules and principles of number theory we generally use
in the following standard methods of number theory (noting that these standard methods are generally
needed in tackling more complicated problems of this kind).

(a) If we reduce the equation modulo 5 we get: 3n+2 2 0 whose solution is n = 1 (see § 2.7). On testing
the first few values of n = 1 (ie. n =1,6,11,...) we find that n = 11 satisfies the given equation.
There is no hope to find another solution because beyond n = 11 the term —5" will dominate making
the expression (8n — 5™ 4 48828037) increasingly negative.

(b) If we reduce the equation modulo 3 we get: 2n £ 1 whose solution is n = 2 (see § 2.7.1). On testing

the first few values of n = 2 (i.e. n=2,5,8,...) we find that n = 17 satisfies the given equation. There
is no hope to find another solution because beyond n = 17 the term 3"n will dominate making the
expression (3"n + 17n) increasingly bigger than 2195383060.

We may also follow a different approach by noting that 3"n+ 17n = (3" + 17)n and hence n is a divisor
of 2195383060 (and must be a small divisor noting the eventual magnitude of 3" + 17 which is another
divisor). So, on trying the few small divisors of 2195383060 we get the same answer.

(¢) We have 2401 = 74 and hence 2401" — n% = 74" — % =0, i.e. 74" = n%. Considering the prime
factorization of n it must be a natural power of 7. This is because the base on the left hand side of the
last equation is 7 and so the base on the right hand side must be a natural power of 7. Now, if we take
the square root of both sides of 74" = n® we get 72" = n*9 ie. 49" = n* which shows that n = 49.
So, this value is the solution of the given equation (with no other possible value).

(d) The left hand side is even (see the rules of parity in § 1.8) while the right hand side is odd and
hence this equation has no solution.

(e) If we reduce the equation modulo 11 we get: 6n Y 5 whose solution is n 2 10. On testing the

first value of n = 10 (i.e. n = 10) we find this value satisfies the given equation. There is no other
solution because beyond n = 10 the term (2)11" will dominate making the expression (2)11" —66n°> —5n
increasingly bigger than 51868249152.

3.1.4 Equations Involving Fractions

In this subsection we demonstrate how to solve univariate ordinary equations involving fractions by giving
some simple examples.

Problems

1. Find all n € Z that satisfy the following equations (which involve fractions):

2
(a) =2 =4, (b) o =11. () n+4=32.
(d)n? +5n— 7= 5. (e) 35— B =5 f) Zi+25=a (acl).
Solution:

(a) We have 5n? — 5 = 4n? + 4, i.e. n? = 9 and hence n = +3.
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(b) We have n + 13 = 11n3 — 22n2 + 55, i.e. 11n® — 22n? —n + 42 = 0. This cubic equation has no
integer solution and hence the given equation has no solution in Z.
(c) We have (n +4)(9 — n) = 22, i.e. n? —5n — 14 = 0. This quadratic equation has two solutions:
n=—2andn=".
(d) The left hand side is an integer and so must be the right hand side. Hence, (2n? — 8n — 25) must
be a divisor of 13, i.e. &1 or £13. On equating (2n? — 8n — 25) to each one of these 4 divisors and
solving for n € Z, we find that only (2n? — 8n — 25) = —1 has solutions in n € Z which are n = —2 and
n = 6. However, only n = —2 is acceptable because it is the only value satisfying the given equation
(i.e. it makes the left and right hand sides equal).
(e) On multiplying the given equation by n? and simplifying we get: 5n2 + 73n — 30 = 0 which has only
one integer solution, i.e. n = —15.
(f) We have:
2 3 2n+2+3n-3 HdHn-—1
=+ = = =
n—1 n+1 (n—1)(n+1) n2—1

a

Now, since a € Z then we must have |n? — 1| < |[5n — 1|. On comparing the two sides of this semi-
inequality, it is obvious that |n| cannot be greater than 5 (because in this case n? = nn > 5|n| with the
difference being more than 1 in magnitude).'' So, |n? — 1| < |5n — 1| can only be within the range
—5 < n < 5. On testing these few values (excluding n = +1 because of singularities), we find that only
n = —3,0,2,5 makes 22— (and hence —2+ + %ﬂ) an integer (corresponding to a = —2,1,3,1). So,
these are all the n € Z that satisfy the given equation.

3.1.5 Equations Involving Series

In this subsection we demonstrate how to solve univariate ordinary equations involving series by giving
some simple examples.
Problems
1. Find all n € Z (n # 0) that make the following series equal to an integer: ;" ; - where m € N. Also
find the value of the series corresponding to these values of n.
Solution: If we write this series as > ;" (%) then we can see that it is a geometric series which adds

up to less than 1 (in magnitude) for |n| > 2. So, if this series is to be equal to an integer then we must

have n = —1 or n = +1 (noting that n # 0). Now, we have 4 cases:

e n = —1 and m is even and hence the series is alternating (i.e. —14+1—---) where each two consecutive
terms add up to 0. Accordingly, the series is equal to 0.

e n = —1 and m is odd and hence the series is alternating where each two consecutive terms (except

the last) add up to 0. Accordingly, the series is equal to —1 (because the last term is —1 noting that m
is odd).
e n = +1 and m is even and hence the series is a sum of m 1’s. Accordingly, the series is equal to m.
e n = +1 and m is odd and hence the series is a sum of m 1’s. Accordingly, the series is equal to m.
To sum up, with even m we have n = —1 (making the series equal to 0) and n = 41 (making the series
equal to m), while with odd m we have n = —1 (making the series equal to —1) and n = +1 (making
the series equal to m). So, these are all n € Z that make the given series equal to an integer (with the
corresponding values of the series).

2. Find all n € N that satisfy the following series equations:

(8) Xj_y [cos(hm) +1] =n. (b) Sy [cos(hm) +1] = (n=1).  (e) Xy sin (2507) — 0.
Solution:

(a) The terms of this series are 0,2,0,2,... and hence to make the sum of n terms equal to n we need
to use the first n terms where n is even. Therefore, > _; [cos(km) + 1] = n for all positive even n (i.e.
n=24,6,...).

[119] we intentionally use this simple (and rather non-rigorous) method of analysis to avoid unnecessary complications noting
that more rigorous approach will not affect the result of this analysis.
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(b) From the analysis of part (a) we can easily conclude that >, ; [cos(km) + 1] = (n — 1) for all
positive odd n (i.e. n =1,3,5,...). This is because the odd terms are 0 and hence the sum of the first
n terms when n is odd is equal to the sum of the first (n — 1) terms which is equal to (n — 1) since
(n —1) is even.[120l

(c) The terms of this series are:

B U S

As we see, every 4 consecutive terms add up to 0 which means that the sum of the first n terms is equal
to 0 when n = 4m where m € N. So, the given series equation is satisfied by all n = 4m (m € N).

3.1.6 Equations Involving Roots

In this subsection we demonstrate how to solve univariate ordinary equations involving roots by giving
some simple examples.

Problems

1. Find all n € Z that satisfy the following equations (which involve roots):

(a) ¥/n+ /n+ In = 6651. (b) ¢/n+n+130 = 0. (¢) &/n—n®=0.

(d) n® — 224n%/2 4 1728 = 0. (e) ¥/n+n?+11n? +n = 19931, (f) V/V/n2 = V/nt.
Solution:

(a) Let m = /n (m € R) and hence the given equation can be written as m + m? + m* = 6651. The
solutions of this quartic polynomial equation are m = 9 and m ~ —9.0061 (with two other complex
roots). However, m ~ —9.0061 cannot be a solution because /n > 0. So, we must have m = &/n =9
and hence n = 9% = 43046721 (which is the only possible solution because n must be positive and the
sum is equal to a fixed number).

(b) We have: n + 130 = —¥/n and hence by raising the two sides to power 3 and simplifying we get:
n3 +390n? 4+ 50701n + 2197000 = 0. The solution of this cubic polynomial equation is n = —125 (with
two other complex roots). This is the only possible solution because ¢/n + n must be negative and
hence n must be negative.

(c) We have: ¢/n = n3 and hence by raising the two sides to power 5 and simplifying we get: n = n'5,
i.e. n'® —n =n(n'* — 1) = 0. The solutions of the last equation are: n = 0,41. There is no solution
other than these 3 solutions.

(d) This is a quadratic equation in n3/2

. So, by the quadratic formula we have:

a2 2244 V/(=224)% — 4(1728) _ 224 4208
2 2

i.e. n3/2 = 8 and hence n = 4, or n3/2 = 216 and hence n = 36.

(e) 19931 and (n3+ 11n% +n) are integers (noting that n € Z), and hence if ({/n+n3+11n% +n) should
be an integer then y/n must be an integer. So, let assume that /n is an integer. Now, if ¥/n is odd
then n is odd (see rule 10 of § 1.8) and hence n® + 11n? +n is odd which means that ¥/n+n3+11n?+n
is even (see the rules of parity in § 1.8), while if ¥/n is even then n is even and hence n® + 11n? + n is
even which means that ¥/n + n® + 11n2? + n is even. So, in both cases the left hand side of the given
equation is even and hence it cannot be equal to 1993' which is odd. So, there is no solution to this
equation.

(f) V/V/n? = W¥/n? =n2/1% and V/n* = n*/5. So, we have n?/15 = n*/5. Now, if we raise both sides to
power 15/2 we get n = n® which obviously has 2 solutions: n = 0, 1. However, if we inspect the given
equation we can easily see that n = —1 is another solution (which we lost when we raised to power
15/2). In fact, if we have to keep all the solutions of the given equation then we should have raised to

[120] We note that for n = 1 we consider the sum of 0 terms which is 0.



3.2 Congruence Equations 105

power 15 instead of 15/2 to get n? = n'? which preserves all the 3 solutions of the given equation, i.e.
n = 0,%1. This should highlight an important issue which is the necessity to be careful when we raise
to power or take a root which could lead to losing some solutions or introducing new (false) solutions
which do not satisfy the original equation.
2. Find all n € Z that satisfy the equation /n + 3n* —n? + 2n = a where a € Z.

Solution: Since n is an integer then (3n* — n? 4 2n) is an integer (see rule 1 and other general rules
in § 1.8). So, if a should be an integer then ¢/n must be an integer. Therefore, the solutions of the
given equation are: all integers n which make {/n an integer (i.e. all integers n whose ninth roots are
integers). In other words, the solutions of the given equation are all n € Z of the form n = b° (where
beZ).

3.2 Congruence Equations

Solving congruence equations (whether in one variable or in multiple variables) is a big and rather compli-
cated subject and can be more difficult than the subject of solving the corresponding ordinary equations.
Therefore, our approaches are mostly practical where we try (through presenting illustrating solved Prob-
lems) to enable the reader to guess and capture the theory or method behind the solution of the given
Problem. In fact, we will use in our solutions different treatments and approaches depending not only
on the type of the problem but also on the availability, applicability and convenience of these treatments
and approaches (as well as the level of the book). In the following subsections we investigate solving a
number of types of univariate congruence equations.

3.2.1 Polynomial Congruence Equations

There are several methods for solving polynomial congruence equations (assuming they are solvable). In
the following Problems and subsections we investigate a number of these methods applied to a number
of polynomials of various orders. However, before that we list a number of useful remarks about solving
polynomial congruence equations:

e The solutions of linear polynomial congruence equation are determined (in their existence, number
and form) by the following theorem (which we label as the LCE theorem): if d = ged(a, m) then the
congruence equation az = b (in the unknown z) has a solution iff d|b (where a,b,m,z € Z and m > 1).
Moreover, there are exactly d modular solutions (in mod m):

m 2m (d—1)m
— —_— ... —_ 58
$079€0+d,9€0+ g o d (58)
d
and hence all ordinary solutions are given by xo + k% (i.e. x ™ xo) where xq is a given solution and

ke 7.2

e The number of solutions of polynomial congruence equations is subject to Lagrange’s polynomial roots
theorem which was investigated in § 2.9.4. Hence, it is useful (and important) to keep this theorem in mind
when dealing with polynomial congruence equations. However, we should remember that this theorem
has several limitations such as the limitation about the modulo (i.e. p € P) and the limitation about the
size of p relative to n (see the note of Problem 2 of § 2.9.4). We should also remember that this theorem
is about “at most” and hence it does not guarantee the existence of solution or determine the number of
solutions.

Problems

1. Solve the following linear congruence equations (where n € Z):

(a) 33n 2 6. (b) 69n £ 23. (c) 59n & —8s. (d) 55m + 728,

[121]“Modular solutions” mean distinct solutions in modular arithmetic, while “ordinary solutions” mean solutions in ordinary

(non-congruence) arithmetic.
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Solution: We use rule 4 of § 2.7.1.
(a) The modular multiplicative inverse of 33 (mod 5) is 33* = 2. Hence:

3Bn26 — n=6(33) — n=6(2) — n=1222 = n=245k (ke€Z)
€ Imodular mu tlp icative inverse o mo 18 = 1. ence:
b) The modul Itiplicative i £ 69 (mod 17) is 69* = 1. H
69n 223 =  nZ2369°) — nZ231) - nZ23Y6 - n=6+17k (keZ)
(c) The modular multiplicative inverse of 59 (mod 30) is 59* = 29. Hence:
5on 288 — nZ_88(59") — n-8829) — nZ-2552228 - n=28+30k (keZ)

(d) On adding —7 to both sides (rule 3 of § 2.7) we get 55n £ 1. The modular multiplicative inverse of
55 (mod 23) is 55* = 18. Hence:

21 = nZ165°) - nZ118) - nZ18 - n=18+23%k (keZ)

Note: all the solutions in this Problem follow the criteria set by the LCE theorem (noting that we
have d = 1 in all cases and hence we have a single modular solution in each case, i.e. n = 2,6,28,18
for parts a, b, ¢, d corresponding to m = 5,17, 30, 23 respectively).

2. Solve the following linear congruence equations (where n € 7):

(@) 3n+5217. () 9In—4233  (c)16n—44239. (d) 13n+62 —14. (e) 161n = 343.
Solution:
(a) If we write 3n +5 217 as 3(n+1)+2 2 (3 X 5) + 2 we can see that this congruence equation is

identically correct for all n € Z because 2 39, Alternatively, 3n+5 3 171s equivalent to 5 3 17 which

is equivalent to 2 2 9 which is identically correct.
Regarding the LCE theorem, we have d|b (where d = 3 and b = 12) and hence we have 3 modular

solutions, i.e. n 3 0,1, 2 which represent all n € Z.
(b) If we write 9n — 4 2 33 as 9(n—1)+5 2 (9 x 3) 4+ 6 then we can see that this congruence equation

has no solution because 5 79é 6. More simply, 9n — 4 2 33 is equivalent to —4 2 33, ie. b 2 6 which is
obviously invalid regardless of any n € Z.

Regarding the LCE theorem, d b (noting that d = 9 and b = 37) and hence we must have no solution.
(c) We have:

6n—44239 - 160283 — nZ283(16°)=839)210 — n=10+11k (keZ)

Regarding the LCE theorem, d = 1 and hence we must have a single modular solution, i.e. n Y 10.
(d) We have:

Bn+6Z-14 — 1BrnZ-20 - nZ-20013)=-205)228 — n=28+32% (keZ)

Regarding the LCE theorem, d = 1 and hence we must have a single modular solution, i.e. n 298,

(e) 161 has no modular multiplicative inverse (mod 98) because 161 and 98 are not coprime (see point
1 of § 2.7.1). Hence, we cannot use the method used in the previous parts. So, let us use the LCE the-
orem. Accordingly, we have d = gcd(98,161) = 7. Also, d|b (where b = 343). So, by the LCE theorem
we must have 7 modular solutions. By inspection we find that n = 7 is a solution and hence (from

Eq. 58 with 29 = 7 and m/d = 98/7 = 14) the 7 modular solutions are: n e 7,21,35,49,63,77,91.

Moreover, all the ordinary solutions are given by n = 7 4 14k where k € Z (i.e. n T 7).

In fact, we could have reached this result more easily by using rule 9 of § 2.7, that is:

161/7)n L7 (343/7) = 23049 o n a3 =a011) 27 & =7+ Uk (keZ)
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3. Solve the following quadratic congruence equations (where n € Z):
(a) 4n? —n+6 = 0. (b) 11n2 + 18n + 23 = 0. (c) n2+33n—16 2 0.

(d) 51n2 +1 £ 0. (e) 44n2 — 3n £ 0.

Solution: In this sort of simple polynomial congruence equations we can use a trial method by trying
n=0,1,2,...,m — 1 (where m is the modulo).[*??!

(a) This congruence is equivalent to 4n? —n + 1 50. On trying n = 0,1,2,3,4 we find n = 2 satisfies
this equation and hence the solution is n = 2 + 5k (where k € Z).

(b) This congruence is equivalent to 4n?+4n+2 Z£0. On tryingn = 0,1,2, 3,4, 5,6 we find no solution,

so this congruence equation has no solution.

(c) This congruence is equivalent to n? + 11n — 16 2 0. On trying n = 0,1,2,...,21 we find

n = 4,7,15,18 satisfy this equation and hence the solution is n = m + 22k (where m = 4,7,15,18
and k € Z). We note that Lagrange’s polynomial roots theorem (see § 2.9.4) does not apply to this
quadratic equation because the modulo is composite.
(d) This congruence is equivalent to —n? + 1 Bo. On tryingm =0,1,2,...,12 we find n = 1, 12 satisfy
this equation and hence the solution is n = m + 13k (where m = 1,12 and k € Z).
(e) This congruence is equivalent to 10n? —3n 0. On tryingn =0,1,2,...,16 we find n = 0, 2 satisfy
this equation and hence the solution is n = m + 17k (where m = 0,2 and k € Z).

4. Describe and justify the method of factorization for solving congruence equations.
Solution: Let f(n) = 0 be a congruence equation where f(n) is an integer function of n € Z (noting
that f is usually a polynomial with integer coefficients and this is what it is supposed to be in this
subsection) and where we assume (for simplicity) that m is a square free integer.'?3l To get the
solutions of this congruence equation we do the following:
e We factorize f(n) to its simplest form: f(n) = fi(n)fa(n) ... fy(n).[124
e We prime-factorize m to m = p1ps ... pk.
e We find the solutions (if exist) of all the congruence equations f;(n) %0 where i = 1,2,...,¢ and
i=1,2,... k.
e The solutions of f(n) = 0 then are the union of the solutions of all the following systems of congruence
equations:

n2 a nt2g n %y (59)

where «, 3, ..., represent a possible combination of the solutions obtained in the previous point.
The justification of this method is that the congruence equation f(n) = 0 is equivalent to the following
congruence equation:

fifaify PTETE O

The last congruence equation means that (fifs...f,) is divisible by (pip2...px). Now, by rule 20
of § 1.91if (fifa... fy) is divisible by (pip2...px) then (fife...fy;) must be divisible by each one of
the factors p1,pa,...,pr (noting that these factors are pairwise coprime), while by rule 22 of § 1.9 if
(fifa ... fq) is divisible by each one of the factors p1, ps, ..., px then each one of the factors p1,pe, ...,k
must divide at least one of the factors fi, fa,..., fq. Accordingly, any possible solution must make each
one of the factors pi,pa, ..., px a divisor of at least one of the factors fi, f2, ..., f;. This means that any
possible solution should be a solution of a system of the form given by Eq. 59, and hence the solutions
of the congruence equation f(n) Z 0 should be the union of all these solutions. This also means that

if for a given p; the congruence equation f;(n) % 0 has no solution for all fi(n) then the congruence

[122] A simple spreadsheet or a few lines of code can do this.

[123] The assumption of square free (see § 2.1) is to avoid some confusing details in the following description and justification.
However, we should return to this issue by providing more details in the future (see for instance Problem 7). It is worth
noting that all the examples treated in Problems 5 and 6 (which are about the method of factorization) use square free

m.
[124] When f(n) is a polynomial, “simplest form” means that the factors fi, fa, ..., fq are linear or non-factorizable quadratic.
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equation f(n) 2 0 has no solution. The best way to understand and appreciate this method is to put
it to practice and this is what we will do in the next Problems.
5. Solve the following quadratic congruence equations (where n € Z):

(a) 15n2 —n—2 20. (b) 28n2 — 123n + 110 = 0. (c) 4n? +18n — 70 2 0.

(d) 9n — 39n + 40 2 0. (e) n2 + 2n +5 2%,

Solution:!'?’l We use in this Problem the method of factorization (which we described and justified
in Problem 4) with the use of the Chinese remainder method (see § 2.7.3) or the equivalent equation
method (see § 2.7.4) for solving the systems of Eq. 59 (as will be demonstrated and clarified in the
following solutions).

(a) We prime-factorize the modulo: 70 =2 x 5 x 7.

We factorize the polynomial: 15n% —n —2 = (3n + 1)(5n — 2) 2.

If (3n+1)(5n — 2) is divisible by 70 (as implied by 15n% —n — 2 7:0 0) then it must be divisible by 2,5, 7
(as justified in Problem 4). So, let consider the divisibility of (3n + 1)(5n — 2) by 2,5, 7.

Regarding 2 we must have either (3n + 1) is divisible by 2 (and hence 3n + 1 2 0 whose solution is
nZ 1) or (5n — 2) is divisible by 2 (and hence 5n — 2 2 0 whose solution is n = 0).

Regarding 5 we must have either (3n + 1) is divisible by 5 (and hence 3n + 1 2 0 whose solution is
nZ 3) or (5n — 2) is divisible by 5 (and hence 5n — 2 2 0 which has no solution).

Regarding 7 we must have either (3n + 1) is divisible by 7 (and hence 3n + 1 L 0 whose solution is
n< 2) or (5n — 2) is divisible by 7 (and hence 5n — 2 £ 0 whose solution is n = 6).

So in brief, we have five linear congruence equations (which represent the solutions of f;(n) 2 0 that
we already obtained): n 2 0,n 2 1, n 2 3, n L2 and n < 6.

We now consider all the (triple) combinations that can be formed from these five linear congruence
equations by taking in each (triple) combination one and only one congruence equation of each of the
three moduli 2, 5, 7 (and hence we have 2 X 1 x 2 = 4 triple combinations). These combinations are

represented by the columns (i.e. the second to the fifth) of the following table (ignoring for the time
being the last row):

mod 2 0 0 1 1
mod 5 3 3 3 3
mod 7 2 6 2 6
mod 70 | 58 | 48 | 23 | 13

So, the Problem is reduced to solving four systems of three simultaneous linear congruence equations

(e.g. the second column represents the system n 2 0,n Z3andn< 2) which can be easily done using
the Chinese remainder method (see § 2.7.3) or the equivalent equation method (see § 2.7.4). These
solutions (i.e. the smallest positive solutions) are given in the last row of the table. So, the general
solutions of the given quadratic congruence equation are: n = m + 70k (where m = 13,23,48,58 and
keZ).

(b) V\;e prime-factorize the modulo: 165 =3 x 5 x 11.

We factorize the polynomial: 28n2 — 123n + 110 = (4n — 5)(7Tn — 22) )

If (4n — 5)(7n — 22) is divisible by 165 (as implied by 28n% — 123n + 110 £ 0) then it must be divisible
by 3,5,11. So, let consider the divisibility of (4n — 5)(7n — 22) by 3,5, 11.
Regarding 3 we must have either (4n — 5) is divisible by 3 (and hence 4n — 5 2
n 2) or (7Tn — 22) is divisible by 3 (and hence 7n — 22 2 0 whose solution is n = 1).
Regarding 5 we must have either (4n — 5) is divisible by 5 (and hence 4n — 5 2
n< 0) or (7Tn — 22) is divisible by 5 (and hence 7n — 22 2 0 whose solution is n =

[125] We remind the reader that Lagrange’s polynomial roots theorem (see § 2.9.4) does not apply to these quadratic equations
(because the moduli are composite) and hence the number of solutions can exceed 2.
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Regarding 11 we must have either (4n — 5) is divisible by 11 (and hence 4n — 5 Y 0 whose solution is
n 2 4) or (7n — 22) is divisible by 11 (and hence 7n — 22 2 0 whose solution is n 2 0).

So in brief, we have six linear congruence equations: n 3 2, n 2 1, n 2 0, n 2 1,n Y4andnZo.

We now consider all the (triple) combinations as we did in part (a) and hence we have 2 x 2 x 2 =8

triple combinations. These combinations are given in the following table (ignoring for the time being
the last row):

mod 3 2 2 2 2 1 1 1 1
mod 5 0 0 1 1 0 0 1 1
mod 11 4 0 4 0 4 0 4 0
mod 165 | 125 | 110 | 26 | 11 | 70 | 55 | 136 | 121

So, the Problem is reduced to solving eight systems of three simultaneous linear congruence equations
(e.g. the second column represents the system n 3 2, n Z0andn 2 4) which can be easily done using
the Chinese remainder method (see § 2.7.3) or the equivalent equation method (see § 2.7.4). These
solutions (i.e. the smallest positive solutions) are given in the last row of the table. So, the general
solutions are: n = m 4 165k (where m = 11,26, 55,70,110, 121,125,136 and k € Z).

(c) We prime-factorize the modulo: 210 =2 x 3 x 5 x 7.

We factorize the polynomial: 4n? + 18n — 70 = (n + 7)(4n — 10) 0,

If (n + 7)(4n — 10) is divisible by 210 (as implied by 4n? + 18n — 70 £’ 0) then it must be divisible by
2,3,5,7. So, let consider the divisibility of (n + 7)(4n — 10) by 2, 3,5, 7.

Regarding 2 we must have either (n+ 7) is divisible by 2 (and hence n+7 2 0 whose solution is n = 1)
or (4n — 10) is divisible by 2 (and hence 4n — 10 2 0 whose solution is n = 0).

Regarding 3 we must have either (n+ 7) is divisible by 3 (and hence n+7 £ 0 whose solution is n = 2)
or (4n — 10) is divisible by 3 (and hence 4n — 10 2 0 whose solution is n = 1).

Regarding 5 we must have either (n+ 7) is divisible by 5 (and hence n+7 2 0 whose solution is n
or (4n — 10) is divisible by 5 (and hence 4n — 10 2 0 whose solution is n = 0).

Regarding 7 we must have either (n+ 7) is divisible by 7 (and hence n+ 7 Z 0 whose solution is n — 0)
or (4n — 10) is divisible by 7 (and hence 4n — 10 Z 0 whose solution is n = 6).

So in brief, we have eight linear congruence equations: n 2 1,n 2 0, n 3 2, n 3 1,n s 3, n s 0, n )
and n = 6.

We now counsider all the (quadruple) combinations as we did in the previous parts, and hence we have

2x2x2x2 =16 quadruple combinations. These combinations are given in the following table (ignoring
for the time being the last row):

[len

mod 2 1 1 1 1 1 1 1 110 0 0 0] 0 0 0 0
mod 3 2 2|2 2 1 1 1 1 2 2 2 2 1 1 1 1
mod 5 3 310 0 3 3 0 0| 3 3 0 0] 3 3 0 0
mod 7 0 6 | 0 6 0 6 0 6 | 0 6 0 6 | 0 6 0 6
mod 210 | 203 | 83 | 35 | 125 | 133 | 13 | 175 | 55 | 98 | 188 | 140 | 20 | 28 | 118 | 70 | 160

So, the Problem is reduced to solving sixteen systems of four simultaneous linear congruence equations

(e.g. the second column represents the system n 2 1, n 2 2,n Z3andn < 0) which can be easily done
using the Chinese remainder method (see § 2.7.3) or the equivalent equation method (see § 2.7.4). These
solutions (i.e. the smallest positive solutions) are given in the last row of the table. So, the general
solutions are: n = m + 210k (where m = 13,20, 28,35, 55, 70, 83,98, 118, 125,133, 140, 160, 175, 188, 203
and k € Z).
(d) We prime-factorize the modulo: 105 =3 x5 x 7.

105

We factorize the polynomial: 9n% — 39n + 40 = (3n — 5)(3n — 8) = 0.

If (3n — 5)(3n — 8) is divisible by 105 (as implied by 9n? — 39n + 40 e 0) then it must be divisible by
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3,5,7. So, let consider the divisibility of (3n — 5)(3n — 8) by 3,5, 7.

110

Regarding 3 we must have either (3n —5) is divisible by 3 (and hence 3n —5 2 0 which has no solution)
or (3n — 8) is divisible by 3 (and hence 3n — 8 2 0 which has no solution).
Regarding 5 we must have either (3n — 5) is divisible by 5 (and hence 3n — 5 2 0 whose solution is
nZ 0) or (3n — 8) is divisible by 5 (and hence 3n — 8 2 0 whose solution is n = 1).
Regarding 7 we must have either (3n — 5) is divisible by 7 (and hence 3n — 5 £ 0 whose solution is
n< 4) or (3n — 8) is divisible by 7 (and hence 3n — 8 £ 0 whose solution is n = 5).
As we see, 9n? — 39n + 40 is not divisible by 3 and hence this congruence equation has no solution (even
though the polynomial is divisible by 5 and 7 and hence it is divisible by 35 because what is required
is the divisibility by 105 and the divisibility by 35 is not enough).
(e) We prime-factorize the modulo: 2210 =2 x 5 x 13 x 17.

We rewrite the polynomial as:

n?+2n+5=n’+2n+1+4=n+1)>2+4=m?+4

2210

0

(m=n+1)

Now, if m? + 4 is divisible by 2210 (as implied by m2 +4 *2° 0) then it must be divisible by 2,5, 13, 17.
So, let consider the divisibility of m? + 4 by 2,5,13,17:

m? +4
m? +4
m? +4
m? +4

15 l1& e e

o o o o

Now, since m = n + 1 then we must have:

n+1
n+1
n+1
n+1
n+1
n+1
n+1

15 15 e e llov e [lw

W k= = O

0]

L 44l

3 3 3 3
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15 ll& e e

co w = O

or

5

m=4

or m1:?’10

or

17

m=9

On considering all the eight (quadruple) combinations (i.e. 1 x 2 x 2 x 2) and solving the resulting eight

systems of four simultaneous linear congruence equations (as we did in the previous parts) we get:

mod 2 1 1 1 1 1 1 1 1
mod 5 0 0 0 0 3 3 3 3
mod 13 2 2 9 9 2 2 9 9
mod 17 7 8 7 8 7 8 7 8
mod 2210 | 925 | 535 | 2115 | 1725 | 483 | 93 | 1673 | 1283

So, the general solutions are: n = s + 2210k (where s = 93,483, 535,925,1283,1673,1725,2115 and

keZ).

(a) n® —12n2 + 5n + 150 2 0.

(a) We prime-factorize the modulo: 399 = 3 x 7 x 19.

5n? —
Solution: We follow a similar method to the method we used in Problem 5 to solve the quadratic con-
gruence equations, and hence we present our solution in a brief form.

13n -7

11362

0.

. Solve the following cubic polynomial congruence equations (where n € Z):
(b) n® —

(c) 2n®+ % +3n -5

12710

0.
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We factorize the polynomial: n3 — 12n2 + 5n + 150 = (n + 3)(n — 5)(n — 10) 2 0.
n+3 = 0 - nZ0
n-5 2 0 - nZ?2
n-10 2 0 - n1
n+3 L 0 - n<4
n-5 £ 0 - n<s
7 7
n—10 = 0 — n=3
n+3 2 0 — n216
n-5 = 0 - n=5
n—10 = 0 - n=10
Hence:
mod 3 0 0 0 0 0 0 0 0 0
mod 7 4 4 4 ) ) ) 3 3 3
mod 19 16 5 10 16 ) 10 16 5 10
mod 399 396 81 333 54 138 390 339 24 276
mod 3 2 2 2 2 2 2 2 2 2
mod 7 4 4 4 5 5 5 3 3 3
mod 19 16 ) 10 16 ) 10 16 ) 10
mod 399 263 347 200 320 5 257 206 290 143
mod 3 1 1 1 1 1 1 1 1 1
mod 7 4 4 4 5 5 ) 3 3 3
mod 19 16 ) 10 16 5 10 16 5 10
mod 399 130 214 67 187 271 124 73 157 10
(b)We prime-factorize the modulo: 11362 = 2 x 13 x 19 x 23.
We factorize the polynomial: n3 — 5n? — 130 — 7 = (n+ 1)2(n — 7) "% 0.
n+l 2 0 — nZ
2 2
n—7 = 0 — n=1
n+1 20 - n=12
n-7 £ 0 — L
n+l 20 - n=18
n—-7 2 0 — nZ
n+1 2 0 - n 222
n-7 2 0 — nZ7
Hence:
mod 2 1 1 1 1 1 1 1 1
mod 13 12 12 12 12 7 7 7 7
mod 19 18 18 7 7 18 18 7 7
mod 23 22 7 22 7 22 7 22 7
mod 11362 11361 3457 1793 5251 6117 9575 7911 7
(c) We prime-factorize the modulo: 12710 = 2 x 5 x 31 x 41.
We factorize the polynomial: 2n3 + 7n% +3n — 5 = (2n+5)(n2 +n— 1) "2 0.



3.2.1 Polynomial Congruence Equations 112

On testing the divisibility of (2n + 5)(n? +n — 1) by 2,5,31,41 we find that (2n +5)(n? +n — 1) is
not divisible by 2 for any n € Z (because it is always odd; see the parity rules in § 1.8) and hence this
congruence equation has no solution. In fact, if we were sharp-eyed then we could have identified this
from the beginning by noting that 2n3 + 7n? + 3n — 5 is always odd and hence it cannot be divisible
by 12710 which is even.

7. Solve the following quadratic congruence equation (where n € Z): 2n? — 11n — 51 )
Solution: This congruence equation looks very much like the quadratic congruence equations of Prob-
lem 5. However, its modulo (i.e. m = 180; see Problem 4) is not square free (unlike the moduli in
Problem 5). So, for the p;’s which are not square free we consider the divisibility of (2n* —11n—51) as
a whole (rather than as factorized) by these p;’s (i.e. p?j where a; > 1). This is because the divisibility
of f(n) by these p;j ’s could be realized by the divisibility of the factors of f(n) by the factors of these
p‘;j ’s (rather than by the divisibility of individual factors of f by the entire p?j ). Accordingly:
We prime-factorize the modulo: 180 =22 x 32 x 5 =4 x 9 x 5.
We factorize the polynomial: 2n? — 11n — 51 = (n + 3)(2n — 17) )
If (n + 3)(2n — 17) is divisible by 180 (as implied by 2n? — 11n — 51 =’ 0) then it must be divisible by
4,9,5. So, let consider the divisibility of (n + 3)(2n — 17) by 4,9, 5.
Regarding 4 we consider the divisibility of (2n? — 11n — 51) as a whole by 4, i.e. 2n? — 11n — 51
whose solution (using for instance the trial method of Problem 3) is n L1
Regarding 9 we consider the divisibility of (2n? — 11n — 51) as a whole by 9, i.e. 2n? — 11n — 51 20
whose solutions are 7 = 4 and n = 6.
Regarding 5 we must have either (n+ 3) is divisible by 5 (and hence n + 3 2 () whose solution is n = 2)
or (2n — 17) is divisible by 5 (and hence 2n — 17 2 0 whose solution is n = 1).1126]

So in brief, we have five linear congruence equations: n 2 1,n 2 4n 2 6, n S92andn 1.
We now consider all the four (triple) combinations in the following table:

mod 4 1 1 1 1
mod 9 4 4 6 6
mod 5 2 1 2 1
mod 180 | 157 | 121 | 177 | 141

On solving the four systems of three simultaneous linear congruence equations (as we did in the previous
Problems) we get the (smallest positive) solutions in the last row of the table. So, the general solutions
are: n = m + 180k (where m = 121,141,157,177 and k € Z).
Note: we may adjust the method of factorization (which was described and justified in Problem 4) by
the observations we made in the present Problem (i.e. we consider the divisibility of f as a whole by
the non-“square free” prime factors).

8. What is the maximum number of distinct (modular) solutions of the following polynomials:
(a) Cubic (mod 13). (b) Quartic (mod 77). (¢) Quintic (mod 130169).
Solution: We use Lagrange’s polynomial roots theorem (see § 2.9.4).
(a) 13 is prime and hence we must have a maximum of 3 solutions.
(b) 77 = 7 x 11 and hence we must have a maximum of 4 x 4 = 16 solutions (because for each prime
factor we have a maximum of 4 solutions).
(c) 130169 = 13 x 17 x 19 x 31 and hence we must have a maximum of 5 X 5 x 5 x 5 = 625 solutions
(because for each prime factor we have a maximum of 5 solutions).

9. Find all n € Z that satisfy the following congruence equations:

(a)n—2"£" 0. (b) 77n 42 *"£' 0. (c) 6n—5
Solution:

o, (d) 13n — 17 >"£" 0,

[126] 1t should be obvious that we can consider the divisibility of (2n? — 11n — 51) as a whole by 5 (as we did with 4 and 9).
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10.

(a) This congruence equation means that (n 4 7) is a divisor of (n — 2). Now:

n7271 9
n+7 n+7

So, if (n 4+ 7) divides (n — 2) then 9/(n + 7) must be an integer. The (%) divisors of 9 are £1,£3,+9
which means that (n + 7) = +1,+3,+9 and hence n = —8,—10,—16,—6,—4,2. All these values are
acceptable from a divisibility perspective. However, since the modulo must be greater than 1 then we
should accept only n = —4, 2.

(b) This congruence equation means that (3n + 11) is a divisor of (77n + 2). Now:

77 2 1 841
n+2 (77 )

3n+11 3 3+ 11

So, if (3n+11) divides (77n+2) then the expression inside the brackets in the last equation must be an
integer divisible by 3. For the expression inside the brackets to be an integer, 841/(3n+ 11) must be an
integer. The (4) divisors of 841 are +1,£29, +841. So, we must have (3n 4+ 11) = £1, 429, £841 and
hence (considering n € Z) n = —4, —284, 6. All these values are acceptable from a divisibility perspective
(noting that they make the expression inside the brackets an integer divisible by 3). However, since the
modulo must be greater than 1 then we should accept only n = 6.

(c) This congruence equation means that (15n + 1) is a divisor of (6n — 5). Now:

6n—5 _1(, 21

15n+1 5 ( 15n—|—1>
So, if (15n + 1) divides (6n — 5) then the expression inside the brackets in the last equation must be
an integer divisible by 5. For the expression inside the brackets to be an integer, 27/(15n + 1) must be
an integer. The (+) divisors of 27 are +1,+3, +9, £27. So, we must have (15n + 1) = +1, +3, £9, £27
and hence (considering n € Z) n = 0. So, we have no solution other than this trivial solution (which

should be rejected since the modulo must be greater than 1).
(d) This congruence equation means that (2n + 14) is a divisor of (13n — 17). Now:

13n—17 1 1
3n—17 (13 os)

n+14 2 Cn+7

So, if (2n 4 14) divides (13n — 17) then the expression inside the brackets in the last equation must be
an even integer which means that 108/(n+ 7) must be an odd integer. The (+) divisors of 108 are: +1,
£9, +3, £4, £6, £9, £12, £18, £27, £36, £54, £108. So, for 108/(n + 7) to be an integer we must
have (n + 7) = £1, £2, +3, £4, £6, £9, £12, +18, £27, £36, £54, +£108 and hence: n = —8, —9,
~10, —11, —13, —16, —19, —25, —34, —43, —61, —115, —6, —5, —4, —3, —1, 2, 5, 11, 20, 29, 47, 101.
Noting that 108/(n + 7) must be an odd integer, only n = —11, —19, —43, —115, —3, 5, 29, 101 are
acceptable solutions (i.e. from a divisibility perspective). However, since the modulo must be greater
than 1 then we should accept only n = —3, 5, 29, 101.

Find all n € Z that satisfy the following congruence equations:

n—1

(@) n?+3n—-9 "= 0. (b) 5n3 —4n® +n —6
Solution:
(a) This congruence equation means that (n — 1) is a divisor of (n? + 3n — 9). Now:

3n+11 n245

0. (¢) n*+3n3 —8n2+15 "=" 0.

n+3n-9 o, 5

n—1 N n—1
So, if (n — 1) divides (n? 4+ 3n — 9) then (n — 1) must divide 5, i.e. (n — 1) = 41,45 and hence
n =0,—4,2,6. All these values are acceptable solutions from a divisibility perspective. However, since
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the modulo must be greater than 1 then we should accept only n = 6.
(b) This congruence equation means that (3n + 11) is a divisor of (5n® — 4n? + n — 6). Now:

3 _ 4 2 _ 1
on Sn"+ ;n 6 _ - <45n2 — 2015 + 746 —

8368
3n+11

So, if (3n + 11) divides (5n — 4n? +n — 6) then the expression inside the brackets in the last equation
must be an integer divisible by 27. For the expression inside the brackets to be an integer, 8368/(3n+11)
must be an integer. The (%) divisors of 8368 are +1, +2, +4, +8, +16, +523, 1046, +2092, +4184,
+8368. So, (3n + 11) must be equal to (some of) these values and hence (noting that n € Z): n = —4,
-5, =9, —178, =701, —2793, —3, —1, 345, 1391. All these values are acceptable solutions from a
divisibility perspective. However, since the modulo must be greater than 1 then we should accept only
n = —3, —1, 345, 1391.

(c) This congruence equation means that (n? + 5) is a divisor of (n* + 3n® — 8n? + 15). Now:

44 3p3 —8n2 415
L s e s R B SR P
n24+5

80 — 15n
n?+5 >

So, if (n? +5) divides (n* + 3n® — 8n? + 15) then the expression inside the brackets in the last equation
must be an integer which implies |80 — 15n| > (n? + 5). The solution of this inequality (within the
integers) is —18 < n < 3. On trying these values we find only n = 0 can be a solution. So, the solution
isn=0.

Solve the following polynomial congruence equations (where n € Z):

(a) n'% 4+ nb7 — 172 0. (b) nl640 — 122 4 g9 & (c) n120 + 2,50 4+ 330,
Solution: In this type of high degree polynomial congruence equations we may be able to reduce the
degree of the polynomial repeatedly using, for instance, Euler’s theorem (see § 2.9.2) or Fermat’s little

theorem (see § 2.9.3) as outlined in the following.
(a) We have (using Fermat’s little theorem):

n'% 40 17 = (09 4 (0®) P2 17 2 g 17 = (%) '+ (n°)° —17

||Cn

715—&—713—17i n—|—n3—17in3+n—2

So, the given congruence equation is equivalent to the congruence equation n3 + n — 2 20 (thanks to
Fermat’s little theorem) which has a general solution n = 1+ 5k (k € Z).
(b) We have (using Fermat’s little theorem):

pl640 _ 122 4 g _ (n41)40 . (n41)3n’1 + 89 a 40 _ 3,1 + 89
= M 2489 i 2489 =1-n24+89=90—n2 28— n?

So, the given congruence equation is equivalent to the congruence equation 8 — n? 20 (thanks to
Fermat’s little theorem) which has general solutions n = m + 41k (where m = 7,34 and k € Z).
(c) We have (using Euler’s theorem):

n'? 14277 433 — (n12)"" 42 (n'2) 2 433 L 110 42 % 11 02 433 = 20 + 34

So, the given congruence equation is equivalent to the congruence equation 2n? + 34 Lo (thanks to
Euler’s theorem) which has general solutions n = m + 36k (where m = 1,17,19,35 and k € Z).

Note: we refer the reader to the previous Problems about how to solve n3 +n — 2 20 (for part a),
g—n2Zy (for part b) and 2n? + 34 Lo (for part c).



3.2.2 Hensel’s Lemma, 115

3.2.2 Hensel’s Lemma

This lemma (or rather theorem which, by the way, has several variants and flavors with various levels
of abstraction and generality) provides a practical method for solving polynomial congruence equations
of modular powers of primes, and hence it is important for solving univariate polynomial congruence
equations in general. According to Hensel’s lemma, if:

e P(m) is a polynomial with integer coefficients and P’ is its derivative,

e p is a prime number,

e P(m) 2 0 and P’(m) ;épO,

d+1
then there is a unique “lift” ¢ (mod p) such that P(m + cp?) P—" 0 where ¢ is given by:
c=—[P'(m)] p (60)

with [P'(m)] " being the multiplicative inverse of P’(m) modulo p.
As a result of this lemma we can propose the following recursive formula for obtaining successive lifts
and progressing toward obtaining the final solution:

d+1 d+1
Mmas1 = ma+cap? T= mg— [Pl(md)]*

p? "= mg— [P'(mq)]” P(mq) (61)

The best way to understand and appreciate Hensel’s lemma and learn how to make use of it in solving
polynomial congruence equations of modular prime powers is to put it to practice and that is what we
will do in the following Problems.

Problems

1. Solve the following polynomial congruence equations for n € Z:

(a) 203 —n2 +5n+ 14 Z 0. (b) nt +33n2 — 1% 0. (€) n® — 9nt +4n2 +1 2 0.

Solution:
(a) 27 = 32 and the polynomial has integer coefficients. Hence, this polynomial congruence equation is
potentially subject to Hensel’s lemma.

We start by finding a solution to 2n® —n? 4+ 5n + 14 2 0 which by simple trial gives n = 2. So, m; = 2.
3
We also note that P’(m;) = P'(2) = 6(22) — 2(2) + 5 = 25 # 0, so the condition for lifting is satisfied.
Now, if we note that [P'(m1)]" = [P'(2)]" = 25* (mod 3) equals 1 and P(m;) = P(2) = 36 then from
Eq. 61 we get:
2 * 2
my & my — [P'(m1)]" P(my) =2 — (1 x 36) = —34 = 2
If we note again that [P'(ms)] * = [P'(2)] ¥ = 25* (mod 3) equals 1 and P(msy) = P(2) = 36 then from
Eq. 61 we get:
3 * 3
ms £ mg — [P'(my)]" P(ma) =2 — (1 x 36) = —34 £ 20
So, the general solution to this congruence equation is n = 20 + 27k (k € Z).

(b) 343 = 73 and the polynomial has integer coefficients. Hence, this polynomial congruence equation
is potentially subject to Hensel’s lemma.

We start by finding a solution to n* 4+ 33n? — 1 £ 0 which by simple trial gives n = 2 or n = 5. So,
mi = 2 or myp = 0.

7
We also note that P’(m; = 2) = 4(23) + 66(2) = 164 # 0, so the condition for lifting is satisfied for

my = 2. Similarly, P'(m; = 5) = 4(5%) + 66(5) = 830 ;é 0, so the condition for lifting is also satisfied
for m; = 5. Accordingly, we need to consider both cases by applying the recursive lifting formula (Eq.
61) as we did in part (a).

Regarding my = 2:

2

my T my — [P'(m1)]" Plmy) = 2—(5x147) = —733 2 2
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ms T my — [P'(m2)]" Plmg) = 2— (5x147) = —733 = 296
Regarding mq = 5:
my T my — [P'(m1)]" Pmy) = 5— (2 x 1449) = —2893 = 47
ms T my — [P'(m2)]" Plmy) = AT — (2 x 4952577) = —9905107 = 47

So, the general solutions to this congruence equation are n = 47 4+ 343k and n = 296 + 343k (k € Z).
(c) 125 = 53 and the polynomial has integer coefficients. Hence, this polynomial congruence equation
is potentially subject to Hensel’s lemma.

We start by finding a solution to n? — 9n4 + 4n2 + 1 = 0 which by simple trial gives n = 2 or n = 4.
So, my =2 or m; = 4.

5
We also note that P’(m; = 2) = 9(28) —36(23) +8(2) = 2032 # 0, so the condition for lifting is satisfied
5

for my = 2. Similarly, P'(m; = 4) = 9(4%) — 36(43) + 8(4) = 587552 # 0, so the condition for lifting is
also satisfied for m; = 4. Accordingly, we need to consider both cases by applying the recursive lifting
formula (Eq. 61) as we did in parts (a) and (b).

Regarding my = 2:

52 *

my & my — [P'(m1)]" Plmy) = 2— (3x385) =—1153 22

*

ms & my— [P(mg)]" P(mg) = 22— (3 x 1207267111425) = —3621801334253 = 122

Regarding m; = 4:
my & my— [P'(m1)]" Plm1) = 4— (3% 259905) = —779711 = 14

3

* 3
ms = my — [P'(ma)]" P(ma) = 14— (3 x 20660701825) = —61982105461 = 39

ot

So, the general solutions to this congruence equation are n = 39 4+ 125k and n = 122 + 125k (k € Z).

3.2.3 Euler’s Criterion

There are many details about Euler’s criterion. However, here we only introduce this criterion as a test
for solvability of congruence equations. According to this criterion, the quadratic congruence equation
22 £ m has a solution iff m®»—1/2 £ 1 (where m € Z, p is an odd prime and p}m). It is important to
note the following about Euler’s criterion:

e Despite its restriction (as stated above) to a simple quadratic form (i.e. 22 £ m), this criterion can be
applied to quadratic polynomial congruence equations in general by transforming other quadratic forms to
this form by some congruence and algebraic manipulations (using the techniques of modular multiplicative
inverse and completing the square). This will be demonstrated in the following Problems.

e Despite its restriction (as stated above) to quadratic polynomials, its usefulness extends (as a test for
solvability) to higher degree polynomials by factorizing these polynomials to quadratic factors (as well as
a linear factor if the degree is odd) noting that any polynomial (with integer coefficients) can be factorized
as a product of linear or/and quadratic factors.

e We should note the limitation of Euler’s criterion from two main sides: its restriction to prime moduli
and the restriction of p/m.

e Despite its usefulness in general (as stated above and within the given conditions and restrictions),
the usefulness of Euler’s criterion as a test for solvability is mainly related to non-factorizable quadratic
polynomials (or higher-order polynomials which have non-factorizable quadratic factors). This is because
if the quadratic is factorizable (i.e. to linear factors) then it is generally easier to test its divisibility by
testing the divisibility of its linear factors.

2

Problems
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1. Verify the validity of Euler’s criterion test by applying it to the following quadratic congruence equations:
11n° +18n+23 £ 0 44n2 — 3n £ 0

Solution: We note first that these congruences can be simplified (e.g. the first congruence is equivalent

to 4n? +4n +2 = 0) before applying the procedure of verifying Euler’s criterion (where this simplifica-
tion results in arithmetic simplification in the subsequent calculations), but we prefer to deal with the
given congruences as they are.

Regarding 11n2 + 18n + 23 L 0, if we multiply this congruence by the multiplicative inverse (mod 7) of
11 (which is 2) and complete the square then we get:

()12 + (2)18n+ (2)23 20 — n2+36n+46=0 — n+36n+182—1824+46=0 —
(n+18)2 L 278 -~  N2ZLotg

where N = n + 18. Now, 278(7—1)/2 = 2783 Z1 # 1 and hence according to Euler’s criterion (noting

that 7/278) the congruence 11n? + 18n + 23 £ 0 is unsolvable (in agreement with the result of part b
of Problem 3 of § 3.2.1).

Regarding 44n2% — 3n u 0, if we multiply this congruence by the multiplicative inverse (mod 17) of 44
(which is 12) and complete the square then we get:

(12)44n? — (12)3n. 2 0 - n? —36n 0 — n? — 36n + 182 — 182 2 0 -
(n—18)2 £ 324 - N2 324

where N = n — 18. Now, 324(17-1/2 = 3248 £ 1 and hence according to Euler’s criterion (noting that

17/324) the congruence 44n? — 3n Y0 is solvable (in agreement with the result of part e of Problem 3

of § 3.2.1).

2. Determine if the following polynomial congruence equations are solvable or not by using Euler’s criterion:
(a) 28n2 +27n+ 3 £ 0. (b) 3n2 — 96n + 702 2 0.
(c) 10n3 +43n2 — ddn+7 2 0. (d) 40n* — 63n3 + 107n2 — 87n + 39 = 0.

Solution: We employ the method which we used in Problem 1. As indicated earlier, these congruences
can be simplified (e.g. the congruence of part a is equivalent to 2n? + n + 3 B 0) before applying this
method, but we prefer to deal with the given congruences as they are.

(a) We have:

(7)28n2 + (7)27n + (1)3 £ 0 - n?+189n+21 20 — n? +202n + 21 £0 -

(n+101)2 - 1012 +21 20 - (n +101)2 £ 10180 N2 210180

Now, 10180(33-1)/2 = 10180° £ 1 and hence according to Euler’s criterion (noting that 13 /10180) the

congruence 28n2 + 27n + 3 £ 0 is solvable.[127]

(b) We have:
(21)3n2 — (21)96n + (21)702 Z 0 — n? — 2016n + 14742 £ 0 -
(n — 1008)2 — 1008 + 14742 2 0 — (n —1008)% £ 1001322 - N2 21001322

5 31

Now, 1001322631-1/2 = 1001322" —1 and hence according to Euler’s criterion (noting that 31 )

[127] We note that we replaced 189 by 202 (by adding 13 which does not affect its modularity) because 189 is odd and hence
halving it (which is needed for completing the square) is not possible (due to the restriction to integers). This approach
is valid in general (noting that we will use it again in part ¢ where we replace 27 with 32). We also note that we
could have done substantial simplifications in arithmetic during our calculations by exploiting the rules and properties
of congruence but we avoided this for plainness and to avoid unnecessary distraction (as well as to demonstrate certain
features and details in the method of solution with regard to some of these congruences).
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1001322) the congruence 3n? — 96n + 702 2 () is not solvable.
(c) We have 10n3443n2 —44n+7 = (5n—1)(2n2+9n—7). So, if the congruence 10n3+43n? —44n+7
is solvable then we must have 5n—1 = 0 or/and 2n%+9n—7 20 (see rule 22 of § 1.9). Now, 5n—1

0
0

[l [jen

5
is not solvable (noting that —1 # 0). Regarding 2n? + 9n — 7 £ 0 we use Euler’s criterion as we did in
the previous parts, that is:

(3)2n2 + (3)9n — (3)7 =0 - n? +27n — 2120 - n? +32n — 21 20 —
(n+16)2 — 162 — 21 2 0 - (n+16)2 2 277 - N2 2277
Now, 2776=1/2 = 2772 2 _1 and hence according to Euler’s criterion (noting that 5/277) the congru-

ence 2n2 + 9n — 7 2 0 is not solvable.

So, neither 5n—1 = 0 nor 2n2+9n—7 = 0 is solvable and hence the congruence 10n®+43n2 —44n+7 2 0
is not solvable.

