
 

 

               On the Riemann Hypothesis 

                 Abdelkrim ben Mohamed 

                                                                            Abstract                    

                                       In this paper we try to disprove the Riemann hypothesis  

            Part1 

let 𝜁 the zeta function and  𝜂 the diriklet function ∀𝑠 ∈ ℂ  𝑤𝑖𝑡ℎ 𝑅𝑒(𝑠) > 0  𝜂(𝑠) = ∑
(−1)𝑘+1

𝑘𝑠
𝑘=+∞
𝑘=1  

We know that ∀𝑠 ∈ ℂ  𝑤𝑖𝑡ℎ  𝑅𝑒(𝑠) > 0    (1 − 2(1−𝑠))𝜁(𝑠) = 𝜂(𝑠) 

Let 𝑠 = 𝑎 + 𝑖𝑏 a complex number with 𝑎, 𝑏 ∈ ℝ ; 0 < 𝑎 < 1   such that 𝜁(𝑠) = 0 

We have also 𝜁(1 − 𝑠) = 0 

So  𝜂(𝑠) = 0 and also  𝜂(1 − 𝑠) = 0  (because 𝑠 ≠ 1 +
2𝑘𝜋𝑖

ln 2
   , 𝑘 ∈ 𝕫) 

Since 𝜂(𝑠) =
1

𝛤(𝑠)
∫

𝑥(𝑠−1)

𝑒𝑥+1

+∞

0
= 0 we have ∫

𝑥(𝑠−1)

𝑒𝑥+1

+∞

0
= 0  and also ∫

𝑥(−𝑠)

𝑒𝑥+1

+∞

0
= 0  

an integration by substitution(𝑥 = 𝑒𝑡) gives  ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

+∞

−∞
= 0 and also ∫

𝑒(1−𝑠)𝑡

𝑒𝑒𝑡
+1

+∞

−∞
= 0 

Let the complex function 𝑓  ∀𝑧 ∈ ℂ   𝑓(𝑧) =
𝑒𝑠𝑧

𝑒𝑒𝑧
+1

  𝑓 is meromorphic and poles of 𝑓 are : 

𝑧𝑘,𝑚 = ln(|2𝑘 + 1|𝜋) + 𝑠𝑔𝑛(2𝑘 + 1)𝑖
𝜋

2
+ 𝑖2𝑚𝜋         𝑘, 𝑚 ∈ 𝕫  where 𝑠𝑔𝑛(2𝑘 + 1) is the sign of (2𝑘 + 1) 

𝑧𝑘,𝑚 = ln(|2𝑘 + 1|𝜋) ± 𝑖
𝜋

2
+ 𝑖2𝑚𝜋         𝑘 ∈ ℕ, 𝑚 ∈ 𝕫  

See that 𝑅𝑒(𝑧𝑘,𝑚) is strictly positive 

Let 𝐴, 𝐵 ∈ ℝ, 𝐴 = 𝐴𝑛 = ln (
2𝑛𝜋+(2𝑛+1)𝜋

2
) = 𝑙𝑛 (

(4𝑛+1)𝜋

2
) = 𝑙𝑛 ((2𝑛 +

1

2
) 𝜋) , 𝑛 ∈ ℕ∗𝑎𝑛𝑑 𝐵 = 𝐵𝑚 = 𝑙𝑛 (

(4𝑚+1)𝜋

2
) , 𝑚 ∈ ℕ∗  

and  𝐾(𝑛,𝑚) the compact set  in ℂ (the rectangle) 

𝐾(𝑛,𝑚) = {𝑥 + 𝑖𝑦, 𝑥, 𝑦 ∈ ℝ − 𝐵𝑚 ≤ 𝑥 ≤ 𝐴𝑛 𝑎𝑛𝑑 0 ≤ 𝑦 ≤ 2𝜋}  

Poles of f in  𝐾(𝑛,𝑚) are 

 𝑧𝑘 = 𝑙𝑛((2𝑘 + 1)𝜋) + 𝑖
𝜋

2
      and     𝑧′𝑘 = 𝑙𝑛((2𝑘 + 1)𝜋) + 𝑖

3𝜋

2
      0 ≤ 𝑘 ≤ (𝑛 − 1) 

