THE DETERMINANT OF CUBIC-MATRIX OF ORDER 2 AND ORDER 3,
SOME BASIC PROPERTIES AND ALGORITHMS

ARMEND SALIHU AND ORGEST ZAKA

ABSTRACT. Based on geometric intuition, in this paper we are trying to give an idea and visualize
the meaning of the determinants for the cubic-matrix. In this paper we have analysed the possibilities
of developing the concept of determinant of matrices with three indexed 3D Matrices. We define the
concept of determinant for cubic-matrix of order 2 and order 3, study and prove some basic properties
for calculations of determinants of cubic-matrix of order 2 and 3. Furthermore we have also tested
several square determinant properties and noted that these properties also are applicable on this
concept of 3D Determinants.
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1. INTRODUCTION AND PRELIMINARIES

Based on the determinant of 2D square matrices [17, [18], 19, 22| 23| 24, 25], as well as determinant
of rectangular matrices [1I, 13, 14] [15] 16, 26, 27, 28, 29] we have come to the idea of developing the
concept of determinant of 3D cubic matrices, our concept is based on permutation expansion method.
Encouraged by geometric intuition, in this paper we are trying to give an idea and visualize the
meaning of the determinants for the cubic-matrix. Our early research mainly lies between geometry,
algebra, matrix theory, etc., (see [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12]).

This paper is continuation of the ideas that arise based on previous researches of 3D matrix ring
with element from any whatever field F' see [20], but here we study the case when the field F is
the field of real numbers R. In this paper we follow a different method from the calculation of
determinants of 3D matrix, which is studied in [21]. In contrast to the meaning of the determinant
as a multi-scalar studied in [21], in this paper we give a new definition, for the determinant of the
3D-cubic-matrix, which is a real-number.

In the papers [20, 21], have been studied in detail, properties for 3D-matrix, therefore, those
studied properties are also valid for 3D-cubic-Matrix.

Our point in this paper is to provide a concept of determinant of 3D matrices. Our concept is
based on Milne-Thomson [30] or permutation method used in regular square matrices.

The following is definition of 3D matrices provided by Zaka in 2017 (see [20), 21]):

Definition 1. 3-dimensional m x n x p matrixz will call, a matriz which has: m-horizontal layers
(analogous to m-rows), n-vertical page (analogue with n- columns in the usual matrices) and p-
vertical layers (p-1 of which are hidden).
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The set of these matrizes the write how:

(1) Mpsnxp(F) ={aijklaijp € F—field Vi=1,m; j=1,n; k=1,p}

FIGURE 1. 3D-Matrix view

In the following is presented the determinant of 3D-cubic matrices, as well several properties which
are adopted from 2D square determinants.

2. CUBIC-MATRIX OF ORDER 2 AND 3 AND THEIR DETERMINANTS

A cubic-matrix A, wnxn for n =2,3,..., called ”cubic-matrix of order n”.

For n = 1 we have that the cubic-matrix of order 1 is an element of F'.

Let us now consider the set of cubic-matrix of order n, for n = 2 or n = 3, with elements from
a field F' (so when cubic-matrix of order n, there are: n—vertical pages, n—horizontal layers and
n—vertical layers).

From [20), 21] we have that, the addition of 3D-matrix stands also for cubic-matrix of order 2 and 3.
Also, the set of cubic-matrix of order 2 and 3 forms an commutative group (Abelian Group) related
to 3Dmatrix addition.

2.1. Determinants of Cubic-Matrix of Order 2 and 3.

In this section, we will define and describe the meaning of the determinants of cubic-matrix of
order 2 and order 3, with elements from a field F'. Recall that a cubic-matrix A, x,xn forn =2,3,.. .,
called ”cubic-matrix of order n”.

For n = 1 we have that the cubic-matrix of order 1 is an element of F'.

Let us now consider the set of cubic-matrix of order n, with elements from a field F' (so when
cubic-matrix of order n, there are: n—vertical pages, n—horizontal layers and n—vertical layers),

Mn(F) — {Anxnxn = (a'ijk)nxnxn’aijk S F, Vi = 1,_7’L,] = 17_717 k= 1:”}

In this paper, we define the determinant of cubic-matriz as a element from this field, so the map,
det : M, (F) = F
VA € M, (F) — det(A) € F

Below we give two definitions, how we will calculate the determinant of the cubic-matrix of order
2 and order 3.

Definition 2. Let A € My(F) be a 2 x 2 x 2, with elements from a field F.

A __ [ G111 Qi21|A112 Q122
2X2Xx2 —
G211 A221| G212 A222
2




Determinant of this cubic-matriz, we called,

aii2 Aa122
a212 A222

det[Agyars] = det (alu a121

= Qq11 - Q222 — Q112 * Q221 — Q121 * A212 + Q122 * Q211
a211  A221

The follow example is case where cubic-matrix, is with elements from the number field R.

Example 1. Let’s have the cubic-matriz, with element in number field R,

2 114 7
A2X2X2:(3 53 2)

then according to the definition[d, we calculate the Determinant of this cubic-matriz, and have,

2 114 7
det[AQXQXQ] = det (3 513 2

):2-2—4-5—1-3+7.3:2,

We are trying to expand the meaning of the determinant of cubic-matrix, for order 3 (so when
cubic-matrix, there are: 3-vertical pages, 3-horizontal layers and 3-vertical layers).

Definition 3. Let A € M3(F) be a 3 X 3 X 3 cubic-matriz with element from a field F,

a111 A121 A131| Q112 Q122 @132 |A113 A123 A133
A3><3><3 = | G211 Q221 QA231| G212 G222 G232 |A213 (223 233
G311 A321 a331|A312 322 G332 |A313 G323 A333

Determinant of this cubic-matriz, we called,

aiil Ai21 A131| G112 Q122 Q132 |A113 A123 @133
(2) det[A3x3x3} =det | asi1 a1 ao31|a212 A2 232 [A213 Q223 233
a311 Aaz21 331|A312 a322 G332 (@313 G323 (A333

= @111 * Q222 * A333 — G111 * G232 * G323 — A111 * A223 * A332 + G111 * (233 * (322
—a112 - G221 * @333 + Q112 * Q223 * A331 + Q112 * G231 * A323 — (112 * 4233 * A321
+aq13 - Qo1 + Q332 — @113 * G222 * G331 — A113 * A231 * A322 + G113 * G232 * A321
—Qa121 * G212 * @333 + Q121 * A213 * A332 + G121 * G232 * A313 — Q121 * 4233 * A312
+a122 - G211+ G333 — Q122 * A213 * A331 — Q122 * A231 * 313 T Q122 - 4233 * A311
—Q123 * Q211 * @332 + Q123 * A212 * A331 + G123 * G231 * A312 — (123 * G232 * A311
+a131 - G212 - A323 — Q131 * A213 * G322 — G131 * A222 * (313 + A131 * G223 * A312
—Q132 * Q211 * @323 + Q132 * A213 * A321 + Q132 * G221 * A313 — 4132 * (223 * A311
+a133 - G211 Q322 — Q133 - A212 * A321 — 133 * A221 * G312 T @133 * G222 - A311

The follow example is case where cubic-matrix, is with elements from the number field R.

Example 2. Let’s have the cubic-matriz of order 3, with element from number field (field of real
numbers) R,

1 4 2313210
Asxszxg=det [ 2 0 0|5 1 310 1 0O
0 4 213 201210
Then, we calculate the Determinant of this cubic-matriz following the Definition[3, and have that,
14 2313210
det[Asxsxs] =det [ 2 0 0|5 1 3|0 1 0
0 4 23 20210

=1-1.0-1-1-0-1-3-141-0-2-3-0-043-1-243-0-1-3-0-442-0-0—-2-1-2—-2-0-2+2-3-4
—-4-5-0+4-0-0+4-3-2—-4-0-3+1-2.0-1-0-2-1-0-2+1-0-0—-1-2-0+1-5-241-0-3—1-3-0
+2-5-1-2-0-2-2-1-242-1-3-3-2-1+3-0-4+3-0-2-3-1-0+0-2-2-0-5-4-0-0-3+0-1-0

=-3+6-4+24+24+10+10-4+6—-6=063
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3. SOME BASIC PROPERTIES OF DETERMINANTS FOR CUBIC-MATRIX OF ORDER 2 AND ORDER 3

Definition 4. We will call I,,, a unit-3D-cubic-matriz of order 2 or 3, with elements e;;i,, which are:

[0 for, i#j#k
ik =1 for, i=j=k

Proposition 1. For every unit-cubic-matriz of order 2 or 3, with element from number field R, we
have that det(1,) = 1.

Proof. Let’s have the unit cubic-matrix of order 2,
j 1 0/0 O
>7\0 0/0 1

1 0{0 O
det(IQ):det(O 0’0 1):1-1:1.

Now lets have the unit-cubic matrix of order 3,

then, this determinant is,

1 0 00 0 0]0 O O
Is=10 0 0j0 1 0|0 O O
0 0 0/0 0 0001
then this determinant is,
1 0 0j0 0 0|0 O O
det(I3) = det[l3x3x3] =det | 0O 0 00 1 0[0 0 0] =1-1-1=1
0 0 0/0 0 00 0 1

O

Theorem 1. Suppose that A is a cubic-matriz of order 2 or 3, with a plan where every entry is zero
then its determinant is “zero’, so det(A) = 0.

