ENERGY CONSERVATION LAW FOR THE
GRAVITATIONAL FIELD IN A 3D-BRANE
UNIVERSE WITHOUT EQUIDISTANCE POSTULATE.

RUSLAN SHARIPOV

ABSTRACT. The 3D-brane universe model is an alternative non-Einsteinian theory of
gravity. The initial version of this theory was built using the so-called equidistance
postulate. Its second version is free of the equidistance postulate. In the present
paper we rederive the energy conservation law for the gravitational field within the
framework of the second extended version of the theory.

1. INTRODUCTION.

The initial version of the 3D-brane universe model was built in the series of se-
veral papers [1-6] (see also [7-11]). Its second version was started in [12]. In both
versions of the theory the four-dimensional spacetime is assumed to be foliated
into 3D-branes. This foliation is a new geometric structure absent in the standard
relativity. All 3D-branes of this structure are space-like three-dimensional hyper-
surfaces. Their unit normal vectors are time-like vectors. They constitute a vector
field. We denote it through n.

Definition 1.1. An observer whose world line (see [13]) is perpendicular to all
3D-branes in the foliation of the 3D-branes in the four-dimensional spacetime is
called a comoving observer.

It is easy to see that world lines of comoving observers in the spacetime do coincide
with integral curves of the vector field of unit vectors n.

Remark. Vector fields of time-like unit vectors are considered in Einstein aether
theory (see [14]). However vector fields considered there are not produced by foli-
ations of 3D-hypersurfaces and in general case they do mot produce hypersurfaces
perpendicular to them.

The initial version of the 3D-brane universe model was built using the equidis-
tance postulate. This postulate is formulated as follows.

Postulate 1.1. Watches of any two comoving observers can be synchronized.

Having synchronized the watches of all comoving observers, one can use their
common time as a global cosmological time. This was done in the initial version
of the theory in [1-6] (see also [7—11]). If a universe in question originates from a
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single singular point, which is called the Big Bang, then this point can be used as
a starting reference point for the global cosmological time. In this case the global
cosmological time becomes unique.

In the new version of the 3D-brane universe model the postulate 1.1 is excluded.
In this version of the theory there is no global cosmological time. In [12] it was
replaced by the so-called brane time. Formally it can be defined as follows.

Definition 1.2. Any smooth function ¢ in the four-dimensional spacetime with
nonvanishing time-like gradient directed to the future can be chosen for a brane
time if it is constant throughout each 3D-brane of the foliation of 3D-branes in the
spacetime and if its values are measured in time units.

Unlike the global cosmological time in the initial version of the theory, the choice
of the brane time is not unique. Any two brane time variables ¢t and ¢ are related
to each other through the following formulas:

t=t(t), t = t(t). (1.1)

Here £(t) and ¢() are two mutually inverse strictly growing smooth functions of one
variable. The transformations (1.1) are called time scaling transformations.

Definition 1.3. Any smooth function x in the four-dimensional spacetime with
nonvanishing space-like gradient is called a comoving function if it is constant along
world lines of all comoving observers.

Definition 1.4. Any three comoving functions x', 2, 2® in the four-dimensional
spacetime whose gradients are linearly independent constitute comoving spacial
coordinates in the spacetime.

Comoving spacial coordinates x', 22, 23 are usually complemented with a tem-

poral coordinate z°. In the 3D-brane universe model it can be done as follows:
7Y = ¢y t. (1.2)

Here ¢ is a brane time and c,, is a speed constant which is interpreted as the speed
of gravitational waves. In the standard relativity this constants coincides with the
speed light cg, (speed of electromagnetic waves). In our theory these two constants
a priory can be different (see [5]).

The temporal coordinate (1.2) was used in previous papers [1-4] and [12]. How-
ever, below in the present paper we shall not use it in order to increase the extent
of three-dimensionality in the theory. Instead of the temporal coordinate (1.2) we
shall use the time variable ¢ itself. Therefore in the second version of the 3D-
brane universe model, which is the newest at the moment, the gravitational field is
described by the time-dependent three-dimensional metric

gij = gi(t, &' 2%, 2%, 1<i,j <3, (1.3)
and by the time-dependent scalar function
goo :goo(t,$1,$2,$3). (14)

The equations for the metric (1.3) and the function (1.4) were derived in [12]. Then
they were rederived using the Lagrangian approach in [15]. In the present paper
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we use the Lagrangian approach from [15] and the technique from [4] in order
to derive the energy conservation law within the second version of the 3D-brane

universe model in the absence of the equidistance postulate 1.1.

