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Abstract. There are two mutually exclusive concepts of the electrodynamics spin.
According to the widespread concept, the spin density is proportional to the gradient of the
electromagnetic energy density. Therefore, an unlimited plane wave of circular polarization
does not contain spin, and a real wave, limited in space, carries all spin at its boundary,
separately from energy. In contrast, according to the original concept, the spin density is
proportional to the energy density, and the spin of plane waves is not related to the existence
of the boundaries. Within the framework of this concept, we calculate the spin fluxes of
plane waves in various situations and the previously unnoticed spin flux in the dipole
radiation. The reason for the transition from this initial concept to the concept of a spin
proportional to energy density gradient is discussed.
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1. Introduction. Spin and moment of a linear momentum.
The idea of the classical spin of electromagnetic radiation, in fact, dates back to the 19th century
and belongs to Sadowsky [1] and Poynting [2]. Poynting wrote, referring to circularly polarized
electromagnetic waves: “If we put E for the energy in unit volume and G for the torque per unit
area, we have G = EA/2m».

This statement means, in particular, that a plane wave of circular polarization with intensity
[ =cE [J/ m’s], which propagates along the z-axis and is absorbed by the xy-plane, acts on this
plane with a distributed torque so that the infinitesimal area da,_ of the xy-plane receives a flux of

angular momentum, i.e. torque
dt,=(I/w)da,.

In this case, there is no linear momentum directed in the xy-plane, which could create angular
momentum along the z-axis. This statement means the existence of a density of angular momentum,
which is not a moment of a linear momentum and is generally independent of a linear momentum.

This is the situation described by Weyssenhoff [3], giving the definition of a spin liquid:
“By spin-fluid we mean a fluid each element of which possesses besides energy and linear
momentum also a certain amount of angular momentum, proportional — just as energy and the linear
momentum — to the volume of the element”. Thus, a circularly polarized electromagnetic radiation
should be regarded as a spin liquid.

At present, the torque dT, = (// ®)da, can be easily explained using the concept of photon
spin. The flux density of photons is I/ kv, and each photon carries the spin angular momentum 7.
Therefore, the spin flux density is just equal to 1/ ®.

After the work of Noether [4], this local angular momentum is mathematically expressed as
a tensor spin density (in short, the spin tensor). The spin tensor is obtained by varying the action
using one or the other Lagrangian. We use the letter upsilon as the root letter to denote the spin
tensor: Y™ . The meaning of the spin tensor is given by the formula for the infinitesimal 4-spin

as™ =Y"dv,, AW, V.= x,y,2,t. (1.1)

This means that the 4-volume dV, contains a spin angular 4-momentum dS M For example,

dS™ =Y""dV is the z-component of the spin in the volume dV . Weyssenhoff writes just about
this amount of angular momentum.
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dS™ =Y""da dt is the z-component of the spin that has passed through the area da_ in time dt, i.e.

dt” =Y"da, is the torque acting on the area da_, and Y™* is the surface density of the torque,
similar to pressure, that is, the density of the spin flux. This quantity is denoted by Poynting G (here
G is used to denote momentum volume density).

The spin tensor Y™ is similar to the energy-momentum tensor 7*". The meaning of the
energy-momentum tensor is given by the formula for the infinitesimal 4-momentum

dp" =T"dV,. (1.2)
This means that the 4-volume dV,, contains the 4-momentum dp" . For example, dp* =T*dV isa
z-component of the momentum in the volume dV . That is, T¥ = G® is the z-component of the

momentum volume density.
dp® =T%da dt is the z-component of the momentum that has passed through the area da_ in time

dt , that is, dF* =Tda, is the force acting on the area da_, and T* is the surface density of the

normal force, that is, pressure P =7T%.
dp' =T"da dt is the mass-energy that has passed through the area da_ in time dt , thatis, T“ is the
mass-energy flux density or the Poynting vector. We denote the Poynting vector / because the
letter S is occupied by spin.
Using the radius vector x' ={x,y,z} allows to enter a moment of a linear momentum

relative to the origin dL’ = x'dp’ —x’dp’. In 4-space, the moment of momentum looks like this

dr* = x*dp* —x*dp* wmm dI* =2x*dp™ (1.3)
(we use square brackets for antisymmetrization). The moment of momentum of a body is obtained
by the integration:

£ = [2x*dp* = [ 24T v, . (1.4)

This moment of momentum is the orbital angular momentum If a body or an atom revolves only

around its center of mass, the moment of momentum ™ is independent of the computation point
used. The total angular momentum of a body or of radiation is equal to the sum of the moment of
momentum and spin

JH =DM = [2:M Ty, + [YaV, (1.5)
A specific generally accepted expression for the spin tensor was obtained within the
framework of the Lagrangian formalism using the canonical Lagrangian [5-7] L=-F F w4

T = 2 AR _d
c *9(d,A,)

where A* and F v are the magnetic vector potential and the field-strength tensor of the

=—A"F" + A*F™ = 2AMFYY (1.6)

electromagnetic field, respectively. The component expressing the volume density of the spin is
T"=2A"F" =2A"'D =g EXA . (1.7)

As an example, we consider the use of the canonical spin tensor (1.7) in a circularly
polarized plane electromagnetic wave propagating along the z axis, as Soper do it [6]. The standard
expression for such a wave looks like

E =exp(ikz—iot)(x+iy) E [V/m], B=—ikE/® [Vs/m?], (1.8)
here x and y are the unit coordinate vectors, and E is the wave amplitude. Using the temporal
gauge of the vector potential (the scalar potential is zero, ¢ =0), we find the vector potential

A =—[Edt = exp(ikz - iot)(-ix+y) E/ , (1.9)
and then find the z-component of the volume spin density:
T =g REVA" Y =¢,E* | ® (1.10)



(here the bar means complex conjugation). Taking into account that the energy volume density in a
circularly polarized wave is €,E”, we see that the ratio of the energy density to the spin density in
the wave, @ _is the same as the ratio of the energy of photon 7 to its spin 7.

The use of the spin tensor makes it possible, in particular, to check the conservation law of
angular momentum, to detect the spin radiation of a rotating dipole and the transfer of spin to a
mirror, and to explain the result of the classical Beth's experiment.

2. Spin conservation when reflected from a moving mirror

2.1. Formulation of the situation
We consider the reflection of a plane wave of circular polarization at normal incidence on a moving
mirror in order to demonstrate the law of conservation of spin, along with the laws of conservation
of momentum, energy, and the number of photons. For definiteness, a receding mirror is
considered. It is shown that the number of returning photons is less than the number of incident
photons by the number of photons that fill the space vacated by the receding mirror. In this case, the
energy of the returning photons 7® turns out to be less due to a decrease in frequency due to the
Doppler effect, while the photon spin % remains unchanged. Therefore, the energy in the returning
wave decreases more significantly than the spin decreases. This corresponds to the fact that a
moving mirror, when the wave is reflected, receives energy, but does not receive spin. The results
were presented in [8].

The Maxwell tensor in Minkowski space [9 (12.113)],

T = g F F™ + g F, F** 1 4, (2.1)
is used for the calculation of momentum and energy
We consider the incident plane wave of circular polarization (1.8)

E, =exp(ik,z—iwt)(x+iy)E, [V/m], H, =-ie,cE, [A/m], ck, =®, (2.2)
and, respectively, the reflected wave
E, =exp(-ik,z—io,t)(x+iy)E,, H,=ie,cE,. ck, =, (2.3)

As is well known [10], the frequency ratio of the reflected and incident waves coincides
with the ratio of the amplitudes of these waves and is given by the formula

® _E _1-p

= , 2.4
o, E 1+ 24)

where B =v/c, and v is the speed of the mirror.

2.2. Momentum flux density, i.e. pressure P
The wave, which impinges on the moving mirror, has the frequency related to the mirror, according
to the Doppler effect [11, § 48],

o, =, =P 2.5)
1+
and, respectively, has the amplitude
E,=E, ﬂ (2.6)
1+B

We consider a superconducting mirror, thus the magnetic field doubles on the mirror, and the
electric field is zero:

H, =2¢,cE,(x+iy)exp(—i®,t) . 2.7)
Therefore the pressure on the mirror is defined by the formula Py =7, =pu,H>/2 and turns out to
be equal to

P, =T =wR(H H +H H }/4=2¢ E; =2¢E % [N/m?]. (2.8)



In addition to the momentum flux, which gives pressure on the mirror, there is a filling of
the space vacated by the moving mirror by momentum. The volume density of the filling,

G* =T +T,", consists of two parts, belonging to the incident and to the reflected waves:

T1U + TQZI = gZZ (FIZXF'IXI + F'lzyFlyt + FZZ)CFZXT + FZzyFZyt) (29)
G = TIZI +T2Zt = _%(_Blzxﬁlxt - Blzyﬁlyt - Bszﬁgt - BZzyBZyt) /2
E}  E; El4
S L W A P L A NN (2.10)
c c ES  c(1+PB)
This filling requires the momentum flux density G “v, which we call P
» z 80E12 4[32
P=Gv= oo 2
(1+B)*> [N/m7]. 2.11)
The total flux density is equal to:
2 2
PP +P=2e,r2| B B |5 p2 1P (2.12)
1+ (1+P) 1+B)

This total flux density is provided by the oncoming flux density P =7, + 7, . Really, in
accordance with the formula (2.1), we have expressions such as
T =g=“(F,F*+F_F"+ FZ.VF”Z +F ,F" + Fnyyx + Fy,F”’)/Z

=—(B,H"™ +BZ),H” —E D" —EyDy)/Z, (2.13)
T =W (H}+H})/4+e (E.+E})/4=¢,E’ (2.14)
for the incident or reflected waves. Thus the total momentum flux density,
E? 1-B)* 1+ B2
P=T"+T7 =¢,(E’+E;)=¢,E (1+—%) =¢,E| 1+ ( B)z =2¢,E; b =, (2.15)
E; (1+B) 1+B)

coincides with expression (2.12).

