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Abstract. In this paper, We use the Fourier series expansion of real
variables function, We give a formula to calculate the Dirichlet character
sum, and four special examples are given.
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The calculation of the Dirichlet character sum is very important in the
number theory. This paper uses the Fourier series expansion of the functions,
we give a general formula for calculating the Dirichlet character sum, Then,
four examples are given to illustrate.

In this paper, x, denote the Dirichlet primitive character of mod ¢, If
f(x) is a real function, we write

flz+0)+ flx-0)
2

[ (x) =

and

where e(r) = 2™

First, let’s give some lemmas.

Lemma 1. If y, is the primitive character of module g, then we have



see page 287 of references[1].

Lemma 2. If x, is the primitive real character of module ¢, then we have

Va4 if xq(=1) =1
/4 if Xq<_1) = -1

T(Xq) =

see page 167 of references|2].

Lemma 3. If the function f(z) is defined in the interval [0, 1] and satisfies
the Dirichlet condition, then we have

() = /0 Ftdt+ Y exp(2ming) /0 F(£) exp(—2mint)dt

n=-—oo

n#0

see page 421 of references|[3].
Now, we give the theorem of this paper.

Theorem. If the function f(z) is defined in the interval [0, 1] and satisfies
the Dirichlet condition, then, when x,(—1) = 1, we have

q—1 . i - . B 1
I;Xq(k?)f (5) —2T(xq)n;xq(n) /O £(t) cos(2mnt)dt

when x,(—1) = —1, we have



qixq(k)f* (E) = —2i7(Xq) giq(n) /01 f(t)sin(2mnt)dt

k=1 q

Proof. By lemma 3, we have

[ (z) —/0 f)dt + Z exp(2m’nx)/o f(t) exp(—2mint)dt

n=—oo

n#0

Wetakeng,lgkgq—l,then

I (S) _ /0 by + f: exp <2m%’“) /0 " (8) exp(—2mint)de

n=—oo

n#0

Multiply the above formula by x,(k), then sum over k, we have

qixq(k)f* (E) _ :iixq(k;) /Olf(t)dt

k=1 q =

oo gq—1

+ 3> xg(k)exp <2m%’“) /0 1 f(t) exp(—2mint)dt

n=—oco k=1

n#0

By Lemma 1,



We have

qixq(k)f* (E> = 7(Xq) iiq(n) /Olf(t) exp(—2mint)dt

n=-—

n#0

= T(Xq)qu(n)/o f(t) exp(—2mint)dt
+7(xq) qu(—n)/o f(t) exp(2mint)dt
= 7(Xq) qu(n) (/o f(t) exp(—2mint)dt

X, (-1) /0 ) exp<2mnt)dt)

therefore, when x,(—1) = 1, we have

;Xq(k‘)f* (S) = 27(Xq) nz:lyq(n)/o f(t) cos(2mnt)dt
when x,(—1) = —1, we have



gxq(/f)f* (E) = —2@'T(xq)§:l¥q(n) /0 1 £(t) sin(27nt)dt

q

This completes the proof of the theorem.

From this theorem, we can see that the calculation of the character sum
becomes the calculation of integrals.

Below, we give a few special examples.
The first example.

Let x, be the primitive real character and y,(—1) = —1, then

S (5) = Lagr

qixq(k) (E>2 =2\/q g Xq(n) /0 e sin(27nt)dt

We compute the integral as follows

1 1
1
/ t* sin(27nt)dt = ——— [ t*dcos(27nt)
0 2t J,
1 2 /! 1 2 !
=———+— [ tcos(2mnt)dt = ——— + —/ t dsin(2mnt)
2mn - 2mn J, 2tn - (2mn)? J,



1 2 1 1
= —— —)2/ sin(2mnt)dt = ———
0

2mn (2 21

therefore

>l () = IS Vi)

q

The second example.

Let x, be the primitive real character and y,(—1) = 1, then

S (b lork = 1101 x,) + ey

k=1

where ¢ is a absolute constant.