(d) We have 40n* — 63n3 + 107n? — 87n + 39 = (5n2 — 6n + 3)(8n? — 3n + 13). So, if the congru-

ence 40n* — 63n® + 107n2 — 87n + 39 = 0 is solvable then we must have 5n2 — 6n + 3 = 0 or/and
8n? —3n+13 Zo (see rule 22 of § 1.9). Regarding 5n% — 6n + 3 Z 0 we use Euler’s criterion as we did
before, that is:

(3)5n2 — (3)6n + (3)3 < 0 — n?—18n+9=0 - (n—92-92+9=L0 -

7

(n—92L72 - N2 L 72

Now, 72(=1)/2 = 723 L 1 and hence according to Euler’s criterion (noting that 7}72) the congruence
5n% — 6n + 3 = 0 is solvable. So, the congruence 40n* — 63n3 + 107n2 — 87n + 39 = 0 is solvable.[128]

3.2.4 Exponential Congruence Equations
We present in the Problems of this subsection a small sample of exponential congruence equations in one
variable and illustrate how they are solved.
Problems
1. Solve the following exponential congruence equations (where n € N):
(a) 6" = 1. (b) 5™ < 6. (c) 8" 24, (d) 13" 2 1. (e) 17" £ 17.
Solution:
(a) All natural powers of 6 end in 6 (rule 16 of § 1.8). Now, if a number ends in 6 then it is equal to
1 modulo 5 (because the number can be written as 5m + 1 for some m € N). Therefore, any positive

integer is a solution of this exponential congruence (i.e. n =1,2,3,...). In fact, even n = 0 is a valid
solution to this congruence.

(b) We have 53 Z 6. We also have 5% = 1 and hence (56)m L1 (see rule 11 of § 2.7). On multiplying
these two congruences side by side (using rule 10 of § 2.7) we get:

5% x (59" L6 x 1 - 53+om Lg

Hence, n = 3 + 6m (m € N to include n = 3).

(c) We have 82 2 4. We also have 8% L2 6 and hence (84)m Y (rule 11 of § 2.7 as well as rule 16 of §
1.8). On multiplying these two congruences side by side (using rule 10 of § 2.7) we get:

82 x (84)" 24 x6 - g2im 2294 - g2am 10 4

[128] We do not need to test the solvability of 8n2 —3n+13 Z 0 because (by rule 22 of § 1.9) the solvability of 5n2 —6n+3 Zo
is enough (noting that 8n? — 3n + 13 Z 0 is not solvable).



3.2.4 Exponential Congruence Equations 119

Hence, n = 2 + 4m (m € N° to include n = 2).

(d) We have 13* %1 and hence (13H)™ Y1 (rule 11 of § 2.7). Hence, n = 4m (m € N). In fact, even
n = 0 is a valid solution to this congruence (and hence m € NO).

(e) We have 171 % 17. We also have 174 £ 1 and hence (174)m 04 (rule 11 of § 2.7). On multiplying

these two congruences side by side (using rule 10 of § 2.7) we get:

178 x (19" 217 x 1 - 17i+am 27
Hence, n = 1+ 4m (m € N to include n = 1).
2. Solve the following exponential congruence equations (where n € N):

(a) 121" — 11" — 20 2 0. (b) 63" — (2)62" + 6™ £ 0. (c) 52" + (6)5" — 8 £ 0.
Solution:
(a) We have:

121" — 11" — 20 = 112" — 11" — 20 = (11" + 4)(11" — 5) 2 0
This means that (11" 4+ 4)(11™ — 5) must be divisible by 9 and hence we have three cases to consider:
e (11™ + 4) is divisible by 9, i.e. (11" +4) 20 and hence 11" 2 —4 2 5. On solving this congruence
equation (using for instance the method we used in the previous Problem) we get: n = 5+6m (m € NY).
o (11" —5) is divisible by 9, i.e. (11" —5) 2 0 and hence 11" 2 5 (i.e. the same as the previous case).[129]
o (11" 4 4) is divisible by 3 and (11" — 5) is divisible by 3, i.e. 11" 2 42 2 and 11" 2522 . On
solving this congruence equation (i.e. 11" 2 2) we get: n =1+ 2m (m € N%), i.e. n is odd positive.
Noting that the general solution of the first two cases is included in the general solution of the third

case, we conclude that the general solution of the given congruence equation is @ > n > 0.
Note: as indicated in the previous footnote, all these details are unnecessary if we noticed that (11" +

4)(11™ — 5) 2 0 is equivalent to (11" + 4)? 2 0 and hence we must have (11™ 4 4) 20 [see rule 23
and Problem 20 of § 1.9 noting that (11" + 4)2 £ 0 is equivalent to 32|(11" + 4)? and 3|(11" + 4) is

equivalent to (11" 4 4) 2 0]. However, we wanted to show the standard method of solution.

(b) We have:
1

6" — (2)6*" + 6™ = 6" [6°" — (2)6" + 1] =6"(6" — 1)
This means that 6" (6™ — 1)? must be divisible by 17 and hence we have two cases to consider (see rule
22 of § 1.9):
e 6" is divisible by 17, i.e. 6™ Y 0 which has no solution (noting that 6™ cannot have a factor of 17 to
be divisible by 17).
e (6™ — 1) is divisible by 17, i.e. 6™ —1 0 and hence 6" £ 1. On solving this congruence equation
(using for instance the method we used in the previous Problem) we get: n = 16m (m € N).
So, the general solution of the given congruence equation is: n = 16m (m € N).
(c) We have:

52" 4 (6)5" —8 =52"+ (6)5" +9—9—8=(5"+3)2— 1720 — N2Ey

where N = 5" + 3. Now, the solution of N2 BaisNEo2and N E 11 (see § 3.2.1). Accordingly, we
have two cases:

o5 +32 2,1i.e. 5" £ _1 £ 12 which has the general solution (see the previous Problem) n = 2 4 4m
(m € NY).

e 5"+ 3211 ie. 5" £ 8 which has the general solution n = 3 + 4m (m € N°).

So, the general solutions of the given congruence equation are: n = 2+ 4m and n = 3 + 4m (m € NY).

129 Ty fact, we should have noticed this earlier because (117 — 5) 20is equivalent to 11" 252 —4, ie. (11™ +4) 20.

Hence, (117 + 4)(11" — 5) 2 0 is equivalent to (11" + 4)2 2 0.
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3. Solve the following exponential congruence equations (where n € N):

(a) 21745 L 0. (b) 77371 81 g, (c)3"+5 > =" q.
Solution:
a 1S congruence equation means 1vides , that 1s:

Thi i 9" divides 21™"®, that i

21n+5 3n+5 % 7n+5

— 3n+572n % 7n+5 _ 35771 % 7n+5
gn 32n

Now, (35~™ x 7"*®) is an integer if (5 —n) > 0. So, considering that n € N, only n = 1,2,3,4,5 meet
this condition, and hence the solutions of 217! L0 are n = 1,2,3,4,5.

(b) This congruence equation means (8" + 1) divides 77°"~L. However, if (8" + 1) divides 773"~! then
(8™ +1) must contain a factor of 7 (noting that 77 = 7 x 11) which means that (8" +1) must be divisible
by 7. But we will show (by induction) that (8" +1) is not divisible by 7. For n = 1 we have (8 +1) =9
which is not divisible by 7. Now, let assume that (8" + 1) is not divisible by 7 for a given k € N [i.e.

7
(8% + 1) # 0] and we will show that if this is the case then (8" + 1) is not divisible by 7, that is:

7
8 1= (8" x8)+1=(8"x7)+ (8" +1) < (8" +1)#£0

So, (8™ + 1) is not divisible by 7 for any n € N and hence it does not contain a factor of 7. Therefore,
(8" + 1) cannot divide 773"~! and thus the given congruence equation has no solution.

(c) This congruence equation means (5"~* + 2) divides (3" + 5). However, if (5”1 + 2) should divide
(3" 4+ 5) then (5"~ ! + 2) must not exceed (3" + 5) in magnitude. But it is obvious that (5771 + 2)
grows faster in magnitude than (3" +5) as n increases which means that we expect (5" ~! +2) to exceed
(3™ + 5) in magnitude very soon (as n grows). Hence, the given congruence equation can be satisfied
only for low values of n € N. On testing the first few values of n € N we find that only n = 2 satisfies
the given congruence equation. So, n = 2 is the only solution to the given congruence equation.

3.2.5 Mixed Polynomial-Exponential Congruence Equations

We present in the Problems of this subsection a few simple examples of mixed polynomial-exponential

congruence equations in one variable and demonstrate how they are solved.

Problems

1. Solve the following mixed polynomial-exponential congruence equation: 2n® — 4n? + 5" U, (where
n€Nanda=0,1,...,10).
Solution: For n = 1,2,3.4,5,6,7,8,9,10,11 we have 2n — 4n2 2 9.0,7,9,7,2,6,9,1,5,0. For n =
1,2,3,4,5 we have 5" u 5,3,4,9,1 and this cycle of 5 repeats itself every 5 consecutive integers.

Accordingly, we have a cycle of 55 (i.e. 11 x 5). This cycle of 55 is given in the following table where
the columns represent the ones digits of n and the rows represent the tens digits of n. For example, the

cell corresponding to row “2” and column “7” represents 2n® — 4n? + 5" 110 for n = 27.

0| 1|2|3|4|5|6|7]|8]|09
0 3131078 7] 9210
16 |5 |1}4|5|10]1|5 10| 7
2121031298310 6|4
3|10/ 6 (84|71 |11 |0]O0
4| 7|3 |14]19]9|10]5|10] 2| 5
5/3 0|15 |31

Accordingly:
e 213 — 4n? + 5" 2 0 for n = m + 55k (where m = 3,38,39,51 and k € N°).
e 213 — 4n? + 5" 2 1 for n = m + 55k (where m = 12,16, 35, 36,37,52,55 and k € N°).
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o 213 — 4n? + 5" 2 2 for n = m + 55k (where m = 8,20, 23,48 and k € N°).

o 213 — 4n? + 5" 2 3 for n = m + 55k (where m = 1,2,22,26,41,50,54 and k € NY).

o 213 — 4n? + 5" 2 4 for n = m + 55k (where m = 13,29, 33,42 and k € N°).

o 213 — 4n? + 5" 2 5 for n = m + 55k (where m = 11,14, 17,46, 49,53 and k € N°).

o 2n3 — 4n2 4+ 5" 2 6 for n = m + 55k (where m = 10, 28,31 and k € NY).

0 2% — dn2 + 5" 2 7 for n = m + 55k (where m = 4,6,19, 34,40 and k € N°).

o 2n3 — 4n2 4+ 5" 2 8 for n = m + 55k (where m = 5,25,32 and k € N°).

o 2% — 4n2 + 5" 2 9 for n = m + 55k (where m = 7,24,43,44 and k € N°).

o 203 — 4n? + 57 210 for n = m + 55k (where m = 9,15, 18,21, 27,30,45,47 and k € N°).
2. Solve the following mixed polynomial-exponential congruence equations (where n € N):

(a) 3" —3n> 2 0. (b) 7Tn® — 4n2 + 57 2 0,
(c) n* — 303 — 3+ 4326 2. (d) (4)3" +3n* — 302 2 0.
Solution:

(a) We have 3(3"~1 — n?) 2 0 and hence by dividing both sides by 3 (see rule 7 of § 2.7) we get
gn—l—p2 2.

Now, for n = 1,2,3,4 we have 37! 2 1,3,4,2 and this cycle of 4 repeats itself every 4 consecutive
integers. Also, for n = 1,2,3,4,5 we have n? 2 1,4,4,1,0 and this cycle of 5 repeats itself every 5
consecutive integers. Accordingly, 3"~ ! — n? 2 0hasa cycle of 20 (i.e. 4 x 5). On inspecting the first
20 natural numbers, we find that n = 1,3, 7,9 satisfy the congruence 37~ ! — n? 59 (ie. 3771 2 12 for
these values of n). Therefore, the solutions of the given congruence equation are n = m + 20k (where
m=1,3,7,9 and k € N),

(b) For n 2 1,2,3 we have Tn® — 4n? 2 0,1, 0 while for 5 we have a cycle of 2 (i.e. 5" 3 9 for odd n
and 5" 2 1 for even n). Accordingly, we have a cycle of 6. On inspecting the first 6 natural numbers,
we find that only n = 5 satisfies the congruence 7n3 — 4n? + 57 2. Therefore, the solutions of the
given congruence equation are n = 5 + 6k (where k € NO),

(c) 4326 2 6 foralln € N (seerule 17 of § 1.8) while forn = 1,2, 3,4, 5we have n4—3n3—-325,9,7,1,7
and this cycle of 5 repeats itself every 5 consecutive integers. Therefore, there is no n € N such that

nt —3n% —3+4326" 2 0. In fact, if we were vigilant then we could have reached this conclusion with
no effort by noting that n* — 3n3 — 3 +4326" is always odd and hence it cannot be divisible by 10 which
is even.

(d) From rule 9 of § 2.7 we have (4)3"~! 4 n* — n? 2 0. Now, (4)3"~1 is obviously divisible by 4. Also,
(n* —n?) is divisible by 4 because n* —n? = (n? —n)(n? +n) and both (n? —n) and (n? 4+ n) are even
(see the rules of parlty in § 1.8). Therefore, by rule 14 of § 1.9, (4)3"~! 4+ n? — n? is divisible by 4, i.e.
(4

)3" + 3n* — 3n? 20 for all n € N.

3.2.6 Congruence Equations Involving Roots

We present in the Problems of this subsection a few simple examples of univariate congruence equations
involving roots and demonstrate how they are solved.

Problems

1. Solve the following congruence equations (where n € Z):

(a) ¢n—5n<o0. (b) ¢/n+ ¢/n 0. (¢) n—n=0.

(d) n+2yn = 0. (e) 3n+5yn—120. () n+7¢n+6=0.
Solution:
(a) We outline the solution in the following points:
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e /n requires n to be non-negative, i.e. n € N°.

e /n must be an integer and hence n must be a cube of an integer, i.e. n = a® (a € N°).

e /n must be an integer and hence n must be a square of an integer, i.e. n = b> (b € Z). Hence,
ad =b2, ie. b= (¥a)’.

e If n = 0 then ¥/n is an integer. If n # 0 then ¥/n must also be an integer as will be shown in the
next point.

o I/n = W = a is an integer because if &a is not an integer then it must be irrational (see rule
28 of § 1.8) and hence b = (\2/5)3 = a ¥/a must be irrational because it is a product of an integer (i.e.
a) times an irrational number (i.e. &a) which is a contradiction because b is an integer.

e So in brief, ¢/n is an integer which means that n is a sixth power of an integer, i.e. n = c® (c € Z).

e Accordingly, the given congruence equation becomes: ¢ — 5¢3 20 (c € Z). Now, we have two main
cases: ¢ <0 and ¢ > 0.

o If ¢ <0 then ¢ — 5¢® = 2 +5]c|? £ 0 has the solutions: ¢ = m + 8k where m = 3,4,8 and Z 5 k < 0.
o If ¢ > 0 then ¢? — 5¢3 = ¢? —5|c|? £ 0 has the solutions: ¢ = m + 8k where m = 4,5,8 and Z 3 k > 0.
e So in brief, the solution of ¢/n —5¢/n = 0is n = & = (m + 8%)S (where m = 3,4,8 for k < 0, and
m =4,5,8 for k > 0).

(b) ¢/n and {/n must be integers and hence n must be a 15" power of an integer, i.e. n = a'® where
a € 7Z. Now, we have 3 cases:

e a2 0 and hence a = 3k (k € Z). Accordingly:

In+ /n = V3515 4 /31515 — P+ P 20

e a2 1 and hence a = 3k + 1 (k € Z). Accordingly (see Eq. 13):

3
S+ Yn=YBk+ 1)+ YBk+1)B = Bk+1)°+Bk+1)321°+13 =240

e a2 2 and hence a = 3k + 2 (k € Z). Accordingly (see Eq. 13):

3
S+ Yn=3YBk+2)B+ YBk+2)B = (Bk+2°+@Bk+2)7 220 +22 =102 120

Therefore, the solution of the given congruence equation is: n = a'® where a = 3k (k € Z).
(c) We must have n € N° because of \/n. Also, v/n must be an integer and hence if m = \/n (m € N°)

then the given congruence equation becomes m? —m 2 0. The solutions of this equation (see § 3.2.1)

are m = 4k and m = 1+ 4k (k € N°), i.e. \/n = 4k and \/n = 1 + 4k and hence n = 16k* and
n = (1+ 4k)2.

So in brief, the solutions are: n = 16k% and n = (1 + 4k)? where k € N°.

(d) We must have n € N° because of \/n. Also, y/n must be an integer and hence if m = /n (m € N°)

then the given congruence equation becomes m? + 2m £ 0. The solutions of this equation (see § 3.2.1)
are m = Tk and m = 5+ 7k (k € N%), i.e. /n = 7k and /n = 5+ 7k and hence n = 49k* and
n=(5+7k)?.

So in brief, the solutions are: n = 49k% and n = (5 + 7k)? where k € N°.

(e) ¢/n must be an integer and hence n and /n must have the same parity which means that 3n+5-/n—1
is always odd (see the rules of parity in § 1.8). Therefore, the given congruence equation has no solution
inn € Z.

(f) ¥/n must be an integer and hence n and &/n must have the same parity which means that n+73/n+6
is always even (see the rules of parity in § 1.8). Therefore, the given congruence equation has a solution
for all {/n € Z, i.e. for all n = k® where k € Z.

3.2.7 Congruence Equations Involving Fractions

We present in the Problems of this subsection a few simple examples of univariate congruence equations
involving fractions and demonstrate how they are solved.
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Problems

1. Solve the following congruence equations (where n € Z):

(a) 48 1 3p 2 ¢4 (a:0,1,2,3,4). (b) 804 12008 (50,12 ... 12).

(c) Tn® — 290 + 143%a  (a=0,1,2,...,16).
Solution:
(a) %85 must be an integer and hence n must be a divisor of 435.

The divisors of 435 are 1, 3, 5, 15, 29, 87, 145, 435 and their negatives. On trying these divisors we
find the following;:

. % +3n 2 0 has no solution.

° % +3n 5 1 has the solutions: n = —15,—3,87,435.
° 4%5 +3n 5 9 has the solutions: n = —145,-1,5,29.
o 485 4 3p 5 3 has the solutions: n = —29, —5, 1, 145.

o 435 4 3n 2 4 has the solutions: n = —435, 87,3, 15.

(b) 80 4 1260 — 60n-+1200 if 8011200 should be an integer then we must have

must be an integer. Now, i
either:

60nt1200 — ) (j.e. n = —20) or |60n + 1200 > n? (whose solution is: —15 < n < 75)

n
On trying these values of n we find the following;:

13
60 4 1200

o z =G has no solution for a =1,2,3,4,7,11.

° 67? + % 1 0 has the solution: n = —20.

] 67? + % 2 5 has the solutions: n = 2,10.

o 60 4 1200 B 5100 the solutions: n = —10, 20.

n n2

° 67? + % 3§ has the solutions: n = —4,5.

. 6—7? + % 139 has the solution: n = —1.

° 6—7? + % % 10 has the solutions: n = -5, —2.

o 00 4 1200 13 12 has the solutions: n = 1, 4.

(c) 97?0 must be an integer and hence n? must be a divisor of 900. The divisors of 900 are 1, 2, 3, 4, 5, 6,
9, 10, 12, 15, 18, 20, 25, 30, 36, 45, 50, 60, 75, 90, 100, 150, 180, 225, 300, 450, 900 and thelr negatives.
However, because n? > 0 we consider only the positive divisors. Moreover, because n is an integer, n?
must be a perfect square. So in brief, the only eligible values of n are: n = 1,2,3,5,6,10,15,30 and
their negatives. On trying these values of n we find the following:

o 7n3 — 900 + 143 £ @ has no solution for a = 3,4,5,6,9,10, 16.
® 7n3 — 900 +143 & 70 has the solutions: n = —6, 30.

o Tn3 — 900 +143 ¥ 1 has the solution: n = —1.

o Tn3 — 900 + 143 ¥ 2 has the solution: n = —10.

o Tn® — 900 + 143 £ 7 has the solution: n = —3.

o Tn® — 900 + 143 £ 8 has the solutions: n = —15,2.

o Tn? — 900 +143 £ 11 has the solutions: n = 3, 10.

o Tnd — 900 + 143 £ 12 has the solution: n = —30.

o 7n3 — 900 + 143 ¥ 13 has the solution: n = 5.

o Tn3 — 900 +143 & 7 14 has the solution: n = —5.

o Tn’ — @ 1143 £ 15 has the solutions: n = —2, 1,6, 15.
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3.3 Systems of Ordinary Equations

There are two main methods for solving systems of ordinary univariate equations in number theory. The
first is based on using the traditional methods of solving systems of multivariate equations (as investigated
in algebra and linear algebra for instance) such as by substitution and comparison, and the second is by
solving the individual equations separately (either by the general methods of algebra or by the special
methods and techniques of number theory) and selecting the solutions that satisfy the system as a whole
(i.e. by accepting only the solutions which are common to all the equations). In the following Problems
we highlight the use of these methods in a few examples. Also see § 4.3.

It is useful to note that the set of solutions of a system of equations is the intersection of the sets of
solutions of its individual equations. As a result, a system of equations is solvable only if its individual
equations are solvable, although the converse is not true in general. Accordingly, a system of equations
has no solution if some of its equations have no solution, but a system may not have a solution even
though all its individual equations have solutions (i.e. when the intersection of these solutions is empty).

Problems

1. Solve the following systems of univariate ordinary equations (where n € Z):

(a) n® —49n + 120 =0 n? +3n —18 = 0.

(b) 4n? +8n+13 =0 2nt —3n+1=0.

(c) n* —n3 —22n% +16n + 96 =0 n? +8n? — 15n — 54 =0 n?>—n—6=0.
(d) n? —6n—55=0 n? —17n +66 =0 n? —n—30=0.
(e) 2n5 — 15n* — 135n3 — 12502 +273n =0 (70)3™ — 7" = 203 92ntl _9n = 720.
Solution:

(a) If we solve these equations individually (e.g. by the methods demonstrated in § 3.1.1), we find that
the first equation has the solutions n = —8, 3,5 while the second equation has the solutions n = —6, 3.

Hence, the solution of this system is n = 3.

Similarly, if we compare these equations (i.e. n3 —49n + 120 = n? + 3n — 18) then we get n® — n? —
52n + 138 = 0 which has only one integer solution, i.e. n = 3.

(b) This system has no solution because the first equation has no solution (noting that its left hand
side is odd and hence it cannot be equal to 0 which is even).

(c) If we solve these equations individually we find that the first equation has the solutions n = —2,3, +4
and the second equation has the solutions n = —9, —2,3 while the third equation has the solutions
n = —2,3. Hence, the solutions of this system are n = —2, 3.

(d) The solutions of the first equation are n = —5,11 and the solutions of the second equation are
n = 6,11 while the solutions of the third equation are n = —5,6. Hence, this system has no solution
because the intersection of the solutions of the three equations is empty (even though the intersection
of the solutions of each two equations is not empty).

(e) The solutions of the first equation (according to part ¢ of Problem 3 of § 3.1.1) are n = —3,0,1,13.
The solutions of the second equation (according to part a of Problem 1 of § 3.1.2) are n = 1,5. The
solution of the third equation (according to part h of Problem 1 of § 3.1.2) is n = 1. Hence, the solution
of this system is n = 1.

3.4 Systems of Congruence Equations

If the system is made of (solvable) linear congruence equations then we can use the Chinese remainder
method (see § 2.7.3) or the equivalent equation method (see § 2.7.4) where solution is guaranteed to exist
only if the moduli are pairwise coprime. If the system is made of non-linear congruences (or mixed of
linear and non-linear) then we need to consider some rather elaborate methods (some of which will be
illustrated in the following Problems).

Problems
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1. Solve the following systems of (linear) congruence equations:

(a) 6n+320 an+820 19n — 72 0.

(b) 3n —23 20 14n+9=0 n+8%0 60n +9 2 0.
(c) 4n —20 20 n+420 n+1020 3n— 63 20.
(d)2n+1420 n—1320 3n+ 7820 5n — 195 2 0.
Solution:

(a) The congruence equation 6n + 3 2 0 is not solvable (because the left hand side is odd while the
right hand side is even). Hence, the system has no solution.

(b) These congruences are solvable individually. By moving the constant terms to the right hand side
followed by multiplying by the modular inverse of the coefficients of n we get the following (simpler)

system:
10

n21 nZ3 nZ19 nZ10
The moduli are pairwise coprime and hence a unique solution is guaranteed to exist. On solving this
system (by the Chinese remainder method or by the equivalent equation method) we get: n = 65521.
As we see, 65521 satisfies all these congruences.
So, the general solution to the given congruence system is: n = 65521 4+ 133110k (k € Z).
(c) These congruences are solvable individually and can be simplified (as we did in part b), that is:

3 15

n=2 n 2y n=>5 n B

The moduli are not pairwise coprime and hence there is no guarantee that a solution exists. However,
let’s try! On solving this system (as we did in part b) we get: n = 1700. As we see, 1700 satisfies all
these congruences.

So, the general solution to the given congruence system is: n = 1700 + 2760k (k € Z).

(d) These congruences are solvable individually and can be simplified (as we did in part b), that is:

5 12 17
n=3 n=1 n=

8 nZ15
This system has no solution (noting that the moduli are not pairwise coprime and hence there is no
guarantee that a solution exists).

2. Solve the following systems of (non-linear) congruence equations:

(a) 15n —8 20 6n2 — 22n + 49 = 0.

(b) n — 165 < 0 2n2 — 84 £ 0.

() n2+4n—1020 3n3 —n? +4n — 22 £0.

(d) n® —6n* +212n—12 L 0 n3 +3n%+5n — 1220 n® —8n® —35m +2 £ 0.
Solution:

(a) We note first that in this part the system is not linear even though one of the congruences is linear.
If we solve these congruences individually (using the methods investigated earlier; see for instance the

Problems of § 3.2.1) then we get: n L 15, n 4 1, n 210. On considering these combinations (as we
did in § 3.2.1) we get:

mod 31 15 15
mod 11 1 10
mod 341 | 232 | 263

On solving the two pairs of linear congruences (using for instance the Chinese remainder theorem; see
§ 2.7.3) we get the (smallest positive) solutions in the last row of this table. So, the general solutions
are: n =m + 341k (where m = 232,263 and k € Z).
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(b) If we solve these congruences individually (using the methods investigated earlier; see for instance

the Problems of § 3.2.1) then we get: n Z 2, n Z 5 n U 5 n Y12, On considering all these combina-
tions (as we did in § 3.2.1) we get:

mod 7 2 2 51| 5
mod 17 5 12 | 5 | 12
mod 119 | 107 | 114 | 5 | 12

On solving the four pairs of linear congruences (using for instance the Chinese remainder theorem; see
§ 2.7.3) we get the (smallest positive) solutions in the last row of this table. So, the general solutions
are: n =m + 119k (where m = 5,12,107,114 and k € Z).

(c) If we solve these congruences individually (as we did before) then we get: n 2 0,n=1n=35,

nZ 7, n 297. On considering all these combinations (as we did in § 3.2.1) we get:
mod 5 0] 0] 0 1 1 1

mod 29 S| 7 |127] 5 7|27
mod 145 | 5 | 65 | 85 | 121 | 36 | 56

On solving the six pairs of linear congruences (e.g. by the Chinese remainder theorem) we get the
(smallest positive) solutions in the last row of this table. So, the general solutions are: n = m + 145k
(where m = 5,36, 56,65,85,121 and k € Z).

(d) If we solve these congruences individually (as we did before) then we get: n L 6, n = 2, n = 6,

n2 7n z 2,n £ 16. On considering all these combinations (as we did in § 3.2.1) we get:

mod 7 6 6 6 6 6 6
mod 9 2 2 6 6 7 7
mod 25 2 16 2 16 2 16
mod 1575 | 902 | 1091 | 1077 | 1266 | 727 | 916

On solving the six triples of linear congruences we get the (smallest positive) solutions in the last row
of this table. So, the general solutions are: n = m + 1575k (where m = 727,902,916, 1077,1091, 1266

and k € Z).
. Find n € Z that satisfies the following systems of congruence equations:
(a)n—15"=70 n+9"="0.
(b) 8n+247"="0 5n—3°%"="0.
(c) 44n — 47250 6n2 — 18n + 4 =7 0.
(d) n?+8n—6"E70 3n3 —9n —13 "2 o,
4n? + 60— 4= 0 5n% —3n 45 "0 12n2 — 28 "E2 .

(e)
Solution:
(a) If we solve these congruence equations individually from a divisibility perspective (following the
methods we used in Problems 9 and 10 of § 3.2. 1) we find:

e For n— 15 > 2% 0 we have n = —18,-7,-3,—2,—1,0,4, 15 (of which we accept only n = 0,4, 15 since
the modulo must be greater than 1).

o For n+ 9 "="0 we have n = —9,7,9,25 (of which we accept only n = 25).

As we see, there is no n that solves these congruence equations simultaneously. So, this system has no
solution.

(b) If we solve these congruence equations individually from a divisibility perspective we find:

o For 8n + 24 "=%° 0 we have n = —66, —24, —10, —3, 4, 6, 11, 12, 14, 15, 16, 17, 19, 20, 21, 22, 24,
25, 30, 32, 39, 46, 60, 102 (of which we accept only n = 19, 20, 21, 22, 24, 25, 30, 32, 39, 46, 60, 102).
e For 5n — 3 °"='* 0 we have n = 5,25 (of which we accept only n = 25).

As we see, only n = 25 solves these congruence equations simultaneously, and this is acceptable from
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the congruence perspective (i.e. considering the modulo to be greater than 1) as well as from the
divisibility perspective.
(c) If we solve these congruence equations individually from a divisibility perspective we find:

o For 44n — 4 °"2% 0 we have n = —94, —49, —34, —22, —19, —14, —13, —10, -9, —7, —6, —5, —3, —2,

-1, 1, 2,5, 6, 11, 14, 26, 41, 86.

o For 6n2 — 18n +4 =7 0 we have: n = —3,1,2,3,5.

From the divisibility perspective, n = —3, 1, 2, 5 solve these congruence equations simultaneously. How-
ever, from the congruence perspective (i.e. considering the modulo to be greater than 1) we accept only
n = 9.

(d) If we solve these congruence equations individually from a divisibility perspective we find:

o For n2 +8n — 6 "27 0 we have n = —534, —196, —66, —40, —30, —28, —26, —24, —14, 12, 142, 480.

e For 3n3 — 9n — 13 "2 0 we have n = 0, 12.

As we see, only n = 12 solves these congruence equations simultaneously, and this is acceptable from
the congruence perspective (i.e. considering the modulo to be greater than 1) as well as from the
divisibility perspective.

(e) If we solve these congruence equations individually from a divisibility perspective we find:

o For 4n? 4+ 6n — 4 °"=* 0 we have n = —408, —21, —2,7,8,22, 27, 839.
e For 513 — 3n + 5 "' 0 we have n = —2760, —85, —82, —5, —4, 21, 22, 8261.
n+_12

e For 12n? —28 "= 0 we have n = —1712, —862, —437, —352, —182, —112, —97, —80, —62, —46, —37,
-32, —29, —22, —17, —16, —14, —13, —11, —10, -8, —7, —2, 5, 8, 13, 22, 38, 56, 73, 88, 158, 328, 413,
838, 1688.
As we see, only n = 22 solves these congruence equations simultaneously, and this is acceptable from
the congruence perspective (i.e. considering the modulo to be greater than 1) as well as from the
divisibility perspective.

4. Solve the following systems of congruence equations (where n € N):

(a)3n—1<L0 am—_1Lo 5m—1L0.
(b) 3" —320 5n— 520 ns — 3n3 L.
(c) n®—3n220 nt 20 14320,
Solution:

(a) We note first that in this part we use a single modulo in all the congruence equations. If we solve
these congruences individually (see § 3.2.4) we find that:

e The solution of 3" — 1 = 0 is n = 6k (where k € N).
e The solution of 4" — 1 = 0 is n = 3k (where k € N).

e The solution of 5" — 1 = 0 is n = 6k (where k € N).
Hence, the solution of this system is n = 6k (where k € N).
(b) If we solve these congruences individually (see § 3.2.1 and § 3.2.4) we find that:

e The solution of 3" —3 2 0is n =1 + 4k (where k € N%), i.e. n =

e The solution of 5" — 5 = 0 is n = 1 + 2k (where k € N°), i.e. n = 1.

e The solutions of n® — 3n3 2 0 are n = 0,5,6.

Now, the solution of the 2-congruence system n Z1landn = 1isn = 1 because n = 1 is what is
common between n = 1 and n = 1. So, what we need is to solve the 2-congruence systems n 21 and
n 2 0,5,6. On considering these combinations (as we did earlier) we get:

mod 4 1 1 1
mod1ll | 0 [ 5| 6
mod 44 | 33 | 5 | 17

On solving these three pairs of linear congruences (using for instance the Chinese remainder theorem;
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see § 2.7.3) we get the (smallest positive) solutions in the last row of this table. So, the solutions of the
given system of congruence equations are: n = m + 44k (where m = 5,17,33 and k € N°).
(c) If we solve these congruences individually (see § 3.2.1 and § 3.2.4) we find that:

e The solutions of n® — 3n2 = 0 are n = 0,2,3.

e The solution of n = 0 is 11})) 30. b
e The solution of 7"~ ' +3 =01is n = 3.

Now, the solution of the 2-congruence system n 2 0and n 2 3is n 2 3 because n 2 3 is what is
common between n = 0 and n 2 3. Also, the solution of the 2-congruence systems n 4 0,2,3 and n L3
is n 2 3 because n = 3 is what is common between n = 0,2,3 and n 23

So in brief, the solution of the given system of congruence equations is n s

3.5 Congruence Equations with Multiple Moduli

In § 3.2 we investigated the methods of solution of univariate congruence equations with a single modulo
(like 15n% —n — 2 z 0), while in § 3.4 we investigated the methods of solution of systems of univariate
congruence equations with multiple moduli (like 4n + 8 20and 19n - 72 O).[130] So, in § 3.2 we deal
with a single univariate congruence equation with a single modulo, while in § 3.4 we deal with multiple
univariate congruence equations with multiple moduli.

In this section, we will investigate how to deal with something in between these cases, that is the case of
a single univariate congruence equation with multiple moduli such as n?> — n + 3 Soandn2—n+320.
So, this case is like the case of § 3.2 from the perspective of having a single equation, and it is like the
case of § 3.4 from the perspective of having multiple moduli (and hence multiple “equations” as if we are
dealing with a system of equations).
Problems

1. Solve the following “systems” of congruence equations (where n € Z):

(a) 6n+43 =0 6n + 43 2 0.

(b) 5n% — 16n — 33 2 0 5n% — 16n — 33 2 0.

(c)3n3 —16n2+n—120 3% —16n2+n—120 30— 16n2+n—120.
Solution:

(a) The solution of the congruence equation 6n + 43 Hoisn 2 2, while the solution of the congruence
equation 6n + 43 20 s n 2 22,1131
Now, if we solve the system of congruence equations n Yoandn 2 2 simultaneously (using for

instance the Chinese remainder method; see § 2.7.3) then we get n He 222, that is:

n =222+ (11 x 25)k = 222 + 275k (k € 7)

So, the solution of the given system is n = 222 + 275k where k € Z.

(b) The solution of the congruence equation 5n% — 16n — 33 Z0isn2 2, while the solutions of the
congruence equation 5n? — 16n — 33 H0are n 220 and n 2 32.

Now, if we solve the system of congruence equations n 292 andn 2 20 simultaneously then we get

n % 142, that is:

n =142 + (5 x 61)k = 142 + 305k (k € Z)

[130] We should mention the exception of part (a) of Problem 4 of § 3.4 where we used a single modulo in all the congruence
equations.
[131] The reader is referred to § 3.2.1 for the methods of solving such congruence equations.
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Similarly, if we solve the system of congruence equations n 2 2andn & 32 simultaneously then we get
n Y 32, that is:
n =32+ (5x61)k =32+ 305k (keZ)
So, the solutions of the given system are n = 142 + 305k and n = 32 + 305k where k € Z.
(c) The solution of the congruence equation 3n® — 16n? +n — 1 20isnZ2
The solution of the congruence equation 3n3 — 16n? +n — 1 oisnZo.
The solution of the congruence equation 3n3 — 16n2 +n — 1 £0isn 2 59.
Now, if we solve the system of congruence equations n 2 2, n 29 and n 259 simultaneously then we

get n e 3047, that is:

n = 3047 + (3 x 31 x 83)k = 3047 + 7719k (k € 7)

So, the solution of the given system is n = 3047 + 7719k where k € Z.
2. Solve the following “systems” of congruence equations (where n € N):

(a) 3" —120 3n—120 3n—120,
(b)5m—420 5m—4L0 5m—420,
Solution:

(a) The solution of 3" — 1 = 0 is n = 2k (k € N), i.e. n = 0. The solution of 3" — 1 2 0 is n = 4k
(k € N), i.e. n=0. The solution of 3" — 1 £ 0 is n = 5k (k € N), i.e. n = 0.

Now, the solution of the system n 20,n20andn 2 0is n = 20k (k € N). So, the solution of the
given system is n = 20k where k € N. In fact, even n = 0 is a solution to this system.

(b) The solution of 5™ — 4 20isn=2k (keN), ie. n 2 0. The solution of 5* —4 = 0 is n = 2 + 6k
(k € N%), ie. n < 2. The solution of 57 —4 2 0is n = 8 + 9k (k € N°), i.e. n < 8.

Now, the solution of the system n 20,nZ2andn < 8isn =8+ 18k (k € N%). So, the solution of
the given system is n = 8 + 18k where k € N°.



Chapter 4
Multivariate Equations and Systems

In this chapter we investigate some common types of multivariate equations (ordinary and modular) and
systems of such equations and discuss and demonstrate how they are solved.

4.1 Diophantine Equations

Diophantine equation is an algebraic equation in two or more unknowns that involves only sums, products,

and powers where all the constants (i.e. coefficients and powers) and allowed solutions are integers. Before

we go through the details of the Diophantine equations it is important to take notice of the following points:

1. A Diophantine equation may have no solution, or a single solution, or multiple solutions (whether
finitely many or infinitely many).

2. Before trying to solve a given Diophantine equation it is important to asses the sensibility of the equation
quickly (by inspecting its general characteristics) to see if it is possible to have a solution or not. For
example, by using the parity rules (see § 1.8) we can easily conclude that 16n — 22m = 219 has no
solution because the left hand side is even while the right hand side is odd. Similarly, m? 4+ n* = —256
has no solution because the left hand side is non-negative while the right hand side is negative. So,
in general an initial and systematic inspection using general rules (such as the rules of parity, sign,
primality, divisibility, etc.) can save a lot of time trying to solve an equation that has no solution or
has an obvious solution and hence it does not require any effort to solve. See Problem 1.

3. The previous point applies not only to single Diophantine equations but also to systems of Diophantine
equations, i.e. if a system contains a non-solvable equation then the system is not solvable. So, it is
worthwhile to inspect the individual equations of the system (to check if they are solvable or not) before
trying to solve the system. It is also worthwhile to inspect the characteristics of the system as a whole
to see if it is sensible to have a solution or not. See Problem 2.

4. It seems that there are some ambiguities and differences between authors about the “algebraic equation”
term (which is used in the above definition of Diophantine equation) and this could affect the definition
of Diophantine equation and its instances (e.g. whether equations involving negative or fractional
powers are Diophantine equations or not). This is also related to the use and meaning of “polynomial”
in the definition of Diophantine equation or algebraic equation which may occur in the writing of
some authors. Anyway, these differences are generally trivial and are essentially about convention and
terminology. So, it is useful to be aware of these differences and possible contradictions when reading
the literature although the reader should focus on the content and essence (which should be clear in
general and can be identified from explicit or implicit signs and indications).

5. Diophantine problems (such as solving Diophantine equations and systems of such equations) are gen-
erally more difficult to tackle and solve than their corresponding ordinary versions. This is because
the demand for the solutions (and answers in general) to be integers imposes extra requirements and
conditions and hence it usually complicates the process and methods of solution.

Problems

1. Determine (with justification) if the following Diophantine equations have solutions or not (m,n € Z):
(a) 2m+8n=19.  (b) 21m?+23n? =291.  (c) 3m® —2Tn =677.  (d) 9mS + 13n® + 88 = 0.
Solution:
(a) This equation has no solution because the left hand side is even while the right hand side is odd.
(b) This equation has solution. For example, m = 2 and n = 3 is a solution.

(c) This equation has no solution because 3m3 — 27n = 3(m3 — 9n) and 677 is prime and hence they
cannot be equal (considering their prime factorization; see point 4 of § 2.1).
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(d) This equation has no solution because 9m°® + 13n® is non-negative and hence the left hand side
cannot be zero.
2. Why the following systems of Diophantine equations have no solution (m,n,k € Z):

(@) m?+n8+k6 =0 m* +n?—17=0.

(b)y m2+n®—k*=3 2m +n —n? = 75.

(c)m+n—-9=0 (m +n)? = 49.

(d) m*+n°+k—-43=0 m? + k? + 2mk — 101 = 0.

() ml+n?—k3=0 m24+nt+k+1=0 m+n+k+1=0.
Solution:

(a) A quick initial inspection should reveal that the first equation has only the trivial solution (i.e.
n =m = k = 0), while the second equation can have only non-trivial solutions (i.e. it cannot accept
the trivial solution). This means that the two equations cannot have a common solution and hence the
system has no solution.
(b) A quick initial inspection should reveal that the second equation has no solution (due to parity
violation) and hence the system has no solution.
(c) According to the first equation, (m +n) = 9 and this is obviously inconsistent with the second
equation which implies (m + n) = £7.
(d) If we write the second equation as (m + k)2 = 101 then it is obvious that this equation has no
solution because a perfect square cannot by prime (since 101 is prime). Therefore, this system has no
solution.
(e) If the first equation has a solution then k must be non-negative, while if the second equation has
a solution then k& must be negative. So, the two equations cannot have a common solution and hence
this system has no solution.

3. A sum of two squares equation is a Diophantine equation of the form m? +n? = k where m,n € Z and
k € N°. Give some properties and theorems about this type of equations.
Solution: Refer for instance to § 2.9.5 for some of the two squares theorems which reflect some of their
properties.

4.1.1 Linear Diophantine Equations in Two Variables

A linear Diophantine equation in two variables is a Diophantine equation of the form:
axr+by=-c (62)

where x and y are variables and a, b, ¢ are constants. We present in the following Problems a number of

types of linear Diophantine equations in two variables and demonstrate how they are solved. However,

before that we outline the main types of these equations and the methods that we use for their solution.

In fact, we have three main cases:

1. ¢ = ged(a, b). In this case we use the extended Euclidean algorithm (see § 2.3.4) to express ged(a, b) as
a linear combination of a and b and hence we obtain the solution.

2. ¢ is a multiple of ged(a,b). In this case we use the extended Euclidean algorithm to express ged(a,b)
as a linear combination of a and b and obtain the solution by scaling the equation.

3. ¢ is not equal to ged(a,b) or a multiple of it. In this case there is no (integer) solution.

We finally note that when we get a solution in case 1 and case 2 by the extended Euclidean algorithm,
what we actually get is a particular solution. So, to get the general (or complete) solution we use the
fact that adding zero to the particular solution will not affect the solution. Hence, all we need to do is
to express this zero in a special (and clever) way that generates all the possible solutions. This issue will
be clarified in the Problems. We will also investigate in the Problems other methods and procedures that
can be used to find the general solution of such Diophantine equations (including developing closed-form
formulae).
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Problems

1. Show the following:
(a) The Diophantine equation ax + by = ¢ has a solution iff g|c where g = ged(a, b).
(b) If the Diophantine equation ax + by = ¢ has a solution then it has infinitely many solutions (i.e. in
Z although it may have no solution or only finitely many solutions in a subset of Z).
(c) If ged(a, b) = 1 then the Diophantine equation az + by = ¢ has a solution (and hence infinitely many
solutions).
Solution:
(a) The if part: if g|c then ¢ = g¢’ (for some ¢’ € Z). Now, by rule 8 of § 2.4 we have:

g=ax +by (for some z’,y" € Z)
gc =az'd +by'c (xc)
c=ax+by (QC/ =c2d =xyd = Y)

where z,y € Z (since ¢, 2',y' € Z), i.e. ax 4+ by = ¢ has a solution which is z = 2'¢ and y = y'¢.
The only if part: if ax + by = ¢ has a solution (i.e. there are x,y € Z such that ax + by = ¢) then g
is a divisor of (az 4 by) and hence it is a divisor of ¢ since ¢ = ax + by, that is (where ga’ = a, gb' = b
and m € Z):

ar +by = gld'z +Vy)=gm=c
i.e. g|e noting that m € Z.
(b) We note first that the homogeneous equation axg + byg = 0 has infinitely many solutions (e.g.
xo = —bt and yo = at where t € Z). Hence, if (X,Y) is a solution to the Diophantine equation
az + by = ¢ and we add to this Diophantine equation the homogeneous equation axg + byg = 0 (which
should not affect the solutions of the Diophantine equation since it is identically zero) then we obtain
infinitely many solutions (X + xg,Y + yo), that is:

c=aX+b0Y =aX +0Y +0=0aX +bY + (axo + byo) = a(X + zo) + b(Y + yo)

In fact, it can be shown that all the solutions are given by (X + z¢,Y + o).
(c) If ged(a,b) = 1 then according to part (a) the equation must have a solution (since 1|c). Hence,
according to part (b) the equation must have infinitely many solutions.
Note: as indicated and demonstrated in part (b), the Diophantine homogeneous equation ax + by = 0
always has a solution (and actually infinitely many solutions).

2. Find the general solution of the following linear Diophantine equations in two variables (z,y € Z):
(a) 124z — 56y = 4. (b) 39z + 169y = 65. (c) 220 +4y =T1.
Solution: In the following we use the extended Euclidean algorithm (see § 2.3.4) for expressing ged(a, b)
as a linear combination of a and b.
(a) This is an example of case 1 (see the preamble of this subsection) because:

¢ =4 = ged(124, —56) = 124(5) — 56(11)
Hence, a particular solution is x = 5 and y = 11. We obtain the general solution as follows:
124(5) — 56(11) + {0] = 124(5) — 56(11) + [124(14/@ - 56(31k)} = 124(5 + 14k) — 56(11 + 31k)

Hence, the general solution is = 5 + 14k and y = 11 + 31k (k € 7).[132
(b) This is an example of case 2 (see the preamble) because:

¢=65=5x13 =5 x ged(39, 169) = 5 x {39(—4) n 169(1)} = 39(—20) + 169(5)

[132] We note that it is easier in this case to simplify the equation first by dividing its two sides by ged(a, b) when the ged is
> 1 to simplify the subsequent calculations (and hence our equation in this example becomes 31z — 14y = 1). However,
we preferred to work with the original equation without this simplification. In fact, this simplification should make the
solvability of the equation obvious because the ged after simplification is 1 (see part ¢ of Problem 1).
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Hence, a particular solution is x = —20 and y = 5. We obtain the general solution as follows:
39(—20) + 169(5) + [0] — 39(—20) + 169(5) + [39(13k) + 169(—3k)} — 39(—20 + 13k) + 169(5 — 3k)

Hence, the general solution is = —20 + 13k and y = 5 — 3k (k € Z).113]
(c) This is an example of case 3 (see the preamble) because ¢ = 7 is not equal to or a multiple of
ged(22,4) = 2. Hence, there is no solution to this (as a Diophantine equation). This can also be easily
seen from the fact that the left hand side is even while the right hand side is odd.

3. Show that if ax + by = 0 is a Diophantine equation and g = ged(a,b) then all the solutions of this
equation are given by x = k(b/g) and y = —k(a/g) where k € Z.
Solution: This equation has a solution since it is homogeneous (and in fact it has infinitely many
solutions; see Problem 1). Moreover, it is obvious that @ = k(b/g) and y = —k(a/g) represent valid
solutions (which can be easily verified by substitution noting that b/g and a/g are integers). So, all we
need to do is to show that all the solutions can be expressed in this form. To show this we use the LCE
theorem (see § 3.2.1) as follows.
We can assume first that ab # 0 (where the other cases can be treated as special cases). We can also
assume (with no loss of generality) that b > 0 (otherwise we multiply the equation by —1 to make b > 0
noting that this does not change the solutions). We can also assume that b > 1 (otherwise we multiply
the equation by an integer > 1 to make b > 1 noting that this does not change the solutions). So in
brief, we can assume that b is already > 1.

Now, if reduce the equation modulo b then we get az L. So, from the LCE theorem (see Eq. 58 and
related text), all the solutions of this congruence equation (noting that zo = 0, m = b and d = g) are
given by: = = k(b/g) (where k € Z). Now, if we substitute this into the equation ax + by = 0 (to get
the corresponding y’s) then we get: y = —k(a/g). So, all the solutions of the equation ax + by = 0 are
given by x = k(b/g) and y = —k(a/g) where k € Z.

4. Find the general solutions of the following homogeneous linear Diophantine equations in two variables:
(a) 3z — 27y = 0. (b) 5z + 48y = 0. (c) 2z + 26y = 0.
Solution: We use in this Problem the result of Problem 3.

(a) ged(3, —27) = 3 and hence the general solution is: x = k(—27/3) = —9k and y = —k(3/3) = —k
(keZ),ie. =9y and y € Z.

(b) ged(5,48) = 1 and hence the general solution is: = = k(48/1) = 48k and y = —k(5/1) = —5k
(keZ).

(c) ged(2,26) = 2 and hence the general solution is: © = k(26/2) = 13k and y = —k(2/2) = —k (k € Z),
ie. x =—13y and y € Z.

5. Outline a practical procedurel'®* to obtain the general solution of the Diophantine equation az+by = ¢

(assuming it has a solution, i.e. glc).

Solution: We do the following:

e Find a particular solution (xg,yo) to the equation ax + by = g (where ¢ is the ged of a and b).
e Let © = (¢/g)xo and y = (¢/9)yo.

o Define U = — (¢/g)xo and V =y — (¢/g9)vo.

e Obtain the solution of aU + bV = 0 (by using the result of Problem 3), i.e. U = k(b/g) and
V = —k(a/g) where k € Z.

e Substitute for U and V and hence obtain the solution (i.e. z,y):

U =k(/g) - x—(c/g)xo = k(b/g) - x = (c/g)xo + k(b/g)
V = —k(a/g) - y — (¢/g)yo = —k(a/g) - y = (c/9)yo — k(a/g)

[135]

[133] we repeat the previous footnote noting that the equation after simplification in this example becomes 3z + 13y = 5.
We should also note that this simplification should unify case 1 and case 2 from the perspective of having a gcd equal
to 1 after simplification.

[134] We mean a procedure that does not refer to or based on the extended Euclidean algorithm.

[135] Because we are not supposed to use the extended Euclidean algorithm, we can find a particular solution by inspection
which is generally straightforward.
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6. Find the general solution of parts (a) and (b) of Problem 2 using the procedure of Problem 5.
Solution:
(a) We have g = ged(124, —56) = 4.
e A particular solution to the equation ax + by = g (i.e. 124x — 56y = 4) is xg = 5 and yo = 11.
o Let z = (¢/g)xo = (4/4)5 =5 and y = (¢/g)yo = (4/4)11 = 11.
o Define U = — (¢/g)zo = —5and V =y — (¢/g)yo =y — 11.
e Obtain the solution of aU + bV = 124U — 56V = 0, i.e. U = k(b/g) = k(—56/4) = —14k and
V =—k(a/g) = —31k.
e On substitution we obtain the general solution: = = (¢/g)xo + k(b/g) = 5 — 14k and y = (¢/g)yo —
k(a/g) = 11 — 31k.
Note: this solution is the same as the solution we obtained in part (a) of Problem 2 noting that k € Z
takes all the positive and negative values (i.e. k in one solution corresponds to —k in the other solution).
(b) We have g = ged(39,169) = 13.
e A particular solution to the equation ax + by = g (i.e. 392 + 169y = 13) is o = 9 and yo = —2.
o Let z = (¢/g)xo = (65/13)9 = 45 and y = (¢/g)yo = (65/13)(—2) = —10.
e Define U = — (¢/g)xo = —45and V =y — (¢/g)yo = y + 10.
e Obtain the solution of aU + bV = 39U + 169V = 0, ie. U = k(b/g) = k(169/13) = 13k and
V =—k(a/g) = —k(39/13) = —3k.
e On substitution we obtain the general solution: z = (¢/g)zo + k(b/g) = 45 + 13k and y = (¢/g)yo —
k(a/g) = —10 — 3k.
Note: this solution is the same as the solution we obtained in part (b) of Problem 2 because if ¥ = k+5
and we substitute this &’ in the general solution of Problem 2 then we get:

z=—20+ 13k = =20+ 13(k +5) = 45+ 13k and y=5-3K =5-3(k+5)=—10—3k

which is the general solution obtained in the present Problem. So, the solutions are the same but & in
one solution is shifted by 5 units from its value in the other solution and hence both generate all the
possible solutions noting that k € Z.

7. Find the general solution of parts (a) and (b) of Problem 2 using modular arithmetic.
Solution:
(a) We have (see part a of point 8 of § 2.7.6):
1247 56y =4 — 124z -56y 24 — 124224 = 3lz=1 =  z=5+14k

1247 — 56y =4 — 124z 56y 24— 56y 24—  —1dyZ1 - y=11+ 31k

where we used rule 9 of § 2.7 in the fourth steps. On substituting these forms of  and y in the equation
1242 — 56y = 4 we get:
124(5 + 14k}1) — 56(11 + 31]412) =4 — 1736k, — 1736k = 0 — ko = kq

So, the general solution is * = 5+ 14k and y = 11 + 31k (k € Z). This solution is the same as the
solution of Problem 2.
(b) We have:

169 169

39z + 169y =65 — 39x+169y =65 — 39z =65 — 3z s -  x=06+13k

397+ 169y =65 — 392 +169y 265 — 169y 265 - 13y=5 — y=2+3k
On substituting these forms of # and y in the equation 39z 4+ 169y = 65 we get:

39(6 + 13ky) + 169(2 + 3k,) = 65 - 507k1 + 507ky + 507 = 0 - fey = —ky —1

ie. y=2+43(—ky1 —1) = —1 — 3k;. So, the general solution is x = 6 + 13k and y = —1 — 3k (k € Z).
This solution is the same as the solution of Problem 2 with an offset of 2 in the values of k due to the
difference in the particular solutions.
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8. Give a simple formula for the general solution of the Diophantine equation az + by = ¢ (assuming it is
solvable).

Solution: The general solution is z = z¢ + (b/g)k and y = yo — (a/g)k where g = ged(a, b), (x0,y0) is a
particular solution to the equation ax 4+ by = ¢, and k € Z. This is a result of the fact that the general
solution of the non-homogeneous equation ax + by = c is the solution of the homogeneous equation
az + by = 0 (which we obtained in Problem 3) plus a particular solution of ax + by = ¢ (see Problem
2).

Note: all the results that we already obtained in the previous Problems can be easily obtained from this
formula. However, we did not use this formula because we want to get more insight by demonstrating
the different methods and techniques used in solving Diophantine equations. In fact, we will use this
formula in the future for convenience.

9. We have 572 cars which we want to transport by trailers. There are two types of trailer: small (S) of
capacity 7 cars, and large (L) of capacity 12 cars. The cost of transport on an S trailer is $3750 and
the cost of transport on an L trailer is $5350. Do the following:

(a) Find the number of S and L trailers required to transport these cars such that all the trailers are
fully loaded.

