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ABSTRACT
In this paper, we present a new approximate formula based on the Windschitl’s type formula, one
of the important approximate formulas of the Gamma function. And we introduce interesting

double inequality associated with our new formula.
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1. Introduction
The Gamma function can be regarded as an extension of the factorial function and has artful
applications in statistical physics, probability theory and number theory. The big factorials arise
in the research of the pure mathematics and other branches of science. A general method is to find
approximations of the factorial function and its extension Gamma function. The Gamma function
belongs to the category of the special transcendental functions and we will see that some famous
mathematical constants are occurring in its study. It also appears in various area as asymptotic
series, definite integration, hypergeometric series, Riemann zeta function and number theory.
It is known that the Stirling’s formula
n
nl~~2m (g) (1.1)
for a natural number » has various applications in probability theory, statistical physics, number
theory and other branches of science.
As an asymptotic expansion of Stirling’s formula (1.1), one has the Stirling’s series for Gamma
function (see [1])
x\" = B,,

r(x+1)~\/%(zj exp[;m}xaw (1.2)

where B,, is the Bernoulli number.

In [2], authors remarked that Ramanujan type asymptotic expansion and established the
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following asymptotic expansion:

. " 1/(2r)
F(x+l)~\/;(£J (2’x’+2pjx”} , X —> 0 (1.3)

e =

, 1< 2rB ,
where p,=2"b,, and b, =1,b; =;Zk—+’”llbj7k,]21.
k=1

More asymptotic expansion developed by some closed approximation formulas for the Gamma
function can be found in [3-7], [12-14] and the references cited therein.
Windschitl [8] suggested in 2002 the following approximation formula for computing the
Gamma function with fair accuracy on calculators with limited program or register memory. Now
let us focus on the Windschitl’s approximation formula given by
X x/2
.1
T(x+1)~ Wo(x)=«/272x(£) (xsmh—) . (1.4)
e X
Up until now, many researchers made great efforts in the area of establishing more accurate
approximations for the factorial function, and had a lot of inspiring results.

Recently, Lu, Song and Ma [9] extended Windschitl’s formula to an asymptotic expansion that

F(n+1)~\/%[njn[nsinh[l+a;+az+-~]]n (1.5)
e n n n
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with a; =——,ay = ——,a;,, = ——,---.
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In [10], the authors provided a continued fraction approximation for the factorial function starting

from the Windschitl’s formula as follows,

n/2

n!~\/27m[£j n sinh l+ ! ol n+ b , (1.6)
e n 8l0n b,
n+——=>——
b3
n+ -
n+ -
where b, =_ﬁ’b2 29_5’b3 zw’...‘
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Other two asymptotic expansions

: (1.7)

T(x+1)~ \/%(f)x(x sinh L



re+ 1)~ (xsthZ J | (18)

n=3 X
Inspired by the asymptotic expansions (1.7) and (1.8), the aim of this paper is to further present

the following two asymptotic expansions related to Windschitl’s one as x —>0,

¥ w x/2
r(x+1)~\/%(fj {xsinhi(l + ngn B . (1.9)
n=3

e

2. Useful Lemma
To obtain the explicit coefficients formula in the asymptotic expansions and to estimate the
remainder in (1.9), we need the following lemma.

Lemma. For|?|< 7, we have

ht 22}’!B ;
S0 —Z 2 42 2.1)

2n 2n

Proof. According to [11]

2" B
th _ 2n 2n 1
coths = Z.“ (2n)! |t . (2.2)

Then we obtain that for||< 7,

sinht | 1 t
In = I(coth X — —jdx = I
t 0 X

0

0 22n 32 - 1 0 22n 32 .
n n _ - — n n 23
(Z 2n) t dx Z (2n) 1" (2.3)

n=0
The proof is completed.
3. A new type of asymptotic expansion for the Gamma function

Theorem 3.1. Asx—>0, the asymptotic expansion

¥ w x/2
F(x+1)~\/2ﬂx[£J [xsinhi[lﬁtz bz”n D , (3.1)

e

n 2k
holds with b, =12kw32kbm .
n = 2k(2k)!

Proof. By the asymptotic expansion (1.1) and Lemma we have that asx—o0,

lnF(x+1)—%ln(2ﬂ)—(x +%jlnx+x ~ i Z’:_l , (3.2)
n=l1 X

and



x 1) 1& b,
B ln[xsmh—j =3 Zx2n—l : (3.3)

X n=l

2n
where b,;— and b}i:ﬂ.
~1) 2n(2n)

(
Let T(x+1)~+2m(x/e) (xsinh(l/x)expw,(x))"'* asx —o0. Then we have that asx—>o0,

(( (x+1)- lnﬂ—( %)lnx+xJ—Eln(xsmhiB%

Z‘” 12‘” b |2 Z‘” b, —b /2)2 Z‘” 4n(2n - 2)-2%"
(( 1 -1 J 2 ~ x2n—1 J X ( x2n—1 J X 2n(2n)!x2n 2n

n=1 n=1

It is easy
exp(z wnx'"J ~ Z px" (3.9)
n=1 n=0

with p,=1 and p, = kakp _, forn>1. Thus, we use

noa

Z\ 4n(2n —2)-2%" W,
=y — - B = i 3.5
W (x) nZ::‘ 2n(2n)!x2" 2 nzz;xzn ¢-3)
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Then we arrive at

1
p1=wipy=0, p, =E(W1P1 +2W2P0):0’

P3 2%(“’1[72 +2w, p, +3W3P0):$’
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1
Py =Z(W1P3 +2w,p, +3w;p, +4W4P0):_
Ps =§(W1P4 T Wy Py W3 Py Wy py +W5P0)=

In [13], result of Theorem 3.1 is the same with our computation.
Next, using Theorem 3.1, we provide the following double inequality for the Gamma function.