By Theorem and Lemma 2, we have

q—1 00 1
k
E Xq(k)log — = 2./q E Xq(n)/ log t cos(2mnt)dt
q 0
k=1 n=1
Now, let’s compute the integral

1 1
/ logt cos(2mnt)dt = — / log t dsin(2mnt)
0 0

2mn



1 1 1 "1
=——— [ =—sin(2ant)dt = ——— [ —sin(27t)dt
2mn Jo t 2mn Jo t

1 o0 o0

1 1 1
=—— —sin(27t)dt + — — sin(27t)dt
2mn Jo t 2mn J, t

easily seen

1 ~1 1 > 1 1
—— —sin(2nt)dt = ——— —sintdt = ——
2mn Jy t 2mn Jy t 4n

because

1 >1 1

<1
— — sin(27t)dt = — —-d 2mt
2mn J, 7 S0 (27)2n /n  deos(2nt)

L ! /001 (2 t)dt<<1+1/001dt<<1
= — — cos(27 — 4+ — = —
(2mn)?2  (2m)%*n J, t? n? n /), t? n?

as well as
q—1 E q—1 q—1 q—1
> Xq(k) log i D Xq(k)logk —logq Y xg(k) =Y x(k)logk
k=1 k=1 k=1 k=1



This completes the proof.
The third example.

Let x, be the primitive real character and y,(—1) = 1, then

S xolk) et =2(e —1)y/g _Xa(n)

— 1 4 472n?

Let x, be the primitive real character and x,(—1) = —1, then

q—1 00

b Xq(n)n
E k)e:s = —4 —1 —_—
—1 Xalk)e e )\/én:1 1+ 472n?

Proof. When x,(—1) =1, by Theorem and Lemma 2, we have

g—1 oo 1
Z Xq(k) er = 2\/52 Xq(n) / e’ cos(2mnt)dt
k=1 n=1 0

Because, we know

ax

/ e cosbr dr = a2€—+62 (acosbzr + bsin bx)
Therefore
1
" e—1
A (& COS(?TFTLt) dt = m



Therefore

q—1 0

k Xq()

¢ =2e—1 A A ST
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When x,(—1) = —1, by Theorem and Lemma 2, we have

q—1
Z %: \/_qu / e’ sin(2mnt)dt
k=1

Because, we know

/ e sinbx dr = a2€——|—b2 (asinbz — bcosbx)

Therefore
/1 e’ sin(2mnt) dt = —(e — 1)27r—n
0 1+ 4m2n?
Therefore
q—1
S Xo(k) et = —dm(e — 1) \/‘Z 1+47r n2
k=1

This completes the proof.



The fourth example.
This is a well-known formula.

We write

When x,(—1) = 1, we have

F(y) =0 S X oy

n=1

When x,(—1) = —1, we have

Fry) =" 5 - T(Z.frq) 3 7‘172”) cos(2mny)

n=1

Proof. Let 0 <y < 1, we define the function f(z) as follow

1 if 0<z<y
f(x)_{o if y<a <1

By Theorem, when x,(—1) = 1, we have

qZ:qu(k')f* (g) = 27(xq) iiq(n)/ cos(2mnt)dt

Y
0

10



Because

Yy 1 Yy in(2
/ cos(2mnt)dt = — [ dsin(2wnt) = sin(27ny)
0 2mn J, 2mn

Therefore

F(y) = T(;(Q) Z quln) sin(2mny)

n=1

By Theorem, when x,(—1) = —1, we have

q—1 00
Lk . _ v
ZXq(k)f <—) = —2ZT(Xq)qu(n)/ sin(27nt)dt
k=1 q n=1 0
Because
Yy 1 Y 1
/0 sin(2mnt)dt = T dcos(2mnt) = —%(COS(Q’NTLZ/) -1)
Therefore

F(y) = %L(l,yq) - T(;(TQ) Z quln) cos(2mny)

11



This completes the proof.
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