2. ACTION INTEGRALS FOR THE GRAVITATIONAL FIELD AND MATTER.

Action integrals in field theories are usually written as time integrals of La-
grangians, while Lagrangians are spacial integrals of Lagrangian densities. There-
fore we write the action integral for the gravitational field as follows:

Syr = /Lgr dt, Lgr = /Egr\/detg d’z. (2.1)

Matter has its own action integral and its own Lagrangian:

Smat = /Lmat dt, Lmat = /ﬁmat 1/ detg dBZE. (22)

The Lagrangian density for the gravitational field Lg in (2.1) is taken from [15].
It is given by the following formula:

4
C
__ Cer
Lo = 167 Vgoo (p+2A). (2.3)

The scalar function p in (2.3) is an auxiliary notation:

3 3 2 3 3
_ g
P =900 Z Z 9" Vg goo — % Z ngq Vi goo Vg 900 —
k=1q=1 k=1q=1
3 3 3 3 (2'4)
—R—gag' YD b+ go D bE b
k=1q=1 k=1q=1

The constant cg in (2.3) is the same speed constant as in (1.2), v is Newton’s
gravitational constant (see [16]), and A is the cosmological constant (see [17]). The
quantities bz- (2.4) are components of a three-dimensional time-dependent tensor
field. They are given by the following formulas:

. 3
9ij L gy i i
T 2¢q  2cq Ot j ;:1: 9" Ogj (2.5)

The second formula in (2.5) is the standard index raising procedure by means of
the inverse metric tensor (see §9 of Chapter II in [18]).

Due to (2.4) the Lagrangian density (2.3) depends on ggo from (1.4), on g;; from
(1.3) and on the time derivatives of these dynamic variables. The time derivatives
of g;; are expressed through b;; using (2.5). By analogy to (2.5) we write

goo _ 1 9900

= bd = gak boo. 2.
Car Car ot 0 = Y900 Y00 ( 6)

boo =
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Using (2.6), one can express the time derivative of ggg through bgp. Therefore we
write the following formal expression for the Lagrangian density (2.3):

Egr :Lgr(ga bagab) (27)

Here g and b represent goo and bgg, while g and b represent g;; and b;;. The
Lagrangian density of matter can depend on some auxiliary dynamic variables re-
sponsible for the state of matter. We denote these auxiliary dynamic variables

through @1, ..., @, and their time derivatives through Wy, ..., W,:
o 00Q;
Wi=Qi= (28)

The formula (2.8) is an analogue of the formulas (2.5) and (2.6). Note that it is
slightly different from the similar formula (3.2) in [4].

The quantities @1, ..., @, and Wy, ..., W, are fields, i.e. they depend on the
spatial variables z', 22, 2% and on the time variable ¢:

Q: = Qi(t, zt 22, 3:3), W, = Wi(t, xt 22, 3:3). (2.9)

The same is true for the components g;; and b;; of the fields g and b and for the
scalar fields ggp and bgg.

In this paper we do not consider any specific sort of matter. Therefore we do
not write explicit formulas for the Lagrangian density of matter £,,¢ and use only
a formal expression for it similar to that of (2.7):

Emat = Emat(QaWaga b,g,b). (210)
Through Q and W in (2.10) we denote the lists of quantities Q1, ..., @, and
Wi, ..., W, presented in (2.9).

The total action integral S for the gravitational field and matter is the sum of
action integrals Sg; and Spma¢ from (2.1) and (2.2):

S = Sgr + Smat- (2.11)
The same is true for the Lagrangians and for their densities:
L = Lgy + Liat, L = Lo + Lnat- (2.12)

The formulas (2.12) are immediate from (2.11), (2.1), and (2.2). Applying (2.7)
and (2.10) to the second formula (2.12), we derive

EZL(Q? W7 g’ b’ g’b)' (2'13)

Then we can write a formula similar to (2.1) and (2.2):

S = /Ldt, L= /E\/detg d*z. (2.14)

The formula (2.13) is a formal expression for the total Lagrangian density £ in
(2.14). Tt is similar to (2.7) and (2.10).
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3. EULER-LAGRANGE EQUATIONS.