2.3. Energy conservation law
The pressure on the mirror P, (2.8) produces a work because of the movement of the mirror. The

corresponding mass-energy flux density is equal to:
Py 2e,El 1-
1,= o =28k Bg["f} (2.16)
m-s

c’ c 1+P

In addition, there is a filling of the space vacated by the moving mirror by mass-energy. The
volume density of this filling, u =<T," +T," >, consists of two parts, belonging to the incident and
to the reflected waves. Taking into account formula (2.1), we have expressions such as

T" =g"(F F" +F,yF"" +F F* + F F®+F _F*+F_F~)/2
=(E,D"+E,D’+B_H" +B _H")/(2c%), (2.17)
<T" >=g,(E: +E)/(4c®)+ o (H. +H})/(4c*)=€,E* [ ¢* [kg/m’]. (2.18)
for the incident or reflected waves. Thus the total mass-energy volume density equals
e, El . E;  €E; 1-B)° | 2e,E! 1+P°
u=<T"+T) >=¢,(E] +E;)/c’ =—>"1 21 (1+—22) = 21 1+ ( B)z = 02 ! b - (2.19)
c E 1+B) ¢t (1+P)
This filling requires the mass-energy flux density, which we call I =uv,
ey 2¢,E} 1+p°
c (1+P)’

B. (2.20)

The total mass-energy flux density,



IO+I~:280E1 1—B+ 1+[32 B 480E1[32 [kg} 221)
c |[1+B (1+P) c(1+B)* | m?s

is provided by the Poynting vector [ =<7, +7,° >. Really,

T +T, =g=(F_F"+F, FW +F, F,"+F, F")=—(-B,_D; BlZ‘Dy B, D] - 2st ),
=Wo&(H, E — Hlely +H, E, -H, E,,), (2.22)
2 2 Q2 2
[=<TF+17 >=80 g2 _ g2y =8fi (g _ E?)_E 2 P P)_|_ deLB (2.23)
c c 1+p) c(1+P)

The value (2.23) coincides with (2.21).

2.4. Conservation of the number of photons
The volume density of photons, 7, in the space, vacated by the moving mirror, is obtained by
dividing the portions of the energy density (2.19) by the energy of a single photon, i.e. by 7®, or by

ho,

[1/m’]. (2.24)

n:so(Elz N E; ):80E12 14922 SEZ{ 1- B} 2¢ E]

how, ho, h, o, ho, 1+B] 7o, (1+P)
Due to the motion of the mirror the number of the photons increases. This requires the photon
number flux density

2¢ E;
S LA T EN (2.25)
ho,(1+pB)
This flux density is provided by the difference of Poynting vectors from formula (3.8)
1z 1z 2 2 2 2 _ 2
<L+ T, e —SOC(EI _E )zé’oElC(l_&):%ElC 1_1 B __2&Ey . (2.26)
ho, ho, ho, ho, hao, , hao, 1+ hod+p)

Photon number flux density (2.26) coincides with the flux density (2.25).

2.5. Conservation of spin
The number of photons can be calculated not only on the basis of wave energy, but also on the basis
of wave spin. The volume density of wave spin is given by the component of the canonical spin
tensor (1.7)

TV = _2A[XFY]T — _Any + Any [Js/mS], (227)
and the spin flux density is given by the component
TO: = DAY = AH +AH, [J/mz]. (2.28)

Note that the lowering of the spatial index of the vector potential is related to the change of the sign
in view of the metric signature (+——-).

Since for a monochromatic field A, = —.[ E, dt =—iE, |/ ®, densities (2.27), (2.28) can be

expressed through the electromagnetic field:

T = (E.D,—iED,)/o®, Y% =(-EH —iEH)/ ®. (2.29)
In our case of reflection from a moving mirror, according to (2.2), (2.3), volume density of the spin
is equal to:

Y =R((E,,D,, —iE, D,) ! o +(E, D, —iE, D, )/ 0,}/2
ZSO(E_12+E_22):ﬂ(1+&):£OE12 {1 1- B} 2¢,E; ’
o, ) X o, o, 1+ o,d+P)
and the photon volume density is given by dividing by # and coincides with the value (2.24).
The spin flux density is equal to:
Y =R{(—iE H,, —iE H, )/ o+ (-iE, H, —iE, H, )/ ®,}/2

(2.30)



_ goc(E_f_E_j) _gEc (102 _ g,Elc {1_ 1—[3} _ 28,Elv , 2.31)
. o, o, o, o, 1+B] o, (1+P)
and the photon flux density is given by dividing by 7 and coincides with the value (2.26).
Naturally, the increase in the amount of spin is provided by the spin flux:
YTy =0_"". (2.32)

3. Spin absorption by a moving absorber

3.1. A symmetric absorber
In Chapter 2, the spin tensor (1.6) and the energy-momentum tensor (2.1) are used for calculations
fluxes of energy, momentum and spin when a plane circularly polarized electromagnetic wave (2.2)
reflects from a moving mirror. But these calculations concern no absorption. In this Chapter, we
consider such a wave, which falls on a moving "symmetric absorber". We demonstrate the transfer
of momentum, energy, and spin from a plane circularly polarized electromagnetic wave into the
absorber. Lorentz transformations are used for these flux densities because our absorber moves. The
given calculations confirm that spin is the same natural property of a plane electromagnetic wave,
as energy and momentum. The results were presented in [12].

We call "symmetric absorber" a medium, which is both dielectric and magnetic with € = L.
Such a medium does not require generating a reflected wave; this simplifies formulas.

So, let a plane monochromatic circularly polarized electromagnetic wave (1.8)

E =exp(ikz —iot)(x+iy) E [V/m], H=-ig,cE [A/m], ck=w 3.1
impinges normally on a flat x,y-surface of the absorber, which is characterized by complex
permittivity and permeability € = and moves along the z axis with a speed v.

As is well known, the wave (3.1) carries the volume density of mass-energy u, the flux

density of mass-energy (the Poynting vector) 7, the volume density of momentum G, and flux
density of momentum (pressure) P, as described by the formulas (2.1)

2 2
T"=u=£[k—g}, T’Z=T”=1=G=ﬂ{§}, TZZ:PZSOEZ[kg :ﬂ}, 3.2)

¢ | m’ c | m’s ms® m’
Besides, according to (1.6), the wave carries the volume density and the flux density of spin
Y =2AF" =R{-AD +AD,}/2=¢E | 0=uc’/® [Js/m’], (3.3)
Y =2A"F  =RIAH +AH } 2=¢cE* | 0=1c" /o [J/m’] (3.4)

(A, :_.[Ekdt:_iEk/m’ F“=D,=¢E,, F*"=H,, F*=-H , H =-ig,E, areused).

But because of Doppler Effect [11 § 48], our wave has lesser frequency and, according to [10], has
lesser amplitude relative to the moving absorber

m’:m/ﬂ, E'=E 1-p (3.5)
1+ 1+

where B=v/c. So, relative to the absorber, the impinging wave is expressed by the formulas
E =exp(ikz—io't)(x+iy) E', H =-ig,cE’, ck'=a’ (3.6)
Accordingly, the flux densities prove to be lesser relative to the moving surface

’2 ’2
u,:i:uﬂa I,:i: Q’ P’:eoE,z:Pﬁ' (3.7)
¢ 1+B ¢ 1+B 1+
7”2 _ 72 _
Y :_£0E = —1 b D e =£ =1 ﬂ (3.8)

o 1+B o 1+B



3.2. The Lorentz transformations of flux densities of mass-energy and momentum
However, from the viewpoint of an observer at rest, these latter quantities, i.e. mass-energy and
momentum flux densities through the surface, have other values. These values must be found by the
Lorentz transformations for coordinates of a 4-point and for components of 4-momentum

e t+v7'lc? 7+t 3 m’ +vp’/c? _p4vm’

o e T e U e

We denote these flux densities by ,,P, . Taking into account that densities satisfy the equations,
I,=mlat,Py=plat, I'=m'/at’, P"=p’/at’, (3.10)
where a is an area, which is not being transformed, and substituting values (3.9), when 7’=0, into
expression (3.10), we get Lorentz transformations for the flux densities
I,=I'"+W/c*, Pp=P'+Iv. (3.11)
So, from the viewpoint of the observer at rest, the flux density of mass-energy, which enters into the
absorber, equals

3.9

’ 2 2
LT E JE e Sy
c c 1+ ¢ 1+ c

Note, the pressure is Lorentz invariant when reflected, / "=0,and [ 0 =VP,/ ¢’ (2.16)!

