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I. INTRODUCTION

IR limit vs. phenomenological hydrodynamics
interactions generated by non-linear coordinate transformation

II. NON-LINEAR COORDINATE TRANSFORMATIONS AND INTERACTIONS

Normal modes are the non-interacting degrees of freedom of a harmonic system. However, the simple physical
picture in terms of normal modes changes drastically when we consider a description of the dynamics of a non-linear
combination of coordinates. For instance, the Lagrangian

L =
m

2
q̇2 − mω2

2
q2, (1)

of a harmonic oscillator assumes the form

L =
m

4Q
Q̇2 −mω2Q, (2)

in terms of the non-linear coordinate Q = q2/2. The role of the position-dependent effective mass, m(Q) = m/2Q, is
to speed up the oscillations and prevent the new coordinate from passing through the point Q = 0, when the system
starts the some initial value Qin > 0.

It is instructive to consider a system with several harmonic degrees of freedom, xn, with n = 1, . . . , N , governed
by a quadratic action S0[x]. The effective dynamics of a collective variable y = F (x1, . . . , xN ), can be defined by the
action S[y, x] = S0[x] + Si[y, x], where the part of the action Si is a Lagrange multiplier term

Si[y, x] = −K
∫
dt {y(t)− F [x1(t), . . . , xN (t)]}2 , (3)

containing an arbitrary constant K. The effective action, Seff [y] = S [y, x[y]], is obtained from S[y, x] by eliminating
the original set of variables {x1, . . . , xN}, by their equations of motion for an arbitrary, fixed trajectory y(t). This
algorithm produces a quadratic, harmonic effective action for y only if the function F [x1, . . . , xN ] is linear in x.

III. CTP

D̂ =

(
Dn + iDi Df − iDi

Df + iDi Dn − iDi

)
,

D̂−1 = σ̂

(
∆n + i∆i ∆f − i∆i

∆f + i∆i ∆n − i∆i

)
σ̂ (4)

Dr
a
= Dn ±Df , D

−1
r
a

= ∆n ±∆f
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IV. CURRENT DYNAMICS IN A HOMOGENEOUS ELECTRON GAS

We shall work below with electrons at finite density and vanishing temperature. The Green’s functions are generated
by the functional

e
i
ℏW [â,ĵ] =

∫
D[ψ̂]D[ ˆ̄ψ]D[Â]e

i
ℏ
ˆ̄ψ[F̂−1+â/− e

c σ̂Â/]ψ̂+
i
2ℏ ÂD̂

−1
0 Â+ i

ℏ ĵÂ (5)

where the scalar products denotes space-time integrations,

fg =
1

c

∫
d4xf(x)g(x) = c

∫
d4q

(2π)4
f(−q)g(q) (6)

with

f(q) =
1

c

∫
d4xeixqf(x), (7)

fields with hat stand for the CTP doublets, eg.

ψ̂ =

(
ψ+

ψ−

)
, Â =

(
A+

A−

)
, (8)

and

σ̂ =

(
1 0
0 −1

)
. (9)

The free photon and electron propagators are given by

D̂µν
0 (p) = −D̂+(p; 0)T

µν , (10)

with

Tµν = gµν − ∂µ∂ν

□
, (11)

and

F̂ (p) = (p/+m)

[
D̂−(p;m) + 2πiδ(p2 −m2)n(p)

(
1 −1
−1 1

)]
, (12)

where

D̂±(p;m
2) =

( 1
p2−m2+iϵ ±2πiδ(p2 −m2)Θ(−p0)

±2πiδ(p2 −m2)Θ(p0) − 1
p2−m2−iϵ

)
. (13)

The occupation number density,

n(p) =
Θ(p0)

eβ(ϵp−µ) + 1
+

Θ(−p0)
eβ(ϵp+µ) + 1

(14)

is given in terms of the single particle energy ϵp = c
√
m2c2 + ℏ2p2 and the chemical potential µ. The removal of the

UV divergences is achieved as in the usual, single time axes formalism, [15], and the counterterms will be suppressed
in what follows.

