On the Riemann Hypothesis
Abdelkrim ben Mohamed
Abstract
In this paper we try to disprove the Riemann hypothesis
Partl

k+1
let { the zeta function and 7 the diriklet function Vs € C with Re(s) > 0 n(s) = Yk= 1"‘0%

We know that Vs € C with Re(s) >0 (1 - 2(1‘5))((3) =n(s)
Lets = a + ib a complex number witha,b € R;0 < a <1 suchthat{(s) =0

We have also {(1—5s) =10

So n(s) =0andalso n(1 —s) =0 (becauses # 1 +3 2kt Jk € z)
Since n(s) = +°°& = 0 we have f+°°x(— =0 and also f+°° *0
n F(s) eX+1 1 -
+00 e(i s)t
an integration by substitution(x = e?) gives f =0andalso J__ rave 0
Let the complex function f Vz € C f(z) = f is meromorphic and poles of f are :

=In(|2k + 1|n) + sgn(2k + 1)i§ +i2mn k,m € z where sgn(2k + 1) is the sign of (2k + 1)
=ln(|2k+1|n)ii§+i2mn keNmez

See that Re(zk,m) is strictly positive

LetA,LBERA=A4, = 1n(w) =In (@) =In ((Zn +%) n),n ENand B =B, =In ((4m;1)n),m € N*
and K, ) the compact set in C (the rectangle)

Knm ={x+iy,x,y€ER - By, <x <A and 0 <y < 2m}

Poles of fin Ky, m) are

zy = In((2k + D) + ig and z'y =In(Q2k + D) + i%n 0<k<(n-1)

(see the graph below)

The residu formula gives

SﬁaK(n'm)f(Z)dZ = Zm(zi(ci_ol)Res(f' z) + Z}({n=—01) Res(f,7z'))
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§,, f@)dz+9, [(2)dz +§, f(2)dz+§, f(2)dz = 2mi(5%" Res(f,zi) + Bl Res(f, 2'1))

A es(it+A) es(t+2m) L 2T es(it—B)
f B eet+1 ——dt+i f ot A) | f_B RGN dt —1 fo Le(t-B) dt
. -1 -1
= 2mi(E” Res(f, zi) + 253;0 YRes(f,7'))
_ s2Ti A eSt i 21 eS(it+A) . _sB 21 eSiE
(1—es2m) 7 —rdt i Js —a At — e N —am dt (1)

= 2mi(E" D Res(f, zi) + X0V Res(f, 2'4))

—sB fzn. eSlt sit

21T e
e(idet: lim e SBmf -
e +1

m-+o eelt=Bm) g

Let’s calculate lim e dt

m-+oo

V z € Cwith |z| <1 |e* + 1| # 0 so the functionz — |e# + 1| has aminima p > 0 On the cmopact
{z € Cwith |z| < 1}

SoVzeCwith|z|<1l|e?+1|=p

vmeN* vt e [02n] |eW@Bm)|=e(Bm) <1 so |ee(it_3m) +1|=>p
. esit e—bt
Sovne N* Vte [O,ZTL'] m| =7
. 21 —bt . —sB 21 esit _
Since[, e™*du < 400 So Lim e Js = dt =0

When m tends to+oo the equation (1) becomes

+A)

(1 - es2mi) 4 . et —dt + i fz”:det = 20D Res(f, zi) + XY Res(f, 2'1))

St

eSt +o0 e
=0 we have dt = —
f ®gefyq Ja et +1

dt

. +oo eSt
Since [__ i

—(1 — es2m) f+°° e —dt+i f”jdet = 2mi(T 0V Res(f, zi) + XY Res(f, 2'1))

Let’s calculate Z,((':Ol) Res(f, z;)

ek eS%k e(s Dz — _e(s—l)(ln((2k+1)n’)+i§) — —ﬂ(s_l)e(s_l)ig 1

Res(f,z;) =

(n 1)Res(f 7)) = S N C 1)iZ Z}({n—ol) (2k+11)(1_s)

By the same we have

-1 , _ -1 ;37 -1 1
B0 Res(f,2') =~ VeI FN o

So

+o0 €S 2m eS(t+A) . (s—1)iZ (s-1)i2Z, «(n-1) 1
_(1 sZm)f dt +i f —ee(l“'A) dt = —ZLT[S(e STV e TV )Zk=o m

ek xeZk (l)xezk (2k+1)@=9)
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Let the complex function g Vz € C g(z) = g is meromorphic and poles of g are :