(see the graph below) 

The residu formula gives  

∮ 𝑓(𝑧)𝑑𝑧
𝜕𝐾(𝑛,𝑚)

= 2𝜋𝑖(∑ 𝑅𝑒𝑠(𝑓, 𝑧𝑘)(𝑛−1)
𝑘=0 + ∑ 𝑅𝑒𝑠(𝑓, 𝑧′

𝑘)(𝑛−1)
𝑘=0 )   
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∮ 𝑓(𝑧)𝑑𝑧
𝛾1

+ ∮ 𝑓(𝑧)𝑑𝑧
𝛾2

+ ∮ 𝑓(𝑧)𝑑𝑧
𝛾3

+ ∮ 𝑓(𝑧)𝑑𝑧
𝛾4

= 2𝜋𝑖(∑ 𝑅𝑒𝑠(𝑓, 𝑧𝑘)
(𝑛−1)
𝑘=0 + ∑ 𝑅𝑒𝑠(𝑓, 𝑧′

𝑘)
(𝑛−1)
𝑘=0 )  

∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
𝐴

−𝐵
+ 𝑖 ∫

𝑒𝑠(𝑖𝑡+𝐴)

𝑒𝑒(𝑖𝑡+𝐴)
+1

𝑑𝑡
2𝜋

0
− ∫

𝑒𝑠(𝑡+2𝜋𝑖)

𝑒𝑒(𝑡+2𝜋𝑖)
+1

𝑑𝑡
𝐴

−𝐵
− 𝑖 ∫

𝑒𝑠(𝑖𝑡−𝐵)

𝑒𝑒(𝑖𝑡−𝐵)
+1

𝑑𝑡
2𝜋

0
  

= 2𝜋𝑖(∑ 𝑅𝑒𝑠(𝑓, 𝑧𝑘)
(𝑛−1)
𝑘=0 + ∑ 𝑅𝑒𝑠(𝑓, 𝑧′

𝑘)
(𝑛−1)
𝑘=0 )  

(1 − 𝑒𝑠2𝜋𝑖) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
𝐴

−𝐵
+ 𝑖 ∫

𝑒𝑠(𝑖𝑡+𝐴)

𝑒𝑒(𝑖𝑡+𝐴)
+1

𝑑𝑡
2𝜋

0
− 𝑖𝑒−𝑠𝐵 ∫

𝑒𝑠𝑖𝑡

𝑒𝑒(𝑖𝑡−𝐵)
+1

𝑑𝑡
2𝜋

0
     (1) 

= 2𝜋𝑖(∑ 𝑅𝑒𝑠(𝑓, 𝑧𝑘)
(𝑛−1)
𝑘=0 + ∑ 𝑅𝑒𝑠(𝑓, 𝑧′

𝑘)
(𝑛−1)
𝑘=0 )  

Let’s calculate 𝑙𝑖𝑚
𝑚→+∞

𝑒−𝑠𝐵 ∫
𝑒𝑠𝑖𝑡

𝑒𝑒(𝑖𝑡−𝐵)
+1

𝑑𝑡
2𝜋

0
= 𝑙𝑖𝑚

𝑚→+∞
𝑒−𝑠𝐵𝑚 ∫

𝑒𝑠𝑖𝑡

𝑒𝑒(𝑖𝑡−𝐵𝑚)
+1

𝑑𝑡
2𝜋

0
 

∀ 𝑧 ∈ ℂ 𝑤𝑖𝑡ℎ |𝑧| ≤ 1 |𝑒𝑧 + 1| ≠ 0 so the function𝑧 → |𝑒𝑧 + 1| has aminima 𝑝 > 0 On the cmopact 

