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1 | INTRODUCTION

This paper is an extension of the conference proceedings'#. Hypercomplex Fourier transforms experienced rapid development
during the last 30 years. A historical overview of this field can be found in”, a variety of approaches is included in®, and a recent
comprehensive textbook is'Y. For an up-to-date survey of signal and image processing in Clifford geometric algebra, see Section
6 of 2. In Definition 9 of* a Clifford algebra based hypercomplex Fourier transform producing a multidimensional analytic sig-
nal was defined. In the book® this approach is applied for the non-associative and non-commutative hypercomplex algebra of
octonions. Apart from its non-associativity, octonions have many outstanding algebraic properties (e.g. the highest dimensional
normed division algebra). Octonion Fourier transforms (OFT) have already found a wide range of applications (for more details
see Chapters 5.6 and 9.4 of®, and the references cited therein) to modulation theory, including the modulation of amplitude,
frequency, single-sidebands, compatible single-sidebands and single-quadrant modulation, Hilbert filters and signal power anal-
ysis. Further applications are to electromagnetic fields, field theory, physics, relativistic quantum mechanics, holomorphicity,
analytic signal entropy, medicine (e.g., medical image processing), noise analysis and image processing.

It is therefore of great interest for us in this work to use a recently invented minimal embedding!3'. of octonions in the Clifford
geometric algebra of three-dimensional space CI(3,0) and consequently embed the OFT in CI(3, 0). This embedding allows to
break down non-associative octonion multiplication into sums of associative geometric products, and therefore to easily apply
existing geometric algebra computing software''?!8, And it allows to establish new polar representations for octonion analytic
signals, based on the polar decomposition (exponential factorization) 1" of geometric algebra multivectors.

We first review in Section [2| fundamental properties of octonions!® and in Section [3| the new embedding of octonions in
Clifford geometric algebra CI(3,0). Then we present in Section 4| the OFT of®, as well as octonion analytic signals, and in
Section embed the OFT in CI(3, 0). Finally, in Section@ we utilize the polar decomposition of % for complex biquaternions

"Soli Deo Gloria.
0Abbreviations: GA, geometric algebra; OFT, octonion Fourier transform;
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and multivectors in CI(3, 0) to introduce new polar representations for octonion analytic signals and the reconstruction formulas
of the original real signal. The paper concludes with Section [/| references and two appendixes on new simplified formulas for
the polar decomposition of multivectors in C/(3, 0) and with example computations.

2 | OCTONIONS

Here we first briefly summarize important octonion algebra properties (see''®, pp. 300-302,155), assuming a, b, ¢, x, y € O.

Furthermore, like for complex numbers, quaternions and biquaternions, there is a polar decomposition for octonions™=.

Octonions O form an eight-dimensional bilinear algebra over the reals R with basis {1,e;,e,, €5, €4, €5, €c,€;}.
The multiplication tableﬂ is given by (1 <i,j <7)

e, xe =—1, e *xe =—e ke for i#}, € xe, | =e,;, (1)
where (i,i 4+ 1,7 4 3) can be permuted cyclically and translated modulo 7.

Via the Cayley-Dickson doubling process, octonions can directly be defined from pairs of quaternions p;, p,,4;,4, € H
(note the order of factors, qc(...) is quaternion conjugation):

(1. a) * (P2, 42) = (P12 — 4c(@2)q1s 4opy + 419¢(Py)). 2)
O has no zero divisors, i.e., ab = 0 impliesa =0 or b = 0.
O is a division algebra, i.e., ax = b and ya = b have unique solutions x, y for non-zero a.
O admits unique inverses.
O is non-associative, i.e., in general a(bc) # (ab)c.
O is alternative, i.e., a(ab) = a®b and (ab)b = ab?.
O is one of only four alternative division algebras over R: R, C, H, O.
O is flexible, i.e., a(ba) = (ab)a.

O has a (positive-definite quadratic form) norm || ... || : O — R, the norm is preserved (i.e. admits composition), such
that [|ab|| = |[alll|b]].

O is one of only four unital norm-preserving division algebras over R: R, C, H, O.

O is essential for treating triality, an automorphism of the universal covering spin group Spin(8) of the rotation group
SO(8) or R3. Triality is not an inner automorphism, nor an orthogonal matrix similarity, nor a linear transformation
CI(8,0) —» CI(8,0), nor a linear automorphism of SO(8). Triality permutes three elements in the center of CI(8,0),
namely {—1,e}5345675> —€12345673 }» With basis vectors e;, (1 < i < 8), of R8. Triality is a restriction of a polynomial
mapping CI(8,0) — CI(8,0) of degree two.
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3 | EMBEDDING OF OCTONIONS IN CLIFFORD GEOMETRIC ALGEBRA OF
THREE-DIMENSIONAL EUCLIDEAN SPACE

For readers not familiar with Clifford geometric algebra we refer to the excellent textbook1® and to the tutorial introduction'Z.
The current section summarizes the results needed from'2.
The Clifford geometric algebra CI(3, 0) of Euclidean space R? has eight basis elements

{1,0,,05,03, 10, = 043,10, = 03,105 =015, 1 =053}, 3)

!This depends obviously on deliberate ordering and sign choices for the basis elements.
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Table 1 GA CI(3, 0) multiplication table, C/(3,0) = Pauli algebra.