Proof. 1. For plan i = 1:
Let A be cubic-matrix of order 2, where all elements on the plan i = 1 are equal to zero, then
based on definition 2

det[AQXQXQ] = det ( 0 0

Q211 A221

0 0

G212 A222

):O~a222—0-a221—O-a212+0-a211:0.

2. For plan ¢ = 2:
Let A be cubic-matrix of order 2, where all elements on the plan i = 2 are equal to zero, then
based on definition 2t

A _ [ G111 Q121
2X2X2 — 0 0

3. For plan 7 = 1:
Let A be cubic-matrix of order 2, where all elements on the plan j = 1 are equal to zero, then
based on definition 2}

det[AgXQXQ] = det <

aii2 Aai122

0 0

>:a111'0—a112'0—al21'0+G122'0=0~

0 aiz
0 age

0 aiz
0 ag

):0-a222—0-a221—a121-0+a122-0:0.

4. For plan j = 2:
Let A be cubic-matrix of order 2, where all elements on the plan j = 2 are equal to zero, then
based on definition 2

a2 0
aziz 0

det[AQXQXQ] = det (alll 0

az1n 0

):a111‘0—a112~0—0-a212+0-a211:0.

5. For plan k = 1:



Let A be cubic-matrix of order 2, where all elements on the plan £ = 1 are equal to zero, then
based on definition 2

@122
222

0 Ola
det[Agxoxo] = det <O 0 a;i

6. For plan k = 2:
Let A be cubic-matrix of order 2, where all elements on the plan £ = 2 are equal to zero, then

based on definition Bk
det[AgXQXQ] = det <(1111

211

):O'GQQQ—anz'0—0'a212+a122'0=0-

a121|0 0

21| 0 O):a“l'o_O'a%l—0121'0+0-a211:0,

Now we will consider for third order cubic-matrix, as following.
1. For plan ¢ = 1:
Let A be cubic-matrix of order 3, where all elements on the plan i = 1 are equal to zero, then
based on definition [3k
0 0 0] 0 0 00 0 0
233
as333

det [Agxgxg} = det 223

323

232 (G213
@332 |A313

222
322

~agze +0-
a3z — 0 -
“a3ze +0-
~azi3 —0-
~azi3 +0-
~az;p — 0 -
~azi3 +0-
~azi3 —0-

Q231 | A212
331 | 312

221
321

a211
@311

~ag3 — 0 -
~azz +0-
~azzr — 0 -
a3z +0-
~azzr — 0 -
~azz +0-

“azzy — 0

azz3 — 0 a3 223 233 * (322
~azzz +0-
~azzp —0-
~azzz +0-
~azzz — 0~
a3z +0-

“aze3 — 0

© 222

—0 - ag @223 a9231 @233 * A321

* A221 @222 a231 @232 * A321

* 212 @213 a232 @233 * A312

* 211 @213 a231 @233 * A311

* A211 212 a231 @232 * A311

+ 213 * A222 @223 * A312
a1y - ages + 0 - ~agg + 0 -

+0 - azi1 - asz2 — 0 agi2 - aser — 0+ ager - agiz + 0 - azg - azi;p = 0.

* 212

213 a9221 @223 * A311

2. For plan ¢ = 2:
Let A be cubic-matrix of order 3, where all elements on the plan i = 2 are equal to zero, then

based on definition B

111 Q121 G131| A112 G122 A132 (@113 (A123 @133
det[Asx3x3] = det 0 0 0] 0 0 00 0 0
G311 (321 a331| G312 G322 G332 |A313 (323 (333
= a1 - 0-aszz — a0 asesz —agry - 0-asze +agng -0 asze
—ay12 - 0-aszz +apz-0-azz +anz-0-azes — a0 azy
+aii3-0-asze —ajz-0-asz; —apz-0-asp +apz-0-asy
—ai1 - 0+ aszz + ajar - 0-azzs + a1 - 0-agiz —agr - 0 - azpo
+aigo - 0+ aszz — ago - 0+ aszr — aige - 0+ aziz + agen - 0+ azny
—ai23 -0+ aszp + a3 -0 asz + ajez-0-aziz —ajs-0-azn
+aiz; - 0 asez — aizr - 0 aszge — aizy - 0 aziz + agz - 0+ azpo
—ai32 - 0+ aspg + agza - 0+ asgy +agze - 0-aziz —agz - 0-asn
+ai33 - 0-asep — a3z - 0-as —aizz-0-azp +azz-0-az;n =0.

3. For plan ¢+ = 3:
Let A be cubic-matrix of order 3, where all elements on the plan i = 3 are equal to zero, then

based on definition 3

a111 A121 Q131 Aiiz Q22 Q132 (@113 Q123 A133
a211 (Ag221 (A231| G212 G222 (232 |A213 U223 233

0 0 0] 0 0 010 0 0

= a1 - 220 —aji1 - agse - 0 — ainr - azs - 0+ ajgr - ags -0
5
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—aqy12 - @221 - 0+ ar12 - @23 - 0+ aqi2 - agzr - 0 — aq12 - ags3 -
+ai13 - a1 - 0 — aqi3 - agp - 0 — aqiz - ag3r - 0+ agy3 - agss -
—ai21 - G212 - 0 + ajo1 - a213 - 0 + ajo1 - a3z - 0 — ajor - ag3s -
+ai92 - a11 - 0 — @192 - a213 - 0 — @122 - ag31 - 0 + a2z - @233 -
—ai23 - G211 * 0 + aj23 - a212 - 0 + a3 - aszy - 0 — aga3 - agzs -
+aizy - a212 - 0 — @iz - a213 - 0 — a3y - G222 - 0 + a3y - age3 -
—ai32 - G211 - 0+ a3 - a3 - 0 + agza - agser - 0 — agsn - ages - 0
+ai33 - ag11 - 0 — a133 - az12 - 0 — @133 - azor - 0+ ai33 - age - 0= 0.

o O O o o o

4. For plan j = 1:
Let A be cubic-matrix of order 3, where all elements on the plan 7 = 1 are equal to zero, then
based on definition [3t

0 a2 ai31|0 a2 a132 |0 a3z aiss

det[Asxsxs] =det [ 0 a1 ag31|0 agns a3z |0 azs a2
0 azar azz|0 aszxe azse |0 aszs asss

=0+ agg - aszz — 0+ agsy - aszez — 0 age3 - aszp + 0 - azsz - aszo
—0- a1 - aszz + 0 - a3 - azzy + 0 - ag3; - azes — 0 - ag3z - azz
+0 - ago1 - azzs — 0 - agg - aszzr — 0+ agsy - asge + 0 - agsp - azy

—ai1 - 0+ aszz + agar - 0+ azze + ajor - agze - 0 — agay - agzz - 0
+aigo - 0+ aszz — aigo - 0+ aszr — aigo - ag31 - 0 + agag - agzz - 0
—ai23 - 0+ aszp + ajaz - 0 azzy + a3 - asz; - 0 — aje3 - asze - 0
+aizr - 0 ases — aizr - 0+ asge — @131 - G222 - 0 + a3y - agez - 0
—a132 - 0+ asgg + aizo - 0+ azey + arzs - ager - 0 — agzs - @z - 0

+ai33 - 0 aspe — a3z - 0+ agar — @133 - aze1 - 0+ ayzg - @z - 0 = 0.

5. For plan j = 2:
Let A be cubic-matrix of order 3, where all elements on the plan j = 2 are equal to zero, then
based on definition [3

airr 0 agzi|aie 0 agzejaiiz 0 agsz
det[Asxsxs] =det | azi1 0 asgsi|ane 0 ags|agis 0 agss
azir 0 agsi|aziz 0 agszlazizs 0 asss
=aq11 -0 assz — aqi1 - ag32 -0 —agir - 0 - agsy + agng - azss - 0
—ay12 -0+ aszz +apa -0 asz + apg - ass -0 —agn - asz -0
+ai13-0-asze — a3 -0-asz; — a3 - agz1 -0+ apz - asze -0
—0- a2 - azzz + 0 - a3 - azza + 0 - agzs - aziz — 0 - agssz - azin
+0 - a1 - aszz — 0 - ag3 - aszr — 0 a3y - aziz + 0 - a3z - azn
—0- a1 - asze +0-azz - ass +0-a;-aziz — 0 azse - asi;
+ai31 - a2 - 0 — ag31 - ag13 - 0 —agzr - 0 - aziz + agzr - 0 - aze
—a132 - Ao11 - 0 + @132 - @213 - 0+ @32 - 0 - azi3 — a3 - 0 - asyy
+ay3z - agr - 0 — a3 - ag12 -0 —agzz - 0-agiz +aizz-0-az;p =0.
6. For plan 7 = 3:
Let A be cubic-matrix of order 3, where all elements on the plan j = 3 are equal to zero, then
based on definition [3

a1 aizi 0| a2 aize Olans aps 0

det [A3><3><3] =det | agi1 a1 Ofagiz aze 0|aziz azs 0
asi1 asar 0| asiz asxpe 0lasiz asx 0

= a1 - a2 -0 —aqi1 - 0+ ages — aqn - azes - 0+ agnn - 0+ asom
—a112 - 221 - 0+ @112 - @223 - 0+ agi2 - 0 - asas — agiz - 0 - asy

