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Abstract
We study the hadronic resonance masses. We rank those according to the masses. We draw the
natural logarithm of the masses, normalised, starting with a rank vs the natural logarithm of the
the rank, normalised. We conclude that the hadronic resonance masses, can be characterised by
BP(4,6H = 0.1), the magnetisation curve for the Bethe-Peierls approximation of the Ising model
with four nearest neighbours in the presence of external magnetic field, SH = 0.1. 3 is kE%T where,

T is temperature, H is external magnetic field and kg is the tiny Boltzmann constant.
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resonance |p(770) |w(782)  |n fo(980)  |ap(980)  |0(1020)  [Aa(1170) |ba(1235)  |an(1260)  |fo(1270) |fu(1285) |p(1295)  |m(1300)

mass(Mev)| 775 83 958 990 930 1019 1166 1230 1230 1275 1282 1204 1300

resonance [ay(1320) |my(1400) |(1405) Wy (1415)  [1(1420)  |w(1420)  ag(1450) |p(1450)  |y(1475)  |fo(1300) |£,(1525) |my(1600) |ay(1640)

mass(Mev)|1318 {1354 1409 1416 1426 1410 1474 1465 1475 1506 1517 1661 165

vesonance [mp(1645) |w(1650)  |ws(1670)  |my(I670)  |G(1680)  |pp(1690)  |o(L700) |ay(1T00)  |fo(17I0) |w(1800) |gs(1850) |m(18TO) |my(1880)

mass(Mev)| 1617|1670 1667 1671 1680 1689 1720 1698 1704 1810 1854 1842 1874

vesonance | H(1950) |o(1970)  [/,2000) |(2050)  |GQUT0) [f2300) |H(240) |Ka(00) KU(892) |K,(120) |Ky(1400) |K*(1410) | (1430)

mass(Mev)|1936 {1967 2011 2018 2162 297 2345 845 896 1253 1403 1414 142

resonance |K;(1430)| K1 (1650) |K*(1680) |Ka(1770) | K;(1780) |Ka(1820) |K;(1980) |K;(2045) |D* (2007) |D* (2010%)|D;(2300) |Dy (2420)°(Dy (2430)°

mass(Mev)| 1430|1650 1718 1773 1779 1819 1994 2048 2007 2010 2343 2422 2412

resonance |D3(2460) |D3(2750) (D Dy, (2317)| Dy (2460)* | Dy (2536)*| Disy(2573)| D (2700) | D (2860) | B By (5721)"|B3(5747) |By (3970)F

mass(Mev)| 2461 {2763 2112 218 2459 2585 2569 2714 2860 532 726 137 5964

resonance | B Bg (5830)°|Bg (5840)° [ne(19) XallP)  [xa(lP)  |he(IP)  |xa(lP)  |n(29) U(2S)  |0(3TT0)  |1(3823) [us(3842)

mass(Mev)|5415 {3829 5840 2084 3415 311 3525 3556 3637 3686 3174 384 3843

vesonance [x1(3872)|Z(3900) |x(3915) |xa(3930) [X(A020)F |(A040) |ya4140) [U4I60)  [0(4230)  |xa(4274) |U(4360) |(ddis) |Z(4430)

mass(Mev)|3872  |3887 3922 3922 4024 4039 4146 4191 4223 4286 472 44 478

resonance (V(4660) |m(1S) |Y(1S)  wo(lP)  w(IP)  [m(IP)  xellP) [YS) L(ID)  pxwP) () (W) |xel2P)

mass(Mev)|4630 (9399 9460 9859 9893 9899 9912 10023 10164 10232 10255 (10259 (10269

resonance |Y(3S)  [xu(3P)  |vBP) |Y(4S) |Z(10610) |Z,(10650) [T(10860) |T(11020)

mass(Mev) (10355 10513 10524 10579 10607 10652 10885 {11000

TABLE I. Mesonic masses(in Mev): the odd rows represent mesonic resonances, [1], [2], in the

serial order, the even rows entries are the respective mesonic resonance masses.
I. INTRODUCTION

Half-integral spin mesons and integral spin baryons comprise hadrons. Hadronic resonances
are short-lived particles created in a scattering or, decay process as intermediate objects.
Those are characterised by the Dalitz plot analysis or, the partial wave analysis. The masses,
(M, [7], of the more or, less established resonances are as tabulated in the tables, Table I.
and Table M. as follow.