I,=1'+ (1-B)=11-B)=I'(1+P) (3.12)

3.3. The Lorentz transformations of spin flux densities
Spin transforms differently. In order to transform it to the laboratory at rest, we must take into
account that the angular momentum flux density satisfies the identities

Y,=J/at, Y'=J/ar, (3.13)

where J = J’ is an angular momentum relative to the axis z, which is not being transformed.
Taking into account (3.9), equations (3.13) yield the spin flux density that enters the absorber from
the viewpoint of the observer at rest:

2
rﬁzYWVnzgﬁgwﬁ Eﬂ—szma—m=Tkaﬁ% (3.14)
® +

3.4. Filling of the space with mass and spin
Flux density I, (3.12) is lesser than flux density / (3.2), which is brought by the incident wave.
The difference between the mass fluxes (3.2) and (3.12) is spent on filling of the space that is
vacated by the moving absorber. This filling requires a mass flux density, which we denote I,
[=w=1Ip. (3.15)
As a result, we obtain the simple equality
I=1+1I,. (3.16)
The absorbed spin Y (3.14) is lesser than the incident spin 1™ (3.4). The difference is the
spin that fills the space vacated by the plane. Spin volume density is given by the component of the
spin tensor Y™ =Y"*/¢ (3.3). So, the filling of the space requires
T2 =Yy =YT9B.
As aresult, we obtain a simple equality
YO =T Y,
which is similar to (3.16).
But it is desirable to demonstrate the mechanism of the absorption of mass and spin flux
densities, I” (3.7) and Y™ (3.8), in the symmetric absorber. See next section.



3.5. Absorption of energy and spin
According to (3.6), the wave propagated in the absorber is described by the formulas
E =exp(ik'kz —iod ) (x+iy)E', H =—ie,cE, ck'=a k= en=e=p=k +ik, (3.17)
The mechanism of the absorption in dielectric was explained by Feynman [13]. According to the
explanation, the rotating electric field E' = exp(—io't)(x+iy) E” exerts a torque T=dxE" on the
rotating dipole moments of molecules d of the polarized dielectric and makes a work. The power
volume density of this work is

w, =[P, xE|&’ [J/m’s], P, =(E-DgFE, (3.18)

P, is the polarization vector, and
P xE [J/m’]
is the rorque volume density2 . The calculation gives

0), ey ey 0),8 = V= 0),8 7’ . . V4
w, = 7%{}’8XE}, -PE}= T"‘ER{ (e-1)EE,-E E)}= TO exp(—2k’k, 2)R{(e—1)(—i — i) }E”
= w'e, exp(—2k’k,2)3(e-1)E” = e, exp(—2k’k,2)k,E” . (3.19)

Naturally, the rotating magnetic field of electromagnetic wave (3.17) makes the same work
over rotating magnetic dipoles in the absorber.

P xH|u, & [J/ms], P, =@u-HH, (3.20)

w, =0R{P, H —P, H ), /2=o'nR{(W—1)(H H —H H)}/2. (3.21)
Substituting value (3.17) for the magnetic field into (3.21), we see that the work of the magnetic
field is equal to the work of the electric field
w, =0eR{(e—INEE, —EE)}/2=w,. (3.22)
The energy flux density, I® (not mass flux density "), which is carried to the surface of the
absorber by the wave, can be obtained by the integration of the total power volume density,
w=w,+w, =2w, =20, exp(—2k’k,2)k,E”, (3.23)

wl‘ﬂ =

over Z
we

’

I¢ = [ 2w.dz = 200e, | "exp(-2kk, )k, E”dz =—L E” = g cE” [#} . (3.24)
This coincides with Ic* (3.7).
But we must recognize that the torque volume density3

1. =w/® =P, xE+P, xH'u, =2¢,exp(—2k’k,2)k,E”, (3.25)
which brings energy into the absorber, is also a volume density of the angular momentum flux, i.e. a
volume density of the spin flux, which enters into the absorber. The torque volume density 7_
produces specific mechanical stresses in the dielectric [14]. And the torque volume density requires
spin flux density, which is brought onto the surface of the absorber by the wave. We get this spin

flux density by integrating the torque volume density 7_ over z.
/Xy, o 7 4 1 °° I, ? /7
T = [P XE + P, xH,|de =— [ (w, +w, )dz == =~ 7 |:J_2} - (3.26)
0 0) 0 0 ()
This coincides with (3.8).
The results of this Section concerning the absorption of energy and spin in dielectric were
first published in [15].

Do you remember? Poynting's G is a torque surface density!
* We mark pseudo densities by index tilda. The torque volume density T_ is a pseudo density, as
opposed to the torque T.



3.6. The use of the energy-momentum and spin tensors
In this Section, the same results, (3.23) and (3.25), are obtained directly using the energy-
momentum and spin tensors (see also [16]).

So let the wave propagated in the absorber is described by the formulas (3.17) (without
stroke)

Fu={E,=F, =LE =F =i, B'=F_ =—ig/c,B' =F,_=g/c}exp(ikkz —iot)E ,
ck=0, k=+Jepm=e=p=k +ik,, (3.27)
F*™ =(D"=F" =gg,, D' =F" =ieg,, H = F” =—ice,, H = F* = cg, }exp(ikkz —i®)E . (3.28)
Using the Maxwell tensor (2.1) yields the Poynting vector in the absorber

T =R{F,F* +F, F*}/2=ExH = ce, exp(-2kk,z) E’ (3.29)
Power volume density of the released energy in the absorber is
w=-0_(ExH) = 2k,0¢, exp(-2kk,z)E* . (3.30)

This is (3.23).
Using the spin tensor (1.6) and A, = —J- E.dt =—iE, / ® yields the spin flux density in the
absorber
Y= R{-AF*+AF*}2=R{AH +AH }/2=ce exp(-2kk,2)E*/®.  (3.31)

The torque volume density from the absorbed spin in the absorber is
T =-0_ Y ™=2k,g, exp(—2kk,2)E* [J/m’]. (3.32)

This is (3.25).

4. Absorption of energy and spin by a conducting medium
In Chapter 3, the energy-momentum and spin tensors were used to calculate the energy absorption
and spin in a non-conductive symmetric absorber. In this chapter, the same tensors are used to
calculate absorption in an electrically conductive medium [17,18].
Let

E =expli(kz —)](x +iy), B=expli(kz—1)lk(-ix+y), k =k, +ik, (4.1)
is a damping plane circularly polarized electromagnetic wave, which is propagated in a conducting
medium for z>0. We set £, =4, =c=w=1, and we indicate complex numbers by the breve

mark: k . The equations (4.1) mean that

Fu={E ,=F,=LE =F, =i, B*=F =-ik, B’ =F_=k}exp(ikz—it), (4.2)

FW ={F"=—1,F" =—i, F® =—ik, F* =k }exp(ikz —if). (4.3)

VYpaBHenus: Makcpeia ﬁwﬁ = 3»8[YF04,)J JIJISI MAarHUTHBIX TOKOB gwﬁ MOKa3bIBAIOT, YTO MATrHHUTHBIC
TOKHA OTCYTCTBYIOT, HAIIpUMEDP

&, =0.F, +0,F, = (iki—iik)exp(ikz—it) =0 (4.4)

Vpasuenus Makcgesna j* =9, F™ 1isl 21eKTpUUECKUX TOKOB JIA0T
J =0,F"+0 F* =(i—ik*)exp(ikz—if), j' =0,F"+03_F® =(-1+k*)exp(ikz—it)  (4.5)
3akon Oma, j*' =7YE", j* =7E’, onpenenser k:
k*=1+iy, v=2kk, (4.6)
rac 'Y CCTh BCIICCTBCHHAA NPOBOAUMOCTD. Ho 310 HE CYHICCTBCHHO IJIs HAC.
Bonna (4.1) co3naercs nagaroniei 1 oTpa)XeHHON BOJIHAMM, paclpocTpaHsiomumMucs npu z <0:
E, =expli(z—)](1+k)x+iy)/2, B, =expli(z—1)]1+k)(—ix+y)/2, (4.7)
E, =expli(-z—-1)]1- E)(X +iy)/2, B, =expli(-z—1)](1- lg)(ix -y)/2 (4.8)
are the incident and reflected waves for z <0, respectively.