 {𝑧 ∈ ℂ 𝑤𝑖𝑡ℎ |𝑧| ≤ 1} 

So ∀ 𝑧 ∈ ℂ 𝑤𝑖𝑡ℎ |𝑧| ≤ 1 |𝑒𝑧 + 1| ≥ 𝑝 

∀𝑚 ∈ ℕ∗  ∀ 𝑡 ∈ [0,2𝜋]   |𝑒(𝑖𝑡−𝐵𝑚)| = 𝑒(−𝐵𝑚) ≤ 1  so  |𝑒𝑒(𝑖𝑡−𝐵𝑚)
+ 1| ≥ 𝑝 

So ∀𝑛 ∈ ℕ∗  ∀ 𝑡 ∈ [0,2𝜋]   |
𝑒𝑠𝑖𝑡

𝑒𝑒(𝑖𝑡−𝐵)
+1

| ≤
𝑒−𝑏𝑡

𝑝
 

Since∫ 𝑒−𝑏𝑡𝑑𝑢
2𝜋

0
< +∞  So  𝑙𝑖𝑚

𝑚→+∞
𝑒−𝑠𝐵 ∫

𝑒𝑠𝑖𝑡

𝑒𝑒(𝑖𝑡−𝐵)
+1

𝑑𝑡
2𝜋

0
= 0 

When 𝑚 tends to+∞ the equation (1) becomes 

(1 − 𝑒𝑠2𝜋𝑖) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
𝐴

−∞
+ 𝑖 ∫

𝑒𝑠(𝑖𝑡+𝐴)

𝑒𝑒(𝑖𝑡+𝐴)
+1

𝑑𝑡
2𝜋

0
= 2𝜋𝑖(∑ 𝑅𝑒𝑠(𝑓, 𝑧𝑘)

(𝑛−1)
𝑘=0 + ∑ 𝑅𝑒𝑠(𝑓, 𝑧′

𝑘)
(𝑛−1)
𝑘=0 )  

Since ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

+∞

−∞
= 0  we have ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
𝐴

−∞
= − ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
 

−(1 − 𝑒𝑠2𝜋𝑖) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
+ 𝑖 ∫

𝑒𝑠(𝑖𝑡+𝐴)

𝑒𝑒(𝑖𝑡+𝐴)
+1

𝑑𝑡
2𝜋

0
= 2𝜋𝑖(∑ 𝑅𝑒𝑠(𝑓, 𝑧𝑘)(𝑛−1)

𝑘=0 + ∑ 𝑅𝑒𝑠(𝑓, 𝑧′
𝑘)(𝑛−1)

𝑘=0 )  

 Let’s calculate ∑ 𝑅𝑒𝑠(𝑓, 𝑧𝑘)(𝑛−1)
𝑘=0   

𝑅𝑒𝑠(𝑓, 𝑧𝑘) =
𝑒𝑠𝑧𝑘

𝑒𝑒𝑧𝑘 ×𝑒𝑧𝑘
=

𝑒𝑠𝑧𝑘

(−1)×𝑒𝑧𝑘
= −𝑒(𝑠−1)𝑧𝑘 = −𝑒

(𝑠−1)(𝑙𝑛((2𝑘+1)𝜋)+𝑖
𝜋

2
)

= −𝜋(𝑠−1)𝑒
(𝑠−1)𝑖

𝜋

2 ×
1

(2𝑘+1)(1−𝑠)  

∑ 𝑅𝑒𝑠(𝑓, 𝑧𝑘)(𝑛−1)
𝑘=0 = −𝜋(𝑠−1)𝑒

(𝑠−1)𝑖
𝜋

2 ∑
1

(2𝑘+1)(1−𝑠)

(𝑛−1)
𝑘=0   

By the same we have  

∑ 𝑅𝑒𝑠(𝑓, 𝑧′
𝑘)(𝑛−1)

𝑘=0 = −𝜋(𝑠−1)𝑒
(𝑠−1)𝑖

3𝜋

2 ∑
1

(2𝑘+1)(1−𝑠)

