ON WILKER-TYPE INEQUALITIES

YI-CHIEH HUANG AND LI-CHANG HUNG

ABSTRACT. In this paper, we present elementary proofs of Wilker-type in-
equalities involving trigonometric and hyperbolic functions. In addition, we
propose some conjectures which extend and generalize the Wilker-type inequal-
ities.

1. INTRODUCTION

The inequalities in the following Theorem 1.1 are referred to as Wilker inequal-
ities ([3]).

Theorem 1.1 (Wilker inequalities).

(a)

. 2
(1.1) <812x> + ta;m >2, ze(0,1/2).
(b)

3 . 2 9\ 4
(1.2) 2+£m3tanx> <su;x> + a;1x>2+<> rdtanx, z € (0,7/2).

™

Inequality (1.1) was proposed by J. B. Wilker in [3]. The question as to find the
largest constant ¢ such that the inequality

. 2
t
(1.3) (smx) 2T > 2+ cxtanz, x € (0,7/2)
T T

holds was also proposed ([3]). A refinement of this inequality is established as
in (1.2), where the constants = and (%)4 are best possible. The proof of the
inequalities in (1.2) can be given by using the Bernoulli numbers ([2]) or the Taylor
series expansion ([6]).

Since Wilker’s inequality was proposed in [3], there have been various general-
ization, refinements, sharpeness and extension of this inequality. We list some of

them as follows:

o Let x € (0,7/2) and 0 < A < p. Then a weighted generalization of Wilker’s
inequality

. 2
(1.4) A (smx) . tanx>1

A x L+ 2

2010 Mathematics Subject Classification. 26D15, 41A58.
Key words and phrases. Inequalities; Trigonometric functions; Taylor series; Wilker’s
inequality.
1



2 YI-CHIEH HUANG AND LI-CHANG HUNG

holds. Wilker’s inequality follows as a special case of the inequality when

w=A=1(]).
e A refinement of Wilker’s inequality
. 2
t 2
(1.5) (Smx> p 2T ( ,m ) T s se(0,n/2)
T T sinx tanx

was given in [4].
e The sharp Wilker-type inequalities

6 . 2
8 2 t 8 16
(1.6) —zt 4 () x5 tanx > (smx) + > S + —aStanz
™ x x

15" 15" 7315

and
(1.7)
8z*  16a5 2\° 7 sinz\®  tanz 8z* 1625 10427 tanz
PREETT <7r) * ta”>< z ) T T2 s s T 4

for « € (0,7/2), were shown to hold by using the Bernoulli numbers ([1]).
e Using monotonicity theorem and Taylor expansion of hyperbolic functions,
the two Wilker-type inequalities

inhz\>  tanh
(1.8) (Sm x) + AT S e (0,7/2)
X X
and
inhz\> tanh
(1.9) (Sm x> + 20 $>2+%x3tanhx, z € (0,7/2)
X

involving hyperbolic functions were established ([8]).

The inequality (1.1) can be proved based on the use of the elementary trigono-
metric inequality tanz > x > sinz for x € (0,7/2) ([7]). In Section 2, we give an
alternative proof for (1.1). In addition, we establish two new Wilker-type inequal-
ities for trigonometric and hyperbolic functions, respectively in Theorem 2.4 and
Theorem 2.5. Section 3 is devoted to conjectures involving the generalization of the
inequalities in Theorem 2.4 and Theorem 2.5.

2. THE MAIN THEOREMS

The following proof shows an alternative approach to establishing inequality
(1.1).

Proof. We write

. 2 24 2
sinx tan x —2z° +sin“ v + rtanw
(2.1) ( ) + 2= -
x x x
and let f(x) = —2x2 + sin® z 4 2 tan x. Direct calculations show that
(2.2) f'(x) = —4x + sin(2z) 4 tanz + zsec’ z,
1
(2.3) f(x) = 5 tanz sec? xg(z),

where g(z) = 4z —sin(4z). Since g(0) = 0 and ¢/(z) = 4(1 —cos(4z)) = 8sin?(2z) >
0 for x € (0,7/2), we have g(x) > 0 for z € (0,7/2) and thus f”(x) > 0 for
z € (0,7/2). Now f'(0) =0, so f'(z) > 0 for € (0,7/2). Finally, f'(z) > 0 for
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x € (0,7/2) together with f(0) = 0 leads to f(x) > 0 for z € (0,7/2) and the proof
of Theorem 1.1 is completed. O [

To establish our Wilker-type inequality, we need Lemma 2.1~Lemma 2.3.