(b) Find the minimum cost required to transport these cars (i.e. with the condition that “all the trailers
are fully loaded”).

(c) Find the minimum cost required if we ignore the condition that “all the trailers are fully loaded”.
Solution: This problem can be modeled (in its parts a and b) by the following Diophantine equation:
Tx + 12y = 572 where z is the required number of S trailers and y is the required number of L trailers
(noting that z,y € N°).

(a) From the formula of Problem 8 we get (using the particular solution z¢ = 8 and yy = 43):

b 12 7
v =wot—k =8+ =k =8+ 12k and y:yo—gk:43—ik:43—7k (k € N)
9 9

Now, by trying k = 0, 1,... while observing the condition =,y € N° we get all the acceptable solutions
of x and y, that is:

k 0 1 2 3 4 5 6
T 8 20 32 44 56 68 80
y 43 36 29 22 15 8 1

So, we have only 7 acceptable solutions.

(b) The total cost C' is: C' = 3750z + 5350y. On calculating the cost of these 7 acceptable solutions we
find that the minimum cost is Cinin = 3750(8) + 5350(43) = $260050 (which corresponds to k = 0).

(c) The transport cost per car for the S and L trailers are (respectively) 3750/7 ~ $535.71 and 5350/12 ~
$445.83. So, it is obvious that it is cheaper to transport the cars by L trailers. Now we need 47 fully-
loaded L trailers to transport 564 cars and we need an extra L trailer to transport the remaining 8 cars.
So, in total we need 48 L trailers to transport all the cars, and hence the minimum cost (without the
condition of “fully loaded”) is 48 x 5350 = $256800.

4.1.2 Linear Diophantine Equations in Three Variables

In this subsection we investigate how to solve linear Diophantine equations in three variables (mostly

by giving simple examples in which we demonstrate and illustrate the methods of solution). However,

before that we note that the results that we obtained in Problem 1 of § 4.1.1 for Diophantine equations

in two variables can be extended to Diophantine equations in three variables (and indeed to Diophantine

equations in n variables), that is:

1. The Diophantine equation ax + by + ¢z = d has a solution iff g|d where g = ged(a, b, ¢).

2. If the Diophantine equation ax + by + ¢z = d has a solution then it has infinitely many solutions (i.e.
in Z although it may have no solution or only finitely many solutions in a subset of Z).
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3. If ged(a, b, ¢) = 1 then the Diophantine equation ax + by 4+ ¢z = d has a solution (and hence infinitely
many solutions).

It is useful to take notice of the following remarks:

e The general solution of a Diophantine equation in n variables contains (n — 1) free parameters (and
hence the general solution of a Diophantine equation in 3 variables contains 2 free parameters).“%]

e The homogeneous Diophantine equation (in any number of variables) is always solvable because it has
(at least) the trivial solution (i.e. all its variables are zero). This is consistent with the fact that ¢|0 (also
see Problem 1 of § 4.1.1).

e There are several (and possibly many) methods for solving linear Diophantine equations in three variables
(some of which are unnecessarily messy).['3”l Our choice (and preference) in the following Problems (and
in general) is to use (when applicable) a simple method based on the fact that the general solution of a
non-homogeneous equation is the solution of the corresponding homogeneous equation plus a particular
solution.

e We will also investigate a closed form formula (or rather formulae considering the number of variables)
that can be used to solve these equations. This formula can be more convenient to use in certain cases and
circumstances (like in coding) and hence we will investigate its derivation and demonstrate its application.

Problems

1. Find the general solutions (if exist) of the following linear Diophantine equations in three variables
(x,y,2 € Z):

(a) 2z + 14y — 222 = 3. (b) 6z + 10y — 19z = 0.
(c) 21z 4 35y — 12z = 41. (d) 48z — 6y — 142 = 32.
Solution:

(a) We have g = ged(2,14,—22) = 2 and d = 3. Since, g/d then this equation has no solution. In fact,
this can be easily inferred from the fact that the left hand side of this equation is even while its right
hand side is odd.

(b) This homogeneous equation is obviously solvable (because it has at least the trivial solution noting
as well that 0 is divisible by any ged). Now, if we write this equation as 6z — 192 = —10y then it is
obvious that this equation is solvable for any y € Z because g = ged(6, —19) = 1 (see part ¢ of Problem
1of §4.1.1). So, let y = s (s € Z). Now, a particular solution for 6z — 19z = —10s is zp = 11s and
20 = 4s. So, from the formula of Problem 8 of § 4.1.1 we get (noting that b in that formula corresponds
to ¢ here):

b —19 6
x:xo—i—;k:lls—i—Tk:lls—lez and z:zo—gk:4s—1k:4s—6k

So, the general solution is:
x=11s — 19k y=s:s z =4s — 6k (s,keZ)

(c) This equation is solvable because ged(21,35,—12) = 1 (see point 3 in the preamble). So, let first
get the general solution of the homogeneous equation 21z + 35y — 122 = 0 (which is obviously solvable).
If we write this homogeneous equation as 21x — 12z = —35y then it is obvious that this equation is
solvable for any y = 3s (s € Z) because g = ged(21, —12) = 3 and 3|(—35 x 3s) = —105s (see part a
of Problem 1 of § 4.1.1). So, let y = 3s (s € Z). Now, a particular solution for 21z — 12z = —105s is
xg = —bs and 29 = 0. So, from the formula of Problem 8 of § 4.1.1 we get:

21
k=

—7k
3

b —12
r=x9+ —-k=-5s+ —k=—-5s—4k and z:zo—gkzo—
g 3 9

[136] If there was more than (n — 1) parameters (see for instance Problem 2) then they are not free.

(1371 It is worth noting that the methods of solving Diophantine equations in general (whether linear or not) largely depend
in their applicability and validity on the specifications and types of the equations noting that some types may require
case-specific methods and techniques. So in brief, there is no general method or technique of solution to Diophantine
equations that can be applied in every case.
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So, the general solution of the homogeneous equation 21x + 35y — 12z = 0 is: * = —bs — 4k, y = 3s
and z = =7k (s, k € Z).

A particular solution of the equation 21z + 35y — 12z = 41 is: (x, Y0, 20) = (2,1, 3).

So, the general solution of the equation 21x + 35y — 12z = 41 is:

r=2—5s—4k y=1+3s z2=3-Tk (s,keZ)

(d) This equation is solvable because ged(48,—6,—14) = 2 which divides 32 (see point 1 in the
preamble). First, we solve the homogeneous equation 48z — 6y — 14z = 0. Writing this equation
as 48z — 14z = 6y we can see it is solvable for any y = s € Z because g = gcd (48, —14) = 2 and 2|(6s)
for any s € Z (see part a of Problem 1 of § 4.1.1). So, let y = s (s € Z). Now, a particular solution for
48x — 14z = 6s is zp = s and zp = 3s. So, from the formula of Problem 8 of § 4.1.1 we get:

b —14 4
r=x0+-k=s+—~k=s5—-"Tk and z:zo—gk:3s——8k:3s—24k
g 2 9 2

So, the general solution of the homogeneous equation 48x — 6y — 14z =0 is: © = s — 7k, y = s and
z=3s— 24k (s,k € Z).

A particular solution of the equation 48z — 6y — 14z = 32 is: (zo, Yo, 20) = (3,0, 8).

So, the general solution of the equation 48z — 6y — 14z = 32 is:

r=3+s—Tk y=s z=8+43s— 24k (s,k€Z)

2. Find a formula for the general solution of the Diophantine equation ax + by + cz = d (assuming it is
solvable).
Solution: We are looking for a formula similar to the formula of Problem 8 of § 4.1.1. We first find
a general solution to the homogeneous equation ax + by + cz = 0 and then add a particular solution
((E(], Yo,0 Z) to it.
If we write ax + by + cz = 0 as ax + cz = —by and follow the method of part (b) of Problem 1 then we
get:

a
T =x9+ m and zZ=2zy— m
ac g(lC
where g,. = ged(a, c¢) and m € Z.
Similarly, if we write ax + by + cz = 0 once as ax + by = —cz and once as by + cz = —ax then we get
(respectively):
b
r=x9+—n and z=2zy— —k
YGab Goc
where g, = ged(a, b), goe = ged(b, ¢) and n, k € Z.
Now, if these equations are consistent then x = x and z = z and hence:
(ot ) = (o) ==
r—x = o+ —m | —|xzo+—n) = m——n=20
YGac Gab Yac YJab
b b
z—z = (zo a m> — <zok) =2 k- Lm=0
Yac Gbe Gbe Jac
If we substitute these expressions into the homogeneous equation ax + by + cz = 0 we get:
al0 } +by+c0] = 0
c b
a|—m——n|+by+c —k——m = 0
Yac Jab
@+[k4 L
Jbe YGab
y = Sn_ Sy

Jab Gbe



4.1.2 Linear Diophantine Equations in Three Variables 138

This means that if y = Ln — Lk then the homogeneous equation ax + by + cz = 0 is an identity. In

other words, x = g—m — gin Yy = g—bn — —k and z = —k — g—m satisfy the homogeneous equation
identically for all values of m,n,k (where these three parameters are coupled by the y condition to
reduce them effectively to just two parameters). If we now add the particular solution (zg,yo,0 2) to
the general solution of the homogeneous equation az + by + cz = 0 we get the general solution of the

non-homogeneous equation ax + by + cz = d, that is:
b a

c b a c
m——n y=%y +—n——k z=20+—k—
Gac Jab Jab Gbe Gbe Jac

xr = X9+ m

We finally note that if we use the identity st = ged(s,t) x lem(s,t) [see part a of Problem 6 of § 2.5]
then the formulae in the last equation can be simplified to the following forms:

mlem(a, c) — nlem(a, b)

r = X9+
a

nlecm(a,b) — klem(b, c
) = o Mem(ed) = Klem(h

klem(b, ¢) — mlem(a, c)

z = 20
c

3. Show that the general solutions found in Problem 1 (parts b, ¢, d) are equivalent to the general solutions
obtained from the formulae of Problem 2 (i.e. all the solutions of Problem 1 can be obtained from the
formulae of Problem 2 and vice versa).
Solution:
(b) From part (b) of Problem 1 we have (where we replace k with ¢ due to the use of k in the formulae
of Problem 2):

x=11s —19¢ y=s z=4s— 6t (s,t €Z) (63)
while from the formulae of Problem 2 we get:

114m — 30 30n — 190k 190k — 114
x:#:wm—&l y:nT:?m—le z:Tmzfam—lok (64)

On equating x,y, z from Eq. 63 to x,y, z from Eq. 64 and simplifying we get:
19m — 5n = 11s — 19¢ 3n—19% =s 6m — 10k = 4s — 6t
On solving these three equations in the variables s,t (treating m,n, k as parameters) we get:
s =3n — 19k t=-m+42n— 11k

This means that we always have s,t € Z corresponding to m,n,k € Z that produce x,y,z € Z that

satisfy the given equation.

Similarly, on solving these three equations in the variables m,n, k (treating s,t as parameters) we get:
_ 2s+5r . s+ 19r

3 n=-— k=r (for some r € Z)

Now, since m,n, k € Z then we take r = —s (noting that any r 2 _s should suffice) and hence we can
write these equations as:

m=—s—t n = —6s k=—s

This means that we always have m,n, k € Z corresponding to s,t € Z that produce z,y,z € Z that
satisfy the given equation (in fact we have infinitely many such m,n, k € Z noting that the condition
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r = —s is a special case of the condition r 2 —s).

So, the two solutions are equivalent, (i.e. all the solutions found in part b of Problem 1 can be obtained
from the formulae of Problem 2 and vice versa).

(c) From part (c) of Problem 1 we have (where we replace k with ¢ due to the use of k in the formulae
of Problem 2):

x=2-—5s—4t y=1+3s z2=3-"Tt (s,t €Z) (65)

while from the formulae of Problem 2 we get:

4m —1

x = 2+w:2+4m—5n (66)
1050 — 420k

y = 1+HT:1+3n—12k: (67)
420k — 84

On equating z,y, z from Eq. 65 to x,y, z from Egs. 66-68 and simplifying we get:
4m — bn = —bs — 4t 3n — 12k = 3s Tm — 3bk = —Tt
On solving these three equations in the variables s,t (treating m,n, k as parameters) we get:
s=n—4k t=5k—m

This means that we always have s,t € Z corresponding to m,n,k € Z that produce z,y,z € Z that
satisfy the given equation.
Similarly, on solving these three equations in the variables m,n, k (treating s,t as parameters) we get:

m=>5r—t n=4r+s k=r (reZz)

This means that we always have m,n,k € Z corresponding to s,t € Z that produce x,y,z € Z that
satisfy the given equation (in fact we have infinitely many such m,n, k € Z noting that we have infinitely
many r € Z).

So, the two solutions are equivalent, (i.e. all the solutions found in part ¢ of Problem 1 can be obtained
from the formulae of Problem 2 and vice versa).

(d) From part (d) of Problem 1 we have (where we replace k with ¢ due to the use of k in the formulae
of Problem 2):

xr=34+s—Tt y=s z=8+43s— 24t (s,t €Z) (69)

while from the formulae of Problem 2 we get:

336m — 48

x = 3+#=3+7m—n (70)
A8n — 42k

y = 0+7176:7k—8n (71)
42k — 336

2 = 8+Tm:8+24m73k (72)

On equating z,y, z from Eq. 69 to z,y, z from Eqgs. 70-72 and simplifying we get:
m—n=s—7Tt k—8n=s 24m — 3k = 3s — 24t
On solving these three equations in the variables s,t (treating m,n, k as parameters) we get:

s=—-8n+ 7k t=—-m-—-n+k
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This means that we always have s,t € Z corresponding to m,n,k € Z that produce z,y,z € Z that
satisfy the given equation.
Similarly, on solving these three equations in the variables m,n, k (treating s,t as parameters) we get:

s—8t+r Tr—s
mzi—i_ n= k=r (for some r € Z)
8 8
Now, since m, n, k € Z then we take r = —s (noting that any r 2 s should suffice) and hence we can
write these equations as:
m=—t n=-—s k=—s

This means that we always have m,n, k € Z corresponding to s,t € Z that produce z,y,z € Z that
satisfy the given equation (in fact we have infinitely many such m,n, k € Z noting that the condition

r = —s is a special case of the condition r 2 —s).
So, the two solutions are equivalent, (i.e. all the solutions found in part d of Problem 1 can be obtained
from the formulae of Problem 2 and vice versa).

4. Using a different method to the one used in Problem 2, find another formula for the general solution of
the Diophantine equation ax + by + cz = d (assuming it is solvable).
Solution: We use in this Problem a method (based on analytic geometry) whose essence is to convert
the equation ax + by + ¢z = d (which represents the Cartesian form of a plane surface in a 3D Euclidean
space) to its equivalent parametric form in two integer parameters. In brief, the equation az+by+cz = d
represents a plane in a 3D flat space and hence the Diophantine equation ax + by 4+ cz = d represents
the triplets of integers (z,y,z) which are on this surface. So, we first obtain (through the equation
az + by + cz = d) three non-collinear points (i.e. three non-collinear triplets of integers) on this surface,
say ri,ro,r3. We then use the well known formula for obtaining the parametric form of a plane passing
through a given point (say r1) and parallel to two vectors (say ro —ry and r3 — ry), that is:

r = ri1+(rg—ryu+(rg—ri)v

(#,y,2) = (z1,y1,21) + (T2 — 21,92 — Y1, 22 — 21)u + (¥3 — T1,¥3 — Y1, 23 — 21)v
where u,v € Z. Hence, the general solution of the Diophantine equation azx + by + cz = d is:

T =1+ (z—x1)ut (T3 —271)0 y=y1+y2—y)ut+(yz—y1)v 2z =214+ (22—21)u+(23—21)v
(73)

where u,v € Z.

Note: we can derive a similar formula (or formulae) for the Diophantine equation in 2 variables

following a similar method to the one used in this Problem by converting the equation ax + by = ¢

(which represents the Cartesian form of a straight line in a 2D plane) to its equivalent parametric form

in one integer parameter.

5. Show that the general solutions found in Problem 1 (parts b, ¢, d) are equivalent to the general solutions
obtained from the formulae of Problem 4 (i.e. all the solutions of Problem 1 can be obtained from the
formulae of Problem 4 and vice versa).

Solution:
(b) Let ry = (0,0,0), ro = (—2,81,42) and r3 = (4,161, 86). So, from Eq. 73 we get:

xr=—2u+4v y = 8lu+ 161v z = 42u + 86v (74)

On equating x,y, z from this equation to x,y, z obtained in part (b) of Problem 1 (replacing k with t)
we get:

11s — 19t = —2u +4v s = 8lu + 161v 45 — 6t = 42u + 86v
On solving these three equations in the variables s,t (treating u, v as parameters) we get:

s =8lu+ 161v t=4Tu+ 93v (u,v € Z)
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This means that we always have s,t € Z corresponding to u,v € Z that produce z,y, z € Z that satisfy
the given equation.
Similarly, on solving these three equations in the variables u, v (treating s,t as parameters) we get:
—93s + 161t 47s — 81t
U= — V= ———
34 34

Now, since u,v € Z then we simply multiply these expressions by 34 and hence we take u and v as:

(s,t €Z)

u = —93s + 161t v =47s — 81t (s,t €Z)

Accordingly, u,v in Eq. 74 must be scaled down by a factor of 34, that is:

—2u + 4v 81lu + 161v 42u + 86v
r= ——- = 2= ———
31 4 34 34
This means that we always have u,v € Z corresponding to s,t € Z that produce z,y, z € Z that satisfy
the given equation.
So, the two solutions are equivalent, (i.e. all the solutions found in part b of Problem 1 can be obtained

from the formulae of Problem 4 and vice versa).
(c) Let r1 =(2,1,3), ro = (—7,4,—4) and r3 = (—2,1, —4). So, from Eq. 73 we get:

r=2—9u—4v y=14+3u z=3—-Tu—"Tv

On equating z,y, z from this equation to z,y, z obtained in part (c) of Problem 1 (replacing k with t)
we get:
—bs —4t = —9u — 4v 3s = 3u —T7t=—Tu—"Tv

On solving these three equations in the variables s, ¢ (treating u, v as parameters) we get:
s=u t=u-+v

This means that we always have s,t € Z corresponding to u,v € Z that produce x,y, z € Z that satisfy
the given equation.
Similarly, on solving these three equations in the variables u, v (treating s,t as parameters) we get:

U=3s v=t—s

This means that we always have u,v € Z corresponding to s,t € Z that produce z,y, z € Z that satisfy
the given equation.

So, the two solutions are equivalent, (i.e. all the solutions found in part ¢ of Problem 1 can be obtained
from the formulae of Problem 4 and vice versa).

(d) Let ry = (3,0,8), ro = (—4,0,—16) and r3 = (4,1,11). So, from Eq. 73 we get:

r=3—-Tu+v Y= z=8—24u+ 3v

On equating x,y, z from this equation to z,y, z obtained in part (d) of Problem 1 (replacing k with ¢)
we get:
s—Tt=—-Tu+v s=v 3s — 24t = —24u + 3v

On solving these three equations in the variables s,t (treating u, v as parameters) we get:
s=v t=u

This means that we always have s,t € Z corresponding to u,v € Z that produce z,y, z € Z that satisfy
the given equation.
Similarly, on solving these three equations in the variables u,v (treating s,t as parameters) we get:

u=t v=Ss
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This means that we always have u,v € Z corresponding to s,t € Z that produce z,y, z € Z that satisfy
the given equation.

So, the two solutions are equivalent, (i.e. all the solutions found in part d of Problem 1 can be obtained
from the formulae of Problem 4 and vice versa).

6. We have 572 trolleys which we want to transport by ship containers. There are three types of container:
small (S) of capacity 30 trolleys, medium (M) of capacity 35 trolleys, and large (L) of capacity 39 trolleys.
The cost of transport by an S container is £250, the cost of transport by an M container is £258 and
the cost of transport by an L container is £263. Do the following:

(a) Find the number of S, M and L containers required to transport these trolleys such that all the
containers are fully loaded.

(b) Find the minimum cost required to transport these trolleys (i.e. with the condition that “all the
containers are fully loaded”).

(c) Find the minimum cost required if we ignore the condition that “all the containers are fully loaded”.
Solution: This problem can be modeled (in its parts a and b) by the following Diophantine equation:
30x + 35y + 39z = 572 where z is the required number of S containers, y is the required number of M
containers, and z is the required number of L containers (noting that z,y, z € NY).

(a) Let first get the general solution of the homogeneous equation 30x+35y+39z = 0 (which is obviously
solvable). If we write this homogeneous equation as 30z 4+ 39z = —35y then it is obvious that this
equation is solvable for any y = 3s (s € Z) because g = ged(30,39) = 3 and 3|(—35 x 3s) = —105s (see
part a of Problem 1 of § 4.1.1). So, let y = 3s (s € Z). Now, a particular solution for 30z + 39z = —105s
is g = 3s and zg = —5s. So, from the formula of Problem 8 of § 4.1.1 we get:

b
m:z0+fk:3s+?k:3s+l3k and z:zofgk:f5s—?k:f55710k
g g

So, the general solution of the homogeneous equation 30x + 35y 4+ 39z = 0 is: = 3s+ 13k, y = 3s and
z=—bs— 10k (s,k € Z).

A particular solution of the equation 30x + 35y + 392 = 572 is: (zo, Yo, 20) = (0,13, 3).

So, the general solution of the equation 30x + 35y + 39z = 572 is:

x =3s+ 13k y=13+3s z=3—"5s— 10k (s,k€Z)

Now, the capacity of container M is 35 and hence 572/35 ~ 16 and hence 0 < y < 16. So, we need only
to consider the values of y = 1,4, 7,10, 13, 16 which correspond to the values of s = —4, -3, -2, —-1,0, 1,
that is (where we consider only the values of k that produce acceptable solutions, i.e. x,y,z > 0 and
30x + 35y 4+ 39z = 572):

s=—4 k=1 — r=1 y=1 z=13
s=—4 k=2 — x=14 y=1 z=3
s =-3 k=1 — T = y=4 z=238
s=-2 k=1 — T = y="1 z=3
s=—1 — No acceptable solution

s=0 k=0 — z=0 y =13 z=3
s=1 — No acceptable solution

So, we have only 5 acceptable solutions, i.e.

(z,y,2) = (1, 1, 13), (14, 1, 3), (4, 4, 8), (7, 7, 3), (0, 13, 3).

(b) The total cost C is: C' = 250z + 258y +263z. On calculating the cost of these 5 acceptable solutions
we find that the minimum cost is Ciin = 250(1) + 258(1) + 263(13) = £3927 (which corresponds to
s=—4and k=1).

(c) The transport cost per trolley for the S, M and L trailers are (respectively) 250/30 ~ £8.33,
258/35 ~ £7.37 and 263/39 ~ £6.74. So, it is obvious that it is cheaper to transport the bulk of trolleys
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by L containers. In fact, the solution in part (b) should indicate this. However, let see if we can find
an even cheaper solution than the solution of part (b). The only potentially cheaper solution is to use
14 L containers to transport 14 x 39 = 546 trolleys and use 1 S container to transport the remaining
572 — 546 = 26 trolleys. The cost of this option is (14 x 263) + (1 x 250) = £3932. As we see, this
solution is not cheaper than the solution of part (b). So, the minimum cost (with and without the
condition of “fully loaded”) is £3927 (i.e. by using 1 S, 1 M and 13 L containers).

4.1.3 Linear Diophantine Equations in Multiple Variables

In the last two subsections we investigated two cases of linear Diophantine equations in multiple variables
(i.e. in two variables in § 4.1.1 and in three variables in § 4.1.2). In this subsection we generalize the
principles and procedures of these subsections. So, a Diophantine equation in n variables given by:

Zakxk =b (ak,zk,b € Z and ay, # 0) (75)
k=1

has a solution (X1, Xs,...,X,) in Z iff g|b where g = ged(aq,as, ..., an).

As before, if this equation has a solution then it has infinitely many solutions (i.e. in Z although it may
have no solution or only finitely many solutions in a subset of Z). Moreover, if g = 1 or b = 0 then this
equation has always a solution (and hence infinitely many solutions in Z).

Problems
1. Which of the following linear Diophantine equations has a solution:

(a) 320 kay, = 23. (b) SSh_, (2k)%zy = 14. (c) 14z1 + 35x9 — 2123 + 11924 = 91.

Solution:

(a) This equation has a solution because ged(1,2,...,20) = 1 which divides 23.

(b) This equation has no solution because ged(4, 16,36, 64,100, 144) = 4 which does not divide 14.

(c) This equation has a solution because ged(14,35,—21,119) = 7 which divides 91.

2. Solve the following linear Diophantine equations in 4 variables:

(a) 14z + 35z9 — 213 + 11924 = 91. (b) 361 — 1529 + 2625 + 2224 = 3.

Solution:

(a) This equation has a solution (see part ¢ of Problem 1). To simplify the calculations and manipula-

tions we divide both sides by 7 and hence we obtain: 2xy + bxs — 3x3 + 1724 = 13.

Let X = 221 + 529 and Y = —3x3 + 1724. Hence, we have X + Y = 13 whose solution (according to

the formula of Problem 8 of § 4.1.1) is: X =6+ k and Y =7 —k (k € Z), that is:

2x1 + 50 =6+ k —3x3+17Tx,=7—k
Now, if we solve each one of these equations (using the formula of Problem 8 of § 4.1.1) then we get:
x1 = (—2—"T7k) +5s x9 = (2+3k) —2s x3 = (=84 6k) + 17¢ x4 =(—14+k)+3t

where k, s,t € Z.

(b) This equation has a solution because gecd(36,—15,26,22) = 1.

Let X = 1227 — 529 and Y = 1323 + 1124. Hence, we have 3X + 2Y = 3 whose solution (according to
the formula of Problem 8 of § 4.1.1) is: X =1+ 2k and Y = =3k (k € Z), that is:

1221 — bzg = 1 + 2k 13z3 + 11z4 = -3k
Now, if we solve each one of these equations (using the formula of Problem 8 of § 4.1.1) then we get:
x1=(34+k)—5s xo = (7+2k) — 125 x3 = (=7k) + 11¢ xy = (8k) — 13t

where k, s,t € Z.
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4.1.4 Pythagorean Triples

A Pythagorean triple is a collection of three natural numbers (a, b, ¢) such that:
a4+ b =c? (76)

For example, (3,4,5), (14,48,50) and (20,99,101) are Pythagorean triples. The “Pythagorean” label is
because such triples satisfy the Pythagorean theorem about right-angled triangles.

If the numbers a,b,c of the Pythagorean triple (a,b,c¢) have no common divisor d > 1 then the
Pythagorean triple is described as primitive.['3® For example, (3,4,5), (20,21,29) and (9,40, 41) are
primitive Pythagorean triples, but (6,8,10), (14,48,50) and (18,80,82) are non-primitive Pythagorean
triples. There are infinitely many Pythagorean triples. There are also infinitely many primitive Pythagorean
triples.

Problems

1. Show that if m,n € N and m > n then (2mn, m? — n?,m? + n?) is a Pythagorean triple.
Solution: We have:

(2mn)? 4+ (m? — n?)? = 4m?n? + m* — 2m*n? + n* = m* + 2m?n2 + n? = (m? 4+ n?)?
Hence, (2mn, m? —n?,m? + n?) is a Pythagorean triple.
Note: the result of this Problem provides a method for generating Pythagorean triples. However, it
should be noted that this method does not generate all the Pythagorean triples, i.e. all triples of the
form (2mn, m? — n?, m? + n?) are Pythagorean but not all the Pythagorean triples are of the form
(2mn, m? —n?,m? +n?). For example, the Pythagorean triple (12,5, 13) is of this form (corresponding
tom = 3 and n = 2), but the Pythagorean triple (9, 12, 15) is not of this form. We note that the formula
(a,b,c) = (2mn,m? — n%,m? + n?) for this type of Pythagorean triple is called Euclid’s formula.

2. Show the following [Where (a, b, c) is a Pythagorean triple]:
(a) (a,b,c) is primitive iff ged(a,b) = ged(a,c) = ged(b,c) =1 (i.e. a,b,c are pairwise coprime).
(b) If (a,b,c) is primitive then a and b have opposite parity (and hence c is odd).
Solution:
(a) The if part: if ged(a,b) = ged(a, ¢) = ged(b, ¢) = 1 then ged(a, b, ¢) =1 (see point 7 of § 2.2) and
hence (a, b, ¢) is primitive.
The only if part: if (a,b,¢) is primitive then ged(a,b,c) = 1. Now, if ged(a,b) # 1 then it must be
> 1 and hence ged(a, b) must have a prime divisor p. This means that p|a and p|b and hence p|a® and
p|b? (see rule 6 of § 1.9). Therefore, by rule 14 of § 1.9 p| (a® + b?), i.e. p|c®. So, by rule 22 of § 1.9
ple. This means that p divides all three numbers and hence ged(a, b, ¢) # 1 which is a contradiction.
Similar arguments apply if ged(a,c) # 1 or ged(b,¢) # 1. So, we conclude that if (a,b,c) is primitive
then ged(a,b) = ged(a, ¢) = ged(b, ¢) = 1.1
(b) Referring to the rules of parity (see rules 4-10 of § 1.8):
e ¢ and b cannot be both even because ged(a,b) = 1 (see part a) whereas if they are both even then
they must have a common factor of 2 and hence ged(a, b) # 1.
e a and b cannot be both odd because in this case ¢? as a sum of two odd squares (i.e. ¢* = a® + b?)
must have remainder 2 on division by 4 (see Problem 4 of 1.8). However, ¢ as a square of ¢ must either
have remainder 1 (if ¢ is odd) or remainder 0 (if ¢ is even) on division by 4 (see Problem 4 of § 1.8).
So, a and b cannot be both even and cannot be both odd and hence they must have opposite parity.
Accordingly, by the rules of parity a? and b?> must also have opposite parity, and hence their sum (i.e.
c? = a® + b?) must be odd which means that ¢ is odd. So in brief, a and b have opposite parity and ¢
is odd (as required).

[138] This means that the Pythagorean triple (a, b, c) is primitive iff ged(a,b,c) = 1.

[1391 1t should be noted that the phrasing of this part (i.e. part a of this Problem) is rather misleading because the “if part”
should be: if ged(a,b) =1 or ged(a,c) =1 or ged(b, ¢) = 1 then (a, b, ¢) is primitive, while the “only if part” should be:
if (a,b,c) is primitive then gecd(a, b) = ged(a,c) = ged(b,c) = 1. So, it is not exactly an iff statement although the iff
statement is correct (but it is conceptually weaker in its “if part” because we unnecessarily impose pairwise coprimality
while what is needed is only the coprimality of any two of a, b, ¢ although these are equivalent in reality).



4.1.4 Pythagorean Triples 145

3. Show that if (a,b,c) is a primitive Pythagorean triple, then there are coprimes m,n € N of opposite
parity with m > n such that (a, b, ¢) is given by Euclid’s formula, i.e. (a,b,c) = (2mn, m?—n? m?+n?).
Solution: According to part (b) of Problem 2, a and b have opposite parity and ¢ is odd. So, we can
assume (with no loss of generality) that a is even and b is odd (and hence b and ¢ are both odd).
Therefore, ¢ + b and ¢ — b are both even (see rule 4 of § 1.8), that is:

qzc;rb T:CQb (g7 €2)
Now, g and r are coprime. This is because if g = ged(g,r) then g|(¢ —r) = b and g|(¢ + ) = ¢. But
according to part (a) of Problem 2, b and ¢ are coprime (because their ged is 1). This means that g
(which divides both b and ¢) must be 1, i.e. g = ged(g,r) = 1 which means that ¢ and r are coprime.
Also, ¢ and r are squares because:

. c+b\ [c—b _cz—bz_aj_(g)?
S\ 2 2 ) 4 4 \2

and hence according to Problem 20 of § 2.2 ¢ and r are squares (noting that a is even and hence a/2
is an integer).

Now, since each one of ¢ and r is a square (of an integer) then /g and \/r are integers. So, let m = /g
and n = 4/r (noting that the condition m > n is satisfied). Accordingly:

2/avr =2y 2 F C—R=Va?=a

2mn =
b —b
m? —n? = q—r:C+ ¢
2 2
9 9 c+b c—b
m-+n" = q+r= 2 + 5 ¢

i.e. we can always find coprimes m,n of opposite parity with m > n such that (a,b,c) is given by
Euclid’s formula.
Note 1: m and n are coprime because ¢ and r are coprime and hence their square roots (which are
m and n) must also be coprime (noting that coprimes have no common prime factor; see part n of
Problem 1 of § 2.2).
Note 2: m and n are of opposite parity because b and c are odd noting that b = m?—n? and ¢ = m?+n?
and hence by the rules of parity (see rules 4-10 of § 1.8) m and n must be of opposite parity.
Note 3: this Problem shows that Euclid’s formula produces all the primitive Pythagorean triples.

4. Show that the Pythagorean triple (2mn,m? — n?,m? + n?) is primitive iff m and n are coprimes of
opposite parity (where m,n € N and m > n).
Solution: We note first that according to Problem 1, (a, b, ¢) = (2mn, m
triple (where m,n € N and m > n).
The if part: what we need for proving this part is to show that if m and n are coprimes of opposite
parity then ged(a,b,¢) = 1 (and hence by definition the triple is primitive). So, let g = ged(a, b, c).
Accordingly, g|b and g|e, and hence g|(c+b) = 2m? and g|(c —b) = 2n?. However, because m and n are
of opposite parity, m? —n? and m? +n? (which are equal to b and ¢) must be odd and hence g must be
odd (see the rules of parity in § 1.8). This means that g/m? and g|n?. But since m and n are coprime,
m? and n? must also be coprime (noting that coprimes have no common prime factor; see part n of
Problem 1 of § 2.2) and hence g = 1, i.e. ged(a,b,c) = 1 and hence the triple is primitive.
The only if part: if m and n are not coprime then they have a common factor d > 1 and hence the
triple (2mn, m? — n?

2

2—n2 m2+n?) is a Pythagorean

n?, m? + n?) will have a common factor of d> > 1 in contradiction to the given fact
that the triple (2mn, m? —n?,m? + n?) is primitive. So, m and n must be coprime. Also, if m and n
have the same parity then m? — n? and m? + n? are even and hence the triple will be even (i.e. 2mn,
m? —n? and m? + n? will have a common factor of 2) in contradiction to the given fact that the triple
(2mn,m? — n?,m? + n?) is primitive (since their gcd will then be > 2). Thus, m and n must have

opposite parity. So in brief, m and n are coprimes of opposite parity (as required).
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4.1.5 Non-Linear Diophantine Polynomial Equations in Two Variables

We investigate here (through solved Problems) a few examples of non-linear Diophantine polynomial
equations in two variables outlining some methods of solution of such equations.

Problems

1. Find all the solutions (if exist) of the following non-linear Diophantine polynomial equations in two
variables (z,y € Z):

(a) 22 — 21y = 10. (b) 22 + 92 — 3 — 7Ty = 0. (c) 5a? + 8y? = 28.

(d) 22 + y% + 182y — 2%y?> — 81 = 0. (e) 23y — 125z + 125 = 0. (f) 2%y + 2y — 256 = 0.

(8) (z—1)*=(y+2)°. (h) 5z +xy — 2y = 0. (i) 2® —ay+y?* + 20—y =2
(§) 152 + 13zy — 20y = 0.

Solutions:

(a) If we reduce the equation modulo 7 we get: 22 3. Now, for = L 0,1,2,3,4,5,6 we have (respec-

tively) 2 z 0,1,4,2,2,4,1. As we see, z° ;é 3 and hence this equation has no solution (see part b of
point 8 of § 2.7.6).
(b) If we reduce the equation modulo 7 we get: 2% + 2z — 3 Zo. Now, for z < 0,1,2,3,4,5,6 we have
(respectively) 22 + 2z — 3 = 4,0,5,5,0,4,3. So, the solutions of 22 + 2z — 3 = 0 are = 1 + 7k and
=4+ 7k (k € Z). On substituting these solutions into the original equation we get:

(1+7k)?+9(1+7k) -3 —Ty=0 and (44 7k)*+9(4+7k)—3—-Ty=0
On simplifying these equations and solving for y we get: y = 7k? + 11k + 1 and y = 7k®> + 17k + 7. So,
the solutions are (where k € Z):

(v,y) = (1 + Tk, TK2 + 11k + 1) (v,y) = (4+ Tk, Tk + 17Tk +7)

(¢) If we reduce the equation modulo 2 we get: x? 2 0 and hence z = 0, i.e. = 2k where k € Z. On
substituting this into the given equation we get: 5(2k)% 4 8y? = 28, i.e. 8y? = 28 — 20k%. Now, 8y > 0
and hence k? < 1. So, we have only 3 possible values for k, i.e. k= 0,+1. However, k = 0 does not
lead to an integer y and therefore we only have k = 4+1 which lead to the following solutions:

(x7y) = (_27_1) (x,y) = (_251) (J},y) = (27_1) (I,y) = (271)
A simpler approach to solve this type of problems is to note that 0 < 522 < 28 (i.e. |z| < /28/5 ~ 2.4)

and 0 < 8y? < 28 (i.e. |yl < 1/28/8 ~ 1.9). So, all we need to do is to test the 15 combinations of
r=-2,—-1,0,1,2 and y = —1,0, 1 and this test should lead to the same result, i.e. only x = +2 with
y = +1 (considering all the 4 possible sign combinations) satisfy the equation 5z% + 8y? = 28.

(d) We have:

22+ +18zy —2%y> =81 = 0

(2% + 2zy + %) + (16zy — 2%y®> —64) =17 = 0
(2% + 2zy + 9°) — (2%y? — 162y +64) = 17
(z+y)?—(ey—8)* = 17

17

(@ +y) = @y=8)|[@+y) + @y -8)]
Now, either 17 =1 x 17 or 17 = (—1) x (—17), i.e.
(z+y)—(2y=8)| |(@+9)+(@y=8)] =1x17 OR  [(z+y)—(wy=8)| |(@+9)+(ay—8)| = (=1)x(-17)
Thus, we have 4 cases to consider:

Case 1: (z+y)—(zy—8) =1and (z+y)+ (xy — 8) = 17. These equations simplify (by addition and
subtraction) to:  +y =9 and zy = 16. These equations have no integer solution.
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Case 2: (z+vy) — (vy —8) = 17 and (z +y) + (vy — 8) = 1. These equations simplify to: z +y =9
and zy = 0. These equations have two solutions: (z,y) = (0,9) and (z,y) = (9,0).

Case 3: (x+y)— (zy—8) = —1 and (z+y)+ (xy —8) = —17. These equations simplify to: x+y = —9
and zy = 0. These equations have two solutions: (z,y) = (0,—9) and (z,y) = (—9,0).

Case 4: (x+y)— (zy—8) = —17 and (z+y) + (xy —8) = —1. These equations simplify to: x+y = —9
and xy = 16. These equations have no integer solution.

So, in total we have 4 possible solutions:

(z,y) =(0,9) (z,y) =(9,0) (z,y) =(0,-9) (z,y) = (-9,0)
(e) We have:
125(z — 1
23y — 12504125 =0 — 23y = 125z — 125 — Y= %
X

Now, z and (z — 1) are coprime (see part h of Problem 1 of § 2.2) and hence z3 must divide 125 (= 5%),
125(z—1)

i.e. x = =+1,45. So, from the equation y = we get:
_ 125(=5—1) _125(—1-1) _ _ 125(1—-1) _ _ 125(5—1) _
= sy 0 y= "o = y="mr =0 y="pp 4

Hence, the solutions are (z,y) = (—5,6), (—1,250), (1,0), (5,4).

(f) x(x5y + y5) = 256 and hence x is a divisor of 256 (noting that 256 has 18 positive and negative
divisors). Similarly, y(2° +2y®) = 256 and hence y is a divisor of 256. So, by testing all the possibilities
of x being equal to one of these 18 divisors and y being equal to one of these 18 divisors (noting that
we have 18 x 18 = 324 possibilities) we find that only © = y = 2 satisfies the given equation. So, the
solution is x = y = 2.

(g) Let X = (z — 1) and Y = (y + 2), and hence we have X2 = Y3, i.e. X = £Y?/2. The solution of
the latter equation is X = +k3 and Y = k? (where k € Z), i.e. (v —1) = £k® and (y + 2) = k?. So,
the solutions are: (z,y) = (£k? + 1, k? — 2) where k € Z.

(h) From the given equation we have:

Sr+zy—2y—10 = -10
(x—2)(y+5) = (~1)x10=1x(=10) = (—=2) x5 =2 x (=5)

So, we have 8 cases to consider (and hence we have 8 solutions):

e (zx—2)=—-1and (y+5) =10, ie. (x,y)=(1,5).

o (zx—2)=10and (y +5) = —1, i.e. (z,y) = (12,-6).
e (r—2)=1and (y+5)=-10, ie (z,y) =(3,—15).
o (r—2)=-10and (y+5) =1, ie. (z, ) (—8,—4).
o (x—2)=-2and (y+5) =5, ie (z,y)=(0,0).

e (x—2)=5and (y+5)=—-2,ie. (x, ) (7,-1).

e (x—2)=2and (y+5) = -5, ie. (z,y) = (4,-10).
o)(x—Q):fSand(y+5)72ie ( y) = (— 3 -3).

22% — 2wy + 2% + 4o — 2y = 4 (x2)
202 — 2xy +2y° +4r —2y+5=9 (+5)
(22 +4z) + (v* = 2y) + (2® = 2zy +y*) +5=9 (manipulation)
(2 44z +4)+ (2 -2y + 1) + (2?2 — 22y + %) =9 (
(+2°+ (-1 +(z—-y)?*=9

manipulation)

From the last equation it is obvious that —3 < (z + 2) < 3 and hence we have 7 cases:
e (r+2)=-3,ie. z=—5and hence (y — 1) + (=5 — y)? = 0 which has no solution.
o (r+2)= -2 ie. x=—4and hence (y — 1)? + (—4 — y)? = 5 which has no solution.
o (r+2)=-1,ie = -3 and hence (y —1)? + (—3 — y)? = 8 which has one solution: y = —1.
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e (r+2)=0,ie x=—2and hence (y —1)? + (=2 — y)? = 9 which has two solutions: y = —2 and
y = 1.
e (r+2)=1,ie x=—1and hence (y —1)® + (—1 — y)? = 8 which has no solution.
e (r+2)=2,ie 2z =0 and hence (y — 1)? + y? = 5 which has two solutions: y = —1 and y = 2.
e (r+2)=3,ie z=1and hence (y —1)? + (1 — y)? = 0 which has one solution: y = 1.
So in brief, we have 6 solutions: (z,y) = (-3,—-1), (-2,—-2), (—2,1), (0,-1), (0,2), (1,1).
(j) We have 15z + 13zy — 20y = 0 and hence:

152 = 20y — 13zy — 152 = (20 — 13z)y — Y= g
Now, (20 — 13z) divides any of its multiples, and hence (20 — 13x) divides 15(20 — 13z) = 300 — 195z.
Also, if (20 — 13x) should divide 15z (since y is an integer) then (20 — 13x) must divide any multiple
of 15z, and hence (20 — 13z) should divide 13 x 15z = 195z. So, (20 — 13z) divides both (300 — 195x)
and 1952 and hence it must divide their sum which is 300 (rule 14 of § 1.9). Noting that the divisors of
300 are 1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 25, 30, 50, 60, 75, 100, 150, 300 and their negatives, we conclude
that (20 — 13z) must be equal to (some of) these divisors. Considering all these 36 possibilities (i.e.
20 — 13z = £1,+2,...,4300) and accepting only those possibilities that produce integer = we get:
e 20 — 13z = —6 and hence x = 2 and y = —5.
e 20 — 13z = 20 and hence x = 0 and y = 0.
e 20 — 13z = 150 and hence z = —10 and y = —1.
So, the solutions of the given equation are: (z,y) = (2, —5), (0,0), (=10, —1).

4.1.6 Non-Linear Diophantine Polynomial Equations in Three Variables

In this subsection we present a number of solved Problems related to non-linear Diophantine polynomial
equations in three variables. Some special types of non-linear Diophantine polynomial equations in three
variables are investigated in other parts of the book (see for instance § 4.1.4).

Problems

1. Which of the following non-linear Diophantine polynomial equations in three variables have solutions
(where z,y,z € N):

(a) 22 4+ y? = 22 (b) 22 — y% = 22 (c) o3 + 93 = 23,
(d) o3 —y3 = 23, (e) ot +y* = 2. (f) 2t —yt = 2%
Solution:

(a) This has infinitely many solutions (i.e. Pythagorean triples; see § 4.1.4).

(b) This has infinitely many solutions (since we can write it as y? + 22 = 22 and hence it is like part a).

(c) This has no solution (by Fermat’s last theorem; see § 2.9.5).

(d) This has no solution (because we can write it as y3 + 2% = 2% and hence it is like part c).

(e) This has no solution (by Fermat’s last theorem; see § 2.9.5).

(f) This has no solution (because we can write it as y* + 2% = 2 and hence it is like part e).

2. Show that 2% + y* = 22 has no solution in N (i.e. there are no xz,y, z € N that satisfy this equation).
Solution: We use here the method of infinite descent (see Problem 3 of § 1.5.4) where we show
that if a solution z,y,z € N exists, then we must have a minimal such solution in N (i.e. z in this
minimal solution is smaller than any z in any other solution of this equation). We then construct in
the proof a solution smaller than the presumed minimal solution, and this contradicts the presumption
of minimality that we started with. Thus, we conclude by contradiction (see point 4 of § 1.5.4) that no
solution can exist. This proof is outlined in the following points:

e Assume that the equation z* + y* = 22 has a solution.

e Assume that (z,v, z) is the minimal solution to this equatio

o If we write 2% + y* = 22 as (x2)2 + (y2)2 = 22, then we can see that (22,92, 2) is a Pythagorean

triple.

1. 1140]

[140] Ty fact, this is an abuse of notation since z, vy, z are already used as variables. However, this will avoid some unwanted
complications in this messy proof. Anyway, this abuse of notation should cause no confusion.
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e The triple (22,92, z) must be primitive because otherwise 22 and »? must have a common factor p?
(p € P), and hence p? should divide z (noting that 22 = x* +y*) which contradicts the assumption that
z is minimal.

e According to Problem 3 of § 4.1.4, there are coprimes m,n € N of opposite parity with m > n such
that (22,42, 2) is given by Euclid’s formula, i.e.

z? = 2mn y? =m? —n? z=m?+n?

o If we write y2 = m? — n? as n? + 32 = m? then (n,y,m) is a Pythagorean triple. Moreover, since m

and n are coprime then ged(n,y, m) =1 (see point 7 of § 2.2 as well as part a of Problem 2 of § 4.1.4)
and hence (n,y, m) is primitive.

e According to Problem 3 of § 4.1.4, there are coprimes u,v € N of opposite parity with p > v such
that (n,y,m) is given by Euclid’s formula, i.e.

n=2uv y=p?—v? m=pu?® +v?

e As we see, m is odd (noting that p and v are of opposite parity) and n is even (noting that n = 2uv).
Now, since m and n are coprime then m and 2n are coprime (noting that 2 is not a factor of m since
m is odd).

e If we write 22 = (m)(2n) and note that m and 2n are coprime, then from Problem 20 of § 2.2 we
conclude that each one of m and 2n is a square (of an integer). So, let m = s? and 2n = t2 (s,t € N).
e 2n = t? means t? is even and hence t is even (see the rules of parity in § 1.8). So, let t = 20 and
hence 2n = 402, and thus n = 202 (0 € N).

o If we substitute from n = 202 into n = 2ur we get 02 = uv. Now, since p and v are coprime then
each one of them is a square (see Problem 20 of § 2.2), i.e. u = b and v = ¢? (b,c € N).

e Now, if we substitute from m = s2, y = b and v = ¢? into m = p? + v? we get:

b4t =52

So, we got another solution, i.e. (b,c,s), to the equation z* + y* = 22.

e Now, z = m? +n? and m = s% and hence z = s* + n2. So, z > s which means that (z,y, z) is not the
minimal solution to the equation 2% + y* = 22, and this contradicts our assumption that (z,y, z) is the
minimal solution.
e Thus, from this contradiction we conclude that no solution can exist, i.e. z*+y* = 22 has no solution
in N because the presumption of solution leads to infinite descent (see point 4 of § 1.5.4 as well as
Problem 3 of § 1.5.4).

3. Prove Fermat’s last theorem (see § 2.9.5) for the special case n = 4, i.e. z* + y* = 2% has no solution
(z,y,2) in N.
Solution: If we write 2* + y* = 2* as 2* + y* = Z2 where Z = 22 then from the result of Problem
2 we conclude that there is no solution to z* + y* = Z2 and hence no solution to z* + y* = 2%. In
other words, if there is a solution (z,y, 2) to * + y* = 2% then there should be a solution (z,y, Z) to
% +y* = Z? (noting that if z € N exists in the first solution then Z € N exists in the second solution
since Z = z?), and this contradicts the result of Problem 2.

4. Show that the following non-linear Diophantine equations in three variables have no solutions in N (i.e.
there are no x,y,z € N that satisfy these equations).

(a) 2t —y* = 2% (b) % — y* = 24, (c) z* + 9% = 2% (d) ot — y? = 2%,
Solution:

(a) Let assume that this equation has a solution in N and hence we have a (minimal) solution (z,y, z)
that minimizes 22 + y2. If we write 2* — y* = 22 as 22 + y* = 2* then we can see that (z,y?, 2?) is

a Pythagorean triple. This triple must be primitive because otherwise z, 32, 2> must have a common
prime factor p, and hence p should divide z? 4+ 32 which contradicts the assumption that 2 + 32 is
minimal. Now, according to Problem 3 of § 4.1.4 there are coprimes m,n € N of opposite parity with
m > n such that (z,y?, 2?) is given by Euclid’s formula, i.e. either

z =2mn y? =m? —n? 22 =m? +n?
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or
y? = 2mn z=m? —n? 2?2 =m? +n?
As we see, we have two possibilities to consider:
e y> = m? — n? and hence:
2?y? = (m? +n?)(m? —n?) =m* —n? — m* —nt =2 (t* = 2%y?)

So, (m,n,t) is another solution. However, according to this solution: m? +n? = 2% < (22 + ¢?), i.e.
the presumed solution is not minimal since (m? + n?) < (22 + y?).

e 32 = 2mn. Now, 22 = m? + n? means that (m,n,x) is a Pythagorean triple and it is primitive (since
m and n are coprime; see point 7 of § 2.2 as well as part a of Problem 2 of § 4.1.4). So, according to
Problem 3 of § 4.1.4, there are coprimes p,v € N of opposite parity with g > v such that (m,n,z) is
given by Euclid’s formula, i.e.

m = 2uv n=pu?—1v? = p? + 2
Hence: 9 9 9
2_oay_m 1 Ly y (y)
uv(p® —v?) 5T = gmn 2(2) 1 9 (77)

Now, p and v are coprime and hence each of x4 and v is coprime to p? — 2 (see part b of Problem 19
of § 2.2). Thus, uv and (u? — v?) are coprime (see part e of Problem 1 of § 2.2) and hence from Eq.
77 we conclude that pv and (u? — v?) are squares (see Problem 20 of § 2.2). Thus, let uv = A? and
(2 —v?) =c? (A, ceN).

If we repeat this argument on ur = A% (noting that p and v are coprime and using Problem 20 of §
2.2) we conclude that p and v are squares. Thus, let 4 = a? and v = b? (a,b € N). So in brief we have:

p=a? v="b pu? —v?=c? (a,b,c € N)

On substituting from the first two equations into the last equation we get a* — b* = ¢2. So, (a,b,¢) is
another solution. However (see Eq. 77):

2
@+ = (u+v) < (u+v)(p—v) () = i —v?) = & <y < (@ +37)

This means that the presumed solution is not minimal since (a2 + b?) < (22 + y?).

So, in both possibilities the presumption of solution leads to infinite descent (see point 4 of § 1.5.4 as

well as Problem 3 of § 1.5.4) and hence we conclude that the equation z# — y* = 22 has no solution in

N.

(b) If we write ¢ — y* = 2% as 2* — y* = Z2 where Z = 22 then from the result of part (a) we conclude

that there is no solution to z* — y* = Z2 and hence no solution to z* — y* = 2*. We may also use the

result of Problem 3 directly because 2 — y* = 2* is equivalent to z* 4+ y* = 2* which has no solution.

(c) This is a corollary of the result of part (a) noting that x* + y? = 2% is equivalent to z* — 2% = y2.