+aiiz - a1 -0 —ans - a0 —apz-0-age +anz-0-asy
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—aq21 - a212 - 0+ a@y21 - @213 - 0+ @21 - 0+ aziz3 — ajar - 0 - azye
+aigo - a1 - 0 — a1 - a213 - 0 — ag92 - 0 - aziz + ajon - 0+ azpy
—ai93 - G211 * 0 + aj23 - @212 - 0+ ajo3 - 0+ azio — aje3 - 0 - azny
+0 - ag12 - azez — 0+ ag13 - azge — 0+ agon - aziz + 0 - ago3 - azio
=0+ a1 - azez + 0 - a3 - azgy + 0 - aggr - aziz — 0 - a3 - azn
+0 - a1 - azze — 0 - agyz - azer — 0 - ager - aziz + 0 - agem - az;; = 0.
7. For plan k£ = 1:

Let A be cubic-matrix of order 3, where all elements on the plan £ = 1 are equal to zero, then
based on definition [
Olaii2 @iz ai32 (@113 a2z Q133
Ol a2i2 @222 @232 |G213 Q223 G233
Ol aziz asz2 as3z |A313 G323 A333

det [Adxdxd] = det

o O O
o O O

=0 ag - aszz — 0 agsz - azez — 0 aze3 - azzz + 0 - a3z - azo
—ayi2 -0 assg + a2 - a3 -0+ a0 ases — ajgz - azsz -0
+ai13 -0 asszp — a3 - ag -0 — a3 -0 asyp + a3 - a0
—0 - agi2 - aszz + 0 az3 - aszz + 0 agse - aziz — 0 ags3z - azie
+aigo - 0 aszgz — @iz - a213 - 0 — agg - 0+ aziz + ajao - agzz - 0
—ai23 - 0+ aszp + aja3 - a2 - 0+ ajo3 - 0+ azjo — aja3 - asze - 0
+0 - ag12 - aszez — 0 - a3 - aszee — 0 - agan - aziz + 0 - ago3 - azio
—a132 - 0+ asgg + iz - a3 - 0+ agz - 0+ az;3 — agzn - azs - 0
+aiz3 - 0 asee — @133 - ag12 - 0 — aiz3 - 0 - aziz2 + aizz - age - 0= 0.
8. For plan k = 2:

Let A be cubic-matrix of order 3, where all elements on the plan & = 2 are equal to zero, then
based on definition [3}

aipr appr a131|0 0 Olaiz a3 a3z
det[Asxsxs] = det | agin agar a231|0 0 0ags ags asss
aziy agar az3|0 0 0laziz aze3 asss
= a1 -0 aszz —airn -0 ases — arng - a3 - 0+ agqy - agzz -0
—0 - ag - aszz + 0 az3 - azz + 0+ a1 - azaz — 0 ag3z - azan
+ai13 - a1 -0 —aqz-0-asz; — a3 - ags; -0+ agz -0 azy
—ai1 - 0+ aszz + agar - a3 - 0+ ajor - 0+ azi3 — agoy - aszz -0
+0 - a1 - azzz — 0 a3 - aszr — 0 agsy - aziz + 0 - agsz - azn
—ai23 - G211 - 0+ age3 - 0+ azzy + ajo3 - a3 -0 — aje3 - 0+ azn
+aizr - 0 ases — @131 - a213 - 0 — agzy - 0 - asiz + agsy - agez - 0
—0-agi1 - azpz + 0 agiz - azpr +0 - a; - aziz — 0 - a3 - asiy
+ay3z - ar - 0 —ag33 -0+ azar — agzz - agr -0+ agzz-0-az; =0.
9. For plan k = 3:

Let A be cubic-matrix of order 3, where all elements on the plan k = 3 are equal to zero, then
based on definition [3

aiir G121 G131| @iz a2 a3 [0 0 0

det [A3><3><3] =det | agi1 a1 agsi|aziz Az a0 0 0
asi; a1 G331|aziz Az aszze [0 0 0

= a1 - G222 - 0 — agry - G232 - 0 —aqpy - 0+ asze + agnn - 0 asze
—ay12 - G221 - 0+ apio - 0+ azzy + arz - agz -0 —ap - 0 azy
+0 - ago1 - azzs — 0 - agz - azzr — 0 - a3y - asge + 0 - ag3z - azz;
—aq21 - @212 - 0+ ajo1 - 0+ aszs + @21 - a3 - 0 — aqa1 - 0+ asio

+ai22 - a211 - 0 — @122 - 0 - aszy — @122 - ag31 - 0+ ajee - 0 - asiy
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—0-agi1 - azzz + 0 ag2 - asz; +0 - a3 - aziz — 0+ a3z - aziy

+ayzr - a2 - 0 —ag31 - 0+ azoe — agsy - g2 - 0+ agzy - 0 - az

—a132 - A211 - 0+ @132 - 0+ azgy + a3z - a1 - 0 — a3z - 0 - azyy
+0 - a1 - asez — 0 - ag1z - azer — 0 - agor - azi2 + 0 - azo - az;p = 0.

Based on definition [2| and definition |3} we can see that each term is multiplied with elements of
each plan once, hence the proof can be easily seen, as presented above.

0

Proposition 2. Suppose that A is cubic-matriz of order 2 or 3, and let’s be B the cubic-matriz of
same order with A, which obtained from A by multiplying any single: "horizontal layer” or “vertical
page” or "vertical layer” with scalar a. Then det(B) = « - det(A), if o # 0.

Proof. Case 1. The cubic-matrix A of order 2, (and B has order 2), we will proof the case 1 for each
"horizontal layer”, ”vertical page” and ”vertical layer”, as following:

1. For plan i = 1:

Let A be cubic-matrix of order 2, where all elements on the plan i = 1 are equal to zero, then

based on definition 2k

det[nggxg] = det (

Q- a111 & a121
211 221

Q- dyjzg G- a122

212 a222

= Q- Q111 Q22 — Q- Q112 - G991 — Q- Q121 ° G212 + Q- Q192 - Q211 = Q- det[A2><2x2]

2. For plan ¢ = 2:

Let A be cubic-matrix of order 2, where all elements on the plan i = 2 are equal to zero, then
based on definition 2k

112 a122
O - dg12 Q- (222

= Q11 - Q292 — Q112 * Q- Q991 — Q121 - Q- G212 + Q122 - Q- Q211 = Q- det[A2x2x2]

a a
det[BQXQXQ] = det 1 121
Q- dg11 G- A221

3. For plan j = 1:
Let A be cubic-matrix of order 2, where all elements on the plan j = 1 are equal to zero, then
based on definition 2

- dyj;; a121

det[BQXQXQ] = det (

Q- dijlz a122 )

Q- dg11  Q221| O - G212 (A222

= Q- Q111 G2 — Q- Q11 * (o1 — G121 * Q- G212 + Q1o - - Agpy = & - det[Agy o]
4. For plan j = 2:
Let A be cubic-matrix of order 2, where all elements on the plan j = 2 are equal to zero, then
based on definition 2k
Q- a2l

a211 O - Q221|212 O A222

det[BQXQXQ] = det (&111

a112 - Q122 )

= Q111 - Qg — Gi1g * O Qg1 — QU+ Qg1+ g1z + Q- Aygp - Agnn = & - det[Agyxaxo]
5. For plan k = 1:
Let A be cubic-matrix of order 2, where all elements on the plan k = 1 are equal to zero, then
based on definition 2t
aiiz G122 )
212 G222

= QU+ Agyy, G229 — Q12 * Q- A1 — Q° G1g1 * A1 + G122 - - A1 = o - det[Agyoxo]
6. For plan k = 2:
Let A be cubic-matrix of order 2, where all elements on the plan k = 2 are equal to zero, then
based on definition 2t

Q- aj;n; - a1
Q- dg11 Q- Q221

det[BQXQXQ] = det (

det[BQXQXQ] = det @i iz
a211 A221

8

Q- ajlg - Q122
Q- Ag12 O - G222



= Q11 O Qo2 — Q- Q112 - G991 — Q121 - O - G212 + Q- Q192 - Q211 = Q- det[A2x2x2]
Case 2. The cubic-matrix A of order 3, (and B has order 3)

1. For plan i = 1:

Let A be cubic-matrix of order 2, where all elements on the plan i = 1 are equal to zero, then

based on definition Bk

a-ai; @-ai2r O a0131| Q- G112 - diee - A132 |- G113 - d123 (- (G133

det[ngsxs] = det @211 221 @231 212 222 232 213 1293 233

asi1 asz21 a331 a312 322 332 asz13 323 333
= Q- ay1] c G222 G333 — Q- Q111 * G232 * G323 — V- Q111 * G223 * @332 + Q0 - Q111 * G233 * 4322
—Q - G112 * G291 * G333 + Q- Q112 * G223 * A331 + - Q112 * Q231 * A323 — (¢ - A112 * A233 * 4321
Q- a113 - G291 - G332 — - G113 * G292 * G331 — (- G113 * G231 * G322 + Q- @113 - Q232 * A321
—Q - A121 * G212 * (333 T Q- Q121 - A213 * A332 + O - Q121 * Q232 * 4313 — O - Q121 * 4233 * 4312
Q- a192 - G211 - G333 — - G122 * G213 * G331 — (- G122 * G231 * G313 + O - Q122 * A233 * A311
—Q - @123 - G211 * G332 + Q- Q123 - G212 * A331 + O - Q123 - Q231 * A312 — (O - Q123 - G232 * 4311
Q- @131 - G212 - G323 — Q0 - G131 * G213 * G322 — U - 131 * G222 * (313 + Q- G131 * G223 * A312
—Q - Q132 * G211 * G323 + Q- Q132 * G213 * A321 + O - Q132 * Q291 * A313 — (¢ - A132 * Q223 * 4311