Left Right factors
factors 1 1o, lo, Ioy ‘ 0 ) 03 1
1 1 Io, Io, Io; oy 03 03 1
Io, Io, -1 —Ilo; oy 1 —03 (p) -0
Io, | Io, Io; -1 —loy | o3 I o T
Ios Io; -Io, Io -1 -0, oy 1 —03
oy oy 1 —03 02 1 oy —loy o
o, 0, o3 I —0 R E 1 Io, Io,
03 o3 =0y 0 I lo, —lo, 1 Toy
I I -0, —0; —03 Io, 1o, los -1

where {6,,0,,05} forms an orthonormal vector basis of R*. Its multiplication table is given in Table |1} The eight components
of a general multivector M € CI(3, 0) can be grouped by grade into the scalar part (M) = (M ), the three-dimensional vector
part (M), € R? (where usually R? is identified with the grade one vector subspace CI,(3,0)), the three-dimensional bivector
part (M), € CI,(3,0) spanned by {0,3,03;,0,,}, and the trivector (pseudoscalar) part (M ),.

We can construct in CI(3,0) an octonionic product!?, after splitting it in its even subalgebra CI*(3, 0) with basis

{17623’63]7612}7 (4)

and the set C/~(3, 0) of odd grade (w.r.t. grades in CI(3, 0)) elements
{0'1,0-2,63,1 =6123}. (5)
We will use the Clifford conjugatio (indicated by an overbar H), i.e. the composition of (main) grade involutio (M\ ) and
reversio (M). Clifford conjugation preserves grades zero and three, but changes the signs of grades one and two in CI(3,0). A

realization of the octonionic product of M, N in CI(3,0) is given by four (individually associative) geometric algebra product
terms

M=M++M_, N=N++N_9
M*N=M,N,+N_M_+N_M,+M_N,, (6)

with even grade parts M, N, € CI*(3,0) and odd grade parts M_, N_ € CI~(3,0). The multiplication table is Table with
octonionic product illustration in Fano plane diagram form in Fig. [T}
The octonion conjugate (anti-involution) in CI(3, 0) is given by

M*=M,-M_=M,-M_, (M%N)*=N*"xM*. (7

Computing the octonion norm yields (including norm-preservation):
8
IIMII=M*M*=(MM)=M*M=ZM,2, M * N = [[MI|IN]|. ®)
i=1
where M; € R, 1 < i < 8, are the coefficients of M in the CI(3,0) basis (3), and A * B = (AB) means to compute the scalar
product of A, B € CI(3,0), i.e. the scalar part of the geometric product.
The above reviewed (dimensionally) minimal embedding is very flexible. It even allows to reversely embed Clifford geometric
algebra CI(3,0) in octonions by defining the geometric product in terms of the octonionic produclﬂ (see'd, Section 3.3 for

2Note that by construction M_i = (M) ™

3Grade involution M changes the sign of all odd grade parts, i.e., of grades one and three.

4Reversion M reverts the order of all products and thus changes the sign of grades two and three.

SNote that the factors e, (later identified with the pseudoscalar I € CI(3,0)) in the last equation of @]) are essential.
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Table 2 Multiplication table for octonion embedding in CI(3, 0). The upper left 4 x 4-block corresponds to M, N_, the upper
right 4 X 4-block to N_M_, the lower left 4 X 4-block to M_N _, and the lower right 4 x 4-block to M _N_ of (6).

Left Right factors
factors 1 Io, Io, 1o, (o) 03 03 1
1 1 1o, Io, Io, 0] 02 03 1
Ie, | Ie;, -1 —Ioy Io, I o3 0 Oy
Io, Io, Io, -1 —Io, —03 1 (25} —0,
Io, Io; —Io, Io, -1 oy —0) 1 —03
o o, -1 03 —0, -1 Iey —Io, oy
0, o, —03 -1 g —loy  —1 Io,  Iop
03 03 o, —0) -1 lo, —loy =1 oy
I I o o) oy | —loy —lo, —loy -l

03

_IG2

Figure 1 Ilustration of CI(3,0) basis elements under the octonionic product () in Table see'l3 for details.

details):

M,N, e M, *N,, M_N._ N w1,
M_N+@N+*M_, M,/ N_=—(N_x%e;) % (M, xe,), )

with M, € span[l,e,,e,,e;] and M_ € span[e,, es, €, e;]. Note that on the right side of the second equality in (9), the
conjugation operation M _ is defined on the relevant octonion components as e, = —e,, €5 = — s, €, = — €, and e; = e,.

4 | OCTONION FOURIER TRANSFORM

From now on, if no brackets are given, the order of multiplication is assumed to be from left to right, e.g., ABC = (AB)C, etc.
According to Section 4.2.1 of©, the OFT of an integrable three-dimensionaff|real signal f € L'(R?, R) can be defined as

T’{f}(u) — / f(X)e—eIZﬂ'ulxle—2227m2x2e—e42ﬂu3x3d3x’ (10)
R3

with three-dimensional position vectors and frequency vectors, and volume element

X = (X],%,%;) €ERY, u=(u,uyuy) €R?,  d’x = dx;dx,dx;, (a1

SThese signals can, e.g., be temperature data in a space volume, a density distribution, local chemical concentrations, pressure data, etc.