Looking for the Graphical Law in the hadronic masses, we proceed narrating the develop-
ment. We have started considering magnetic field pattern in [3], in the languages we converse

with. We have studied there, a set of natural languages, [3] and have found the existence
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resonance. (N(1440)1 " N(1520)3” N(1535)3 ™ N(1650)1 ™ N(1675)2™ N(1680)3 " N(1700)3™ [N(1710)1 " IN(1720)3 " N(1900)2 " |N(2100)T ™ |N(2220)3" |N(2250)3" |N(2600) 4~

mass(Mev)|1440 1515 1530 1650 1675 1680 1700 1710 1720 1900 2190 220 250 2600

resonance | A(1232)2" [A(1600)3 | A(1620)2 ™| A(1700)2™ | A(1900)L ™| A(1905)2 " |A(1910)1" |A(1920)3 | A(1930)27 | A(1950) " |A(2420) L | A(1405)L” | A(1520)2 " |4(1600) L

][
S

mass(Mev)|1232 1570 1610 1700 1900 1905 1910 1920 1930 1950 2120 1405 1519 1600

resonance. |4(1670)1™ | A(1690)3 ™ A(1800)1 ™ A(1810)1 " |A(1820)3 " |A(1830)3 ™ |A(1890)% " [A(2100)7 |(2110)3" |A(2350)%" | 2(1385)3" | £(1660)1 | (1670)

rolos

51750

eol—

mass(Mev)|1670 1690 1880 1810 1820 1830 1890 2100 2110 2350 1383 1660 1670 1730

resonance (£(1773)3”|£(1915)3" (£(1940)2” [ £(2030)7" [£(2250)  [=(1530)3" |=(1600)  [Z(1820)37 |Z(1950) |=(2030) |2 (2012)" |2 (2250) |, (2593]" |, (2625)"

mass(Mev) (1775 1915 1940 2030 250 1530 1690 1823 1950 2025 2012 200 2592 2628

vesonance | 1, (2860)° [, (3880)° |4, (940) [ Z,02058) [5,(2520) |Z,0800) |25 |20 |Z.2645) |Z.2190) |Z.(2815) |Z.(2970) |Z.(3055) |,(3080)

mass(Mev)|2856 2882 2040 2453 H18 2800 2465 170 2645 292 W17 2965 3056 3078

resonance |0, (2770)° |0, (3000)° |2, (3050)° (12, (3065 |1, (3090)°| 0, (3120)° |y (5912)° |4y (5920)° |4, (6070)° |y (6146)° 4y (6132)° | Zy(s811) | |5 (609r)*

mass(Mev)|2766 3000 3050 3066 3090 3119 3912 5920 6072 6146 6153 5811 5832 6096

resonance |5, (6097)" =, (5935) |5, (5945)° |5, (5955 |5 (6100) |, (6227) 7|5, (6227

mass(Mev)|6098 9935 5952 5935 6100 6228 6227

TABLE II. Baryonic masses(in Mev): the odd rows represent baryonic resonances, [1], [2], in the

serial order, the even rows entries are the respective baryonic resonance masses.

of a magnetisation curve under each language. We have termed this phenomenon as the
Graphical Law. Then, we moved on to investigate into, [4], dictionaries of five disciplines of
knowledge and found the existence of a curve of magnetisation under each discipline. This
was followed by finding of the graphical law in references from [5] to [74].

The planning of the paper is as follows. In the next section, we describe the Graphical Law
analysis of the hadronic masses, [I], [2]. The section III, we give an introduction to the
standard curves of magnetisation of Ising model. The section IV is Acknowledgment. The

last section is Bibliography.

II. THE GRAPHICAL LAW ANALYSIS

For the purpose of exploring graphical law, we assort the hadronic resonances according to
the masses, in the descending order, denoted by f and the respective rank, [76], denoted by
k. k is a positive integer starting from one. Moreover, the minimum non-zero mass is seven

hundred seventy five(in Mev). Hence, we attach a limiting mass one(in Mev). The limiting
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rank is maximum rank plus one, here it is two hundred one. As a result both

; n’,’;’“ varies from zero to one. Then we tabulate in the adjoining table, Table [T., and plot

# against ; nl,?k in the figure fig.ll. We then ignore the nineteen resonances from the
max lim

top, tabulate in the adjoining table, Table [M.,and redo the plot, normalising the in fs with

In fi9n—maz I the figure fig.D.