(d) This is a corollary of the result of part (a) noting that z* — y? = 2% is equivalent to % — 2* = 2.
5. Find the solutions of the following non-linear Diophantine polynomial equations in the three variables

x,y, z (where z,y,z € Z):

4

(a) 2% — 3y — 22 = 0. (b) 32% — 8y? + 7z = 11. (c) 22 —y? =22 — 8y — 15— 112 = 0.
r° — 4y + 0z =0. e)xr*+y + 2" = .

d) 22 — 4> +5 0 4yt 42t = 3042

Solution:

(a) If we reduce the equation modulo 2 we get: z? —y 20, i.e. 22 2 y. This equation means that x
and y must have the same parity. So, we have two cases to consider:
e z and y are even, i.e. * = 2k and y = 2s (k,s € Z). On substituting these into the equation and
solving for z we get:

4k? — 65

(2k)? —3(25) =22 =0 — Z:T:2k2738
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e r and y are odd, i.e. x =2k + 1 and y =2s+ 1 (k,s € Z). On substituting these into the equation
and solving for z we get:

Zﬁ4k2+4k—65—2

5 =22 +2k—3s—1

(2k +1)2 =325 +1)—22=0 —

So, the solutions are all triples of the following two forms (where k, s € Z):
(z,y,2) = (2k, 25,2k — 35) (z,y,2) = (2k + 1,25 4+ 1,2k* + 2k — 35 — 1)

(b) If we reduce the equation modulo 7 we get: 3x2 — y? z 4, ie. 3z2? L y? + 4. If we multiply both
sides by the multiplicative inverse (mod 7) of 3 (which is 5) we get: 22 < 5y% + 20, i.e. z2 Z 59% + 6.
Now, for z L 0,1,2,3,4,5,6 we have (respectively) z? Z 0,1,4,2,2,4,1. So, we need to consider these
seven cases:

e 2 = 0 and hence 592 4+ 6 Z 0 which has no solution.

e 2 = 1 and hence 5y% +6 Z 1 which has no solution.

e 2 = 2 and hence 5y% + 6 £ 4 which has two solutions: Y Z 1 and Y Z 6. So, if = 22 and Y Z 1 then
we have (where k, s € Z):

3247k)2 —8(1+7s)2+72=11  —  z=—21k>— 12k + 5652 + 165+ 1

Similarly, if x Z2 and y Z 6 then we have:

324 7k)2—8(6+75)2+7z=11  — = —21k% — 12k + 5652 + 965 + 41

w
[~

e = = 3 and hence 5y% + 6 Z 2 which has two solutions: y=3andy Ly So, if = Z 3 and Y Z 3 then

we have:

33+ 7k)2 —8(3+T7s)2+T72=11 — z = —21k* — 18k + 5652 + 485 + 8

Similarly, if x Z 3 and y £ 4 then we have:
33+ Tk)?2 —8(4+T7s)2+T72=11 — 2

—21k? — 18k + 5652 + 64s + 16
3andy£4. So,if;z:iélandy;?)then

[~

e 2 = 4 and hence 5y% + 6 Z 2 which has two solutions: y
we have:

3(4+7k)2—8(3+7s)2+T7z=11 — 2z = —21k? — 24k + 56s% + 485 + 5

Similarly, if Z 4 and y Z 4 then we have:
3(4+T7k)?2—8(4+7s)2+Tz=11 — 2z = —21k? — 24k + 5652 + 645 + 13

e v = 5 and hence 5y% + 6 £ 4 which has two solutions: Y Z 1 and Y Z 6. So, if = Z 5 and Y Z 1 then

we have:

3547k —8(1+7s)2+7z=11  —  z=—21k%— 30k + 5652 + 165 — 8

Similarly, if x L5 and y Z 6 then we have:
3(5+7k)2—8(6+7s)2+T72=11 — z = —21k? — 30k + 565% + 965 + 32

e 2 = 6 and hence 592 4+ 6 Z 1 which has no solution.
So, the solutions are all triples (i.e. x,y, z) of the following eight forms (where k, s € Z):

(24 Tk, 1+ 7s, —21k? — 12k + 5652 + 165 + 1) (24 Tk, 6 + Ts, —21k? — 12k + 5652 + 965 + 41)
(3+ 7k, 3+ Ts, —21k? — 18k + 5652 + 485 + 8) (3+ Tk, 4+ 7s, —21k? — 18k + 5652 + 645 + 16)
(44 Tk, 3+ Ts, —21k? — 24k + 5652 + 485 + 5) (44 Tk, 4+ Ts, —21k? — 24k + 5652 + 64s + 13)
(5+ Tk, 1+ 7s, —21k? — 30k + 5652 4 165 — 8) (5+ Tk, 6 + 7s, —21k% — 30k + 5652 + 965 + 32)

(c) If we reduce the equation modulo 11 we get: 22 — y% — 2z — 8y — 15 = 0. Considering all the 11
possibilities of x i 0,1,...,10 with all the 11 possibilities of y L 0,1,...,10 we find that only the
following 21 combinations satisfy the equation x? — 32 — 22 — 8y — 15 2o
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11
(z,y) = (0,6), (0,8), (1,7), (2,6), (2,8), (3,5), (3,9), (4,4), (4,10), (5,0), (5,3), (6,1), (6,2), (7,1),
(7,2), (8,0), (8,3), (9,4), (9,10), (10,5), (10,9).
So, if k,s € Z then the third combination (for instance) represents: =1+ 11k and y = 7 + 11s.

2 2 5
Now, if we solve the given equation for z we get: z = %. So, if we consider all these
21 combinations in this equation (to get z as we did in part b) then we get the following 21 general

solutions to the given equation (where the triples represent x,y, z and k, s € Z):

11k,6 + 11s, 11k% — 115> — 2k — 205 — 9)

1+ 11k, 74 115,11k — 1152 — 225 — 11)

2+ 11k, 8 + 115,11k — 1152 + 2k — 245 — 13)
3+ 11k,9 + 11s,11k% — 1152 + 4k — 265 — 15)
4411k, 10 4 115, 11k% — 1152 + 6k — 285 — 17)

6+ 11k, 2 + 115,11k — 1152 + 10k — 125 — 1)

(11k,8 4 11s,11k% — 115> — 2k — 245 — 13)
2+ 11k, 6 + 11s, 11k% — 1152 + 2k — 205 — 9)
3+ 11k,5 + 11s,11k% — 1152 + 4k — 185 — 7)
4+ 11k, 4 + 115, 11k% — 115 + 6k — 165 — )
5411k, 11s,11k% — 1152 + 8k — 85)

7+ 11k, 1+ 11s,11k2 — 1152 + 12k — 10s + 1)

7+ 11k, 2 + 11s,11k% — 1152 + 12k — 125)

8+ 11k, 3 + 115, 11k% — 11s% + 14k — 14s)

9+ 11k, 10 4 11s,11k> — 1152 4 16k — 285 — 12)
10 + 11k,9 + 115, 11k% — 1152 + 18k — 265 — 8)

8 + 11k, 11s,11k% — 1152 + 14k — 85 + 3)
9+ 11k, 4 + 11s,11k% — 11s% + 16k — 165)

(

(

(

(

(6 + 11k, 1+ 11s,11k% — 115 + 10k — 10s)
(

(

(

(10 + 11k, 5 4 115, 11k> — 115> + 18k — 18s)

(
(
(
(
(
(54 11k, 3 + 11s,11k? — 115 + 8k — 145 — 3)
(
(
(
(
(

(d) If we reduce the equation modulo 5 we get: 3 — 4y? 2 0, i.e. 4y? 2 3. So, we have five cases to
consider:

e v = 0 and hence 42 2 0 whose solution is Yy 20, ie. y = 5s (s € Z). On substituting x = 5k (k € Z)
and y = 5s in the original equation we get:

(5k)® —4(58)% +52=0 — z = 20s% — 25k3

e 2z 2 1 and hence 4y? 5 1 whose solutions are Y 2 2 and Y 2 3,ie. y=2+5sand y =3+ 5s. On
substituting * = 1 + 5k and y = 2 + 5s in the original equation we get:

(1+5k)% —4(2+5s)? +52=0 — z = —25k% — 15k® 4 20s® — 3k + 165 + 3

Similarly, on substituting z = 1 4+ 5k and y = 3 + 5s in the original equation we get:

(14 5k)% —4(3+55)%>+52=0 - 2= —25k% — 15k% +20s% — 3k + 245 + 7

e 2 2 2 and hence 4y? = 8 which has no solution.
e 2 2 3 and hence 49y 2 27 which has no solution.

e 2 = 4 and hence 49 £ 64 whose solutions are Y 2 1 and Y 2 4,ie. y=14+bsand y =4+ 5s. On
substituting x = 4 + 5k and y = 1 + 5s in the original equation we get:

(4 +5k)% —4(1 +55)> +52 =0 — z = —25k% — 60k? + 205 — 48k + 8s — 12

Similarly, on substituting = 4 + 5k and y = 4 4+ 5s in the original equation we get:

(4 +5k)% —4(4 +55)2 +52=0 — z = —25k% — 60k* 4 20s% — 48k + 32s
So, the solutions are all triples of the following five forms (where k, s € Z):

(x,y,2) = (5k, 5s, 20s% — 25k3)

(z,y,2) = (1 + 5k, 2+ 5s, —25k® — 15k? + 20s? — 3k + 165 + 3)

(2,9,2) = (1 + 5k, 3+ 5s, —25k3 — 15k + 205 — 3k + 245 + 7)
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(2,9,2) = (4 + 5k, 1 + 5s, —25k3 — 60k? + 2052 — 48k + 8s — 12)

(2,9,2) = (4 + 5k, 4 + 5s, —25k3 — 60k? + 2052 — 48k + 325s)

(e) On inspecting the given equation we note that xyz # 0 (since the equation has no solution in
integers if at least one of the variables is zero; see the upcoming note). So, we are looking for solutions
in non-zero integers. However, for simplicity we start by searching for solutions in natural numbers (i.e.
z,y,2z € N) and then generalize the obtained solution(s) to integers (i.e. z,y,z € Z). So, let assume
that z,y,z € Nand z <y < z.

Now, z cannot be greater than 7 because otherwise:

8 = 4096 < 2* < a2t + y* + 2* = 3042
which is a contradiction. Similarly, z cannot be less than 6 because otherwise (noting that x <y < 2):
3042 = x* +y* + 2 < 32* <3(5)* = 1875

which is a contradiction. So, we must have z =6 or z = 7.
o If z = 6 then we have z*+y* = 1746, i.e. z* = 1746 —y*. Now, y cannot be greater than 6 because z*
becomes negative (which is impossible; also note the condition z < y < 2). So, we have z* = 1746 — y*
where 1 < y < 6. On testing these values of y we find that 2% = 1746 — y* (i.e. % + y* = 1746) has no
solution. This means that z* + y* + z* = 3042 has no solution when z = 6.
o If z = 7 then we have 2% + y* = 641, i.e. 2* = 641 —y*. Now, y cannot be greater than 5 because x
becomes negative (which is impossible). So, we have 2% = 641 — y* where 1 < y < 5. On testing these
values of y we find that z* = 641 — y* has only one solution, i.e. ¥y =5 and hence z = 2.1 So, we
found only one solution [i.e. (x,y,2) = (2,5, 7)] under the two conditions: z,y,z € Nand z <y < z.
Now, to find all solutions we need to lift these conditions.
We lift the condition x < y < z (noting the symmetry in z,y,z) by permuting x,y,z (and hence
permuting the values in the above solution). Accordingly, the given equation has 6 solutions (where
x,y,z € N): (z,y,2) = (2,5,7), (2,7,5), (5,2,7), (5,7,2), (7,2,5), (7,5,2).
We lift the condition x, y, z € N by noting that all the variables are raised to power 4 and hence each one
of these variables can be positive and negative (independently of the signs of the other two variables).
So, we have 8 sign combinations for each one of the aforementioned 6 solutions, e.g. from the solution
(z,y,2) = (2,5,7) we get 8 solutions which are:
(2,5, 7)  (2,5,-7) (2,-5,7) (2,-5,-7) (-2,5,7) (-2,5,-7) (=2,-5,7) (-2,-5,-7)
So in brief, the given equation has 48 solutions in Z (i.e. the 6 permuted solutions in N times the 8 sign
combinations).
Note: it is obvious that x = y = z = 0 is not a solution. Similarly, when two of the variables are 0
(say y = z = 0) then the equation is not satisfied by any integer = (noting that 3042 is not a fourth
power of an integer). Now, if only one variable is zero (say z = 0) then we have 2 + y* = 3042. Noting
that 2% < 3042 it is obvious that —7 < z < 7 (and this similarly applies to y). On testing these few
possibilities!'*2l we can easily verify that no integer z,y satisfy the equation z* 4 y* = 3042.

6. A right-angled triangle has sides a,b and hypotenuse ¢ (where a,b, ¢ € N). Show that the area of this
triangle cannot be a perfect square.
Solution: From Pythagoras theorem we have a? + b?> = ¢? and hence (a, b, c) is a Pythagorean triple.
If a, b, c are not mutually coprimes we can cancel their gcd and hence reduce them mutually coprimes.
So, we can assume that a,b,c are already reduced and hence (a,b,c) is primitive. Now, according to
Problem 3 of § 4.1.4, there are coprimes m,n € N of opposite parity with m > n such that (a,b, c) is
given by Euclid’s formula, i.e.

4

a = 2mn b=m?—n? c=m?+n?

141] In fact, there is another solution (i.e. z =5 and y = 2) but we are currently assuming z < y.
[142] T fact, we need to test only the non-negative (or non-positive) values because the fourth power of positive and negative
integers is the same)
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Now, if the area of the triangle is a perfect square (say S? where S € N) then from the formula of the
area of right-angled triangle we have:
2 1 1 2 2 2 2

Sziab=§><2mn><(m —n®) =mn(m® —n®) (78)
Now, m and n are coprime and hence each of m and n is coprime to m? —n? (see part b of Problem 19
of § 2.2). Thus, mn and (m? — n?) are coprime (see part e of Problem 1 of § 2.2) and hence from Eq.
78 we conclude that mn and (m? — n?) are squares (see Problem 20 of § 2.2). Thus, let mn = A? and
(m? —n?) = B? (A,B € N).
If we repeat this argument on mn = A? (noting that m and n are coprime and using Problem 20 of §
2.2) we conclude that m and n are squares. Thus, let m = D? and n = E? (D, E € N). So in brief we
have:

m = D? n = F? m? —n? = B2 (B,D,E € N)

On substituting from the first two equations into the last equation we get D* — E4 = B2. However,
D* — E* = B? has no solution in N (see part a of Problem 4). So, we conclude that the area of
this triangle cannot be a perfect square (because the assumption of being a perfect square leads to no
solution).

4.1.7 Diophantine Exponential Equations

In this subsection we give a few examples of Diophantine exponential equations in two and three variables
and illustrate how they are solved.
Problems
1. Find the solutions of the following exponential Diophantine equations (where z,y € N°):
(a) 2* +3Y =1. (b) 4% +9¥ = 2. (c) 5% + 7Y = 40369232. (d) 117 — 9¥ = 34219.
Solution:
(a) Noting that 2¢ > 1 and 3Y > 1 (since z,y € N°) there is no solution to this equation.
(b) Tt should be obvious that the only solution is 2 = y = 0 because if z > 0 or y > 0 then the sum
will be greater than 2.
(c) If we test all the few combinations of low-value x and y that could possibly produce 40369232 (using
for instance a spreadsheet) we can find that only z = 6 and y = 9 can satisfy this equation.
(d) 117 —9Y is even and 34219 is odd (see the rules of parity in § 1.8). So, we can conclude immediately
that this equation has no solution.
2. Find the solutions of the following exponential Diophantine equations (where z,y € N°):

(a) 4* —12¢ = 0. (b) 4* — 12V = 1. (c) 47 — 12V = 2. (d) 4% — 12V = 3.
(e) 47 — 12V = 4. (F) 47 — 12 = 5. (g) 47 — 12 = 6. (h) 47 — 12V =17.
(i) 4° —12¢ = 8. (j) 4° — 12v = 9. (k) 4° — 12 = 10. (1) 4° —12v = 11.
(m) 47 — 12¥ = 12, (n) 4% — 12¥ = 19.

Solution: Let us first investigate the modular behavior of 4% —12¥ for a given modulo (say 13). If we test
the powers of 4 and the powers of 12 (i.e. 4% and 12¥ for z,y = 0, 1,2, 3,...) modulo 13 then we find that

the powers of 4 have a cycle of 6 (i.e. 4% 1 1,4,3,12,9,10,1,4,3,12,9,10,... forx = 0,1,2,3,...,11,...)
while the powers of 12 have a cycle of 2 (i.e. 12¥ 1 1,12,1,12,... for y = 0,1,2,3,...). The modular

value of 47 — 12¥ (mod 13) for all these 12 combinations (i.e. 6 x 2) are presented in the following table
(where k, s € NO):

46k 2 1 46k+1 2 4 46k:+2 g 3 46k+3 1:3 12 46k+4 g 9 46k:+5 g 10
1225 21 0 3 9 11 8 9
1225+1 2 19 2 5 4 0 10 11
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(a) From the modular table we can see that 0 is a modular value of (4* — 12¥) and hence there is
a possibility that the equation 4% — 12¥ = 0 has a solution (see points 6-8 of § 2.7.6). However, if
we consider the prime factorization of 4% and 12 then we have 4% = 227 and 12¢¥ = 22¥ x 3¥. So,
considering their prime factors, 4% # 12¥ (see § 2.1), and hence 4% — 12¥ = 0 has no solution.

(b) From the modular table we can see that 1 is not a modular value of (4 — 12¥) and hence the
equation 4% — 12¥ =1 has no solution (see point 7 of § 2.7.6 as well as part b of point 8 of § 2.7.6).
We may also argue (more simply) that 4* —12¥ is even unless z = 0 and y # 0 OR z # 0 and y = 0 (see
the rules of parity in § 1.8), and hence 4* — 12¥ cannot be equal to 1 (which is odd) except (possibly)
in one of these cases. However, if © = 0 and y # 0 then (4% — 12¥) < —11, while if x # 0 and y = 0
then (4% — 12¥%) > 3 and hence in both cases (4* — 12¥) # 1. Hence, 4* — 12¥ = 1 has no solution.

(c) 2 is a modular value of (4% — 12¥) and hence 47 — 12¥ = 2 may have a solution (see points 6-8 of §
2.7.6). Now, ifx =0and y # 0 OR z # 0 and y = 0 then 4*—12¥ is odd and hence it cannot be equal to 2
(which is even), while if z = y = 0 then 4* —12¥ = 0 # 2. So, the only possibility for 4* —12¥ to be equal
to 2 is if z # 0 and y # 0. However, in this case we have 4% — 12¥ = 4% — 3¥4Y = 4(4%~1 —3v 4¥=1) £ 2
(since 2 cannot be an integer multiple of 4). Hence, 4* — 12¥ = 2 has no solution.

(d) 3 is a modular value of (4 — 12¥) and hence 4 — 12¥ = 3 may have a solution (see points 6-8 of

§ 2.7.6). As we see, 4% — 12¥ By only for the combination = 6k + 1 and y = 2s (k,s € N). On
inspection we note that 4* — 12¥ =3 for k = s =0 (i.e. z =1 and y = 0). So, we have one solution to
4* — 12¥ = 3. However, this solution should be the only possible solution because if £ # 0 and s = 0
then (4% — 12¥) > 3, while in the other two cases (i.e. k=0and s # 0 OR k # 0 and s # 0) 4* — 12¥ is
even (see the rules of parity in § 1.8) and hence it cannot be equal to an odd number (i.e. 3). Hence,
4% — 12Y = 3 has only one solution, i.e. z =1 and y = 0.

(e) 4 is a modular value of (4”—12Y) and hence 4” —12¥ = 4 may have a solution. As we see, 4* —12Y By
only for the combination # = 6k + 2 and y = 2s + 1 (k, s € N°). It is obvious that we have one solution
to 47 — 12Y =4, i.e. x = 2 and y = 1 corresponding to £k = s = 0. However, this is the only possible
solution because if s = 0 then 4% — 12¥ = 4552 — 12 which can be equal to 4 only if k = 0 (as we found
already), while if s # 0 then we have:

4?5 _ 12y — 46k+2 _ 1228+1 — 46k+2 _ 328+1428+1 — 42(46k _ 328+1425—1)

Now, (4% — 325+1425=1) i5 an integer (noting that s > 0) and hence 4%(45% — 325+1425=1) i5 a multiple
of 4% and hence it cannot be equal to 4, i.e. (4% — 12¥) cannot be equal to 4 in this case. Hence,
4% — 12Y = 4 has no solution other than z =2 and y = 1.

(f) 5is a modular value of (4* —12¥) and hence 4* —12¥ = 5 may have a solution. As we see, 4* —12¥ Bs
only for the combination x = 6k + 1 and y = 25 + 1 (k,s € N°). This means that we cannot have any
solution to 4% —12¥ = 5 because for any value of k and s (including k = s = 0) the expression (4% —12Y)
is even and hence it cannot be equal to an odd number (i.e. 5). So, 4* — 12¥ = 5 has no solution.

(g) 6 is not a modular value of (4* — 12¥) and hence the equation 4* — 12¥ = 6 has no solution.

(h) 7 is not a modular value of (4% — 12¥) and hence the equation 47 — 12¥ = 7 has no solution.

(i) 8 is a modular value of (4* —12¥) and hence 4% —12¥ = 8 may have a solution. As we see, 4% —12¥ By
only for the combination = = 6k + 4 and y = 2s (k, s € NY). Now, if we factorize (4°**4 — 122%) and 8
we get:

2

4OkHd 1925 — (43842 _12%) (432 1 12%) =8 =1x8=(—1) x (—8) =2 x4 = (=2) x (—4)

It is obvious that (422 4 12%) (which is > 16) is not equal to £1 or +8 or +2 or +4. Hence,
(46F+4 _ 122) £ 8 i.e. the equation (4” — 12¥) = 8 has no solution.

(j) 9is a modular value of (4* —12¥) and hence 4* —12¥ = 9 may have a solution. As we see, 4 —12Y By
only for the combination x = 6k + 5 and y = 2s (k,s € N%). Now, 45¥+5 — 1225 i5 even unless s = 0
and hence it cannot be equal to 9 (which is odd) except (possibly) when s = 0. However, if s = 0 then
(46F+5 — 122) > 1023. Hence, 4° — 12¢ = 9 has no solution.

(k) 10 is a modular value of (4% — 12¥) and hence 4% — 12¥ = 10 may have a solution. As we see,
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47 —12v B 10 only for the combination z = 6k + 4 and y = 2s + 1 (k,s € N°). Hence:

4T — 199 = 46k+4 o 1225+1 — 46k+4 - 328+1425+1 — 4(46k+3 - 328+1425)

As we see, (4% —12%) is a multiple of 4 in this case and hence it cannot be equal to 10 (which is not a
multiple of 4). Hence, 4* — 12¥ = 10 has no solution.
(1) 11 is a modular value of (4* — 12¥) and hence 4* — 12¥ = 11 may have a solution. As we see,

47 —12v B 11 only for the combination z = 6k + 3 and y = 2s and the combination x = 6k + 5 and
y = 2s+1 (k,s € NY). In all cases for both combinations, (4% —12¥) is even and hence it cannot be equal
to 11 which is odd. The only exception is in the case of s = 0 for the first combination (since 45%+3 —120
is odd). However, even in this case (4% — 12¥) cannot be equal to 11 because (4513 —129) > 63. Hence,
4® —12¥ = 11 has no solution.

(m) 12 is not a modular value of (4* — 12¥) and hence the equation 4* — 12¢¥ = 12 has no solution.

(n) We have 19 2 6 and hence 4 — 12v = 19 2 6. So, from part (g) we conclude that 4* — 12¥ = 19
has no solution. We may also argue that (4 —12¥) is even unless t =0 and y #0 OR z # 0 and y = 0
(see the rules of parity in § 1.8), and hence (4% — 12¥) cannot be equal to 19 (which is odd) except
(possibly) in these two cases. However, if x = 0 and y # 0 then (4% — 12¥) < —11, while if 2 # 0 and
y = 0 then (4 — 12¥) = 3,15,63, ... and hence in both cases (4* — 12¥%) # 19. Hence, 4* — 12¥ = 19
has no solution.

3. Find the solutions of the following exponential Diophantine equations (where z,y € N°):
(a) 47 —3v = 1. (b) 4% — 3¥ = 3.
Solution:
(a) For x =0 we have 1 — 3¥ =1 (i.e. 3¥ = 0) which has no solution.
For z = 1 we have 4 — 3¥ =1 (i.e. 3¥ = 3) which has only one solution, i.e. y = 1.
For z > 1 we have no solution because:

8
47— 3¥ =227 _ gV = (2P x 2% 3) 3V = (8x 23 —3v £ _gv 4]

where the last step is justified by the fact that —3¥ £ 127 for even y and —3Y £ 325 for odd

1431 This means that 4% — 3¥ 78é 1 (z > 1) and hence 4% — 3¥ # 1 (see part b of point 8 of § 2.7.6).
So, the only possible solution is (z,y) = (1,1).
(b) For x = 0 we have 1 — 3¥ = 3 (i.e. 3V = —2) which has no solution.
For z = 1 we have 4 — 3¥ = 3 (i.e. 3¥ = 1) which has only one solution, i.e. y = 0.
For x > 1 we have no solution for the same reason as in part (a).
So, the only possible solution is (z,y) = (1,0).
4. Find the solutions of the following exponential Diophantine equations (where x,y, z € N°):
(a) 3* 4+ 5Y — 7% =0. (b) 47 +5Y — 6% = 0.
Solution:
(a) The expression (3* + 5Y — 7%) is odd for all values of z,y, z € NO [144] and hence it cannot be equal
to 0 (which is even). Therefore, 3* + 5Y — 7 = 0 has no solution.
(b) The expression (4% + 5Y — 67) is odd for all values of z,y,z € N° except in two cases: z = 0 and
2# 0OR z # 0 and z = 0.3 Hence, the equation 4* + 5Y — 6* = 0 has no solution (since 0 is not

[143] This is because if y = 2k (k € NO) then 3¥ = 32% = ok £ 1k = 1, while if y = 2k + 1 (k € N°) then 3¥ = 32*+1 =
32k3=9k3 L 1k3=3

[144] This includes the case when some or all of z,y, z are zero because the parity of an odd number (i.e. 3,5,7 in our case)
does not change when it is raised to power 0 (since any non-zero integer raised to power 0 is 1 which is odd). See rule
10 of § 1.8.

[145] What distinguishes these two cases from all other cases is that in these two cases exactly one term changes its parity
(i.e. 4° and 6°) from even to odd and hence the parity of the sum (4% + 5Y¥ — 6%) becomes even noting that the parity
of an even number (i.e. 4,6 in our case) does change when it is raised to power 0 (since any non-zero integer raised to
power 0 is 1 which is odd). See rule 10 of § 1.8.



4.1.8 Mixed Diophantine Polynomial-Exponential Equations 157

odd) except (possibly) in these two cases. So, all we need to do is to investigate these two cases:

e Case 1: x =0 and z # 0O:

If y = 0 then we have 4° + 5% — 6* = (2 — 6) < 0 and hence 4% + 5Y — 6 = 0 has no solution.

If 4y # 0 then we have 4° 4+ 5Y — 6% = 0, i.e. 6° = 1 + 5Y which has an obvious solution y = z = 1.
However, 6° = 1 4 5Y has no other solution because for y > 1 the numbers 5¥ end in 25 (see rule 14
of § 1.8), while for z > 1 the numbers 6% end in 36, 16,96, 76,56 (see Problem 14 of § 2.7) and hence
6* #1+5Y wheny > 1 and 2 > 1. If y = 1 and 2 > 1 then 6 > (1+5'), while if y > 1 and 2z = 1 then
6! < (1+5Y).

So, in Case 1 we have only one solution, i.e. x =0and y =z = 1.

e Case 2: x 20 and z = 0:

If y = 0 then we have 4* 4+ 5° — 6° = 4 > 0 and hence 4% + 5Y — 6 = 0 has no solution.

If y # 0 then we have 4% + 5Y — 6° = (4% + 5% — 1) > 8 and hence 4% + 5Y — 6° = 0 has no solution.
So, in Case 2 we have no solution.

Therefore, 4* + 5Y — 6* = 0 has only one solution, i.e. =0 and y =2 = 1.

4.1.8 Mixed Diophantine Polynomial-Exponential Equations

In this subsection we give a few examples of mixed Diophantine polynomial-exponential equations in two
and three variables and demonstrate how they are solved.

Problems

1. Find the solutions of the following mixed Diophantine polynomial-exponential equations:

(a) bz +4Y —11 =0 (z € Z,y € N°). (b) 5% —6y +21 =0 (z € N,y € Z).
() 5* —1lz+3y+1=0 (z e N’y € Z). (d) 35 +5Y —42—-2=0 (z,y € N’ 2 € Z).
Solution:

(a) If we reduce this equation modulo 5 we get: 4% — 11 = 0, i.e. (—1)¥ — 1 = 0. The solution of this
congruence equation is all even y > 0, i.e. y = 2k (k € N°). On solving the given equation for x we get:
11 —4Y 11 — 42k
xTr = =
5 5

5 )
k € N°. It is worth noting that (11 — 42*)/5 is always integer because for k = 0 it is equal to 2, while
for k > 0 the numerator (11 — 4%%) ends in 5 (because 42 ends in 6; see rule 13 of § 1.8) and hence it
is divisible by 5 (see rule 27 of § 1.9).

(b) If we reduce this equation modulo 6 we get: 5% + 21 20, ie. (=) +3 2 0. As we see, this
congruence equation has no solution (because the left hand side is either 2 or 4) and hence the given
equation has no solution (see part b of point 8 of § 2.7.6).

So, the solutions of the given equation are all pairs of the following form: (z,y) = (11_4% 2k> where

(c) If we reduce this equation modulo 3 we get: 5% +z+1 £ 0. The solutions of this congruence equation
are z = 3+ 6k and 2 = 4 + 6k where k € N° (see the upcoming notes 1 and 2). On substituting these
expressions of x in the original equation and solving for y we get:

—5310k + 32 4 66k
y= 3

So, the solutions of the given equation are all pairs of the following two forms:

—5%+6k 4 43 4+ 66k
and Y= 3

—53+6k + 32 + 66k:)

—54+6k L 43 4+ 66k>
3

(z,y) = (3 + 6k, 3

and (z,y) = (4 + 6k,
It is worth noting that (—53+6% 432 + 66k)/3 and (—5*+6% 4 43 + 66k)/3 are always integers (see the
upcoming note 3).

Note 1: if we test the first few values of 2 € N° we find = 3,9 and 2 = 4, 10 satisfy the congruence
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equation 5 +z +1 2 0. This suggests that this may be true for all z = 3+ 6k and x = 4 + 6k (k € NO)
and that is what we will try to establish using proof by induction (see § 1.5.4). In fact, we will give in
the following the proof for = 3 + 6k only (noting that the proof for = 4 + 6k is similar).

For k = 0 we have 5% + 3 + 1 2 0 which is true. Now, let assume that 53t6F + (3 + 6k) + 1 20 is true
for a given k € N and hence we have:

53F6F 1 (3 4+ 6k) +1 120 (given)
530k 56 4+ (3+6k+6)+120 (52 1 and 6 2 0)
53HORHS (34 6k +6)+1 =0 (rules of indices)
30D L 34 6(k+1)] +120

So, it is true for k + 1 (assuming it is true for k) and hence it is true for all k € N°.

Note 2: we could have reduced the given equation modulo 3 as: (=1)*+z+1 2 0 and hence we prove
that the solutions of this congruence are x = 3 + 6k and = = 4 4 6k as follows:

The congruence equation (—1)*4+z+1 2 0is satisfied in the following two (comprehensive and mutually
exclusive) cases:

o (—1)* 2 1 (e wis odd) and x 20 (i.e. = = 3s for some s € N). So, for these conditions
to be satisfied simultaneously we need s to be odd (say s = 2k + 1 for some k € N°) and hence
x =3(1+2k) = 3+ 6k.
o (—1)* 2 (i.e. x is even) and x £ (i.e. * =1+ 3s for some s € N). So, for these conditions
to be satisfied simultaneously we need s to be odd (say s = 1 + 2k for some k € N°) and hence
r =14 3(1+2k) =4+ 6k.
Note 3: we have:

—53F6k 4 39 4 66k = —(—1)3F y2=14+2=320

where step 2 is because (3 + 6k) is odd. So, (—53+6% 432 + 66k)/3 is always integer.
Similarly:

—5MOE 4434 66k = — ()P 41 =—141=0
where step 2 is because (4 + 6k) is even. So, (—5*+6% 443 + 66k)/3 is always integer.

(d) If we reduce this equation modulo 4 we get: 3% +5Y — 2 20, ie. (-1)*+(1)¥y -2 2 0. The solution
of this equation is z = 2k and y = s (k, s € N°). On solving the given equation for z we get:

34 —2 34552

B 4 B 4
So, the solutions of the given equation are all triples of the following form: (x,y,z) = (2k, s, %)
where k,s € N°. Tt is worth noting that (32F + 5% — 2)/4 is always integer because:

326 450 22 (—1)* 4 (1) —2=141-2=0

4.1.9 Diophantine Equations Involving Roots

In this subsection we give a few examples of Diophantine equations involving roots in two and three
variables and illustrate how they are solved. In fact, labeling this type of equations as “Diophantine
equations” is rather loose and could be controversial although this is of no concern to us (see § 4.1).

Problems
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1. Find the solutions of the following Diophantine equations involving roots (where x,y, z € Z):

(a) vz + 5 =09. (b) 3Va2 +5 y/y = 47. (c) VT —y = 379.
(d) 6z +10,/y — 192 = 0. (e) 21z + 35,/y — 12y/z = 41. (f) Vz + /y = V363.
(&) VE+1)—y+5 =1

Solution:

(a) We have only 10 pairs of \/z and ,/y that can add up to 9, i.e. (vz,,/y) = (0,9),(1,8)...(9,0).
So, if we square the numbers in each pair then we get all the possible solutions. In fact, because of the
symmetry of  and y we need only to obtain the first 5 pairs and then get the remaining 5 pairs by
reversing x and y. So, the 10 solutions are:

(x,y) = (0’81) (x,y) = (1’64) (x7y) = (4549) (as,y) = (9736) ($,y) = (16725)
(z,y) = (25,16) (z,y) = (36,9) (z,y) = (49,4) (z,y) = (64,1) (z,y) = (81,0)

(b) If X = Vz2 and Y = ¥y then we have: 3X +5Y =47 (X € N’ and Y € Z). The solution of this
equation is (see § 4.1.1): X =9+5kand Y =43k (k € Z, k > —1 noting that X € N°). Accordingly:

Va2 =945k — a2 =125k3 +675k%2 + 1215k + 729 — = +V125k3 + 675k2 + 1215k + 729
Yy=4-3k — y=-27k4 108k? — 144k + 64

However, since x € Z the square root /125k3 + 675k2 4 1215k + 729 must be an integer. This can be
achieved by imposing the following condition on k:

_10m2 — 10m — 6m(—1)™ + 3(—1)™ — 11
N 8

k

(m € Z) (79)

So, the solutions are: (z,y) = (:I:\/125k3 + 675k2 + 1215k + 729, —27k® + 108k% — 144k + 64) where k
is given by Eq. 79.

(c)  must be a perfect square (i.e. = s? where s € Z) and hence y = /7 — 379 = |s| — 379 (where
|s| is the absolute value of s). So, the solutions are (z,y) = (s2, |s| — 379) where s € Z.

(d) Let Y = /y and hence 6z + 10Y — 19z = 0 whose solution is (see part b of Problem 1 of § 4.1.2):

x=11s — 19k Y=s z =4s — 6k (s,keZ)

Now, for \/y to be an integer we must have y = t* (¢ € Z). Hence, Y = \/y = V2 = |t| = s (where |t|
is the absolute value of ¢). Therefore, the solution of 6z + 10,/y — 19z = 0 is:

= 11[t| — 19k y =1t z = 4|t| — 6k (t,k € 7)

(e) Let Y = /y and Z = \/z and hence 21z + 35Y — 12Z = 41 whose solution is (see part ¢ of Problem
1of §4.1.2):

r=2—-5s—4k Y =1+3s Z=3-Tk (s,keZ)

Now, Y = /y > 0 and hence s must be > 0 (i.e. s € NO). Also, Z = \/z > 0 and hence k must be < 0
(i.e. Z >k <0). Therefore, the solution of 21z + 35,/y — 12/z = 41 is:

r=2-5s—4k y=(1+3s)? z=(3—"Tk)? (seN’ Z3k<0)

(f) We have /y = V363 — y/z and hence by squaring both sides we get y = 363 — 2¢/363x + = =
363 — 224/37 + x. Since = and y are integers then 22+/3x must be an integer and hence \/3x must be
a rational number, i.e. v/3x = s/t where s and t are coprime (s,t € Z). By squaring and arranging we
get: 3xt? = s2. Now, since s and ¢ are coprime then all the prime factors of s2 should belong to 3z, i.e.
3z = s? (or t2 = 1). Accordingly, 3|s and hence s = 3m (m € Z). Thus x = s2/3 = 9m?/3 = 3m2.

By a similar argument we should also have y = 3n? (n € Z).
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So, we have:

VI+G=v363 — V3m2+V3r2=+v363 — |m[V3+|nV3=11v3 — |m|+n|=11
ie. |n| = 11 — |m|. Hence, x = 3m? and y = 3(11 — |m|)%. Now, |n| = 11 — |m| and hence we
have only 12 possible values of m, i.e. m = 0,1,...,11 (noting that the negative values of m pro-
duce the same solutions). So, we have only 12 possible solutions to the equation /z + /y = V363,
ie. (z,y) = (0,363), (3,300), (12,243), (27,192), (48,147), (75,108), (108,75), (147,48), (192,27),
(243,12), (300, 3), (363,0).

Note: we may solve this Problem more simply by a method similar to the method of part (a). In
brief, v/363 = 11v/3 and hence we have only 12 pairs of v/z and V¥ that can add up to V363, i.e.
(Vz,/y) = (0v3,11V3), (1v/3,10V3), ..., (11v/3,0V/3). So, if we square the numbers in each pair then
we get all the possible solutions. In fact, because of the symmetry of z and y we need only to obtain
the first 6 pairs and then get the remaining 6 pairs by reversing x and y. So, by this method we obtain
the same 12 solutions that we obtained above.

(g) Let X = (z+1) and Y = (y + 5) and hence we have VX — VY = 1. Now, if X = k? (k € Z)
then VY = VX —1 = |k| — 1, i.e. Y = (Jk| — 1)® where |k| is the absolute value of k. However, since
VX — /Y =1 then we must have:

VX -VY)>0 — VX>VY = X>Y =  E>E-2kl+1) = |k >(1/2)
ie. k€Zand k #0. Hence, X = (v + 1) =k*> and Y = (y +5) = (|k| — 1)®> where k € Z and k # 0.
So, the solutions of the given equation are all pairs of the following form: (z,y) = (k* — 1, {|k| — 1}* = 5)
where k € Z and k # 0.

2. Find the solutions of the following Diophantine equation: 5% — 7% — 2,/z = 0 (where z,y, z € NY).

Solution: If we reduce this equation modulo 2 we get: 1* — 1¥ 2 0. The solutions of this congruence
are z = k and y = s (k,s € N°). On solving the given equation for z we get:

57— 7Y 5k 78 5 — 75\ N
VR S z:( . ) (5" —7) > 0]

where we imposed the condition (5% — 7¥) > 0 because +/z is non-negative. So, the solutions of the

.12
given equation are all triples of the following form: (z,y,z) = <k, S, {5k§7 } ) where k,s € N° and

(5% —7¥) > 0. It is worth noting that z is always integer because (5 — 7°) is always even for k, s € N°.

4.1.10 Diophantine Equations Involving Fractions

In this subsection we give a few examples of Diophantine equations involving fractions in two and three
variables and demonstrate how they are solved. Again, labeling this type of equations as “Diophantine
equations” is rather loose and could be controversial although this is of no concern to us.

Problems

1. Find all n, k € Z that satisfy the following equations:

(a) 5725 = k- (b) 252t —
Solution:

(a) (bn — 6) divides any of its multiples, and hence (5n — 6) divides 3(5n — 6) = 15n — 18. Also, if
(5n — 6) should divide (5 — 3n) then (5n — 6) must divide any multiple of (5 — 3n), and hence (5n — 6)
should divide 5(5 — 3n) = 25 — 15n. So, (5n — 6) divides both (15n — 18) and (25 — 15n) and hence it
must divide their sum which is 7 (rule 14 of § 1.9). Noting that the divisors of 7 are £1 and £7, we
conclude that (5n — 6) must be +1 or +7 (which are the four possible divisors of 7). Considering all
these four possibilities we have:

e (5n —6) = —1, i.e. n =1 and hence k = —2.

o (5n — 6) = +1, i.e. n =7/5 (which is not acceptable).

e (5n — 6) = —7, i.e. n = —1/5 (which is not acceptable).
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o (5n — 6) = 47, i.e. n =13/5 (which is not acceptable).

So, we have only one acceptable solution, i.e. n =1 and k = —2.
(b) We have:
n? —9n+13 65
——— =n-13+
n—+4 n+4

Hence, (n 4 4) is a divisor of 65 (since k € Z). Noting that the divisors of 65 are +1, +5, +13, 65, we
conclude that (n + 4) must be equal to these divisors. Considering all these eight possibilities we have:
e (n+4) = —65,i.e. n = —69 and hence k = —83.

e (n+4)

e (n+4)

o ( )= —1,ie. n=—5 and hence k = —83.

e (n+4)=1,1ie n=—3and hence k = 49.

o ) =5,1.e. n =1 and hence k = 1.

e (n+4)
)

2. Find all z,y € Z that satisfy the following equations:
(a) ¥+ & =25 (b) 2+ 3 =2. (c)
Solution:
(a) From the given equation we get: y = 475 — %. Now, y is an integer and hence x must divide 266.
Noting that the divisors of 266 are 1,2,7,14,19,38,133,266 and their negatives, we conclude that z
must be equal to these divisors (i.e. the 16 possible divisors of 266). Considering all these 16 possibilities
(ie. © = £1,42,...,4266) we obtain y from the formula y = 475 — iﬁ. On doing this we obtained the
following 16 solutions: (x,y) = (—266,476), (—133,477), (—38,482), (—19,489), (—14,494), (—7,513),
(—2,608), (—1,741), (1,209), (2,342), (7,437), (14,456), (19,461), (38,468), (133,473), (266,474).
(b) From the given equation we get: x = ng%:s. Now, (2y — 33) divides any of its multiples, and hence
(2y — 33) divides 10(2y — 33) = 20y — 330. Also, since z is an integer then (2y — 33) should divide 20y.
So, (2y — 33) divides both (20y — 330) and 20y and hence it must divide their difference which is 330
(rule 14 of § 1.9). Noting that the divisors of 330 are 1, 2, 3, 5, 6, 10, 11, 15, 22, 30, 33, 55, 66, 110, 165,
330 and their negatives, we conclude that (2y — 33) must be equal to some of these divisors (i.e. the 32
possible divisors of 330). Considering all these 32 possibilities (i.e. 2y —33 = £1,+2,...,4+330) we ob-
tain y (accepting only Z > y # 0). We then obtain (from the obtained integer y’s) the corresponding z’s
using the formula z = 2;%3 On doing this we obtained the following 15 solutions: (z,y) = (—320, 16),
(—100,15), (—56,14), (—20,11), (—12,9), (4, —11), (8,—66), (12,99), (16, 44), (20, 33), (32,24), (40, 22),
(76,19), (120,18), (340,17).
Note: we may also solve for y (i.e. y =
same solutions.
(c) We note that zy # 0. We also note that if this equation has a solution then z and y must have the
same sign because otherwise the sum will be negative. Now:
e If we multiply the given equation by xy and solve for 22 we get 2 = 2y — y?. Since z? > 0 then
xy >y
o If we multiply the given equation by zy and solve for y? we get y?> = xzy — z2. Since y? > 0 then
Ty > z2.
So, we have zy > y? and 2y > z2. Now:
e If x > 0 and y > 0 then we have (on dividing by y and x respectively) z > y and y > « which is a
contradiction.
e If z < 0 and y < 0 then we have (on dividing by y and x respectively) ¢ < y and y < x which is a
contradiction.
So, this equation has no solution.
(d) We note that 2y # 0. On multiplying the given equation by xy and rearranging we get 22+ —2xy =
0, i.e. (z —y)? =0 and hence x = y # 0. So, the general solution of this equation is (z,y) = (k, k)
where k € Z and k # 0.

33z

5->55) and follow a similar argument which will lead to the
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3. Repeat Problem 2 but replacing the plus sign by minus sign.
Solution:
(a) If we write the equation as 1 + X5 = 25 where Y = —y then we get the same solutions for (z,Y")
as those found in part (a) of Problem 2 for (x,y). Hence, the solutions of the given equation are the
same as the solutions found in part (a) of Problem 2 but with y replaced by —y.
(b) If we repeat the argument of part (a) then we conclude that the solutions are the same as those of
part (b) of Problem 2 but with y replaced by —y.
(c¢) On multiplying the given equation by xy (# 0) we get 2% — y* = 2y, ie. 22 —yz —y?> = 0. On
solving this quadratic equation in x we get:

yEVEY)? -4 yEVP Ay Ve gt lylVe
2 2 2 2

xr =

which is impossible because z is an integer while the right hand side is irrational (since /5 is irrational).
So, the given equation has no solution.
(d) On multiplying the given equation by xy (# 0) we get 22 — y? = 22y, i.e. 22 = (22y + y?). Hence:

20? = 2% + 2 = 2? + 22y +y?) = 22 + 2xy +9° = (x +y)?

Now, if we take the square root of both sides we get: xv/2 = +(z +y) which is impossible because V2
is irrational (since v/2 is irrational) while (z + y) is an integer. So, the given equation has no solution.

4. Prove the following: if x,y,k € Z (zy # 0) then T+ ¥ = k has no solution except for k = +2.
Solution: On multiplying the given equation by zy and rearranging we get: y? — kzy + 22 = 0. Now,
if we solve this equation for y (using the quadratic formula) we get:

kxR ? — 42?2 kx££ |z|VE? -4
N 2 N 2
Now, since y is an integer then v/k? — 4 must be an integer (because otherwise vk? — 4 is irrational;

see rule 28 of § 1.8) and hence (k? — 4) must be a perfect square,!'*%l ie. k? — 4 = 52 (where s € Z).
Accordingly, we have:

B —s?=(k—s)k+s)=4=(-1)x(—4) =1x4=(-2)x (-2) =2x2

So, we have 6 cases:

o (k—s)=—1and (k+s) = —4,ie. k= —5/2 and s = —3/2 which is not acceptable.

o (k—s)=—4and (k+s)=—1, ie. k= —5/2 and s = 3/2 which is not acceptable.

o (k—s)=1and (k+s)=4,1ie k=5/2and s =3/2 which is not acceptable.

o (k—s)=4and (k+s)=1,1ie k=5/2and s =—3/2 which is not acceptable.

o (k—s)=—-2and (k+s) =—2,i.e. k=—2and s =0 which is acceptable.

o (k—s)=2and (k+s)=2,ie. k=2and s =0 which is acceptable.
So in brief, we have only two acceptable values of k, i.e. k = 42. The general solution of £ 4 £ = —2
is y = —x while the general solution of E +2=2is y =z (where x,y € Z and xy # 0).

5. Prove the following: if z,y,k € Z (vy # 0) then £ — 2 = k has no solution except for k = 0.
Solution: If we repeat the analysis of Problem 4 then we should get:

 —kx £ x| VE2+4
B 2

and hence s? — k% = 4. So, on considering the 6 cases for (s — k) and (s + k) we get only one acceptable
value for k (i.e. k = 0 from the last two cases). The general solutions of v 4 =0 arey =z and
y = —x (where z,y € Z and xy # 0).

[146] 1y fact, this is a necessary but not sufficient condition, but we will do a test later.
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6. Find all x,y, z € Z that satisfy the following equations:

(@) z+¥-32=1 (b) 3+ 5 =2 (c) t+%=1
Solution:
(a) From the given equation we get: z = %. Now, z is an integer and hence (5z + 8y — 280)

must divide 120. Noting that the divisors of 120 are 1,2, 3,4,5,6,8,10, 12,15, 20, 24, 30,40, 60, 120 and
their negatives, we conclude that (52 4+ 8y — 280) must be equal to these divisors (i.e. the 32 possible
divisors of 120). Considering all these 32 possibilities (i.e. 5z + 8y — 280 = £1,42,...,£120) we can
obtain z and y (parameterized by k € Z; see § 4.1.1) and the corresponding z (by dividing 120 on the
corresponding divisor). On doing this we obtained the following 32 parameterized solutions (i.e. z,y, 2):

(8k,20 — 5k, —1) (4 + 8k, 25 — 5k, —2) (8k,30 — 5k, —3) (2 + 8k, 30 — 5k, —4)
(8k,32 — 5k, —5) (4 + 8k, 30 — 5k, —6) (5 + 8k, 30 — 5k, —8) (4 + 8k, 31 — 5k, —10)
(6 + 8k, 30 — 5k, —12)  (8k,34 — 5k, —15) (2 + 8k, 33 — 5k, —20) (7 + 8k, 30 — 5k, —24)
(4+8k,32—5k,—30)  (1+8k,34—5k —40)  (6+8k,31 —5k,—60) (3 + 8k,33 — 5k, —120)
(5 + 8k, 32 — 5k, 120) (2 + 8k, 34 — 5k, 60) (7 + 8k, 31 — 5k, 40) (4 + 8k, 33 — 5k, 30)

(1 + 8k, 35 — 5k, 24) (6 + 8k, 32 — 5k, 20) (8%, 36 — 5k, 15) (2 + 8k, 35 — 5k, 12)

(4 + 8k, 34 — 5k, 10) (3 + 8k, 35 — 5k, 8) (4 + 8k, 35 — 5k, 6) (8k,38 — 5k, 5)

(6 + 8k, 35 — 5k, 4) (8k,40 — 5k, 3) (4 + 8k, 40 — 5k, 2) (8k,50 — 5k, 1)

(b) It is obvious that xy # 0. If we multiply the given equation by z we get 14 % = 2z, i.e. y|z (noting
that zz € Z). If we multiply the given equation by y we get £ + 1 = yz, i.e. z|y (noting that yz € Z).
Hence, y = £z (see rule 9 of § 1.9). Now, we have two cases:

e y = —x and hence % — % =z, ie. (z,y,2) = (k,—k,0) where k € Z and k # 0.

ey==zand hence 1 +1 =2z ie 22=2=(-1)x(=2) =1x2. So, we have the following 4 solutions:
(z,y,2) = (—1,—1,-2), (-2, -2,—1), (1,1,2), (2,2,1).

So in brief, we have an infinite number of solutions, i.e. (z,y,z2) = (k, —k,0) plus the 4 other solutions.
(c) It is obvious that yz # 0. Now, if we write the equation as z = y — y; we can see (noting that

x,y € 7Z) that z|y?. So, the general solution is (x,y,2) = (k — ’1—,2, k, s) where k,s € Z, k # 0 and s|k?.

This means (in practice) that to build a specific solution (related to a specific k) we choose an integer
k # 0 and then we find all the positive and negative divisors (represented by s) of k2 and thus we build
the solutions corresponding to that k. For example, if £ = 5 then s = £1,+5, 25 and hence we have
6 solutions (z,y, z) corresponding to k = 5, i.e.

(5_ %757_1) = (30757_1) (5_ %%a55_5) = (10?5a_5) ( - _27255a55_25) = (6?5a_25)
(5—28,5,1) = (—20,5,1) (5—%,5,5)=(0,5,5) (5—22,5,25) = (4,5,25)

7. Find all x,y, z € N that satisfy the following equations:
(@) s+, +:=4 (b) 3 +5+1=3 () g+y+:=2 (d) g+, +:=1
Solution:

(a) This equation has no solution because < + % +1 cannot be greater than 3 (i.e. whenz =y =2 =1).

(b) This equation has only one solution, i.e. x =y = z = 1 because if any one of x,y, z is greater than
1 then % + % + % will be less than 3.

(c) Let assume that z < y < z (noting that the given equation is symmetric in the variables z,y, z).
Now, x cannot be greater than 1 because in this case % + % + % will be less than 2 for any values of
y, z € N noting that < y < z. So, the only possibility is = = 1, i.e. % +1=1

Now, y cannot be 1 because no (finite) value of z satisfies % + % =1, ie. % = (. Similarly, y cannot be
greater than 2 because in this case % + % will be less than 1 for any value of z € N noting that y < z.
So, the only possibility is y = 2.

So, the only possibility is = 1 and y = 2 and hence (from the given equation) we get z = 2. So, the
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only solution (assuming x <y < z) is (z,y, 2) = (1,2, 2).

However, to get all the possible solutions we must lift the condition < y < z (noting the symmetry in
x,y,z) by permuting z,y, z (and hence permuting the values in the above solution). Accordingly, the
given equation has 3 solutions: (z,y,z) = (1,2,2), (2,1,2), (2,2,1).

(d) Let assume that x < y < z (noting that the given equation is symmetric in the variables z,y, z).
Now, x cannot be 1 because in this case l + l = O which has no solution in y, z € N. Similarly, x cannot

be greater than 3 because in this case - + +3 L will be less than 1 for any values of z,v, z € N noting

that x <y < z. So, we have only 2 p0551b111t1es for z, i.e. x =2 and z = 3 (assuming =z < y < 2).

o If x = 2 then we have l +1 = 1. Now, y cannot be 2 because no (ﬁnitc) valuo of z satisfies £ +1 = 1

29
ie. ; = 0. Similarly, y cannot be greater than 4 because in this case = + L will be less than 5 for any
values of y, z € N noting that y < z. So, we have only 2 possibilities for y, i.e. y =3 (and hence z=06)
and y = 4 (and hence z = 4).

o If x = 3 then we have % + % = % Now, y cannot be greater than 3 because in this case % + % will be
less than % for any values of y, z € N noting that y < z. So, we have only 1 possibility for y, i.e. y =3
(and hence z = 3).

Accordingly, we found 3 solutions: (z,y,2) = (2,3,6), (2,4,4), (3,3,3). However, to get all the possible
solutions we must lift the condition z < y < z (noting the symmetry in z,y, z) by permuting z, y, z (and
hence permuting the values in the above solutions). Accordingly, the given equation has 10 solutions:
(x,y,2) = (2,3,6), (2,6,3), (3,2,6), (3,6,2), (6,2,3), (6,3,2), (2,4,4), (4,2,4), (4,4,2), (3,3,3).

4.2 Congruence Diophantine Equations

In § 4.1 we investigated ordinary Diophantine equations, and in this section we will briefly investigate
congruence Diophantine equations.['*”l In fact, this subject was introduced in § 2.7.5, and hence our
investigation here is a continuation of that investigation.

4.2.1 Polynomial Congruence Equations

We present in the Problems of this subsection a small sample of polynomial congruence equations in two
and three variables and illustrate how they are solved.

Problems

1. Solve the following multivariate congruence equations (where x,y, 2z € Z):

(a) 3z — Ty = 4. (b) 27z + 18y = 3. (c) 3z + 16y — 9z = 28.
(d) 422 — 5y = 31. (e) 722 — 33y% £ 10. (F) 23 — 22 + 3522 2 1.
Solution:

(a) We have:

32(z20,1,2,3,4,5,6,7) £ 0,3,6,1,4,7,2,5  and  Ty(y=0,1,2,3,4,5,6,7) =0,7,6,5,4,3,2,1
On considering all these 64 combinations (i.e. 8 x8) we find that 3z — Ty 2 4 for the following eight cases:
zi()andygél zglandyil x§2andy§6 xi3andyi3
zgllandyg() x§5andy§5 x§6andy§2 x§7andy§7
Hence, the general solutions are (where k, s € Z):

(z,y) = Bk, 4+8s)  (x,y) =(1+8k1+8s) (z,y)=(2+8k6+8s) (x,y)=(3+8k3+8s)

(z,y) = (4 + 8k, 8s) (z,y) = (5 + 8k,5+ 8s) (z,y) = (6 + 8k, 2 + 8s) (z,y) = (7 + 8k, 7+ 8s)
(b) We have:
272z 20,1,2...,18) 20,8,16,5,13,2,10,18,7,15,4,12,1,9,17,6,14,3,11  and

[147]

“Congruence Diophantine” may sound nonsensical but we use it for clarity and comparison.