Eckhard Hitzer | s

respectively, and octonion units {e,,e,,e,} in the exponents. As pointed out in®, any triplet of octonion units could be used
in the octonionic kernel of (I0), as long as the three do not form a quaternionic subalgebra, by that reason, e.g., the triplet
{e,,e,, e;} is excluded, compare the multiplication table Table 2.3 and its Fano plane visualization Fig. 2.2 in®. In the latter the
triplet {e,, e,, e;} clearly lies on a straight line.

Given suitable integrability conditions, the inverse OFT can be computed as

fx) =FHF{f1®) = / F{f}u)ets? g2 mXa g2 gy, dPu = duyduydus,. (12)
R3
Abbreviating s, = sin(2zu,x,), ¢, = cos(Qzu,x,), k = 1,2,3, we can express the kernel of @I) using multiplication table
Table 2.3 of®, as

e—e127ru]x|e—e22nu2xze—e42zru3x3 — (C] _ Slel)(c2 _ Szez)(c3 _ S3€4)

= C1CyC3 — $1CpC3€1 — C15,C3€5 — C1Cr53€, + $15,C3€3 + §1Cr 5385 + €1 5,53€5 — §15,53€7. (13)
The significance of this decomposition is, that therefore a real signal f € L!(R3, R) is decomposed by the OFT (T0) into eight
spectral components of distinct even-odd symmetries: {eee,oee,eoe,ee0,00e,0€0,600,000 }, where e=even, o=o0dd. Following the

multiplication table Table 2.3 of®, and using the alternative octonion multiplication property of Section we find the following
conjugations (i,j = 2,...,7)

e, I#j
a;(e;) =ee;e; = { —Jej, iz 14)
This allows to express all 7 { f }(+u,, +u,, +u3) in terms of 7 { f } (u) each time using four suitable a; conjugations. For example,
FAS Y (=uy,up, u3) = ay(az(as(az (F{f ). (15)

As a consequence the OFT in all eight octants of the three-dimensional frequency space can be obtained from the OFT only
applied to the first octant, where all three frequency components are positive (i.e. {u; > 0,u, > 0,u; > 0}).

4.1 | Hypercomplex Analytic Signal

A real signal f € L'(R,R) can be extended to a complex analytic signal with positive frequency by multiplying its Fourier
transform Fp { f }(u) with (1 + sgnu), u € R being the frequency, and back transforming

w(x) =T {1+ sgnu)Fe{f}w) }), (16)
equivalent to direct application of the Hilbert transform, where ® means convolution,
HIFWI = (0@ (), w0 = F0)+IHIf] = (660 +i—-1© £, a7
We can recover the original signal as the real part of y(x), i.e.,
£ = 3 (W) + cclw(x), ()

where cc(...) refers to complex conjugation.
Analogously, we can construct for real three-dimensional signals f € L'(R3, R) an analytic hypercomplex signal with triple
convolution by (see Section 5.2.3 of® for details)

1 1 1
w(xy, X,, x3); =[6(x)) + €, E] X [6(x,) + ezﬂT] X [6(x3) + e47[7] ® @@ f(x),x,5,x3)
I 2 3

=f 4 v,e + v,e, + U 85 + Use, + U385 + Uyz€6 + Ve, (19)

which has only three-dimensional frequency values w = (u;, u,,u5) in the first octant of frequency space, where all three fre-
quency components are positive (+ + +). The original signal f € L!'(R?, R) is the scalar real component of w(x;, X,, X;). The
corresponding analytic signals y (x|, x,, x3),, kK = 2, ..., 8 in the other seven octants are obtained by simply changing the three
plus signs in the first line of (I9) to (— + +), (+ — +), (= — +), (+ + =), (— + =), (+ — =), (— — =), respectively. And we can
recover the original signal simply by

8
1
f(x), %0, %3) = 3 ka WX, Xy, X3),. (20)
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Instead of computing w(x,, X,, x3),, k = 2, ..., 8, one by one, we can obviously also obtain them from y (x|, x,, x3), by applying
to it compositions of octonionic conjugations ([_1__4]) as, e.g., in @I) We note that®, p. 167, states for yw(x;, x,, x3); of @]): The
exact polar representation of this signal is unknown.