The next step is to apply the stationary action principle (see [19]) to the total
action integral in (2.14). As a result we get a series of Euler-Lagrange equations.
This series subdivides into three groups according to the groups of dynamic vari-
ables. The first group of Euler-Lagrange equations is associated with the metric
components g;; and their time derivatives in (2.5):

_2igr %(551)2)5?{,% - % (551)2)(3?{523:"3 +( 5?_)8b,b =0. (3.1)

The second group of equations is associated with the scalar field ggp and its time
derivative in (2.6). This group comprises only one equation:

L W (), S ()0 2

cer 91 V00 550~ (e iy 22007+ (50 sy (32

The third group of equations is associated with dynamic variables @1, ..., Q@ of
matter and their time derivatives Wy, ..., W,, in (2.8):

T ot \sw; AT bg (—) =0. 3.3

ar i ot oo (g 20+ (g D @9

More details concerning the equations (3.1), (3.2), and (3.3) can be found in [15].

4. LEGENDRE TRANSFORMATION AND THE DENSITY OF ENERGY.

The quantities g;;, goo, and @; are treated as generalized coordinates, while the
quantities b;j, boo, and W; are corresponding generalized velocities. The Legendre
transformation (see [20]) maps generalized velocities to generalized momenta. In
our present case it is given by the following formulas:

-Glge " GRee P GRey W

Then, using (4.1), the total energy density is defined by the formula
3 3 B n .
H=> > 89biy+8%boo+ > P'W;—L. (4.2)
i=1 j=1 i=1

Let © be a three-dimensional domain in a 3D-brane universe. The energy of the
gravitational field and matter within this domain is given by the following integral:

E(Q) = /H\/detg d*z. (4.3)
Q

The main goal of the next section is to derive a formula for the time derivative of
the energy integral (4.3).
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5. THE ENERGY CONSERVATION LAW.

Let’s consider a small increment of the time variable . We write it as follows:
t=t+e. (5.1)

Then we apply (5.1) to the dynamic variables of the gravitational field and matter:

ng - g’LJ(t CC ‘T $3>a Qz = Qz(fa :Cl, :E2, :E?,)a (52)
bij = by (£, 2", 22, 2%, Wi = Wi(L, ', 2%, 2%), (5.3)
G = U (E, 2, 2%, 2, P = Pi(, 2t 2, 0%), (5.4)
goo = goo(t CC {E .Ig), lA)OO = boo(f, CCl, $2, .Ig), (55)
B = g0t 2, 2%, 2%). (5.6)
Applying the relationships (2.5) and (2.8) to (5.2), we get
glj:glj+2cgr5bw—|—, Q1:Q1+5W1+ (57)
In the case of (5.3) we use partial derivatives:
- 0b . ;
bi' = 0;j 4 Ce i = W; ! .
T ot ’ ot (5:8)
And in the case of (5.4) and (5.6) we we apply the relationships (4.1):
0 /0L
ij __ Qg
=0 v (s e
P—p e (—) o ,
+e 9t \ 5w, g7?§ + (5.9)
. 0 /0L
00 _ 300
Fr=p5"+e ot (51)00)
In the case of (5.5) we apply (2.6) and use the partial derivative of bgo:
. ob
gOOZQOO‘FCgrEbOO—F..., boo—boo—FEa—(t)O—F (510)

Through dots in (5.7), (5.8), (5.9), (5.10), and in what follows below we denote
higher order terms with respect to the small parameter € — 0.
In addition to (5.7), (5.8), (5.9), (5.10) we consider the following relationship:

3
v det g :\/detg(l—kscngbz—F...). (5.11)
k=1

The relationship (5.11) is derived using the well-known Jacobi formula for differ-
entiating determinants (see [21]) and the relationships (2.5). Like in the previous
formulas, through dots in (5.11) we denote higher order terms with respect toe — 0.
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The next step is to apply (5.1) to the integral (4.3) taking into account (4.2):

3 n
SN B9 bi+8%boo + Y P Wl-) Vdet g dx+

o Ni=1 =1 i=1

7N

B(Q) =
¢

LR R Vs 5L b
e ZZ(%(%M)&J’% bij ¥ (5b_ij)gibvg 3tj> Vdet g d’z +

W

y (5.12)
"0 oL e ow 3
o §<§(5Wz)gbbqg Wi+(5—m)9tf(§ ot )@d x+

The last term L(€) in (5.12) is determined by the Lagrangian density £ in (4.2):
L(Q) = /f;/detg . (5.13)
Q

In order to transform (5.13) we should note that the formulas (5.7), (5.8), and (5.10)
are similar to small variations of the tensor fields g and b, to small variations of the
dynamic variables of matter Q1, ..., @, and Wy, ..., W, and to small variations
of the scalar fields ggp and bgg in calculus of variations:

?ij:gij+€hij+---, C?i:Qi—FEhi—F..., (5.14)
bij = bij +eni+ ..., Wi=W;+en+...,
Joo = 9goo +€hoo + .., 600:b00+€7700+....