Vector potential waves can be written by the formula A = —I Edt =—iE

A =exp(ikz — i) (—ix+Y) , (4.9)
A, =exp(iz—in)(1+k)(=ix+y)/2, (4.10)
A, =exp(—iz—in)(1—k)(=ix+y)/2. (4.11)

The use of the Maxwell energy-momentum tensor gives the Poynting vectors of the waves:
T =R{—F,F"}/2=R{E*B’ — E’B*}/2=R{e ke, — (—ie, )(—ike,)}/ 2 = k exp(-2k,z), (4.12)
T" =R{E'B; —E'B;}/2=R{(1+k)e(1+ k)e—(1+k)(=ie)(1+k)(—ie)}/ 8= (1+ 2k, +k*)/ 4,

(4.13)
T =R{E;B) —E;B}}/2=R{(1-k)e(1-k)e—(1-k)(—ie)(1 - k)(=ie)} /8 = —(1—2k, + k>) /4,
(4.14)

T+ =T . (4.15)

Here we denoted to shorten the record: e, = exp(iEz —it), e=exp(iz—it), or e =exp(—iz—it) and
k* = kk

The use of the canonical spin tensor (1.6) gives the spin fluxes in the waves:

YU=R(-AF+AF}/2=R{A'B' + A'B"}1 2 =R{ig .k (—ie,) + eke, }/ 2 =k, exp(-2k,2),

(4.16)
T =R(A'B; +A'B' Y1 2=R{(1+k)ie(1+k)(—ie)+(1+k)e(1+k)e} /8= (1+2k +k>)/ 4
(4.17)
T =R(AB; +AYB)Y 1 2=R{(A-k)ie(1—k)(—ie)+(1—k)e(1—k)e} /8 =—(1—2k +k*)/ 4
(4.18)
YRY =Y (4.19)

The difference between the energy and spin fluxes in the incident and reflected waves is absorbed
in the medium. The equality between the energy fluxes (4.12) — (4.14) and spin fluxes (4.16) —
(4.19) is natural because energy of photon 7 equals spin of photon 7 if ®=1.

It is natural that the absorbed power density satisfies —0 7" = (j-E) . Really,
-0 T" =2kk, exp(—2k,z) and

G-E) =R{J'E + JE’} 1 2=R{i(1-k>)— (k> =1)(=i)} / 2 = 2k k, exp(=2k,z) 4.20)

It is important that absorption of the spin flux densities —0_Y™* equals the torque volume density
T, =(jxA)"Y [18]. Really
=0, Y "= 2k k, exp(-2k,z) , and

JXA =R(jTA = j7 A"} 2 =2k k, exp(=2k,z) 4.21)

The torque volume density T, = jX A is analogical to the Lorentz force density f = jxB

ki s ik s
—0T" = jF" =jxB. 4.22)



5 Radiation of spin by a rotating dipole
5.1. Emission of energy and moment of momentum according to the classical
electrodynamics
As is known, a rotating electric dipole or two dipole oscillators perpendicular to each other,
p* = pexp(—imt), p’ =ipexp(—imt), (5.1)
radiate electromagnetic waves. (In this Chapter, p denotes electric dipole moment) The power and
the angular distribution of this power (Fig. 1) are, respectively, [11 § 67, Problem 1], [19]

P= 0)4p2 /6758003 , (5.2)
dP/dQ =" p*(cos’0+1)/321°g ¢’ (5.3)
where dQ =sin 040d¢ (We use the system of units where divE =p/¢g). The polarization of this

radiation is circular along the axis of rotation and is linear in the plane of rotation (Fig. 3).
The electromagnetic field of a rotating electric dipole contains moment of linear momentum

L., which flux is [11 § 72, § 75]
dL. /dt =’ p* | 67:E,c”, (5.4)

Tthis flux is located in the neighborhood of the plane of rotation where the polarization is near
linear. The angular distribution of the moment of momentum flux, according to [20-24] (see Fig. 2)
is

dL./dtdQ =’ p’sin® 0/167°g,c”. (5.5

Heitler noted [25], “The angular momentum (5.4) is not contained in the wave zone, where

the field strengths are perpendicular to r and behave like 1/r . In this zone L, vanishes: L_ is

proportional to E”, and E” ~1/r>”. So, we must recognize that this flux is not a radiation; this is
an orbital angular momentum flux, although Heitler claims that it is spin radiation: “the
contributions to L_ arise from a subtle interference effect”.

The presence of the orbital angular momentum in the field of a rotating dipole is naturally.
This field is a multipole field of order (I =1, m =1). And equalities (5.3) and (5.4) are in the
agreement with formula
dL, /dt =mP/®. (5.6)
This formula is from [25], [9 (9.144)].Equation (5.6) is an additional proof that the moment of
linear momentum L_ is not a spin. According to (5.6), each photon has an angular momentum

L, =mh,not h.

5.2. Spin radiation by a rotating dipole in the frame of the electrodynamics
At the same time, the modern electrodynamics does not notice an angular momentum flux in the
direction of the axis of rotation, where the radiation is intense and the polarization is circular,
although it was suggested as early as 1899 by Sadowsky [1] and as 1909 by Poynting [2] that
circularly polarized light carries angular momentum volume density, and the angular momentum
density is proportional to the energy volume density.

The classical experiments [24 — 27] confirm that the angular momentum density is
proportional to energy density. In these experiments, the angular momentum of the light was
transferred to a half-wave plate, which rotated. So, work was performed in any point of the plate.
This (positive or negative) amount of work reappeared as an alteration in the frequency of the light,
which resulted in moving fringes in any point of the interference pattern in a suitable interference
experiment. So, it is natural to recognize a spin radiation (5.1) along the axis of rotation. A
calculation of this spin radiation is presented here.
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The spin volume density €¢ EXA (1.7) is integrated over a thin spherical layer (of thickness
dr), which surrounds the source of the radiation, and then the integral is divided by df on the
assumption dr/dt = c . So, the formula for the spin flux is

ds® 1dt = [Y™'r’dQdr/ dt, (5.7)
The expression for radiated electric field [19, 30] is used
o’ (pr’ = (pr)r)

4me,c’r’

E=

exp(ikr —imt) (5.8)

0 p(rt = x* —ixy) o’ p(ir® —xy —iy®)

E, 4TC806‘2r3 exp(ikz —iwr), E, = 4TC80C21‘3 exp(ikr —imt) (5.9)
A=—[Edt=—E/o. (5.10)
Inserting (5.1), (1.7), (5.9), (5.10) into (5.7) yields the time averaged spin flux:
ds® 1dt =R[e,(E A, —E,A)cr’dQ)2 =R |ie,(E E, - E,E,)er’dQ/20. (5.11)
Here
(E,E,-EE,)
= %[(F2 — x> —iyx)(=ir’ —xy+iy>) = (ir’ —xy —iy>)(r> = x* +iyx)] (5.12)
l6m e, c'r
_ _l(l)4p2Z2 _ —l(D4p2 COSZ e
8n’ecctrt  8mlelctr?
Inserting (5.12) into (5.11) yields
3.2
ds™ Jdt = [P cos* 0dQ. (5.13)
16w e, c
So, the angular distribution of the spin flux (see Fig. 4) is
ds./dtdQ =o' p*cos’ 8/16m°¢,c’ . (5.14)
Integration of equality (5.13) gives the spin flux
dS. ldt=w’p®/12mec’. (5.15)

These results were presented in [31-34].
Thus the total angular momentum flux, orbital + spin, (5.4) + (5.15), is

dJ.ldt=dL. /dt+dS, /dt=w'p’/6me,c’ +® p*/121me,c’ =’ p’ /dme,C’. (5.16)
Thus, the total angular momentum flux exceeds 1.5 times the value now recognized (5.4).