The generator functional W [â, ĵ] is used to construct the effective action by functional Legendre transformation,

W [â, ĵ] = Γ[Ĵ , Â] + âĴ + ĵÂ, (15)

where the new variables

Ĵ =
δW [â, ĵ]

δâ
, Â =

δW [â, ĵ]

δĵ
(16)
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are the expectation values, Jµ(x) = Tr[ρψ̄(x)γµψ(x)] = (cρ, j), Aµ(x) = Tr[ρAµ(x)] for â = ĵ = 0. The Legendre
transformation of a real, convex function can be defined either geometrically or algebraically. We follow the latter
route here and use eqs. (16)-(16) to define the effective action, a complex functional in an algebraic manner. The
inverse transformation is based on the variable

δΓ[Ĵ , Â]

δĴ
= −â, δΓ[Ĵ , Â]

δÂ
= −ĵ, (17)

therefore the variational equation of the effective action is satisfied by the expectation values, obtained for vanishing
external source. We are interested in the effective current dynamics and the corresponding effective action, Γ[Ĵ ] will

be obtained by eliminating Â from Γ[Ĵ , Â] by the help of the second equation in (17). The effective action is real
in the physical case, j+ = −j−, a+ = −a−, therefore it is sufficient to retain the real part, ℜΓ, in the equation of
motion.

The quadratic part of the generator functional W and the effective action Γ will be calculated by expanding in ℏ
and retaining the first two orders. We start with W by integrating out the electron field,

e
i
ℏW [â,ĵ] =

∫
D[Â]eTr[F̂

−1+â/− e
c σ̂Â/]+

i
2ℏ ÂD̂

−1
0 Â+ i

ℏ ĵÂ. (18)

We keep the O
(
ℏ0â2

)
part of the exponent,

e
i
ℏW [â,ĵ] =

∫
D[Â]e−

i
2 âĜâ+

i
ℏ k̂Â+ i

2ℏ ÂD̂
−1Â, (19)

where

D̂−1 = D̂−1
0 − e2

c2
σ̂Ĝσ, (20)

and the source

k̂ = ĵ +
e

c
σ̂Ĝâ, (21)

are given in terms of the one-loop current-current Green function

G(σ1µ1)(σ2µ2)(x1, x2) = −iℏtr[F̂σ1σ2
(x1, x2)γµ2

F̂σ2σ1
(x2, x1)γµ1

]. (22)

The presence of a neutralizing, homogeneous background charge was assumed in Eq. (21). The Gaussian integral,
(19) yields

W [â, ĵ] = −ℏ
2
âĜâ− e

c
ĵD̂0σĜâ−

1

2
ĵ

(
D̂0 +

e2

c2
ℏD̂0σ̂Ĝσ̂D̂0

)
ĵ (23)

in the desired order.
Though the orders of the expansion ofW [â, ĵ] in ℏ and in the number of loops correspond to each other in the usual

manner, this is not the case anymore when the effective action is considered. The reason is that the variables of the
effective action have different orders in ℏ, Ĵ = O (ℏ) and Â = O

(
ℏ0
)
, as opposed to the variables of W , â = O

(
ℏ0
)
,

ĵ = O
(
ℏ0
)
. The Legendre transformation (15) gives

Γ[Ĵ , Â] =
1

2ℏ
ĴĜ−1Ĵ +

1

2
ÂD̂−1

0 Â− eÂσ̂Ĵ (24)

for the O (ℏ) effective action. After the effective action has been derived in the desired accuracy we set ℏ = 1 for the
rest of this work.