The functions h;j, hi, 1i5, M:, hoo, and 7o in (5.14) are functions with compact sup-
port (see [22]). They are applied to the integral over the whole 3D-brane universe:

L= /L'\/detg d>z. (5.15)

Applying (5.14) to (5.15), we would write

j)-L—F&/(ii(;bfj)ab,g nij“l‘ii( 5?')8“) hij +

i=1 j=1 W =1 j=1 W
oL 5L
* (E)gfvg oo + (%)8%’5 hoo + (5.16)
+zn:( 5E) _+z":(5ﬁ) h; | \/detg &>z +
i=1 Wi gthg 771 P} 0Q; %f;}g ! gao=

The difference of (5.7), (5.8), and (5.10) from (5.14) is that small variations in
(5.7), (5.8), and (5.10) are not functions with compact support. For this reason the
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analog of the formula (5.16) has an extra term with a boundary integral:

L(Q) )+e / ZZ M ‘%” Vdet g d*z +

9
Qlljl Q
oL

n

gbeg 8t Z(

E ob oL .
/ —— )g.gb -l + (—)b,g,b cgrboo | \/det g >z + (5.17)
5 w 8t QW
Q

l

) b Wl-) Vdetg 3z +

dgoo

3 3
/ZZ 59 gbb2Cgrbl‘7\/(ngx+€/(jld$2/\dxg+
1=1 'LJ

=1 a0

+ 7% da® Adx1+j3d:clAdx2) v/detg +

The extra term with the boundary integral in (5.17) is associated with the energy
flow. We shall study this term in the next section.

Let’s return to the formula (5.12). The square root in the first integral of the
formula (5.8) is transformed with the use of the formula (5.11). Now we can apply
(5.11) and (5.17) to (5.12). In doing it we take into account the formulas (4.1) and
the Euler-Lagrange equations (3.1), (3.2), and (3.3). As a result the formula (5.12)
reduces to the following one:

EQ)=E(Q) —¢ /(j1 dz? A da® +
50 (5.18)
+j2dx3Adxl+j3d:clAdx2) detg +

On the other hand, applying the transformation (5.1) to the integral (4.3) directly,
we obtain the following relationship:

o (5.19)

Comparing (5.18) and (5.19), we derive

/H\/det d3x+/(j1d:c A dx® +

50 (5.20)
+j2dx Adxt + T3 dzt /\dx)\/detg:().

The surface integral of the second kind in (5.20) can be transformed to a surface
integral of the first kind. Indeed, we can write

8/7‘(\/detgd?’x—|—/( n1+j2n2+j3n3)d8. (5.21)
a0

Here ny, ne, ng are covariant components of the unit normal vector n perpendicular
to the boundary 02 and dS is the infinitesimal area element of the boundary. The
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quantities J*1, 72, 73 in (5.21) are interpreted as the components a vector field.
This vector field J is interpreted as the density of the total energy flow:

o 5.
g/H\/detg d3x+/Zj n; ds. (5.22)
Q

aq =1

The equality (5.22) can be formulated as the following theorem.

Theorem 5.1. The increment of the total energy of the gravitational field and
matter per unit time in a closed 3D-domain § is equal to the energy supplied to the
domain per unit time through its boundary 0 ).

In order to transform the integral equality (5.22) to a differential form we apply
the Ostrogradsky-Gauss formula (see [23]) along with the formula (5.11). This
yields the following differential relationship:

3 3
> M+ VT =0. (5.23)

q=1 i=1

The first term in (5.21) is the time derivative of the total energy density of the
gravitational field and matter. The third term is the divergence of the density
vector for the total energy flow. These two terms are standard. The second term in
(5.23) is the Hubble term. It is associated with the Hubble expansion (see [24]) of a
3D-universe in our 3D-brane universe model. Note that some formulas including a
Hubble term for the electromagnetic energy were derived in [25] within the standard
four-dimensional paradigm.

6. DENSITY OF THE TOTAL ENERGY FLOW.

The vector J with the components J!, J2, J? arises in (5.17) when deriving an
analog of the formula (5.16) where the small variations of the dynamic variables are
not functions with compact support. We know that the Lagrangian (2.13) depends
not only on the the functions in its argument list, but on some finite number of its
partial derivatives with respect to the spatial variables x', 22, 23. For this reason
we introduce the following notations similar to those from [4]:

0 oW

Qlir---i) = 5 g Wil il = g G

g Ogi g Oby

gl bl =g aa bl = g g (62
. Ogoo ., Obgo

goolin -l = Bn et boolin- el = g g (69

Let’s choose the quantity b;;[i1...4s] in (6.2) and consider its entry to the La-
grangian (2.13). The variation of b;; in (5.14) contributes to the variational expan-
sion of the integral (5.13) through the term

I(b) = 6/(3%[87‘6' \/M) nijlin . . is) dPx. (6.4)

il .. .’LS]
Q
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Let’s denote through ¢, a linear mapping acting upon differential 3-forms and pro-
ducing differential 2-forms such that

dz? Adx® if ¢ =1,
tg(drt Ndz? Ndx®) = da® Adat i g =2, (6.5)
dz' Adx? if ¢ =3.