1< 1l 272759, | £ 12X 272 frrsera | A3AE )/ Z72 1920 2r2cva
a (@] 11 000 |1 Blanlk
= O.1371 108385 [ O0O.999 IBlanlis
3 O. 207 10652 O. 997 Blanlks
= 8 O.2Z26 1 10607 [ O0O.996 Blanlk
5 O.303 1O57T9O | O. 996 Blanlk
S O.333 10524 0. 995 IBlanls
re O.367 10513 0O0.90905 Blanlk
E=13 O.392 1O3I55 | 0994 Blanlk
O O.41 - 10269  O. 993 Blanlis
10 | O. 434 1 O0O259 | O. 993 Blanlks
11 | O. 452 10255 1 0.992 Blanlkks
122 0. 469 10232 0.992 Blanlk
13 | 0. 4834 10164 | 0. 992 ISlanlis
14 0O0.4A983 10023 0. 990 Blanlk
15 | Oo.51 1 D91 =2 O._ 939 Blanlk
16 | O.52=23 DS99 O . 99339 ISlanlis
17 | O.534 OSSO 3 O . 9339 Blanlk
18| O0O. 545 OS5 O 933 Blanlk
19 O0O.555 D160 O._. 93 ISBlanlk
20 O0.565 D309 O._ 933 a