Q- @133 - G211 - g2 — - A133 © G212 * G321 — - A133 * (221
2. For plan 7 = 2:
Let A be cubic-matrix of order 2, where all elements
based on definition [3

aszi2 + @ - 133 * A2 * A311 = A+ det[A3><3><3]

on the plan ¢ = 2 are equal to zero, then

a111 @121 @131 ai12 @122 132 113 @123 133
det[B3><3><3] =det | a1 a-ap a-asi|a-any -z -G |- G213 Q- A3 Q- (233

@311 a321 331 312 a322 332 a313 323 333
= Q111 - - Q222 * G333 — @111 * OV * Q232 * G323 — @111 * (O * G223 * G332 + Q111 * O - G233 * 4322
—Q112 " (- G221 * G333 + Q112 * O - Q223 - A331 1+ Q112 * O - Q23] * A323 — Q112 * O - A233 * 4321
+a113 - - G291 - G332 — Q113 * (0 - G222 * G331 — Q113 * O * G231 * G322 + Q113 * O+ Q232 * 4321
—Q121 " O+ G212 * G333 + Q121 * O - Q213 * A332 + G121 * O - Q232 * A313 — G121 * (¥ A233 * 4312
+Q122 - - G211 - G333 — Q122 * (- G213 * (331 — Q122 * O+ G231 * (313 + Q122 * O - A233 - A311
—Q123 - (- G211 * G332 + Q123 * O+ G212 * A331 + Q123 * O+ Q231 * A312 — (123 * (O - A232 * 4311
+a131 - - G212 - G323 — Q131 * (- G213 * G322 — Q131 * (- G292 * G313 + Q131 * O - Q223 * 4312
—Q132 - O+ G211 * G323 + Q132 * U+ G213 * A321 + Q132 * O+ Q291 * A313 — (132 * (O * A223 * 4311

EEUERECRRGII
3. For plan ¢ = 3:
Let A be cubic-matrix of order 2, where all elements
based on definition [3

a3z22 — @133 * O - (212 * A321 — Q133 * (O - A221 *

111 @121 @131 112
det[Bsysxs) = det a911 221 231 a212
Q- agp; @-age; - ag3| Q- age o
= G111 * A222 * X+ A333 — A111 * Q232 - ¢ 4323 — A111
—Q112 - Q221 * O+ G333 + Q112 * Q223 * O+ A331 + G112
+a113 - Q221 * Q- G332 — Q113 * A222 * (¢ - G331 — (113
—Q121 - Q212 * (U * G333 + Q121 * Q213 * O - A332 + Q121
+a129 - @211 * (v - G333 — Q122 * A213 * (- A331 — A122
—Q123 - Q211 * (- G332 + Q123 * Q212 * O - A331 1 A123
+a131 - Q212 - v - G323 — Q131 * A213 * (¢ - A322 — (131
—Q132 - Q211 * O+ G323 + Q132 * 4213 * O - A321 1 A132

a322 — Q133 - A212 - O+ A321 — A133 * Q221 " (0 *
9

+ai33 - G211 - @

asi2 + G133 * Q-+ Q222 * A31] = Q.+ det[A3x3x3]

on the plan ¢ = 3 are equal to zero, then

122 132 113 123 133
222 232 213 223 233
"Q322 (- G332 |- G313 - dA323 (- (333
" Q223+ (O 332 + A111 * (233 - O * 4322
231 - (- G323 — Q112 * Q233 - (& - 4321
© Q231 * O+ Q322 + Q113 * A232 * O - 4321
* 232 - G313 — Q121 G233 * O - 4312
© Q231 * O+ A313 + Q122 * Q233 * O - 4311
* Q231 - - A312 — A123 * G232 © (- 4311
“ Q222+ O 4313 + G131 * G223+ (- 4312
* Q221 - - A313 — A132 * G223 * (- (4311

asi2 + @133 - G222 - ¢+ A31] = Q- det[A3x3x3]



4. For plan j =1

Let A be cubic-matrix of order 2, where

based on definition

det[33><3><3] = det

= Q- ai
—Q - agr2
+a - a3
—Qj21 - Q-
+ajo9 -
—ai23 -
+ags; -

e L L R

—ai32 -

+a133 + Q- Q211 * A322Q133 * O - G212 - G321 — @133 * Q221 * O - G312 + A133 * Q222 * O - A311 =

B

© 222
© A221

© 221

212

+ A211
* a211
© 212

*a211

5. For plan j = 2:
Let A be cubic-matrix of order 2, where all elements on the plan ¢ = 2 are equal to zero, then

based on definition

det[nggxg] = det

= alll e
—Qay12 - QO+

+ang - a-

[3F

@222
221

(221

- ain
Q- A211
a - Q311

*ag33 — - ap

* (333 + aqo1 -
©a333 — 4122 ¢
- 332 + A123
© Q323 — A131 ¢

- 323 + 132

a111
211
@311

11

Q333 + Q- A112

©a332 — - A113

(07
«
«
«

-a.

*a332 — A113 - Q-

@121
221
@321

4232
+ (223
222
+ 4213
+ 213
+ (212
+ 213

@213

Q- a121
Q- A221
Q- A321
© 333 — Q111 * A232 - Q¢+
- Q333+ A - Q-

223

222

all elements on the plan ¢ = 1 are equal to zero, then

a131| & - A112 A122 Q132 |- G113 A123 (A133
A231| O - A212 A222 Q232 |- G213 (A223 (A233
a331| - G312 A322 A332 |- A313 (323 (A333

© Q323 — Q- A111 * G223 * @332 + QU+ @111 * 233 * 4322
©a331 + Q- Q112 ¢ Q231 * G323 — OC- G112 * (233 * (321
©Q331 — Q- A113 * G231 * G322 + Q- @113 * G232 * (321
Q332 + Q191 * Q232 * (- G313 — (121 * A233 * (U * (312
© Q331 — Q122 - Q231 * (- G313 + Q122 - A233 * (U - G311
@331 + Q123 * Q231 * (v - G312 — Q123 * Q232 * (¢ * (311
© Q322 — Q131 * G292 * (O * @313 + Q131 * A223 * (U - (312
© Q321 + Q132 * Q221 * (v - G313 — Q132 * A223 * (¢ * (311
- det[A3><3><3]

a .
a .
a{ .

a133
233
a333

a123
(223
323

Q- (122
Q- A222
Q- A322

a132 |A113
232 (G213
a332 (@313

ai31| aii2
a231| G212
a331| 312
- agz2 + Ay - Q- (392

aze3 — A111 * &+ (223 @233 *

a .

Q331 T Q112 * A231 * Q-

©a331 — 4113 * A231 - (O *

—Q - Ad121 * 4212
“+a - a129 *

—Q a123 .

211
211
+a131 + G212 - @

—a132 - Q211 * Q-

Q333 + Q- A1 -
© 333 — (- 4122

- Q332 + Q- Q123

213
+ 4213
©a212
323 — 4131 - A213 * O -

a323 + G132 * G213 *

agz22 — Q131 *
ase1 + a3z

+a133 * G211+ @ - A322 — @133 * A212 * - A321 — A133 * O * A221 *

6. For plan 7 = 3:

Let A be cubic-matrix of order 2, where

based on definition 3

det[Bsyxsxs] =
= aii - ag22 -
—aii2 - A221 *
+aq13 - ago -
—a121 - A212 *
+aq99 - @211 -
—a123 - Q211 *
+a - a131 - a212

—Q - A132 - A211

«
«
(e
o
(e
«

all elements

“Q332 + Q- ago -
©a331 — Q- A122
©a331 + Q- a3
-

Q .

+ 231

+ 231

232 *

222

221

S ag313 T Q- Q122 ¢ A233
*a312 — - A123 * A232
S ag313 + Q131 O - 4223

323 — A112 * A233 °

a322 + Q113 * G232 - O -

@313 — Q- A121 * (233 °

©a313 — Q132 * OV - U223 *

321
321

312

+asil
©asii

+ A312

311

a2 + G133+ Q- Q222 * A311 = A+ det[A3><3><3]

on the plan ¢ = 3 are equal to zero, then

il Al Q- ai31|Gri2 A2 - a132 (G113 A123 Q- A133

det | ao11 a9 - agsi| a2z Ao - a3y (A3 A223 Q- Aa33

311 ag21 - a331|A312 A3z22 (- A332|A313 (G323 - 4333
© Q333 — @111 * (V- Q232 * @323 — G111 * G223 * (- 332 + Q111 * (- (233 * (322
© @333 + Q112 - Q223 * (- G331 + Q112 * (- G231 - G323 — Q112 * (- (233 * (321
© Q332 — @113 * Q222 * (U * G331 — G113 * (U * G231 * G322 + Q113 * (U - G232 * (321
a333 + Q121 " Q213 * (U - G332 + Q121 * O - Q232 - A313 — Q121 * O - (233 - 4312
Q333 — @122 * G213 * (U * G331 — G122 * (O * G231 * G313 + Q122 * (U - G233 * (311
© Q332 + Q123 - Q212 * (- G331 + Q123 * (- G231 * G312 — Q123 * (U - G232 * 4311
© Q323 — V- Q131 * G213 * G322 — V- Q131 * G222 * @313 + QU - @131 * G223 * (312
©Q323 + Q0 @132 - G213 * G321 + - Q132 * G221 * G313 — O * Q132 * (223 * (311