(𝑛−1)
𝑘=0   

So  

−(1 − 𝑒𝑠2𝜋𝑖) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
+ 𝑖 ∫

𝑒𝑠(𝑖𝑡+𝐴)

𝑒𝑒(𝑖𝑡+𝐴)
+1

𝑑𝑡
2𝜋

0
= −2𝑖𝜋𝑠(𝑒

(𝑠−1)𝑖
𝜋

2 + 𝑒
(𝑠−1)𝑖

3𝜋

2 ) ∑
1

(2𝑘+1)(1−𝑠)

(𝑛−1)
𝑘=0                      (2) 
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Let the complex function  𝑔  ∀𝑧 ∈ ℂ   𝑔(𝑧) =
𝑒𝑠𝑧

𝑒𝑒𝑧
−1

   𝑔 is meromorphic and poles of 𝑔 are : 

𝑧𝑘,𝑚 = ln(|2𝑘|𝜋) + 𝑠𝑔𝑛(𝑘)𝑖
𝜋

2
+ 𝑖2𝑚𝜋         𝑘, 𝑚 ∈ 𝕫 , 𝑘 ≠ 0  

𝑧𝑘,𝑚 = ln(|2𝑘|𝜋) ± 𝑖
𝜋

2
+ 𝑖2𝑚𝜋         𝑘 ∈ ℕ, 𝑚 ∈ 𝕫  , 𝑘 ≠ 0  

Let 𝐻𝐴𝑛
the compact set  in ℂ (the rectangle) 𝐻𝐴𝑛

= {𝑥 + 𝑖𝑦, 𝑥, 𝑦 ∈ ℝ     0 ≤ 𝑥 ≤ 𝐴𝑛 𝑎𝑛𝑑 0 ≤ 𝑦 ≤ 2𝜋}  

Poles of g in  𝐻𝐴𝑛
 are 

 𝑧𝑘 = 𝑙𝑛((2𝑘)𝜋) + 𝑖
𝜋

2
      and     𝑧′𝑘 = 𝑙𝑛((2𝑘)𝜋) + 𝑖

3𝜋

2
      1 ≤ 𝑘 ≤ 𝑛 

By the same way the residu formula on 𝐻𝐴𝑛
 gives 

(1 − 𝑒𝑠2𝜋𝑖) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
𝐴

0
+ 𝑖 ∫

𝑒𝑠(𝑖𝑡+𝐴)

𝑒𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
2𝜋

0
− 𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
                                (3) 

= 2𝑖𝜋𝑠(𝑒
(𝑠−1)𝑖

𝜋

2 + 𝑒
(𝑠−1)𝑖

3𝜋

2 ) ∑
1

(2𝑘)(1−𝑠)
𝑛
𝑘=1   

Adding the equalities (2) and (3) we get  

−(1 − 𝑒𝑠2𝜋𝑖) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
+ (1 − 𝑒𝑠2𝜋𝑖) ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
𝐴

0
+ 2𝑖 ∫

𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑒(𝑖𝑡+𝐴)

𝑒2𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
2𝜋

0
− 𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
  

= 2𝑖𝜋𝑠 (𝑒
(𝑠−1)𝑖

𝜋

2 + 𝑒
(𝑠−1)𝑖

3𝜋

2 ) (∑
1

(2𝑘)(1−𝑠)
𝑛
𝑘=1 − ∑

1

(2𝑘+1)(1−𝑠)

(𝑛−1)
𝑘=0 )  

= 2𝑖𝜋𝑠 (𝑒
(𝑠−1)𝑖

𝜋

2 + 𝑒
(𝑠−1)𝑖

3𝜋

2 ) (∑
1

(2𝑘)(1−𝑠)
𝑛
𝑘=1 − ∑

1

(2𝑘−1)(1−𝑠)
𝑛
𝑘=1 )  