= In(|2k|m) + sgn(k)i§+ i2mm kmez, k+0

=In(12kln) iz +i2mn  k€ENmez k#0
Let H,_the compact set in C (the rectangle) Hy, = {x + iy,x,y ER 0<x<A,and0 <y <2m}
Polesof gin H, are
z, = In((2k)m) + ig and z'y = In(Rk)m) + i%ﬂ 1<k<n

By the same way the residu formula on H, A gives

eS(t+A) osit

(1—e2m) i S—dr+i ] T dt— [t 3)

1 1 1
= 2ins (e~ G 4 SV PN T

Adding the equalities (2) and (3) we get

27 es(lt+A)ee(it+A) 27 esit

0 g At iyt

_(1 SZTL’l) f+°° e’ dt+ (1 sZm)

o (s—1)iZ (s— 1)1 (n-1) 1
= 2im® (e z2te )( k= 1(2k)(1 5~ Zk=0 (2k+1)(1—s))

. (s-DiZ | (-1 1 1
= 2im* (€75 + %) (S s — Zhes o)

= 2i (s-1)iz (s—- 1)1 (-1)2k (—1)@k-1)
= 2in® ( 2+e )( Ll—(zk)(l—s) + };L:l(ZRT)(l‘S))

) )i 1%, «(2n) (DK
= ZlTCS(e(S 1)12 + e(s i 2 )Z](cznl) k(1_)s)

.TT .31 k
i s, i Si— , . si= v(2n) (-1)
= 2in’(—ie’ 2 +ie” 2 )Zk=1 k(1-5)

.TT .37 k
— 9SSl sie— y(2n) (=1
= 2m°(e™: - ") BT (s

So

o es(1t+A)ee(‘t+A)

p2eF A _] dt—lfo el

_(1 _ esZm) j‘+°° e’ dt + (1 _ gs2mi

.TT .37 k
— 250,515 si—— v(2n) (=1
=2m¥(e”z—e  2) Y ] pIeEn)

(A+ln2) es% d
u
e€“—1

A est A eSt _ st — 9,(-sln2)
Wehavefo Edt—fo mdt—z_fo dt—2f e(th)ldt 2e fl

fl(AHn 2) e:"l du (by substitutiont +In 2 = u)

= 2(5 1) ee —

A e st (A+In2) eS%
So 2(5 1)f dt—Z(s 1)f setn dt = fan Edu
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esu

——du
g

26D ffeff;d 26 At g = ff’

e +1 nze eu

-1
A eSt 267D 4 eSt esu 1 (A+In2) est
>0 fo et -1 dt = (26-D—-1) fo eet41 dt + (26~ 1> 1) flnz eet—1 du + (61— 1)f eet1 dt
. +o0 eSt h _ +oo eSt p
Smcef_ooT—Owe avef— _fooer -/, o dt
A et A I est 1 (A+In2) eSt
So f() eet—1 - (26-1D-1) f_oo eeti1 - (26-1D-1) fA et 11 t+ (20— 1) 1) flnzeeu du + (26-D- 1)f eet—l dt
Equality (4) gives
(it+A) it
2 4o S 2m eS(it+4)ge . 2w eSt
—(1—es2m) [, —rdt+2i Sy —mma——dt—i [, ——dt
e -1 e -1
. _o(s-1) st (s-1) st su st
__s2mi 2 0 e 2 +oo e 1 e 1 (A+In2) e’ ]
+(1 e )[(2(5—1)—1) f—oo eet+1 @6-D-1)Ja  getyq dt + (26-D-1) J.lnze d + (26-D- 1)f et -1 dt

T .31 k
— 9SS si—— v(2n) (=1)
=2n°(e”z—e 2 )Zk=1 1 (1-5)

So

o7 eS(it+4) e(it+4)

. 2m_eSt —26-1 s2mi (0 est 1 s2mi
—if; eeit_ldt+(2(s_1)_1)(1—e )f_meet dt+(2(s_1)_1)(1—e )fm2 o du + 2i [ —