Theorem 3.2. For every x>0, it holds:

" x/2 . x/2
1 ~ w, b I'(x+1) 1 ~ w, b
x sinh —exp Kk _n <——— - <|xsinh—exp —k 4 . (3.6)
[ X [kZ_;ka x D V2mx(x/e) X kZ:;ka x

Proof. For a natural number m>35, let




fm()c):lnlﬁ()c+l)—ln\/27zx—xlnx+x—§ln(xsinhlJ—E ) L,

x 2 y= x2k
Using the first inequality of (3.6) with ¢ =1/ (2x) we get

2n b'
lnl“[)cﬁL j—ln\/ xlnx+x>z = 1’;

k12k2k 1 W 2K

and

2n-1 2 2k 2n-1
2k

T Tk ln[x sinh—j <) = 2k .
kzzll 2k(2k)!x2k X ; 2k(2k)!x2k k=1 x
We get that, from (3.7),

2n+l
fon(x)=|InT x+l —Inv27 —xInx+x |- In xsinhl Iy M
2 2 x) 24y
2n+l b b /2 2n+l Wk /2 24n+2 B4n+2
2 - 2k - Z

S A 4 4 2 ) dn +2)
Similarly, using (bk - %Jz =w,, wehave

2n

fzn(x)={lnf(x +%J—h’1\/2ﬂ' —xlnx+x}—%ln(xsinhlJ—£ M
x

2 e x2k
2n ! 2n-172" 2n 4n-1
b b2 w2 2B,
> ; x2k71 x2k71 z x2k71 x4n71 (4”)(4”)‘ :

k=1 k=1

n

S From this result, we can get
2x"

Thus, we have | f, (x)|<

" x/2
1 -~ w, b '(x+1) 1 W, b
x sinh — exp — " <————~% < xsinh —exp — |+ 2
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4. Conclusions
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In this paper, we established new asymptotic expansions starting from Windschitl’s formula and

the double inequality.

References

[1] Abramowttz M., Stegun 1. A., Handbook of Mathematical Functions with Formulas, Graphs

and Mathematical Tables, Dover, New York , 1972.

[2] Chen, C.-P., Inequalities and asymptotic expansions associated with the Ramanujan and

Nemes formulas for the Gamma function, Appl. Math. Comput. 261 (2015) 337-350.

[3] Feng, L., Wang, W., Two families of approximations for the Gamma function, Numer.



Algorithms 64 (2013) 403-416.

[4] Hirschhorn, M.D., Villarino, M.B., A refinement of Ramanujan’s factorial approximation,
Ramanujan J. 34 (2014) 73-81.

[5] Chen, C.-P,, Lin, L., Inequalities and asymptotic expansions for the Gamma function related
to Mortici’s formula, J. Number Theory 162 (2016) 578-588.

[6] Chen, C.-P., Liu, J.-Y., Inequalities and asymptotic expansions for the Gamma function, J.
Number Theory 149 (2015) 313-326.

[7] Chen, C.-P., Paris, R.B., Inequalities, asymptotic expansions and completely monotonic
functions related to the Gamma function, Appl. Math. Comput. 250 (2015) 514-529.

[8] http://www.rskey.org/Gamma.htm.

[9] Lu, D., Song, L., Ma, C., A generated approximation of the Gamma function related to
Windschitl’s formula, J. Number Theory 140 (2014), 215-225.

[10] Lu, D., Song, L., Ma, C., A quicker continued fraction approximation of the Gamma
function related to the Windschitl’s formula, Numer Algor 72:865-874 (2016).

[11] Abramowttz, M., Stegun, 1. A., Handbook of Mathematical Functions with Formulas, Graphs
and Mathematical Tables, Dover, New York, 1972.

[12] Yang, Zh.-H., Approximations for certain hyperbolic functions by partial sums of their
Taylor series and completely monotonic functions related to Gamma function, J. Math. Anal.
Appl. 441 (2016), 549-564.

[13] Wang, H., Zhang, Q., A new approximation of the Gamma function by expanding the
windschitl's formula, Result in Mathematics 72 (2017) 2227-2239.

[14] Xu, A., Cen, Z., Asymptotic expansions for the psi function and the Euler-Mascheroni
constant, J. Number Theory (2017).

[15] Lin, L., Chen, C.-P., Asymptotic formulas for the Gamma function by Gosper, J. Math.
Inequal. 9 (2015) 541-551.