This outline of the OFT and its corresponding analytic first octant frequency spectrum signal may suffice here to be able
to somewhat appreciate its uniquely interesting properties, due to its octonionic kernel. For more details we refer to®. Polar
reconstruction will be discussed in Section[6]

S | EMBEDDING THE OFT IN CLIFFORD GEOMETRIC ALGEBRA OF
THREE-DIMENSIONAL EUCLIDEAN SPACE

Now we reach the main purpose of this work to extend the embedding of octonions in Clifford geometric algebra CI(3,0) of
Section[3]to a full embedding of the OFT. An essential first step is the question on how to identify the three unit octonions e, , e,,
and e, with corresponding non-scalar basis elements of CI(3, 0). In®, page 70, when defining the OFT, it is emphasized that the
choice of e, e,, and e,, for constructing the transformation kernel is not unique, but other triplets suggested always include e,,
located at the center of the Fano diagram Fig. 2.2 in®. Comparing this situation with our Fano diagram Fig. |1, we conveniently
choose the three basis blades o, —I, —I05. We observe that o, —I € CI~(3,0) are both odd-, and —Io; € CI*(3,0) is even
graded, respectively.
We therefore define the embedding in the geometric algebra CI(3,0) of the OFT of a real signal f € L'(R3, R) as

F{f}(u) — /f(X) 6—0'127!'141)(1 * e127ru2x2 * e10'327ru3x3d3x. (21)
R3

The kernel of the embedded OFT (21) can be expressed in geometric algebra, using multiplication table Table[2] as
K (X, Xy, x3) = [e7012M051 x @I2m2] 4 plos2mtsxs
=[(c; —oy5)) *x (cy + Is,)] * (c5 + I0353)
= CyC3 — 51050301 + ¢ Sc3] + cicy53005 — 5,585,030, %X I — 5,¢,530) x (Lo3)
+¢;5,530 * (Lo3) — 518583[0) % I] % (Lo3)
= CCyC3 — §1CpC30, + ¢185y¢3] + cjey53005 — 515,031 0] + 51¢,5305 + €15,5303 — 15,8310,
= cic3(cy + 5,1) — s1¢5(cy + 5,0)0) + 5155(cy — 5,1)05 + ¢y 53(cy — $,1) 05
= c3(c; — s10)(cy + 5,1) + 53(5,0, + ¢;0,0,)(c; — 5,1)
= c3(c; — s10)(cy + 5,1) + 530,0,(c; — 5101)(cy — 5,1)
= [c3(cy + 5,1) + 530,0,(cy — 5,1)](c; — 5,0¢)
= [cze!?™2% ¢ s3I o5e7 1272 (¢; — 510)) (22)
Now we observe that to change the sign of any of the three frequency components in the result, GA has seven very simple
involutions
K(—uy,uy,u3) = 03Ky, uy,u3)o5, Ky, —u,,u3) = 6312(u1, Uy, U3)03,
K@, uy,—u3) = 0, K(u;,uy,u3)o;, K(—uy,—u,,u3) = E(ul, Uy, Uz),
K(=uy,uy, —uz) = 0, K(uy, uy,u3)0,, Ky, —uy, —u3) = o-zl?(ul, Uy, U3)05,
K(—uy, —uy, —u3) = all?(ul, Uy, U3)oy, (23)
Note that the frequency sign change only operating in octonion algebra always requires a composition of four conjugations (as

e.g. in (I3)). For later use, we tabulate the action of these involutions on all basis elements of C/(3, 0) in Table 3] Note that each
involution reproduces the respective basis element up to a sign factor listed in the table, e.g., 050,03 = —0}, 6,6,6, = +0,, etc.

5.1 | Embedding of Octonion Analytic Signal in Geometric Algebra CI(3,0)

We now ask how the octonion analytic signal, defined in (I9), can be embedded in the geometric algebra CI(3,0) of three-
dimensional Euclidean space R*? Similar to our study of the kernel of the embedding of the OFT, we therefore need to apply
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Table 3 Action (sign changes) of all involutions in (23) on all basis elements A of CI(3,0).

Basis Involution
blade A 1dentlty A\ 03 AGS o3 20'3 ‘ (o AO’l O'2AO'2 0'2262 (231 A\Gl
1 + o+ o+ + + + +
0, + - - + - + - *
Io, + o+ - - + N - M
Io, + + o+ + - - - B
I + - + - + + ~ -

the embedding of octonion multiplication in geometric algebra to the convolution factor product that appears in the definition
of the octonion analytic signal in the first line of (I9). We again replace e, e,, and e,, by the three CI(3, 0) basis blades o, —1,
and —I o5, respectively, and obtairﬂ

1 1 1
{I6(x)) + alﬂ—xl] * [8(xy) — Irr_xz]} * [6(x3) — IG3H_x3]

1 1 1 1
= [6(x3)(8(x,) — I”—x2) - 1537[—)%(5(@) + Iﬂ—xz)] (8(x)) + 0, E—XI). (24)

The following threefold convolution, carried out algebraically in the geometric algebra CI(3,0), will therefore give the
embedding of the octonion analytic signal of (I9) in CI(3,0)

! ) —Io, ! (5(x2)+1%)](5(x1)+61 ! ) ®@® f(x1, %5 x3)

X1, X0, X2)1 = [0(x2)(6(xy) — I — —_— —_—
WX, X3y = [606)(30x0) — 1 p_— - pae
=f+v,0) — 0,1 —v3loy— V10, + V30, + U305 + V1o, (25)
Furthermore, the seven simple GA involutions of (23]) will also analogously yield the embedded version of the octonion analytic
signal for the other seven octants, which corresponds to changing one, two or all three signs of ¢,, —1, and —I o5, in 23):