+1 1
2 +00 eSt 20— 2 +00 eSt omiy ((A+In2) est
_( e’ T”) f +1 (2(5—1)_1) ( e’ T”) f (2(5 1) 1) (1 e’ T”) fA eet 1 dt
T .31 2 (_1)k
=28’z — e’z )Zijl) e
Let C(s)and D(s, A) such that
C(s) =—i [7"5 S P (1 — es2m) [° e dt + (1 — eszm) [ e du
0 eeit—l (2(5—1)_1) —o0 eet+1 (2(5 1) 1) In2 eeu—l
_ 2 +o0o e 2(5_1) 2 +oo €St 27Tl (A+lTL2) ESt
D(S: A) - _( S T[l)f eet+1 (2(3—1)_1) (1 - S TTl)f (2(5 1) 1) (1 S Tl'l) fA eet_l dt
. c2m St A) ettt iz 2T «(2n) (1K
So C(s)+D(s,A)+ 2i fO Wdt = 27'[S(€Slz —e®2 )Z]((=n1) I(c(l_)s) (5)
Let’s prove that C(s) =0
C(s) = —i [ dt + 2o (1 - es2m) [° 2 ge 4 — L (1-e2m) [0 &gy
0 peit_q (2(5 1)_ 1) —o0 get 1 q (2(5—1)_1) In2ee%_1

The residu formula on the compact (rectangle) {x + iy,x,y E R — B, <x < 0and 0 <y < 2r}

When m tends to+oco we get

(1—es2m) [, - dt+lf2n - 1dt:0

27 eSlt

So(l—e SZ”‘)fOOEEt dt = —i f;

+1



On the compact (rectangle) {x + iy,x,y ER 0<x <In2 and 0 <y < 2r} the residu formula gives

In2 es 2 es(1t+ln2) 2 esit
sZm 3 —
( )f eet dt +1i f LeQtring lfo oot dt =0
(it+ln2) sit
s2mi _ 2w e . (2T e
So (1— )fan dt lf Wdt_lfﬂ ert
e -1 e¢ -1
2w eSit 26-1) | o esit 1 . 21 eS(it+in2) 1 . 2w eStt
C(s) =— fo S + 2GD-p! fo oot 1 dt + 2GD-pt fo LeEring dt — 26D fo St 7 dt
2(5—1) 2T esit 2(5—1) 2T esit eslnz . 2T esit
Cls)=- @GO ' fO ee’t—1 + TR fO o + @GD-1 ' fO eze“—1dt
26-1 s op gSit 2 eSit 25 2 eSit
€)= - (267D-1) ' (fo eet—1 dt - fo et 41 dt) (2D~ 1) f ezt 1 dt
26-1D | om 2eSit 25 , r2m eSit
C(S) - = (2(5—1)_1) l f() ezeit—l dt + (2(5—1)_1) t f() ezeit—l dt
25 . 2w eSit 25 2m eSit
C(s) =— (26-D-1) t fO e2elt _q (2(5 D-1) f e2eit _q dt
C(s)=0

So equality (5) becomes

7 S(it+4) ettt s ( siZ siE\ «(2n) (DK SiT (2n) (-1)*

D(s,A) +2i [} — i dt = 2n° (2 — e*2 ) T 5 = 2 e (1 - esim) 2 -
27 @S(it+A) pelt+4) f (T S(it+a) pelit+4) p 2 S(it+A) et gt = (™ eS(it+A) elit+4) P eSi(utm)+4) pe(tu+m+4) p
0 gzelttA _| T Jo Tz A T gzeWtA_ = fo p2eUtA) _ fo p2eQAM+A) _| u
i (it+A) _p(iu+a) ; (it+A) ; (iu+4)
_ 7.L.es(Lt+A)ee dt n esm_f s(lu+A) e du _ T es(lt+A)ee dt n eSiT[ fn es(lu+A)ee du
0 gzeltA_| o—ze(utA)_ 0~ pzelttA)_ 0 1_gzelutA)
(1—esm) e e
e 0 geeltFA_
| osim T s(it+a) pie(i+A) ] o
= (1-e5M)e fﬁm dt (integral by substitution)
2

. ) p
T es(zt+A)ele(”+A)

So D(s,A) +2i(1—eS)ez f% A

sim . _1\k
dt = 2m%e’7 (1 - esim) 32 O

eS(it+4) o je(it+4)

_N\k
dt = 27S Z(Zn) (G))

1+e™*

So ————D s,A) + 2i |3 AT 6
(1- esm)eﬂzﬂ (s,4) f p2ie(it+4) k=1 p(1-s) (6)
: (2m) (-D*
Let’s calculate Y, —7 e
1 _ 1 (-s) ,—kx
We know that KG9 = s S)f x(=8) e=kXdx 5o
-0k 1 ek
k(-9 ~ r(1- s)f P29 (e )kdx
2 (—1)k 1 +o0 2 _ +00 - e(- znx))x( e~%)
21(62‘”1) k(l—S) —f ( S) Z( n)( e x)k dx - mf ( S) dx

