Hydrodynamical limit of a homogeneous electron gas

Matthew Stephenson®
Stanford University

I. INTRODUCTION

IR limit vs. phenomenological hydrodynamics
interactions generated by non-linear coordinate transformation

II. NON-LINEAR COORDINATE TRANSFORMATIONS AND INTERACTIONS

Normal modes are the non-interacting degrees of freedom of a harmonic system. However, the simple physical
picture in terms of normal modes changes drastically when we consider a description of the dynamics of a non-linear
combination of coordinates. For instance, the Lagrangian
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of a harmonic oscillator assumes the form
L= %QQ - mw?Q, (2)

in terms of the non-linear coordinate @ = ¢*/2. The role of the position-dependent effective mass, m(Q) = m/2Q, is
to speed up the oscillations and prevent the new coordinate from passing through the point @ = 0, when the system
starts the some initial value ;,, > 0.

It is instructive to consider a system with several harmonic degrees of freedom, x,, with n = 1,..., N, governed
by a quadratic action Sp[x]. The effective dynamics of a collective variable y = F(x1,...,2x), can be defined by the
action S[y, z] = So[z] + Si[y, ], where the part of the action S; is a Lagrange multiplier term

Sily.a] = —K / dt{y(t) — Flas (1), an (0]}, 3)

containing an arbitrary constant K. The effective action, Sesr[y] = S [y, z[y]], is obtained from S[y, z] by eliminating
the original set of variables {z1,...,zn}, by their equations of motion for an arbitrary, fixed trajectory y(t). This
algorithm produces a quadratic, harmonic effective action for y only if the function Fzq,...,zy] is linear in z.

I1II. CTP

D — D, +:D; Df—iDi
- Dy +1iD; D, —iD; )’

Al A A7,+iAi Af*iAi o
b= = J(Af—}—iAi A, —in;)° )

D, =D, + Dy, D, = A, + Ay

*Electronic address: matthewjstephenson@icloud.com



IV. CURRENT DYNAMICS IN A HOMOGENEOUS ELECTRON GAS

We shall work below with electrons at finite density and vanishing temperature. The Green’s functions are generated
by the functional

erWlaj] :/D[Q;]D[QZ]D[A]e%@?[ﬁ*1+¢f%&4]¢+#@514+%ﬂ (5)

where the scalar products denotes space-time integrations,
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fields with hat stand for the CTP doublets, eg.

and

The free photon and electron propagators are given by

DY (p) = =Dy (p; 0)T", (10)
with
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and
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where
Di(pim®) = szaW)@@O) ﬂﬂw(—pm(_p%)' 13)

The occupation number density,
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n(p) = (14)

is given in terms of the single particle energy €, = ¢y/m?c? + I?p? and the chemical potential . The removal of the
UV divergences is achieved as in the usual, single time axes formalism, [15], and the counterterms will be suppressed

in what follows. A
The generator functional W{a, 7] is used to construct the effective action by functional Legendre transformation,

Wla,j) =T[J, Al +aJ + jA, (15)
where the new variables
joWlaal 4 _ oWla,] (16)
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are the expectation values, J*(z) = Tr[pth(x)y*)(z)] = (cp,§), Au(x) = Tr[pA,(z)] for @ = j = 0. The Legendre
transformation of a real, convex function can be defined either geometrically or algebraically. We follow the latter
route here and use eqgs. (16)-(16) to define the effective action, a complex functional in an algebraic manner. The
inverse transformation is based on the variable

T[], A T[], A ;

A, LA (a7)
oJ 0A
therefore the variational equation of the effective action is satisfied by the expectation values, obtained for vanishing

external source. We are interested in the effective current dynamics and the corresponding effective action, I'[J] will
be obtained by eliminating A from T'[J, A] by the help of the second equation in (17). The effective action is real
in the physical case, j = —j_, ay = —a_, therefore it is sufficient to retain the real part, RI', in the equation of
motion.

The quadratic part of the generator functional W and the effective action I' will be calculated by expanding in A
and retaining the first two orders. We start with W by integrating out the electron field,

erWlajl — /D[A]eTr[F*Hra—gax}]+ﬁA[)glA+%’jA. (18)
We keep the O (h0d2) part of the exponent,
cEWlag) _ /D[A]e—gaéw%k,&h%,&ﬁ*lfi’ (19)
where
D' =D;t - i&éa (20)
=D; 7 ,
and the source
=G+ ZaGa (21)

are given in terms of the one-loop current-current Green function

G(Ulﬂl)(02ﬂ2)($1’ .’132) = _ihtr[FUlffz (.’1?1, $2)7N2F¢7201 (.’1?2, 1‘1)’7;11]- (22)
The presence of a neutralizing, homogeneous background charge was assumed in Eq. (21). The Gaussian integral,
(19) yields
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in the desired order. .
Though the orders of the expansion of W@, 7] in & and in the number of loops correspond to each other in the usual

manner, this is not the case anymore when the effective action is considered. The reason is that the variables of the
effective action have different orders in i, J = O (h) and A = O (ho), as opposed to the variables of W, 4 = O (ho),

j=0 (h°). The Legendre transformation (15) gives
A A 1 -4 A 1 .- ~ ~ A
T[J,A] = %JG*J + 5ADO—lA —eAsJ (24)

for the O () effective action. After the effective action has been derived in the desired accuracy we set i =1 for the
rest of this work.
The Maxwell equation,

A = eﬁaO’j (25)

can be used to eliminate the photon field and arrive at the effective action,

S 1of A1 e2 .\ .
F[J]ZQJ Gy 70—20D00 J. (26)