Note that for 8 =0, i.e. where there is no orbital angular momentum (4.5), according to (5.3) and
(5.14), the photon relation is valid:

(hw energy) = (% spin), dPdt=adS,_ = (@’ p* /167L'2€0c3 )dQudt . (5.17)

5.3. Spin radiation by a rotating dipole in the frame of the quantum mechanics
It is remarkable that the result (5.14), dS, / dtd Q o< cos? 0, for the angular distribution of z-
component of the spin flux was obtained by Feynman beyond the standard electrodynamics. Really,

the amplitudes that a RHC photon and a LHC photon are emitted in the direction 0 into a certain
small solid angle dQ are [35 (18.1), (18.2)]

a(l+cosB)/2 and —a(l—cosB)/2. (5.18)
So, in the direction 0, the spin flux density is proportional to
[a(1+cos0)/2]* —[a(l—cos0)/2]* = a’ cos. (5.19)
The projection of the spin flux density on z -axis is
dS./dtdQ o< a® cos® 0. (5.20)
Note that the Feynman’s method gives the power distribution (5.3) as well:
dP/dQ =< [a(1+cos0)/2]* +[a(l-cos8)/2]* =a’(1+cos® 0)/2. (5.21)

6. Radiation reaction to an emitting rotating dipole

6.1. Is there a violation of the momentum conservation law?

Chapter 5 presents an amazing result. A rotating dipole emits power (5.2)
P=0)4p2/6n£003, (6.1)

The dipole receives this power from the source of rotation, which for this must act on the dipole
with a torque 7= P/ . In this case, the source of rotation will transmit to the dipole, in addition to
the energy flux P, also the moment of momentum flux 7= P/@. However, according to (5.16),
the rotating dipole emits a flux of angular momentum, which is one and a half times greater than
7= P/ w, due to the radiation of the spin:

dJ ldt=dL /dt+dS, /dt =’ p*l6me,c’ + ' p*/121me,c’ =’ p® /4me . (6.2)

Thus, a rotating dipole emits more angular momentum, ’ p2 / 471'80(:3 , than it receives from the

source of rotation, 7=P/w=w’ p*/ 67[80c3 . A problem arises with the implementation of the law

of angular momentum conservation in relation to a rotating dipole. In this regard, it is interesting to
study the mechanism of energy and angular momentum transfer from a rotating dipole to an
electromagnetic field. What is the field response to a rotating dipole? How does the field affect the
dipole, from which the field receives energy P and angular momentum per unit time 1,5P /@ ?

As arotating electric dipole, we consider a pair of oscillating dipoles perpendicular to each

other and having a quarter-period oscillation shift in time (5.1),
p* = pexp(—imt), p’ =ipexp(—imt). (6.3)

In the present chapter, the energy and angular momentum fluxes (6.1), (6.2) are calculated using the
same type by the use of the retarded electromagnetic Jefimenko’s field [9, p. 247]. It turned out that
the forces acting on the dipoles and responsible for the loss of energy (6.1) differ from the forces
responsible for the loss of angular momentum (6.2) [36]. So it is found that the energy taken from
the dipole is equal to the recognized value of the radiated energy. At the same time, it is confirmed
that the angular momentum flux exceeds the generally accepted value by the spin radiation not seen
before.

6.2. Energy loss by a rotating dipole
The value (6.1) is calculated as the result of the influence of the electromagnetic field of the dipole on
the dipole itself, according to the formula for the density of the resulting power



P, =—(-E); (6.4)
here j and E are current density flowing along the dipole and the electric field in the dipole,

respectively, and the index A for P_means, in this case, "volume density", dP = P d 3x . First, the

effect of the x-dipole on itself is calculated.
The electric field near the dipole taking into account the retardation [9 (6.55)] is

7 r ’ Vs r 7 Ve 1 . 7 Ve
[ax {Lz[p(x o 10, (X ] — 19, (Xt ]} (6.5)
r cr Cr

1
E(x,t) =
4me,
and an "elementary vibrator" is considered as a dipole; the current of the dipole is the same at all
points, and the charges are only at the ends (see Figure 6.1)

-1/2 x +1/2
3 ]_r. i +?]—

Figure 6.1. x-dipole

The dipole current [ is obtained by differentiating the charge
p' =qlexp(—int), (6.6)
I[.=0,p"/l=—-iogexp(—iot). (6.7)
The first term of expression (6.5),
E = 4,;0 & 3x’{r%[p<x:z']m},
is simply the retarded Coulomb field at the point x. Therefore, replacing
d’xp—dg, t>t—(1/2%tx)/c, r—=>1/2%x

and taking into account the direction of the electric field, we obtain the electric field strength from
both charges at the point x:

q | —exp[-iot+in(l/2+x)/c] _exp[—ior + i0(l/2-x)/c]
4e, (1/2+x) (1/2-x)° '
The corresponding contribution of this term to the power generated by the dipole is given by

E*(x)= (6.8)

formula (6.4) (we replace jd’x — Idx, and the bar means complex conjugation)

p="11" e
1_7,[—1/2 AIE)

2 _ . . . . _
__Wg 2 xR i explion) expl l(l)t+l(D(l/22+x)/C]_eXp[ l(l)t+l(,0(l/22 x)/c]
8me, 712 (1724 x) (1/12-x)
2 . . _
__og” e e 51n[0)(l/2+x2)/c]+s1n[m(l/2 ﬁ)/C] . 6.9)
8me, /2 (/124 x) (1/12-x)

Taking into account the small size of the dipole, we consider only two terms of the expansion of the
sine in a series

2 3 3 _
wg ”zd){ © _@(/2+n), o o2 x)}

P =-

8me, 2 | e(l/2+x) 6¢’ c(l/2—-x) 6c’
2 3 3 _
Pl:_coq 1/2 I () o (1/23+x)+ () o (l/23 X) . (6.10)
8me, /2 | e(l/2+x) 6¢ c(l/2—x) 6¢

Similarly to formula (6.8), we find the electric field provided by the second term of formula (6.5)
ing {exp[—iwt +ial/2+x)/ c] | expl—ion +iol/2-x)/ c]}
4me,c (1/2+x) (1/2-x)
In contrast to formula (6.8), this formula contains i.

E; =

(6.11)



Formula (6.4) gives the contribution of this term, EJ, to the power generated by the dipole

2 2 . . . .
o wqg- 2 dxR explion) expl[—iot +io(l/2+ x)/c] N exp[—iot +ioxl/2—x)/c]
&me, ¢ 12 (/124 x) (1/12-x)
2 2
_og” e dx cos[({/2+ x)/c] N cos[(l/2—x)/c] . 6.12)
8me ¢ o112 (/24 x) (1/2—-x)
Restricting ourselves to two terms of the expansion of cosine in a series, we have
2 2 2 2
2:coq szx 1 _(x)(l/22+x)Jr 1 _0)(1/22 X) . (6.13)
e, ez | (I/12+x) 2c (1/12—-x) 2c
Surprisingly, the integrals diverging at the ends of the dipole are shortened upon the addition
P, + P, , and the remaining terms are constants. As [/6—1/2=—[/3, this part of the power is
0)4p2
P+P =——"—. 6.14
U 24me 1%
The third term of formula (6.5),
1 1
E; = dx'y———[0,1 x',t']ret},
’ 4me, I { c’r (
uses the derivative of the current
9,1, =—0’gexp(—iwt). (6.15)

To calculate the strength at the point x, we divided the region of integration into two parts by the
point x

2 X _ 7 . 4 | _ _ . ’
Ef=- o0q {j a exp[—ior +im(x x)/c+ 12, —expl—iot+in(x’ —x)/c

> - dx v
dme,c” (T2 X—x x X —=x

} . (6.16)
Using formula (6.4), dP = —(j-E)d’x = —IE*dx , and current (6.7), we obtain the power
corresponding to the third term of formula (6.5)

3 2 12 X . . 7 /2 . . ’
P =- wq J- dxiﬁ{imexp(imt)[j dx,exp[ i +im(x x)/C]+ jdx,exp[ i+ im(x x)/c]}

2 ’ ’
8ne,c” 5, Ty X—Xx / X —x

__ o'’ 7 i f gy~ Sin[o(x - x)/c] . ”fdx,— sin[@(x"— x)/ ¢] 6.17)
8ne,c’ 3, |, x—x g X —x
Restricting ourselves to one term in the expansion of the sine in a series, we easily obtain
412
o'd
P, = T (6.18)
8me,c

Thus, the power radiated by one x-dipole is
P=P+P +P,=0'p’/(12ne,c”). (6.19)
Naturally, the y-dipole, acting on itself, makes the same contribution. It will be shown below that
the electric field of one oscillating dipole in the territory of another oscillating dipole is
perpendicular to the current, and therefore does not produce energy. So a rotating dipole delivers
power (6.1) to the radiation:
P=w'p’/6me,c’.

6.3. The torque experienced by the charges of a rotating dipole
We now calculate the electric field E created by the y-dipole at the location of the charge of the x-
dipole, that is, at the point x=1//2 (see Fig. 6.2)

To shorten the notation, we rewrite formula (6.5) in terms of charges and currents:



1 (¢ £ 71
E= [—z[qy]m +;[ar'qy]re[ - I E[ar'ly]de} (6.20)

-1/2
here the charge and current belong to the y-dipole:
q, =igexp(—ior), [q,]. =igexp(—iot +ior/c), [8,/qy ], = Wgexp(—iot +iwr/c) (6.21)
= —icozq exp(—iot +ior/c).
(6.22)

I,=0,q,=0gexp(-iot), [I,]

y dret

= wg exp(—iot +ior/c). [d,1]

ret

Fig. 6.2. The pair of oscillating dipoles. Current elements and radii used in the formulas are indicated.
The electric field created by the charge consists of two terms:

E +E, =t(q,]./r’ +[0,q,]./cr)/4ne,. (6.23)
However, the forces created by these terms on the charge g = gexp(—i®t) are mutually eliminated

when the dipole size tends to zero, although they tend to infinity.
F +F, =R{(E, +E,)q }/2=R{iexp(iowr/c)/r’ + wexp(ior/c)/criq’ /8ne,

= {—sin(wr/c)/r* + wcos(wr/c)/cr}q’ /8me, = (—/cr+ w/cr)q’ /8me, = 0.