21 O.57< 6223 O._ 939 O 955
22 1058383 S=22"7 O._ 939 O. 955
23 | O. 591 G153 O._ 933 O._ 95
24 1 O0.599 G146 O._ 937 O. 954
25 O. 607 S 100 O._ 937 O._ 953
26 O.61 < [SY@ ke P13 O._ 937 O._ 953
27T  O. 621 GCOO9G6G O . 937 O . 953
28 O. 623 SO T2 O._ 936 O. 952
299 O. 635 596 < O._ 9344 O._ 950
S0 O. 641 5055 O .93 O._ 950
SBS1 | O.643 5952 O. 934 O . 950
3321 0. 654 590935 O._ 9344 O._ 950
331 0. 659 5920 O . 933 O._ 949
B34 1 0. 665 5912 O._ 933 O. 949
35 1 O0O.670 5840 O. 932 O. 943
836 O0O.676 5832 O._ 932 O. 943
37T  O. 6381 5829 O. 932 O._ 943
S3SS8 1 0. 686 581 1L O. 931 O.947
S99  O. 691 5737 O._ 930 O._ 94146
40 O0O. 696 S5ST26 O._ 930 O. 946
41 [ O. 700 5415 O. 924 O. 9440
42 [ O. 705 5325 O. 922> O._ 933
43 [ O. 709 46 30 O .90 7 O. 923
44 | O_.7 1< AT S O._ 9903 O. 919D
45 (O. 713 = = B B O._ 9902 O. 913
46 [ O.7=22=2 A3 7T = O._ 9071 O. 916
AT [ O. 7T 26 A6 O._ S99 O. 91 <
A4S [ O. 730 aA=2=23 O . S8S97 O. 913
49 [ O.73< 4191 O.S8S96 O. 912
50  O. 733 41 146 O.S8S05 O. 911
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1< 1l 272 FK7:75. | £ 12X 272 frrsera | A3AE )/ Z72 1920 2r2cva
S5 O. 741 A0O039 | 0.8392=2 O . 9903
5= O. 745 4024 0.839=2 O _ 9907
53 O. 749 BO22  0O0.8339 O .90
5 O. 752 3B3IS8S8T7T [ 0.833 O._ 9903
55 O. 756 IS8T 0.833 O_ 9903
56 O. 759 B3S8SA4A3 | 0.837 O._. 9902
57 O. 762 BS8S24 | 0.886 O . 9902
53 O. 766 BT A 0O0.8335 O_ 9900
59 O. 769 BEes86 | 0.833 O . S8S0O03
SO O.77T=2 BS6E637 0.8 O . S9O96
S L O.77T5 3556 O0O.87T9 O .89
S22 O.7 7S 3525  O0.873 O.S8S93
S 3 O. 7S 511 | O.87 7 O. S92
S O. 734 S415 0.7 0. 8339
S5 O. 737 S1L199 | O0.865 O. 87T
[SY &7 O. 7990 SO0 O.86< O. 87T
ST O.7TO3 BSOTS | O0O.863 O. 873
[SP3 O. 7996 S0O066 | O0.863 O. 3373
(S =] O. 793 SO56  0.862 O .87 T
O O. SO SO50  O0.862 O . ST 7T
« 1 O.S830<4 S000 O0O.-860 O. 8375
= O. 06 20903834 | 0O0.860 O.375
3 O._ S0 2065  0O0.859 O . ST
L oOo.=8312 2940  0.853 O. 873
5 O.=81 44 28382 1 0.856 O.371L
rgs O.=81 7 2860  0.855 O. 87O
rarg O0O.819D 2856 0.8355 O. 870
rg=3 O. 322 2817 | O0.85 <4 O.863
ras=l O.32=24 2800  0.853 O. 863
S0 O.826 2702 1 0.8353 O .86 7
S O0O. 8329 2766 | 03352 O.866
S22 O. 3371 2763 0.8352 O. 866
S3 O. 8333 27T 14| 0.850 O .86
S O0.835 2645 | O.84A7 O.S8S6 1L
S5 O. 8333 2628 |  O0O.846 O. 861
S6 O.840 2600  O0O.845 O. 860
ST O. 842 2592 1 0.8345 O.S8S59
3 O.344A 2569 | O34 0.853
SS9 O.846 2535 1  O0.842 O.357
0 O. 843 2513|0834 O.856
O 1L O.85 1 24470 |  0.839 O0O.854
LS =4 O.8353 2465 0.839 O.835<4
O3 O0.8355 2461 | O0.839 O. 85
O O. 857 24459 0.839 O0O.S853
5 O.8359 2453 1 0.839 O0.8353
e X &7 O.8S6 71 2422 1 0.83 7 O.35=
tS Mo O. 863 2420 | O.833 7 O.352
bS P O0.865 244121 0.837 O. 851
S 2 S O. 866 2350 | 0.834 O0.343
100 0O0.863 2345 0. 834 O0O. 8343
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1< 1l 272 FK7:75. | £ 12X 272 frrsera | A3AE )/ Z72 1920 2r2cva
101 O.870O 2343 1 0.8334 O0.8343
102 1 O.7=2 231383 0.8333 O. 847
103 | O. 37 220907 | O. 832 O. 8146
104 0.8376 2250 O0.8329 O. S84
105  O0.873 2220  0.823 O.34=2
106 O.S8S79 2190 | O.827 O.S841
107  O0O.83 1L 2162 1 0.3325 O.S8S39
108 [ O0.8333 21121 0.823 O. 337
109  0O0.8385 2110 | 0.8323 O. 837