Now we can integrate (6.4) by parts. The result is written using (6.5):

oL ' '
E/(W \/M) Nijlé1 ... i) d3r =

il .. .’LS]
Q

_ oL 1 : (i 2 3
_5/((%”[7 \/detg)nw[zl...zs,l] vi,(dz™ Ndx® ANdz®) — (6.6)

il...ls]

a0
0 oL ) ) 3
_5/ Dt (8bij[i1 A \/det g ) Nijli1 .. is—1] d°x.
Q

The last term in (6.6) is similar to the first term in it. Therefore we can iterate the
integration by parts in (6.6). The result is written as follows:

- ot oL ——
o _1\r—1
I(b) B Z c /( 1) Oxts—r+2 . Qxis (8()1][ ) det g ) %

— il...ls]
r=1l ga

X Mijlin .. Gs—r] Lisfrﬂ(dccl Adz? A dscg) + (6.7)

s 0° oL ~\. 3
+E/(_1) 856“ .. .8CCi5 (8()1][ ) detg ) Th]d .

il .. .’LS]
Q

The last term in (6.7) contributes to the bulk integrals in (5.17). The previous
terms contribute to the boundary integral in (5.17).

The variation of g;; in (6.2) contributes to the variational expansion of the inte-
gral (5.13) through the following term:

I(g) = s/(agifi‘c, \/m) hajlis . . .15 dz. (6.8)

il .. .’LS]
Q

Integrating by parts iteratively in (6.8), we derive a formula similar to (6.7):

- o=t oL
. _1\yr—1
I(g)—zé/( 1) Oris—riz . Oris (391'3'[1'1...1'5] \/detg)x
=1 g0
X hij [’Ll .. -isfr] [ J—— (dIl A dJC2 A dIB) + (69)

R 0° oL 3
+€/(_1) Oxi ... Oxis (391'3'[1'1 -~ -is] vV detg ) hmd x.

Q
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Further two steps are similar to the previous two. The analogs of the formulas (6.4)
and (6.8) for the dynamic variables of matter in (6.1) are

10W) = ¢ [ (G Vasta ) ilis-.idl .

i1 . i)
Q

1(Q) = s/(% \/m) hiliy . . is] dPz.

i1 .. i)
Q

(6.10)

Integrating by parts iteratively in (6.10), we get formulas similar to (6.7) and (6.9):

I(W) = ig‘ /(_1)7;1 8’“*1' - (awl- [iﬁ 7 /det g )><

Oxts—r+2 |
r=1
o0

X Ml is—p] tiy o (dat Ada? A dz®) +

s o oL T\ 3
+€/(_1) Oxh ... Oxts (3W1[ detg)md “

i1 . i)
Q

(6.11)

o pis—rt2 . i1 ... 4]
=l a0

X hilit .. is—r) ti, o (dot Ada® A da®) +
(6.12)
s 0° oL 3
+5/(_1) g g oy Vot ) '

i)
Q

Then we proceed to the variations of the scalar fields goo and bgg in (6.3). The
analogs of the integrals from (6.10) in this case are written as

I(b) = 6/(3@)(f7£' \/m) nooli1 - - -is] d®z,

il .. .’LS]
° or (6.13)
I(g) = ——/d hooliy . . .is]) d’.
(9) 6/(8900[1'1...1'5] etg) ool .. .is] d°x
Q
Integrating by parts iteratively the first integral (6.13), we get
- ot oL
I(b) = -1 — _ V/det
( ) ZE/( ) Oxts—r+2 .. Qs (8()00[1115] ¢ g)X
=1 g0
X 7’]00[i1 .. -isfr] [ P— (dCCl A dﬁCQ A dﬁCg) + (614)

.o oL — .
+E/(_1) 856“ .. .8CCi5 (8()00[ ) detg ) TIOOd v

il .. .’LS]
Q
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Similarly, integrating by parts iteratively the second integral (6.13), we get