= 2𝑖𝜋𝑠 (𝑒
(𝑠−1)𝑖

𝜋

2 + 𝑒
(𝑠−1)𝑖

3𝜋

2 ) (∑
(−1)2𝑘

(2𝑘)(1−𝑠)
𝑛
𝑘=1 + ∑

(−1)(2𝑘−1)

(2𝑘−1)(1−𝑠)
𝑛
𝑘=1 )   

= 2𝑖𝜋𝑠(𝑒
(𝑠−1)𝑖

𝜋

2 + 𝑒
(𝑠−1)𝑖

3𝜋

2 ) ∑
(−1)𝑘

𝑘(1−𝑠)

(2𝑛)
𝑘=1   

= 2𝑖𝜋𝑠(−𝑖𝑒𝑠𝑖
𝜋

2 + 𝑖𝑒𝑠𝑖
3𝜋

2 ) ∑
(−1)𝑘

𝑘(1−𝑠)

(2𝑛)
𝑘=1   

= 2𝜋𝑠(𝑒𝑠𝑖
𝜋

2 − 𝑒𝑠𝑖
3𝜋

2 ) ∑
(−1)𝑘

𝑘(1−𝑠)

(2𝑛)
𝑘=1   

So  

−(1 − 𝑒𝑠2𝜋𝑖) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
+ (1 − 𝑒𝑠2𝜋𝑖) ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
𝐴

0
+ 2𝑖 ∫

𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑒(𝑖𝑡+𝐴)

𝑒2𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
2𝜋

0
− 𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
             (4) 

= 2𝜋𝑠(𝑒𝑠𝑖
𝜋

2 − 𝑒𝑠𝑖
3𝜋

2 ) ∑
(−1)𝑘

𝑘(1−𝑠)

(2𝑛)
𝑘=1   

We have ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
𝐴

0
− ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
𝐴

0
= 2 ∫

𝑒𝑠𝑡

𝑒2𝑒𝑡
−1

𝑑𝑡
𝐴

0
= 2 ∫

𝑒𝑠𝑡

𝑒𝑒(𝑡+ln 2)
−1

𝑑𝑡
𝐴

0
= 2𝑒(−𝑠 ln 2) ∫

𝑒𝑠𝑢

𝑒𝑒𝑢
−1

𝑑𝑢
(𝐴+ln 2)

ln 2
 

    =
1

2(𝑠−1) ∫
𝑒𝑠𝑢

𝑒𝑒𝑢
−1

𝑑𝑢
(𝐴+ln 2)

ln 2
  (by substitution 𝑡 + ln 2 = 𝑢)   

So    2(𝑠−1) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
𝐴

0
− 2(𝑠−1) ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
𝐴

0
= ∫

𝑒𝑠𝑢

𝑒𝑒𝑢
−1

𝑑𝑢
(𝐴+𝑙𝑛 2)

𝑙𝑛 2
 

       3 

        



2(𝑠−1) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
𝐴

0
− 2(𝑠−1) ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
𝐴

0
= ∫

𝑒𝑠𝑢

𝑒𝑒𝑢
−1

𝑑𝑢
0

𝑙𝑛 2
+ ∫

𝑒𝑠𝑢

𝑒𝑒𝑢
−1

𝑑𝑢
𝐴

0
+ ∫

𝑒𝑠𝑢

𝑒𝑒𝑢
−1

𝑑𝑢
(𝐴+𝑙𝑛 2)

𝐴
  

So   (2(𝑠−1) − 1) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
𝐴

0
= 2(𝑠−1) ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
𝐴

0
+ ∫

𝑒𝑠𝑢

𝑒𝑒𝑢
−1

𝑑𝑢
0

ln 2
+ ∫

𝑒𝑠𝑢

𝑒𝑒𝑢
−1

𝑑𝑢
(𝐴+𝑙𝑛 2)

𝐴
 

So   ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
𝐴

0
=

2(𝑠−1)