110  0.-8386 2100 | 0.322 O.S8S36
111 [ 0.8 2048 O.831L9D O. 8333
1122 0.890 2030  O0.813 O. 332
113 | O0O. 8391 2025 1 0O0.813 O. 832
114 0.893 20121 0.1 7 O. 8332
115  0.8O5 2011 O.81L 7 O.331
116 | 0O0.896 2010 |  O.81L 77 O. 831
117 0.8 2007  O.81 7 O.S8S3 1L
118 [ O. 900 1994 1 O0O.816 O.83 1
119 | O. 99001 1967 O.31 5 O. 8329
1220 O0O. 903 1950 | 0.1 < O. 823
1221 [ O.90< 19440  O.381 < O0.8323
1222 0O0. 906 1936  O. 313 O. 327
123 | O. 907 1930  O.813 O . 827
12244 0. 909 1920 O.31L =2 O.826
125 [ O. 910 1915 | O0o.312=2 O.8326
126 O.9122 1970 | O0O.3122 O. 826
127 O. 913 1905  O.831 22 O .S8S26
1283 0.91L5 1900  O.81L 1L O0.8325
129  O.91 6 18S90 | O0O.81 1 O0.3325
130 O. 91 1874 0.810 O. S22
131 [ O0O.919 1854 0.809 O. 8323
132 09271 1842 1 0.803 O. 3222
133 | 0.9=22=> 18330 0.807 O. =821
134 | 0. 924 1823 O0O.807 O.82710
135 0.925 1820 0.807 O.=3271
136 [ 0.926 1819 0.807 O.8320
137 0. 923 1810 0.806 O. =820
1383 [ O0.929 13800 0.805 O.819
139 [ O0O. 930 17T 7T | O0O.8S0< O0O.313
140 0. 932 17T 75| 0O0.80< O0O.8313
141 O0.933 17T T3 O.80< O.813
142 | O. 93 1750 0.80=2 O.816
143 [ 0. 936 1720 0.8001L O.=81 <
144 | O. 937 17180800 O. =1 <1
145 0933 1710 0.800 O.=381 <
146 [ O.9440 1704 0O0.800 O.313
147 O.941 1700 |  O.7T9O99 O.=813
148 | O0O. 942 16938 [ O.7T99 O.813
149  O.944< 1690 | O. 7999 O.=312=2
150 0.945 1689 | O. 799 O.=312=2
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1< 12t 27272522 | £ 1x2 € /" Z72 [ rserr | AXAE /" Z72 155 P
1571 O. 946 16380  O.7O93 O.=31. 22
152 10.947 1675 | O 7O O.=21 1
153 0. 949 1671 | O. 797 O.=81L 1L
154 0. 950 1670 |  O. 797 O.=S1L 1
155 O0O. 951 1667 | O. 797 O. 3811
156  O0. 952 1661 [ O. 797 O. =21 1
157 0. 953 1660 | O. 797 O.=81L 1L
158 O.955 1655 O.796 O. 810
159 O0O.956 1650  O. 796 O.810
160 O. 957 1617 | O.7T9O9= O._ 03
161 | O. 953 1610 |  O. 793 O .07
162 | O. 959 1600 O.7T93 O.S8S06
163 | O. 960 15700 |  O. 791 O. S0
164 | O0. 962 15300733 O. 302
165 O. 9663 1519 | O.7377 O._ SO
166 | O. 96 1517 |  O. 737 O.S01L
167 | O0O.965 1515 O.737 O._S00
168 | O. 966 1506 O.736 O .00
169 |  O. 967 14475 | O. 73 O. 7O
170  0O0.963 1474 | O. 73 O. 7O
171 [ O. 970 1465 O. 733 O. 7O
17T 0. 971 1440  O.732=2 O. 795
1A 7T3  O. 972 1430 | O. 731 O . 7O
174 O. 973 1426 | O. 730 O .79
175 | O. 97 1425 O 730 O. 7O
176  O0.975 1416 |  O. 730 O. 793
17T 7T | O. 976 1414 0O0.730 O. 793
1738 O.97 7 1410 | O. 77O O. 793
17T | O. 973 1409 O.7 7Y O. 793
1380 | O. 979 11405 O.7T 7O O. 792
181 | O. 930 1403 |  O. 779 O. 792
182 0. 931 1383 | O. 777 O.7TO1L
1833 0.93832=2 1354 0. 775 O. 733
184 [ 0.933 1313383 | O.7 7= O. 7735
185 0. 934 1300 | O. 771 O. 73
186 | O.935 12294 | O.7 70O O. 733
13837 [ O0.96 1282 | O. 769 O. 732
1833 | O.93 7 1275 O. 763 O. 732
189 | 0.9 1253 | O. 767 O. 7380
190 |  O. 939D 12232 O. 765 O. 77T
191 O. 9990 1230 | O. 765 O.77T3
192 O. 991 1166 O.759 O.7 7=
193 O. 992 1019 |  O. 7= O. 757
194 [ O0O. 993 D0 O. 741 O. 75
195  O0O. 99 OO0 O. 7440 O. 753
196 | O. 995 5= O. 733 O. 750
197 [ O. 996 S06 O. 731 O. 743
1938 | O. 997 Sa45 O.7=2= O . 737
199 | O. 993 rg=r=13 O. 7166 O. 7283
200 O.999 rares) O. 715 O. 727
22071 a a O (@]
8