WXy, Xy, X3)y = 03y (X, X5, X3)103, WXy, Xy, X3)3 = (7311/}(x1a Xy, X3)1 03,

lI—’(xp Xy, x3)4 = V7(x1, Xy, x3)1, lI/(xp Xy, x3)5 = ‘71V/(x1, Xy, x3)10'1,

wxy, Xy, X3)g = 0w (X, X0, X3)1 05, WXy, X5, X3)7 = 0P (X1, X5, X3) 0,

WX, Xy, X3)5 = 01 (X, Xp, X3)1 04, (26)
where in number ordering of the octants we simply follow Fig. 4.10 and Table 5.4 of®. The original scalar signal can always be
reconstructed from the eight octant specific signals of (23) and (26), and therefore from the purely positive frequency (in the
first octant of the three-dimensional frequency space) signal y(x,, X,, X3);, as

8
FGix %) = 5 P Wl @7)
k=1

which is the consequent octant generalization of the reconstruction (I8) of a real one-dimensional signal from its complex
analytic signal. The single complex conjugation in (I8) is replaced by the seven geometric algebra involutions of (26). With the
help of Tablethat has eight positive signs in the first row of scalars 1, and precisely four positive and four negative signﬁ in
each of the other seven rows, it is obvious that the sum of the eight involutions (including the identity) in (27) will give eight
times the scalar part of y(x,, x,, x3); and zero for all the non-scalar parts.

"Note the close algebraic analogy to the computation in (Z2), associating ¢, and 6(x,), as well as s, and —1/(xx,), for k = 1,2,3.
8Corresponding to a set of four elementary octonion conjugations (T4).
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6 | POLAR REPRESENTATION OF EMBEDDED OCTONION ANALYTIC SIGNAL

First we review in Sectiontwo proposals in® for polar representations of octonion analytic signals. Then in Section we
look at new candidates for polar representations of octonion analytic signals, after embedding them in the Clifford geometric
algebra CI(3,0).

6.1 | Previous Candidates for Polar Representations of Octonion Analytic Signals

For octonion signals with spectrum in the first octant (T9), Hahn and Snopek first propose in Section 7.5.2 of® a polar form with
one amplitude function Ay(x;, x5, x3) (the octonion norm of (I9)) and seven phase angle functionsﬂ D (x),%0,%x3), 1 <k L7

lllle(Xp X5, x3) — AoeeldJlee2¢26e3¢3ee7<D7ee4d>4ee5d>5 eeﬁd)ﬁ’

- 20024 12 42 4 g2 2 2 2
AO_\/f + oy o5+ oy, o+ o5+ 07, 28)
where we have omitted for brevity the arguments (x;,x,,x;) of all seven phase angles @, and all functions
[, U1, Uy, U3, V15, U3, Upg, U. After defining
¢, =cos D, (xy,%y,x3), S =sinD@(x},x5,%3), 1<k<T, 29)
Hahn and Snopek provide the 16 term reconstruction formula for the scalar real signal as
Sree(X1, X9, X3) = Agle;cye3e4¢5¢5¢7 + 515253€4C5C5C7 = 51CC35455C6C7 + €152535455C6C7
- 5152C3S4CSS6C7 + 3102S3C455S6C7 - cl62SSC4SSS6C7 - SISZC3C4S5SGC7
+ €€y 8354C5C5S7 + S| S2C384C5C6S7 + €157C3C455C6S7 — §1CpS3C485C6S7
— §1€yC3C4C58687 + € 5953C4C58657 — C1CrC354555657 — §1525354555¢57]. (30)
On the other hand, for the simpler case of three-dimensional separable real signals
’ _ 1 1 1 —
O, x5, %3) = g1(x)gr(x,)g3(x3), g € L'(R,RY), k=1,2,3, 31
the proposed polar representation and its reconstruction (see Section 7.5.2.1 of®) look much easier
!
WS (), x,x5) = Afe1 12264, ! = Al cos @, cos D, cos D, (32)

again omitting for brevity the arguments (x;, x,, x3) of Ay, ®;, ®, and @;.

6.2 | New Polar Representations of Embedded Octonion Analytic Signals

6.2.1 | Polar Representation Based on Polar Decomposition in C/(3,0)

As shown in'?, Theorem 1, there exists an elegant and very compact polar decomposition for complex biquaternions. Due to
the isomorphism between complex biquaternions and the Clifford algebra CI(3,0), this can be carried over to multivectors in
CI(3,0) as well, see't, Section 4.3, equation (49). In the following we will first summarize the polar decomposition of CI(3,0)
multivectors provided in?11 then provide a set of direct (computationally) simplified formulas for its computation, followed
by an explicit example. The simplified formulas are derived in appendix [A] and the example is fully computed in appendix B}

A summary of the polar decomposition of CI(3,0) multivectors in'?''!' can be given as follows. As for notation, all unit vectors
u (two degrees of freedom (DOF)), all unit bivectors i, (two DOF), and the central unit pseudoscalar I = 0,5 in CI(3, 0) square
to

w=+1, ip=-1, I’=-1 (33)

The even subalgebra of CI(3, 0) is isomorphic to quaternions H: CI*(3,0) = H. That means general multivectors M in CI(3,0)
can always be represented as complex (I> = —1) (bi)quaternions:

M=M_+M_=p+Iq, 34)