(2(𝑠−1)−1)
∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
𝐴

0
+

1

(2(𝑠−1)−1)
∫

𝑒𝑠𝑢

𝑒𝑒𝑢
−1

𝑑𝑢
0

𝑙𝑛 2
+

1

(2(𝑠−1)−1)
∫

𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
(𝐴+𝑙𝑛 2)

𝐴
 

Since ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

+∞

−∞
= 0 we have ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
𝐴

0
= − ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
0

−∞
− ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
   

So   ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
𝐴

0
=

−2(𝑠−1)

(2(𝑠−1)−1)
∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
0

−∞
−

2(𝑠−1)

(2(𝑠−1)−1)
∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
+

1

(2(𝑠−1)−1)
∫

𝑒𝑠𝑢

𝑒𝑒𝑢
−1

𝑑𝑢
0

𝑙𝑛 2
+

1

(2(𝑠−1)−1)
∫

𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
(𝐴+𝑙𝑛 2)

𝐴
 

Equality (4) gives 

−(1 − 𝑒𝑠2𝜋𝑖) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
+ 2𝑖 ∫

𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑒(𝑖𝑡+𝐴)

𝑒2𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
2𝜋

0
− 𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
              

+(1 − 𝑒𝑠2𝜋𝑖) [
−2(𝑠−1)

(2(𝑠−1)−1)
∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
0

−∞
−

2(𝑠−1)

(2(𝑠−1)−1)
∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
+

1

(2(𝑠−1)−1)
∫

𝑒𝑠𝑢

𝑒𝑒𝑢
−1

𝑑𝑢
0

𝑙𝑛 2
+

1

(2(𝑠−1)−1)
∫

𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
(𝐴+𝑙𝑛 2)

𝐴
]   

= 2𝜋𝑠(𝑒𝑠𝑖
𝜋

2 − 𝑒𝑠𝑖
3𝜋

2 ) ∑
(−1)𝑘

𝑘(1−𝑠)

(2𝑛)
𝑘=1   

So  

−𝑖 ∫
𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
+

−2(𝑠−1)

(2(𝑠−1)−1)
(1 − 𝑒𝑠2𝜋𝑖) ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
0

−∞
+

1

(2(𝑠−1)−1)
(1 − 𝑒𝑠2𝜋𝑖) ∫

𝑒𝑠𝑢

𝑒𝑒𝑢
−1

𝑑𝑢
0

𝑙𝑛 2
+ 2𝑖 ∫

𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑒(𝑖𝑡+𝐴)

𝑒2𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
2𝜋

0
  

−(1 − 𝑒𝑠2𝜋𝑖) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
−

2(𝑠−1)

(2(𝑠−1)−1)
(1 − 𝑒𝑠2𝜋𝑖) ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
+

1

(2(𝑠−1)−1)
(1 − 𝑒𝑠2𝜋𝑖) ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
(𝐴+𝑙𝑛 2)

𝐴
  

= 2𝜋𝑠(𝑒𝑠𝑖
𝜋

2 − 𝑒𝑠𝑖
3𝜋

2 ) ∑
(−1)𝑘

𝑘(1−𝑠)

(2𝑛)
𝑘=1   

Let 𝐶(𝑠)𝑎𝑛𝑑 𝐷(𝑠, 𝐴) such that 

𝐶(𝑠) = −𝑖 ∫
𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
+

−2(𝑠−1)

(2(𝑠−1)−1)
(1 − 𝑒𝑠2𝜋𝑖) ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
0

−∞
+

1

(2(𝑠−1)−1)
(1 − 𝑒𝑠2𝜋𝑖) ∫

𝑒𝑠𝑢

𝑒𝑒𝑢
−1

𝑑𝑢
0

𝑙𝑛 2
  

𝐷(𝑠, 𝐴) = −(1 − 𝑒𝑠2𝜋𝑖) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
−

2(𝑠−1)

(2(𝑠−1)−1)
(1 − 𝑒𝑠2𝜋𝑖) ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
+

1

(2(𝑠−1)−1)
(1 − 𝑒𝑠2𝜋𝑖) ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
(𝐴+𝑙𝑛 2)