TABLE III. Hadronic resonance masses: ranking, natural logarithm, normalisations




The hadronic resocnance masses and BP{4 beta H=0.1)
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INFANfrax

o] 0.2 0.4 0.6 0.8 3k
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FIG. 1. The vertical axis is lnlﬁfw and the horizontal axis is ; nl,?lk . The + points represent the
hadronic resonance masses, [1], [2], with the fit curve, BP(4,6H = 0.1), being the Bethe-Peierls

curve in the presence of four nearest neighbours and external magnetic field, m = 0.05 or, BH = 0.1.

The hadronic resonance masses-19n and BR(4, beta H=0.1)

1 I —— -
08 |
g o086 | 1
=
= 04 | 1
- 1
O 1 1 1 1
0 0.2 0.4 0.6 0.8 i
Inl</inlay
FIG. 2. The vertical axis is mﬁf)"i{ and the horizontal axis is l;,zllk . The + points represent
the hadronic resonance masses, [l], [2], with the fit curve, BP(4,6H = 0.1), being the Bethe-

Peierls curve in the presence of four nearest neighbours and external magnetic field, m = 0.05 or,

BH = 0.1.



A. conclusion

From the figures (fig.I-fig.2), we observe that there is a curve of magnetisation, behind the
hadronic resonance masses, [[], [2]. This is BP(4,6H = 0.1), the magnetisation curve for the
Bethe-Peierls approximation of the Ising model with four nearest neighbours in the presence
of external magnetic field, SH = 0.1. ( is kBLT where, T is temperature, H is external

magnetic field and kg is the Boltzmann constant.

Moreover, the associated correspondence is,

Inf M

)
lnlen—ma;v Mmax

Ink «——T.

k corresponds to temperature in an exponential scale, [£3].

10



III. APENDIX: MAGNETISATION
A. Bragg-Williams approximation

Let us consider a coin. Let us toss it many times. Probability of getting head or, tale is
half i.e. we will get head and tale equal number of times. If we attach value one to head,
minus one to tale, the average value we obtain, after many tossing is zero. Instead let us
consider a one-sided loaded coin, say on the head side. The probability of getting head is
more than one half, getting tale is less than one-half. Average value, in this case, after many
tossing we obtain is non-zero, the precise number depends on the loading. The loaded coin
is like ferromagnet, the unloaded coin is like para magnet, at zero external magnetic field.
Average value we obtain is like magnetisation, loading is like coupling among the spins of
the ferromagnetic units. Outcome of single coin toss is random, but average value we get
after long sequence of tossing is fixed. This is long-range order. But if we take a small
sequence of tossing, say, three consecutive tossing, the average value we obtain is not fixed,

can be anything. There is no short-range order.

Let us consider a row of spins, one can imagine them as spears which can be vertically up
or, down. Assume there is a long-range order with probability to get a spin up is two third.
That would mean when we consider a long sequence of spins, two third of those are with
spin up. Moreover, assign with each up spin a value one and a down spin a value minus
one. Then total spin we obtain is one third. This value is referred to as the value of long-
range order parameter. Now consider a short-range order existing which is identical with
the long-range order. That would mean if we pick up any three consecutive spins, two will
be up, one down. Bragg-Williams approximation means short-range order is identical with
long-range order, applied to a lattice of spins, in general. Row of spins is a lattice of one

dimension.

Now let us imagine an arbitrary lattice, with each up spin assigned a value one and a down
spin a value minus one, with an unspecified long-range order parameter defined as above by
L= %Eiai, where o; is i-th spin, N being total number of spins. L can vary from minus one
toone. N = N, + N_, where N, is the number of up spins, N_ is the number of down spins.

L=+(Ny—N_). Asaresult, Ny = 5(1+ L) and N_ = §(1 — L). Magnetisation or, net

Mmaz Mmax 15

magnetic moment , M is uX;0; or, u(Ny — N_) or, uNL, M0 = pN.

11



referred to as reduced magnetisation. Moreover, the Ising Hamiltonian,[77], for the lattice of
spins, setting p to one, is —€X,, ,0,0; — HY;0;, where n.n refers to nearest neighbour pairs.
The difference AE of energy if we flip an up spin to down spin is, [78], 2eya + 2H, where

v is the number of nearest neighbours of a spin. According to Boltzmann principle, N
AE

i7)» [[9]. In the Bragg-Williams approximation,[80], & = L, considered in the

equals exp(—
thermal average sense. Consequently,

L+ Lyl +H _ L+5. Ltc Q)
"TCL T T ke T T I

velkp T.