The Maxwell equation,

Â = eD̂0σĴ (25)

can be used to eliminate the photon field and arrive at the effective action,

Γ[Ĵ ] =
1

2
Ĵ

(
Ĝ−1

0 − e2

c2
σ̂D̂0σ̂

)
Ĵ . (26)

As any bosonic two-point function, Ĝ, too, has the CTP block structure of Eq. (4), allowing us to define the retarded
and advanced parts, (

Ĝ−1 − e2

c2
σ̂D̂0σ̂

)
r
a

= (Ĝr
a
)−1 − e2

c2
D̂

0
r
a
. (27)
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V. EQUATIONS OF MOTION

It is advantegous to use the parametrization a± = ā/2± a for the source, where a stands for a physical source and
ā is a book-keeping device. The effective action for the current is then defined by

W [ā, a] = Γ[J, Jd] + āJ + aJd, (28)

where

J =
δW [ā, a]

δā
, Jd =

δW [ā, a]

δa
. (29)

When the book-keeping variable is set to zero, ā = 0 then

J =
δW [â]

δa+ |a+=−a−=a
=
δW [â]

δa− |a+=−a−=a
(30)

becomes the expectation value of the current in the presence of a physical external source a and the auxiliary field Jd
is vanishing.

The effective action, defined by Eq.s (28)-(29),

Γ[Ĵ ] = − i

2
JdG

r−1Ga−1Jd +
1

2
JdG

r−1J +
1

2
JGa−1Jd, (31)

yielding the equation of motion,

a = −Gr−1J, (32)

for the true expectation value, obtained for ā = 0 when Jd = 0.

Appendix A: Current two-point function at finite density in the non-relativistic limit

The result of the calculation of the current-current Green function, given by Eq. (22),

Gµνστ (q) = −i
∫

d4p

(2π)4
tr[γµFστ (q + p)γνFτσ(p)] (A1)

at finite density and vanishing temperature in the non-relativistic limit, c→ ∞, is briefly summarized in this Appendix.

1. Lorentz structure

The two-point function is symmetric, G(σµ)(σ′ν)(p) = G(σ′ν)(σµ)(−p) and transverse, pµG(σµ)(σ′ν)(p)− 0. Further-
more it is covariant and depends on two four vectors, pµ and βµ, defined as βµ = (1,0) in the inertial frame where
the electron gas is at rest which give two independent kinematical, scalar combinations, q2 = −[q − u(uq)]2 and
ξ = uq/|q| = ω/c|q| where the notation qµ = (ω/c, q) is used. Such a tensor can be parametrized by two Lorentz
scalars as

Gµν = GℓP
µν
ℓ +DtP

µν
t (A2)

where Pt and Pℓ are projectors onto the three dimensional transverse and longintudinal subspaces,

Pµνt = −
(
0 0
0 T

)
,

Pµνℓ =
1

1− ξ2

(
1 nξ
nξ ξ2L

)
, (A3)

respectively with n = k/|k|, L = n⊗ n and T = 11−L. The inverse, defined by Gµ ρG
−1ρν = Tµν is given by

G−1 =
1

Gℓ
Pℓ +

1

Gt
Pt. (A4)
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2. Vacuum contribution

The two-point function is the sum of a vacuum and a finite density contributions and we have

Ĝ = Ĝvac + Ĝgas, (A5)

and both the vacuum and the finite density contributions are of the form (4). The vacuum contributions, Ĝµνvac =

ĜvacT
µν are easy to find. The CTP diagonal block, G++

ℓ vac = G++
t vac = G++

vac, is the standard one,

G++
vac(q) =

1

3π
q2

{
1

3
+ 2

(
1 +

2m2c2

q2

)[√
4m2c2

q2
− 1 arccot

√
4m2c2

q2
− 1− 1

]}

=
q2

15π

[
q2

m2c2
+O

((
q2

m2c2

)2
)]

. (A6)

The CTP non-diagonal block, calculated by means of the free propagator (12) reads as G+−
ℓ vac = G+−

t vac = G+−
vac, with

G+−(q) =
i

3

∫
d4p

(2π)4
2πδ((p+ q)2 −m2)Θ(−p0 − q0)2πδ(p2 −m2)Θ(p0)trN(p+ q, q), (A7)

where the trace is for the Lorentz indices of the trace formule,

Nµν(p, q) = trγµ[(pαγ
α +mc)γν(qβγ

β +mc)]

= 4(m2c2 − pq)gµν + 4pµqν + 4pνqµ. (A8)

Simple steps lead to

G+−
vac =

i(c2m2 + q2

2 )

3πc|q|
Θ(−q0 −m)

∫ √
q02−m2c2

0

dpp

ωp
Θ(2p|q| − |q2 + 2ωpq

0|), (A9)

an expression to be neglected in the non-relativistic limit.