4.2.1 Polynomial Congruence Equations 165

18y(y L 0,1,2...,18) L 0,18,17,16,15,14,13,12,11,10,9,8,7,6,5,4,3,2,1
On considering all these 361 combinations (i.e. 19 x 19) as we did in part (a) we get the following 19
general solutions (z,y) where k, s € Z:

(19%,16 + 19s) (14 19k,5+ 19s) (24 19k,13 + 19s) (3+ 19%,2 + 19s)
(4 + 19k,10 + 19s) (5+ 19k, 18 + 19s) (6 + 19,7+ 19s) (7 + 19k,15 + 19s)
(8 + 19k,4 + 19s) (94 19k,12 4+ 19s) (10 4+ 19k,1 + 19s) (114 19%,9 + 19s)
(12 + 19,17 + 19s) (13 + 19k,6 + 19s) (14 + 19k,14 + 19s) (15 + 19k, 3 + 19s)
(16 + 19k,11 + 19s) (17 4+ 19k,19s) (18 + 19k,8 + 19s)

(c) The given congruence is equivalent to 3z +y + z L. Now, we have:

30(z20,1,2,3,4) 2 0,3,1,4,2 y=0,1,2,3,4 220,1,2,3,4
On considering all these 125 combinations (i.e. 5 X 5 x 5) as we did in parts (a) and (b) we get the fol-

lowing 25 general solutions (x, ¥y, z) noting that for brevity we deleted (45k, +5s, +5¢) from the (z,y, 2)
components (where k, s, t € Z):

(0,0,3) (0,1,2) (0,2,1) (0,3,0) (0,4,4) (1,0,0) (1,1,4) (1,2,3) (1,3,2)
(1,4,1) (2,0,2) (2,1,1) (2,2,0) (2,3,4) (2,4,3) (3,0,4) (3,1,3) (3,2,2)
)

(3,3,1) (3,4,0) (4,0,1 (4,1,0) (4,2,4) (4,3,3) (4,4,2)

(d) We have 422 — 5y L3113 Now, we have seven cases to consider (where s € Z):

e 2 = 0 and hence 22 = 0. Accordingly, 0 — by Z 3 and hence Y z 5,i.e. y =5+ 7s where s € Z.

e 2 = 1 and hence 22 = 1. Accordingly, 4 — 5y Z 3 and hence Y < 3,1.e. y=3+47s.

e = = 2 and hence 72 = 4. Accordingly, 16 — by Z 3 and hence Y L 4, ie. y=447s.

e = = 3 and hence z2 = 2. Accordingly, 8 — 5y ~ 3 and hence Y z 1,ie. y=147s.

e 2 = 4 and hence 22 = 2. Accordingly, 8 — 5y Z 3 and hence Y < l,ie. y=1+7s.

e = = 5 and hence z2 = 4. Accordingly, 16 — by Z 3 and hence Y L 4,ie. y=4+7s.
7

e 2 = 6 and hence 22 = 1. Accordingly, 4 — 5y Z 3 and hence y L 3,ie. y=3+7s.
So overall, the solutions are all pairs (z,y) of the following seven forms (where k, s € Z):

(Tk, 5+ Ts) (1+ 7k, 3+7s) (24 7Tk, 4+ Ts) (34 7k, 1+ 7s)
(4+ Tk, 1+7s) (5+ Tk, 4+ 7Ts) (6 + 7k, 3+ 7s)

(e) We have 722 B0+ 33y2. On multiplying the two sides by the modular multiplicative inverse (mod
13) of 7 (which is 2) we get: x2 220+ 66y2 £ 7+ y2. Now, we have 13 cases to consider (where s € Z):
e 2 20 and hence 22 £ 0. Accordingly, 7 + y? £ 0 and hence y? £ _7 26 which has no solution.

e 2 21 and hence 22 £ 1. Accordingly, 7 + 32 21 and hence y? 2 _6 27 which has no solution.

o 2 22 and hence 22 £ 4. Accordingly, 7+ y2 £ 4 and hence y2 2 —3 £ 10 which has two solutions:
y=6+13sand y =7+ 13s.

If we continue doing this with x = 3,4,5,6,7,8,9,10,11,12 then we get the following 12 general solu-
tions (where the pairs represent x,y and k, s € Z):

(2 + 13k, 6 + 13s) (2 + 13k, 7+ 13s) (4+ 13k, 3 + 13s) (4+ 13k, 10 + 13s)
(6 + 13k, 4+ 13s) (6 + 13k, 9 + 13s) (7 + 13k, 4+ 13s) (7+ 13k, 9+ 13s)
(9 + 13k, 3+ 13s) (9 + 13k, 10 + 13s) (11 + 13k, 6 + 13s) (11 + 13k, 7+ 13s)

(f) We have 23 — 2y? + 3522 2 1 which is equivalent to z3 — 2y? + 222 21 Now, we have nine cases
to cognsider: . s 5
ez =0 and y =0 and hence (0)3 — 2(0)? + 222 = 1, i.e. 222 =1 which has no solution.
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e z20and y =1 and hence (0)3 —2(1)% + 222 21, ie. 222 232 0 which has one solution: z = 0.
e z20and y < 2 and hence (0)3 —2(2)% + 222 21, ie. 222 292 0 which has one solution: z = 0.
ez 21 and y 20 and hence (1)2 —2(0)% + 222 21, i.e. 222 2 0 which has one solution: z = 0.
ez 2 1andy=1 and hence (1)3 —2(1)% 4 222 2 1, 1e 222 2 2 which has two solutions: z = 1 and
222
oz 21andy22and hence (1) —2(2)2 +222 2 1, i.e. 222 2 8 2 2 which has two solutions: z 2 1
and z 2 2.
oz 22 and Yy 2 0 and hence (2)3 —2(0)2 +222 = 21, ie. 2222 —7 2 2 which has two solutions: z =

3
and z = 2.

ez 22and y 21 and hence (2)3 —2(1)2 + 222 =1, ie. 222 2 _5 2 1 which has no solution.

oz 22and y 22 and hence (2)2 —2(2)2 +222 =1, ie. 222 2 1 which has no solution.
So, the solutions are all triples (x,y, z) of the following 9 forms (where k, s,t € Z):
(3k, 1+ 3s,3t) (3k,2 + 33, 3t) (1+ 3k, 35, 3t)

(1+3k,1+3s,1+3t) (1+3k,1+ 35,2+ 3t) (1+ 3k, 2+ 35,1+ 3t)

(14 3k,2+ 3s,2+ 3t) (2 + 3k,3s,1+ 3t) (2+ 3k, 3s,2+ 3t)

. Re-solve parts (a, b, ¢) of the previous Problem using a different approach.
Solution:
(a) If y = k (k € Z) then 3z S 447k On multiplying the two sides by the modular multiplicative
inverse (mod 8) of 3 (which is 3) we get: = 212+ 21k £ 4+ 5k. So, the solution is (z,y) = (44 5k, k)
where k € Z.
(b) If y =k (k € Z) then 27z Y318k On multiplying the two sides by the modular multiplicative
inverse (mod 19) of 27 (which is 12) we get: x 236 — 216k 2 17 — Tk. So, the solution is (z,y) =
(17 — Tk, k) where k € Z.
(c)Ify=kand z = s (k,s € Z) then 3z 2 28— 16k +9s. On multiplying the two sides by the modular

multiplicative inverse (mod 5) of 3 (which is 2) we get: 2 = 56 — 32k + 185 = 1 — 2k + 3s. So, the
solution is (z,y, 2) = (1 — 2k + 3s, k, s) where k, s € Z.

3
3

4.2.2 Exponential Congruence Equations

We present in the Problems of this subsection a small sample of exponential congruence equations in two
and three variables and illustrate how they are solved.

Problems

1. Solve the following congruence equations (where z,y, 2z € N°):

(a) 27 +3v = 1. (b) 4% +5v £ 2. (c) 4" +7v &5,

(d) 27 +3Y +5° L 2. 9= 4

Solution: . .
(a) We have: 2% = 01,23 2 1,2,4,3 and 3v=01,2,3 2 1,3,4,2. On considering all these 16 combinations
(i.e. 4 x 4) we find that 2% 4 3¥ 2 1 for the following three cases:

(e) 4% + 7Y — 10. (F) 4% + 7Y + 97 2 0.

z23 and Y 21
(1+4k,2+4s), (2+4k,3+4s), (3+4k,1+4s) where k, s € NO.

(b) 47 +5Y £ 2 means (4% +5Y —2) is divisible by 8. However, (4”7 +5Y —2) is always odd (and hence it
cannot be divisible by 8 which is even) except when 2 = 0. Hence, the solutions of the given congruence

z21 and yéZ 222 and yéS

Hence, the general solutions are: (z,y) =

equation are the same as the solutions of the congruence equation 1+ 5Y 2 2,i.e. Y £ 1. The solution
of the latter congruence is y € E (see § 3.2.4). Hence, the general solution is: (z,y) = (0,2k) where
ke N
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(c) 47 + v S5is equivalent to 4* 4 1Y A 9, i.e. 47 S 4. This is obviously untrue for © = 0. However,

it is true for all z > 0 because 47 = 4 is equivalent to 4% — 4 £ 0 which is always true for z > 0.[148l

So, 47 + 7% £ 5 for all z € N and y € N°.

(d) We have:
gr=012 L1 94

guE012345 L1 396,45

5z2071,2,3,4,5 ; 17 57 4’ 6, 2, 3

On considering all these 108 combinations (i.e. 3 X 6 x 6) we find that 2% + 3Y 4 5° L 2 for 16 cases
(similar to what we did in part a). Hence, the general solutions (z,y, z) are (where k, s,t € N°):

(3k,1+ 65,1+ 6t)
(3k,5 + 65,5 + 6t)
(1+ 3k, 3+ 65, 6t)
(
(

2+ 3k, 1+ 65,4 + 6t)
e) We have:

4 3071,2,&4 2 1, 4, 5, 97 3

(3k,2 + 65,3 + 6t)
(1 + 3k, 65,3 + 6t)
(1+ 3k,4+ 65,5 + 6t)
(2 + 3k, 2 + 65,5 + 6t)

(3k,3 + 65,4 + 6t)

(1+ 3k, 1+ 65,2+ 6t)
(1 + 3k, 5 + 65,4 + 6t)
(2 + 3k, 3 + 65,3 + 6t)

v =0123456789 L 7593 10,4,6,9,8

(3k,4 + 65,2 + 6t)
(1+ 3k,2+ 65,1+ 6t)
(2 + 3k, 65,2 + 6t)
(2 + 3k, 4+ 65, 6t)

97 2 0,1,2,3,4 g 17 9, 47 37 5

On considering all these 250 combinations (i.e. 5x10x5) we find that 4% +7Y¥ —9* 110 for 23 cases (sim-
ilar to what we did in the previous parts). Hence, the general solutions (z,y, ) are (where k, s,t € N°):

(5k,10s,3 + 5t)

(5k,5 + 10s, 5t)

(1+ 5k, 8 + 10s,3 + 5t)
(2 + 5k, 8 + 10s,2 + 5t)
(3+ 5k, 5 + 10s, 1 + 5t)
(4+ 5k, 2+ 10s, 1 + 5t)
(

(5k,1+ 10s,1 + 5¢)
(1+ 5k, 1+ 10s,5t)
(2 + 5k, 4 + 10s, 1 + 5t)
(2 + 5k,9 + 10s,3 + 5t)
(3 + 5k, 6 + 10s, 3 + 5t)
(4 + 5k, 5 + 10,3 + 5¢)

(5k,3 + 10s,2 + 5t)
(1+ 5k, 5+ 10,2 + 5¢t)
(2 + 5k, 5 + 10s, 4 + 5¢)
(3 + 5k, 2 + 10,2 + 5t)
(3 + 5k, 7 + 10,4 + 5t)
(4 + 5k, 9 + 10s, 5t)

(5k,4 + 10s,4 + 5t)
(1+ 5k, 6+ 10s,1 + 5t)
(2 + 5k, 7+ 10s, 5t)
(3 + 5k, 3 + 10s, 5t)
(4+ 5k, 10s, 4 + 5t)

f) 4* 47V 4 9% 2 0 is equivalent to (=1)*4+2Y4+(-1)? 2 0. Now, if we note that v 01,23 2 1,2,4,3

then we can easily see that 4% 4+ 7Y + 97 2 0 s true only in two cases: x and z are even and y 2 3, and x

and z are odd and y 11 Hence, the general solutions are: (z,y, z) = (2k, 3+4s,2t), (1+2k, 1+4s, 14-2t)
(where k, s,t € N?),

4.2.3 Mixed Polynomial-Exponential Congruence Equations

We present in the Problems of this subsection a small sample of mixed polynomial-exponential congruence
equations in two and three variables and illustrate how they are solved.

Problems

1. Solve the following congruence equations (where x,y, 2 € Z and the exponents are > 0):
(a) 27 — 3y7 2 4. (b) 4% 4+ 5Y + 2y — 3y £ 0. (c) 3% — Ba + Ty? + 6y° = 2.

(d) 3° +9y* — 57 £ 3. () 67 + 7V +4z 21, (F) 203 + 22 —y° +5° 2 1.

Solution: .
(a) We have: 22=0:123 2 1 9 4 3 and 3y7(y 2 0,1,2,3,4) = 0,3,4,1,2. On considering all these 20
combinations (i.e. 4 x 5) we find that 2% — 3y” 2 4 for the following four cases:

220 and ygél z21 and yil 222 and yQO 223 and yQQ

[148] We prove this by induction as follows: 4! — 4 £ 0 which is true. Moreover, if we assume 4F — 4 $0fora given k € N

then 4541 — 4 = (3)4% 4 (4k — 4) £ 0 which is true because (3)4 is divisible by 6 (since it is divisible by 2 and 3) and
(4% — 4) is divisible by 6 (according to the assumption) and hence their sum is divisible by 6.
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Hence, the general solutions are: (z,y) = (4k,4 + 5s), (1 + 4k, 1 + 5s), (2 + 4k,5s), (3 + 4k, 2 + 5s)
where k € N? and s € Z.
(b) We have:

422012 L 49 52012345 L1 54693 2 — 3y2(y £ 0,1,2,3,4,5,6) = 0,6,6,0,2,5,2

On considering all these 126 combinations (i.e. 3 x 6 x 7) we find that 4% + 5Y + 2y — 3y L 0 for the
following 18 cases (where k,s € N° and where we solve the 2-congruence system in y by the Chinese
remainder theorem):

0e220,y20,yL5, ie. (z,y) = (3k, 12+ 42s)
0erx20,y22 yZ4 ie (z,y)=(3k 32+42s)
oxiO,yEZ,y;&i.e. (z,y) = (3k, 20 + 42s)
ex20,y23 yZ0,ic (z,y) = (3k 21+ 42s)
oxio,ygiﬁ,y;& ie. (z,y) = (3k, 3+ 42s)

ez 21,y20,y<4,ie (z,y) = (1+3k 18+ 42s).
oxél,yg(),y;&i.e. (z,y) = (1 + 3k, 6+ 42s).
oxil,ygl,y;&i.e. (z,y) = (1 + 3k, 19+ 42s).
ex21,y22 yI1,ie. (x,y) = (1 + 3k, 8+42s).
omil,yg2,y;27i.e. (z,y) = (1 + 3k, 2+ 42s).
owil,ygf),y;OJ.e. (z,y) = (1 + 3k, 354 42s).
oxil,yg&y; e (zyy) = (14 3k, 17+ 42s).
oxé&ygl,y; e (z,y) = (24 3k, 7+ 42s).
o222 yL1 yL3 ie (z,y)=(2+3k 31+42s).
o222 yL3 yI1 ie (z,y)=(2+3k 15+ 42s).
oxi2,y23,y;2,i.e. (x,y) = (2+ 3k, 9+ 42s).
oxiZ,yg5,y;4,i.e. (z,y) = (2+ 3k, 11 + 42s).
oxiZ,yQS,y;&i.e. (z,y) = (2 + 3k, 41 + 42s).
(c) We have:

3v201 8 4 3 5a2(z £ 0,1,2,3) 2 0,5,4,5 Ty? + 6y3(y = 0,1,2,3) 2 0,5,4,1

On considering all these 32 combinations (i.e. 2 x 4 x 4) we find that 37 — 522 + Ty2 + 6y° = 2 for the
following 8 cases (where k € N° and s € Z and where we solve the 2-congruence system in x by the
Chinese remainder theorem):

o2 20,220, y=1, ic.

i (z,y) = (4k, 1+ 4s)
O:E%O,xéo,yé?),i.e. (z,y) = (4k, 3+ 4s)
oxio,xéZyél,i.e. (z,y) = (2+ 4k, 1+4s)
omio,xé2,yé3, ie. (z,y) = (2+4k, 3+ 4s)
oxil,wél,yéO,i.e. (x,y) = (1 + 4k, 4s)
oxil,xél,yéli.e. (x,y) = (1 + 4k, 2+ 4s)
ex2 1,223 y20,ic (2,y) = (3+4k, 4s).
oxil,xéS,yéQ,i.e. (z,y) = (3+4k, 2+ 4s).

In fact, the first 4 cases mean: “z even and y odd” while the last 4 cases mean: “x odd and y even”. So, all
these cases can be summarized by: (z,y) = (2k,1+2s) and (z,y) = (1+2k,2s) where k € N° and s € Z.
This can be explained in part by the fact that this congruence means 8 divides (3% — 52 + 7y? + 63> — 2)
and this cannot happen if (3% — 522 + Ty? 4+ 6y — 2) is odd (since no even can divide an odd). Now, if
x and y are of the same parity then (3% — 522 + 7y? + 6y — 2) is odd and hence the given congruence
equation cannot be true.



4.2.3 Mixed Polynomial-Exponential Congruence Equations 169

(d) We have:
30201234 19 395 4 9y (y 2 0,1,2,3,4,5,6,7,8,9,10) £ 0,9,1,3,5,4,4,5,3,1,9
pr=01284 1y 5349

On considering all these 275 combinations (i.e. 5x 11 x5) we find that 3%+ 9y* — 57 13 for the following
28 cases (where k,t € N and s € Z):

oxéo,yg(), 224, ie. (z,y,2) = (bk, 1ls, 4+ 5t).
oxé(), yg?), zio, ie. (z,y,2) = (bk, 3+ 11s, 5t).

02 20,y24, 222 ie (z,y,2) = (5k, 4+ 11s, 2+ 5t).
0e220,y27 222 ie (z,y,2) = (5k, 7T+ 11s, 2+ 5t).
oxio, yg& ziO7 ie. (z,y,2) = (bk, 8+ 11s, 5t).
ex21,y21, 224 ie (z,y,2) = (1+5k 1+11s, 4+ 5t).
oxil,yg 220, ie. (x,y,2) = (1 4+ 5k, 2+ 11s, 5t).
oxil,yg?),zil ie. (x,y,2) =(145k, 3+11s, 2+ 5t).
ez 21, y24 221 ie (z,y,2) = (1+5k, 4+ 11s, 1+ 5¢).
oxil,ygazi& ie. (x,y,2) = (14 5k, 5+ 11s, 3+ 5t).
oxil,ygﬁzi& ie. (x,y,2) = (14 5k, 6+ 11s, 3+ 5t).
oxil,yg ,zil,i.e (r,y,2) = (1+5k, T+ 11s, 1+ 5¢).
oxil,yg 222 e (r,y,2) = (1 + 5k, 8+ 11s, 2+ 5¢).
oex21,y209 220, ie (z,y,2) = (1+5k 9+ 11s, 5¢).

ex21,y210, 224, i (z,y,2) = (1+5k, 10+ 11s, 4+ 5¢).
onZ,ygl,zg& ie. (z,y,2) = (2+ 5k, 1+ 11s, 3+ 5t).
oxé2,y23,zg4, ie. (z,y,2) = (2+ 5k, 3+ 11s, 4+ 5¢).
oxézyg&ziél7 ie. (z,y,2) = (2+ 5k, 8+ 11s, 4+ 5t).
ex22 y210, 223, ie (z,y,2) = (2+5k, 10+ 11s, 3+ 5¢).

oxii’),ygz,zil ie. (z,y,2) = (3+ 5k, 2+ 11s, 2+ 5¢t)
ex23 y23 221, ie (z,y,2) = (3+5k, 3+11s, 1+5t).
owi?y,ygS,ziL ie (x,y,2) = (34 5k, 8+ 11s, 1+ 5¢).
oxi3,y£9,zi2, ie (x,y,2) = (34 5k, 9+ 11s, 2+ 5t).
ex 24, y20,220,ie (z,y,2) = (4+5k, 1ls, 5t).

oex 24, y23 223 ie (z,y,2) = (44 5k, 3+ 11s, 3+ 5¢).
oxi4,y25,zil, ie. (x,y,2) = (44 5k, 5+ 11s, 1+ 5t).
oxi4,yg6,zil, ie (x,y,2) = (44 5k, 6+ 11s, 1+ 5t).
e 24, y28 223 ie (z,y,2) = (44 5k, 8+ 11s, 3+ 5¢).

(e) We have two main cases:

oz =0and hence 60 + 7% + 42 2 1, ie. 7+ 4z 2 0. As we see, (7Y + 4z) is odd (for all y € NY and
z € Z) and hence it cannot be divisible by 10 which is even (see the rules of parity in § 1.8). Therefore,
there is no solution to the given congruence for z = 0.

e 7 > 0 and hence 6 2 6 (see rule 16 of § 1.8). Accordingly, we have 6 4+ 7Y 4 4z O, i 7Y +4225.
Now, we have: 7yé0’1’2’3 10 1,7,9,3 and 4z(z s 0,1,2,3,4) L 0,4,8,2,6. On considering all these 20
combinations (i.e. 4 x 5) we find that 79 + 4z Y5 for the following four cases:

yé() and z 2 1 yél and z 22 yé2 and z =4 yé?) and z 23

Hence, the general solutions of 6% + 7Y + 4z O are: (x,y,2) = (k,4s,1 + 5t), (k,1 + 4s,2 + 5t),
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k,2+4s,4+5t), (k,3+ 45,3+ 5t) where k € N, s € N0 and t € Z.
( ) ) )

(f) The given congruence equation is equivalent to 22 + 22 — y5 + (—1)? 31 Now, we have two main
cases:

e z is even and hence the congruence becomes 223 42 —y°+1 3 1,ie. 2234229 2 0. The solutions
of this congruence (see § 4.2.1) are: (x,y) = (3k,3s), (1 + 3k,3s), (2 + 3k,2 + 3s) where k, s € Z.

e 2 is 0dd and hence the congruence becomes 223 +22 —y° —1 2 1, i.e. 22°+22 —y® 2 2. The solutions
of this congruence (see § 4.2.1) are: (z,y) = (3k,1+ 3s), (1 + 3k, 1+ 3s), (2+ 3k, 3s) where k, s € Z.

So, the general solutions of 22 + 22 — y° 4 5% 21 are (where k,s € Z and t € N°):
(z,y,2) = (3k, 3s,2t) (z,y,2) = (1 + 3k, 3s,2t) (z,y,2) = (2+ 3k, 2+ 3s,2t)
(z,y,2) = (3k, 1+ 3s,1 + 2t) (x,y,2) = (1 4+ 3k, 14 3s,1 + 2t) (x,y,2) = (2+ 3k, 3s,1 + 2t)

4.2.4 Congruence Equations Involving Roots

We present in the following Problems a few examples of multivariate congruence equations involving roots
and illustrate how they are solved.

Problems

1. Solve the following congruence equations (where z,y € Z):

(a) 4 YT +3/7 = 0. (b) 4 ¥z -3 20. (c) Yz+ Yy 1.
(d) 3z —2/7 = 2. (e) 5 ¢/x — 6y +3 {/z = 4.
Solution:

(a) §/z and ,/y must be integers and hence X = {/z and Y = \/y where X € Z and Y € N°. So, the
given congruence is reduced to 4X + 3Y £ 0 whose solutions (X,Y) are (see § 4.2.1):

(5k, 5s) (14 5k,2+ 5s) (24 5k,4 + 5s) (34 5k,1+ 5s) (44 5k,3 + 5s)
where k € Z and s € N°. The solutions of the given congruence equation (i.e. 4 ¢/z + 3 VY s 0) are
then given by: (z,y) = (X?3,Y?) where (X,Y) are given by the above five forms.

(b) We repeat our answer to part (a) but with the exception that the solutions (X,Y) of 4X — 3Y 20
are now:

(5k, 5s) (14 5k,3+5s) (24 5k, 1+ 5s) (34 5k,4+ 5s) (44 5k,2 + 5s)
(c) We have X +Y 2 (where X = {/z and Y = {/y with X,Y € Z) whose solutions are (see § 4.2.1):
(X,Y) = (3k,1+ 3s) (X,Y) = (1+ 3k,3s) (X,Y) = (2+3k,2+3s)

where k,s € Z. Hence, the solutions of the given congruence equation are: (x,y) = (X3,Y®) where
(X,Y) are given by the above three forms.

(d) We have 3z —2Y 19 (where Y = \/y with z € Z and y,Y € N°) whose solutions are (see § 4.2.1):
(z,Y) = (4k, 1 + 4s) (x,Y) = (4k,3 + 4s) (,Y) = (2 + 4k, 4s) (,Y) = (2+ 4k, 2 + 4s)
where k € Z and s € N°. Hence, the solutions of the given congruence equation are: (x,y) = (z,Y?)
where (z,Y") are given by the above four forms.

(e) We have 5X —6y+37 L4 (where X = ¢/z and Z = ¥/z with X, y, Z € Z) whose solutions (X, y, Z)
are (noting that for brevity we deleted 47k, +7s, +7t from the X,y, Z components where k, s,t € Z):

(0,06) (0,1,1) (0,200 (0,33) (043) (0,50) (0,6,1) (1,02) (1,14  (1,2,3)
(1,3.6)  (14,6) (153) (1,64) (205) (21,00 (2.26) (232 (242  (256)
(26,00  (301)  (31,3) (322 (335) (345 (352 (3.63) (4,04) (4,16
(425)  (431) (441  (455)  (466) (5000 (51,2) (521 (534)  (544)
(551) (562 (603) (615) (624) (630) (64,0) (654)  (6,6,5)
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Hence, the solutions of the given congruence equation are: (z,y,z) = (X3,y, Z7) where (X,y, Z) are
given by the above 49 forms.

4.2.5 Congruence Equations Involving Fractions

We present in the Problems of this subsection a few examples of multivariate congruence equations in-
volving fractions and illustrate how they are solved.

Problems

1. Solve the following congruence equations (where z,y, z € Z):

(@) X +220  (ay#0). (b)2+y20  (y#0). (€ 24yZ1  (y#0).
(d) 2452223 (y#0). () 5+420.
Sollftion: P

(a) This congruence means 5 divides 1?4 + %. Now, the magnitude of 1;4 + 1y—9 cannot exceed 33 and
hence we have only 13 values to consider, i.e. A= 1% 4+ %’ =0, 45,410, +15, £20, +25, +30.

T

e A= -30,ie. 19z + 14y + 302y = 0 which has no solution.!'49]
e A= -25 ie. 192 + 14y + 252y = 0 which has no solution.
e A =-20,ie. 19z + 14y + 20zy = 0 whose solution is: (z,y
e A= —15,1ie. 192 + 14y + 152y = 0 whose solution is: (x,y
e A= -10, ie. 192 + 14y + 102y = 0 whose solution is: (x,y
e A= -5,1e. 19z + 14y 4+ 52y = 0 whose solutions are: (x,y
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o A=25,1ie. 19z + 14y — 5zy = 0 whose solutions are: (x,y) = (3,57), (56,4), (—1,1).
e A =10, i.e. 192 + 14y — 102y = 0 whose solution is: (z,y) = (28, 2).
e A=15,1ie. 192 + 14y — 152y = 0 whose solution is: (z,y) = (1, 19).
e A =20,ie. 192+ 14y — 202y = 0 whose solution is: (z,y) = (14,1).

e A=25 ie. 19z 4 14y — 252y = 0 which has no solution.

e A=230,ie. 19z 4 14y — 30zy = 0 which has no solution.

(b) For this congruence to be true we need two conditions: z/y is an integer and the parity of /y and
y is the same. Now, for z/y to be an integer we should have x = ky (k € Z). Regarding the parity
condition, we have two cases:

e y is odd: for z/y to be odd we need k to be odd (since xz/y = k). Hence, the solution in this case is:
(z,y) = (ks, s) where k and s are odd.

e y is even: for z/y to be even we need k to be even (since x/y = k). Hence, the solution in this case
is: (z,y) = (ks, s) where k and s are even (s # 0).

(c) If we repeat the analysis of part (b) then we can conclude that the solutions are: (z,y) = (ks, s)
where k and s are of opposite parity.

(d) «/y must be an integer and hence = = qy (¢ € Z). Now, we have 7 cases:

e » = 0 and hence 522 < 0. Therefore, we must have: z/y = ¢ Z 3, i.e. ¢ = 3+ 7k and hence

r=qy=3+Tk)s=3s+Tksand y =s (k,s € Z).

e » = 1 and hence 522 < 5. Therefore, we must have: x/y = ¢
x=qy=(54+7k)s =55+ Tks and y = s.

e 2 = 2 and hence 522 ~ 6. Therefore, we must have: z/y = ¢
r=qy=(4+7Tk)s =4s+ Tks and y = s.

z 5, i.e. ¢ = 5+ Tk and hence

z 4, ie. ¢ = 4+ 7k and hence

e z = 3 and hence 522 < 3. Therefore, we must have: z/y = ¢ Z 0, i.e. q¢ = 7k and hence
x=qy=(7k)s =Tks and y = s.
e z = 4 and hence 522 = 3. Therefore, we must have: z/y = ¢ Z 0, i.e. ¢ = 7k and hence

z=gqy=(7k)s =Tks and y = s.

[149] For investigating the solution of this Diophantine equation and its alike we refer the reader to § 4.1.
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e 2 = 5 and hence 522 = 6. Therefore, we must have: z/y = ¢ A 4, ie. ¢ = 4+ 7k and hence
xr=qy=(4+7k)s =4s+ Tks and y = s.

e 2 = 6 and hence 522 = 5. Therefore, we must have: z/y = ¢ L 5, i.e. ¢ = 5+ 7k and hence
r=qy=(5+Tk)s =5s+ Tks and y = s.

So, the solutions (x,y, z) are (where k, s,t € Z and s # 0):

(3s + Tks, s,Tt) (5s + Tks,s,1+Tt) (4s + Tks,s,2 + Tt) (Tks,s,3 + Tt)
(Tks, s, 4+ Tt) (4s + Tks,s,5 + Tt) (5s + Tks,s,6 + Tt)

(e) We have: $+4 = % 2 0. This means that 4x+ 3y is divisible by 12 and 5 and hence 4z + 3y gy
(where this can be obtained from the Chinese remainder theorem or from rule 20 of § 1.9). Now, if z = 3k
(k € Z) then this congruence can be simplified to 4k + y £ (see rule 9 of § 2.7) and hence y 8 —4k,
ie. y=20s — 4k (s € Z). So, the solution of the given congruence equation is: (z,y) = (3k, 20s — 4k)
where (k,s € Z).

4.3 Systems of Ordinary Diophantine Equations

Systems of ordinary (as opposite to congruence) Diophantine equations can be solved by the well-known
methods of solving systems of equations in R with the rejection of non-integer solutions (since we are in
number theory and dealing with Diophantine equations). So, we refer the reader to the literature (e.g. of
linear algebra) about these methods (with a few demonstrating examples investigated in the Problems).
These systems may also be solved by using the techniques of number theory (some of which have been
investigated earlier and will be demonstrated in the Problems).!*5!

Problems

1. Solve the following systems of Diophantine linear equations in the unknowns m,n, k € Z:

(a) 6m + 3n — 12k = 23 26m + 9n — 36k = 78.
(b) 12m — 4n — 13k =73 3m 4+ 11n + 8k = 46 2m +5n + k = 36.
(c) 51m + 3n + 33k = —3 5m — 2n — 91k = 23 16m + n + 10k = 4.
(d) 11m — 12n — 8k = 25 8m + 3n + 12k = 44 13m — 17n — 10k = 14.
(e) 16m + 10n + 30k = 41 2m —2In+8k =5 m+ 19n — 39k = 73.
Solution:
(a) We have:

(26m + 9n — 36k) — 3(6m + 3n — 12k) = 78 — 3(23) - 8m =9

Hence, there is no (integer) solution.

We may also obtain this result (more easily and directly) by noting that the left hand side of the first
equation is 0 (mod 3) while its right hand side is 2 (mod 3) and hence this equation (as well as the
system) has no solution (see part b of point 8 of § 2.7.6 as well as the preamble of § 3.3).

(b) From the third equation we get &k = 36 — 2m — 5n. On substituting this into the first and second
equations and simplifying we get (respectively):

38m + 61n = 541 & 13m + 29n = 242
Hence:

13(38m + 61n) — 38(13m + 29n) = 13(541) — 38(242) - n="7

[150] The reader is referred to the preamble of § 3.3 where we explained the two main methods for solving systems of ordinary
equations in number theory (as well as other relevant issues).
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Thus:

38m +61(7) = 541 - m=3
k = 36-2(3)—5(7)=-5

So, the solution of this system is: (m,n, k) = (3,7, —5).

(c) Solving this system by the familiar methods (as demonstrated in parts a and b), we get: (m,n, k) =
(—3,72,-2).

(d) Solving this system by the familiar methods (as demonstrated in parts a and b), we get: (m,n, k) =
(7,6,—5/2). So, there is no solution to this system in Z.

(e) Solving this system by the familiar methods, we get no integer solution and hence there is no
solution to this system in Z. This result can also be reached (more simply and directly) by noting that
the left hand side of the first equation is 0 (mod 5) while its right hand side is 1 (mod 5) and hence this
equation (as well as the system) has no solution (see part b of point 8 of § 2.7.6 as well as the preamble

of § 3.3).
2. Solve the following systems of Diophantine non-linear equations in the unknowns m,n € Z:
(a) 16m + 5n% = 93 Tm? — 4n = 8.
(b) 7m? 4 8n% = 351 2m? — 45n? = 53.
Solution:

Tm?—8
1

(a) From the second equation we get n = . On substituting this into the first equation we get:

2
16m + 5 (WTZ—S) —93  —  245m*—560m2+256m —1168=0  —  m=—2 17871

So, only m = —2 is acceptable and hence n = 7(%)2_8 = 5. Thus, the solution of this systems is:
(m,n) = (-2,5).

(b) From the second equation we get m? = 45";7*53. On substituting this into the first equation we get:
7 (425558 ) 4+ 8n? = 351 - n? =1 = n =1
Thus, m? = w =49 and hence m = +7. So, we have four solutions:

(m, n) = (-7, _1) (m7n) = (_77 1) (m7n) =(7,-1) (m7n) =(7,1)

3. Solve the following systems of Diophantine non-linear equations in the unknowns z,y, z € Z:
a) e —y+3z= r+xrz—y—z=1.
2 3 11 4 1

(b) x+3y—7z=22 2r — 3zy + z = —31.

(c) 3z + 17y — 422 = 23 1422 — 84yx + 23123 = 131 1522 — 3y + 2 = 33.
(d) 4+ 12y — 92 = —221 172 — 29y% + 22 = —384 89z + 32 + 22 = 438.
(e) 322 + 72y — 51z =21 5z + 33y + 1523 = 48 47 +5Y - 6% =0.
Solution:

(a) If we subtract the first equation from the second we get 2z+xz—42z = —10, that is (4—z)(z+2) = 18
and hence:

(4—2)(z+2) =18 = (1)(18) = (=1)(=18) = (2)(9) = (=2)(=9) = (3)(6) = (=3)(-6)

Therefore, we have 12 possibilities:
o (4—x)=1and (2 +2)=18,i.e. x =3 and z = 16 and hence (from the given equations) y = 43.
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)=—-9and (#+2) = -2, i.e. z =13 and z = —4 and hence y = 3.
)=3and (z+2)=6,ie z=1and z =4 and hence y = 3.
)==6and (z+2)=3,ie. x =—2and z =1 and hence y = —12.
)

(4—2)=—-6and (z+2) = —3,ie =10 and z = —5 and hence y = —6.
So in brief, the given system has these 12 solutions.
(b) If we multiply the second equation by 7 and add the two equations side by side we get:

(x+3y—T72)+72z—3ay+2)=224+7(-31) — 15z+3y—2lay+195=0 — y=52t6

If we multiply the first equation by z and add the two equations side by side we get:
w43y —T2)+ (20— 3wy +2) =220 31 — 2> —Tzz—20z+2z+31=0 - z= 220043l
Now:

1 4 2_9 11 1
y_5$+65_<5+ 60> and Z_W)<7x139+ 380>

Tr—1 7 Tr—1 Tr—1 49 Te—1

So, if y and z are to be integers then (72 — 1) should be (as a necessary but not sufficient condition) a
divisor of 460 (noting that 460|1380). The divisors of 460 are 1,2, 4, 5, 10, 20, 23, 46,92, 115, 230, 460 and
their negatives, and hence (7x — 1) should be equal to (some of) these divisors. On equating (7x —1) to

these divisors and solving for « we get the following integer values: x = —13,0, 3,33 which correspond
2
to (using y = 220 and z = £=202431): ¢ = 0,-65,4,1 and z = —5,-31,—1,2. So, the solutions of

the given system of equations are:

(z,y,2) = (—13,0,-5) (z,y,2) = (0,—65,—31) (z,y,2) = (3,4,-1) (z,y,2) =(33,1,2)
(c) The left hand side of the second equation is 0 (mod 7) while its right hand side is 5 (mod 7) and
hence this equation (as well as the system) has no solution (see part b of point 8 of § 2.7.6 as well as

the preamble of § 3.3).
(d) From the second and third equations we get:

(892 + 1y +22) — (172 — 29y +2%) = 438 — (—384) —  T22+30y* =822 —  12z+4+5y° =137

Now:
122 + 5y2 2 137 - 22 2 2 - y=1+3k and y=2+3k (keZ)
12z + 5y2 = 137 — 221 - y=1+4k and y=3+4k (k€Z)

Now, since y = y then we must have:

e 1+3k=1+4k and hence k = 0 and y = 1. So, from 12z + 5y* = 137 we get z = 11 and from the
first equation we get z ~ 27.11 which is not acceptable.

e 1 +3k =3+4k and hence k = —2 and y = —5. So, from 12z + 532 = 137 we get = = 1 and from the
first equation we get z = 18 which is acceptable.

e 243k =1+4k and hence k = 1 and y = 5. So, from 12z + 5y? = 137 we get = 1 and from the
first equation we get z ~ 31.33 which is not acceptable.

e 2+ 3k = 3+ 4k and hence k = —1 and y = —1. So, from 12z + 5y = 137 we get x = 11 and from
the first equation we get z ~ 24.44 which is not acceptable.

So in brief, we have only one solution, i.e. (z,y,z) = (1,—5,18).

(e) The equation 4% 4+ 5Y — 6% = 0 has only one solution, i.e. z = 0 and y = z = 1 (see part b of
Problem 4 of § 4.1.7). So, all we need to do is to check if this solutions satisfies the other two equa-
tions. As we see, this solution satisfies the other two equations and hence the solution of this system is

(z,y,2) = (0,1,1).

4.4 Systems of Congruence Diophantine Equations

Systems of congruence Diophantine equations are similar to systems of ordinary Diophantine equations
(which we investigated in § 4.3) except that congruence, rather than ordinary, equations are used. In fact,
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the similarities between the two types of systems is not restricted to their general structure but extend
to include other things like their classifications and methods of solution. So, more familiarity with the
systems of ordinary Diophantine equations will make the work with congruence Diophantine equations
easier and more rewarding (and the reverse is also true).

4.4.1 Systems of Linear Congruence Equations with Single Modulo

Systems of multivariate linear congruence equations with a single modulo can be solved by the ordinary
techniques of linear algebra (with some minor adaptations) such as by substitution or matrix inversion.
This, in fact, applies literally when the modulo is prime and that is what we will focus on in the following
Problems. It is useful to take note of the following remarks:

e As indicated, some caution is needed when dealing with systems of congruence equations since they
do not behave exactly like systems of ordinary equations. Some of these issues will be outlined in the
following Problems.

e Systems of congruence equations may be solved by solving the equations individually with taking the
intersection of their solutions.

Problems

1. Solve the following system of linear congruence equations in the unknowns m,n € Z:

31m 4590 = 9 and m —2n 210

(a) Using the method of substitution.

(b) Using the method of matrix inversion.

(c) Using the method of solving the individual equations and taking the intersection of their solutions.
(d) Using the method of comparison.

Solution:

(a) From the first equation we get:

31m 29— 59 — m 2 31%(9 — 59n) = 5(9 — 59n) = 45— 2950 = 2n+1  (80)

On substituting this in the second equation we get:

=

7(2n+1)—2n 2 10 — 12n+7210 - n

On substituting this into Eq. 80 we get:
m223)+1=7

Hence, (m,n) U (7,3),i.e. m =T+ 1lg and n =3+ 11r (¢, € Z).
(b) We have:

31 59 1 [mlul 9

7T =2 n | | 10
that is:

—1
m | 1| 31 59 9 | ,ec1] 2 59 9 |11 e | 2 59 || 9
MR R IR b | R Y

Now, 475* = 6 (mod 11) and hence:

molu 2 59 9 | |12 354 9 | | 3648 |1 | 7

n | 7 =31 10 | | 42 —186 10 | | —1482 | " | 3
Hence, (m,n) 4 (7,3) which is identical to the solution obtained in part (a).
(c) The solutions (m,n) of 31m+59n Y9are (see § 4.2.1 noting that we delete +11¢, +11r for brevity):
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(0,5) (1,0) (2,6) (3,1) (4,7) (5,2) (6,8) (7,3) (8,9) (9,4) (10,10)
while the solutions of 7m — 2n 2 10 are:

06) (L4 (22 (30 (49 (57 (65 (7.3) (81  (9,10)  (10,8)

As we see, the intersection of their solutions is (m,n) U (7,3) as before.

(d) We have 31m + 59n — 9 Y0 and 7m — 2n — 10 2 0 and hence:
31m 4590 — 9 & Tm — 2n — 10 — 24m +6ln+120 - 2m 4+ 6n+1=0
The solutions (m, n) of the last congruence are (see § 4.2.1 noting that we delete +11¢, +11r for brevity):

09 @5 @D B8 @4 (50 (67  (73)  (810)  (96)  (10,2)

As we see, the solution (m,n) u (7,3) of the system is there but it cannot be identified among other

solutions (i.e. of the congruence which is the result of comparison). Yes, it can be identified by substi-
tuting these solutions in the given congruence equations where we find that only (7,3) satisfies these
equations.

2. Repeat parts (a) and (b) of Problem 1 for the following system (in the unknowns m,n,k € Z):

Sm—2n—k=>1 and 1lm+4n+ 5k =3 and om +4n — 8k =0

Solution:
(a) The first two equations can be simplified and solved for k and m as follows:

B | and m+4n 2 3
k2 —on—1 and m=3—4n (81)
Now, if we substitute from these congruences in the third congruence we get:
23 —4n) +4n—8(—=2n—1)20 - 12n+14 20 - n<3
On substituting this value of n into the congruences of Eq. 81 we get:
k2 -23)—-1=-723 and m=3-4(3)=-9=1

Hence, (m,n, k) 2 (1,3,3),i.e. m=1+4+5¢q, n=3+5r and k =3+ 5s (¢q,7,s € Z).
(b) We have:

5 -2 —1 m 1
11 4 5 n |23
2 4 -8 k 0
that is:
m 5 —2 —177'T1] 2% 10 3 1
n 5 11 4 5 3| =246"1| —49 19 18 3
k 2 4 -8 0 —18 12 —21 0
2% 10 3 1
5 946 | —49 19 18 3
~18 12 —21 | | 0
Now, 246* =1 (mod 5) and hence:
m 2% 10 3 1 56 1
n | 2| —49 19 18 3|=|8 |2]3
k —18 12 —21 0 18 3

Hence, (m,n, k) 2 (1, 3,3) which is identical to the solution obtained in part (a).
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4.4.2 Systems of Non-Linear Congruence Equations

There is no general approach for solving systems of non-linear congruence equations as such. Yes, in
principle it should always be possible to solve the individual equations of such systems with taking the in-
tersection of their solutions (noting that such systems have solutions only when all the individual equations
have solutions and the intersection of their solutions is not empty).



Chapter 5
Last Digits

In this chapter we investigate the issue of obtaining the last digits of an integer which is usually very
long!'®!l and hence it is impossible or impractical or inconvenient to obtain the number for this purpose.
It is important to note that although this issue may be seen to belong to fun and entertainment, it is not
so in general. In fact, we do not do this for the sheer fun (although it may be so) but this issue has many
theoretical and practical applications. For example, when we have a number consisting of hundreds or
thousands (or even millions) of digits, it may be necessary to know its last digits to determine for instance
its divisibility or parity or composity.

However, before we start our investigation it is important to take notice of the following points:
e The power tower (or tower of exponents) of a natural number m of order n (symbolized as m 1 n)
means repeated exponentiation of m n times. For example, 5 1 3 means 5°". This operation is called
tetration. It should be obvious that the evaluation of power tower is up-down not down-up, e.g. 5 =
5(57) = 53125 and 5°° # (5°)° = 3125°.
e The sequence of exponents of a natural number m of order n [WhiCh is usually symbolized as
(((m)™)™...)™ where we have a single m in the middle (i.e. base) and n exponents m| should not be
mistaken as a power tower. In fact, from the rules of indices the sequence of exponents of m of order n is
(((m)™)™...)™ = m™". The base of the sequence of exponents may also be different from the exponents,
e.g. the sequence of exponents of k to power m of order n is (((k)™)™...)™ = k™".
e We define the factorial power of n as:

21
n=nnb

For example, 1= 4321 = 4°. Tt should be obvious that the evaluation of factorial power is up-down not
down-up, e.g. 4 = 46%) = 49 and 1 = (43)2 = 642

e Although this chapter is about obtaining the last digits of large numbers, we will also discuss (but
briefly) obtaining the first digits of large numbers (see § 5.2) and obtaining the middle digits of large
numbers (see § 5.3).

5.1 Methods for Finding Last Digits

We investigate in the subsections of this section some common methods for dealing with the problems
and issues of last digits. As we will see, most of these methods are similar as they are based on similar
principles and rationales. So, this division and classification is generally for the purpose of identifying
and demonstrating the principles and rationales used in such problems rather than identifying different
methods to choose from. As we will see, most of these methods are based explicitly or implicitly on
modular arithmetic and the rules of congruence.

5.1.1 TUse of Basic General Rules

In this subsection we investigate the use of some basic general rules (which we investigated mostly in §
1.8) to find the last digits of some types of integers where these rules are applicable and can be exploited
to find the last digits.

[151] “Very long” is just an example (which possibly is the most common and familiar one) noting that the integer could be

represented (for instance) by a symbol or an expression. This also applies to expressions like “large numbers”. In brief,
last-digit problems (and their alike) are not restricted in their applicability and usability to long integers.

178
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Problems
1. Find the last digit of the following powers:
(a) 56" (b) 477, (c) 24672317820, (d) 9887, (e) 6349012,
Solution:
(a) By rule 14 of § 1.8 the last digit is 5.
(b) By rule 13 of § 1.8 the last digit is 4 (noting that 79%% is odd; see the rules of parity in § 1.8).
(c) By rule 12 of § 1.8 the last digit is 1.
(d) By rule 18 of § 1.8 the last digit is 1 (noting that 88999 is even; see the rules of parity in § 1.8).
(e) By rule 16 of § 1.8 the last digit is 6.
2. What is the last digit of the following:

(a) 5°3* — 342792, (b) 6791 — 234142, (c) (62711 — 52341)934, (d) (53722 + 76382)4.
(e) 33 — 2284, (f) 3949231 4 623452 (g) 3949731 x 623452,
Solution:

(a) 5°3* ends in 5 (rule 14 of § 1.8), and 34279 ends in 1 (rule 11 of § 1.8), and hence their difference
ends in 4 (noting that 553 > 342792; see rule 20 of § 1.8).
(b) 67! ends in 6 (rule 16 of § 1.8), and 2341*2 ends in 1 (rule 12 of § 1.8), and hence their difference
ends in 5 (see rule 20 of § 1.8).
(c) 62" ends in 6 (rule 16 of § 1.8), and 524! ends in 5 (rule 14 of § 1.8), and hence (62711 — 52341)
ends in 1 (noting that 62711 > 52341 see rule 20 of § 1.8). Thus, (62711 — 52311)934 ends in 1 (rule 12 of
§ 1.8).
(d) 53722 ends in 4 (rule 11 of § 1.8), and 76382 ends in 4 (rule 11 of § 1.8), and hence (53722+76382) ends
in 8 (rule 19 of § 1.8). Thus, (53722 + 76382)2 ends in 4 (rule 11 of § 1.8) and hence (53722 + 76382)* =
[(53722 + 76382)2]” ends in 6 (rule 11 of § 1.8).
(e) 331 = 3%8 x 3% = 9 x 27. Now, 9'* ends in 1 (rule 18 of § 1.8) and hence 9'* x 27 ends in 7 (rule
21 of § 1.8), i.e. 33! ends in 7.
2284 = (29)™ = 167 and hence it ends in 6 (rule 17 of § 1.8).
Therefore, (331 — 2284) ends in 9 (noting that 33! < 2284; see rule 20 of § 1.8).
(f) 3949231 = (39492)115 x 3949. Now, 39492 ends in 1 (rule 11 of § 1.8) and hence (3949%)!15 ends in
1 (rule 12 of § 1.8). Thus, (3949%)1° x 3949 ends in 9 (rule 21 of § 1.8), i.e. 3949?3! ends in 9.
6234°2 = (62342)25. Now, 62342 ends in 6 (rule 11 of § 1.8) and hence (62342)?¢ ends in 6 (rule 17 of §
1.8), i.e. 6234°2 ends in 6.
Therefore, (394923! + 623452) ends in 5 (rule 19 of § 1.8).
(g) 3949231 ends in 9 and 6234°2 ends in 6 (see part f). Therefore, (394923 x 6234°?) ends in 4 (rule
21 of § 1.8).

3. Find the last digit(s) of the following factorial powers:

(a) Last digit of 621. (b) Last digit of 3416. (c) Last digit of 9. (d) Last 2 digits of 235.
Solution:
(a) We have 621 = 621™ for some m € N. Hence, by rule 12 of § 1.8 the last digit of 621 is 1.
(b) We have/?z/éll\ﬁ = 3416™ for some m € N. Hence, by rule 17 of § 1.8 the last digit of 3416 is 6.
(c) We have 9 = 98" for some m € N. Now, the power of 9 is 8™ which is even because 8 is even (see
rule 6 of § 1.8). Hence, by rule 18 of § 1.8 the last digit of 9 is 1.
(d) We have 235 = 235234" for some m € N. Now, the power of 235 is 234™ which is even because 234
is even (see rule 6 of § 1.8). Hence, by rule 15 of § 1.8 the last 2 digits of 235 is 25.

4. Find the following:
(a) The last two digits of 5™ (N> n > 1). (b) The last three digits of 5™ (N3 n > 2).
Solution:
(a) For n =2 and n = 3 we have: 5?2 = 25 and 5% = 125. For n > 3 we have:

5" =5"—5%+5% = [5*(5""% — 1)] + 5% = [25(5 — 1)m] + 25 = 100m + 25 (m € N)
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where we used Eq. 12 in step 3. Accordingly, the last two digits of 5™ (N3 n > 1) is 25.
(b) For n = 3 and n = 4 we have: 5% = 125 and 5* = 625. For n > 4 we have:

5" =5"—5%+5% = [5°(5" % —1)] + 5% = [125(5 — 1)m] + 125 = 500m + 125 (m € N)

where we used Eq. 12 in step 3. Now, from Eq. 12 we can see that:

o If n is odd then (n — 3) is even and hence m is even (because it is the sum of an even number of odd
terms). Accordingly, 500m = 1000y (where m = 2u with p € N) and hence 5" = 1000u + 125 which
means that 5" ends in 125.

e If n is even then (n — 3) is odd and hence m is odd (because it is the sum of an odd number of odd
terms). Accordingly, 500m ends in 500 which means that 5 = 500m + 125 ends in 625.

So in brief, the last three digits of 5™ (N 3 n > 2) is 125 if n is odd and is 625 if n is even.

5.1.2 Use of Congruence Rules

In this subsection we investigate the use of some rules of congruence (which we investigated in § 2.7) to
find the last digits of some types of integers where these rules are applicable and can be exploited to find
the last digits. As indicated earlier most of the last digit methods are based on the rules of congruence
so the investigation of this subsection is actually about those cases in which only the rules of congruence
are used.
Problems
1. Find the following:

(a) Last digit of 72961, (b) Last two digits of 113618, (c) Last three digits of 191157,

Solution: The last n digits of an integer m can be obtained as the residue of m <+ 10" and hence it can
be obtained from the congruence of m modulo 10™.
740 10

(a) We have 74 = 2401 Y1 and hence by rule 11 of § 2.7 we get (74) 1. We also have 7 2 7. On
multiplying these two congruences side by side (using rule 10 of § 2.7) we get:

(™ x7 2 o1x7
72961 10 7

Hence, the last digit of 72961 js 7.[152]
(b) If we follow a similar argument to the argument of part (a) then we have (concisely):

1110 = 25937424601 = 01 = 1 113618 — (1110)% 5 118 20 1 » 11 = 214358881
Hence, the last two digits of 113618 is 81.
(c) We have:
193 2% 6859 (19° = 6859)
19° "2 859
(19%) "2 g59 (rule 11 of § 2.7)
(19%)” "2 299 (859° = 467698329968299)
{(193)5]7 1000 9997 (rule 11 of § 2.7)
{(193)5}7 120 99 (2097 = 213647747443112099)

(152l We may also use the basic general rules (as we did in § 5.1.1) by writing: 72961 = [(72)2]740 X 7 (where we use rules
11, 12 and 21 of § 1.8).
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o1y
{[(193)5}7}
{[(193)5}7} X 19°

191155 « 192

191157

1000

1000

1000

9911

99

99 x 192

35739
739

Hence, the last three digits of 19157 is 739.

2. Find the last 10 digits of the series Zif’; 107 K10,

181

(rule 11 of § 2.7)
(99! = 8953382542587164451099)

(rule 6 of § 2.7)

(99 x 19 = 35739)

Solution: The last n digits of an integer m can be obtained as the residue of m =+ 10™ and hence it can
be obtained from the congruence of m modulo 10™. So, we have:

257 9

> 10FE0 =) T 10°E0 4
k=1 k=1

257

> 10RE =

k=10

257

9 9
Zl()kkm 11010 Z 10k-10410 102 Z 107510
k=1 k=1

k=10

Now, 22:1 10%k19 = 3597044789173411410 and hence the last 10 digits of the series is: 9173411410.