Similarly, the total interaction forces of other pairs of charges are zero. So the damping of

the rotating dipole is provided only by the third term of the formula (6.20):
112

E,=- j %[—imzq exp(—it + ior / ¢)ldy (6.25)
r
—1/2
The force acting on the charge g, along the y-axis is

(6.24)

112

F,=R(E,q.}/2=R{ j %imzqzexp(imr/c)dy}/z;neo
C
A (6.26)

/2 1/2
— | L 02 sin(or/ody) 18me, — - [0'q?dy/8ne,c" = ~0'q’1 187e .
1€ T 112
The torque acting on both charges of the x-dipole is —®’g*l* /8ne c’. Therefore, the torque acting
on the rotating dipole is directed against the rotation of the dipole and is equal to (6.2)
o' p’/4me,c’.

6.4. Magnetic field torque
In addition to the electric field (6.5), Jefimenko's formulas give the magnetic field [9 (6.56)],

! J.d3x'{[j(x',t')]re[ ><L2+[E),,j(x',t')]ret xl}, (6.27)
4me, r cr

This field acts on dipoles (6.3) by the Lorentz force. Consider the magnetic field created by the y-
dipole on the territory of the x-dipole. By analogy with (6.20), we write

B(x,1) =



1
4me,

However, using (6.22) and (6.7), we find that the average value of the Lorentz force acting on the x-
dipole is zero:

F=%{ j I.dxxB}/2 =%R{ j j ioglogexp(ior/c)/ r? —io*qexpior/c)/crldxx (dy X£)}/8me,
= ”[—sin(mr/c)m2 /r* +cos(or/0)®' [ crlg’dxx (dy x#)/8me, =0 if r—0. (6.29)
So the total torque acting on the rotating dipole is (6.2)

B=——[(1,1. /7" +19,1,], [crlyxt, (6.28)

6.5. Conclusion. Angular momentum without rotation
A direct calculation showed that a pair of oscillating dipoles (6.3), which creates the field of a
rotating dipole, actually provides the energy flux P (6.1) and the angular momentum flux
T = L3P/ @ (6.2), which are not related to each other. In this case, there is no violation of the

conservation laws, because these flows are provided by the sources of oscillations of these dipoles.
These flows are generated independently of each other, because in this case @ is not a rotational
speed.

In the case of a really rotating dipole, that is, in the case of really rotating electrons, the
energy flux P=wr, is created by the angular momentum flux 7, = P/ @, coming from the source

of rotation, due to the presence of the angular frequency @. The spin flux in the field of a rotating
dipole, 7, =7, — 7, =0,5P/ @, is not associated with energy. From this we can conclude that spin
is not related to rotation. Indeed, Hehl writes, referring to the spin of an electron:

“The current density in Dirac’s theory can be split into a convective part and a polarization part.
The polarization part is determinated by the spin distribution of the electron field. It should lead to
no energy flux in the rest system of the electron because the genuine spin “motion” take place only
within a region of the order of the Compton wavelength of the electron. The convective part of the
current density describes the average motion of the electron field and leads to a momentum and to
an energy flux”.

The spin flux in the field, 7y, is also not associated with the flux of angular momentum 7; coming

from the source of electron rotation. By virtue of the angular momentum conservation law, it can be
concluded from this that rotating electrons accumulate in themselves a spin of the opposite
orientation relative to the orientation of the emitted spin. In other words, a rotating electric dipole is
magnetized by radiation. This conclusion was made in [22]

7. Modification of the canonical energy-momentum and spin tensors
7.1.Incorrectness of the canonical spin tensor

In the previous chapters, the canonical spin tensor (1.6) Y™ = 2A™F*Y has been successfully

applied. However, generally speaking, the tensor is not true. Really, consider e.g. a circularly
polarized plane wave (4.1) when k=1
E* =cos(z—1), E’ =—sin(z—1), B* =sin(z —t), B’ =cos(z—1),
A" =sin(z—t), A” =cos(z—1) (7.1)
A calculation of components of the canonical spin tensor (1.6) yields
T =1 YT =1 YV =-ATFY + AT = A'B, =sin’(z-1), T =A'B, =cos’(z-1). (72)

c c

This result is absurd, because, though Y™ and Y™ are adequate (we used them), the result means
C C

that there are spin fluxes in the directions, along x, and along y, which are transverse to the
direction of the wave propagation.

Moreover, the canonical spin tensor predicts an interference of counter propagating waves,
which is not actually observed. Let us consider a standing electromagnetic wave. The wave incident



on a mirror and the reflected wave are supplied with indices 1 and 2, respectively, and the following
expressions are used for them:

iz—it

E, =(x+iy)e”™, B,=(-ix+y)e " (7.3)
E, =(—x—iy)e™™", B,=(-ix+y)e " (7.4)

Here x,y are the unit coordinate vectors, and for the sake of simplicity =k =c=¢,=u, =1.

Bearing in mind expression (1.6), we write out the components of the field-strength tensor (without
an exponential factor)

Elx :Erx :l’ Ely :Ery :i’ le :Ezy __i’ Bly :Exz :1’ (75)
E,=F,=-1, E, =F,=-i, B, =F, =i, B, =F_ =l (7.6)
Raising the indices gives, by virtue of the signature (+——-),
F'=-1, F’=-i, F*=-i, F"=l, (7.7)
FF=1, F’=i, FY=-i, F~=1, (7.8)
When calculating the magnetic vector potential, it is natural to use the Weyl gauge, ¢ =0, so
F, = atAk =—iA, A =iF,.
A, =i, A, =-1, A =-i, A, =L (7.9)
Raising indices reverses the signs
Al=—i, A'=1 Aj=i, Al =-1. (7.10)
Let us first determine the spin density in the incident wave (the bar means complex conjugation).
<Y>=-R(AF"-AF'}/2=—(ii-1-1)/2=1. (7.11)
The spin density in the reflected wave, Y5, is naturally the same.
<YY>=-RAF - A F"} 2=~{(=i)(=)—(-D(=D}/2=1. (7.12)

However, the spin density in the real field, A* = A' + A}, F* = F* + F), calculated using formula

(1.6), contains the nonphysical oscillating cross term.
<Y >=-R{(A"+AF +F")— (A +A)(F" +F")} /2=

=< ?fﬂ> +< r)zfyt> —SK{ZI"FZ"’ _ ZlyFth + Z;Fly’ —ZzyFl’“}/Z (7.13)
The cross term:
“R{AF) — A + A F — A F} 12 = —{[i(=i) (= D)]e 2 +[(=i)i— (~D)1]e*<} /2 = i
=-2c0s27
So <Yc'”'t>=2—2c052z. (7.15)

7.2. Incorrectness of the canonical energy-momentum tensor
To modify the canonical spin tensor we must remember that the electrodynamics starts from the

canonical Lagrangian [37 (4-111)], L= -k F "'/4 . Then, by the Lagrange formalism, the canonical

energy-momentum tensor [37 (4-113)]

oL
TH=0"A,—=——g"' L=-g"9 AF¥ +g"'F ,F¥ |4 7.16
¢ a a(aVAa g c g o ﬂ g 0,/,3 ( )
and the canonical total angular momentum tensor [37 (4-147)]
J M=ot My A (7.17)

are obtained, where



aL
Y= ARSI e _pAApHY 7.18
c “ 9(0,A,) (19

is the incorrect canonical spin tensor (1.6) [37 (4-150)].
However, the canonical energy-momentum tensor (7.16) is incorrect as well [38, 39]. It

gives, for example, a negative energy density YC"" of a constant uniform electric field E_ (we
assume c=¢, =1):
E=F =-F", F_=—0 A, A=—-xE, A =0, FaﬂF“ﬁM:ExF’X/Z:—Ez/Z

The first term in (7.16) is zero, and the second is negative,

T'=—g"(9,A)F" +g"FzF?” |4=-E"/2
In contrast, in Maxwell's tengor 2.1)

T = g"*F F + g" F,,F* /4 (7.19)

the first term is E*:

T"=-g"(3,A,—0,A)F" +g"F,F¥ |4=E"/2.