𝐴
  

So   𝐶(𝑠) + 𝐷(𝑠, 𝐴) + 2𝑖 ∫
𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑒(𝑖𝑡+𝐴)

𝑒2𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
2𝜋

0
= 2𝜋𝑠(𝑒𝑠𝑖

𝜋

2 − 𝑒𝑠𝑖
3𝜋

2 ) ∑
(−1)𝑘

𝑘(1−𝑠)

(2𝑛)
𝑘=1                          (5) 

Let’s prove  that 𝐶(𝑠) = 0 

𝐶(𝑠) = −𝑖 ∫
𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
+

−2(𝑠−1)

(2(𝑠−1)−1)
(1 − 𝑒𝑠2𝜋𝑖) ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
0

−∞
+

1

(2(𝑠−1)−1)
(1 − 𝑒𝑠2𝜋𝑖) ∫

𝑒𝑠𝑢

𝑒𝑒𝑢
−1

𝑑𝑢
0

𝑙𝑛 2
  

The residu formula on the compact (rectangle) {𝑥 + 𝑖𝑦, 𝑥, 𝑦 ∈ ℝ − 𝐵𝑚 ≤ 𝑥 ≤ 0𝑎𝑛𝑑 0 ≤ 𝑦 ≤ 2𝜋} 

When 𝑚 tends to+∞ we get  

(1 − 𝑒𝑠2𝜋𝑖) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
0

−∞
+ 𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
+1

𝑑𝑡
2𝜋

0
= 0   

So (1 − 𝑒𝑠2𝜋𝑖) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
0

−∞
= −𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
+1

𝑑𝑡
2𝜋

0
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On the compact (rectangle) {𝑥 + 𝑖𝑦, 𝑥, 𝑦 ∈ ℝ     0 ≤ 𝑥 ≤ ln 2  𝑎𝑛𝑑 0 ≤ 𝑦 ≤ 2𝜋} the residu formula gives 

(1 − 𝑒𝑠2𝜋𝑖) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
𝑙𝑛 2

0
+ 𝑖 ∫

𝑒𝑠(𝑖𝑡+𝑙𝑛 2)

𝑒𝑒(𝑖𝑡+𝑙𝑛 2)
−1

𝑑𝑡
2𝜋

0
− 𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
= 0  

So  (1 − 𝑒𝑠2𝜋𝑖) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
0

𝑙𝑛 2
= 𝑖 ∫

𝑒𝑠(𝑖𝑡+𝑙𝑛 2)

𝑒𝑒(𝑖𝑡+𝑙𝑛 2)
−1

𝑑𝑡
2𝜋

0
− 𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
 

𝐶(𝑠) = −𝑖 ∫
𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
+

2(𝑠−1)

(2(𝑠−1)−1)
𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
+1

𝑑𝑡
2𝜋

0
+

1

(2(𝑠−1)−1)
𝑖 ∫

𝑒𝑠(𝑖𝑡+𝑙𝑛 2)

𝑒𝑒(𝑖𝑡+𝑙𝑛 2)
−1

𝑑𝑡
2𝜋

0
−

1

(2(𝑠−1)−1)
𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
  

𝐶(𝑠) = −
2(𝑠−1)

(2(𝑠−1)−1)
𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
+

2(𝑠−1)

(2(𝑠−1)−1)
𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
+1

𝑑𝑡
2𝜋

0
+

𝑒𝑠 𝑙𝑛 2

(2(𝑠−1)−1)
𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒2𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
  

𝐶(𝑠) = −
2(𝑠−1)

(2(𝑠−1)−1)
𝑖 (∫

𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
− ∫

𝑒𝑠𝑖𝑡

𝑒𝑒𝑖𝑡
+1

𝑑𝑡
2𝜋

0
) +

2𝑠

(2(𝑠−1)−1)
𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒2𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
  

𝐶(𝑠) = −
2(𝑠−1)