I(g)_is/(_l)ma ar.l..axis(agooaﬁ Vit )x

s —r+2 [i1...1s)
=l 9a
X hOO[il . -isfr] Li57r+1 (dIl AN dJC2 A dIB) + (615)
0° oL
1) — : v/ det hoo d>z.
+E/( ) ox™ ... Jxts (8900[1115] ¢ g) 0o v

Q

The quantities Nij, hij; MNis h,i, 700, hoo in the formulas (67), (69), (611), (612),
(6.14), and (6.15) should be replaced with the following ones:

8b1‘j . 8W1

ij = ) ;= , 1

i ot n ot (6 6)

hij = 2 cgr bij, hi = Wi, (6.17)
ob

hoo = cgr boo, Moo = 8—(;0- (6.18)

The formulas (6.16), (6.17), and (6.18) are derived by comparing (5.14) with the
formulas (5.7), (5.8), and (5.10).

The last step in calculating the components of J consists in collecting boundary
terms from (6.7), (6.9), (6.11), (6.12), (6.14), (6.15) into one formula. Assume N
to be the maximal order of the partial derivatives of the form (6.1), (6.2), (6.3) in
L. Then from (6.7), (6.9), (6.11), (6.12), (6.14), (6.15), and (5.17) we derive

(j1d$2/\d563+j2d$3/\d561+j3d561/\d562) \/detg =

: . or-! oL
- Z Z ZZ(_l) ' Oxis—r+2 .. Oxls (8()”[11 .. ’LS] %

LA . o1 oL
+;;;;(_1)T FISRENER, b (8gl-j[i1 i
x \/M) hijliv - - ia—r) ti,_, ., (d2* A da? A dz®) + (6.19)
n N s r—1
2.2 2 o e B (7, [?f. il
x \/det g ) Milit - e iy, o (d2t Ada? A da®) +
n N s r—1
+2.0 2 (0 B B (73 [iﬁ.. ke

x y/det g ) hilit .. is—r) tiy o (dat A da® A da®) +
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N s . o1 oL
O e (e

s=1r=1

det g ) 10041 -+ - s—r) Liy_, 41 (dx* A da? A da®) +

N s o o1 oL
+ZZ(—1) ! Oris—rtz . Oxls (agoo[il...is] %

s=1r=1

(6.20)

x y/det g ) hoolit - . -is—r] ti. ., (dz' Adz? A da?).

Note that the formulas (6.16), (6.17), and (6.18) apply to the formula (6.19) con-
tinued in (6.20) as well as to the previous formulas (6.4), (6.6), (6.7), (6.8), (6.9),
(6.10), (6.11), (6.12), (6.13), (6.14), and (6.15). Note also that the partial differen-
tiation operators of the form

87“71

Oxls—r+2 ... Oxls

are omitted in those terms of (6.19) and (6.20) where = 1. The same is true for
all previous formulas where these operators are used.

7. ENERGY OF THE GRAVITATIONAL FIELD AND ITS DENSITY.

Note that the Lagrangian of the theory and its density in (2.12) is subdivided
into two parts corresponding to the gravitational field and to matter. Therefore,
applying (2.12) to (4.1), (4.2), and (4.3), we derive

E(Q) = Egr(Q) + Emat(Q)- H - ng + Hmat- (71)

Due to (2.3) and (2.4) we can calculate H,, explicitly. The Lagrangian density
(2.3) does not depend on @; and W;. Therefore

(g o

Similarly, the Lagrangian density (2.3) does not depend on bgg. Therefore

(5%2‘0)% &b = 0. (7.3)

Applying (7.1), (7.2), and (7.3) to (4.2), we derive

Lo
Her = Z Z( 5bi— )Mg bij = Lar (7.4)

The variational derivative in (7.4) was already calculated in [15], see the formula
(4.3) therein. This derivative is given by the following formula:

5Er rg 7 1.
(582 g = o (- o), 75)

QW
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Applying (2.3), (2.4) and (7.5) to (7.4), we derive

04 3 3
_ _Cer q_ —1 k
ng_167r’y 9oo (900 Zzb by Ozzbkbg_R+
k=1q9=1 k=1q=1
- (7.6)
+2A+9501229 qqugoo——ZZg qngOOngoo>
k=1 q=1 k=1q=1

This is the formula for the density of the gravitational energy. The amount of the
gravitational energy enclosed in a domain € is given by the integral similar to (4.3):

Q) = /ng\/detg . (7.7)
Q

The density Hg, in (7.7) is given by the explicit formula (7.6).

