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Abstract. In 1859, Georg Friedrich Bernhard Riemann had announced
the following conjecture, called Riemann Hypothesis : The nontrivial
roots (zeros) s = o + it of the zeta function, defined by:

+oo
1
¢(s) = Z e for R(s) >1
n=1
1 ) ) 1

have real part 0 = —. In this note, I give the proof that o = = using an
equivalent statement of the Riemann Hypothesis concerning the Dirichlet
n function.
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1. Introduction
In 1859, G.F.B. Riemann had announced the following conjecture [1]:

Conjecture 1.1. Let ((s) be the complex function of the complex variable
s = o + it defined by the analytic continuation of the function:
+oo 1
= —, for R(s) =0 >1
G1(9) = 3 e or R(s) =0

over the whole complex plane, with the exception of s = 1. Then the non-
trivial zeros of ((s) = 0 are written as :

1
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In this paper, our idea is to start from an equivalent statement of the
Riemann Hypothesis, namely the one concerning the Dirichlet n function. The
latter is related to Riemann’s ¢ function where we do not need to manipulate
any expression of ((s) in the critical band 0 < #(s) < 1. In our calculations,
we will use the definition of the limit of real sequences. We arrive to give the

1
proof that o = 3

1.1. The function zeta(s)

We denote s = o + it the complex variable of C. For %(s) = o > 1, let {; be
the function defined by :

—0—001

Gls)=> — for R(s) =0 >1
n=1
We know that with the previous definition, the function (7 is an analytical
function of s. Denote by ((s) the function obtained by the analytic contin-
uation of ¢;(s) to the whole complex plane, minus the point s = 1, then we
recall the following theorem [2]:

Theorem 1.2. The function ((s) satisfies the following :
1. ¢(s) has no zero for R(s) > 1;
2. the only pole of ((s) is at s = 1; it has residue 1 and is simple;
3. C(s) has trivial zeros at s = —2,—4, .. .;
4. the nontrivial zeros lie inside the region 0 < R(s) < 1 (called the

critical strip) and are symmetric about both the vertical line R(s) = 3 and

the real axis 3(s) = 0.
1
The vertical line R(s) = 3 is called the critical line.

The Riemann Hypothesis is formulated as:

Conjecture 1.3. (The Riemann Hypothesis,[2]) All nontrivial zeros of {(s) lie

on the critical line R(s) = 3

In addition to the properties cited by the theorem 1.2 above, the function
¢(s) satisfies the functional relation [2] called also the reflection functional
equation for s € C\{0,1} :

C1—s)= 21_s7r_scos%F(s)§(s) (1.1)

where T'(s) is the gamma function defined only for R(s) > 0, given by the
formula :

I'(s) :/ e 't R(s) >0
0
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So, instead of using the functional given by (1.1), we will use the one
presented by G.H. Hardy [3] namely Dirichlet’s eta function [2]:

+too  \n—1
ns) = > CL — -2 n()

The function eta is convergent for all s € C with R(s) > 0 [2].

We have also the theorem (see page 16, [3]):
Theorem 1.4. For allt € R, ((1 +it) # 0.

So, we take the critical strip as the region defined as 0 < R(s) < 1.

1.2. A Equivalent statement to the Riemann Hypothesis

Among the equivalent statements to the Riemann Hypothesis is that of the
Dirichlet function eta which is stated as follows [2]:

Equivalence 1.5. The Riemann Hypothesis is equivalent to the statement that
all zeros of the Dirichlet eta function :

too n—1
n(s) =Y % =(1-2"%)¢(s), o>1 (1.2)

n=1

DN =

that fall in the critical strip 0 < R(s) < 1 lie on the critical line R(s) =

The series (1.2) is convergent, and represents (1 —217%)((s) for R(s) =
o > 0 ([3], pages 20-21). We can rewrite:

+oo n—1
a =3 T a2, me =0 (1)
n=1

7(s) is a complex number, it can be written as :

n(s) = p.e'* = p* =n(s).n(s) (1.4)
and n(s) =0 <= p=0.