+Q - a133 - G211 - Q322 — Q- @133 * G212 - A321 — Q- (133 * G221 - A312 + Q- Q133 * G292 * A311 = Q- det[A3x3x3]

7. For plan k = 1:
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Let A be cubic-matrix of order 2, where all
based on definition [

det[nggxg] = det

= Q- dai

—aii12 - O - A221
+aq13 - - a1
—Q - G121 * A212
+aq22 - - G211
—a123 - & - A211
+a - a1z - ag12

—Q132 - O - A211

+ A222

Q333 T Q- Q121 * 4213

*A323 — Q- 131 * A213

- ain
Q- A211
Q- asn

$ G333 — Q- A111 * 4232

Q333 + 112 - Q223 (¢
* 332 — 113 - Q222 - Q-
“a332 + Q- agg)
* G333 — 122 - A213 - Q-

Q332 + Q123 * A212 * QL *

Q323 T Q132 * A213 * QL+

- a121
Q- A221
Q- A321

©A323 — Q- A111

*A322 — Q- 131

elements on

(07
(07
(07

122
222
322

*a131| A112
* (231| G212
+ a331| A312
+ (223 -
a331 + a112 - Q- Q31
331 — 113 - O - Q231
4232
331 — Q122 - O - Q231
G331 + Q123 * O - Q231
+ (222

aso1 + a132 + Q- Q221

@123
223
323

@132 |A113
232 |A213
332 |A313

agsy + - aq111 - @233

323 — A112 * A233 - (¢

“ Q322 + Q113 - Q232 - v
© 313 — Q- G121 © 4233 ¢
Q313 + Q122 - Q233 - (v
* 312 — 123 * G232 - (-

- Q313 T Q- @131 - 4223 °

313 — A132 - A223 - (-

Q133 * Q- Q211 * A322 — Q133 * A212 * (¢ - A321 — Q133 * O - Q921 * A312 + Q133 * Q222 * (¢ - A31] = Q-

8. For plan k = 2:

the plan k = 1 are equal to zero, then

@133
233
333

322
as21
a321
asi2
asii
asii
asz12

a311

det[Asx3x3]

Let A be cubic-matrix of order 2, where all elements on the plan & = 2 are equal to zero, then

based on definition B

det[nggxg] = det

= G111 - & - G222
—Q - a2 - a221
+a113 - age1 - ¢ -
—aj21 * & A212
+a a2 - Ggn
—a123 * G211 - -
+a131 - - G912

—Q - A132 * A211

Q333 T Q- Q112 * A223

© 333 — - A122 - G213

Q121
221
@321

111
211
311

© 333 — Q111 * O - G232

332 — A113 * O - (222

- Q333 T Q121 * A213 * QL+

as32 + G123 + @+ A212

*A323 — Q131 * A213 - (¢ *

Q323 T Q- Q132 * A213

@131 & - G112
A231| O - G212
a331| & - G312

- Q331 T Q- Q112 * A231

© 331 — (- Q122 * 4231

S Q321 T Q- Q132 ¢ A221

(0%
(0%
(0%

Q- A122
Q- A222
a - 322

© 323 — Q111 * A223 * (X *

© 331 — @113 * A231 * X+

as32 + Q121 * @ - A232

- 331 + Q123 * A231 * O *

a322 — Q131 * &+ (222

©az13 — - A132 * G223

@123
223
4323

+a132 (@113
+ 232 (G213
+ 332 |A313

as32 + G111+ G233 -

©A323 — (- A112 * A233 *

a322 + 113 - O - A232

© 313 — Q121 * A233 * (X *
- a313 + Q- Q122 * G233

312 — A123 * O * A232

- a313 + Q131 * A223 - O -

@133
233
4333

a322

321

+ a321

312

+asi

+ 4311

312

+ 311

+ai133 - G211 * O+ G322 — Q133 © (- G212 " G321 — Q133 ~ Q221 * (V- 4312 + Q133 * (U - Q222 - A31] = QU+ det[A3x3x3]
9. For plan k = 3:
Let A be cubic-matrix of order 2, where all elements on the plan k& = 3 are equal to zero, then
based on definition [3t

111 Ai21 A131| G112 Q122 Q132 (- Q113 (- G123 (- 4133

det[B:sxsxs] =det | asi1 a1 31| a212 A2 232 |- G213 - A3 - Gg33

azi1 G321 G331| G312 G322 (A332 |- A313 Q- 4323 - (333
= @111 - Q292 * O+ G333 — Q111 * Q232 * O+ A323 — Q111 * O * (223 * A332 + Q111 * O~ (233 * 4322
—Q112 - Q221 * O+ G333 + Q112 * O+ G223 * A331 + Q112 * 231 * O - Q323 — Q112 * O - Q233 * A321
Q- a1z - Qg1 - G332 — - A113 - G292 * G331 — (- G113 * G231 * (322 + Q- Q113 - A232 * 4321
—Q121 * Q212 * O+ G333 + Q121 * O - Q213 * A332 + G121 * G232 * O * 4313 — G121 * O A233 * 4312
+a122 - Q211 * - Q333 — Q122 * (- G213 - G331 — Q122 4231 * O - (313 + Q122 * O - A233 - A311
—Q - @123 * G211 * G332 + Q- Q123 * G212 * A331 + O - Q123 - Q231 * A312 — (- Q123 * Q232 * 4311
+a131 - Q212 - O - Q323 — Q131 * - G213 * A322 — Q131 * G222 * O+ A313 + Q131 * (U - G223 * A312
—Q132 - Q211 * O+ G323 + Q132 * O+ G213 * A321 1+ Q132 * G221 * O - Q313 — Q132 * O - A223 * A311

11

+Q - a133 - G211 - A322 — Q- @133 * G212 - A321 — Q- (133 * G221 - A312 + Q- Q133 * G292 * A311 = Q- det[A3><3><3]

U



Example 3. Let’s be A a cubic matriz with order 2 then we will obtain determinant a cubic-matriz
B from A by multiplying any plan i = 1 with scalar 3 and have,

det[Byxpa] = det (232 211200 2T ) —30.0 345 -3.1.343.7.3=6.

If we compare with example 2, we can see that |A| =3 - |B|.

Theorem 2. Let’s be A a cubic-matrix of order 2 or order 3, and B be another cubic-matrix, which
obtained from A by interchanging the location of two consecutive "horizontal layer” in i-index, then
det(A) = det(B).

Proof. Case 1. Let B be cubic-matrix of order 2, where we have interchanged to ”horizontal layer”,
then based on definition 2t

Let B be cubic-matrix of order 2, where we have interchanged two ”horizontal layer”, then based
on definition 2

A211 G221 G212 G222
det|B = det
(Baz (alll aie1| G112 G122
= Q211 Q122 — Q212 * Q121 — G221 * @112 + G222 * Q111 = det[A2><2><2]
Case 2. Let B be cubic-matrix of order 3, where we have interchanged to "horizontal layer”, then
based on definition 2k
1. Let B be cubic-matrix of order 3, where we have interchanged two ”horizontal layer” (first layer

with the second layer), then based on definition [3}

(211 Q221 (A231| Q212 Q222 (232 [A213 (223 (A233
det[Bsxsx?,] =det | ain1 @21 aizi| a2 Qa2 @132 (@113 Q123 G133
311 (A321 A331|A312 (A322 4332|4313 G323 (A333

= Q211 * Q122 - A333 — G211 * A132 * G323 — (211 * A123 * A332 T G211 * A133 * 4322
—Q212 * Q121 * @333 + Q212 * Q123 - A331 + G212 * @131 * A323 — (212 * 4133 * A321
+a213 - Q121 * A332 — Q213 * A122 * G331 — G213 * A131 * A322 + G213 * Q132 * (321
—Q221 * Q112 * @333 + Q291 * A113 * A332 + G221 * G132 * A313 — Q221 * 4133 * A312
+Qg92 - Q111 * A333 — Q222 * A113 * A331 — Q222 * A131 * A313 T G222 * @133 * A311
—Q223 * 111 * @332 + Q223 * Q112 * A331 + G223 * @131 * A312 — (223 * A132 * A311
+a231 - G112 * Q323 — 231 * A113 * G322 — G231 * Q122 * 313 + A231 * G123 * A312
—Q232 * Q111 * @323 + Q232 * A113 * A321 + G232 * @121 * A313 — (232 * A123 * A311

+a933 - Q111 - G322 — G233 - A112 * G311 — (233 * G121 * A312 + 233 - G122 * A311

= Q111 * G222 * A333 — 111 * A232 * G323 — Q111 * A223 * A332 1 G111 * (233 * (322
—Q112 * Q221 * G333 + Q112 * Q223 * A331 + Q112 * G231 * A323 — Q112 * (233 * A321
+a113 * Q221 * @332 — G113 * G222 * A331 — (113 * 4231 * A322 + Q113 * A232 * A321
—Q121 * A212 * G333 + Q121 - G213 * A332 + Q121 * G232 - A313 — (121 * A233 * A312
+a122 - Q211 * @333 — Q122 * G213 * A331 — Q122 * 4231 * @313 + Q122 * A233 * A311
—Q123 * 211 * @332 + Q123 * A212 * A331 + G123 * G231 * A312 — (123 * G232 * (311
+a131 - Q212 * A323 — G131 * G213 * G322 — Q131 * 4222 * A313 + Q131 * A223 * A312
—Qa132 * G211 * @323 + Q132 * A213 * A321 + G132 * G221 * A313 — (132 * 4223 * (311
+a133 - Q211 * A322 — @133 * G212 * G321 — A133 * A221 * A312 + Q133 * (222 * A311 = det[A3x3x3]
2. Let B be cubic-matrix of order 3, where we have interchanged two "horizontal layer” (second
layer with the third layer), then based on definition :