3. Find the last two digits of 2(6™ — 1) where n € N.

Solution: We have 6° 2 1 and hence 65 2 1 where k € N° (noting that the congruence is valid for
k =0 and we use rule 11 of § 2.7 for & > 0). Now, we have 5 cases to consider:
e n = 5k+1 and hence (see rules 6, 9 and 3 of § 2.7):

69323 o 6%122 12

e n = 5k+2 and hence:
6929 5  6%36 L 36
e n = 5k+3 and hence:

69954 254 - %216 X216 —

e n = 5k+4 and hence:

%

_>

6oF 12 2 12

65k+2 120 36

6316 - 6222030 - 2068 —1

65%324 22 324 —~  6°%1206 ¥ 1296

65k’+42 —92 lgO

e n = 5k+5 and hence:

90 —  2(6%+—1) Lo

6591944 £ 1944 = 6776 L 7776

65k+52 —_9 120

50 —  2(6%+5—1) 250

100

- ekl _2@ 90 o (651 —1) 'L 10

00

- ekt 200 9(e%k+2 — 1) 'Y

) = 30
¢t W95 gkt W9y
- P 252

So in brief, the last two digits of 2(6™ — 1) is 10, 70, 30, 90, 50 corresponding to n = 5k + 1, 5k + 2,

5k + 3, 5k + 4, 5k + 5 (where k € NO).

5.1.3 Use of Euler’s Theorem

In this subsection we investigate the use of Euler’s theorem (see § 2.9.2) to find the last digits of some
types of integers where this theorem is applicable. We note that the difference between this subsection
and subsection § 5.1.2 is that in § 5.1.2 we use only the rules of congruence while here we use Euler’s
theorem in association with the rules of congruence (noting that in some examples of § 5.1.2 we could also
have used Euler’s theorem). So, the two subsections are not very different.

Problems
1. Find the following:
(a) Last digit of 23341

(b) Last two digits of 773%8. (c) Last three digits of 12789,
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Solution:
(a) The last digit d of an integer should be congruent (mod 10) to the integer. We use Euler’s theorem

(i.e. m®k) L 1) with m = 23 and k = 10 (noting that 23 and 10 are coprime), that is:

23¢(10) 121 (Euler s theorem)
231 21 [¢(10) = 4]
(234)% L2 1% (rule 11 of § 2.7)
(234)% x 23 121 x 23 (rule 6 of § 2.7)
23341 L 93 (rules of indices)
23341 L 3 (23 2 3)

Hence, d = 3.
(b) The last 2 digits dd of an integer should be congruent (mod 100) to the integer. We use Euler’s

theorem (i.e. m?®) Ld 1) with m = 77 and k& = 100 (noting that 77 and 100 are coprime), that is:

779(100) 120 (Euler’s theorem)
7740 21 [6(100) = 40]
(7740)9 12019 (rule 11 of § 2.7)
77360 120 (rules of indices)
772 % 77358 12 (rules of indices)
77358 10 (77%)* x 1 (multiplicative inverse)
77358 2 69 [(77%)* = 69 (mod 100)]

Hence, dd = 69.
(c) The last 3 digits ddd of an integer should be congruent (mod 1000) to the integer. We use Euler’s

theorem (i.e. m®® £ 1) with m = 127 and k = 1000 (noting that 127 and 1000 are coprime), that is:

127¢(1000) 1200 4 (Euler’s theorem)
127400 129 [¢(1000) = 400]
(127400)2 1200 2 (rule 11 of § 2.7)
(127909)% 5 127° "0 1 x 127° (rule 6 of § 2.7)
127805 1209 1975 (rules of indices)
127805 129 407 (1275 = 33038369407 "2 407)

Hence, ddd = 407.

5.1.4 TUse of Power Tower Rules

In this subsection we investigate the use of the rules of power towers when we deal with a last-digit
problem of a power tower. We note that the use of the rules of power towers to find last digits is based
in part on the congruence rules (which underlie most last-digit methods).

Problems
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1. Calculate the following:

(a) Last two digits of 3 1 99.

#(k)

k .
e If m "="n then s™ = s™ where k and s are coprime

om tn=mmTn-1,

(b) Last two digits of 7 1 238.

Solution: We draw the attention to the following points which are used in (or related to) the solution:
e The last two (three) digits of a natural number are the residue of the number modulo 100 (1000).

183

(c) Last three digits of 11 1 59.

(see rule 12 of § 2.7 and Problem 3 of § 2.9.2).

e $(1000) = 400, ¢(400) = 160, ¢(160) = 64, ¢(100) = 40, ¢(64) = 32, ¢(40) = 16, ¢(32) = 16,
6(16) = 8, §(8) = 4, 6(4) = 2.
e For calculating the residues of very large numbers (e.g. 1151) which we need to do in this solution,
we refer the reader to the methods and theorems that facilitate these calculations.[153]

(a) We have:

3198
3197
3196
3195
3194
3193

$(100)
$(40)
¢

—~

16)

=z

(8
o1
:

=z

¢
#(2)

C1

C2

C3

C4

Cs

C6

Ll Ll

1

33198 100 g,
33197 40 gc,
33196 16 gc5
33195 8 3ca

33194

[l

3¢

33T93 1

[

(33193 is odd)

Now, if we work backwards starting from the last equation then we have:

So, the last two digits of 3 199 = 33198 is 87.

(b) We have:

74 237
74 236
74235
74 234
74 233
74232

33193
33194
33195
33196
33197

$(100)
$(40)

6(16)

<
[
&

=
N

=
©

Nl

<

~
-
o

=

<
~
N
(=}
=

<
bN

s
=}
e

C1
C2
C3
Cq
Cs

Ce

—_

L4 Ll

d

A

771237 100 71
771236 40 7e2
771235 16 7¢s
771234 8 7ca
771233 4 mes

771232 2 4

33194 4 3l
33195 8 33

33196 16 93

1

4
k:3

6

3
3

=11

33197 40 g1 40 97

33198 100 527 100 or

(771232 is odd)

Now, if we work backwards starting from the last equation then we have:

77T232

77T233

d(4

é

—~

—~
oo

)
)

1
3

4
8

3
7

[153] Some of these methods and theorems have been investigated earlier (see for instance § 2.9.2 and § 2.9.3). They are also
demonstrated in the Problems of the previous subsections.
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s 209y 771285 16 77 16 7

%
gtz G g g 077 40 g
771236 ¢(100) 923 N 771237 100 23 100 g

So, the last two digits of 7 1 238 = 771237 is 43.

(c) We have:

1mrss Y0 L L s 0 g

57 Y& o, 5 Ut e

156 P80 o s 90 gge

155 Y o, o B e

1mrsa & o L st 2qge

1153 99 o o 118 L0y

52 Y o o sz S e

1151 Y o Ut A e

11150 @ o pmo 2y (11175 is odd)

Now, if we work backwards starting from the last equation then we have:

1711150 ¢(4) 11151 4 g1 4 g

1 -
st 8 g R LR SPER¥
sz 09 g N A SILEE!
s 8 g S B2 332
ppiitss Y60 g & s Hgg10 gy
ppitss A0 5 S qqME6 10 g e1 160 5
ppittse P05 S ST AW 151 400 5p g
—

ppiusr 9(000) 5 1111158 1000 44211 1000 (g

So, the last three digits of 11 759 = 111158 i5 611.

Note: in the above solutions we used unnecessarily lengthy method for the sake of clarity and to
demonstrate the rationale behind the method of solution. Otherwise, we can use in parts (a, b) the
fact that going down from ¢(100) to ¢(2) includes six steps on the ¢ ladder and hence we can start

immediately from 33793 @ 1 in part (a), and from 771232 o) 1 in part (b).*54 Similarly, going down

from ¢(1000) to ¢(2) includes nine steps on the ¢ ladder and hence we can start immediately from

1111150 29 g g part (c).

5.1.5 Use of Chinese Remainder Theorem

The last n digits of a natural number m is equal to (m mod 10™). Now, 10™ = 2™ x 5™ and hence if we
obtain (m mod 2™) and (m mod 5™) and combine the results by using the Chinese remainder theorem
(see § 2.7.3) then we obtain the last n digits. This method will be illustrated in the following Problems.

Problems

(1541 We draw the attention of the reader who may feel confused about these numbers that: $(4) = 2, 93 = 99 — 6, and
232 = 238 — 6.
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1. Find the following:
(a) Last two digits of 63352 (b) Last three digits of 48289, (c) Last four digits of 92186,
Solution: We have n = 2 and hence 2" = 22 = 4 and 5" = 5% = 25. Now:

6323 - 63%52 £ 3392 — (34)™ — (81" L 138 = 1
Also:
63213 — 6352 21332 — (139)* £ (11)* = (11°) T (1) 2 ()T (11)? = 11° B 6

This means that we have the following simultaneous congruences:!5!

4

m=1 and m =06

which can be solved by the Chinese remainder theorem (see § 2.7.3) to give m 0051, So, the last two
digits of 63392 is 81.
(b) We have n = 3 and hence 2" = 23 = 8 and 5" = 53 = 125. Now:

4820 N 48289 8

Also, 48 2% 48 and hence:

4879 = (48'0) % (48)° 2 (24) (48)° = (247)" (48)” & (49)* (48)” £ (51)(63) = 3213 2 88

This means that we have the following simultaneous congruences:

125

29 and m = 88

m

which can be solved by the Chinese remainder theorem (see § 2.7.3) to give m 129 8. So, the last

three digits of 48289 is 088.
(c) We have n = 4 and hence 2" = 2% = 16 and 5" = 5* = 625. Now:

92 £ 12 - 92186 16 19186 _ (122 18 ()% —
Also, 92 %5 92 and hence:
92186 = (9210)"% (92)° 2 (74)'% (92)° = (74°)* (92)° & (49)* (92)° % (526) (94) = 49444 = 69

This means that we have the following simultaneous congruences:

m=20 and m 2 69

which can be solved by the Chinese remainder theorem (see § 2.7.3) to give m 199 6944. So, the last

four digits of 9286 is 6944.
5.2 First Digits

Obtaining the first digits of large numbers is generally easier than obtaining their last digits. For example,
if we want to obtain the first 10 digits of the number 23485 then we simply take the logarithm of 234!
to the base 10, that is:

log;((234'%%) = 18510g;(234) =~ 438.304933620876

[155] We note that m (which is already mentioned in the preamble) is the natural number represented by 63252 (e.g. 4 is the
natural number represented by 22).
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and hence:

234185 _ 1010g10(234185) ~ 10438.304933620876 _ 100.304933620876 % 10438 ~ 2.018057892 % 10438
= 2018057892 x 10*%*

So, the first 10 digits of 23485 is 2018057892. However, the calculations should be carried out to high
precision (taking sufficient significant figures) to ensure that the rounding errors do not affect the accuracy
of the required first digits.

5.3 Middle Digits

There is no general and simple method or procedure for obtaining middle digits (i.e. digits not on the left
edge or the right edge of the number) independently, i.e. without obtaining them within an edge block
or through obtaining the entire number. For example, if we want to obtain the tenth digit from the right
(i.e. the last tenth digit representing the 10° place) of the number 234'%5 then the general method for
doing this is either by obtaining the last 10 digits of the number or by obtaining the entire number. Both
these methods are generally difficult (and could be impossible within the available means and resources),
moreover they require unneeded extra work since the edge block and the entire number contain more
(unwanted) information than what we need. However, sometimes the task can be eased by the existence
of certain conditions or specific information about the number (e.g. about the pattern of the digits in the
number) and hence obtaining middle digits independently becomes viable and potentially easy. Some of
these special cases will be demonstrated by some examples later on (see the Problems of § 6.15).



Chapter 6
Divisibility

In this chapter we investigate the divisibility of integers which is an essential topic in number theory. In
the following sections we study (mainly through solved Problems) a number of categories of divisibility
problems and issues focusing mostly on the main and most common ones (and usually at the basic level
commensurate with the level of the present volume of this book).

6.1 Divisibility of Numbers by Numbers

The divisibility of numbers by numbers (i.e. integers by integers) is the most basic and elementary
divisibility problem in number theory since it mostly involves explicit (i.e. not symbolized) numbers and
hence it essentially belongs to arithmetic.['?6l However, when the numbers are too big their divisibility
usually becomes complicated and hence it may require certain techniques to tackle and solve. Nevertheless,
in some cases the divisibility can be inferred from simple rules and principles (most of which have been
investigated in the previous chapters). So, when we are faced with a divisibility problem of numbers by
numbers (and indeed even other categories and types of divisibility problems which will be investigated
in the next sections) the first thing we should try (i.e. before setting off for a systematic and general
approach to solve the problem) is to inspect the problem for special features to see if it can be solved with
essentially no work by just using some general rule or principle or guesswork or something like this. So, in
this context it is useful and important to keep in mind the simple divisibility rules (as well as other rules
and principles) that we listed and investigated earlier (e.g. in § 1.9 as well as in § 1.8). In the following
Problems we will give some examples of these “simple” (or elementary or specific) methods as well as other
more general (and usually more complicated) methods.

Problems

1. Show the following:
(a) 5|(69633 — 32185613289)271. (b) 10](3567437'2 — 3218569%). (c) 1()34\(3561623 — 456292)34.
(d) 5\(82345068 - 65231194). (e) 10|(4566764 + 2980182). (f) 5\(6397 + 4325).
Solution:

(a) 65533 ends in 6 (rule 16 of § 1.8), and 3218561%?%% ends in 1 (rule 12 of § 1.8), and hence their
difference (65633 — 32185613289) ends in 5 (rule 20 of § 1.8). So, (6°%33 — 32185613289)27! ends in 5 (rule
15 of § 1.8) and hence it is divisible by 5 (rule 27 of § 1.9).

(b) 356743712 = [(3{’)674372)2]3 ends in 1 (rules 11 and 12 of § 1.8), and 32185698 = (32185692)* also
ends in 1 (rules 11 and 12 of § 1.8) and hence their difference ends in 0 (rule 20 of § 1.8), i.e. it is
divisible by 10 (rule 32 of § 1.9).

(c) 3561923 ends in 1 (rule 12 of § 1.8), and 456292 ends in 1 (rule 11 of § 1.8), and hence their difference
ends in 0 (rule 20 of § 1.8). So, (3561%23 — 456292) is divisible by 10 and hence its 34" power must be
divisible by 103* (rule 7 of § 1.6 and rule 48 of § 1.9).

(d) 82345068 ends in 6 (rule 17 of § 1.8), and 6523119* = (6523119?)2 ends in 1 (rule 11 of § 1.8) and
hence their difference ends in 5 (rule 20 of § 1.8), i.e. it is divisible by 5.

(e) 456676 ends in 6 (rule 17 of § 1.8), and 2980182 ends in 4 (rule 11 of § 1.8) and hence their sum
ends in 0 (rule 19 of § 1.8), i.e. it is divisible by 10.

(£) 6397 ends in 6 (rule 16 of § 1.8), and 43%® ends in 4 (rule 13 of § 1.8) and hence their sum ends in 0
(rule 19 of § 1.8), i.e. it is divisible by 5 (and by 10 as well).

[156] I fact, we include in the Problems of this section some cases of “symbolic numbers” representing certain types of
numbers which seem more suitable to be assigned to this section.

187
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2. Is 36389052 divisible by 77
Solution: Using rules 29 and 39 of § 1.9 we have:

3638905 — (2 -2) = 3638901 363890 — (2 - 1) = 363888 36388 — (2 - 8) = 36372
3637 — (2-2) = 3633 363 — (2-3) =357 3b—(2-7)=21
Since 21 is divisible by 7 then 36389052 is divisible by 7.

3. Is (3638905132 —825678921%%) divisible by 107 What about (4517830173 —74109229%) and (4782033592 —
5662340129%)?
Solution: All these numbers are divisible by 10 because by rules 11 and 12 of § 1.8 all the terms in
these differences end in 1 and hence their differences must end in 0 (rule 20 of § 1.8), i.e. they are
divisible by 10 (by rule 32 of § 1.9).

4. Is 5327094421 divisible by 117
Solution: Using rule 33 of § 1.9 we have:

45-34+2-T+0-9+4—44+2-1=—-11

and hence 5327094421 is divisible by 11 because —11 is divisible by 11.
5. Is 62348179 divisible by 137
Solution: Using rules 35 and 39 of § 1.9 we have:

6234817 + (4 - 9) = 6234853 623485 + (4 - 3) = 623497 62349 + (4 -7) = 62377
6237 + (4 - 7) = 6265 626 + (4 - 5) = 646 64+ (4-6) = 88

Since 88 is not divisible by 13 then 62348179 is not divisible by 13.
6. Classify the following as true or false:

(a) 420|116950451520. (b) 125|563478924537. (c) 5%56231980562502.
(d) 3](7231%2 — 69072). (e) 50|(1 + 2+ - -+ 100). (f) 11](6432257 + 9726311'3).
Solution:

(a) 420 =3 x4 x 5 x 7. So, if 420 divides this number then this number must be divisible by each one
of 3,4,5,7 (see rule 20 of § 1.9). On using the tests of divisibility by 3,4,5,7 which we stated in § 1.9
we find that this number is divisible by each one of 3,4, 5,7 and hence 420[116950451520 is true.

(b) This is false because no odd number is divisible by an even number (rule 7 of § 1.8) noting that 125
is even (rule 6 of § 1.8).

(c) This is false because for this number to be divisible by 58 it must be divisible by 5 (see rule 7 of §
1.9) and this requires this number to end in 0 or 5 (rule 27 of § 1.9).

(d) This is true because 72312 — 69072 = (7231 — 6907)(7231 + 6907) = 324(7231 + 6907) and hence it
is divisible by 3 because 324 is divisible by 3 (rules 22 and 25 of § 1.9).

(e) This is true because according to the arithmetic series formula (see Eq. 15) we have:

100(1+100) _ 0 o0

1+2+4---+100 =
(f) This is true because both 643225 and 972631 are divisible by 11 (rule 33 of § 1.9) and hence their
natural powers are divisible by 11 (rule 6 of § 1.9), and consequently the sum of their natural powers
should also be divisible by 11 (rule 14 of § 1.9).
7. Which of the following is correct/incorrect:

(a) 98560561%|646537561488%.  (b) 57227519253904179%3.  (c) 1845464771251 (3837320375130°2.

Solution: In this type of problems we use prime factorization to see if the prime factors in the divisor
can be canceled by the prime factors in the dividend (to get an integer) or not.
(a) This is correct because:

6465375614883 (23777131 . 172 29%)™

= — 291 . 353 X 738 . 1334 . 1738 . 2987
985605615 (23.31.72.172. 291)15
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10.

11.

As we see, the quotient is an integer because it is a product of natural powers of integers (or primes;
see § 2.1).

(b) This is obviously incorrect because the divisor is bigger than the dividend.

(c) This is incorrect because:

3837320375130°2  (2'-32.5'-11%2.19%.23'.31' . 37%)™
1845464771251 (3253 .172.232. 291 . 371!
252 . 382 . 519 . 11104 . 19104 . 2330 . 3152 . 3793
B 1722 . 2911

As we see, the quotient is not an integer because it is not a product of natural powers of integers (or
primes) due to the existence of 1722-291! in the denominator which cannot be canceled by corresponding
factors in the numerator (see § 2.1).

. Prove the following;:

(a) 27|(16'8 —1). (b) 55/(82%0 —1). (c) 102|(49%? —1).
Solution: All these are instances of Euler’s theorem (see § 2.9.2) noting that:

o m?(M) £ 145 equivalent to k|(m?®*) — 1),

o $(27) = 18, $(55) = 40, and ¢(102) = 32.

e The pairs: (27,16), (55,82), and (102,49) are coprime.

. Prove the following;:

(a) 11](1519 —1). (b) 23|(68% — 1). (c) 181](152180 — 1).
Solution: All these are instances of Fermat’s little theorem (see § 2.9.3) noting that:

e a?~ ' £ 1 is equivalent to p|(a?~! —1).

o 1115, 23 /68, and 181 f152.

Give an example of 10 natural numbers my,ms, ..., mjo that form a cycle (i.e. my,ma,...,mig, m1)
such that each 3 consecutive numbers in this cycle satisfy the relation 11|(my_1my1 —m3).
Solution: Any mj = n* where n € Nand k = 1,2,...,10 should be acceptable because for 1 < k < 10
we have:

k 1nk+17(

2 - k\2 2%k 2k
Mg_1Mk1 — My, =N ) =0

n =N —n

and hence 11|(my_1my41 — m3) because 110.
Also:
momy —m2, = n®n' — (n1%)2 = n'0 — 2 = p10(1 _ p10)
and hence 11|(mgmy —m3,) because if 11|n then 11|n'® and hence 11|(mgm; —m?%,) while if 11 /n then
11](1 — n'%) according to Fermat’s little theorem (see § 2.9.3) and hence 11|(mgmy — m3,).
Prove the following:

(a) 15](3121 + 2959). (b) 12/(25% + 4781). (c) 131](863* 4 5128 — 10243). (d) 73|(6752 — 9143).
Solution:

(a) 15/(3121 4+ 29%%) is equivalent to (312! + 2959) £ 0. Now, 312! £ 1 and 2990 2

—1 and hence:[157]
3120 12909 21 1 —

(b) 12](25%3 + 4781) is equivalent to (257 + 4751) £ 0. Now, 255 2

and hence:

153 = 1 and 4781 2 (—1)81 = 1

(255 4478 21 -1=0

131 4 131 g 131

(c) 131|(863* + 5128 — 10243) is equivalent to (863* + 5128 —102%3) = 0. Now, 863* = 39, 512 112
and 10243 2' 20 and hence:
863 + 5128 —102% 2 39 + 112 - 20 =131 20
[157] The methods for getting these congruences were investigated previously. For example, 31 % 1 and hence 3121 £2 121 = 1.

Similarly, 29 L2 _1 and hence 299 £ (—=1)89 = —1.
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12.

13.

14.

15.

16.

(d) 73|(67%2 — 9143) is equivalent to (6752 — 914%) 2 0. Now, 6752 2 57 and 914 2 57 and hence:
6752 — 918 257 — 57 =0

Show that if m? £ n? (where p is prime) then p divides (m — n) or (m + n).

Solution: We have m? 2_n?

£ 12 and hence m £ 0 which means that p divides (m? — n?). Now,
m? —n? = (m —n)(m + n) and hence p must divide (m —n) or (m +n) (see rule 22 of § 1.9).
Show that (n + 1)" — 1 is divisible by n? (where n € N).

Solution: For n =1 we have (1 + 1) — 1 = 1 which is divisible by 12 = 1. For n > 1 we have:

(n+1)"—1= (Z C,%’“) -1 (Eq. 13)
k=0

n
=> Cpnk (Con®=1)
k=1
Now, for k = 1 we have C'n' = n?, while for 2 < k < n the expression C}! n* must contain a factor

of n? (noting that Cp is an integer; see rule 26 of § 1.8). Therefore, each term of the sum in the last

equation contains a factor of n?. Thus, (n+ 1)" — 1 (which is equal to this sum) should be divisible by
2 (rule 14 of § 1.9).

Show that if ged(m, 259) = ged(n, 259) then 259|(m36 — n3).

Solution: We note first that 259 =7 x 37.

Since ged(m,259) = ged(n,259) then ged(m,7) = ged(n,7) (see Problem 18 of § 2.4). Now if

ged(m,7) = ged(n,7) = 1 then by Fermat’s little theorem (see § 2.9.3) we have mS L1 L nb and

hence by raising to power 6 (see rule 11 of § 2.7) we get m?¢ 1L n36 ie. m36 —n36 = £ 0 which means

7|(m3% —n35). On the other hand, if ged(m,7) = ged(n,7) = 7 then 7 divides both m and n and hence
it should divide both m3¢ and n3¢ (see rule 6 of § 1.9) and thus it should divide their difference (see
rule 14 of § 1.9), i.e. 7|(m3% — n35).

Also, since ged(m, 259) = ged(n, 259) then ged(m, 37) = ged(n, 37). Now, if ged(m, 37) = ged(n, 37) =1
then by Fermat’s little theorem we have m® 2 1 2 136 je. 37|(m3 — n®). On the other hand, if
ged(m, 37) = ged(n, 37) = 37 then 37 divides both m and n and hence it should divide both m3¢ and
n3% and thus it should divide their difference, i.e. 37|(m3¢ — n3).

This means that in all possible cases we have 7|(m3% — n3¢) and 37|(m?® — n3%) and hence (m3¢ — n3%)
should be divisible by their product 259 (see rule 20 of § 1.9), i.e. 259|(m35 — n3%).

Show that if p is prime then p divides both [(p —1)P~* —1] and [(p+ 1)P~* —1].

Solution: It is obvious that p}(p — 1) and pf(p + 1) (see part h of Problem 1 of § 2.2). Hence, by
Fermat’s little theorem (see § 2.9.3) we have:

36)

p-1PrtE21 - (-1 t-1£0 and p+1)PtE21 - (p+1)pt-1£0

i.e. p divides [(p —1)P~! — 1] and p divides [(p+ 1)P~* —1].

Show that if p is prime then p divides both [( - 1)"”3 m_ 1} and [(p + 1ymp—m 1] where m € N.
Solution: From Problem 15 we have (p —1)?~! £ 1 and (p+ 1)?~* £ 1. Now, if we raise both sides of
these congruence equations to m (see rule 11 of § 2.7) then we get (p—1)"P~™ E Land (p4+1)"7—™ £1,
i.e. p divides [(p —1)™P~™ — 1] and p divides [(p+ 1)™P~™ — 1].

6.2 Divisibility of Polynomials by Numbers

In this type of problems we mostly exploit the rules of divisibility of integers and the rules of parity as
well as other general divisibility-related rules (see § 1.8 and § 1.9). We may also need to employ certain
methods of proof and general arguments (like mathematical induction) to establish certain divisibility rules
for specific types of polynomial. These issues will be clarified and illustrated in the following Problems.
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Problems

1. Use rule 44 of § 1.9 to form polynomial expressions in n € Z which are always divisible by 2, 3,4, 5.
Solution: For example:
e (n—1)n= n2 — n is always divisible by 2.
. n(n +1) = n? + n is always divisible by 2.
e (n—1)n(n+1) = n® — n is always divisible by 3
en(n+1)(n+ 2) =n3+3n? + 2n is alwayb lelSlble by 3
e (n—Dn(n+1)(n+2)=n*+2n% —n? —2n is always d1v1sible by 4.
e n(n+1)(n+2)(n+3) =n*+6n3+ 11n? + 6n is always divisible by 4.
e (n—2)(n—1)n(n+1)(n+2)=n5—5n®+4n is always divisible by 5.

2. Which of the following polynomial expressions are divisible by 2 (where n € Z):
(a) n® —n. (b) n* +n. (c) n® —n®+1. (d) n?> +n+2.
(e) 3n3 +2n? — 1. (f) n® +5n3 + n. (g) bntt +n —177. (h) n? — 192,
Solution: We use rules 4 and 6 of § 1.8 to determine if they are even (i.e. divisible by 2) or odd (i.e.
not divisible by 2).
(a) It is even for both n odd and n even. So, it is divisible by 2 unconditionally.

) It is even for both n odd and n even. So, it is divisible by 2 unconditionally.

) It is odd for both n odd and n even. So, it is non-divisible by 2 unconditionally.

) It is even for both n odd and n even. So, it is divisible by 2 unconditionally.

) It is even ounly for n odd. So, it is divisible by 2 only for n odd.

) It is even only for n even. So, it is divisible by 2 only for n even.

) It is odd for both n odd and n even. So, it is non-divisible by 2 unconditionally.

) It is even only for n odd. So, it is divisible by 2 only for n odd.

3. Prove that the following polynomial expressions are divisible by 3 (where n € Z):

(b
(c
(d
(e
(f
(8
(h

(a) n® —n. (b) n3 + 2n. (c) n3 4+ 3n? + 5n + 3. (d) n* —n2.
Solution:

(a) This was established in Problem 1.

(b) We have:

n®+2n = (n® —n) + 3n

Now, (n3 — n) is divisible by 3 (according to part a) and 3n is obviously divisible by 3 and hence (by

rule 14 of § 1.9) n® + 2n is divisible by 3.
(c) We have:

n?4+3n%+m+3=n>+3n*+3n+ 1)+ 2n+2)=(n+1)>+2(n+1)

which is divisible by 3 according to part (b).
(d) n* —n? = n(n3 —n). Now, since (n3
divisible by 3 (see rule 18 of § 1.9).

4. Prove that the following polynomial expressions are divisible by 4 (where n € Z):
(a) n* —n?. (b) n* + 3n2. (c) n* +2n3 —n? — 2n. (d) 2n? + 2n.
Solution:
(a) We have n* —n? = (n? — n)(n? +n). Now, both (n? —n) and (n? + n) are even (see rules 4 and 6
of § 1.8 or see Problem 1) and hence their product must be divisible by 4 (since each should contain a
factor of 2).
(b) We have n* + 3n? = (n* — n?) + 4n2. Now, (n* — n?) is divisible by 4 (from part a) as well as 4n?
and hence (n* + 3n?) is divisible by 4 (see rule 14 of § 1.9).
(¢) We have n* + 2n3 —n? — 2n = (n* — n?) + 2(n — n). Now, (n* — n?) is divisible by 4 (from part
a) as well as 2(n® — n) [because (n® — n) is even| and hence (n* + 2n® — n? — 2n) is divisible by 4 (see
rule 14 of § 1.9).

—n) is divisible by 3 (according to part a), (n* —n?) must be
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(d) We have 2n?+2n = 2(n?=+n). Now, (n?=£n) is even (see rules 4 and 6 of § 1.8) and hence (2n?+2n)
is divisible by 4 (since it contains explicit and implicit factors of 2).
5. Prove that the following polynomial expressions are divisible by 5 (where n € Z):
(a) n® —n. (b) n® + 10n* + 35n3 + 50n2 + 24n. (c) n¥ —n.
Solution:
(a) The divisibility of (n® —n) by 5 is equivalent to the congruence equation n
this with n = 0, 1,2, 3,4 (which are the residues of modulo 5) we have:
05-020 1P—120 25220 3-320 45420
5

5 5 _
—n = 0. Considering

As we see, (n° —n) is congruent to 0 (mod 5) in all cases and hence it is divisible by 5.
We may also use one of the results of Problem 1, that is:

n® —n = (n° — 5n® 4+ 4n) + (5n® — 5n) = (n® — 50> +4n) + 5(n® — n)

As we see, both terms in the last equality are divisible by 5 and so is their sum (see rule 14 of § 1.9).
(b) We have:

n® +10n* + 35n° + 5002 + 24n = (n® — n) + 5(2n* + 703 + 1002 + 5n)

As we see, both terms in the last equality are divisible by 5 (see part a) and so is their sum.

9

(¢) The divisibility of (n® —n) by 5 is equivalent to the congruence equation n® —n 2 0. Considering

this with n = 0,1, 2, 3,4 (which are the residues of modulo 5) we have:

0°-020 1°—120 29220 39-320 49420
As we see, (n® —n) is congruent to 0 (mod 5) in all cases and hence it is divisible by 5.

6. Prove that the following polynomial expressions are divisible by 6 (where n € Z):
(a) n® —n. (b) n* — n?. (c) 3n% + 3n — 60. (d) n® —n.

Solution:

(a) (n®—n) is even (see rules 4 and 6 of § 1.8) and hence it is divisible by 2. Also, (n® —n) is divisible
by 3 (see part a of Problem 3). Hence, (n® — n) is divisible by 2 x 3 = 6 (see rule 28 of § 1.9).

(b) (n* —n?) is even (see rules 4 and 6 of § 1.8) and divisible by 3 (see part d of Problem 3) and hence
it is divisible by 6. Alternatively, n* — n? = n(n® — n) and hence it is divisible by 6 (see part a).

(¢) 3n? 4+ 3n — 60 = 3(n? + n — 20) is even and divisible by 3 and hence it is divisible by 6.

5

(d) The divisibility of (n® —n) by 6 is equivalent to the congruence equation n® —n So. Considering

this with n = 0,1,2,3,4,5 (which are the residues of modulo 6) we have:

0°~020 1P-120 25220 3$-320 $-420 5520
As we see, (n® —n) is congruent to 0 (mod 6) in all cases and hence it is divisible by 6.

7. Prove the following polynomial divisibility statements (where n € Z):
(a) 10|(n® —n). (b) 10|(n® — n). (c) 12|(n* — n?).

Solution:

(a) (n® —n) is even (see rules 4 and 6 of § 1.8) and hence it is divisible by 2. Also, (n® —n) is divisible
by 5 (see part a of Problem 5). Hence, (n® —n) is divisible by 2 x 5 = 10 (see rules 20 and 32 of § 1.9).
(b) (n® —n) is even (see rules 4 and 6 of § 1.8) and hence it is divisible by 2. Also, (n? —n) is divisible
by 5 (see part ¢ of Problem 5). Hence, (n® —n) is divisible by 2 x 5 = 10 (see rules 20 and 32 of § 1.9).
(¢) (n* —n?) is divisible by 3 and 4 (see Problems 3 and 4) and hence it must be divisible by 12 (see
rules 20 and 34 of § 1.9).

8. Prove the following polynomial divisibility statements (where n € Z):

(a) 4)(n? +2). (b) 4/(n? — 2). (©) 4f[(n+ 1) —n?].

(d) 5f[(n+1)* —n3]. (e) 5f[(n+1)°> —n5]. &) 7f[(n+1)" = nT].
Solution:
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10.

(a) If n is odd then n? is odd and hence (n? + 2) is odd, therefore (n? + 2) is not divisible by 4 which
is even (see the rules of parity in § 1.8). If n is even then n? is divisible by 4 (because n? contains a
factor of 22) and hence (n? + 2) is not divisible by 4 (because the difference between any consecutive
multiples of 4 must be 4 or because of rule 17 of § 1.9).

(b) The argument is the same as the argument of part (a).

(c) If n is odd then (n + 1)? is even and n? is odd and hence (n + 1)? — n? is odd (see the parity rules
in § 1.8), therefore it cannot be divisible by 4 which is even. If n is even then (n + 1)? is odd and n? is

even and hence (n + 1)? — n? is odd, therefore it cannot be divisible by 4.

(d) The divisibility of (n + 1) — n® by 5 is equivalent to the congruence equation (n + 1)3 — n? 2.

Considering this with n = 0,1,2,3,4 (which are the residues of modulo 5) we have:

5

O+13-0221 @a+13-1322 (@+183-28224 @+183-3322 (@+1p8-4321

3

As we see, (n + 1)% —n? can be congruent (mod 5) only to 1,2,4 and hence (n + 1)3 — n3 cannot be

divisible by 5.
(e) We have:
(n+1)> —n® =5n* + 100 + 100 + 5n + 1 = 5(n* + 2n® + 2n% +n) + 1

Therefore, (n +1)% — n® 2 1 and hence it cannot be divisible by 5 (also see rule 17 of § 1.9).
(f) We have:

(n+1)7 —n" =75+ 21n® + 35n* + 3503 + 21n* + Tn+ 1 = 7(n® + 3n® + 5n* +5n3 +3n? +n) + 1

Therefore, (n +1)7 —n” £ 1 and hence it cannot be divisible by 7 (also see rule 17 of § 1.9).

. Find all pairs of integers (m,n) that satisfy the following “polynomial” divisibility statements:

(a) 5/(21m + 35n — 9). (b) 13|(152m + 278n + 22). (c) 15|(81m + 33n + 6).
Solution:

(a) 5/(21m + 35n — 9) is equivalent to 21m + 35n — 9 20, ie. m = 4. So, all pairs of integers
(m,n) = (4 + 5k, s) where k, s € Z should satisfy this divisibility statement.

(b) 13|(152m + 278n + 22) is equivalent to 152m + 278n + 22 20, 1e 9m+5n+9 2 0. The solutions
(m,n) of this congruence (see § 4.2.1) are (noting that for brevity we delete 413k, +13s from the m,n
components where k, s € Z):

(0,6) (1,12) (2,5) (3,11) (4,4) (5,10) (6,3)
(7,9) (8,2) (9,8) (10,1) (11,7) (12,0)
So, all pairs of integers (m,n) of these 13 forms satisfy this divisibility statement.

(c) 15|(81m+33n+6) is equivalent to 81m+33n+6 20, i.c. 6m+3n+6 2 0. The solutions (m,n) of this
congruence are (noting that for brevity we delete +15k, +15s from the m, n components where k, s € Z):

(0,3) (0,8) (0,13) (5,3) (5,8) (5,13) (10,3) (10,8) (10,13)
(1,1) (1,6) (1,11) (6,1) (6,6) (6,11) (11,1) (11,6) (11,11)
(2,4) (2,9) (2,14) (7,4) (7,9) (7,14) (12,4) (12,9) (12,14)
(3,2) (3,7) (3,12) (8,2) (8,7) (8,12) (13,2) (13,7) (13,12)
(4,0) (4,5) (4,10) (9,0) (9,5) (9,10) (14,0) (14,5) (14,10)

So, all pairs of integers (m, n) of these 45 forms satisfy this divisibility statement.

Find all n € Z such that:

(a) (n? —12n + 6) is divisible by 3 and 5. (b) (4n® + 2n — 1) is divisible by 7 and 19.
(c) (2n* + 11n3 4 22) is divisible by 5, 14 and 31.

Solution: We use in the solution of this type of problems an approach that we used in § 3.5.
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11.

(a) If (n? — 12n + 6) is divisible by 3 then n2 — 12n + 6 = 0 whose solution is n = 0.[158]

If (n? — 12n + 6) is divisible by 5 then n? — 12n + 6 2 0 whose solution is n = 1.

Now, if we solve the system of congruence equations n 20andn 21 simultaneously (using for instance
the Chinese remainder theorem; see § 2.7.3) then we get: n = 6 + 15k (k € Z). So, (n? — 12n + 6) is
divisible by 3 and 5 for all n = 6 + 15k where k € Z.

We may also solve this Problem in one go (using rule 20 of § 1.9 noting that 3 and 5 are coprime) by
considering the divisibility of (n? — 12n + 6) by 15, i.e. by obtaining the solution of (n? — 12n + 6) Bo.
(b) If (4n3 4 2n — 1) is divisible by 7 then 4n3 + 2n — 1 L 0 whose solutions are n = 2 and n = 6.

If (4n® + 2n — 1) is divisible by 19 then 4n3 + 2n — 1 £ 0 whose solution is n 2 12.

Now, if we solve the system of congruence equations n L2andn 212 simultaneously then we get:

n = 107 + 133k (k € Z). Similarly, if we solve the system of congruence equations n L 6and n 212
simultaneously then we get: n = 69 + 133k (k € Z). So, (4n3 + 2n — 1) is divisible by 7 and 19 for all
n = 107 4+ 133k and n = 69 + 133k where k € Z.

We may also solve this Problem in one go (as explained in part a).

(c) If (2n% + 11n3 + 22) is divisible by 5 then 2n% 4+ 11n® + 22 2 0 whose solution is n = 1.

If (2n* + 11n3 + 22) is divisible by 14 then 2n* + 11n3 + 22 £ 0 whose solution is n = 8.

If (2n* + 11n3 + 22) is divisible by 31 then 2n* + 11n3 + 22 2 0 whose solution is n 2 20.

Now, if we solve the system of congruence equations n 2 1,n Y8 andn 220 simultaneously then we
get: n = 2066+2170k (k € Z). So, (2n*+11n%+22) is divisible by 5, 14 and 31 for all n = 2066 +2170k
where k € Z.

We may also solve this Problem in one go (as explained in part a).

Find all n € Z such that:

(a) 7|(n'? +6). (b) 25|(n33 — 8). (c) 39|(n5% +17).
Solution:

(a) 7|(n'? + 6) means n'2 +6 L 0 which is equivalent to n'2 — 1 = 0, i.e. n12 = 1. Now, by Fermat’s
little theorem (see § 2.9.3) we have n L1 (where 7 fn) and hence by squaring we get: n'? L1 for all
7)n. In other words, 7|(n'? + 6) for all n € Z where 7 fn.

(b) If 25|(n33 — 8) then (by rule 7 of § 1.9) we must have 5|(n33 — 8) which is equivalent to n33 —8 2,

ie. n3 23 Now, we have (by applying Fermat’s little theorem repeatedly; see § 2.9.3):

35 6 3 45 4 525

33 =N Xn :TLE)XT?, =nNnXn =n =n

n33 = (%)% xn

ie. n23. Accordingly, n Z3ornZ8orn213orn 218 or n 2 23. Now:

33289 - 333 22 911 2 93 - 333—82223—8=152720
8722 - 833 = 82885 2485 213 - 89 8213 8=5%0

136 2 - 133 = 1330133 295133 2 3 - 13 823 8= 5740
1842 — 1833 = 1832181 £ 18181 2 18 - 18% _ 8 E 188 =10 20
232 2 4 — 2333 = 2332931 2 416931 2 g - 233 8 Eg_ g%

So, 25/(n33 — 8) only for n 2 23, i.c. 25|(n3 — 8) for all n = 23 + 25k where k € Z.

(c) 39 = 3 x 13 and hence if 39|(n®? + 17) then (according to rule 20 of § 1.9) we must have 3|(n®? +17)
and 13|(n°? + 17), i.e. n®? 3 172 1andn2 B 1780 Now, we have (by applying Fermat’s little
theorem repeatedly; see § 2.9.3):

[158] The reader is referred to § 3.2.1 for the methods of solving such a congruence equation.
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no? 21 — (n3)17><n;1 — " xn21 — nis 21 —
(n3)¢ 21 — ns 21 — (n?)? 21 — n? 21
229 — (n13)4 By — nt 2o

Now, the congruence n? 2 1 has 2 solutions which are n = 1 and n = 2, while the congruence n* By

has 4 solutions which are n = 4n e 6, n B7andn29. On considering the combination of all these
possibilities (i.e. 8 = 2 x 4) we get the following table:

mod 3 171 (1)1 212122
mod13 |4 | 6 | 7| 9 | 4| 6 719
mod39 | 4|19 |7 |22 |17 (32|20 |35

where the last row represents the solutions of the 8 pairs of congruences (obtained by using, for instance,
the Chinese remainder theorem; see § 2.7.3).

So, 39|(n52 + 17) for n 8 4,7,17,19,20,22,32,35. In other words, 39|(n°? + 17) for all n = m + 39k
where m = 4,7,17,19,20,22,32,35 and k € Z.

Show that:

(a) 8|(n? — 1) where n is odd. (b) 22f(n"™ — n® + n — 13) where n € Z.
Solution:

(a) Since n is odd then n = 2k + 1 (k € Z) and hence:

n? —1=(2k+1)%—1=4k* + 4k = 4(k* + k)

Now, (k% + k) is even (see the parity rules in § 1.8) and hence (n? — 1) = 8m (m € Z), i.e. 8/(n? —1).
(b) 22 = 2 x 11 and hence if 22|(n"” — n® + n — 13) then we must have 2|(n”" — n® +n — 13) and
11(n"" —n®+n—13) (see rule 20 of § 1.9). Now, 11|(n"” —n3+n—13) is equivalent to n”" —n®+n Y3
and hence from Fermat’s little theorem (see § 2.9.3) we have:

nT—nd+nii13 — (n11)7—n3+n213 — nT—nd+n22
On testing n = 0,1,2,3,4,5,6,7,8,9,10 (which are the residues of n mod 11) we find n” — n® +
n 2 0,1,1,7,0,4,7,0,4,10,10. So, there is no solution to n7 — n® +n = 2 which means that
11/(n™ —n® +n — 13) and hence 22f(n"" —n? +n — 13).

6.3 Divisibility of Numbers by Polynomials

In this type of Problems we usually want to find integers or natural numbers that make a given polynomial
P(n) divide a given number m. In this case we consider all the divisors of m to see if there is any (integer
or natural) value n that makes P(n) equal to any one of these divisors. This can be easily done by solving
polynomial equations by the usual methods of algebra. This procedure is demonstrated in the following
Problems.

Problems

1.

Find all the values (if any) of n € Z that satisty the following divisibility statements:

(a) (n?+3n—10)|1544.  (b) (2n® — 19n? — 85n — 78)|1414.  (c) (n* + 8n® — 159n? + 378n)|400.
Solution:

(a) The divisors of 1544 are 1,2, 4, 8,193,386, 772,1544 (as well as their negatives). If (n? + 3n — 10)
divides 1544 then it must be equal to some of these divisors for certain values of n € Z. So, what we
need to do is to equate the polynomial to each one of these divisors (and their negatives) and solve the
resulting equation to see if there is an integer solution to this equation (e.g. n? + 3n — 10 = 1 has no
integer solution, while n? + 3n — 10 = 8 has some integer solutions and hence we take these solutions).
In brief, on inspecting each one of these divisors (and their negatives) we find that only n = —6 and
n = 3 (corresponding to the divisor 8) satisfy this divisibility statement.
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(b) The divisors of 1414 are 1,2,7,14,101,202,707,1414 (as well as their negatives). On repeating
the argument and procedure of part (a) we find that only n = —1 (corresponding to the divisor —14)
satisfies this divisibility statement.

(c) The divisors of 400 are 1,2,4,5,8,10, 16, 20, 25, 40, 50, 80, 100, 200, 400 (as well as their negatives).
On repeating the argument and procedure of part (a) we find that only n = 2 (corresponding to the
divisor 200) satisfies this divisibility statement.

6.4 Divisibility of Polynomials by Polynomials

In this kind of divisibility problems we usually look for certain values of n € N or n € Z that make a given
polynomial Pj(n) divisible by another polynomial P»(n). There are several approaches for solving this
kind of problems. Some of these approaches are outlined and demonstrated in the following Problems.

Problems

1. Find all n € Z such that:

(a) 2n+1)|(bn—13). (b) (6n+9)|(8n —16). (c) (2n—3)|(4n+12). (d) (5n+ 32)|(23 — 5n).
Solution: Our approach in this Problem is to try to convert the problem from being a problem of di-
visibility of polynomials by polynomials to a problem of divisibility of numbers by polynomials. We
note that none of the divisors in this Problem vanishes for any n € Z.

(a) It is obvious that (2n+1) divides any of its multiples, and hence (2n+1) divides 5(2n+1) = 10n+5.
Also, if (2n+ 1) should divide (5n — 13) then (2n + 1) must divide any multiple of (5n — 13), and hence
(2n + 1) divides 2(5n — 13) = 10n — 26. So, (2n + 1) divides both (10n + 5) and (10n — 26) and hence
it must divide their difference which is 31 (rule 14 of § 1.9). Noting that the divisors of 31 are +1 and
431, we conclude that if (2n + 1)|(5n — 13) then (2n + 1) must be equal to £1 or £31. Considering all
these four possibilities we have:

2n+1=-1 — n=-1 that is: —1/—18
2n+1=+1 — n=0 that is: +1] —13
2n+1=-31 — n=—16 that is: —31]—93
2n+1=+431 — n=+15 that is: +31| + 62

(b) As in part (a), (6n+9) divides any of its multiples, and hence (6n+9) divides 4(6n+9) = 24n+ 36.
Also, (6n +9) presumably divides (8n — 16) and hence it divides 3(8n — 16) = 24n — 48. So, (6n + 9)
divides their difference which is 84. Noting that the divisors of 84 are 1,2,3,4,6,7,12,14,21,28,42,84
(and their negatives) we conclude that if (6n + 9)|(8n — 16) then (6n + 9) must be equal to (some of)
these divisors. Considering all these 24 possibilities we find that only (6n+9) = +3 and (6n+9) = +21
satisfy this divisibility statement (i.e. for n € Z), that is:

6n+9 =43 — n=-—1 that is: +3|—24

6n+9 =421 — n =42 that is: +21/0
(c) (2n — 3) divides any of its multiples, and hence (2n — 3) divides 2(2n — 3) = 4n — 6. Also, (2n — 3)
presumably divides (4n + 12). Hence, (2n — 3) divides their difference which is 18. Noting that the
divisors of 18 are 1,2,3,6,9, 18 (and their negatives) we conclude that (2n — 3) must be equal to (some
of) these divisors. Considering all these 12 possibilities we find that only (2n —3) = +1, (2n—3) = +3
and (2n — 3) = £9 satisfy this divisibility statement (i.e. for n € Z), that is:
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2n—3=-1 — n=+1 that is: -1+ 16
2n—3=+1 — n =42 that is: +1] 420
2n—3=-3 — n=0 that is: =3+ 12
2n—3=+43 — n =43 that is: +3| +24
2n—3=-9 — n=—3 that is: —-9/0

2n —3 =49 — n=+6 that is: +9] + 36

(d) (5n+ 32) divides itself, and (5n + 32) presumably divides (23 — 5n). Hence, (5n + 32) divides their
sum which is 55 (rule 14 of § 1.9). Noting that the divisors of 55 are 1,5,11,55 (and their negatives) we
conclude that if (5n+32)](23—5n) then (5n+32) must be equal to (some of) these divisors. Considering
all these 8 possibilities we find that no value of n € Z makes (5n + 32) equal to one of these divisors,
and hence no value of n € Z satisfies this divisibility statement.

2. Re-solve Problem 1 using a different approach.
Solution: We will use in this Problem the direct division approach.

(a) We have:
5n—13 1 - 31
m+1 2 o2n 41

This quotient must be an integer which can only be achieved (with integer n) if 2n + 1 = %1 or

2n + 1 = £31 (as before).
sn—16 _1( 28
6n+9 3 2n+3

(b) We have:

This quotient must be an integer which can only be achieved (with integer n) if 2n+3 =1 or 2n+3 =7,
ie. 6n+9 =3 or 6n+ 9 = 21 (as before).

(c) We have:

4 12 1
n + _o 8
2n — 3 2n —3
This quotient must be an integer which can only be achieved (with integer n) if 2n — 3 = %1 or
2n — 3 = 3 or 2n — 3 = £9 (as before).
(d) We have:

23 —5n 95

ni32 Bn+ae

As we see, bn + 32 # +1,£5,+11, 455 for any n € Z and hence this quotient cannot be an integer.

3. Find all n € Z such that:
(a) (n—3)|(n? —Tn+5). (b) (2n + 5)|(n? 4+ 6n — 9).
Solution: Our approach in this Problem is to form a polynomial (in n) that represents the essence of
the divisibility statement (by combining the expressions of the divisor and dividend in a proportion-
ality statement) where this polynomial contains a parameter k and hence the polynomial represents a
Diophantine equation in two variables (n,k € Z) whose solutions represent the solutions of the given
divisibility statement (as will be demonstrated in the following).
(a) If (n — 3) divides (n? — 7n + 5) then we must have (where k € Z):

n? —Tn+5=k(n—3) — n?—Tm —kn+3k+5=0

On solving this Diophantine equation (using the methods we learned in § 4.1.5) we find the following
solutions: n = —4,4,2,10 (corresponding to k = —7,—7,5,5). All these values satisfy the given divisi-
bility statement. This is verified as follows:

n=-4 — —7/49 n=4 — 1|-7 n=2 — —1/-5 n=10 — 7|35
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(b) If (2n + 5) divides (n? 4+ 6n — 9) then we must have (where k € Z):
n?+6n—9 = k(2n +5) — n?+6n—2kn —5k—9=0

On solving this Diophantine equation (see § 4.1.5) we find the following solutions: n = —38, -2, —3, 33
(corresponding to k = —17,—17,18,18). All these values are acceptable.

4. Re-solve Problem 3 using a different approach.
Solution: We will use in this Problem the direct division approach.

(a) We have:
n?—Tn+5 7
oY 4
n—3 n—3
This quotient must be an integer which can only be achieved (with integer n) if n—3 = £1 or n—3 = £7,
ie.n=4orn=2orn=10or n = —4 (as before).
(b) We have:
n?+6n-9 1 71
oA ) 7_
2 +5 4("+ 2n+5>

This quotient must be an integer which can only be achieved (with integer n) if 2n +5 = +1 or
2n+5==471,ie. n=—-2o0rn=—3 or n =33 or n = —38 (as before).

5. Find all n € Z such that:
(a) (n? +10n — 15)|(7Tn — 5). (b) (n® —n? +4n + 8)|(n? + 11n — 24).
Solution: In this type of problems where the divisor is of higher degree than the dividend, we can have
an integer quotient in two obvious cases: n = 0 with the constant of the divisor being a divisor of the
constant of the dividend,['> or the divisor and the dividend are equal in magnitude (i.e. the quotient
is equal to +1). However, these two cases may not produce all the solutions and hence we need to
consider a third case where we inspect the values of n for which the absolute value of the divisor is less
than the absolute value of the dividend to see if some of these values can produce integer quotient.16]
These three cases will be considered and demonstrated in the following.
(a) Considering the aforementioned three cases we have:
e If n =0 then we have (-15)|(—5) which is untrue.
o If n? + 10n — 15 = +(7n — 5) then:

n24+1m—20=0 or n’+3n—10=0

The first quadratic equation has no integer solution, while the second quadratic equation has two integer
solutions: n = —5 and n = 2.

o If [n? + 10n — 15| < |7Tn — 5| then —18 < n < —6 where n = —13 and n = —10 produce integer
quotient.

So, the given divisibility statement is true for the following values of n: —13,—-10, —5, 2.

(b) Considering the aforementioned three cases we have:

o If n =0 then we have (8)|(—24) which is true.

o If n3 —n? +4n + 8 = £(n? + 11n — 24) then:

nd+15n—16=0 or n®—2n?> —Tn+32=0

The first cubic equation has only one integer solution which is n = 1, while the second cubic equation
has no integer solution.

o If [n® —n? +4n + 8] < |n? + 11n — 24| then —3 < n < 0 where n = —1 and n = 0 produce integer
quotient (noting that n = 0 is considered already).

So, the given divisibility statement is true for the following values of n: —1,0, 1.

[159] We should pay attention to two particular cases: when the constant of the divisor is zero (and hence it should be
excluded), and when the constant of the dividend is zero with the constant of the divisor is not zero (and hence it
should be included).

[160] Because the degree of the divisor is higher than the degree of the dividend these values are usually few and can be easily
identified.
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6. Find all n € Z such that:

(@) (n—17)|(n® —12n% + 38n — 17). (b) (n? —4n +5)|(n” + 5n® + 9n — 19).
Solution: We use in this Problem the direct division approach.
(a) We have:
3 —12n? -1 4
n n® + 38n 7=n2—5n—|—3+
n—17 n—17

Now, the divisors of 4 are 1,42, +4 and hence (n — 7) = £1, £2, +4, i.e. n =8,6,9,5,11,3.
(b) We have:

7 4 BnS 4 On — 19 185n — 839
n' +5n° + 9n — 15 4 An* + 1603 + 44n? + 96n + 164 + —2 %7
n2—4n+5 n?2—4n+5

So, now we are dealing with the following divisibility problem: (n? — 4n + 5)|(185n — 839) which can
be solved by the method of Problem 5. In brief, n = 0 and (n? — 4n + 5) = +(185n — 839) have no
solution, while considering |n? — 4n + 5| < [185n — 839| leads to the following solutions: n = 1,2, 3, 61.
7. Determine if the following divisibility statements are correct for all n € Z (excluding the zeros of the
divisors) or not where in the latter case determine n € Z to which the statement is correct:
(a) (n —2)|(n% 4 5n3 — Tn? — 76). (b) (n — 3)|(n? — Tn +5).
(¢) (n—5)|(n®—5n%+n—1). (d) (n+1)|(n® +19n® + 13n? + 22).
Solution: In this Problem we use rule 51 of § 1.9 where P;(n) represents the dividend polynomial.
(a) P1(2) = 0 and hence the given statement is correct for all n € Z (excluding 2) because the remain-
der of the division is 0 regardless of the value of n € Z (excluding 2). This can also be seen by direct
division:

6 3 52
mIAST =TT =16 s Lot 4 4n3 4 1302 4+ 190 + 38

n—2

(b) P;(3) = —7 and hence the given statement is not correct for all n € Z because the remainder is not

0. To determine n € Z to which the statement is correct we note that since the remainder of the division

is —7 then the result of dividing (n? — 7n + 5) by (n — 3) is some integer expression plus —7/(n — 3).