r(i-s)“o



1 f+oox( s) (e(-2n¥)—1) 1 f+oox(_5)e(_2"x)) Y — 1 f+oo x(=S) Y = 1 f+oo x(=9)g(-2n2)y dx
~ -5 Jo eX+1 T r(-s)Jo eX+1 r(i-s)Jo0 ex+1 = r(1-s)Jo eX+1
By substutition(u = 2nx)
(=5) g(—21x) (=) p(-w) (=) g(-w)
+ 1 + +
[ ) gy = = Js - ) du = (2m)(~ D[ P2 D so
0 e¥+1 (2n)(@-9) (ﬁ)_'_1 . ﬁ)+1
2n) (D _ (s-1) (+* ul=s)e-u)
ks @n)ED [
k=1 k(l S) I"(l S) e(ZTL)+1

So equality (6) becomes

I ps(it+a) ielt+4) 00 1(—5) o (-)
st(SA)+21_f2 ez(lT)ldt—ZT[ X (2')’1_)(5 1)f+ u—))du

(1-esim)e 2 @41

(s-1
s 1 2n 1\6™D oo u9)et-w)
= X — = = = 2
2n r(i-s) <(2n+%)> (ZTl + 2) fo e(%)+1 du
(=1 (s-1) (=) p(~)
=21 X —— 2—"1 ((2n+l)7r) f+w%)du
r(i-s) (2n+5) 2 0 G4q

(s=1) (=) e(-w)
1 2n +oo ul=lel"W)
_ (s—1)A
= 2m X oD <—( D) e Jo —& du

e +1

Do , E oS(it+A) le(lt+A)d _, 1 n (s-1) (-4 oo u-9el= u))d
So —sm (S )+ lf 2ie(it+A) t= T[X]"(l_s) (2n+%) e fO u

(1 estn)e 2 (zn)+1

I ps(it+a)  ie(it+a)

G-
o (=) (-
e(I4D(s, A) + 20~ o —dt = 2n xﬁ((z—nQ Dl v
e e —_ -

So
(1- esm)egzn 2+ oG 41
— _ es2mi +oo et 261 @S2 oo eSt 1 _s2miy ((A+in2) et
D(S’ A) - ( ) f eet+1 (2(5—1)_1) ( ) f t+ (2(5_1)—1) (1 € ) fA eet_l
=e(™94D(s,4)
(1-esim)ez
(1+esm) (1—5).4 + 00 eSt 2(5_1) (1-5).4 +00 3 (1—S)A (A+ln2) eSt
es;ﬂ: —€ fA eet i1 - (26-D-1) fA ee dt + 2(5—1)1)e fA Edt
+ st
Let’s calculate lim e(=)4 [ %
n—+oo e +1
+oo St too | et +oo edt +00 et 1 +oo e®t 1 1 1
—dt|< —| t= " —dr< [[Tdt < —— [ 7 S—dt — = X
; = T T = tal = —7 3 T T
|fA e +1 fA e +1 fA e +1 fA e€ o(z¢%) fA éet) et (G " L3¢
e

t

s (1-a)A at
So |€(1_S)A f+oo e e +oo e

dt|§ = /s —dt
e(ze)

A eetig i
o(z¢")
- (1-s)4 [+ _e*
Clearly lim e ) dt=0
n—+oo A e 41

(7)

dt



(1-s)A [(A+n2) et _ - 1 __ 1 1 .t 1
Bythesamewegetnl_{mooe K eet—1dt 0 vVt> A T T \/eet—l_\/eeA_l T

So lim —————D(s,4) =0

notO (1 _gsim)e 2

+oo (e u))

Let’s calculate lim [/ ——a—2du
n-+o e(2n)+1
. . + u(—S)e(—u))
Let the functions Vvn € N* Yu € R h,(u) = ——
e 41
. . + u(=9)e (-
The sequence h,, converge simply to the function h where Vu € R* h(u) = ———=
2
(—a)p(-w) (-a) p(-w) + (=) g(-w)
vneN* vu e Rt |h,(w) | == ) u e )andf er e ) du < oo
e(Zn) 2 0 2
The lebegue therem gives
lim O+Oo —u(_sle(_u)) = f0+oo uel) = [a-s
n—+oo G +1 2 2
When n tends to +co equality (7) gives
s(it+4) ,ie(it+4)

(1-5)A e e —

lim 2ie f_n A dt=m
s(it+A) ie(it+4) ; sit ,ie(it+4) ;

Q-4 (2 & ¢ gy _ T AZL =_

>0 nl—1>rPooe f—n e2ie(tt+4) _g dt 2 (or nl—1>r-|1-looe f e2ie(t+A) _y t 2 )
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