3. Fermi-sphere contribution

To find Ĝℓ and Ĝt for the electron gas we have need T̂ = Ĝ00
gas and the spatial trace, Ŝ = Ĝjjgas. For this end we

use the trace factors

t = N00(p+ q, p)|p2=m2c2 = t′ − 2(q2 + 2pq),

s = N jj(p+ q, p)|p2=m2c2 = s′ + 2(q2 + 2pq), (A10)

where t′ = 8(p02 + p0q0) + 2q2 and s′ = 8(p0q0 + p2)− 2q2 in the loop integrals

(
T
S

)
++

(q) = i

∫
p

(ts)

[
2πδ((q + p)2 −m2c2)nq+p2πδ(p

2 −m2c2)np

−i 2πδ(p2 −m2c2)np
(p+ q)2 −m2c2 + iϵ

− i
2πδ((p+ q)2 −m2c2)np+q

p2 −m2c2 + iϵ

]
,

(
T
S

)
+− (q) = −i

∫
p

(t
′

s′)2πδ((q + p)2 −m2c2)2πδ(p2 −m2c2)[Θ(−p0 − q0)np +Θ(p0)np+q − nq+pnp]. (A11)

It is advantegous to introduce at this point the integrals

I(1)[q; f ] =

∫
d4p

(2π)4
f(p, q)2πδ(p2 −m2c2),

I(2)[q; f ] =

∫
d4p

(2π)4
f(p, q)2πδ(p2 −m2c2)2πδ(q2 + 2pq), (A12)
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and write (
T
S

)
++

(q) = I(1)
[
q;

(ts)np
q2 + 2pq + iϵ

]
+
i

2
I(2)[q; (t

′

s′)npnq+p] + (q → −q),(
T
S

)
+− (q) = −iI(2)[q; (t

′

s′)(Θ(−p0 − q0)np +Θ(p0)np+q − nq+pnp)]. (A13)

The integrals I(1) and I(2) in these expressions are evaluated by assuming that the integrands are spherically
symmetric and nonvanishing for p0 > 0 and |p| ≪ mc. One finds

I(1)[q; f(p0,p)] =
1

4π2mc

∫
dpp2f(mc2,p),

I(1)
[
q;

g(p0,p)

q2 + 2pq + iϵ

]
=

1

16π2|q|mc

∫ ∞

0

dppg(mc2,p) ln
k + p+ iϵ

k − p+ iϵ
,

I(2)
[
q;h

(
(p0,p), (

ω

c
, q)
)]

=
1

16π2|q|mc

∫
d3ph

(
(mc2,p), (

ω

c
, q)
)
δ(k − pz), (A14)

where k = q2+2mω
2|q| .

We need the Fourier transform of the real part of the CTP diagonal block in the leading order in 1/c,

ℜ(TS )++(q) =
1

2
[(TS )++(q) + (TS )

∗
++(−q)]

= ℜI(1)
[

(ts)np
q2 + 2pq + iϵ

]
+ (ω → −ω)

=
1

16π2|q|mc

∫ kF

0

dppnp

[(
8m2c2

8(mω+p2)+2q2

)
ln

∣∣∣∣k + p

k − p

∣∣∣∣+ 8|q|p
(−1

1

)]
+ (ω → −ω) (A15)

The momentum integral can easily be carried out at vanishing temperature, np = Θ(p0)Θ(kF − |p|) with the result