G111 A121 A131|A112 QA122 @132 |A113 Q123 (133
det[nggxg]:det 311 Aaz21 G331| @312 A322 A332 |A313 G323 (A333

Q211 Q221 A231| Q212 Q222 232 [A213 «A223 (A233
12



= @111 * Q322 * A233 — Q111 * @332 * G223 — Q111 * A323 * A232 + G111 * (333 * (222
—a112 * 4321 * G233 + Q112 * A323 - A231 + G112 * G331 * A223 — (112 * 4333 * G221
+a113 - ag21 -+ Q232 — Q113 * A322 * G231 — 113 * A331 * G222 + G113 * A332 * A221
—Qa121 * 4312 * G233 + Q121 * A313 * A232 + G121 * G332 - A213 — 4121 * 4333 * A212
+a122 - A311 * Q233 — G122 * G313 * A231 — (122 * A331 * G213 + Q122 * A333 * A211
—@123 - 311 - Q232 + Q123 * G312 - Q231 + Q123 * G331 * Q212 — G123 * (332 * A211
+a131 - Ag12 - Q223 — Q131 * A313 * Q222 — G131 * A322 * G213 + A131 * A323 * A212
—a132 * 4311 * Q223 + Q132 - A313 * Q221 + Q132 - A321 - A213 — 4132 * A323 * (211

+@133 * G311 * G202 — G133 * G312 * G221 — G133 * G321 * G212 + A133 * A322 * A211

= @111 * Q222 * A333 — G111 * G232 * G323 — A111 * A223 * A332 + G111 * (233 * (322
—Q112 - Q221 * G333 + Q112 * Q223 - A331 + Q112 * G231 * A323 — (112 * A233 * (321
+a113 - Q201 * A332 — @113 * A222 * G331 — Q113 * A231 * A322 + Q113 * G232 * (321
—Qa121 * G212 * @333 + Q121 * A213 * A332 + G121 * G232 * A313 — Q121 * 4233 * A312
+a192 - Q211 + Q333 — Q122 * G213 * G331 — Q122 * A231 * A313 + G122 * G233 * A311
—Q123 * G211 * @332 + Q123 * A212 * A331 + G123 * G231 * A312 — (123 * G232 * (311
+a131 - G212 - G323 — Q131 * A213 * G322 — G131 * Q222 * (313 + A131 * G223 * A312
—Qa132 * G211 * @323 + Q132 - A213 * A321 + Q132 * G221 * A313 — (132 * A223 * A311
+a133 - Q211 * A322 — @133 * G212 * G321 — A133 * A221 * A312 + G133 * G222 * A311 = det[A3><3><3]

U

Example 4. Let A be 2 x 2 x 2 3D determinant than we will obtain determinant B from A by
interchanging location of two horizontal layer in 1 index:

2 114 7

Then:

3 53 2

If we compare results with example 2, we can see that we have the same result.

Example 5. Let A be a 3 x 3 x 3 3D determinant than we will obtain determinant B from A by
interchanging location of two horizontal layer in © index:

1 4 2/3 1 3|12 10
det[Asxsxs]) =det [ 2 0 0[5 1 3|10 1 0| =-34+6—-4+24+24+10+10—4+6—6 =63
0 4 2/3 2 012 1 0
Then:
2 0 051 3010
det[Bsyxsxg) =det |1 4 2|3 1 3|12 1 0] =6—-44+104+10—4—-3+24+24—-6+6=063
0 4 2/3 2 02 1 0

If we compare results with example 2, we can see that we have the same result.

g

Theorem 3. Let’s be A a cubic-matrix of order 2 or order 3, and B be another cubic-matrix, which
obtained from A by interchanging the location of two consecutive: “vertical page” in j-index or
“vertical layer” in k-indezx, then det(A) = — det(B).
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Proof. Case 1. The cubic-matrix A of order 2, (and B has order 2), we will proof the case 1 for each
"vertical page” and "vertical layer”, as following:

1. For interchanging the location of two consecutive ”vertical page”:

Let B be cubic-matrix of order 2, where we have interchanged two ”vertical page”, then based on
definition 2k

a a1l a a
det[Bzxgxg] — det 121 11 122 112
G221 A211| G222 A212

= Qq21 * Q212 — Q122 * A211 — Q111 * A222 + G112 * G291 = — det[A2x2x2]
2. For interchanging the location of two consecutive ”vertical layer”:

Let B be cubic-matrix of order 2, where we have interchanged two ”vertical layer”, then based on
definition 2k

Q112 A122| Q111 A121
det[BZngg] = det
Q212 Q222 Q211 Q221

= Q112 * G221 — Q111 * Q222 — @122 * A211 + Q121 * (212 = — det[A2><2><2]
Case 2. The cubic-matrix A of order 3, (and B has order 3), we will proof the case 2 for each
"vertical page” and "vertical layer”, as following:
1. For interchanging the location of two consecutive ”vertical page”:
Let B be cubic-matrix of order 3, where we have interchanged two consecutive ”vertical page”
(First page with second page), then based on definition :

121 A111 A131| G122 Q112 Q132 (G123 (G113 (G133

det[B3><3><3] =det | as1 az11 G31|a222 G212 232 |G223 213 G233

321 G311 G331] G322 G312 (A332 |A323 (A313 (333
= Q121 - G212 * A333 — Q121 * G232 * @313 — Q121 * A213 * A332 1 G121 * (233 * (312
—Q122 * G211 * @333 + Q122 * A213 * A331 + Q122 - G231 * A313 — Q122 * A233 * A311
+a123 - Q211 * Q332 — Q123 * G212 * A331 — (123 * 4231 * @312 + Q123 * A232 * A311
—aq11 * G222 * @333 + Q111 * Q223 * A332 + G111 * G232 * A323 — (111 * 4233 * 4322
+aq12 - Q201 + Q333 — @112 * Q223 * G331 — Q112 * A231 * A323 + G112 * G233 * A321
—a113 * Q221 * @332 + Q113 * Q222 * A331 + G113 * G231 * A322 — (113 * G232 * A321
+a131 - Q22 + A313 — Q131 * G223 * G312 — A131 * A212 * A323 + G131 * (213 * 4322
—Q132 * G221 * @313 + Q132 * Q223 * A311 + G132 * G211 * A323 — (132 * G213 * A321

+a133 - Q221 * A312 — Q133 * A222 * A311 — @133 * A211 * A322 + G133 * G212 - G321

= —Q111 - Q222 * G333 + @111 * Q232 - A323 + Q111 * Q223 * A332 — (111 * A233 * A322
+a112 - G291 - 4333 — Q112 * Q223 * A331 — Q112 * A231 * G323 + Q112 * 4233 * A321
—Qa113 * Q221 * G332 + Q113 * Q222 * A331 + Q113 * G231 * A322 — Q113 * G232 * 4321
+a121 - G212 - @333 — Q121 * A213 * G332 — G121 * A232 * (313 + A121 * G233 * A312
—Q122 * G211 * @333 + Q122 * A213 * A331 + Q122 - G231 - A313 — (122 * A233 * A311
+@123 - Q211 * A332 — @123 * G212 * G331 — G123 * A231 * A312 + Q123 - G232 * A311
—a131 * G212 * @323 + Q131 * A213 * A322 + Q131 * G222 - A313 — 4131 * 4223 * A312
+a132 © Q211 * A323 — Q132 * G213 - A321 — 4132 * G221 * @313 + A132 * A223 * A311

—@133 * G211 * G322 + @133 * Q212 - A321 + A133 * A221 * A312 — A133 * A222 * A311

= —(CL111 Q222 * @333 — G111 * G232 * A323 — (111 * G223 * @332 + A111 * A233 * A322
—Qa112 * G221 * @333 + Q112 * Q223 * A331 + G112 * G231 * A323 — (112 * 4233 * A321
+aq13 - Q91 + Q332 — @113 * Q222 * G331 — Q113 * A231 * A322 + G113 * G232 * A321
—Q121 * G212 * @333 + Q121 * A213 * A332 + G121 * G232 - A313 — Q121 * 4233 * 4312
+a199 - Q211 + Q333 — Q122 * G213 * G331 — Q122 * A231 * A313 + G122 * G233 * A311

—@123 * G211 * G332 + @123 * Q212 - A331 + A123 * A231 * A312 — (123 * A232 * A311
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+a131 - Q212 + Q323 — @131 * G213 * G322 — Q131 * A222 * A313 T (131 * (223 * A312
—Q132 * G211 * @323 + Q132 * A213 * A321 + Q132 * G221 * A313 — (132 * 4223 * 311
+a133 - @211 - A322 — @133 * G212 * G321 — Q133 * A221 * A312 + A133 - A222 a311) = - det[A3><3><3]
2. For interchanging the location of two consecutive ”vertical page”:

Let B be cubic-matrix of order 3, where we have interchanged two consecutive ”vertical page”
(Second page with third page), then based on definition :

a1l A131 Gi21| G112 Q132 A122 |A113 @133 4123

det[Bsxsx?,] =det | agi1 ag31 Go1|azi2 G232 222 |G213 233 223

311 Aas31 Aag21| G312 G332 G322 |A313 G333 (323
= Q111 * G232 * G323 — Q111 - A222 * (333 — G111 * A233 * (322 + A111 * G223 * A332
—Q112 * A231 * G323 + G112 * G233 * A321 + Q112 * G221 * A333 — Q112 * (223 * A331
+a113 - G231 - Q322 — Q113 * A232 * G321 — (113 * A221 * G332 + Q113 * A222 * A331
—a131 * G212 * @323 + Q131 * A213 * A322 + Q131 * G222 - A313 — 4131 * 4223 * A312
+a132 - Q211 * A323 — Q132 * G213 * A321 — 4132 * G221 * @313 + A132 * A223 * A311
—Qa133 * Q211 * @322 + Q133 * A212 * A321 + Q133 * Q221 * A312 — (133 * A222 * 311
+aq21 - Q212 * @333 — G121 * G213 * A332 — Q121 * 4232 * @313 + Q121 * A233 * A312
—Q122 * 211 * @333 + Q122 * A213 - A331 + Q122 * G231 * A313 — (122 * G233 * A311

+a123 - Q211 * A332 — Q123 * A212 * A331 — G123 * A231 * A312 + G123 * G232 * G311

= —a111 - Q222 * A333 + G111 * G232 * A323 + G111 * G223 * G332 — Q111 * A233 * 4322
+a112 - G291 + 4333 — Q112 * Q223 * A331 — Q112 - A231 * G323 + Q112 * 4233 * A321
—@a113 * Q221 * G332 + @113 * Q222 - A331 + Q113 * G231 * A322 — (113 * A232 * (321
+a121 - G212 - A333 — Q121 * G213 * A332 — Q121 * A232 * A313 T (121 * (233 * A312
—Q122 * G211 * @333 + Q122 * A213 * A331 + Q122 - G231 * A313 — (122 * A233 * A311
+a123 - Q211 * A332 — Q123 * G212 * A331 — (123 * 4231 * @312 + Q123 * A232 * A311
—a131 * G212 * @323 + Q131 * A213 * A322 + G131 * G222 * A313 — 4131 * 4223 * A312
+a132 - Q211 + Q323 — Q132 * G213 * G321 — Q132 * A221 * A313 + G132 * G223 * A311

—@133 * G211 * G322 + @133 * Q212 - A321 + A133 * A221 * A312 — A133 * A222 * A311

= —(a111 @992 * (333 — Q111 * @232 * A323 — Q111 * @223 * A332 + Q111 * A233 * A322

—@112 * G221 - A333 + Q112 * G223 - A331 1+ Q112 * G231 - A323 — G112 * G233 - 4321

+a113 - Q221 * G332 — A113 * A222 * G331 — A113 * G231 * A322 + A113 - G232 * 4321

—@121 * G212 * (333 + Q121 * G213 * G332 + Q121 * A232 * A313 — (121 * 4233 * A312

+@122 * G211 * G333 — G122 * G213 * G331 — G122 * G231 * G313 + Q122 * A233 * A311

—@123 * G211 * G332 + @123 * Q212 * 4331 + Q123 * A231 * A312 — (123 * A232 * A311

+a131 * G212 * G323 — G131 * G213 * G322 — G131 * G222 * G313 T Q131 * Q223 * A312

—@132 * G211 * G323 + @132 - A213 - A321 + A132 * A221 * A313 — A132 * U223 * A311
133 * 211 * A322 — (@133 * A212 * A321 — (133 * Q221 * A312 133 * A222 * A311) = — 3x3x3
+aisz - as - a @133 - A212 - @ 133 * (291 * 312 + (133 * G922 * A311) det[A ]

3. For interchanging the location of two consecutive ”vertical layers”:

Let B be cubic-matrix of order 3, where we have interchanged two consecutive ”vertical layers”
(First layer with second layer), then based on definition [3}

112 d122 A132| G111 Q121 Q131 (G113 (G123 G133
det[Bg,ngg] =det | asia a9 a32| a1 G221 231 [A213 223 233

312 0A322 (332|311 G321 G331 |A313 (G323 (333
= Q112 * Q291 * A333 — G112 * (231 * G323 — Q112 * A223 * A331 + G112 * G233 * A321

—@111 * G222 * G333 + Q111 @293 © @332 + A111 * A232 * A323 — Q111 * A233 * A322
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+a113 - Q292 - A331 — @113 * Q221 * G332 — A113 * A232 * A321 + G113 * G231 * 4322
—Q122 * 211 * @333 + Q122 * A213 * A331 + G122 * G231 * A313 — Q122 * 4233 * A311
+a191 - Q212 + Q333 — Q121 * G213 * G332 — Q121 * A232 * A313 T G121 * (233 * 4312
—Q123 * G212 * @331 + Q123 * A211 * A332 + G123 * G232 - A311 — (123 * 4231 * 4312
+a132 - @211 + Q323 — @132 * G213 * G321 — A132 * A221 * A313 + G132 * G223 * A311
—a131 * G212 * G323 + @131 * A213 * A322 + G131 * G222 * A313 — Q131 * 4223 * 4312

+a133 - Q212 * G321 — @133 - A211 * G322 — Q133 * G222 * 4311 + A133 * G221 * A312

= —aq11 - Q222 " 4333 + Q111 - G232 - (323 1 A111 * A223 * G332 — A111 * 4233 * A322
+a112 - Q201 + A333 — Q112 - A223 * 331 — G112 * A231 * A323 + Q112 * (233 * (321
—a113 * G221 * @332 + Q113 * A222 * A331 + Q113 - Q231 - A322 — (113 * A232 * A321
+a121 - Q212 * A333 — G121 * G213 * 332 — Q121 * 4232 * A313 + Q121 * A233 * A312
—Q122 * G211 * @333 + Q122 * A213 * A331 + Q122 * G231 * A313 — Q122 * A233 * A311
+a123 - Q211 * Q332 — Q123 * G212 * A331 — (123 * 4231 * @312 + Q123 * A232 * A311
—a131 * G212 * @323 + Q131 * A213 * A322 + G131 * G222 * A313 — 4131 * 4223 * A312
+a132 - Q211 * Q323 — Q132 * G213 * A321 — (132 * U221 * @313 + A132 - A223 * A311

—@133 * G211 * G322 + @133 * Q212 - A321 + Q133 * A221 * A312 — 133 * A222 * A311

= —(a111 Q222 * 4333 — G111 * G232 * A323 — (111 * 4223 * @332 + Q111 * A233 * A322
—a112 * G221 * @333 + Q112 * Q223 * A331 + G112 - G231 * A323 — (112 * G233 * A321
+aq13 - Q201 + Q332 — @113 * G222 * G331 — A113 * A231 * A322 + G113 * G232 * A321
—Qa121 * G212 * @333 + Q121 * A213 * A332 + G121 * G232 * A313 — (121 * 4233 * 4312
+a122 - G211 A333 — Q122 * A213 * A331 — Q122 * A231 * G313 + Q122 * 4233 * A311
—Q123 - A211 * G332 + Q123 - G212 - A331 + Q123 * G231 * A312 — Q123 * A232 * G311
+a131 - G212 - G323 — Q131 * A213 * G322 — G131 * A222 * (313 + A131 * G223 * A312
—Q132 * Q211 * G323 + Q132 - G213 * A321 + Q132 * G221 * A313 — 132 * A223 * G311
+a133 - Q211 * A322 — @133 * G212 * G321 — Q133 * 4221 * A312 + Q133 - A222 G311) = - det[A3><3><3]
4. For interchanging the location of two consecutive ”vertical layers”:

Let B be cubic-matrix of order 3, where we have interchanged two consecutive ”vertical layers”
(Second layer with third layer), then based on definition [3}

111 A121 G131| G113 Q123 A133 |A112 G122 (4132

det[B3x3x3] =det | @211 aga1 az31|a213 203 G233 |A212 G222 G232

311 az21 A331| G313 (323 a333 (G312 G322 G332
= Q111 - G223 - A332 — (111 * G233 * A322 — Q111 - A222 * 4333 + A111 * (232 * 4323
—a113 * G221 * @332 + Q113 * A222 * A331 + Q113 - Q231 - A322 — (113 * A232 * A321
+aq12 - Q221 * @333 — G112 * G223 - A331 — (112 * G231 * A323 + Q112 * A233 * 4321
—Qa121 * G213 * @332 + Q121 * A212 * A333 + G121 - G233 - A312 — 4121 * 4232 * 4313
+a123 - Q211 * A332 — Q123 * G212 * A331 — (123 * G231 * @312 + Q123 * A232 * A311
—Q122 * G211 * @333 + Q122 * A213 * A331 + Q122 * G231 * A313 — (4122 * 4233 * A311
+a131 * Q213 * A322 — G131 * G212 * G323 — Q131 * 4223 * A312 + Q131 * A222 * A313
—Qa133 * Q211 * @322 + Q133 * Q212 * A321 + Q133 * G221 * A312 — (133 * A222 * 311