l

where, ¢ = % , T, = ve/kp, [31]. Tl is referred to as reduced temperature.
Plot of L vs TZC or, reduced magentisation vs. reduced temperature is used as reference curve.
In the presence of magnetic field, ¢ # 0, the curve bulges outward. Bragg-Williams is a Mean
Field approximation. This approximation holds when number of neighbours interacting with
a site is very large, reducing the importance of local fluctuation or, local order, making the
long-range order or, average degree of freedom as the only degree of freedom of the lattice.
To have a feeling how this approximation leads to matching between experimental and Ising
model prediction one can refer to FIG.12.12 of [78]. W. L. Bragg was a professor of Hans
Bethe. Rudolf Peierls was a friend of Hans Bethe. At the suggestion of W. L. Bragg, Rudolf

Peierls following Hans Bethe improved the approximation scheme, applying quasi-chemical

method.

B. Bethe-peierls approximation in presence of four nearest neighbours, in absence

of external magnetic field

In the approximation scheme which is improvement over the Bragg-Williams, [77], [[78],[79],[80],[81],
due to Bethe-Peierls, [87], reduced magnetisation varies with reduced temperature, for

neighbours, in absence of external magnetic field, as

In—

- T
y—2 _ . _ Mmax
factor—1 - Tc’ fCLCtOT - 1— M - (2>
T

In - 1
factor ¥ —factor”™

ln% for four nearest neighbours i.e. for v = 4 is 0.693. For a snapshot of different
kind of magnetisation curves for magnetic materials the reader is urged to give a google

search "reduced magnetisation vs reduced temperature curve”. In the following, we describe
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BW BW((c=—0.01) BFP(4A4,8F — O) reduced magnetisation
o o o a1
0.435|0.439 0.563 0.978
0.439|0.443 0.568 0.977
0.491 | 0.495 0.624 0.961
0.501 | O0.507 0.630 0.957
0.514|10.519 0.648 0.952
0.559|0.566 0.654 0.931
0.566 | 0.573 oO.7 0.927
0.584|0.590 oO.7 0.917
0.601 | O.607 O.722 O0.907
O0.607 | O0.613 O0.729 0.903
0.653 0.661 O.770 0.869
0.659 | 0.668 O.773 0.865
0.669|0.676 0.784 0.856
0.67910.688 O.792 0.847
O. 701 |O. 710 0.807 0.828
0. 723 |0.731 0.828 0.805
O0.732|10.743 0.832 O.796
O0.756 |0.766 0.845 O.772
O. 779 10.788 0.864 O.740
0.838|10.853 0.911 0.651
0.850|0.861 0.911 0.628
0.8701|10.885 0.923 0.592
0.883|10.895 0.928 0.564
0.899|10.918 0.527
0.904 | 0.926 0.941 O0.513
0.94146 | 0.968 0.965 O0.400
0.967 | 0.998 0.965 0O.300
0.987 a1 0.200
0.997 a1 O0.100
a1 a a1 o

TABLE IV. Reduced magnetisation vs reduced temperature data s for Bragg-Williams approxima-
tion, in absence of and in presence of magnetic field, ¢ = % = 0.01, and Bethe-Peierls approxima-

tion in absence of magnetic field, for four nearest neighbours.

data s generated from the equation(l) and the equation(d) in the table, M, and curves of
magnetisation plotted on the basis of those data s. BW stands for reduced temperature in
Bragg-Williams approximation, calculated from the equation(ll). BP(4) represents reduced
temperature in the Bethe-Peierls approximation, for four nearest neighbours, computed from
the equation(B). The data set is used to plot fig.B. Empty spaces in the table, [V, mean

corresponding point pairs were not used for plotting a line.
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comparator curves

BW(c=0.01)

BP(4,beta H=0)
0.6 -

reduced magnetisation

o ! ! ! !
[0} 0.2 0.4 0.6 0.8 1

reduced temperature

FIG. 3. Reduced magnetisation vs reduced temperature curves for Bragg-Williams approximation,
in absence(dark) of and presence(inner in the top) of magnetic field, ¢ = % = 0.01, and Bethe-

Peierls approximation in absence of magnetic field, for four nearest neighbours (outer in the top).