8. ENERGY FLOW OF THE GRAVITATIONAL FIELD AND ITS DENSITY.

As we noted above the total Lagrangian of the theory (2.12) is subdivided into
two parts responsible for the gravitational field and for matter. Therefore the
density vector of the total energy flow J also subdivides into two parts:

]:]gr+]mat- (81)

The first term in the formula (8.1) can be calculated explicitly. For this purpose
we apply the formula (5.17) replacing £ by Lg, in it: We know that Lg, does not
depend on @Q; and W;. Moreover we know the relationship (7.3). This yields

. Ly ob;
Lge () = L. ( +€/Z 5bg) b 83\/detgd3x+
1j
Q

=1 j=

+E/ZZ 5£gr)gbb 2¢cgr bij\/det g 3+

5
Qlljl Yij

+€/(5ﬁgr) ba.b Carboo \/det g d3x+5/(jg1rd12Adx3+
Q

dgoo
e}
+ jg2r dz3 A dzt + jggr dz' A d:cQ) det g +

We know that only the terms with partial derivatives with respect to spacial co-
ordinates x!, 22, 23 produce boundary terms in (8.2). The term with 2 A in (2.3)
does not have spacial derivatives. The terms with b’; bi and bz bi. also do not have
spacial derivatives. The rest are three terms in (2.4):

1) the term with Viq 900;
2) the term with V, goo Vq 9003
3) the term with R.
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Let’s begin with the term containing Vi4 goo. This double covariant derivative
itself is written using connection components I'; of the metric (1.3):

g 9g
Viq goo = o7 kg;q Z kq :COSO- (8.3)

Applying the variation of the metric g;; from (5.14) to F};q in (8.3), we get

3
~ 9
g =Thy+ 520" (Vihrg + Vg hir = Vihig) + ... (8.4)

Apart from the variation of the metric, we should take into account the variation
of the scalar function goo itself in (5.14). As a result we get

Viq §00 = Vg 900 + Vieg hoo —
(8.5)

wlm

3 3
ZZ (Vi Brg + Vg hier = Vi hig) Vs goo + -

The formula (8.5) is derived using (8.4). Due to (8.5) the term (8.3) contributes to
the left hand side of (8.2) through the following two integrals:

—-1/2 3 3 3

L= 167rv/goo ZZZZQST " (Vi hrg+

k=1g9=1r=1s=1 (86)
+Vyhir — Vi hkq) s goo \V/det g d?’x,

3
- / ~1/2 Z Z 9" Vg hoo \/det g d3z. (8.7)

167r’y o

Now let’s proceed to the term with Vi goo Vg goo in (2.4). The covariant deriva-
tives in this term do not use the connection components I'] ¢ T herefore this term
contributes to the left hand side of the formula (8.2) through the following integral:

3
/ ~3/2 Z Z gkq Vk goo Vq hoo vV det g dBZE. (88)

k=1q9=1

Ls = 167r’y

The term with the scalar curvature R in (2.4) is the most complicated to handle.
Applying the variation of the metric g;4 from (5.14) to R, we get the formula

R= R—sZZRU mJJrstkZ’c (8.9)
=1 g=1
where the following notations are introduced:

3 3
=22 (9", — "}, (8.10)

g=1j=1

3
1
Yo, = 5 Z 9*" (Vi hyg + Vg hier — Vi hiy) - (8.11)

r=1
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The formulas (8.4), (8.9), (8.10), and (8.11) are derived in [15]. Due to (8.9) the
term with R contributes to the left hand side of (8.2) through the integral

e

Ly = 2" [ 12N v, 7k \/det g d3z. 8.12

\ 16M/ Zk Jdetg (8.12)
Q

Now we return to the integral (8.6). This integral can be simplified and written
as a sum of two integrals. Here are these two integrals:

1

/Zszk hk v 9362) Vdetg d®x —

167{.7 k=1s=1
- (8.13)
e (35 Bt e
k=1 s=1r=1
Applying the integration by parts to the integrals (8.13), we get
_ Cérf A 9 bk v, (g1 Js
- m ZZ (900 )nk -
50 k=1s=1
Car€ S $ sk (oY) 3
Q =18
.14
Céré‘ ’ ’ sr 1k 1/2 (8 )
“Tors SN g7 b Va(geh ) nedS+
90 k=1 s=1r=1
cgrf S S Srhk 1/2 \/d—d3
+ 167~ Zzzg sr(goo ) et
Q k=1s=1r=1

Here in (8.14) through dS we denote the infinitesimal area element on the boundary

0Q of the domain €, while ny and n, are the covariant components of the unit

normal vector n on the boundary 0 €2 directed toward the outside of the domain Q.
Proceeding to the integral (8.7), we integrate it by parts twice. This yields

