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Kinematics of moving a point along an ellipse
Abstract

The vectors of velocity and acceleration of various ways of moving a point along an ellipse are
investigated.
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Note the property of collinear vectors on the plane - Rectangles built on vectors, figure 1, should
be similar:

BD _ ByD,
AD ~ A4Dy (1)
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Figure 1
There is a system of equations for a parametric pendulum (2)

The parameter is the angle of rotation, independent of time.

{x = () cos(p)

y = r(@)sin(¢) @

Option 1. Point C moves along an ellipse relative to the center, figure 2
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Figure 2

Let us substitute into system (2) the radius of the ellipse relative to the center

b

T'((p) - J1—-e2cos2¢
b ]
= 1—e2cos?g COS((p)

b .
y= \/TTZ(;) 'SlTl(q))

Let's differentiate twice. We get the coordinates of speed and acceleration:

dx _ d bxcos(p) _ bxsin(¢p)
de  do J1—e2xcos?¢@ T (1-eZxcos2¢)3/2

dy _ d < bsin(¢p) )_ b(1-e?)cos(ep)

dp  do J1-e%cos?p)  (1-eZxcos2g)3/2

d?x _ d? bcos(p) _ bxcos(p)(2e%cos?p-3e2+1)
de ~ do \\J1-eZcos2p) (1—e2+cos?¢)5/?
d?y _ d? ( bsin(p) ) _ bxsin(p)(e?-1)(2e%cos?p+1)

do  do J1—eZcos2¢ (1—e2xcos2¢)5/2

Let's compare the ratio of the coordinates of the radius and acceleration:

X _ cosg@
y sin ¢
d?x

dp _ (—2e%cos?p+3e2—1)cos(¢)
%y — sin(p)(e2-1)(2e2cos?p+1)

do
da%x
d x cos
Ife=0,thendT“’=—=_—(p
y y sin@

de

(3)

(4)

()

(6)

(7)
(8)

9)

(10)

(11)






0.8000, b = 0.7000, days = 80.00

Velocity, Acceleration, a

Figure 4

figure 5.

Option 2. Point C moves along an ellipse relative to the focus

Figure 5



Let us substitute into system (2) the radius of the ellipse with respect to the focus:

bZ

r(9) = iercoste) (13)
x =————="cos(p)
a(1—excos(p))
y= a(1-excos(p)) SlTl(QD)
Let's differentiate twice. We get the coordinates of speed and acceleration:
d_x — i b2*505(¢) _ —bz*Sin(<P) (15)
de  do \a(1-excos(p))]  a(excos(p)-1)2
dy _ d [ b2xsin(p) | _ b2(cos(p)—e) (16)
de ~ do \a(1-excos(p))]  a(excos(p)-1)2
d*x _ d* bZxsin(¢p) __ b?(ex(cos p)?+cos p—2e) (17)
de ~ do \a(1-excos(p))) a(excos(p)—1)3
dz_y _ d_z( bZxsin(p) ) __ bZsin(@)«(ex(cos p)?—2e%+1) (18)
dp — do \a(1-excos(p))] — a(excos(p)—1)3
Let's compare the ratio of the coordinates of the radius and acceleration:
X _ cos@
y - sing (19)
d2x
dp ___ex(cosp)*+cosp-2e
a?y sin(p)*(excos p—2e2+1) (20)
de
d2x
_ 0 then . _ X _ cos0
If e = 0, then Gf;—y = = Tne (21)
@

We get a circle, a special case of an ellipse, figure 6.
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From the point of view of mathematics, all these examples are logical.

Contradictions arise when these calculations are applied to real experiments. This is especially
clearly seen in figure 7. Velocities and accelerations at aphelion are greater than at perihelion.

Let us introduce time (t) into system (2).

(- r((®)) cos(p(6)) 23

y =r(@(t))sin(@(t))

We calculate the first and second time derivatives from the system of equations.

Option 1a. Point C moves along an ellipse relative to the center, figure 1.

T((p(t)) - 1—e2cos2¢(t) (24)

x=% bxcos(o () _ ___ bsin(g)«g : (25)
1-e2scos(p(1))” J(l—ez*cos(w(t))z)

y = % bxsin(p(t)) | = - b*(ez—l)*cos(w(t)z*go (26)
1—eZxcos(@(t)) J(l—ez*cos(tp(t)) )

i = :_:2< brcos(p®) > = j b = ((p2 (2608((p(t))3 x €2 — 3e? x cos(p(t)) + cos(q)(t))) +
(1

Ji-ezecos(p(o)” —eZ+cos(p()’)
o * sin(@(®)) (1 —e?x cos(qo(t))z)> (27)
5= ;_ brsin(o(0) | = T <<p (cos(go(t)) — etcos(p(t))’ - ezcos(¢(t))> +
1—ez*cos(<p(t)) (1—ezcos(<p(t)) )

@ (—sin(qo(t)) — 2ezsin(go(t))cos(<p(t))2 + Zsin(go(t))e4cos(<p(t))2 + sin((p(t))e2)> (28)

2xe2xcos(@)xsin(@)*@?
, [1]

Next, the kinematic equation is derived ¢ = 1—eZxcos(p)?