C. Bethe-peierls approximation in presence of four nearest neighbours, in the

presence of external magnetic field

In the Bethe-Peierls approximation scheme , [82], reduced magnetisation varies with reduced

temperature, for v neighbours, in presence of external magnetic field, as

ln% T f‘ t M]T\r/{ax 1 (3)
= —; factor = =1 ——.
In—5m chcicltor_lzﬁH T. 1- M]Zaz

e 7 factor 7 —e_Tfactor%
Derivation of this formula ala [82] is given in the appendix of [g].

ln% for four nearest neighbours i.e. for v =4 is 0.693. For four neighbours,

0.693 T 41
— = —; factor = et ——, (4)
In—5m ]vc—lt g T. 1- MJZM

e 7 factor' T —e” 7 factor?
In the following, we describe datas in the table, M, generated from the equation(d) and
curves of magnetisation plotted on the basis of those datas. BP(m=0.03) stands for re-
duced temperature in Bethe-Peierls approximation, for four nearest neighbours, in presence
of a variable external magnetic field, H, such that SH = 0.06. calculated from the equa-
tion(d). BP(m=0.025) stands for reduced temperature in Bethe-Peierls approximation, for

four nearest neighbours, in presence of a variable external magnetic field, H, such that

14



BH = 0.05. calculated from the equation(d). BP(m=0.02) stands for reduced temperature
in Bethe-Peierls approximation, for four nearest neighbours, in presence of a variable exter-
nal magnetic field, H, such that SH = 0.04. calculated from the equation(d). BP(m=0.01)
stands for reduced temperature in Bethe-Peierls approximation, for four nearest neighbours,
in presence of a variable external magnetic field, H, such that SH = 0.02. calculated from
the equation(d). BP(m=0.005) stands for reduced temperature in Bethe-Peierls approxima-
tion, for four nearest neighbours, in presence of a variable external magnetic field, H, such
that SH = 0.01. calculated from the equation(d). The data set is used to plot fig.d. Empty

spaces in the table, M, mean corresponding point pairs were not used for plotting a line.
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B (mMm—0.03) [ BP(m—0.025) [ BP(m—0.02) | BP(m—0.01) B (m-—0.005) |[reduced magnctisation
o o o o o 1
O.553 0.5580 O. 577 O.57= O0.569 0. 07
). 58T O. 5534 O.551 O.575 O.57=2 O. 9077
O.6a7 O.643 0.639 0. 632 O.62s 0.961
O0.657 0.653 O0.649 O. 641 O.637 0. 957
0.671 0.667 O.654 0.650 0. 952
o. 716 0.696 0.931
o. 723 o. 718 o. 713 O.70=2 O.697 O.927
O.7a3 O. 737 O.731 o.720 Oo.714 o.o17
0. 762 0.756 O.7a0 O. 737 O.731 0. 007
O. 77O O. 764 O. 757 O.7a5 O.73s 0.903
).=816 0.80s ). 800 O.785 O.7TTS ).SGO
o.s821 O.313 0.805 0.7 O.Ts=2 0.865
O.832 o.815 O.799 ). 7TO1 0.856
O.s=341 O.s24 O.807 0. 79O ).=aA7T
0.863 O.353 O.s=34a4a 0.826 oO.=17 O.8253
O.837 0.876 0.866 0.316 0.836 0.805
0.895 O.=3534 O.373 O.85=2 O.=8a=2 0.796
0.916 0.904 O.89=2 0.869 O.855 oO.7T7T=2
0.94140 0.926 O.9141 O.853 0.876 O. 740
0.929 O.87T7T 0.735
O.=853 O.730
>4 O.880 ). 720
0.945 O.710
0.955 0. =97 0. 700
0.963 0.903 0.690
O0.973 0.910 0.650
0.909 0.670
0.993 0. 925 0.650
0.976 O.0a= 0.651
1.00 0.64140
0. 9053 0.946 O.9=2s O.625
1.00 0.963 0. 943 O.59=2
O.07= 0.951 0.564
0.990 0. 967
0. 964
1.00
1.00
o

TABLE V. Bethe-Peierls approx. in presence of little external magnetic fields

reduced magnetisation

Bethe-Peierls comparator curves in presence of external magnetic field

0.4

0.6

o.8 kS

reduced temperature

FIG. 4. Reduced magnetisation vs reduced temperature curves for Bethe-Peierls approximation in

presence of little external magnetic fields, for four nearest neighbours, with SH = 2m.
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