2. Preliminaries of the proof that the zeros of the function
eta(s) are on the critical line R(s) = 1/2

We begin by recalling some definitions:

- Let a, be a sequence of real or complex numbers. A necessary and
sufficient condition for the sequence to converge is that for any € > 0 there
exists an integer ng > 0 such that:

|ap —aq |<e€

holds for all integers p and ¢ greater than ng. This is the Cauchy criterion.
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+o00o
- An infinite series Z a, converges if and only if for any € > 0 there
n=1
exists an integer ng > 0 satisfying | aq + ... + a, |< € for all integers p and ¢
greater than ng. The last condition can also be written as :

n=q—1
E an |< €
n=1
+oo too
- An infinite series g ay, is said to converge absolutely if E | an |
n=1 n=1

converges.

Proof. . We denote s = o + it with 0 < ¢ < 1. We consider one zero of
n(s) that falls in critical strip and we write it as s = o + it, then we obtain
0 <o <1landn(s) =0« (1-27%)((s) = 0. We verify easily the two
propositions:

’s, is one zero of n(s) that falls in the critical strip, is also one zero of ((s) ‘

1)
Conversely, if s is a zero of ((s) in the critical strip, let {(s) = 0= n(s) =
(1—217%)((s) = 0, then s is also one zero of 7(s) in the critical strip. We can
write:

’s, is one zero of ((s) that falls in the critical strip, is also one zero of n(s) ‘

2.2)
Let us write the function #:
+oo n 1 +oo +oo '
Z Z(_l)n—le—sLogn _ Z(_l)n—le—(o’—i-zt)Logn _
n=1 n=1 n=1
+o00
_ Z(,l)”*lefallo.‘?”'e*it[l‘)gn
n=1

_ Z )" tem 709 (cos(tLogn) — isin(tLogn))

The function 7 is convergent for all s € C with $(s) > 0, but not absolutely
convergent. Let s be one zero of the function eta, then :

+oo n—1
Z -1
7( )S = O
n=1 n
or:
N

Ve' >0 3ng, VN > ng, | Z;

n=1
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We definite the sequence of functions ((7,)nen+(s)) as

i (—1)k-1 _ i(_l)k_lcos(tLogk) . - (—1)t 1 sin(tLogk)

ks ko ! ko
k=1 k=1 k=1

with s = o + it and ¢ # 0.

M (s) =

Let s be one zero of 7 that lies in the critical strip, then n(s) = 0, with
0 < o < 1. It follows that we can write limy,—1oonn(s) = 0 = n(s). We
obtain:

(tLogk
lmm_HWE: k1 cos(tlogk) _

O'

(tLogk
lww—wwEZ k-1 5in(tLogh) _

0'

Using the definition of the hmlt of a sequence, we can write:
Yer > 03n,, YN > n,, | R((s)n) |< €1 = R(n(s)n)? < €, (2.3)

Vey > 03n;, VN > ny, | S((s)n) |< 2 = S(n(s)n)? < €2 (2.4)
Then:
N 2 N k4K /
cos*(tLogk) (—=1)**% cos(tLogk).cos(tLogk') 9
O<ZT+2 Z ko klo <€
k=1 ko k! =1k <k’
N o 2 N k+k o ; '
sin®(tLogk) (=1)*** sin(tLogk).sin(tLogk’) 9
0< Z 20 +2 Z kok'o <&
k=1 k, k' =1k <k’

Taking e = €1 = €2 and N > max(n,,n;), we get by making the sum member
to member of the last two inequalities:

N N
1 ki coS(tLog(k/k")) 2
0<Zﬁ+2 P C)) e <2 (2.5)
k=1 ko' =13k <k’
We can write the above equation as :
0< pi <262 (2.6)

or p(s) = 0.