Moreover, the canonical tensor (7.16) is not symmetric and has irregular divergence.
As is known, divergence of the Maxwell tensor is [11 (33.7)]

0,T" =—g"“ j’F,, (7.20)
where g“* j* F,z = f* is volume density of the 4-Lorentz force, with which the electromagnetic
field acts on charges and currents of matter, and j* =9, F"* is the current density. The canonical
energy-momentum tensor differs from Maxwell's tensor by g““d ;A F GR

T =T - g"“9 ,A,F"

c
Therefore, instead of (7.20), the divergence of the canonical energy-momentum tensor is equal to
the inappropriate value

0, T =—g"" [P (0, Ay =0,3A,) = 8"* A F"” +0,4,j7) =—g" [P0, 45 (121)

7.3.The Belinfante-Rosenfeld procedure
In order to transform the canonical energy-momentum tensor (7.16) into the Maxwell tensor (7.19),

the term 0 ﬁA” F"’ should be added to the canonical tensor (7.16). Instead, as a part of the
Belinfante-Rosenfeld procedure, a divergence-free divergence of an antisymmetric quantity is
added to the canonical tensor. We name this quantity A*" :

A" =9 ,(A*F'P). (7.22)
The result is a meaningless tensor 7" that differs from both the Maxwell tensor and the canonical
BR
energy-momentum tensor
T =T" 40 ,(A“F¥)=T" - A*}" . (7.23)
BR c

This tensor is never used and its existence is not a problem. However, the addition of term (7.22) to

the canonical energy-momentum tensor is accompanied by the addition of a term A*" to the
canonical spin tensor (7.18).

Y/wv — Y/i,uv_i_Aﬂ/w

BR c
The term A*" is related to the term A“Y by the well-known relation [6 (9.4)]
0, A =AM (7.24)

and the term A" turned out to be equal to the canonical spin tensor (7.18) with a minus sign



A =—M‘V. (7.25)

C

Really:
—9, Y #=29, (A*F#") = 2A1#] (7.26)
This means that the Belinfante-Rosenfeld procedure eliminates the spin tensor of electrodynamics.

Thus, the Belinfante-Rosenfeld spin tensor is zero
YHY =YY LAY = AR RRY AR RRY = (7.27)

BR c

7.4. Professor Soper's mistake
But let us return temporarily to the energy-momentum tensor. Wanting to obtain the Maxwell tensor
by adding a divergence-free term to a canonical tensor, Soper changes the Lagrangian by adding the

term —A, ;" [6 (8.3.3)],

v A
I§=—FWF“ l14-A;j", (7.28)
and obtains a “Soper-canonical” energy-momentum tensor [6 (8.3.7),(8.3.8)]
oL
TH=0"A,—S5——g" L=—g"d AFP +g"F  FP |4+ A*}¥ =T+ A*j", (729
Se “9(0,A,) 8 5778 Yas & Lap J=a (7.29)

This tensor really differs from Maxwell's tensor by a divergence-free term, and therefore has the
correct divergence (7.20). However, this tensor is not obtained from the Soper Lagrangian. Soper
was mistaken in calculating his additional term in tensor (7.29). In fact, Lagrangian (7.28)
obviously gives another energy-momentum tensor

T =T+ g" A, j*, (7.30)

which is no better than the usual canonical tensor (7.16). There is no Lagrangian giving Maxwell's
tensor within the canonical formalism.

7.5. Electrodynamics’ spin tensor
We have noted that the Maxwell energy-momentum tensor can be gained by adding the term

t=TH —T*'=0 ,A"F" (7.31)

instead of (7.22) A“Y =9 ﬁ(A" F"P), to the canonical energy-momentum tensor T ** . Here a

c

question arises, what term s v instead of (7.25) A must be added to the canonical spin tensor

Y H#=_2A*F“Y to transform it into a required unknown electrodynamics spin tensor

c

Yﬂﬂv — Yﬂ,uv_i_ S/i,uv ?

c

Our answer is [39,40]: the addends “*, s*¥ must satisfy the relationship (7.24)

9, ™ =2/M " je. 9 s™ =20 AMF"Y, (7.32)
A simple expression
s =249 A" (7.33)
satisfies Eq. (7.32). So, the suggested electrodynamics spin tensor is
YH =Y MY = DAV FRY 12 AVHIAY =2 AR A = 2 A9 A g (7.34)

The spin tensor (7.34) does not give spin fluxes across the direction of wave propagation as
the canonical spin tensor (1.6) gives. For the wave (7.1), it turns out, for example,
YT =—A%9"A"+A'9"A* =0. (7.35)
But the spin tensor (7.34) predicts the interference of counter propagating waves as well as the
canonical spin tensor predicts. For the field (7.7) - (7.10), spin tensor (7.34) gives the cross term



R(A'D,A) —A’0 A + A9, A’ —A)d A}/ 2

) N (7.36)
={li(=DD = (=Dile™ +[(=i)(=i) = (=D(=i)(=D]e™} /2 =—2cos 2z

7.6. Symmetrisation of the electrodynamics’ spin tensor
The expression (7.34) was obtained heuristically. It is not final one. We saw the imperfection of the
spin tensor (7.34) in the fact that it unjustifiably selects the part of the electromagnetic field, which
is associated with the magnetic vector potential A and, accordingly, with the electric current j. It

represents only the electric field, E, A = —J. Edt . The fields of this part constitute, according to

[41,42], the chain
@ FY*F @) Ay *AL. (7.37)

Here the index A marks tensor densities of weight +1; the five-pointed asterisk is the conjugation
operator: * =g, /\/g or *= \/EAg”“gVﬁ ; symbol (d) is a boundary operator: (9) A ;=20,, A 4,

or (d) F'"=09, F%"; the symbol o denotes closed differential forms or closed vector densities, and

x denotes conjugate closed quantities.
The spin tensor (7.34) is composed of the fields of this chain. So, we denote it the electric
spin tensor

YH=24"9 AMg". (7.38)

e
However, there is an alternative chain of fields, including the electric three-vector potential V and
the current density of magnetic monopoles &

S s OVE g * FLI@V IV . (7.39)
The corresponding spin tensor must be composed of the fields V ‘A’V’l of this chain. To give this spin
X

tensor the form of (7.34), dual expressions are used, obtained using the antisymmetric pseudo
density 82/3},5. We will mark pseudo-values with the asterisk *:

Ve s =V, (7.40)
This gives the magnetic spin tensor
Y#=2vI4g Vg (7.41)

m

An analogue of the Weyl gauge ¢ =0 is now V*° =0. Therefore, to obtain the electric
potential from the formula F** =9,V***, only F" =9,V* =—iV*" isused. So V"' =iF" . The
field (7.7), (7.8) give a contravariant electric potential in the considered standing wave situation.

V=1, V¥=i, V=1, V=i. (7.42)
Lowering indices does not change these values
‘/lzyt = 1’ ‘/lxzt = i’ VZZyt = 1’ Vszt =i. (743)

Zytx

After dualizing with &
the considered situation

=¢&™" =1, we obtain the values for composing the magnetic spin tensor in
Va=Vo=V,e™ =1 Vi=V,=V, " =i (7.44)
and the magnetic spin tensor (7.41) gives the cross term of the opposite sign
={[(=i)i — (=i)(=)le" +[(=i)i — (—i)(=i)]e’* } / 2=2c0s 2z
Since the fields of both chains are equally present in electromagnetic radiation n vacuum, it
is natural to use the half-sum of the electric and magnetic tensors as the spin tensor

T* =(Y*+Y*) /2. (7.46)

(7.45)



In the considered case of a standing wave, such a generalized spin tensor gives the correct result
Y =2, (7.47)

8. Explanation of the Beth’s experiment

8.1. Poynting vector in the Beth's experiment.
The well-known Beth’s experiment [43] proves that circularly polarized light contains an angular
momentum, as predicted by Sadowsky [1] and Poynting [3]. According to Beth's idea, a beam of
circularly polarized light passes through a half-wave plate, which changes the chirality of the light
and, accordingly, changes the direction of rotation of the electromagnetic vectors and the direction
of the angular momentum of light to opposite directions. As a result, by virtue of the angular
momentum conservation law, the half-wave plate receives twice the amount of angular momentum
contained in the beam. However, as it was just proved at the conference [44], in the Beth’s
experiment, in reality, there is no rotation of electromagnetic mass-energy. Moreover, there is no
mass-energy flow at all. The Poynting vector ExH and the linear momentum density €, ExB are

equal to zero in the Beth’s apparatus. This has also been proven earlier [39,40,45,46]. As a
consequence, the electromagnetic field in the Beth’s apparatus has no angular momentum,

according to the existing definition of the angular momentum of an electromagnetic field [9,25,47-
49]

J=¢,[rx(ExB)dV . (8.1

According to definition (8.1), the angular momentum of an electromagnetic field is the moment of
the linear momentum of the field, and it is equal to zero in the Beth’s apparatus. So the
experimentally recorded transfer of the angular momentum of light to the plate occurs in the
absence of any angular momentum in the light, according to (8.1). Therefore, the receipt of the
angular momentum by the half-wave plate from the electromagnetic field in the Beta experiment is
inexplicable within the framework of definition (8.1).