9Hahn and Snopek®, p. 168, state that the factor e®®7 is placed arbitrarily at the center.
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where p and g are (isomorphic to) quaternions

p=M, = ape"’ﬂip, g=1"M_= aqe“ﬂiq, a,a, € IROJ“, ii = ii =1, (35)
with unit bivectors i, i, € CI,(3,0).
The polar decomposition of M € CI(3,0) is
e%e%ix for ¢=0,
Te%e®i2 for p=0,
M=p+lq= % eiz IEIE for q = pf, (36)

! : .
e%ent e%ho® ! otherwise.

where in line three (compare (26) in''Y) we have the special case that the quotient p~'q results in a unit bivector f = p~!q. The
value of i = i, in lines one (compare (19) in'l) and three, i, = ip in line four, while in line two we have i, = i ¢~ We note that
line one is a special case of line four for @; = a; = 0. Line two (compare (19) in') is a special case of line four for @, = 0 and
a; = /2. So essentially only lines three and four of (36) matter, and we have one special (line three) case with idempotent factor
(%), signaling that M is not invertible, and one general case (line four: see Section 4.2 of'l! for all computational details) with
full exponential factorization. The latter has the necessary eight DOF: four DOF are given by the phase angles a;, k =0, 1,2, 3,
two DOF by unit vector «’ and two by unit bivector i,.

Here we present a computationally simplified set of formulas for computing the polar decomposition of a general multivector
M € CI(3,0). First we compute the central number M M € R@ IR, ie. a scalar plus a pseudoscalar (algebraically like a
complex number).

For MM = 0 we have the special case of M being a divisor of zero, i.e., not invertibl Then we can directly compute the
entities of line 3 of (36) as

— M
ay=In2+ % In(M,M,), a,=atan2({(M),|,(M),), i,= IEM;ZI for (M), #0, f=I"M'M_=M_"M_)",
2
37
where the upper star index of A* applied to a multivector A € CI(3,0) means geometric algebra duality,i.e., A* = AI"' = —AI.
And we note that in this case we have
M, =2e%e™", M_=1IM.ft. (38)

The above formulas also apply in the case of (M), = 0, i.e., M, = (M),. Then e®"” degenerates to +1, and it is simpler to
express

1+ If 1+ If o Mo (ML)
M =2(M =e% M , =1n2+1In [{(M),], f=1 =—, 39
(M), 2 e® sgn(M), 5 oy = In n [(M )l (MY, ~ (M) (39
For MM # 0, i.e., when M is not a divisor of zero (and thus invertible) we get with the normed multivector (compare (ATT))
N=—M__N +nN. Ni=<L_), (40)
MM VMM *
the general simplified decomposition formulas for invertible multivectors
1
= —In (det(M)),
o 1 n( et( ))
N_N_\} N_N,
a, = atanh< - ___>2 W=——="
N_N, IN_N,|
. (N)
@ = atan2 ((N),|,(N)y), iy = 2 for (N), #0,
I(N),|
1 — —
a; = Jatan2 ((MM)3)*,(MM),). (41)

We note that for (N), = 0, i.e., N, = (N),, the factor e®" degenerates to +1 = sgn{N ), and thus a, and i, need not to be
computed. The derivation of to (1), based on the results of !/ can be found in appendix

0MM is a factor in the determinant of M , see : det(M)=M MMM, showing that det(M) =0 & M ‘M = 0. The determinant is the same when computed in
a matrix representation of CI(3,0).
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To better understand how to compute the generic case decomposition of line four of (36)), we present the following numerical
example (see all computational details in Appendix B).

Example 6.1.

M =1+20, + 30, + 410, + 5[y + 61 = ¢!43 135744 0664051 ,1.83041
u' =0.9047 ¢, — 0.1544 6, + 0.3972 55, i, =—0.2959105 — 0.668510, — 0.682310,. (42)
We thus propose to use this new polar representation method (36)) for the embedded octonion analytic signal (23)), as one way

to answer the open question for the exact polar representation of (I9).
Now let us assume, we have a general embedded octonion analytic signal in this new form of polar decomposition

Wi (x1, %p, x3) = e®elelen!, 43)
with
a
a=a0,+a0,+a0=au, o =la=Va=/a+a+a, u= o
B
- — 1Bl =/ e -
B = b,6y3 + by04, + b30,,, a,=|B|=V-B%= by+by+0b5, ir= a—z,

byo; + by0, + by05

a

b=iy=i)(-1)= (44)

where ay, a,,a,, a3, b, b,, b; and a; are scalar functions of (x;, x,, x3), and consequently ,, a,, vector a and bivector B are
also functions of (x;, x,, x3). Note that the unit vector b is dual (and thus orthogonal) to the unit bivector i,.
What does the reconstruction of the original real scalar signal f look like? In order to answer this question, we note that

e = Mt

" =cosha, +u'sinha;, ef =e® =cosa, +iysina,, %' =cosay + I sinas, (45)
and abbreviate in this context

¢, =cosha;, s, =sinha;, ¢, =cosa,, s,=sina,, c3=cosa;, S;=sinas. (46)
Now we can expand the above polar representation of the embedded octonion signal as