3. Case R(s) =1/2
1
We suppose that o = 3 Let’s start by recalling Hardy’s theorem (1914) ([2],
page 24):
Theorem 3.1. There are infinitely many zeros of ((s) on the critical line.
From the propositions (2.1-2.2), it follows the proposition :

Proposition 3.2. There are infinitely many zeros of n(s) on the critical line.
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Let s; = 5 +it; one of the zeros of the function 7(s) on the critical line,
so 71)(s;) = 0. The equation (2.5) is written for s;:
N N

1 rcos(t;Log(k/k")) 5
0<y 42 Y (~DkF J < 2
ok kok' =13k <k’ VEVE
or:
N N
1 ' L !
k=1 kk' =13k <k’ VEVE

is divergent and becomes infinite. then:

| =

N
If N — 400, the series Z
k=1

“+o0 +oo
% S 262 _ 2 Z (71)]64»]6/ COS(tJLOg(kj/kl))
k=1 k,k'=1;k<k’ \/E\/E

Hence, we obtain the following result:

N
) rcos(t;Log(k/k"))
Umy i D (—1)k+F J =—00 (3.1)
keok!=1;k<k! VEVE
if not, we will have a contradiction with the fact that :
al 1 1
li ooE N Dt | PN is t for s; = = + it
IMN—s+ k_l( ) =T n(s) is convergent for s; 5 + it;

4. Case 0 < R(s) < 1/2

1
4.1. Case where there are zeros of 7)(s) with s = o + it and 0 < 0 < 3

Suppose that there exists s = o+ it one zero of n(s) or n(s) = 0 = p?(s) =0
with 0 < 0 < % = s lies inside the critical band. We write the equation
(2.5):
N N
1 / tLog(k /K
0 < Zi 492 Z (_1)k+k cos(tLog(k/k")) < 2¢2

ko‘k/o‘
k=1 kk'=1;k<k’

N

E: 2
k270<2€ -2

k=1

| S5 (Lo costiLonlk/K)

o l.lo
k,k'=1;k<k’ k7k

N
But 20 < 1, it follows that limy 4o Z 720 — +o0 and then, we obtain
k=1

ST (e conlthonth)) (@)

ko k' =1k <k’
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5. Case 1/2 < Re(s) < 1

Let s = o + it be the zero of 7(s) in 0 < R(s) < 3, object of the previous
paragraph. From the proposition (2.1), {(s) = 0. According to point 4 of
theorem 1.2, the complex number s’ =1 — o + it =o' +it’ witho' =1 — o0,
t' =tand 1 <o’ <1 verifies ((s) = 0, so s’ is also a zero of the function
¢(s) in the band § < R(s) < 1, it follows from the proposition (2.2) that
n(s’) = 0= p(s’) = 0. By applying (2.5), we get:

N N
Z 1 Z ki c0S(t' Log(k/K')) 2
k=1 ko k/=1k<k!
1
As0 <o <i=2>20 =2(1-0) > 1, then the series lecvzlﬁ is

convergent to a positive constant not null C(c’). As 1/k* < 1/k27 for all
k > 0, then :

+o0 +oo
0<c@)=" Z <Y = 0(0') = G(20') = ((20)
From the equation (5.1), it follows that :

f (= 1)k cos(t'Log(k/k')) C(o") ¢(207)

e = gt = g > —o0| (5.2)

kk'=1;k<k’

5.0.1. Case t = 0. We suppose that ¢t = 0 = t’ = 0. The equation (5.2)
becomes:

+o0
o1 Cle)  ¢(20)
—1)ktk = =_ — 5.3
k k/;¢<k/( ) k7 k' 2 2 - (53)

Then s’ = o’ > 1/2 is a zero of n(s), we obtain :

)=y (5.4
n(s') = 2 = .
Let us define the sequence S, as:
m (_1)n—1 m (_1)n—1
Sm(sl) = nzz:l T = ngl T = Sm(U/) (5.5)

From the definition of S,,,, we obtain :

it 105 (s') = (') = (") (5.6)

We have also:
Si(d)y=1>0 (5.7)
Sy(0’) =1-— % >0 because 2° > 1 (5.8)

1
— >0 (5.9)

Sa(0") = Sa(o’) + 5
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We proceed by recurrence, we suppose that Sy, (c’) > 0.