The point is that in the Beth’s experiment, light that has passed through a half-wave plate
passes through it a second time after being reflected from a mirror covered with a quarter-wave
plate. And such a mirror does not change the chirality of light when reflected. Therefore, the light
that has passed through the half-wave plate returns to it after reflection with the same chirality. But
circularly polarized beams of the same chirality, having the opposite direction, create the opposite
rotation of electromagnetic vectors. Therefore, when such beams interference in the Beth’s
apparatus, a pulsation of the field vectors arises without rotation at any point in space around the
half-wave plate.

To show this, consider a simple model of a right-handed circularly polarized light beam
directed along z-axis with the plane phase front, which was proposed by Jackson [9]:

E, =exp(iz—i)[x+iy + z(i0, —8}, NE,(r), r*=x’+y*, (8.2)

H, =exp(iz—it)[-ix+y+2z(d, +id )]E,(r), (8.3)
Here E, and H, are complex vectors of the electromagnetic field, x, y, z are unit coordinate
vectors. d ., d, mean partial derivatives with respect to x and y. For simplicity,

Ww=k=c=¢,=,=1.Index 11in (8.2), (8.3) means that the formulas describe the primary beam
after passing through the half-wave plate. The beam amplitude is indicated by E (7). The function

E,(r) is considered constant throughout the entire beam area, that is, under the condition r < R,
where R is the radius of the beam. However, on the surface of the beam, where r = R, the function
E,(r) quickly decreases to zero.

We mark the reflected beam incident on the plate with index 2. This beam has the same
helicity as the primary beam passing through the plate (that is, it has the same mutual direction of



momentum and spin). Therefore, it’s formulas are obtained from formulas (8.2), (8.3) by changing
the signs of z and y:

E, =exp(—iz—it)[x—iy —z(i0, +8y)] Ey(r), (8.4)
H, = exp(—iz —it)[~ix—y —2(d, —id )] E,(r) (8.5)
Adding the primary and reflected beams and writing out explicitly the real parts of the
complex expressions, we obtain the components of the resulting electromagnetic field

E_=Rlexpliz —it)+exp(—iz —it)|E, = 2E, cos zcost , (8.6)
E, =Rliexpliz—it)—iexp(- iz — it )|E, = —2E,sin zcost , (8.7)
E. =Rexpliz—it)id, —9,) +exp(—iz —it)(—id, — 9 )IE, 58)

=—2(sin 20, +c0s 20 ) E, cost '
H = R[~iexpliz —it)—iexp(— iz —it)|E, = —2E, cos zsint, (8.9)
H, = Rlexpliz —it) — exp(—iz —it)|E, = 2E, sin zsint, (8.10)
H, =Rexpliz—it)@, +id ) +exp(-iz—it)(—0, +id ,)E,
=2(sinzd, +cosz9,)E, sint ’ (68.11)
and the resulting electromagnetic field in the vector férm is
E =2[xcosz—ysinz)—z(sin zd  + cos z0 IE, cost , (8.12)
H = —2[xcos z —ysin z) —z(sin zd, +cos zd )] E, sint. (8.13)

It can be seen that the electric and magnetic fields are parallel to each other everywhere. Therefore,
the Poynting vector is zero everywhere. There is no movement. There is no momentum.

8.2. Spin tensor in the Beth's experiment.
Let us now calculate the spin flux in the resulting electromagnetic field (8.12), (8.13) adjacent to the
Beth’s half-wave plate on one side. We calculate sequentially, first the vector potential A , and

then, using formula (1.6), the component Y™ of the spin tensor YH#
A:—jEdt:—z(xcosz—ysinz)Eo sint, (8.14)

Y =—AF*+AF* = A"H + A’H =4E,; sin’t, <Y >=2F;. (8.15)

A similar calculation for the other side of the plate gives the same result. Thus, as a result of
the existence of the spin flows to two sides, the plate receives the resultant torque

T =4TR°E; = 4P, (8.16)
where P represents the power of the beam. This is consistent with the outcome of the Beth's
experiment.

Thus the concept of spin of electromagnetic radiation, which goes back to Sadowsky &
Poynting [1.2], according to which the angular momentum is proportional to the radiation energy,
requires the spin term to be introduced into the definition of the angular momentum of
electromagnetic radiation (1.5). The Beth's experiment proves this.

8.3. Illustrations
Now we illustrate the content of this article. See please. Figures 1, 2, 3 present the interference of an
incident beam and the beam reflected by an ordinary mirror. Figures 5, 6, 7 present the interference
in the Beth’s apparatus.

In Figure 1, the left helix of the right-hand circular polarization wave moves translationally
upward along the z-axis with the speed of light V. Electric field E is represented by red arrows,
magnetic field H is represented by blue arrows. The right half of the figure shows a side view of the
wave. The crosses in circles represent the tails of the arrows. The dots within the circles represent
the noses of the arrows. The left half of the figure shows cross sections of the wave by xy-planes at
three different locations. The direction of rotation of the E-H pair of vectors observed at these



locations is shown. The spins of the photons are directed along the z-axis; we say that they have +z-
spin. The direction of the spins coincides with the direction of the wave velocity. Therefore, the
spin flux is positive. At the same time, this means the existence of a downward —z-spin flux. The
spin flux situation is similar to the momentum flux situation, i.e. to pressure situation. Positive
pressure in a vertical cylinder means that the +z-directed momentum passes through the upper end
of the cylinder and, at the same time, the —z-momentum passes down through the lower end of the
cylinder. But we do not know how to depict a flow in the picture.
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Figure 2 shows the same wave after reflection from an ordinary mirror. It moves in the
opposite +z-direction. But the pair of vectors E-H rotates in the same way as in Figure 1.
Accordingly, the direction of the photon spins remains + z. However, the speed changes direction to
the opposite direction. Therefore, the spin flux is negative. This is analogous to negative pressure.
This wave has left-hand circular polarization.

Figure 3 shows the resulting standing wave of circular polarization. The total vectors E and
H rotate in the same way as in Figures 1 and 2. However, now the E and H-fields have nodes. In
some places there is no electric field, and the magnetic field is doubled, in other places there is no
magnetic field, and the electric field is doubled. The volume density of the spin is doubled and still
has the +z direction. But the spin flux is zero. Spin is without spin flux! This is natural, because the
spin flux onto the mirror is zero. The average speed of movement of the electromagnetic mass-
energy is zero.

Figure 4 shows a portion of the Beth’s apparatus. We are considering the space between the
half-wave plate and the quarter-wave plate with mirror sputtering.

Figure 5 shows the same wave of right-hand circular polarization as in Fig. 1. The direction
of the photon spins coincides with the direction of the velocity and with the direction of the +z-spin
flux. So, we have a -z-spin flux down again. But now this wave is used in the Beth’s experiment. It
emerges from the half-wave plate and is directed at the mirror covered with a quarter-wave plate.



Figure 6 shows the wave of Figure 5 after reflection from the mirror covered with the
quarter-wave plate. When reflected from such a mirror, the wave passes through the quarter-wave
plate twice. Therefore, the quarter wave plate plays the role of a half wave plate. But a half-wave
plate changes the chirality of the transmitted wave to the opposite one. Therefore, in contrast to the
ordinary reflection as in Figure 2, in the Beth's experiment, the reflected wave retains the right-hand
circular polarization. Its speed is downward. Spin of photons is directed downward as well. It is the
—z-spin. We have a -z-spin flux down. Thus, the total flux of the —z-spin down to the half-wave
plate is doubled. The plate experiences a torque corresponding to this doubled flux from the
considering space. This torque is directed against the z-axis.

The standing electromagnetic wave arising in the Beth’s experiment (Figure 7) differs
significantly from the usual standing wave shown in Figure 3. There are no nodes in such a wave.
For example, at the depicted time moment, there is a doubled magnetic field in all space. Over time,
this magnetic field, without changing its direction, is replaced by an electric field, because the
vectors of both fields are obtained by adding the vectors of the primary and reflected waves, which
have opposite rotation. In this case, the vectors E and H of the fields always and everywhere
coincide in direction. This means that the Poynting vector is identically zero. There is no rotation,
and even no movement of the electromagnetic mass-energy. All fluxes are equal to zero, except for
the spin flux. In this case, the volume density of the spin is equal to zero due to the fact that the
spins of the primary and reflected waves have the opposite direction.

8.4. Conclusion
The concept of spin of electromagnetic radiation, which goes back to Sadowsky & Poynting [2,3],
according to which the angular momentum is proportional to the electromagnetic energy, requires
the spin term to be present in the definition of the angular momentum of electromagnetic radiation
(14). Definition (1) is not correct. The Beth's experiment proves this.

I am eternally grateful to Robert Romer for courageously publication the question, "Does a
plane wave really carry no spin?" [50].
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