W (Xy, X0, x3) = e%(c; +u's))(cy +irs,)(c5 + Is3)

= e"0(c cycy + €1 SyC505 + Sy CycU + sySycaUiy + €y T + €y 5y55in T + sycys3u T+ sy5y53u'in ). 47)

We observe that only the first term and the scalar part of the last term do contribute to the scalar part of y,
Free = (W1(X1, X5, x3)) = e®(cicyes + 515,53 in T ) = e®(cicpes + 515,53 u' - (—i3)) = e®(cicye3 — 515,531’ - b)
= e™(cicyc3 — 515,53 COS @), (48)

where in the last line we introduced the angle ¢,,, cos@,, = u' - b, between the vector a and the normal vector b of i,.
Comparing with the octonionic reconstruction result (30) in®, we see that even without the assumption of separability, we obtain
a considerably simpler, more compact and geometrically intuitive result in terms of the amplitude factor e®, the (hyperbolic)
cosines and sines of the parameters a,, a,, @; and of the cosine of the angle ¢, between the vectors a and b (normal to i,).

6.2.2 | Polar Representation Based on Polar Decomposition in C/(3, 0) and Intuition from
Separability

Another way to answer the above question for the polar decomposition of embedded octonion analytic signals can be proposed
based on analysis of a separable three-dimensional signal (3T) that leads to a decomposition of the form

Wi (X1, %5, X3) = A Ay Az [ cos(ay)e™! — sin(ay) T o3¢ | (cos(a,) + sin(a,)o, ), (49)

where the scalar amplitude- and angle parameters A,, A,, A, a;, a,, a3 are all functions of (x;, x,, x3). More general, without
assuming separability, we have

Wi (X1, x,, X3) = €% [ cos(ay)e™ " + sin(a,)ie™ | ( cos(ay) + sin(a)u), (50)
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/ a
a=a,0,+a,0,+a;05=au, a =|al=Va*>= a%+a§+a_2, u=a—,
1

\/ . B
B = b0y +byo3 +by015, oy =|B| = V-B>=1/b] + b +b], 12=a—2,

with

byo, + byo, + bso
b=iy=iy(-1)= 2233 1
@

where ay, a,, a,, a3, by, by, by and a; are scalar functions of (x|, x,, x3), and consequently a,, a,, thus vector a and bivector B
are also functions of (x, x,, x3).

The reconstruction formula for the real signal f” from the polar representation (30) amounts simply to compute its scalar part.
In analogy to ({@8)), we obtain with (note the different definitions of s, and ¢,, compared to (46))

c,=cosa;, s§, =sin@;, c,=cosa,, §,=sina@,, C3=cO0Sa3, §3=-sina. (52)

floe = (Wel (X1, X5, x3)) = e®(c a3 — 515,53 - b) = €™(ccx¢3 — 515253 COS @), (53)

where in the last line we again introduced the angle ¢, between the vector a and the normal vector b of i,. We note that the two
geometric algebra embedding based reconstruction formulas {@8) and (53) are formally identical, apart from the differences in
using hyperbolic cosines and sines at the beginning of (#6)), while only trigonometric cosines and sines are used in (32).

Remark 1. We note that in the case of a truly separable signal, like in #9) with u = ¢, and i, = —I o5, we have
—cos @, =—u-b=(uiI)={(o(—1o3)I) ={0,05) =0 (54)

and hence the even simpler result
S o = %1093, (55)

formally identical to the above (32) also found in Section 7.5.2.1 of®.

Further research has to show which of these two geometric algebra based polar representations of embedded octonion analytic
signals may be preferable.

7 | CONCLUSIONS

We have briefly reviewed octonions and their new minimal embedding in the geometric algebra of three-dimensional space
C1(3,0). We further reviewed the notion of OFT and octonion analytic signal, embedded both in CI(3,0), and finally suggested
two interesting possibilities for polar decompositions of the embedded octonion analytic signal, together with the correspond-
ing signal reconstruction formulas. In this context we have given for the polar decomposition of multivectors in CI(3, 0) new
simplified computation formulas. Further research, including concrete applications to non-separable signals, is desirable.
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APPENDIX

A DERIVATION OF SIMPLIFIED FORMULAS FOR EXPONENTIAL DECOMPOSITION IN
CL(@3,0)

Based on the general results for the exponential factorization of CI(3,0) multivectors M in1?!

computation formulas to @1).
For a general multivector M € CI(3,0) we have the additive decomposition

, we now prove the simplified

M=M_+M_=p+1q, p.q € CI*(3,0), p=M,, g=1"M_=(M_)". (A1)
For M M = 0 the multivector M is a divisor of zero and will take on the factorized form
M = ea()eazi21+TH — %e%eaziz + %e”’oe“ziz If, (A2)

with

M, =(M)y+ (M), = %e‘"ﬂe”’zi2 = %e"‘o cos a, + izée"’0 sin a,, (M) = %e"o cos a,, (M), = izée”o sina,, (A3)

and |
M_ = Ze%e™ 1T = M It = M f1. (A4)
From (A3)) we immediately find
MM, = iezaoe‘xzize—‘xziz = ie% & aq= %1n(4M+E) =2+ %1n(M+E), (A5)
and
(M),
tana, = S a, = atan2([(M),|, (M),). (A6)
(M),
For the special case of (M), =0, i.e., M, = (M),, we have
1 i
ay =2+ 3 In((M)}), e — sgn(M), = +1. (A7)
For (M), # 0, we see from (AJ) that
(M),
i = . (AB)
P M),
Finally from (A4) we then conclude
f=M'M_ 1" =M "M, (A9)
and if furthermore (M), = 0, i.e., M, = (M), this becomes simply
(M_)*
f= . (A10)
(M)

This completes the derivation of the simplified computation of the exponential factorization of a (non-invertible) multivector
M e CI(3,0) that is a divisor of zero.