As any bosonic two-point function, G’, too, has the CTP block structure of Eq. (4), allowing us to define the retarded
and advanced parts,
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V. EQUATIONS OF MOTION

It is advantegous to use the parametrization a* = @/2 4 a for the source, where a stands for a physical source and

a is a book-keeping device. The effective action for the current is then defined by

Wla,a) =T[J, J4) + aJ + adq, (28)
where
oW a, a) oW a, a)
=" =77 2
J 5.0 Jd 5a (29)
When the book-keeping variable is set to zero, @ = 0 then
_ oWla] _ oWla]
J= dat lat=—a_=a - oa~ lat=—a_=a (30)

becomes the expectation value of the current in the presence of a physical external source a and the auxiliary field Jy
is vanishing.
The effective action, defined by Eq.s (28)-(29),
. j 1 1
] = f%JdGT*IG“*le + 3 JaG N + S TG (31)

yielding the equation of motion,
a=-G"1, (32)
for the true expectation value, obtained for @ = 0 when J; = 0.
Appendix A: Current two-point function at finite density in the non-relativistic limit

The result of the calculation of the current-current Green function, given by Eq. (22),

4
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at finite density and vanishing temperature in the non-relativistic limit, ¢ — oo, is briefly summarized in this Appendix.

1. Lorentz structure

The two-point function is symmetric, G .)(00)(P) = G(ov) (o) (—p) and transverse, p"G ;) (o) (p) — 0. Further-
more it is covariant and depends on two four vectors, p* and §*, defined as 8* = (1,0) in the inertial frame where
the electron gas is at rest which give two independent kinematical, scalar combinations, g = —[g¢ — u(uq)]?® and
& = uq/|q| = w/c|q| where the notation ¢* = (w/c,q) is used. Such a tensor can be parametrized by two Lorentz
scalars as

G = GyP!" + D,P!" (A2)

where P; and P, are projectors onto the three dimensional transverse and longintudinal subspaces,
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respectively with n = k/|k|, L=n®mn and T = 1 — L. The inverse, defined by Gu ,G~'*¥ = T"" is given by

1 1
Gl=_—P+_—P,. (A4)



2. Vacuum contribution

The two-point function is the sum of a vacuum and a finite density contributions and we have

G = Gvac + égasa (A5)

and both the vacuum and the finite density contributions are of the form (4). The vacuum contributions, G/ =
GyaeTH are easy to find. The CTP diagonal block, G/ = G}t = G}*. is the standard one,

{ vac t vac vac)
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The CTP non-diagonal block, calculated by means of the free propagator (12) reads as G, . = G{ ... = G{.., with
. d4
GT(0) = 5 [ g2+ 0 = mO (= — 4)2m8(5 —mt) O NN b +4.0), (A7)

where the trace is for the Lorentz indices of the trace formule,

NM(p,q) = try"[(pay® +me)y” (ga7y” + me)]

= 4(m°c® — pq)g"” + 4p"q” + 4p¥q". (A8)
Simple steps lead to
2
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an expression to be neglected in the non-relativistic limit.

3. Fermi-sphere contribution

To find Gy and G for the electron gas we have need 7' = G9_ and the spatial trace, S = GJ7,. For this end we
use the trace factors

t = Np+qp)pramee =t —2(¢° + 2pq),
s = N (p+q,p)peemeez = ' +2(¢* + 2pq), (A10)

where ¢/ = 8(p°2 + p%¢°) + 2¢° and s’ = 8(p°¢° + p?) — 2¢? in the loop integrals
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It is advantegous to introduce at this point the integrals

d4
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and write
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The integrals 1) and I® in these expressions are evaluated by assuming that the integrands are spherically
symmetric and nonvanishing for p° > 0 and |p| < mec. One finds
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where k = 4 42r|2qr|nw
We need the Fourier transform of the real part of the CTP diagonal block in the leading order in 1/¢,
1 .
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The momentum integral can easily be carried out at vanishing temperature, n, = ©(p°)O(kr — |p|) with the result
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where r = q;ﬁ,?;‘” and
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The leading order 1/c¢ contribution to the off-diagonal CTP block is
(5)4__ (q) = _”(2)[(2')[@(100) - np]anJ]
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This is an integral on the part of a surface, orthogonal to g outside of the Fermi sphere centered at the origin and
inside in another Fermi sphere which is centered at —q. It is advantageous to parametrize these integrals by the

dimensionless variables x = |q| k and y = |q‘ . There are three different functional forms for these integrals, according

to the cases, showanlgs ?? and ?77: () y>2—y—1<7"+< —y+1,(b):y<2 —1—y<r_<—1,and (c):
2
y <2 1<ry<-—% wherery = q;;f,?; “ = 42 — ¥ in the non-relativistic limit. A straightforward integration over

the regions, shown in the figures yields
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where
s 1—7r2 (a)
Ml(l):2/ dpp=q1-r2 (b),
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and the integrals over the interval given by ps = /1 — 72 and (a): p1 =0, (b): p1 =0, (¢): p1 = /1 —r%. The real
part of the off-diagonal CTP block is therefore

(®)s- @) = (), (-0)] - (A21)

4. Retarded Green function:

The retarded Green function, G, = G, +G¢ = G+ —G4_, has a longitudinal and transverse component according
to the parametrization (A2). These components are defined in the non-relativistic limit by

1
Gre = E%[T++ - T4,

c
Gry = 5%[(T++ Ty )& = Sy +51)). (A22)
The expressions (A16) and (A19) yield
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