+a132 - Q211 * A323 — A132 * A213 * A321 — G132 * 221 * G313 + G132 * G223 * G311

= —Q111 - Q292 - @333 + Q111 - A232 * A323 + G111 * G223 * G332 — G111 * G233 * (G322
+aq12 - Q21 * @333 — A112 * A223 * A331 — Q112 * A231 * A323 + G112 * G233 * G321

—@113 * G221 * G332 + @113 * Q292 - A331 + A113 - A231 * A322 — A113 * U232 * A321
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+aq91 - Q212 + Q333 — Q121 * G213 * G332 — Q121 * A232 * A313 T G121 * (233 * 4312
—Q122 * A211 * G333 + Q122 - G213 - A331 + Q122 * G231 * A313 — Q122 * A233 * G311
+@123 - Q211 * A332 — Q123 * A212 * G331 — G123 * A231 * A312 T+ G123 * G232 * A311
—Qa131 * G212 * @323 + Q131 * A213 * A322 + G131 * G222 * A313 — 4131 * 4223 * 4312
+a132 - @211 + Q323 — @132 * G213 * G321 — Q132 * A221 * A313 + G132 * G223 * A311

—@133 - G211 - (322 + @133 * G212 - A321 + @133 * G221 - A312 — G133 * U222 * (311

= —((1111 Q222 * @333 — Q111 * G232 * G323 — (111 * G223 * @332 + A111 * A233 * A322
—a112 * G221 * @333 + Q112 * Q223 - A331 + G112 * G231 * A323 — (112 * 4233 * A321
+a113 - G291 - G332 — 113 - Q222 * A331 — G113 * A231 * G322 + @113 * Q232 * 4321
—Qa121 * G212 * @333 + Q121 * A213 * A332 + G121 * G232 - A313 — Q121 * 4233 * A312
+a199 - Q211 + Q333 — Q122 * G213 * G331 — Q122 * A231 * A313 + G122 * G233 * A311
—Q123 * G211 * @332 + Q123 * A212 * A331 + G123 * G231 * A312 — (123 * G232 * (311
+a131 - Q212 - A323 — @131 * A213 * A322 — Q131 * A222 * A313 + A131 * (223 * A312
—Qa132 * G211 * @323 + Q132 * A213 * A321 + Q132 * G221 * A313 — (4132 * (223 * 311
+a133 - @211 * A322 — @133 * G212 * G321 — Q133 * A221 * A312 + @133 - Q222 CL311) = - det[A3x3><3]

O
Example 6. Let A be 2 x 2 x 2 8D determinant than we will obtain determinant B from A by

interchanging location of two plans in 7 index:
2 114 7
Then:

1 2|7 4
Example 7. Let A be a 3 x 3 x 3 3D determinant than we will obtain determinant B from A by
interchanging location of two plans in j index:

14213131210
det[Asxsxs] =det {2 0 0|5 1 3|0 1 0] =-3+6—-4+244+24+10+10—-4+6—-6=63
04 23 20210
Then:
41 21 3 311 20
det[Asxsxs] =det |0 2 0|1 5 3|1 0 0] =-24—10—-6+3—-6—-24+4+4+6—10=—63
4 0 2(2 3 01 20
If we compare results with example 2, we can see that |A| = —|B)|

Example 8. Let A be 2 x 2 x 2 3D determinant than we will obtain determinant B from A by
interchanging location of two plans in k index:

2 114 7
Then:
4 712 1
If we compare results with ezample 2, we can see that |A| = —|B).
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Example 9. Let A be a 3 x 3 x 3 3D determinant than we will obtain determinant B from A by
interchanging location of two plans in k index:

14 2131 31210
det[Asxsxs] =det [ 2 0 0[5 1 3|10 1 0| =-34+6—-4+24+24+10+10—4+4+6—6=063
04 23 20|12 10
Then:
31 3|1 4 2|12 10
det[Bsxsxs) =det [ 5 1 3|2 0 00 1 0| =—-643-24—-24—-10—64+6—10—4—4 = —63
32 0[0 4 2|12 10
If we compare results with example 3, we can see that |A| = —|B).

4. ALGORITHMS IMPLEMENTATION OF DETERMINANTS FOR CUBIC-MATRIX OF ORDER 2 AND 3
4.1. Computer algorithm for calculating determinant of cubic matrices of order 2 and

order 3.

In the following we have presented the pseudocode of algorithm for calculating the determinant of
cubic matrices of order 2 and order 3based on the Definition [2 and Definition [3]

P 1: Determinant calculation of cubic matrices of second and third order

Step 1: Determine the order of determinant:
[m,n, o] = size(A);
Step 2: Checking if 3D matrix is cubic:
ifm ~n;m~=o0;n~=o;
disp("A is not square, cannot calculate the determinant’)
d=0;
return
end
Step 3: Checking if 3D matrix is higher than the 3rd order:
if m > 3;
disp(’A is higher than the third order, hence can not be calculated.”)
d=0;
return
end
Step 4: Initialize d = 0;
Step 5: Handling base case.

ifm==1
d= A,
return
end

Step 6: Check if A is of second order.
d=A(1,1,1) %« A(2,2,2) — A(1,1,2) x A(2,2,1) — A(1,2,1) « A(2,1,2) + A(1,2,2) x A(2,1,1)
Step 7: Check if A is of third order.

= A(1,1,1)%A(2,2,2)%A(3,3,3)—A(1, 1, 1)xA(2,3,2)*A(3,2,3)— A(1, 1, 1)xA(2, 2, 3)xA(3, 3, 2)
FA(1,1,1)%A(2,3,3)%A(3,2,2)— A(1,1,2)x A(2,2,1)x A(3,3,3)+ A(1, 1,2)* A(2, 2, 3)x A(3,3,1)
FA(1,1,2)%A(2,3,1)%A(3,2,3)— A(1,1,2)% A(2,3,3) % A(3,2, 1)+ A(1, 1, 3)x A(2,2,1)x A(3, 3, 2)
—A(1,1,3)%A(2,2,2)%A(3,3,1)—A(1,1,3)%A(2,3,1)%A(3,2,2)+A(1,1,3)% A(2, 3,2)% A(3, 2, 1)
—A(1,2,1)%A(2,1,2)%A(3,3,3)+A(1,2,1)%A(2,1,3)%A(3,3,2)+ A(1,2,1)% A(2, 3,2)% A(3, 1, 3)



—A(1,2,1)%xA(2,3,3)%A(3,1,2)+ A(1,2,2)xA(2,1,1)xA(3,3,3)— A(1,2,2)xA(2,1,3)*A(3,3, 1)
—A(1,2,2)%A(2,3,1)xA(3,1,3)+A(1,2,2)%xA(2,3,3)xA(3,1,1) - A(1,2,3)xA(2,1,1)x A(3, 3, 2)
+A(1,2,3)%A(2,1,2)%A(3,3,1)+A(1,2,3)xA(2,3,1)xA(3,1,2)— A(1,2,3)xA(2,3,2)xA(3,1,1)
+A(1,3,1)xA(2,1,2)%A(3,2,3)—A(1,3,1)xA(2,1,3)xA(3,2,2)—A(1,3,1)xA(2,2,2)%A(3,1,3)
+A(1,3,1)%A(2,2,3)%A(3,1,2)— A(1,3,2)xA(2,1,1)%A(3,2,3)+A(1, 3,2)xA(2,1,3)% A(3, 2, 1)
+A(1,3,2)%A(2,2,1)xA(3,1,3)— A(1,3,2)xA(2,2,3)%A(3,1,1)+A(1, 3,3)xA(2, 1, 1)% A(3, 2,2)
—A(1,3,3)%A(2,1,2)%A(3,2,1)—A(1,3,3)xA(2,2,1)xA(3,1,2)+ A(1, 3,3)xA(2,2,2)*A(3,1,1)
Step 8: Return the result of 3D determinant.

4.2. Optimized version of computer algorithm.

The above-mention algorithm is hard-coded exactly as it is prescribet in the Dfinition [2| and
Definition [3], it can be optimized further with nested-loop. Hence, in the following we have presented
another optimized version of above algorithm which gives the same result.

P 2: Optimized algorithm for determinant calculation of cubic matrices of second and third order

Step 1: Determine the order of determinant:
[m,n, o] = size(A);
Step 2: Checking if 3D matrix is cubic:
ifm ~n;m~=o0;n~=o;
disp("A is not square, cannot calculate the determinant’)
d=0;
return
end
Step 3: Checking if 3D matrix is higher than the 3rd order:
if m > 3;
disp(’A is higher than the third order, hence can not be calculated.”)
d=0;
return
end
Step 4: Initialize d = 0;
Step 5: Handling base case.
if m==
d = A,
return
end
Step 6: Check if A is of second order.
Create loop for j from 1 to 2
Create loop for k from 1 to 2
Calculate determinant:
d=d+(-1)"24+j+k)xA(1,7,k)xdet 3BD(A(2,[1:j—1j+1:2],[1: k—1k+1:2]));
end
end
Step 7: Check if A is of third order.
Create loop for j from 1 to 3
Create loop for k from 1 to 3
Calculate determinant:
d=d+(-1)M2+j+k)*xA(1, 7, k)*xdet 3D(A(2 : 3,[1: j—1j4+1:3],[1: k—1k+1:3)));
end

end
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Step 8: Return the result of 3D determinant.
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