ℜT++(q) =
k2Fmc

2π2|q|
L(1)(r) + (ω → −ω)

ℜS++(q) =
k2F

2π2mc|q|

[
k2FL

(3)(r) +

(
mω +

q2

4

)
L(1)(r)

]
+

k3F c

6π2m
+ (ω → −ω), (A16)

where r = q2+2mω
2|q|kF and

L(1)(r) =

∫ 1

0

dkk ln

∣∣∣∣a+ k

a− k

∣∣∣∣ = r +
1

2
(1− r2) ln

∣∣∣∣r + 1

r − 1

∣∣∣∣ ,
L(3)(r) =

∫ 1

0

dkk3 ln

∣∣∣∣r + k

r − k

∣∣∣∣ = r

6
+
r3

2
+

1

4
(1− r4) ln

∣∣∣∣r + 1

r − 1

∣∣∣∣ . (A17)

The leading order 1/c contribution to the off-diagonal CTP block is(
T
S

)
+− (q) = −iI(2)[(t

′

s′)[Θ(p0)− np]nq+p]

= − imc

2π2|q|

∫
d3p

(
1

1
m2c2

(mω+p2+ q2

4 )

)
Θ(1− |p+ q|)Θ(|p| − kF )δ(pz − rkF ). (A18)

This is an integral on the part of a surface, orthogonal to q outside of the Fermi sphere centered at the origin and
inside in another Fermi sphere which is centered at −q. It is advantageous to parametrize these integrals by the

dimensionless variables x = ωm
|q|kF and y = |q|

kF
. There are three different functional forms for these integrals, according

to the cases, shown in Figs. ?? and ??: (a): y > 2, −y − 1 < r+ < −y + 1, (b): y < 2, −1− y < r− < −1, and (c):

y < 2, 1 < r+ < −y
2 , where r± = q2±2mω

2|q|kF = ±x − y
2 in the non-relativistic limit. A straightforward integration over

the regions, shown in the figures yields

T+−(q) = − imck
2
F

2π|q|
M (1)(x, y),

S+−(q) = − ik2F
2πmc|q|

[
k2FM

(1)(x, y) +

(
ωm+

q2

4

)
M (1)(x, y)

]
, (A19)



7

where

M
(1)
1 = 2

∫ p2

p1

dpp =


1− r2− (a)

1− r2− (b)

−2xy (c)

,

M
(3)
3 = 2

∫ p2

p1

dpp3 =
1

2


(1− r2−)

2 (a)

(1− r2−)
2 (b)

xy(y2 + 4x2 − 4) (c)

, (A20)

and the integrals over the interval given by p2 =
√

1− r2− and (a): p1 = 0, (b): p1 = 0, (c): p1 =
√

1− r2+. The real

part of the off-diagonal CTP block is therefore

ℜ
(
T
S

)
+− (q) =

1

2

[(
T
S

)
+− (q)−

(
T
S

)
+− (−q)

]
. (A21)

4. Retarded Green function:

The retarded Green function, Gr = Gn+Gf = G++−G+−, has a longitudinal and transverse component according
to the parametrization (A2). These components are defined in the non-relativistic limit by

Gr ℓ =
1

c
ℜ[T++ − T+−],

Gr t =
c

2
ℜ[(T++ − T+−)ξ

2 − S++ + S+−)]. (A22)

The expressions (A16) and (A19) yield

Gr ℓ(q) =
k2Fm

4π2|q|
[2L(1)(r+) + iπM (1)(x, y) + 2L(1)(r−)− iπM (1)(−x, y)]

Gr t(q) = − k2F
32π2m|q|

{(q2 + 4mω)[2L(1)(r+) + iπM (1)(x, y)] + (q2 − 4mω)[2L(1)(r−)− iπM (1)(−x, y)]

+4k2F [2L
(3)(r+) + iπM (3)(x, y) + 2L(3)(r−)− iπM (3)(−x, y)]}+ k3F

6π2m
− x2k2F

2m2
Gr ℓ(q). (A23)
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