N Vi n GO
1.m =29 = Sp41(c’) = 7;1 — = Sm(c’) + W, it gives:
A / (_I)Qq _ / /
Sm41(0") = S (o) + ———= = S (o) + - >0= Sp41(0") >0

(m+ 1)~ (m+1)7
2. m = 2q+ 1, we can write S,,1(c’) as:
-1 m—1 -1 m+1-—1
(o e
me (m+1)°
-1 m—1 —1)m
(v ()
me (m+1)°
(c12 | (c1p i i
T = " - - >0 5.10
2g+1)7  (2¢+2)7  (2¢+1)7  (2¢+2)7 (510
and Sp,41(0’) > 0.

Sm+1(0'/) = Sm—l(gl) +

We have S,,—1(c") >0, let T =

-, we obtain:

Then all the terms S,,(c’) of the sequence S, are great then 0, it follows
that limm,—100Sm(s’) = n(s’) = n(e’) > 0 and n(c’) < 400 because
R(s') = o’ > 0 and n(s’) is convergent. We deduce the contradiction with the
hypothesis s’ is a zero of 7(s) and:

’The equation (5.3) is false for the case t’ = ¢ = 0. ‘ (5.11)

5.0.2. Caset # 0. Great effort has been put to find regions inside the critical
strip where there are no zeros of the function ((s). The classical zero-free
region is of the form o > 1 — 1/(Rglog|t|), where Ry is a positive constant.
The best known result of this form is due to H. Kadiri [4]:

Theorem 5.1. (Kadiri, 2005) ((s) does not vanish in the region:

R(s) >1 1

- S >2 ith =5. 12
Rolog|%(s)|’|d(s)|* with Ry = 5.69693 (5.12)

In the equation (5.2), we have used s’ = ¢’ + it’ where we can consider
that ¢/ > 2, with 2 > 20’ > 1 and ¢’ €]1/2,1]. The same equation expresses
that n(s’) = 0 = ((s') = 0, but it does not give any obstruction that
s’ = o’ + it’ could be in the zero-free region of the function ¢ defined by the
last theorem above so that:

1
'>1- >1-
7= Rylog|t| Rylog2
Then the contradiction, it follows that the equation (5.2) is false and n(s’)
does not vanish for ¢’ €]1/2,1[ and:

~074=2>20">1, t'>2

’The equation (5.2) is false for the case t' =t # 0. ‘ (5.13)

From (5.11) and the equation above, we conclude that the function n(s) has
no zeros for all s = o’ + it’ with o’ €]1/2,1], it follows that the case of the
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1
paragraph (4) above concerning the case 0 < R(s) < 3 is false too. Then, the

1
function n(s) has all its zeros on the critical line o = 3 From the equivalent

statement (1.5), it follows that the Riemann hypothesis is verified. O

From the calculations above, we can verify easily the following known
proposition:

Proposition 5.2. For all s = o real with 0 < o < 1, n(s) > 0 and ((s) < 0.

6. Conclusion

In summary: for our proofs, we made use of Dirichlet’s n(s) function:

too n—1
n(s) = % =(1-27)(s), s=o+it
n=1

on the critical band 0 < R(s) < 1, in obtaining:

- n(s) vanishes for 0 < o = R(s) = 5

1 1
- n(s) does not vanish for 0 < o = R(s) < 3 and 5 <o= R(s) < 1.

Consequently, all the zeros of 7(s) inside the critical band 0 < R(s) < 1
are on the critical line R(s) = 3 Applying the equivalent proposition to the

Riemann Hypothesis (1.5), we conclude that the Riemann hypothesis is ver-
ified and all the nontrivial zeros of the function ((s) lie on the critical line

1
R(s) = 3 The proof of the Riemann Hypothesis is thus completed.

We therefore announce the important theorem as follows:

Theorem 6.1. The Riemann Hypothesis is true:

All nontrivial zeros of the function ((s) with s = o +it lie on the vertical line
1
R(s) = =.
(5) =5
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