(29)

Compare the coordinates of radius and acceleration:

__coso(t)
" sin @(t)

il
Y
X
5
<p2(2cos(<p(t))3*e2—362*cos(<p(t))+cos(<p(t)))+<‘p*sin(<p(t))(l—ez*cos(go(t))z)

(]’J(cos((p (t))—ezcos((p(t))3 —ezcos((p(t)))+(,'02 (—sin((p(t))—Ze25in(<p(t))cos(¢ (t))2+25in(<p (t))e“'cos(qo(t)):
(30)




If e =0, then by formula (29) ¢ = 0, ¢ = const
We got a circle, a special case of an ellipse, figure 8.

E_ —-psin(@®))-pZcos(p®)) _ —@2cos(p®)) _ cos(p(t)) x

¥ pcos(p(®)-p2sin(e(t)) —<pzsm(<p(t)) sin(<p(t)) oy
Velocity, Acceleration, a = 0,8000, b = 0.8000, days = 22.00
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Figure 8
If e # 0, then — # -, figure 9.
Velocity, Acceleration, a = 0.7000, b = 0.6000, days = 33.00 ==
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Option 2a. Point C moves along an ellipse relative to the focus, figure 5.

Let us substitute into system (23) the radius of the ellipse with respect to the focus:

bZ

= 2
T((p(t)) a(l—e*cos(@(t))) (32)
x = b 'cos((p(t))
a(l—e*cos((p(t)))
- (33)
y= a(l—e*cos((p(t))) Sln((p(t))
Let's differentiate twice. We get the coordinates of speed and acceleration:
. d a*r?+@x*sin(g)
X = a(r(q)(t))cos((p(t))) =— (34)
. d p . _axrZx@x(cos(p(t))+e)
Y= dt (1—e*cos(<p(t)) Slﬂ((p(t))) - b2 (35)
bz((—e*cos(<p(t))*sin(<p(t))+sin(<p(t)))<b+<p2(e*cos(q)(t))z—Ze+cos(<p(t))>>
X = 36
a(e*cos(tp(t))—l)3 (36)
D ((cos(p®)ercos(p®)-1)+e)p+29% (e~  sin(p ) .
Y= a(e*cos((p(t))—l)3 37
Next. the Ki i tion is derived & = 2xexsin(@)*? [ ] 38
ext, the kinematic equation is derived ¢ = ercos(@) (38)
Let's compare the ratio of the coordinates of the radius and acceleration:
X _ cos @(t)
y  sing(t)
% ¢*sin(<p(t))(e*cos(<p(t))—1)—<p2<e*cos(<p(t))2—Ze+cos(<p(t))) (39)
v —¢*cos(<p(t))(e*cos((p(t))—1)+2<‘p2*sin((p(t))(ez—w)
If e = 0, then by formula (38) ¢ = 0, ¢ = const
% _ —psin(@(t))-p2cos(p(t)) _ —@%cos(p(®)) _ cos(p(®)) _x (40)
v @cos(p®))-p2sin(pt))  —pZsin(pt))  sin(e®) vy
(40)

We got a circle, a special case of an ellipse, figure 8.

Ife #0, thenﬁ + 2 figure 10.
y oy



Velocity, Acceleration, a = 0.6000, b = 0.5500, days = 88.00 = | = &

Figure 10
Option 3. Movement of the ellipsograph ruler with different speeds

Article [2] considers uniform, uniformly accelerated, elliptical motion. Velocity and acceleration
vectors are calculated. We present the graphical results of the movement of a point along an
ellipse at different speeds.

3.1 uniform movement, figure 11.
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Uniform mation: velocity and acceleration vectors, a = 0.50, b = 045 T = 20.00

Figure 11

3.2 uniformly accelerated motion, figure 12.

Uniformly maotion: velocity and acceleration vectors, a = 0.50, b = 045, T = 80.00

Figure 12

3.2 elliptical movement, figure 13.
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Elliptical motion: velocity and acceleration vectors, a = 0.50, b= 045, T = 80.00

i

Figure 13
Conclusions
Newton's second law states that the directions of the force and acceleration vectors coincide.

Here, kinematic methods for calculating acceleration are considered. In the general case, the
directions of the acceleration vectors are not directed to the point of the center of rotation.

Note

The article used materials from textbooks on mechanics. Perhaps, the derivation of the kinematic
equation in the form of formulas [29, 38] is rarely given, so the article [1] is proposed. Velocity
and acceleration hodographs, figures 3, 4, 6 — 10 were obtained by the program [1], link in the
appendix. Velocity and acceleration hodographs of the ellipsograph, figures 11 - 13, obtained by
the program [2], link in the appendix.
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