045 1
/2
Ly =— E quVh n, dS +
2 67~ / 00 Nk

50 k=1 qg=1

mm /ZZg Vi (900 "%) hoo g dS — (8.15)

oq k=lg=1
a 3
167rfyh/k21;g Via( 900 )hOO\/(Fd

n (8.15), like in (8.14), dS is the infinitesimal area element of 92, while nj and
ng are the covariant components of the unit normal vector n on 9.
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Now we proceed to the integral (8.8). This integral can be written as

- /Zz_g “Vi( goo )v hoo \/det g d®z. (8.16)

167r’yQ o

Integrating (8.16) by parts, we derive the following formula:

= 167r’y/zzg qVk gOO )hoonqu—F

k=1q9=1
e (8.17)

167r7/zzg "Vig(900"%) hoo v/det g d*z.

k=1q9=1
The next step is to handle the integral (8.12). Integrating by parts in it, we get

VINT gk, dS —
167r’y/ Z i 45

oQ

16M/ka a007) 2% \/det g dx.

Ly=

(8.18)

Applying (8.11) to (8.10), the following formula is derived:

Zv K — Zzg’qu h. (8.19)

g=1r=1

The formula (8.19) can be found in [15]. We apply this formula (8.19) to the second
integral in (8.18). As a result we obtain the formula

VINT gk, dS —
167r’y/ Z i 45

Ly=

o0
/ ) RAGEEN N o (8.20)
167r’y P
tTomy /ZZZW (9067) 9" Vg by /det g d’a.
T Tl g=1 r—1

Then we apply integration by parts to the second and third integrals in (8.20):

1/2 k
= Z ds —
La= 167r’y / Z i 45

oQ

k
167W/ZZV;€ ) hEng dS+ (8.21)

k=1q9=1

T

k=1q9=1

167r’y
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(8.22)

The formula (8.21) is continued in (8.22). Like in the previous formulas, in (8.21)
and (8.22) through dS we denote the infinitesimal area element on the boundary
0Q of the domain 2, while nj and n, are the covariant components of the unit
normal vector n on the boundary 0 2 directed toward the outside of the domain €.

Now let’s recall that the surface integral of the second kind in (8.2) can be
transformed to a surface integral of the first kind:

/(jglrd:cQ/\dxg—Fngr dz3 A dzt +
29
3
+jg?}dx1Adx2) v/ det :/ijnkds.
aq k=1

Due to (8.23) we can put together the boundary integrals from (8.14), (8.15), (8.17),
(8.21), and (8.22) and compare their sum with the right hand side of (8.23):

S [ - Y ) -

(8.23)

50 k=1 q=1 s=1
3 3
—1/2 —1/2
- Z 900 / g* Vg hoo + ngq Vq(goo / ) hoo —
: q:l
(8.24)
—quv g00 h00—|—gl/2Zk ZV 1/2 hkq—|—
3 3
eSS = e[S Thmeas
q=1r=1 90 k=1
Applying (8.19), from (8.24) we determine the components of the vector Jg,:
Cy & 1/2 ; A 1/2
Th = —16;( 96" Vi =" gogt g™ Vi b+
B , (8.25)
+ Zhlk Vi(90h") = D 9002 9 Vi h00>

=1

The ultimate formula for J* is produced from the formula (8.25) by applying the
formulas (6.17) and (6.18) to it. This yields

e (S S

1=1 g=1

+ Zzblk Vi(906°) Zg 2 kv boo)-

(8.26)
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The flow of the gravitational energy through a surface S is given by the formula

3
E(S) = / > TEndS. (8.27)

% k=1
The components J* of the vector Jg, in (8.27) are given by the formula (8.26).

9. CONCLUDING REMARKS.

Theorem 5.1 states the total energy conservation law within the second version of
the 3D-brane universe model that does not use the equidistance postulate 1.1.
The total energy is the sum of the gravitational energy and the energy of matter.
Theorem 5.1 is complemented by the formulas for the density of the total energy
(see (4.2)) and for the density of its flow (see (6.19) and (6.20)). The formulas for
the density of the gravitational energy and for the density of its flow are explicit
(see (7.6) and (8.26)). The formulas (4.2), (6.19), (6.20), (7.6), and (8.26) along
with Theorem 5.1 constitute the main result of the present paper. For gog = 1 the
formula (7.6) reduces to the formula (4.58) in [5], while the formula (8.26) reduces
to the formula (4.48) in [5].

10. DEDICATORY.

This paper is dedicated to my sister Svetlana Abdulovna Sharipova.
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