So, if the result of the division is to be an integer then —7/(n — 3) must be an integer. Noting that the

divisors of —7 are 1 and +7 we equate (n — 3) to these divisors and hence we obtain n = +4,2,10

which are the same values that we obtained in part (a) of Problems 3 and 4. So, these are the values

of n € Z to which the statement is correct.

(c) P1(5) =4 and hence the given statement is not correct for all n € Z because the remainder is not 0.

To determine n € Z to which the statement is correct we note that since the remainder of the division

is 4 then the result of dividing (n® —5n? +n — 1) by (n — 5) is some integer expression plus 4/(n — 5).

So, if the result of the division is to be an integer then 4/(n — 5) must be an integer. Noting that the

divisors of 4 are +1,+2, +4 we equate (n — 5) to these divisors and hence we obtain n = 6,4,7,3,9, 1.

So, these are the values of n € Z to which the statement is correct.

(d) Pi(—1) = 15 and hence the given statement is not correct for all n € Z because the remainder is

not 0. To determine n € Z to which the statement is correct we note that since the remainder of the

division is 15 then the result of dividing (n® + 19n° + 13n2 4 22) by (n + 1) is some integer expression

plus 15/(n + 1). So, if the result of the division is to be an integer then 15/(n + 1) must be an integer.

Noting that the divisors of 15 are £1,43,£5,+15 we equate (n + 1) to these divisors and hence we

obtain n = 0,42, 4, —6, 14, —16. So, these are the values of n € Z to which the statement is correct.
8. Find all n € Z such that:

(a) (n? + 2n — 15)|(n* — 6n3 — 24n? + 134n — 105).

(b) (n%2 —13n + 36)|(n* + 5n3 — 8n% — 161 + 9).

(c) (n? —n —2)|(n* + 3n3 — 41n? — 13n — 10).

(d) (n® +4n? — 553n + 3332)|(2n® — 17n* + 11n3 — 74n? + n + 30).

Solution: In this Problem we mainly employ rules 19, 20 and 51 of § 1.9 where we use P;(n) to refer

to the dividend polynomial.



6.4 Divisibility of Polynomials by Polynomials 200

(@) (n? 4+ 2n —15) = (n — 3)(n + 5) and hence if this divides P;(n) then Pj(n) must be divisible by
(n — 3) and by (n + 5) simultaneously (rule 19 of § 1.9).

Now, P;(3) = 0 which means that (n—3) divides P;(n) for all n € Z (excluding 3) because the remainder
of the division is 0 (rule 51 of § 1.9) regardless of the value of n € Z (excluding 3).

Also, P;(—5) = 0 which means that (n + 5) divides P;(n) for all n € Z (excluding —5) because the
remainder of the division is 0 regardless of the value of n € Z (excluding —5).

So, (n — 3) and (n + 5) divide P;(n) simultaneously for all n € Z excluding n = 3 and n = —5, and
hence this divisibility statement is valid for all values of n € Z except n = 3 and n = —5.

This can also be seen easily by direct division:

nt —6n3 — 24n? + 134n — 105
T on 15 =n°—8n+7 (n #3,-5)

(b) (n? —13n + 36) = (n — 4)(n — 9) and hence if this divides P;(n) then P;(n) must be divisible by
(n —4) and by (n — 9) simultaneously.

Now, P;(4) = 393 whose divisors are £1,4+3, £131,+393. On equating (n — 4) to these divisors we get
n=2>5,3,7,1,135,—127,397, —389.

Also, P;(9) = 9423 whose divisors are 1, +3, £9, £27, +349, 1047, 3141, +9423. On equating (n—9)
to these divisors we get n = 10, 8, 12, 6, 18, 0, 36, —18, 358, —340, 1056, —1038, 3150, —3132, 9432,
—9414.

As we see, there is no common value of n that makes P;(n) divisible by (n — 4) and by (n — 9) simul-
taneously and hence there is no value of n that satisfies this divisibility statement.

This can also be seen easily by noting that (n* + 5n3 — 8n? — 16n + 9) is odd while (n? — 13n + 36) is
even and hence there is no value of n that satisfies this divisibility statement (see the rules of parity in
§ 1.8).

(c¢) (n?—n—2) = (n—2)(n+1) and hence if this divides P;(n) then P;(n) must be divisible by (n — 2)
and by (n + 1) simultaneously.

Now, P;(2) = —160 whose divisors are 1,2,4,5,8,10, 16, 20, 32,40, 80,160 and their negatives. On
equating (n — 2) to these divisors we get n = —158, —78, —38, —30, —18, —14, —8, —6, —3, —2, 0, 1,
3, 4,6, 7,10, 12, 18, 22, 34, 42, 82, 162.

Also, P;(—1) = —40 whose divisors are 1,2,4,5,8,10,20,40 and their negatives. On equating (n + 1)
to these divisors we get n = —41, —21, —11, -9, —6, —5, =3, —2, 0, 1, 3, 4, 7, 9, 19, 39.

As we see, n = —6,—3,—2,0,1,3,4,7 are common to both cases which means that these values of
n make P;(n) divisible by (n — 2) and by (n + 1) simultaneously, and hence these values of n make
Py (n) divisible by their product which is (n? —n —2).[1611 So, this divisibility statement is satisfied for
n=-6,-3,-2,0,1,3,4,7.

(d) (n®+4n% —553n+3332) = (n—17)(n— 7)(n + 28) and hence if this divides P;(n) then Pj(n) must
be divisible by (n — 17) and by (n — 7) and by (n + 28) simultaneously.

Now, P;(17) = 1452561 whose divisors are 1,3,11,33,44017,132051,484187,1452561 and their nega-
tives. On equating (n — 17) to these divisors we get n = —1452544, —484170, —132034, —44000, —16,
6, 14, 16, 18, 20, 28, 50, 44034, 132068, 484204, 1452578

Also, Pi(7) = —7019 whose divisors are 1,7019 and their negatives. On equating (n — 7) to these
divisors we get n = —7012, 6, 8, 7026.

Also, Py(—28) = —45169374 whose divisors are 1, 2, 3, 6, 17, 34, 51, 102, 442837, 885674, 1328511,
2657022, 7528229, 15056458, 22584687, 45169374 and their negatives. On equating (n + 28) to these
divisors we get n = —45169402, —22584715, —15056486, —7528257, —2657050, —1328539, —885702,
—442865, —130, —79, —62, —45, —34, —31, —30, —29, —27, —26, —25, —22, —11, 6, 23, 74, 442809,
885646, 1328483, 2656994, 7528201, 15056430, 22584659, 45169346.

As we see, only n = 6 is common to all these 3 cases which means that n = 6 makes P;(n) divisible by
(n—17) and by (n—7) and by (n+ 28) simultaneously, and hence n = 6 makes P;(n) divisible by their
product which is (n® + 4n? — 553n + 3332). So, this divisibility statement is satisfied only for n = 6.

[161] Iny this argument we are using rule 20 of § 1.9 noting that (n—2) and (n+ 1) are coprime for these values of n. In fact,
we can use an argument based on rule 19 of § 1.9 but this should be enough.
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6.5 Divisibility of Exponentials by Numbers

We investigate in this section the divisibility of expressions involving numeric bases raised to variable
exponents by numbers such as the divisibility of (5™ — 1) by 4. In this kind of problems it is useful to
keep in mind the theorems that deal with this type of expressions such as Euler’s theorem and Fermat’s
little theorem (see § 2.9.2 and § 2.9.3) as well as general mathematical rules (like the rules of § 1.8 and §
1.9) and mathematical methods (like induction and modular arithmetic).

Problems

1. Prove the following (where n € N):

(a) 3|(7™ — 4™). (b) 3|(5" — 2m). (c) 4|(7" — 3™). (d) 4|(5™ — 1).
(e) 5](6™ + 4). (f) 5/(6™ —1). (g) 5(24"~1 - 3). (h) 7)(11™ — 4™).
(i) 7|(10™ — 3™). (j) 10/(5™ — 5). (k) 10](6™ — 6).

Solution: We note first that these divisibility statements (excluding parts g, j, k) are also valid for
n = 0 and hence these statements (excluding parts g, j, k) are actually valid for all n € N°.

(a) We use induction. For n = 1 we have 3|(7! — 4') = 3. Assuming 3|(7* — 4%) for some k € N, we
have:

TRHL gL — (7 TF) — (A x 4F) = (3 x TF) + (4 x TF) — (4 x 4F) = (3 x TF) + 4(7F — 4%)

Now, since 3|(3 x 7¥) and we assumed 3|(7% — 4%) then the sum in the last equality must be divisible
by 3 (see rule 14 of § 1.9). So, by induction 3|(7" — 4™) for all n € N.

(b) We use induction. For n = 1 we have 3|(5! — 2!) = 3. Assuming 3|(5* — 2¥) for some k € N, we
have:

SRHL okl — (5% 57) — (2 x 2F) = (3 x 5%) 4+ (2 x 5*) — (2 x 2%) = (3 x 5¥) + 2(5% — 2F)

Now, since 3|(3 x 5) and we assumed 3|(5% — 2¥) then the sum in the last equality must be divisible
by 3 (see rule 14 of § 1.9). So, by induction 3|(5™ — 27) for all n € N.

(c) We use induction. For n = 1 we have 4|(7" — 3') = 4. Assuming 4/(7% — 3%) for some k € N, we
have:

TRHL 3Rl — (7 TR — (3% 3F) = (4 x TF) + (3 x TF) — (3 x 3%) = (4 x TF) + 3(7% — 3%)

Now, since 4|(4 x 7¥) and we assumed 4|(7% — 3%) then the sum in the last equality must be divisible
by 4 (see rule 14 of § 1.9). So, by induction 4|(7" — 3™) for all n € N.

(d) For n =1 we have 4|(5' — 1) = 4. For n > 1, 5" ends in 25 (see rule 14 of § 1.8). Hence, (5" — 1)
ends in 24 which is divisible by 4 (see rule 26 of § 1.9).

We may also use induction. For n = 1 we have 4|(5! — 1) = 4. Assuming 4|(5* — 1) for some k € N, we

have:
5L 1= (5x5F) —1=4x5"+ ("1

Now, since 4|(4 x 5*) and we assumed 4|(5¥ — 1) then their sum must be divisible by 4 (see rule 14 of
§ 1.9). So, by induction 4|(5™ — 1) for all n € N.
(e) 6™ ends in 6 (rule 16 of § 1.8) and hence (6™ + 4) ends in 0. Thus, 5/(6™ + 4) (rule 32 of § 1.9).
We may also use induction. For n = 1 we have 5|(6' + 4) = 10. Assuming 5|(6* + 4) for some k € N,
we have:

65 4= (6 x 6F) + 4= (5x6%) + (6" +4)

Now, since 5|(5 x 6*) and we assumed 5|(6% + 4) then their sum must be divisible by 5 (see rule 14 of
§ 1.9). So, by induction 5|(6™ 4 4) for all n € N.

(f) 6™ ends in 6 (rule 16 of § 1.8) and hence (6™ — 1) ends in 5. Thus, 5|(6™ — 1) (rule 27 of § 1.9).
We may also use induction. For n = 1 we have 5|(6! — 1) = 5. Assuming 5|(6* — 1) for some k € N, we

have:
6" —1=(6x6")—1=(5x6") +(6"—-1)
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Now, since 5[(5 x 6*) and we assumed 5|(6X — 1) then their sum must be divisible by 5 (see rule 14 of
§ 1.9). So, by induction 5|(6™ — 1) for all n € N.I'62

(g) We use induction. For n = 1 we have 5/(24~! — 3) = 5. Assuming 5/(2**~! — 3) for some k € N, we
have:

od(k+1)-1 _ g3 _ o4k+3 _ g _ (23)24k _3_ (24)24k—1 3 (16)24k—1 _3
(15 + 1)2%—1 — 3 = (15)24k—1 4 (241 _3)

Now, 5/15 and we assumed 5[(24*~1 — 3) and hence 5 divides (15)2* 1 + (24=1 — 3) (see rule 14 of §
1.9). So, by induction 5[(24"~1 — 3) for all n € N.
(h) We use induction. For n = 1 we have 7|(11' —4!) = 7. Assuming 7|(11¥ — 4F) for some k € N, we
have:

LIFFL 4R — (7 11%) 4+ (4 x 11%) — (4 x 4F) = (7 x 11%) + 4(11% — 4F)

Now, since 7|(7 x 11%) and we assumed 7|(11* — 4¥) then the sum in the last equality must be divisible
by 7 (see rule 14 of § 1.9). So, by induction 7|(11™ — 4™) for all n € N.

(i) We use induction. For n = 1 we have 7|(10* — 3') = 7. Assuming 7|(10* — 3%) for some k € N, we
have:

1071 — ML — (10 x 10%) — (3 x 3%) = (7 x 10%) + (3 x 10%) — (3 x 3%) = (7 x 10%) + 3(10% — 3%)

Now, since 7|(7 x 10¥) and we assumed 7|(10¥ — 3%) then the sum in the last equality must be divisible
by 7 (see rule 14 of § 1.9). So, by induction 7|(10™ — 3™) for all n € N.
(j) For n =1 we have 10|(5' —5) = 0. For n > 1 we have:

5" —5 =5(5""1 —1)

Now, 5771 is odd (see rule 6 of § 1.8) and hence (5"~ —1) is even, i.e. (5"!—1) = 2k for some k € N.
Therefore, 5" — 5 = 5(5""1 — 1) = 5 x 2k = 10k and hence it is divisible by 10.

We may also argue (more simply) that 5™ ends in 5 (see rule 14 of § 1.8) and hence (5" — 5) ends in 0,
therefore it is divisible by 10 (see rule 32 of § 1.9).

(k) For n = 1 we have 10|(6! —6) = 0. For n > 1 we have:

6" —6="6(6"""—-1)

Now, 5|(6"~! — 1) according to part (f) (noting that n > 1) and hence (6"~ ! — 1) = 5k for some k € N.
Therefore, 6™ — 6 = 6(6" 1 — 1) = 6 x 5k = 10 x 3k and hence it is divisible by 10.
We may also argue (more simply) that 6™ ends in 6 (see rule 16 of § 1.8) and hence (6™ — 6) ends in 0,
therefore it is divisible by 10 (see rule 32 of § 1.9).

2. Prove the following (where n € N and a,b,c € Z):

(a) 133|(12"+2 — 127+l 4 127). (b) 17](51™ — 136™ — 187"™).
(c) 25|(ab™tt — b50™ — c175™). (d) 19](417+5 4 987 +3 — 60"+ — 136™).
Solution:

(a) 127+2 — 127+1 4 127 = 127(122 — 12! + 1) = 12" x 133.
(b) 51" — 136™ — 187" = (3" x 17") — (8" x 177) — (11" x 17) = 177(3" — 8" — 11").
(c) We have:
a5" !t — b50" — 175" = 25a5" 1 — b(2" x 25™) — (7" x 25") = 25(a5" " — 2"b25" ! — 725" )
(d) We have: 41 23,9823, 60 £ 3, and 136 2 3. Hence:

4175 49873 _ gt —136™ L2 375 4 gn 3 _gntl _gn — 37(35 4 33 31— 1) = 3"(266) = 3"(14 x 19)

[162] 1t is worth noting that from a congruence perspective 5|(6™ — 1) is equivalent to 5/(6™ 4 4) and hence the proof of part
(e) should be enough. We may also state the proof in a concise form as: 6™ — 1 = (6™ + 4) — 5 and hence 5[(6™ — 1)
since 5|(6™ + 4) according to part (e) and 5|5 (see rule 14 of § 1.9).
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3. Show that for all m,n,k € N° the following divisibility statements are true:
(a) 13|<712m+2 + 912n+4 + 1112k+5). (b) 25'(420m+3 + 1720n+4 + 2120k+7 + 24).

Solution:
(a) This statement is equivalent to 7'2m+2 4 g12n+4 4 1112k+5 2. Now, by Fermat’s little theorem
(see § 2.9.3) and rule 11 of § 2.7 we have:

7l2m _ (712)m 13 1™ =1 gl2n _ (912)n 13 1 =1 1112k — (1112)k 13 1k =1
Hence, by the rules of indices and congruences we have:
712m+2 4 912n+4 _|_ 1112k+5 — 712m72 4 912n94 4 1112k115 g’ (1)72 4 (1)94 + (1)115 — 167661 E 0

(b) This statement is equivalent to 420m+3  1720n+4 4 9120k+7 4 94 2 0 Now, by Euler’s theorem (see
§2.9.2) and rule 11 of § 2.7 we have:

Hence, by the rules of indices and congruences we have:

420m+3 4 17207L+4 4 2120k+7 + 24 = 420m43 4 1720n174 4 2120k217 =+ 2

2 (1)43 + (1)17* + (1)217 + 24 = 1801172150 2 0

[~}

4. Find all n € N° such that:

(a) 33|(T™ —1). (b) 47|(5™ + 8). (c) 19|(32"+3 4 6). (d) 3|(5™ + 5).
(e) 3|(5" —5). (£) 5|(7" = 3). (g) 7|(5*" 2 —1).
Solution:

(a) 33|(7* — 1) means (7" — 1) 20 and hence 7" £ 1 (see rule 3 of § 2.7). Now, 7° 21 which means
that n = 0 is a valid solution. On testing the few values of positive n we find that the lowest n € N
such that 7% 2 1 is n = 10.1193] Hence:

7108 = (710)" & 1k - 7B (keN)
where we used rule 11 of § 2.7 in the second step. So, 33|(7" — 1) for all n = 10k (where k € N° to
include n = 0).
(b) 47|(5™ + 8) means (5" + 8) £ 0 and hence 5" £ —8, ie. 5" £ 39. On testing the first values of

positive n we find that the lowest n € N such that 5" 39 is n = 31. Moreover, according to Euler’s
theorem (see § 2.9.2) we have: 5¢(47) £l 1, i.e. 546 . Also, from rule 11 of § 2.7 we get 5%0% L

(k € N). Hence:
531 £ 39
531 x 546k L 39 x 1 (rule 10 of § 2.7)

531+46k 1 39 (rules of indices)

So, 47|(5™ + 8) for all n = 31 + 46k (where k € N to include n = 31).

(c) 19|(32"+3 4 6) means (3273 + 6) £ 0 and hence 32"+3 £ 6, i.e. 3273 £ 13, Now, by the rules of
indices we have: 32713 = 32" x 33 = 32" x 27. Hence:

3m+3 293 gy o793, g Byg o orr L gmBy5s 0 g2 19y

[163] Syuch simple calculations can be done easily by using, for instance, a spreadsheet or a small piece of code (but be careful
about the precision and accuracy of the used tool; see § 1.3.1).
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On testing the first values of positive n we find that the lowest n € N such that 32" Yiisn= 7, i.e.

314 By, Moreover, according to Euler’s theorem we have: 3#(19) 1 1, ie. 3'8 Y. Also, from rule 11

of § 2.7 we get 3'8F Yy (k € N). Hence:
3Ly

314 318k By g (rule 10 of § 2.7)

3lat1sk 12y (rules of indices)

So, 19](32"+3 4 6) for all 2n = 14 + 18k, i.e. n = 7 + 9k (where k € N°).

(d) 3|(5™ + 5) for all even n € N°. This can be proved by induction as follows.
For n = 0 we have (5° + 5) = 6 which is divisible by 3.

Let assume that (5 + 5) is divisible by 3 for a given even k € N°. Hence:

5FF2 15 = (25 x 5%) + 5 = (24 x 5) + (5% + 5) = 3(8 x 5%) + (5* +5)

As we see, both terms in the last equality are divisible by 3 (the first because it has a factor of 3 and the
second because of our assumption). So, we conclude (by induction) that 3|(5" +5) for all even k € NU.
We finally note that 3 /(5" + 5) for any odd n € N° because:

5" +5 =581 15 = (5 x 5%%) +5 = (4 x 5%F) + (5% 4 5)

Now, 3|(5%% 4+ 5) (as we already proved by induction) while 3 /(4 x 52%) (because there is no factor of 3
in 4 x 52¢) and hence 3 f(5" + 5) for any odd n € N° (see rule 17 of § 1.9).

(e) 3|(5™ — 5) for all odd n € N°. This can be proved by induction as we did in part (d), that is:

For n = 1 we have (5! — 5) = 0 which is divisible by 3. Now, if we assume that (5* — 5) is divisible by
3 for a given odd k € N° then:

582 5 = (25 x 5%) — 5 = (24 x 5%) + (5% — 5) = 3(8 x 5¥) + (5* — 5)

As we see, both terms in the last equality are divisible by 3 (the first because it has a factor of 3 and the
second because of our assumption). So, we conclude (by induction) that 3|(5" —5) for all odd k € N°.
We finally note that 3 /(5" — 5) for any even n € N° because:

5" —5=(5"+5)— 10

Now, according to part (d) 3|(5" + 5) for all even n € N° and hence the divisibility of (5" — 5) by 3 is
determined by the divisibility of 10 by 3. However, 3 /10 and hence 3}(5" — 5) for any even n € N°.
(f) 5|(7™ — 3) means 7" 2 3. Now, we have 74 2 1 and hence 7% 2 1 (k € N see rule 11 of § 2.7
noting that the congruence is valid even for k = 0). Also, the first n € N° to which 77 23isn= 3, i.e.
7323 On multiplying these two congruences (i.e. 74 Zland 72 3) side by side (see rule 10 of §
2.7) we get: 734k 23 je. 5/(7" — 3) for all n = 3 + 4k (k € N°).

(g) 7|(52"*2 — 1) means 52"+2 £ 1. Now, we have 5¢ = 1 and hence 5% < 1 (k € N°; see rule 11 of § 2.7
noting that the congruence is valid even for k = 0). Also, the first n € N to which 52"+2 L 1 is n = 2,

i.e. 55 = 1. On multiplying these two congruences (i.e. 5O Z1and50 < 1) side by side (see rule 10 of

§ 2.7) we get: 56k+6 L1, ie 526k+2+2 T 1 This means that 5272 — 1 = 0 for all n = 2 + 3k (ke N°
to include n = 2).
5. Show that the following are composite for all m,n € N:

(a) 31(41™) — 175. (b) 52" + 2. (c) 19(105™) — 46(308™).

(d) 2231L+1
Solution:

32”— 1

~ 1. (e) 33" +38.
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(a) By the rules of parity (see § 1.8) this is even (> 2) and hence it is composite for all n € N (see point
3 in the preamble of § 2.2).

(b) We prove this by showing that 3|(5%" + 2) for all n € N where we use induction.

For n = 1 we have 52%! + 2 = 27 which is divisible by 3. Now, we show that if 3|(5%" + 2) for a given
n € N then 3|(52("+1) + 2), that is:

52 42 = 5272 42 = (25 X 577) + 2 = (24 x 577) + (5°" + 2) = 3(8 x 5°") + (5°" + 2)

As we see, 3 obviously divides 3(8 x 52"), and 3 divides (5% + 2) by assumption. Therefore, by rule 14
of § 1.9, 3 divides their sum which is (52("*1) +2). So, by mathematical induction 3|(5*" + 2) for all
n €N, ie. (5" +2) is composite for all n € N.

(c) We have:

19(105™) — 46(308™) = 7[19(105’"—1 x 15) — 46(308" ! x 44)}

i.e. it is divisible by 7 and hence it is composite for all m,n € N.
(d) We note that 237+1 Y0, ie. 237+ = 16k (k € N).[164 Accordingly:

216 1 (Fermat’s little theorem; see § 2.9.3)
216k 11 (rule 11 of § 2.7)
2 I (2371 = 16k)
22" 1 (rule 3 of § 2.7)
So, (223"“ — 1) is divisible by 17 and hence it is composite for all n € N.

(e) We note that 3271 23 ie 321 =12k +3 (k € N°).[165] - Accordingly:

312 2 (Fermat’s little theorem; see § 2.9.3)
312k 2 (rule 11 of § 2.7)
312k+3 13 33 (><33)
33 B oy (3271 = 12k + 3)
337 E 38 (27 2 _38)
37 13820 (rule 3 of § 2.7)

So, (332“71 + 38) is divisible by 13 and hence it is composite for all n € N.

6.6 Divisibility of Numbers by Exponentials

This kind of problems are generally solved by equating the exponential to each one of the divisors of the
number to see if there is a (non-negative integer) value of the exponent that satisfies the equation (as will
be demonstrated in the following Problems).

Problems

[164] We have 2371 = 24 x 23n+1-4 — 91 5 93n=3 _ 16 x 93n—3 L,
[165] 32n -1 L2 3 can be proved by induction as follows (noting that it is valid for n = 1 and assuming it is valid for some
n € N):
3211 Z32ndl _ gy g2n-1 g 3973

where we used the induction assumption in step 3.
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1. Find all n € N° such that:
(a) 3]289. (b) 5™|250. (c) 23™|1058. (d) 7™|84035.
Solution:
(a) The (positive) divisors of 289 are 1,17, 289.11%6] If we equate each one of these divisors to 3" we
find that only n = 0 (corresponding to the divisor 1) satisfies this divisibility statement.
(b) The (positive) divisors of 250 are 1,2, 5,10, 25, 50, 125, 250. If we equate each one of these divisors
to 5™ we find that only n = 0,1, 2,3 (corresponding to the divisors 1,5,25,125) satisfy this divisibility
statement.
(c) The (positive) divisors of 1058 are 1,2,23,46,529,1058. If we equate each one of these divisors
to 23" we find that only n = 0,1,2 (corresponding to the divisors 1,23, 529) satisfy this divisibility
statement.
(d) The (positive) divisors of 84035 are 1,5,7,35,49,245,343,1715,2401, 12005, 16807, 84035. If we
equate each one of these divisors to 7" we find that only n = 0, 1,2, 3,4,5 (corresponding to the divisors
1,7, 49, 343, 2401, 16807) satisfy this divisibility statement.

6.7 Divisibility of Exponentials by Exponentials

This type of problems can be tackled (depending on the type of problem) by using prime factorization (to
see if the dividend contains enough prime factors to cancel the divisor), or by using the rules of exponents
(associated with the familiar rules of divisibility), or by other similar approaches. Some of these methods
will be demonstrated in the following Problems (using very simple examples).

Problems

1. Which of the following statements is true (where m,n € N):
(a) 1617|907235". (b) 97(726". (c) 57|24565™.
Solution:
(a) This is true because:

907235" (5 x T3 x 232

_ 2 n_ n S .
161" 7% 73 ) = (5 X 7% x 23) = 5635" which is an integer.

(b) This is untrue because:

726™ 726\ " 2x3x112\" 2 x 112\" hich is 2ot an intere
= —_— = _— = w1 1S 1N 11 110 T.
on 9 32 3 &

(c) This is true for m > n and untrue for m < n because:

24565™ 5x 173)™ 5™ x 173™
= (5 % ) = X = 5™ x 17%™  which is an integer only if m > n.

oM o oM
2. Prove the following (where n € N):
(a) 147|(154" — 126"). (b) (37 + 1)[(24™ + 8™). (¢) (77 + 5™ — 27)|(63" + 45" — 18™).
Solution:

(a) 154™ — 126™ = (11™ x 14™) — (9™ x 14™) = 14™(11™ — 9™).

(b) 24™ 4+ 8™ = (3 x 8)" + 8" = (3" x 8™) + 8" =8"(3" + 1).

(c) 63" +45™ — 18" = (7" x 9™) 4+ (5™ x 9™) — (2™ x 9™) = 9"(7™ + 5™ — 2").
3. Find all m,n € N such that:

(a) 87103, (b) 6™|(13™ — 8).

Solution:

[166] We consider only positive divisors because 3™ is positive. This similarly applies to the other parts of this Problem.
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(a) 8"]103" means 103" = k8" (k € N), that is:

3n 3\ "
10°" = k8" — W7 — <1O> =k - 125" = k
8n 8
As we see, 125" = k (k € N) for all n € N°. So, 8"|103" for all n € N°,
(b) We have two cases to consider:
e m =0, ie 1[(13" —8) which is true.
em > 0, i.e. 6™|(13™ — 8) which is untrue because 6™ is even while (13" — 8) is odd, and no odd
number is divisible by an even number (see the parity rules in § 1.8).
So, 6™|(13™ — 8) for all (m,n) = (0, k) where k € N°.
4. Show that 2¥2|(32" — 1) but 283 J(32" — 1) where k € N.
Solution: We prove this by induction. For k = 1 we have 2+2|(32" — 1) but 2!73 /(32" — 1). Now, let
assume that 2¥72|(32" — 1) but 283 /(32" — 1) for a given k € N and hence (32" — 1) = 2¥72¢ where ¢
is 0dd.1*6"l Accordingly:

1 ¢ 2 ] : ]
32 =322 = (32) —1=03" -3 +1) =22 (3% +1) (82)

Now: . .
37 +1=(3" —1)+2= (2" +2=202""g+1)=2r

Now, since (2¥*1¢ + 1) is odd (see parity rules in § 1.8) then r is odd and hence from Eq. 82 we get:
32k+1 1= 2k+2q (32k +1)= 2k+2q % o — 2k+3qr _ 2(k+1)+2qr

Now, gr is odd (because ¢ and r are odd) and hence 2-+1)+2|(32""" _ 1) put 2(-+D+3 (32" _ 1) o,
by mathematical induction 2¥2|(32" — 1) but 283 /(32" — 1) for all k € N.

5. Find all m,n € NY such that: 2|(3" — 1).
Solution: We consider the following three cases:
(a) If n = 0 then 2™|(3" — 1) for all m € N°. This is because 2™|(3° — 1) = 0 for all m € NY (see rule 1
of § 1.9).
(b) If n is odd then 2™|(3™ — 1) for m = 0,1 only. This is because (see Eq 12):

3" 1=B-1@" 43" 2 434 1) =23 43" 2 134 1)

Now, since n is odd then (3771 437724 ... + 3 4 1) is odd (because it is a sum of n odd terms) and
hence (3™ — 1) contains a single factor of 2 which makes it divisible only by 2° and 2!.
(c) If n (# 0) is even then we have n = 2¥q (k € Nand ¢ € O, i.e. ¢=1,3,...) and hence (see Eq. 12):

o () () () ) e

Now, the expression in the square brackets is odd (because it is a sum of ¢ odd terms noting that ¢ is

odd). Moreover, from Problem 4 we have: 2k+2|(32k — 1) but 2F+3 )((32k —1). So, in this case we have:
2m|(3" = 1) for m =0,1,...,(k+ 2) only.

6. Show that (k™ — 1)|(k™ — 1) iff m|n (where m,n,k € N and k > 1).
Solution: Regrading the if part, if m|n then n = ¢gm (¢ € N) and hence:

kn 1= kqm 1= (km)q 1= (km _ 1) [(km>q—1 + (km)q—Q + .. + km + 1]

where we used Eq. 12 in the last equality. So, (k™ — 1)|(k™ — 1) as required.
Regrading the only if part, let n = gm +r (¢ €N, r € N°, r < m)[168] and hence:

K= 1= (k" — k") + (k" — 1) (FK)

[167] 4 is odd because otherwise 2k+3|(32k — 1) which contradicts our assumption.
[168] We are assuming m < n because (k™ — 1)|(k" — 1).
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K" —1=k"(E"""—1)+ (k" — 1)
E*—1=k"(E" —1)+ (k" — 1) (n=gm+r)
(E" —1) = k"(k"™ —1) = (k" — 1)

Now, by assumption we have (k"™ — 1)|(k™ — 1). Also, form the “if part” we have (k™ — 1)|(k9™ — 1)
because m|(¢m). Hence, by rule 14 of § 1.9 we must have (k™ — 1)|(k" — 1). However, since r < m we
must have (k" — 1) = 0 and hence r = 0, i.e. n = ¢m which means m|n as required.

6.8 Divisibility of Exponentials by Polynomials

There is no general approach for tackling this type of problems and hence the method of solution depends
on the specifications of the problem. However, it is useful to keep in mind the general rules of number
theory such as the rules of parity (as well as the general rules of divisibility) when tackling this type of
problems. In the following Problems we present a tiny sample of very simple examples of this type of
problems.

Problems

1. Find all n € N° such that:
(a) (n3 +4n? —n+ 2)|112"+3. (b) (n—1)|3™. (c) Bn— 5)|52"*4. (d) n2| [(n+1)™ —1].
Solution:

(a) (n® 4 4n? — n + 2) is even while 11273 is odd for all n € N° and hence there is no n € N° that
satisfies the given divisibility statement (see the rules of parity in § 1.8).
(b) For (n — 1) to divide 3™ it must be a power of 3, that is:

n—1=3" - n=3"+1 (k e NY)

We also note that (n — 1)[3™ for n = 0.
So, (n —1)|3" for all n = 3* + 1 (k € N°) as well as for n = 0.
(c) For (3n — 5) to divide 52"~* it must be a power of 5, that is:

n_5k+5
3

3n—5=>5" —

(ke N’ k€ )

where the condition k € E is justified by the result of part (d) of Problem 4 of § 6.5. So, (3n — 5)|52"~4
for all n = (5* +5)/3 (k € N’k € E).

(d) This divisibility relation is valid for n = 0 if we accept 0]0.

This divisibility relation is obviously valid for n = 1.

This divisibility relation is also valid for all n > 1 because:

(n+1)"=Cy+Cn+Cyn* 4 -+ Cn" (Eq. 13)
(n+1)"=1+n*>+Con?+---+Cin" (Cy =1,CF =n)

(n+1)"—1=n>+Coin?+---+C'n"
(n+1)"—1=n*[14Cy+ -+ Cpn" 7]

So, n?|[(n+1)" — 1] for all n € N° (if we accept 0|0) or for all n € N (if we do not accept 0]0).

2. Find all m € Z and n € NY such that:
(@) (m3 +4m? —m + 2)[1127+3, (b) (m —1)|3™. (c) (3m — 5)|52"—4.
Solution: We note that these are the same as parts (a, b, ¢) of Problem 1 but with n in the polynomial
(i.e. the divisor) being replaced by m.
(@) (m3+4m? —m + 2) is even for all m € Z and 112"*3 is odd for all n € N° and hence there is no
m € Z and n € N° that satisfy the given divisibility statement (see the rules of parity in § 1.8).
(b) For (m — 1) to divide 3" it must be a divisor of 3". Now, the divisors of 3" are £3% (0 < k < n).
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So, (m —1)|3" for all (m — 1) = £3% i.e. m =1+ 3% where 0 < k <n and n € NO.

(c) We must have n > 2 because 52"~* must be an integer. For (3m — 5) to divide 52"~% it must be
a divisor of 5"~*. Now, the divisors of 52"~* are +5F where 0 < k < (2n — 4). So, (3m — 5)[5?"~*
for (3m —5) = +5%, i.e. m = (54 5%)/3 where 0 < k < (2n — 4) and n > 2. However, since m must
be an integer we must impose a condition to ensure this. This condition is: m = (5 + 5%)/3 for even
k and m = (5 — 5%)/3 for odd k (see parts d and e of Problem 4 of § 6.5). So, (3m — 5)|52"~* for all
m = (5+ 5%)/3 (k is even) and for all m = (5 — 5%)/3 (k is odd) where 0 < k < (2n —4) and n > 2.

6.9 Divisibility of Polynomials by Exponentials

In this type of problems the magnitude of the exponential usually exceeds the magnitude of the polynomial
very quickly as the variable increases and hence we normally have very few values (which are near zero)
of the variable that satisfy the divisibility relation. However, we should also consider the roots of the
polynomial (which could be of any magnitude) because 0 is divisible by any other integer. In the following
Problems we present a few simple examples of this type of problems.

Problems

1. Find all n € N° such that:
(a) 5™|(n — 2)7. (b) 3"\(713 — 49n? + 704n — 2420). (c) (7" — 1)|(n2 — 6876n + 10191668).
Solution:

(a) For (n—2)7 to be divisible by 5", (n—2)7 must be a power of multiple of 5 such that 5" < (n—2)7,
that is:
n—2 =5k — n=>5k+2 (for some k € N°)

On considering n = 2,7, ... we see that only n =2 and n = 7 (corresponding to k = 0 and k = 1) are
acceptable because for n corresponding to k > 2 (i.e. n = 12,17,...) we have 5" > (n — 2)7 and hence
5" cannot divide (n — 2)7. We also note that 57|(n — 2)7 for n = 0.
So, 5*|(n —2)7 only for n = 0,2,7.
(b) We note that for n > 4 the magnitude of 3" is greater than the magnitude of (n®—49n?+4704n—2420)
and hence 3" cannot divide (n® — 49n? + 704n — 2420). So, all we need to do is to test the values
n=0,1,2,3,4. On testing these values we find that only n = 0,1,4 are acceptable.
However, we should also note that n = 5 and n = 22 [which are the roots of the polynomial since
(n® — 49n? 4 704n — 2420) = (n — 5)(n — 22)?] also satisfy the given divisibility relation because 3"|0.
So, 3™|(n3 — 49n? + 704n — 2420) only for n = 0,1,4,5,22.
(c) We note the following:
e n = 0 is not acceptable because the divisor cannot be 0.
e For n > 8 the magnitude of (7" — 1) is greater than the magnitude of (n? — 6876n + 10191668) and
hence we need to test only the values n = 1,2,...,8. On testing these values we find that only n = 2
is acceptable.
e n? — 68761 + 10191668 = (n — 2162)(n — 4714) and hence n = 2162 and n = 4714 also satisfy this
divisibility relation because (7" — 1)0.
So, (7" — 1)|(n? — 6876n + 10191668) only for n = 2,2162,4714.

2. Find all m € N° and n € Z such that 5™|(n — 2)".
Solution: We consider the following three cases:
e For m = 0 the statement is valid for all n € Z because 1 divides any integer.
e For n = 2 the statement is valid for all m € N° because 0 is divisible by any other integer.
e For m > 0 and n # 2, 5™|(n —2)7 when the prime factorization of |n — 2| contains 5, i.e. (n—2) = 5%¢
where s € N, t € Z and ¢ is not a multiple of 5. Accordingly, (n — 2)7 = 5T (T = t") and hence
57|(n —2)7 for all 1 < m < 7s. So in brief, 5|(n — 2)7 for all 1 < m < 7s where n = 2 4 55¢.[169

[169] For example, when n = 77 = 2+ 75 = 2 + (52 x 3) then s = 2 and hence 5 |(n — 2)7 for all 1 < m < 14. On the other
hand, if n = 76 = 2 + 74 = 2 + (5% x 74) then s = 0 and hence 5™ f(n — 2)7 for any m > 0.
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6.10 Divisibility of Mixed Polynomials-Exponentials by Numbers

We mean by “mixed polynomials-exponentials” expressions like (57 — 3™) which contain polynomial terms
and exponential terms.!'7%1 The solution of this type of problems is usually more difficult than the solution
of problems involving polynomials only or exponentials only (noting that a typical method of solution for
this type of problems is induction). In the following Problems we present a few simple examples of this
type of divisibility problems in which the polynomials are linear.

Problems

1. Show that 4|(5" — 3" + 2n) for all n € NC.
Solution: We use induction. For n = 0 we have 4[(5° — 3° 4+ 0) = 0. Assuming 4|(5* — 3% + 2k) for
some k € N, we have:

sEHL _gk+l L o(k 4+ 1) (5x5%) —(3x3") +2(k+1)
= (Ax5F) 45" —(2x3%) —3F 2k +2

(4 x 5%) —2(3% — 1) + (5% — 3% + 2k)

Now, (4 x 5%) is obviously divisible by 4 and 2(3* —1) is also divisible by 4 [because 3" is odd and hence
(3% — 1) is even and thus 2(3" — 1) is divisible by 4]. Moreover, we assumed (5% — 3% + 2k) is divisible
by 4. Therefore, their algebraic sum must be divisible by 4 (see rule 14 of § 1.9). So, by induction
4|(5™ — 3" + 2n) for all n € N°.

2. Find all n € N° such that:
(a) 18|(3"* + 36n — 9). (b) 35|(70n — 7™ + 28). (c) 49|(5%"*+2 — 14n — 15).
Solution:
(a) If (3"+* + 36n — 9) is divisible by 18 then it must be divisible by 2 and 9 (see rule 20 of § 1.9).
Now, (3" + 36n — 9) is even (see parity rules in § 1.8) and hence it is divisible by 2 for any n € N°.
Also, all the terms of (3% + 36n — 9) are divisible by 9 and hence (3"** + 36n — 9) is divisible by 9
for any n € N°. So, (3"** + 36n — 9) is divisible by their product (i.e. 18 =2 x 9) for any n € N°, i.e.
18](3"** + 36n — 9) for all n € NO.
(b) If (70n — 7™ + 28) is divisible by 35 then it must be divisible by 5 and 7 (see rule 20 of § 1.9). Now,
all the terms of (70n — 7™ + 28) are divisible by 7 and hence (70n — 7™ + 28) is divisible by 7 for any
n € N. Also, 70n is divisible by 5 for any n € N° and hence if (70n — 7 + 28) should be divisible by
5 then (—7" 4 28) must be divisible by 5 (see rule 16 of § 1.9), that is: —7™ + 28 20, ie ™23
Now, 7" 2 3 for all n = 3 + 4k where k € N° (see part f of Problem 4 of § 6.5). Hence, (70n — 7™ + 28)
is divisible by 5 for all n = 3 + 4k. Accordingly, (70n — 7" + 28) is divisible by 35 (= 5 x 7) for all
n=3+4k (k € N°).
(c) 49](52"+2 — 14n — 15) is equivalent to 52"*2 — 14n — 15 £0. Now, if we test the first few values of
n € N° we find n = 2 and n = 5 satisfy this congruence relation. This may suggest that this is true
for all n = 2+ 3k (k € N°) and that is what we will try to establish (by induction). So, let assume
that 49|(52"*2 — 14n — 15) for a given n = 2 + 3k (such as 2 and 5) and we will show that if this is
the case then this divisibility statement is valid for 2 4+ 3(k + 1) = n + 3, that is (noting that the given

assumption is equivalent to 52" +2 L1an + 15):
52n+2 L g (part g of Problem 4 of § 6.5)
527+2(2232) L 2232 (x2232; rule 6 of § 2.7)
527+2(2232) L 6 (2232 < 6)
527+2(15624) £ 42 (x7; rule 9 of § 2.7)
527 H2(15624) — 42 2 0 (rule 3 of § 2.7)

(170 In fact, we deal in some of the following Problems with expressions not exactly like this.
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52”+2( —1)-4220 (15624 = 55 — 1)
5 2(n+3)+ [52n+2] 42 29 0
52(n+3)+2 _ [14n + 15] — P (the given assumption)
52042 _ 14(n+3)— 1520

As we see, the given divisibility statement is valid for n+3 = 24 3(k+1) when it is valid for n = 24 3k
and hence by induction it is valid for all n = 2 + 3k (k € NY).

We finally note that this divisibility statement is not valid for n = 3k because for £ = 0 we have
5912 —14(0) — 15 = 10 which is not divisible by 49 while for k£ > 0 we have:

52042 — 1an — 15 = 52ORF2 _14(3k) — 15 = 52O IFIT2 52 143k — 34+ 2) — 14— 15
52GHR=U+2+2 52 _ 143k — 1] +2) — 14— 15
[52<3[k—11+2>+2 — 4Bk -1]+2) - 15} + [(52 — 1)526k-1+2+2 _ 14}

= [ o4 18] 4[24 2 - 4] = A+ B

Now, A is divisible by 49 (because n’ is of the form 3k’ +2) and hence the divisibility of (5*"*2—14n—15)
by 49 is determined by the divisibility of B by 49. However, for B to be divisible by 49 it must be
divisible by 7, but B is not divisible by 7 because 14 is divisible by 7 but (24)52"/‘*‘2 is not since it does
not contain a factor of 7. Therefore, A + B is not divisible by 49, i.e. 49 f(5?"*2? — 14n — 15) when
n = 3k.

Similarly, this divisibility statement is not valid for n = 1+ 3k because for k = 0 we have 522 —14(1) —
15 = 596 which is not divisible by 49 while for k£ > 0 we have:

5202 _q4p —15 = 52FSRE2 _14(1 4 3k) — 15 = 52CRT3DH2 51 143k —3+2) — 28 — 15
52GHE-U+2+2 54 14(3[k — 1] +2) — 28 — 15
[52<3[k—1]+2>+2 143k - 1] +2) - 15} + [(54 _1)526k-1+2+2 28]

= [522 14w —15] + [(624)5%" 2~ 28] = A+ B

Now, A is divisible by 49 (because n’ is of the form 3k’ +2) and hence the divisibility of (5*"*2—14n—15)
by 49 is determined by the divisibility of B by 49. However, for B to be divisible by 49 it must be
divisible by 7, but B is not divisible by 7 because 28 is divisible by 7 but (624)52* 2 is not since it
does not contain a factor of 7. Therefore, A+ B is not divisible by 49, i.e. 49/(5%"*2? —14n — 15) when
n=1+3k.
So in brief, 49|(52"*2 — 14n — 15) for all n = 2 + 3k (k € N°) but not for any n of different forms (i.e.
n =3k and n = 1+ 3k).

3. Show that the following is composite for all m,n € N: (2m)?"+! + 1.
Solution: (2m)*"*! +1 = (2m)?"*! + 127! and hence by Eq. 11 (noting that 2n + 1 = 3,5,...) we
have:

2m)>" T +1=2m+1) [(2m)*" — 2m)** " + - — (2m) + 1]

i.e. it is a product of two factors (both of which are integers greater than 1) and hence it is composite
for all m,n € N.

4. Show that p|(m™®~=D+! —m) (where m € Z, n € N°, and p € P).
Solution: If p/m then from Fermat’s little theorem (see § 2.9.3) we have:

mP~t £ — mnre—1) Z 1 - mre-D+1 2

where in step 2 we raised both sides to power n (see rule 11 of § 2.7), and in step 3 we multiplied both
sides by m (see rule 6 of § 2.7).
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If p|m then we have:
mZ0 — m"P— D+ L — m P+ Ly

where in step 2 we raised both sides to power n(p — 1) + 1 (see rule 11 of § 2.7), and in step 3 we
compared the two previous congruences.

So, in both cases we have m™P~1+1 £ 1y which is equivalent to p|(m™®~D+1 — ),

6.11 Divisibility of Factorials

In this type of problems we usually use some general and basic divisibility rules (and guidelines) related

to factorials. The following are some of these rules (where m,n € N and p € P):[171

1.0 <m <n — m|n!. This is because m is a factor of n!l.

2.0<m <mn — m!n!l. This is because m! is a factor of n!.

3. m|n! and kK >n — m|kl. This is because n! is a factor of k!.

4.p>n — p/fnl. This is because p cannot be a factor of nl.

5.m|n — m|nl. This is because n is a factor of n!.

6. It is useful to keep Wilson’s theorem (see § 2.9.1) in mind when dealing with factorial divisibility
problems.

It is noteworthy that this section is about divisibility problems involving factorials and hence it includes

different types of divisibility problems, e.g. divisibility of factorials by numbers or by factorials. It may also

include some problems which are not explicitly about divisibility. So in brief, the following Problems deal

(possibly implicitly) with divisibility of mathematical expressions involving factorials but not necessarily

about the divisibility of factorials directly and explicitly.

Problems

1. Show that the highest power s of a prime p that divides n! is given by the formula:

5= zi:ﬂoor (;) (i=1,2,..) (83)

where floor is the floor function.

Solution: Let us consider the following cases:

e n < p: in this case no factor of n! (i.e. 1,2,...,n) contains a factor of p and hence the formula of Eq.
83 should produce s =0+ 0+ --- = 0 as it should be.

e p! < n < p?: in this case if any factor of n! contains p (i.e. in its prime factorization) then it should
contain only p! (because n < p?). This means that n! contains only factors which are multiples of p!
but not factors which are multiples of higher powers of p. Now, the number of factors of n! which are
multiples of p* should be floor(n/p!) and hence the formula of Eq. 83 should produce:

s:ﬂoor(nl>+0+~--:ﬂoor<nl>
p p

This is exactly the number of factors of p in n! since the product of all factors of n! should contain only
this number of p! factors (i.e. p*).'"? So, the formula of Eq. 83 is correct.

e p? < n < p?: in this case if any factor of n! contains p (i.e. in its prime factorization) then it should
contain only p! or p? (because n < p®). This means that n! contains only factors which are multiples of
p' and factors which are multiples of p? but not factors which are multiples of higher powers of p. Now,

1711 We note that most of these rules are trivial and hence they are stated here as reminder and reference (especially for
novice readers).
1721 1f p! < n < p2 then by the division algorithm (see § 2.3.2) we have n = sp + r and hence:

nl=1x2x...x(Ap) X...x(2p) x...x Bp) X ... X (sp) X ...x (n—1)xXn

So, in this product we have s factors of p.
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the number of factors of n! which are multiples of p! should be floor(n/p!) (as shown in the previous
point), while the number of factors of n! which are multiples of p? should be floor(n/p?) (by a similar
argument to the argument of the previous point). Hence, the formula of Eq. 83 should produce:

sﬁoor(n)+ﬂoor( )+O+ ﬂoor<n>+ﬂoor<2)
p p p p

This is exactly the number of factors of p in n! since the product of all factors of n! should contain only
this number of p! and p? factors (i.e. p*). So, the formula of Eq. 83 is correct.

It is important to note that the factors of n! which are multiples of p? contain two factors of p each and
hence it may be thought that in this case we should have:

s-ﬂoor( )+2ﬂoor<n2)
p p

However, this is not the case because although the factors of n! which are multiples of p? contain two
factors of p each, one of their factors is already accounted for by floor(n/p!) because a factor that is a
multiple of p? is also a multiples of p! and hence it is already counted by floor(n/p!). So, each factor
that is a multiple of p? contributes only one extra p, i.e. it contributes an extra factor of p' and not
an extra factor of p?>. This also applies (by the same logic) to the following cases (or stages) where
each new factor that is a multiple of p’ contributes an extra factor of p' and not an extra factor of p’
because p'~! of its factors have already been counted in the previous stages.

Now, let us consider the next case in more general terms, that is:

e p' < n < ptl: in this case we just repeat the argument in the previous point (where i here corresponds
to 2 there, and ¢ 4+ 1 here corresponds to 3 there), and hence we get:

s—ﬂoor(n>+ﬂoor< )—l— —i—ﬂoor( )—1—0—1— —ﬂoor( )—l—ﬁoor( )+ —l—ﬂoor(n)
p p ' p p p

which is exactly the number of factors of p in n! (in accord with the formula of Eq. 83).
So, we conclude that the formula of Eq. 83 is correct in all cases (which establishes its general validity,
as required; see point 7 of § 1.5.4).

2. Show that the number of trailing zeros in n! is given by the formula:

m =" floor (%) (i=1,2,...) (84)

where m is the number of trailing zeros in n! and floor is the floor function.

Solution: Every trailing zero in n! represents a factor of 10 (i.e. 2 X 5) in the prime factorization of n!.
Now, if we note that every factor of 5 in n! must be preceded by a factor of 2 (or rather more than one
factor of 2) in n! then we can conclude that the number of factors of 10 (i.e. 2 x 5) in n! is the same as
the number of factors of 5 in n!.'™3 Now, if we use the formula of Eq. 83 to find the number of factors
of 5 in n! then this same formula should give us the number of factors of 10 in n!. This means that
Eq. 84 is no more than an application (or “misuse”) of Eq. 83 to find the number of factors of 10 in n!
through finding the number of factors of 5 in n! where we exploit the fact that (at least) one factor of
2 must associate each factor of 5 in n!.

3. Find the highest power s such that:

(a) 75|44!. (b) 11%|561!. (c) 37°]258!. (d) 59%|72!. (e) 1015|429!.
Solution: Using Eq. 83 we get:
(a) 6. (b) 55. (c) 6. (d) 1. (e) 4.

[173] We note here that the number of factors of 10 (which is the same as the number of trailing zeros) in a given integer k
is the minimum of the exponents of 2 and 5 in the prime factorization of k.
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4. Find the lowest n such that:
(a) 38|nl. (b) 175|n!. (c) 5312|n!. (d) 896|n!. (e) 1312Y|n!.

Solution: On trying n = 2,3, ... (using Eq. 83) we get:[174

(a) n=18. (b) n = 85. (c) n = 636. (d) n = 534. (e) n = 2751.
5. Find the number of trailing zeros of the following factorials: 23!, 145!, 238!, 776!.
Solution: Using Eq. 84 we get 4, 35, 57, 193 (respectively).
6. Find the minimum n for which n! is divisible by (a) 10* (b) 10'2.
Solution: To be divisible by 10™ the number must have at least m trailing zeros (see rule 48 of § 1.9).
So, we use Eq. 84.0177]
(a) For 10*, m must be at least 4. It is obvious that in this case only the first term [i.e. floor(n/5)] is
needed to reach 4 and the minimum n that achieves this is 20. Hence, the minimum n for which n! is
divisible by 10* is 20.
(b) For 10'2, m must be at least 12. It is obvious that in this case the first term is not enough and
hence we need the second term as well [i.e. floor(n/ 25)] to reach 12 and the minimum n that achieves
this is 50. Hence, the minimum n for which n! is divisible by 10'? is 50.
7. Show the following:

(a) p divides (p — 2)! — 1 (p is prime). b) p divides 2(p — 3)! + 1 (p is odd prime).

d) n!l(n 4+ 1)! divides (2n)!.
f) 2™ divides (2n)!.
h) m|(n! £ m) where 1 <m < n.

(
(c) p divides 4(p — 3)! + 2 (p is odd prime). (
(e) (n — 1)In! divides (2n — 2)!. (
(g) n divides (n — 1)! (n > 6 is composite). (
Solution:
(a) From Wilson’s theorem (see § 2.9.1) we have (p — 1)! +1 £ 0 that is:

i.e. p divides (p — 2)! — 1.
(b) From Wilson’s theorem (see § 2.9.1) we have (p — 1)! + 1 £ 0 that is:

(p—3)+12£0
(p—3)!+12£0 @—1)£—1mm(p—2y§_4

(p—1)(p—2
(=1)(=2
200 -3 +1£0

)
)

i.e. p divides 2(p — 3)! + 1.
(c) We have 4(p — 3)! +2 = 2[2(p — 3)! + 1]. Now, according to part (b) p divides 2(p — 3)! + 1. Hence,
p divides 4(p — 3)! + 2 (see rule 18 of § 1.9).
(d) We have:
(2n)! 1 @2n)] 1 o2
nl(n+1)  (n+1) {n!n!} C(n+1) "
where we used Eq. 5 in the last step. So, to prove that n!(n + 1)! divides (2n)! we need to prove that

[174] This sort of problems can be easily solved by using a spreadsheet or a simple computer code where the various values
of n are tried consecutively and automatically. We may also use the result of Problem 8 (which generally requires less
work).