Lemma 2.1. Let x € (0,7/2).
(1) For some & € (0,x),

4 2%k 10 2 4 6 8
T T €T T T xr
(2.4) costZ(—l)k@—l—O!cosfS1_5—’—%_%—’—@.
k=0
(2) For some & € (0, ),
3 2k+1 9 3 5 7
x x X X x
25)  sinw =) (1) gy + g eosE 2@ — =+ 155~ poo-
20 e kZ:O( T T e A AN TR

(3) For some & € (0,x),

7 )2k 716
(2.6)  cos(2z) = Z(—l)k ((22]3)' + 65513; cos(2¢)

k=0
o 2zt 426 228 410 4212 84
=1-22"+ — - ——+ 57— + -
3 45 315 14175 467775 42567525
6553621°
Ter cos(2€)

224 428 228 4210 > (2z)2k
>1-—9p2 4+ 20 = 4 _ _1)k .
e T TR VT LT k;( Tl

Proof. (2.4) and (2.5) follow immediately from Taylor’s Theorem with Lagrange’s
form of remainder. To prove (2.6), it suffices to show that for = € (0,7/2),

412 814 65536216
2.7 — — >0
27) 467775 42567525 16! -
or
(2.8) —2t — 6022 + 2730 > 0.
Since — (%)4 — 60 (%)2 + 2730 > 0, the proof is completed. O O

Lemma 2.2. Let z € (0,7/2). Then
(2.9) —1282% 4 26552* — 3024022 + 75600 > 0.

Proof. Let f(y) = —128y3 + 2655y% — 30240y + 75600. We find f’(y) = —384y? +
5310y — 30240 and f”(y) = —768y + 5310 > 0 on (0, 72/4). This means that f'(y)
is increasing on (0,72/4), and thus f'(y) < f/(x%/4) = —30240 + % —247% <0
on (0,72 /4). Therefore f(y) is decreasing on (0,7%/4) and thus f(y) > f(w2/4) =
75600 — 756072 + % —27% > 0 on (0,72/4). This completes the proof. [0 O

Lemma 2.3. Let x € (0,7/2). Then

(2.10) 1—2%—2cosx +cos’x + xsine > 0.
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Proof. Using Lemma 2.1 and Lemma 2.2, we have

1—22—2cosz+cos’x + zsinz

=1—2%—2cosz+ % + xsinx
4 22k 1 2,2k 1 3 p2k+1
>1—22— 2];)(4)’“ @i 3 k:O(fl)’“ ((2]3)! +o+ a:kz::o(fl)’cm
(2.11)
_ x? (—1283:6 + 2655z* — 3024022 + 75600) 50
907200
for x € (0,7/2). O O

Withe the help of Lemma 2.3, we prove the following Wilker-type inequality.

Theorem 2.4 (Wilker-type inequality for trigonometric functions). Ifz € (0,7/2),
then

(2.12) (Cosx—1)2+sinx -
X x
Proof. Employing Lemma 2.3, we prove for z € (0,7/2),
(2.13) (cosa: — 1)2 + sinw_ 1= 1—a? — 2COSJH;(:oszx +xsinz S0 O
z x
O

Finally, we prove the following theorem.

Theorem 2.5 (Wilker-type inequality for hyperbolic functions). Let z € R\ {0}.
Then

(2.14) > 1.

(cosha: — 1)2 sinh x
+

T x

Proof. Due to symmetry, it suffices to show (2.14) for > 0. We write

(2.15) (coshx—1>2+sinhgc 11— h(;’?)7
x x x
where h(z) = —22 4 zsinh z 4 cosh? z — 2 cosh z + 1. A straightforward calculation
gives
(2.16) h'(z) = —2x — sinh z + sinh(2z) + z cosh ,
(2.17) h"(z) = sinh z(x 4 4sinh x).

Since h’'(0) = 0 and h”(z) > 0 for z > 0, we have h/(xz) > 0 for x > 0. Now
h(0) =0, so h(z) > 0 for > 0 and the proof of Theorem 1.1 is completed. O
(]
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3. CONCLUDING REMARKS

In this paper, two Wilker-type inequalities are established and are proved by

elementary arguments. We propose the conjecture that the following Wilker-type
inequalities hold:

e (An extension of Wilker-type inequality) For x € (0,7/2),

(3.1) ( x >2+ 'x - (cosx—1>2+sinx -
cosr —1 sinx T x

The above inequality is an analogue of (1.5) in [4].
e (An weighted Wilker-type inequality for hyperbolic functions)
Let 0 <p < 1. For z € R\ {0},

2 .
coshx — 1 sinh x 1
(3.2) p(TE) ra-pTREs

2

Inequality (2.14) in Theorem 2.5 follows as a special case of the inequality
when p = %
e (Weighted Wilker-type inequalities for trigonometric functions)

— Let 0<p< 1. Forz e (0,7/2),

2 .

cosr —1 sinx 1

3.3 _— 1-— > —.
(3.3) p( , ) +1-p)—=>3

— Let pp <p < 1. For x € (0,7/2),

cosz —1\2 sinx 1

3.4 _— 1-— —
(3.4) p( . > +l-p)—— <3,

where py = ng;g)) ~ 0.590571.

Inequality (2.12) in Theorem 2.4 follows as a special case of the inequality

when p = %
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