Eckhard Hitzer | 13

Now we derive the simplified factorization expressions fora M € CI(3,0) with M M # 0, i.e. for M being invertible (not a
divisor of zero). Division with V M ‘M leads to a unit norm multivector

N=-M_ NN-=1L (Al1)

MM
and hence the central (scalar and pseudoscalar) amplitt?é;iven by
\/ﬁ = eWtal = gmpml MM = 225! = 2% (cos 205 + I sin2ay),
2% = \/|MM|? = <Mﬁ(ﬁ)>% = (Mﬁfﬂ“i)% — \/det(M)
& ay= iln (MM MM) = iln (det(M)), (A12)
where we notice that det(M) = MM M M, compare2™. And

(MM);I"' (MM);
(MM),  (MM),

tan(ay) = o o= %atan(((Mﬁ)Q*, (MM)0>. (A13)

Interpreting VM M asa complex number, the computation of «; and a; simply means to obtain the logarithm of the magnitude,
and the phase angle, respectively.
In'Y we find the definition of P, Q € CI*(3,0) as

P=N, = <M\/MM_1>+, O=N_I"= ((M\/MM_I)_)*, tanha, = -2 = \/é (A14)

ap PP
hence
N_)*(N_)*
a, = atanh % = atanh (A15)
N,.N,
because . L L
QO0=N_T'N.I"'=N_I""T"'"N_=-N_N_. (A16)
From we have -
,_ (Newwin), (NPT, qoP!  N.NI' NN,
u = o = 1 = 1 = 1 = p— (A17)
((Ne=eeie) |  KNP~')| [IQP7'| |N_N;'| IN_N,|
According to', we have
e = cosa, + i, sina, = e™'r = P_N_ L ((N)o +(N)y), (A18)
ap N, IN,]
hence
[(N)al (N),
tana, = a, = atan2([{N ), |, (N )), i, = . (A19)
27 N, 2 2 0 27T N,
For the special case of (N ), = 0 we have e — +1 = sgn{N ), and do not need to compute @, and i,.
B COMPUTATION OF EXAMPLE
We assume in C/(3, 0) the multivector
M =1+420,+30,+4lc,+5Ic;+61 (B20)

A first step is to norm M by division with the central square root of M M.
MM =(1 +20, +30, +4l0, + 5105+ 61)(1 — 20, —30, —41c, — 5105 + 61)
=1-4-94+16+25-36+1(12-16)=-7-41
=65 ZT AL 2x1.0436,2x1.83041 (MM, = -7, (MM), = —4I, (B21)

Ves
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showing that &y = 1.0436 and a; = 1.8304. We can check the value of «,, by computing the determinant
det(M)= MMMM =65, ay= iln det(M) = iln 65 = 1.0436,
and similarly we can check (to make the angle positive, we add 27)

a = %atanZ(—4I*, ~7) = %atanZ(—4, -7) = %(—2.6224) ~ %(—2.6224 +27) = 1.8304.

\/ MM = 10436 ,1.83041

We therefore have

and
-1
N=M\VMM = Me0436,-1.83041
=1.9519 + 1.18076, — 0.27120, + 1.70190;
—0.4520105 — 1.021210, — 1.042410, — 0.88281
=N, +N_,
Therefore

N, = 1.9519 — 0.452010; — 1.02121 6, — 1.04241,,
(N)y = 1.9519, (N), =-045201c; — 1021210, — 1.0424I5,, [(N),| = 1.5276,
N_ = —0.88287 + 1.18070, — 0.27120, + 1.70190.

And we represent N as a rotor

N, = N, |e%" = 2.4786 £0:06405X(=0.29591 3 ~0.668510,~0.6823 1) IN,| =1 / N+N_+ =2.4786,
that is
a, = atan2(|(N),[, (N ),) = 0.66405,
o AN)
iy = ——==-0.295910; - 0.6685I6, — 0.682310,.
[N Dol
We finally have

e = Ne~®rir = 24786 + 2.05170, — 0.35026, + 0.90080;,

with unit vector part

W = ——= =0.9047 6, — 0.1544 6, + 0.3972 55,
IN_N,|
and
5.1435
= atanh = atanh = 1.5574
@, = atan atanhy /=77
In summary the polar decomposition gives
M = ! 0436 15574 L0.664051, ,1.83041
u' =0.9047 6, —0.1544 6, + 0.3972 05, i, =—0.295910;5 — 0.668510, — 0.682310,.

All computations have been verified with The Clifford Multivector Toolbox for Matlab',
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