[175] We may also use the result of Problem 8.
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C?"/(n +1) is an integer, that is:[176!

LT (4 D) (n - 1)! (Ea. 5)
n (2n)!
Cuta = "+ D! (xn/n)
om 1 (2n)!
T (4 1) nln!
n n n
Cﬁﬂ = m CZ (Eq. 5)
2n n+1-—1 2n
Cn+1 - (7’L+ 1) Cn (il)
1
2n 1— 2n
2n 2n 1 2n
Cn+1 - Cn (n + 1) Cn
1 2n 2n 2n
(n + 1)Cn - Cn Cn+1

Now, both C?" and C2%, are integers (rule 26 of § 1.8) and so is their difference. Hence, C2"/(n + 1)
is an integer and thus n!(n + 1)! divides (2n)!.
(e) This is the same as part (d) with (n — 1) replacing n.
(f) We have:
(2n)! = 1x2x3x4x---x(2n—1)x (2n)

= [Ix3xx@n-1)] x [2x 4% x (20)]

[1><3><~--><(2n—1)] ><2"[1><2><---><n}
= o2mpl [1><3><-~-><(2n—1)}

As we see, 2" is a factor of (2n)! and hence 2™ divides (2n)!.

(g) Since n is composite then n = mk (m,k € Nand 1 < m,k < n). Now, we have two (comprehensive
and mutually exclusive) cases:

e m # k: in this case m and k should appear as two factors in (n — 1)! (because 1 < m,k < n) and
hence their product (which is equal to n) should divide (n — 1)! (as required).

e m = k: in this case n = m? and hence m must be a factor in (n — 1)! (because 1 < m < n). Now,
since n > 6 then m > 2 and hence m? > 2m which implies that 2m must be a factor in (n — 1)!. So,
both m and 2m are factors in (n — 1)! (i.e. separately) and hence their product (which is equal to 2n)
should divide (n — 1)!, i.e. n divides (n — 1)! (as required).

(h) By rule 1 (see the preamble of this section) we have m|n!. Also we have m|m. Hence, by rule 14 of
§ 1.9 we have m/|(n! £ m).

8. Given a number m € N, what is the smallest number n € N whose factorial n! is divisible by m?
Solution: If p{*p5? - - - pi* is the prime factorization of m and ap = max(aip1, asps, - - - , arpk) then the
factorial of ap is certainly divisible by m. This is because (ap)! contains all the factors p{*,ps*,-- -, pi*
in the prime factorization of m and hence it is divisible by m. So, we found an “upper limit” to n.
However, the factorials of some lower multiples of p [e.g. (a— l)p] may also work. Hence, n = bp where
be{a,a—1,...,1}. So, we should try these numbers excluding the numbers whose factorials are less
than m.

(1761 1t is noteworthy that C2"/(n 4 1) is called the nt" Catalan number (which may be symbolized as Cy,) and hence this
is a demonstration that Catalan numbers are integers.
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10.

11.

12.

13.

Note: if m is prime then n = m (see point 4 in the preamble). This is a special case of the above
procedure.

. Find the smallest n € N such that:

(a) 25|nl. (b) 43|nl. (c) 175|nl. (d) 480|n!. (e) 813|nl.
Solution: Referring to Problem 8 we have:

(a) 25 =52 and hence n = 2 x 5 = 10.

(b) 43 = 43! and hence n = 1 x 43 = 43.

(c) 175 = 52 x 7! and hence n = 2 x 5 = 10.

(d) 480 = 25 x 3! x 5! and hence n = 8.

(e) 813 = 3! x 271! and hence n = 271.

How many values of n we have such that:

(a) 5% n! but 52° fn!. (b) 5% n! but 719 ynl.

Solution: From Problem 8 we have:

(a) The smallest n € N such that 51°|n! is n = 45. The smallest n € N such that 52°|n! is n = 85. So,
we have 84 — 44 = 40 (or 85 — 45 = 40) values.

(b) The smallest n € N such that 5'°|n! is n = 45. The smallest n € N such that 71%n! is n = 63. So,
we have 62 — 44 = 18 (or 63 — 45 = 18) values.

Find the condition for n € N whose factorial is divisible by Y0 | i.

Solution: The trivial case n = 1 is obvious and hence in the following we deal only with n > 1.

We have > ;i =n(n+1)/2 (Eq. 15). Now, let consider the ratio of n! to n(n + 1)/2, that is:

n! (n—1)! 2(n—1)!

n(n+1)/2 (n+1)/2 (n+1)

Here, we have three main cases (which are comprehensive and mutually exclusive):

e If n is odd then (n+1) is even and hence (n+1)/2 (refer to the middle equation) is a positive integer
< (n — 1) which means that (n — 1)! is divisible by (n +1)/2, i.e. n! is divisible by Y ., .

e If n is even and n + 1 (which is odd) is composite then (n + 1) must be made of prime factors less
than (n — 1) (refer to the last equation) and hence 2(n — 1)! is divisible by (n + 1), i.e. n! is divisible
by 3o i

e If n is even and n + 1 (which is odd) is prime then (n + 1) cannot be a factor of 2(n — 1)! (refer to
the last equation) because all the prime factors in 2(n — 1)! are less than (n+ 1) and hence 2(n —1)! is
not divisible by (n + 1),177 i.e. n! is not divisible by " | 4.

So in brief, the condition that makes n! divisible by Z?Zli is either n is odd or n is even with n + 1
being composite.

Show that n! is divisible by (n1!ns!---ng!) where ny +ng + -+ +ng = n (n,n1,n2,--- ,ng € NO).
Solution: The number n!/(ny!ng! - - - ng!) is the multinomial coefficient which is an integer (see rule 27
and Problem 2 of § 1.8), i.e. n! is divisible by (ni!ng!---ng!).

Note: the binomial coefficient is a special case of the multinomial coefficient (corresponding to k = 2)
and hence it is an integer (see rule 26 and Problem 2 of § 1.8), i.e. n! is divisible by [ni!(n — nq)!].
Show that (p — 1)! + 1 has more than one prime divisor iff p > 7 (p € P).

Solution: The only if part [Which is “if (p — 1)! 4+ 1 has more than one prime divisor then p > 7”] is
equivalent in truth to its contrapositive [which (in essence) is “if p < 7 (i.e. p=2,3,5) then (p—1)!+1
has only one prime divisor”]. This is easy to prove because:

2-1)1+1=2 B-1)!+1=3 (5-1)!+1=25=5

As we see, (p — 1)! + 1 has only one prime divisor in these three cases.
Regarding the if part [WhiCh is “if p > 7 then (p — 1)! + 1 has more than one prime divisor”], from

Wilson’s theorem (see § 2.9.1) we have (p — 1)! + 1 £ 0 which means that (p —1)! +1 = kp (k € N).

[177] Also see point 4 in the preamble.
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14.

Now, k # 1 because (p — 1)! + 1 is obviously greater than p (noting that p > 7). So, to finish this proof
we need to show that & is not a power of p, i.e. (p— 1)+ 1 # p™ (n € N). Now, if we assume that
(p— D!+ 1 = p™ then we have:

(p—D=p" -1

p—N=@-1)@E" " +p" 7+ +p+1) (Eq. 12)

P—2!=p" ' +p" P+ 4p+1 (canceling p — 1)

P=2!=E"" -D+E" -4+ -+ (1-1+n (£n)
n=@-2-0"" -)-@E"-1) - =(p-1)

Now, (p — 1) is a composite number > 6 (because p is odd > 7) and hence (p — 1) divides (p — 2)! (see
part g of Problem 7). So, from the last line we conclude that n is divisible by (p —1) because every term
on the right hand side is divisible by (p — 1) (see Eq. 12 as well as rule 14 of § 1.9). Accordingly, we
must have n > (p— 1). But this contradicts our previous assumption [i.e. (p—DI+1= p”] because if
n > (p— 1) then we must have (p — 1)! + 1 < p™. Therefore, our assumption must be untrue because it
leads to a contradiction (see point 4 of § 1.5.4). This means that (p—1)!+1 # p™ and hence (p—1)!+1
must have more than one prime divisor (as required).

Show the following (where n,i,j € N):

(a) n!+1 and (n+ 1)! + 1 are coprime.

(b) The numbers nli +1 and nlj + 1 (1 <4 < j < n) are pairwise coprime.

Solution:

(a) From rule 12 of § 2.4 we have:

ged[n!+1, (n+ 1) +1] = ged[n!+1, {(n+ 1!+ 1} = {n! +1}] =ged [n! + 1, (n+ 1)! — nl]
= ged [n!+1, nl{(n+1) — 1}] = ged [n! + 1, nin]

Now, if this ged is > 1 then n!+ 1 and n!n must have a common prime factor p which means that p|n!.
This is because if p|n then pn! (by rule 5) while if pfn then p|n! (by rule 22 of § 1.9).

Now, since p divides both n!+ 1 and n! then p must divide their difference (see rule 14 of § 1.9) which
is 1 and this is impossible. So, this gcd must be 1, i.e. n!+1 and (n+1)!+ 1 are coprime (as required).
(b) From rule 12 of § 2.4 we have:

ged [nli + 1,nlj + 1] = ged [nli + 1, {nlj + 1} — {nli + 1}] = ged [nli + 1, n!(j — )]

Now, if this ged is > 1 then nli4+ 1 and n!(j —¢) must have a common prime factor p which means that
p|n!. This is because if p|(j — i) then p|n! [since (j — i) < n and hence it is a factor of n!; see rule 1 in
the preamble of this section] while if pJ(j — i) then p|n! (by rule 22 of § 1.9).

Now, since p|n! then p|nli (see rule 18 of § 1.9). However, since p divides both n!i + 1 and nli then p
must divide their difference (see rule 14 of § 1.9) which is 1 and this is impossible. So, this gcd must
be 1, i.e. nli+ 1 and n!j + 1 are coprime for any pair of 1 <14 < j < n (as required).

6.12 Divisibility of Permutations, Binomial and Multinomial Coefficients

In this section we present a few Problems about the divisibility of permutations, binomial and multinomial
coefficients.

Problems

1.

Show the following (where Pj* represents the number of permutations of & in n noting that n > 1 and
1<k<n):

(a) PP PP, (b) Py, | Py (c) Py (PP — Pp).

Solution: We note first that all permutation symbols (like P}') represent integers (see point 25 of §
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3.

1.8)

(a) We have (see Eq. 4):

e R (o] R [ = v Il e v e

Now, since 7 is an integer then P{""'| P}
(b) We have (see Eq. 4):

n!

pp n—k)! —k+1)!
S i (n +') k41
Py (kD! (n—k)!
Now, since (n — k + 1) is an integer then P ,|P}.
(c) We have:
n+l=n+1
(n+l—-k)+k=n+1 (k)
1 1 n+1
k = + 1—k)!
O TR e ATl o gy [+ (+1-k)
n! n! (n+1)!
k = !
TR e E ATl g gy (xnl)
n! iy n! _ (n+1)!
(n—k)! m—{k—-1})! (m+1-k)
PP+ kPp, =Pt (Eq. 4)
kP :PI?H_PI:L
Now, since k is an integer then P}* | (PI?+1 — P,?)

. Show the following (where Cy, and C;, . . represent the binomial and multinomial coefficients):
(a) (n+1)|C?" (neN°). (b) p|CE, (peP,0<m<p).
(c) ”|Cr?1,n27...,nk (ne€P,n>ny,ng,...,ng).

Solution:

(a) This was shown in part (d) of Problem 7 of § 6.11.
(b) From Eq. 5 we have:
mlCP =px(p—1)x---x(p—m+1)

Now, m! C?, is an integer (since it is a product of integers) and it is divisible by p [since (p—1) x -+ x
(p—m+1) is an integer|. Therefore, p|m! or p|C¥, (see rule 22 of § 1.9). However, p/m! because p > m
(see rule 4 of § 6.11). Therefore, p|C?, (as required).

(c) From Eq. 6 we have:

n
nilnelng! CF L

=nl=n(n-1)

Now, ni!ng!..ng! Cy, ., is an integer (since it is a product of integers) and it is divisible by n
[since (n — 1)! is an integer|. Therefore, n|ni! or n|ng! -+ or nng! or n|CE .. (see rule 22 of §
1.9 noting that n is prime). However, nfnq!, nfns! -+ and n)ng! because n > ny,na, ..., ny (see rule
4 of § 6.11 noting that n is prime). Therefore, n|Cy; . . (as required).[178l

Show that if (2¥ +1) is prime then 2¥ 4+ 1 # mP — n? where m,n,k € N, m > n, and p is an odd prime.
Solution: Let 2% +1 = m? — nP. Now, from Eq. 10 we have m? — n? = (m — n)(---) and hence if
(m —mn) > 1 then m? —n? (and hence 2% + 1) will be composite noting that (---) > 1. So, if (2* + 1)

[178] We note that part (b) is a special case of part (c) because the binomial coefficient is a special case of the multinomial

coefficient (corresponding to k = 2).
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is to be prime then we must have (m —n) = 1, i.e. m = n + 1. Accordingly, if (2¥ + 1) is to be prime
(where 2% + 1 = mP — nP) then:

2k =mP —nP — 1 (2% 41 =mP —nP)
=n+1)P—-nP-1 (m=n+1)
p

—nP—1 (Eq. 13)

Z Cfni
=0 -
1+ (ZCfni> +n?

=1
p—1

_ P,

= 5 Cin
1=1

Now, according to part (b) of Problem 2 we have p|C? (p € P, 0 < i < p) which means that the terms
of the sum in the last line have a common factor of p. However, 2 does not have such a factor since
it is a power of 2 (noting that p is an odd prime). So, this contradiction leads to the conclusion that
2F + 1 % mP — nP if (2% + 1) is prime.

—n? -1 (Chn® =1, CPnP = nP)

6.13 Divisibility of Series

In this section we present a small number of Problems about the divisibility of series.

Problems
1. Determine the divisibility of Zifl k10% by 2,3,4,...,16.117]

Solution: We have:
100 100

Z k10F =10 Z k1081
k=1 k=1

and hence it is obviously divisible by 2, 5 and 10.
Regarding the divisibility by 3 we have [see rule 13 of § 2.7 noting that Zi(fl k10* is a polynomial
P(m) with m = 10]:

100 100
1021 - P(10) 2 P(1) =Y " k1% = >k =50(101) = 5050 £ 1
k=1 k=1

and hence it is not divisible by 3.
Regarding the divisibility by 4, 8 and 16 we have:

100 100 100
> k10" =10+ 200 4 3000 + Y _ k10* = (104 > k10k4> + 3210
k=1 k=4 k=4

and hence (by rule 41 of § 1.9) it is not divisible by any of these numbers.

Regarding the divisibility by 6, it is not divisible by 3 and hence it cannot be divisible by 6 (see rule
28 of § 1.9).

Regarding the divisibility by 7, it is not divisible by 7. This can be easily established by noting that

10’“2172’3’4’5’6 z 3,2,6,4,5,1 and hence:

100 100
> k108 £ 37 (k mod 7)(10° mod 7) = 1037 £ 1
k=1 k=1

[179] This Problem may also be classified as part of § 6.2.
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This may also be established by using rule 29 of § 1.9 (if we have such calculation capability).[8

Regarding the divisibility by 9, it is not divisible by 3 and hence it cannot be divisible by 9 (noting
that 9 = 32).

Regarding the divisibility by 11 we have [see rule 13 of § 2.7 noting that Z,le(fl k10* is a polynomial
P(m) with m = 10]:

1081 - P(10) 2 P(-1) =Y k(-1)F =~1+2-3+4—--—99+100 = 50 = 6

and hence it is not divisible by 11.

Regarding the divisibility by 12, it is not divisible by 3 (or 4) and hence it cannot be divisible by 12
(see rule 34 of § 1.9).

Regarding the divisibility by 13, it is not divisible by 13. This can be easily established by noting that

1082123456 10 9 12,3 4,1 and hence:

100 100
ST k108 2 37 (k mod 13)(10* mod 13) = 3789 = 6
k=1 k=1

This may also be established by using rule 35 of § 1.9 (see footnote [180] ).
Regarding the divisibility by 14, it is not divisible by 7 and hence it cannot be divisible by 14 (see rule
36 of § 1.9).
Regarding the divisibility by 15, it is not divisible by 3 and hence it cannot be divisible by 15 (see rule
37 of § 1.9).
So in brief, lecozol k10 is divisible only by 2, 5 and 10 (i.e. within 2-16 inclusive).
2. Determine the divisibility of 3170 02 k2 by 2,3,4, ..., 60.
Solution: From Eq. 16 we have:

4526786285

o - (4526786285)(4526786286)(9053572571)
k=1 6
(5 x 7 x 23 x 163 x 34499)(2 x 3% x 11 x 53 x 431369)(127 x 131 x 544183)

2x3
= 3X5xT7x11x23x53x127 x 131 x 163 x 34499 x 431369 x 544183

where we used prime factorization in the second line. So, it is divisible only by 3, 5, 7, 11, 15, 21, 23,
33, 35, 53, 55 (i.e. within 2-60 inclusive).

3. Determine the divisibility of 37 %20 k3 by 2,3,4,...,60.
Solution: From Eq. 17 we have:

7428906264

Z B (7428906264)2(7428906265)>
o 4
k=1
(23 x 3 x 13 x 23810597)2(5 x 11 x 409 x 330247)?
o 2% 2
= 2% %32 x 5% x 112 x 132 x 4092 x 3302472 x 238105972
[180] We note that
100
Z k10F = 11098765432098765432098765432098765432098765432098765432098765432098765432098 765432098
k=1
76543209876543210

In fact, if we note that 10 Z 3 then we can (by rule 13 of § 2.7) use P(10) L P(3) = Z,lcozolk&}k =

76920094969252691157191823617518974950789547658650 — 1 (where result can be obtained for instance by division).
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where we used prime factorization in the second line. So, it is divisible only by 2, 3, 4, 5, 6, 8, 9, 10,
11, 12, 13, 15, 16, 18, 20, 22, 24, 25, 26, 30, 33, 36, 39, 40, 44, 45, 48, 50, 52, 55, 60 (i.e. within 2-60
inclusive).

4. Show that the series anH 10*m is divisible by 11 (where n € N° and m =0, 1,...,9).
Solution: We have 37" (=1)*m = 0 and hence by rule 33 of § 1.9 the series 32+ 10¥m is divisible
by 11.

5. Show that the series Y_,_, ¢(p*) is divisible by all the divisors of p" (where n € N and p € P).
Solution: We have:

n

Do) =1+ ") =1+ - =1+0"-1)=p"
k=0 k=1

k=1

where we used ¢(p°) = ¢(1) =1 in step 1, used Eq. 42 in step 2, and justified step 3 in the upcoming
note 1. So, the series is equal to p™ and hence it is divisible by all the divisors of p™ (which are
po’pl’ R 7pn)'

Note 1: we have:

n
DL
k=1

DN

_ [pl_’_pQ_’_“__i_pn—l_’_pn]_[1+p1+._._~_pn—2+pn—1] :pn—l

Note 2: from Eq. 45 we get > ,_, ¢(p*) = p™ (noting that the divisors of p™ are p°, p!,...,p") and
hence we can prove this result more easily.
6. Show the following (where n € N and ¢ =0,1,...,n):

(a) 2¢ divides Y ;_, Cp. (b) 3% divides >_,_, Cp 2. (c) 5% divides > ,_, Cpr 22,
(d) 9% divides >_,_, Cp 23, (e) (2™ +1)" divides > _, Cp2m*. (f) Cr, divides >, _, CrCE.

Solution:
(a) We have:

ancgzznjcg F1mF =1+ 1) =2

where we used Eq. 13 in the second step. So, 2° divides Y ,_, C,
(b) We have:

docpk=> cpot1mh=2+1)" =3"
k=0 k=0

where we used Eq. 13 in the second step. So, 3* divides Yoro CR 2k,
(c) We have:

n

chz?k:zn:cgz;k chzﬂn"k (4+1)" =5
k=0 k=0

where we used Eq. 13 in the third step. So, 5 divides ShoCr 22k,
(d) We have:

3

docp2h="cpgh=> cpgt1mt=(8+1)" =9"
k=0 k=0 k=0

where we used Eq. 13 in the third step. So, 9¢ divides Yoro CR 23k
(e) We have (noting that m € N°):

n

docpamk=N"cpemb=>Y cpemtirt=2m+1)n
k=0 k=0

k=0
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where we used Eq. 13 in the third step. So, (2™ + 1)* divides > ,_,Cr2™". We note that parts
(a,b,c,d) are instances of part (e).
(f) We have (noting that 0 < m < n):

~ on n! k! = n! 1 n!
];nckcﬁl = Zkln—k)'ml(k m) :kz: (n —k)! m!(k —m) :Egn———m)'
_ n! - (n —m)! P  (n=m)
~ ml(n—m)! ,; (n—k)l(k —m)! Cm,; (n— k)I(k —m)!
a kazo(n—{k-l-m})!({k—i—m}—m)!_kaz:okl(n_m k)! =Cr, kz:;)ck

m

where we shifted the index in step 6 and used Eq. 21 in the last step. So, C divides > ,_ C,?C’,’jl
(noting that 2"~ is an integer).

7. Show that if 2 divides the series Y_;'_, m§ then 3 divides the product [];_, mj (where my € Z, s € N
and n is odd).

Solution: We prove this by contraposition (see § 1.5.4) by showing that if 3 does not divide [];_, my,

then 2 does not divide >_;_, mj.

According to rule 22 of § 1.9, 3 divides the product [[,_, my iff at least one of my is divisible by 3
3

So, if 3 does not divide []}:_, ms then none of my, is divisible by 3, i.e. my # 0 (k=1,2,...,n). This

means that either my 2or my 2 (noting that 2 3 —1), and hence either mj 2or mg, 2

(see rule 11 of § 2.7). Now, if for each my we have either mj Z1or my, 2 _1 then the series Sor_mi
should be odd (noting that n is odd) and hence the series cannot be divisible by 2 (see rule 7 of § 1.8).
So, the divisibility of the series by 2 should imply the divisibility of the product by 3.

8. Show the following:

(a) Yp_, k divides Y7 _, 3k% (b) >"p_, k divides >_}_, 2k3. (c) Yop_, k divides >, _, 15k*.

(d) >"p_, k divides >_;_, 6k°. (e) >p_, k* divides >, _, 5k*. (£) Sop_, k3 divides Y _, 3k5.
Solution: We use the identities of Egs. 15-19 where a direct division leads to an integer expression,
that is:

Zk 1k B Zzzlk B n(l+mn)/2 =l
no 263 2300 kS 2[nP(n+1)2/4]

S S S Y ST
. h—1 15k4 15y Skt 15 [n(n+1)(2n +1)(3n* 4+ 30 —1)/30] . 2 e
RS> ST > W+ m)2 ~ (n e =)

Sho 6k 630k 6[n*(n+1)%(2n% +2n —1)/12] i 2 g
SRSV IS > w1+ )2 SNy
(©) Sho 5kt 530 kY 5[n(n+1)(2n+1)(3n? 4+ 3n —1)/30] 3n? 4+ 31

Sk Yk n(n+1)(2n+1)/6 a

SR 3kS 33 h kS 3[nP(n+1)2(2n*+2n-1)/12]
(f) kZ:1k3 _ ZZ;’C?’ _ e L3 =2 +2n—1

9. Determine all n € N and all z € Z for which Y ,_, z* divides >, _, 2
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10.

11.

Solution: From Eq. 12 we have:

n xn+1 —1
ka:1+x+x2+--~+x”_1+$"=7l (x#1)
k=0 v
= 2k 2 4 2n—2 2n g2t —1
Zx =142+ + -+ +x +x 2271 (x;é:l:l)
k=0 T
Hence:
ZZ:O 72k (xQ(n-‘rl) _ 1) / (.”[72 _ 1) (mn-&-l _ 1) (xn-i-l + 1) (CL’ _ 1) zntl +1 ( 7& :|:1)
n e = = X
St @HD/@-1) | @@ D@t | wtl

Now, we have two cases to consider:

e niseven (i.e. n =2,4,... and hence n +1 = 3,5,...): from the identity of Eq. 11, (z + 1) divides
(2"t +1) for all z (excluding at the moment x = 0, +1). In fact, this can also be concluded from rule
51 of § 1.9 since the remainder of dividing (z"** + 1) by (x + 1) is equal to [(—=1)"™! + 1] which is
equal to 0 for even n.

Regarding, x = 0,41 we consider the original series. For x = 0 the original series vanish and hence
if we do not allow the division of 0 by 0 then we should exclude x = 0. For x = +1 they should be
included as valid values since they do not cause any of the series to vanish when n is even. So in brief,
S ot divides >, _, 2* for all (non-zero) x € Z if n € N is even (i.e. n =2,4,6,...).

enisodd (i.e. n=1,3,... and hence n + 1 = 2,4,...): by rule 51 of § 1.9 the remainder of dividing
(z"*1 +1) by (z + 1) is equal to [(—1)"*! 4 1] which is equal to 2 for odd n. This means that the
result of dividing Y, _, 2% by Y_j_, 2" is an integer plus 2/(z+1). So, if this result is to be an integer
then 2/(x + 1) must be an integer. However, for 2/(z 4+ 1) to be an integer (z 4+ 1) should be a divisor
of 2, i.e. (x+1) = +£1,£2 and hence x = 0,—2,1,—3 (where x = 0 may not be accepted because it
causes vanishing of both series leading to 0/0 which may not be defined). So in brief, >, _, 2* divides
Shgr? forx =-3,-2,1ifn e Nisodd (ie. n=1,3,5,...).

Give an example of a condition that makes the series >, _, ) necessarily composite (where z;, € N
and n > 1).

Solution: For example, if g = ged(x1, 23, ...,2,) > 1 then this series is necessarily composite because:

dar=g <Z Ek) (zr = 9&k)
k=1 k=1

which is obviously composite since it is a product of two integers both of which are greater than 1
(noting that g > 1 and & in the sum are natural numbers since z; € N).

Find all n € N such that the series Y ,_, k is divisible by:

(a) 4. (b) 6. (c) 12. (d) 19.

Solution: From Eq. 15 we have > ,_, k = @ Accordingly:

(a) For this series to be divisible by 4, n(n + 1) must be divisible by 8. Now, only one of n and (n + 1)
can be divisible by 8 because the other is odd.["®!] This means that we must have either 8n (and hence
n = 8m where m € N) or 8|(n + 1) (and hence n = 8m — 1). So in brief, >_;_, k is divisible by 4 for
alln =8m — 1 and n = 8m where m € N (i.e. n=17,8,15,16,23,24,...).

(b) For this series to be divisible by 6, n(n 4+ 1) must be divisible by 12, i.e. n(n + 1) 20. On testing
n2 1,2,3,...,12 we find that n(n + 1) 2y only for n L 3,8,11,12. So in brief, >;_, k is divisible by
6 for all n of the following four forms (where m € N°):

[181] We note that 8 = 23 and hence 8 in its entirety must divide either n or (n -+ 1), i.e. 2™ cannot split between them since

one of them is odd and hence it cannot be divisible by a natural power of 2. In other words, 8 is coprime to one of them
and hence if it should divide n(n 4 1) then it must divide exactly one of them (see rule 21 of § 1.9).
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12.

13.

n=3+12m n =8+ 12m n=11412m n=12(14+m)

(c) If we repeat our treatment in part (b) then we can conclude that the series >.;_, k is divisible by
12 for all n of the following four forms (where m € N°):

n =28+ 24m n =154 24m n =23+ 24m n=24(1+m)

(d) For this series to be divisible by 19, n(n + 1) must be divisible by 19. Now, only one of n and
(n+ 1) can be divisible by 19 because if 19 divides both then it divides their difference (i.e. 1) which
is impossible (see rule 14 of § 1.9). This means that we must have either 19|n (and hence n = 19m
where m € N) or 19|(n + 1) (and hence n = 19m — 1). So in brief, )_, k is divisible by 19 for all
n =19m — 1 and n = 19m where m € N (i.e. n = 18,19, 37, 38,56,57,...).

Find all n € N such that:

(a) >op_, k? is divisible by 36. (b) >_p_, k% is divisible by 2. (c) >_,_, k* is divisible by 2! (¢ € N).
Solution:

(a) From Eq. 16 we have:

ikQ_ nn+1)2n+1)  2n%+3n?+n
B B 6
k=1

So, for the given series to be divisible by 36, (2n® + 3n% + n) must be divisible by 6 x 36 = 216,

ie. 2n3 +3n2 +n 2 0. The solutions of this congruence equation in N are (see for instance §

3.2.1): n = 40,80,135,175,215,216. So, .7, k2 is divisible by 36 for all n = r + 216m where
r = 40, 80, 135, 175,215,216 and m € NO.

(b) From Eq. 18 we have:

z": . n(n+1)(2n+1)(3n? + 3n — 1)
B 30
k=1

So, for the given series to be divisible by 2, n(n+1)(2n+1)(3n?+3n — 1) must be divisible by 4 (noting
that 30 contains a single factor of 2, i.e. 30 = 2 x 3 x 5). Now, (2n + 1) and (3n? + 3n — 1) are always
odd and hence we must have either 4|n (and hence n = 4m where m € N) or 4|(n + 1) (and hence
n = 4m —1). So in brief, >°,_, k* is divisible by 2 for all n = 4m — 1 and n = 4m where m € N (i.e.
n=3,4,7,811,12,...). It is worth noting that we do not need to worry about the divisibility by 15
(i.e. 3 x5) because the given series is an integer and hence n(n+1)(2n +1)(3n% 4+ 3n — 1) is guaranteed
to be divisible by 30 (and hence divisible by 15 as well as by 2), so the required extra condition that we
need to impose to guarantee the divisibility of the given series by 4 is its divisibility by an extra factor
of 2 which means that n(n + 1)(2n + 1)(3n? + 3n — 1) is divisible by 4.

(c) If we follow the analysis of part (b) then we can easily conclude that >, _, k* is divisible by 2
(t € N) for all n = 2t*1m — 1 and n = 2!*1m where m € N.

Give some examples of integer series Y _, aj (or Y., _, ax) which are not divisible by m for any n € N
where:

(a) m # 0 is a given integer. (b) m # £1 is an odd integer. (c) m # 0 is an even integer.
Solution: There are many ways for finding and constructing such series. In the following we give some
simple examples.

(a) Any alternating series of the following form:

Sar=—q+> (-1)F2q (m}q)
k=1 k=2

should do.!'®2 This is because this series alternates between —q (for odd n) and +¢ (for even n) and
hence it cannot be divisible by m (because of the imposed condition m fq).

[182] We note that “alternating series” here means the sum is alternating (so the term may not be used in its exact conventional

meaning in calculus). We should also note that for n = 1 the sum on the right hand side is 0 (because the upper limit
is smaller than the lower limit).
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14.

(b) The series Y ;_, C# should do (where n € N). This is because (according to Eq. 21) we have
> h_oCr = 2™ and hence it cannot be divisible by any odd integer (excluding +1) because it is a
natural power of 2 and hence it does not contain any odd factor (excluding +1).

(c) Any series which is odd for all n € N should do. This is because no odd number is divisible by an
even number. An example of such series is the alternating series of part (a) when ¢ is odd. Another

example is the series:
n n
Su=1r23
k=1 k=2

Give some examples of integer series > ;_; ay which are divisible by m for all n € N where:

(a) m = £2. (b) m = +£5. (c) m = +13.
Solution: Again, there are many ways for finding and constructing such series, so we give some simple
examples.

(a) Any series which is even for all n € N should do. This is because any even number is divisible by
+2. An example of such series is Y, ap = > ,_, 2%

(b) For example, the series >, ar =5+ > ._, (5 — 5¥71) should do because it ends in 5 for all
n € N and hence it is divisible by +5 for all n € N.

(c) For example, the series > ;'_, ar = > ,_; 13 should do because it represents the natural multiples
of 13 and hence it is divisible by +13 for all n € N.

6.14 Divisibility and Permutations of Digits

There are some problems about the divisibility of numbers formed by permutations of digits. A small
sample of this type of problems is given in the following Problems. It is worth noting that “numbers” in
the following Problems means natural numbers (noting that if we consider the negative integers as well
then the results will be doubled).

Problems

1.

How many 10-digit even numbers can be formed from the 10 digits {0,1,2,3,4,5,6,7,8,9} assuming
no repetition of digits is allowed?

Solution: The first digit (from left) cannot be zero (since we want 10-digit numbers) and hence we
have only 9 possibilities for the first digit. The last digit must be even (since we want even numbers)
and hence in principle we have 5 possibilities for the last digit (i.e. 0,2,4,6,8). For the remaining 8
middle digits we have 8! possibilities (i.e. all the 8-digit permutations of the remaining 8 digits).

Now, if the first digit is odd (i.e. 1,3,5,7,9) then we have 5 possibilities for the last digit (i.e. 0,2,4,6,8),
while if the first digit is even (i.e. 2,4,6,8) then we have 4 possibilities for the last digit (i.e. the
remaining 4 even digits since repetition is not allowed). Therefore, the number of 10-digit even numbers
(with no repetition) is:

[5 x (81) x 5} + [4 x (81) x 4} = 1653120

. How many 6-digit numbers divisible by 5 can be formed from the digits {0, 1,2, 3,4, 5,6} if:

(a) The digits cannot be repetitive. (b) The digits can be repetitive.

Solution: To be divisible by 5 the last digit must be 0 or 5 (rule 27 of § 1.9). Now, the sets of 6 digits
of theses 7 digits that include 0 or/and 5 are:

{1,2,3,4,5,6} {0,2,3,4,5,6} {0,1,3,4,5,6} {0,1,2,4,5,6}
{0,1,2,3,5,6) {0,1,2,3,4,6) {0,1,2,3,4,5}

So, let us consider these sets for the cases (a) and (b):

(a) We have two sets that contain only one of the two digits 0 and 5 (i.e. sets {1,2,3,4,5,6} and
{0,1,2,3,4,6}). So, we have only one possibility for the last digit (i.e. 5 or 0) and P? = 120 possibili-
ties for the other digits (see Eq. 4), i.e. we have a total of 120 x 1 = 120 numbers for each one of these
two sets.
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Regarding the other five sets, each one of these sets contains both 0 and 5. Now, we have two possi-
bilities for each one of these five sets: the last digit is 0 and the last digit is 5. If the last digit is 0
then we have PP = 120 possibilities for the other digits. If the last digit is 5 then we have 4 x P} = 96
possibilities for the other digits (noting that a 6-digit number cannot start with 0). Accordingly, for
each one of these five sets we have:

(PP x 1)+ (4 x P} x 1) =120+ 96 = 216

So, in total we have (2 x 120) + (5 x 216) = 1320 numbers.

(b) For set {1,2,3,4,5,6} the last digit must be 5 while each one of the remaining 5 digits has 6
possibilities. Hence, we have 6% x 1 = 7776 possibilities.

For set {0,1,2,3,4,6} the last digit must be 0 and the first digit cannot be 0 (since a 6-digit number
cannot start with 0) while each one of the remaining 4 digits has 6 possibilities. Hence, we have
5 x 6% x 1 = 6480 possibilities.

Regarding the other five sets, each one of these sets contains both 0 and 5. Now, the first digit cannot
be 0 (and hence we have 5 possibilities for the first digit), and the last digit must be either 0 or 5 (and
hence we have 2 possibilities for the last digit), while we have 6 possibilities for each one of the 4 middle
digits. Accordingly, for each one of these five sets we have:

5 x 6% x 2 = 12960

So, in total we have 7776 + 6480 + (5 x 12960) = 79056 numbers.

3. How many 6-digit numbers divisible by 3 can be formed from the digits {0,1,2,3,4, 5,6} assuming that
the digits cannot be repetitive.
Solution: To be divisible by 3 the sum of the digits must be divisible by 3 (rule 25 of § 1.9). Now, the
sets of 6 digits of theses 7 digits that can form numbers the sum of whose digits is divisible by 3 are:
{1,2,3,4,5,6}, {0,1,2,4,5,6} and {0,1,2,3,4,5}.['%3 So, let us consider these sets:
e The set {1,2,3,4,5,6} produces P = 6! = 720 numbers (see Eq. 4).
e Noting that a 6-digit number cannot start with 0, the set {0, 1,2,4,5,6} produces 5x P2 = 5x5! = 600
numbers. This also applies to the set {0,1,2,3,4,5}.
So, in total we have 720 4+ 600 4+ 600 = 1920 numbers.

4. How many 10-digit numbers divisible by 8 can be formed from the 10 digits {0,1,2,3,4,5,6,7,8,9}
assuming repetition of digits is allowed?
Solution: The first digit cannot be zero (since we want 10-digit numbers) and hence we have only 9
possibilities for the first digit. Also, according to rule 30 of § 1.9 the last three digits must be divisible
by 8 (since we want numbers divisible by 8) and hence we have only 125 possibilities for the last three
digits (i.e. 000,008,016, ...,984,992). For the remaining 6 middle digits we have 10° possibilities (since
we have 10 possibilities for each one of the 6 digits noting that repetition is allowed). Therefore, the
number of 10-digit numbers divisible by 8 (with repetition) is:

9 x (10°) x 125 = 1125000000

We may also argue more simply that we have 9000000000 10-digit numbers (i.e. 9999999999 — 999999999
or 10'° — 10%) and these 9000000000 numbers must contain among them 9000000000/8 = 1125000000
numbers divisible by 8.

5. Find the 4-permutations of the digits 5,6,8,9 (e.g. 5689 and 5869) which are divisible by 11.
Solution: We have 24 permutations which are:

5689 5698 5869 5896 5968 5986 6589 6598 6859 6895 6958 6985
8569 8596 8659 8695 8956 8965 9568 9586 9658 9685 9856 9865

The permutations which are divisible by 11 (i.e. those whose alternating digit sum is divisible by 11;
see rule 33 of § 1.9) are emboldened (i.e. the 2nd 4th 7th 12th 13th 18th 2715t 23rd).

[183] We note that we have seven possibilities for the 6-digit sets where in each one of these seven possibilities one digit is
removed (these sets are shown in Problem 2). Only the above three sets satisfy the divisibility by 3 condition.
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6. Find the 4-permutations of the digits 3,4,7,9 (e.g. 3479 and 4973) which are divisible by 11.
Solution: The alternating sum of none of the 4-permutations of these digits is divisible by 11 and
hence by rule 33 of § 1.9 none of these 4-permutations is divisible by 11.

7. How many 4-digit numbers divisible by 16 can be formed from the 10 digits {0,1,2,3,4,5,6,7,8,9}
assuming repetition of digits is allowed?

Solution: The 4-digit numbers divisible by 16 start with 1008 and end with 9984 and hence their
number is:

4—1
998 - 008+1:562

6.15 Miscellaneous Divisibility Problems

There are many other types of divisibility problems that do not belong to the previous categories (which
we investigated in the previous sections). For example, there are divisibility problems involving certain
types of mathematical functions or based on special requirements and conditions. In this section we
provide a sample of these problems.[184l

Problems

1. Find the digits @ and b of every number m = 2a3b which is divisible by 5 and 13.
Solution: Since m is divisible by 5 then b must be either 0 or 5.
e If b is 0 then m = 2a30 = 2030 4 a00 (see point 6 in the preamble of § 1.6) and hence:

2030 +a00 2 0
add £ —2030
a0 2 11
ax100 2 11
a 2 11 x100*
a 2 11x3
a 2 33
a 13 7

Hence, m = 2730. Alternatively, we may try a = 0,1,...,9 to find that only a = 7 makes 2a30 divisible
by 13.
o If b is 5 then m = 2a35 = 2035 + a00 and hence:

2035 +a00 2 0
a0d 2 —2035
a0 2 6
a 2 6x 100"
a 2 6x3
a 13 5

Hence, m = 2535. Alternatively, we may try a = 0,1,...,9 to find that only a = 5 makes 2a35 divisible
by 13.

2. Find the digits a and b of every number m = 1a007b12 which is divisible by 11.
Solution: By rule 33 of § 1.9 we must have (where & is an integer):

1-a+0—-0+7—-0+1-2=11% — 7T—a—-b=11k

[184] Tn fact, some of these Problems are assigned to this section because they depend on results obtained later than the
sections they naturally belong to. Anyway, this is a trivial issue.
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Now, if we note that a,b € {0,1,2,3,4,5,6,7,8,9} we can see that —11 < (7 —a —b) < 7 (where —11
corresponds to a = b =9 and 7 corresponds to a = b = 0) and hence k can only be —1 or 0. Now:
elfk=—1then7—a—b=—11 (i.e. a+ b= 18) and hence we have only one possibility for a and b,
i.e. a =b=9 and hence m = 19007912.

elf k=0then 7—a—0b=0 (i.e. a+b=7) and hence we have 8 possibilities:

a=0,1,2,3,4,5,6,7  corresponding respectively to: b=17,6,5,4,3,2,1,0
and hence m represents the following numbers:
10007712 11007612 12007512 13007412 14007312 15007212 16007112 17007012

Note: a simpler approach for solving this Problem (and indeed this type of problems) is to try all the
possible combinations of a = 0,1,...,9and b=0,1,...,9 (i.e. 10 x 10 = 100 combinations) to find out
which of these combinations satisfy the given divisibility requirement.

3. Find the digits @ and b of every number of the form 6a85842b which is divisible by 7.
Solution: We have 6a85842b = 60858420 + a00000b (see point 6 in the preamble of § 1.6) and hence
(noting that 6a85842b is supposedly divisible by 7):

60858420 — 0
60858420 + a00000b —
al0000b = 0 (60858420 is a multiple of 7)

So, a00000b is divisible by 7 and hence (see rule 29 of § 1.9) we have:

a00000 —2b < 0
a00000 = 2b
a < 2bx 100000*
a L 2x3
a = 6b
By inserting b = 0,1,...,9 in the last congruence equation and obtaining the corresponding values of

a (i.e. from the digits 0,1,2,3,4,5,6,7,8,9) we get:
a=0,7,6,54,3,2,9,1,8,0,7,6,5 corresponding respectively to: b=20,0,1,2,3,4,5,5,6,6,7,7,8,9
4. How many numbers of the form 4a27831b4 (where a and b are digits, i.e. a,b € {0,1,2,3,4,5,6,7,8,9})
we have if they have to be divisible by 127
Solution: For a number to be divisible by 12 it must be divisible by 3 and 4 (see rule 34 of § 1.9). To
be divisible by 4 the last two digits must be divisible by 4 (see rule 26 of § 1.9). This means that b
must be 0 or 2 or 4 or 6 or 8. To be divisible by 3 the sum of the digits must be divisible by 3 (see rule
25 of § 1.9). This means that:
eIfbisOthenais1lor4or?.
e If bis 2 then ais 2 or 5 or 8.
o If b is 4 then a is 0 or 3 or 6 or 9.
eIfbis6thenaislor4or?7.
o If b is 8 then a is 2 or 5 or 8.
So, in total we have 16 numbers of this form which are divisible by 12.
5. Find all n € N such that:
(a) 8|(3"n?). (b) 3|(5"n" —1). (c) 5|(2"n3 — 3"n?).
Solution:
(a) It is obvious that all even n € N satisfy this divisibility statement because 3"n® = 23m33" = 8m33"
(where n = 2m and m € N). It is also obvious that no odd n € N satisfies this divisibility statement
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because 3"n? is odd in this case and no even number can divide an odd number (see the divisibility
rules in § 1.8). So, 8(3"n?) for all even n € N.

(b) 3|(5"n" — 1) is equivalent to 5"n” 2 1. Now, for even n we have 5" = 1 and for odd n we have
G [because 5" 2 (—=1)™ noting that —1 2 2]. Also, n” Zn (because 07 20,172 1and 27 2 2).
Hence, by rule 10 of § 2.7 we have n”5" 21 only if n is even and n 21 (i.e. n =4+ 6k where k € NY),
or n is odd and n = 2 (i.e. n =5+ 6k where k € N°).I'85 So 3|(5"nT — 1) for all n = m + 6k where
m=4,5and k € N (ie. n=4,5,10,11,16,17,...).

(c) 5](2"n3 — 3"n?) is equivalent to 2"n3 — 3"n? 2 0. Now, 2" (mod 5) and 3" (mod 5) have a cycle
of 4, while n® (mod 5) and n? (mod 5) have a cycle of 5. These cycles are presented in the following
table:

ke NO n=k+1|n=k+2|n=k+3|n=k+4 | n=k+5
2™ (mod 5) 2 4 3 1
n3 (mod 5) 1 3 2 4 0
37 (mod 5) 3 1 ) 1
n? (mod 5) 1 4 4 1 0

Now, if we combine all these possibilities we get a cycle of 20 for (2"n® — 3"n?) which is presented in
the following table:

m | 2" (mod 5) | n® (mod 5) | 3" (mod 5) | n? (mod 5) | 2"n® — 3"n? (mod 5)
1 2 1 3 1 4
2 4 3 4 4 1
3 3 2 2 4 3
4 1 4 1 1 3
5 2 0 3 0 0
6 4 1 4 1 0
7 3 3 2 4 1
8 1 2 1 4 3
9 2 4 3 1 0
10 4 0 4 0 0
11 3 1 2 1 1
12 1 3 1 4 4
13 2 2 3 4 2
14 4 4 4 1 2
15 3 0 2 0 0
16 1 1 1 1 0
17 2 3 3 4 4
18 4 2 4 4 2
19 3 4 2 1 0
20 1 0 1 0 0

As we see, only m = 5,6,9,10, 15, 16, 19, 20 satisfy this congruence equation, and hence 5|(2"n3 — 3"n?)
for all n = m + 20k where m = 5,6,9,10,15,16,19,20 (k € N°).
6. Find all n € N such that n, 8n? + 1 and 8n2 + 2n + 1 are all primes.

Solution: Since 8n2 + 1 is prime then it is not divisible by 3 (noting that 8n% + 1 > 3), and hence
either 8n2 +12 1 or 8n2 +12 2. However, 8n% + 1 2 2 is not acceptable because it leads to 8n? 21
which has no solution. ) )

So, we must have 8n2 4 1 2 1 and hence 8n2 2 0 whose only solution is n = 3. This is because n is
prime and 8 has no factor of 3 (i.e. 3 and 8 are coprime) and hence if 8n? is divisible by 3 (as implied

[185] These conclusions should be intuitive. However, they can be obtained formally (and easily) by using the Chinese

remainder theorem, i.e. by solving the the system n 2 0and n 2 1 in the first case, and the system n Zlandn22in
the second case.
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by 8n? 2 0) then n must be 3 since 3 is the only prime divisible by 3 (see rule 21 of § 1.9).
Now, if n = 3 then 8n2 +1 = 73 and 8n? +2n + 1 = 79 which are both primes and hence we have three
primes that satisfy the given forms.
So in brief n, 8n% + 1 and 8n? + 2n + 1 are all primes only if n = 3.

7. Let {m1, ma,...,my,} be a set of n pairwise coprime numbers (n > 1) where the sum of any k& numbers
in this set is a composite number (2 < k < n). Give an example of such a set.
Solution: The set {nli+1 : 1 <i <n} is an example of such a set. This is because the numbers in
this set are pairwise coprime (see part b of Problem 14 of § 6.11). Moreover, the sum of any k numbers
of this set is composite because this sum is divisible by k. This is because the sum of £ numbers consists
of terms containing n! plus k (where this k& comes from the sum of 1’s). Now, k|n! (since k < n; see rule
1 of § 6.11) and k|k and hence the sum must be divisible by k since each term in this sum is divisible
by k (see rule 14 of § 1.9).

8. Show the following:
(a) If m,n € N and p € P then p divides (m + n)? — (m? 4+ n?).
(b) If 1,...,2r € N and p € P then p divides (zq + -+ + x)? — (2F +--- + 2}).
(c) (2% — 1)2|[2*"D) — 1] where k € N.
(d) For any n € N there are n consecutive composite numbers.
Solution:
(a) From Eq. 13 we have:

P
(m+n)? = X:C’kan”*lC
k=0
p—1
(m+n)? = mp—&—np—i—ZCgmknp_k
k=1
p—1
(m+n)P —(mP +nP) = Zoﬁmknz’*k
k=1

Now, by the result of part (b) of Problem 2 of § 6.12 all the binomial coefficients in the terms of the
sum in the last equality are divisible by p and hence this sum is divisible by p. So, (m+mn)? — (m? 4+ n?)
is divisible by p.

(b) From Eq. 14 we have:

§ n n
((L’1+"'+mk)p = Cgl ..... nkxll"‘xkk
vV ni+-+ng=p
(x1+...+xk)P — xﬁ’+...+x£+
P ni Nk
E C’nl)wnk ity
ni+-+ng=p, p>ni,...,nk
p p — n Nk
(1‘1+"‘+5€k)p*(fﬂl+"'+$k) = 5 Cﬁl,...,nkxll"'xkk

nit-+ng=p, p>ni,...,nk

Now, by the result of part (c¢) of Problem 2 of § 6.12 all the multinomial coefficients in the terms
of the sum in the last equality are divisible by p and hence this sum is divisible by p. Therefore,
(z1+ -+ x)P — (2} + - +2F) is divisible by p.!186]

(c) From part (d) of Problem 1 of § 6.8 we have n?|[(n +1)" — 1]. Now, if n = 2¥ — 1 we get:

n|[(n+1)" =1 —  @F =1 2" -1+ 1)(2k—1) 1 — (2F—1)? {21@(2’“—1) B 1}

[186] We note that part (a) is a special case of part (b) corresponding to k = 2 (see footnote [178] on page 218) and hence
the proof of part (b) is sufficient for proving part (a).
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d) For example, the following n consecutive natural numbers are composite:
( ple, g p
(n+1)4+m (m=2,3,...,n+1)

This is because (according to part h of Problem 7 of § 6.11) each one of these numbers is divisible by
m which means that [(n + 1)! +m] is composite noting that 1 < m < [(n + 1)! +m].

9. Show that n|(2" + 1) for all n = 3™ where m € N.
Solution: We use induction (see § 1.5.4). This divisibility statement is true for m = 1 because
31\(231 +1). Now, let assume that this statement is true for some k € N which means that 23" 41 = 3"
(a € N), ie. 23" = 43k — 1. Accordingly:

1 . 3
2 = 9= (99) = (a3 - 1)" = (a3")° - 3 (a3)” + 3 (a3") =1 (see Eq. 13)

23" 41 = 333k _ 232+ 4 gkl

DA - (a®3%F~1 — g23F 4 q) 3kT1

The last line shows that 3¥7((23""" + 1) since (a33%*~! — 423 + ) is an integer.
So, the given statement is true for m = 1, and it is shown that if it is true for m = k then it is true
for m = k + 1. Hence, by mathematical induction it is true for all m € N, i.e. it is true for all n = 3™
where m € N (as required).

10. Show that there are infinitely many composite numbers of the following forms (where n € N):
(a) 3" + 25. (b) 2" — 3. (c) 22" + 3.
Solution:
(a) 3™+ 25 is the sum of two odd numbers and hence it is even (see the parity rules in § 1.8). Therefore,
it is composite for all n € N (and even n € N°; see point 3 in the preamble of § 2.2). So, we have
infinitely many composite numbers of this form.[*87]
(b) If n = 4k — 1 (k € N) then (by the result of part g of Problem 1 of § 6.5) 2" — 3 is divisible by 5
and hence it is composite (noting that there are infinitely many n = 4k — 1 where k € N).
(c) In part (i) of Problem 5 of § 2.7 we proved that 22" 4 3 L0 for odd n € N°, i.e. 22" + 3 is divisible
by 7 for all odd n € N° and hence it is composite for infinitely many n € N.

11. Show that 6765|(m*! — m) where m € Z.
Solution: We note first that 6765 = 3 x 5 x 11 x 41. Now, 6765|(m*' —m) is equivalent to m
From the result of Problem 4 of § 6.10 we have m™®=)+1 £ py that is:

6765
41 6765

m41im(n=20) m* 2 m (n = 10) m* 2 m (n=4) m* & m (n=1)

So, from rule 14 of § 2.7 we have m*! 015

12. Find all m,n € Z such that:

(a) 7|(m® — n®). (b) 5/(3m3 +m? — 11n* + 8n — 2). (c) 4|(7™ —n®).
Solution:

(a) We note that 7|(m® — n’) is equivalent to m3 L n®. Now, we have:

03 £ 0 3L 23 L1 33 L6 $ L 53 L6 6% £ 6
0°£0 L 25 L4 $Ls $ L2 5 L3 6° =6
Accordingly, m3 Z 7’ in the following seven cases:

mL0&n=0 m=1&n=1 mL2&n<1 m=3&n=<6
mE=4&n<l m=5&n=6 m=6&n=<6

[187] The purpose of such trivial questions is to test the vigilance of the reader.
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Therefore, 7|(m3 — n®) for all pairs of integers (m,n) of the following seven forms (where k, s € Z):

(Th, 7s) (1+ 7k, 1+ 7s) (24 7k, 1+ 7s) (34 7k, 6+ Ts)
(4+ 7k, 1+ 7s) (5 + 7k, 6 + 7s) (6 + 7k, 6 + 7s)

(b) We note that 5|(3m3+m? — 11n* +8n —2) is equivalent to 3m3+m? 2 11n4 —8n+2. Now, we have:
3(0%) + 0% 2 0 3(13) +12 2 4 3(2%) +22 23 3(3%) +3220 3(4%) +42 23
11(0%) — 8(0) +2 2 2 11(14) = 8(1) +22 0 11(24) —8(2) +22 2
11(3%) —8(3) +224 11(4%) —8(4) +22 1

Accordingly, 3m?2 + m? 2 11n% — 8n + 2 in the following three cases:
mZ0&n=1 mZ1&n=3 mZ3&n21
Therefore, 5/(3m?® + m? — 11n* + 8n — 2) for all pairs of integers (m,n) of the following three forms
(where k, s € Z):
(5k,14 5s) (14 5k,3+4 5s) (3+5k,1+4 5s)
(c) We note first that m must be non-negative. As before, 4|/(7™ — n®) is equivalent to 7™ < n’. Now,

we have 7™ = 1 when m is even and 7™ = 3 when m is odd (see Problem 13 of § 2.7). We also have:
0520 P2 2540 33213
Accordingly, 7™ 2 15 when m is even and n = 1 and when m is odd and n = 3.

Therefore, 4|(7™ — n®) for all pairs of integers (m,n) of the following two forms: (2k,1 + 4s) and
(1 + 2k, 3 + 4s) where k € N and s € Z.
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