(2(𝑠−1)−1)
𝑖 ∫

2𝑒𝑠𝑖𝑡

𝑒2𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
+

2𝑠

(2(𝑠−1)−1)
𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒2𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
  

𝐶(𝑠) = −
2𝑠

(2(𝑠−1)−1)
𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒2𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
+

2𝑠

(2(𝑠−1)−1)
𝑖 ∫

𝑒𝑠𝑖𝑡

𝑒2𝑒𝑖𝑡
−1

𝑑𝑡
2𝜋

0
  

𝐶(𝑠) = 0  

So  equality (5) becomes 

 𝐷(𝑠, 𝐴) + 2𝑖 ∫
𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑒(𝑖𝑡+𝐴)

𝑒2𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
2𝜋

0
= 2𝜋𝑠 (𝑒𝑠𝑖

𝜋

2 − 𝑒𝑠𝑖
3𝜋

2 ) ∑
(−1)𝑘

𝑘(1−𝑠)

(2𝑛)
𝑘=1 = 2𝜋𝑠𝑒

𝑠𝑖𝜋

2 (1 − 𝑒𝑠𝑖𝜋) ∑
(−1)𝑘

𝑘(1−𝑠)

(2𝑛)
𝑘=1  

∫
𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑒(𝑖𝑡+𝐴)

𝑒2𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
2𝜋

0
= ∫

𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑒(𝑖𝑡+𝐴)

𝑒2𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
𝜋

0
+ ∫

𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑒(𝑖𝑡+𝐴)

𝑒2𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
2𝜋

𝜋
= ∫

𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑒(𝑖𝑡+𝐴)

𝑒2𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
𝜋

0
+ ∫

𝑒𝑠(𝑖(𝑢+𝜋)+𝐴)𝑒𝑒(𝑖(𝑢+𝜋)+𝐴)

𝑒2𝑒(𝑖(𝑢+𝜋)+𝐴)
−1

𝑑𝑢
𝜋

0
  

= ∫
𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑒(𝑖𝑡+𝐴)

𝑒2𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
𝜋

0
+ 𝑒𝑠𝑖𝜋 ∫

𝑒𝑠(𝑖𝑢+𝐴)𝑒−𝑒(𝑖𝑢+𝐴)

𝑒−2𝑒(𝑖𝑢+𝐴)
−1

𝑑𝑢
𝜋

0
= ∫

𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑒(𝑖𝑡+𝐴)

𝑒2𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
𝜋

0
+ 𝑒𝑠𝑖𝜋 ∫

𝑒𝑠(𝑖𝑢+𝐴)𝑒𝑒(𝑖𝑢+𝐴)

1−𝑒2𝑒(𝑖𝑢+𝐴) 𝑑𝑢
𝜋

0
  

(1 − 𝑒𝑠𝑖𝜋) ∫
𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑒(𝑖𝑡+𝐴)

𝑒2𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
𝜋

0
  

= (1 − 𝑒𝑠𝑖𝜋)𝑒
𝑠𝑖𝜋

2 ∫
𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑖𝑒(𝑖𝑡+𝐴)

𝑒2𝑖𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
𝜋

2
−𝜋

2

   (integral by substitution) 

So   𝐷(𝑠, 𝐴) + 2𝑖(1 − 𝑒𝑠𝑖𝜋)𝑒
𝑠𝑖𝜋

2 ∫
𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑖𝑒(𝑖𝑡+𝐴)

𝑒2𝑖𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
𝜋

2
−𝜋

2

= 2𝜋𝑠𝑒
𝑠𝑖𝜋

2 (1 − 𝑒𝑠𝑖𝜋) ∑
(−1)𝑘

𝑘(1−𝑠)

(2𝑛)
𝑘=1  

So   
1

(1−𝑒𝑠𝑖𝜋)𝑒
𝑠𝑖𝜋

2

𝐷(𝑠, 𝐴) + 2𝑖 ∫
𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑖𝑒(𝑖𝑡+𝐴)

𝑒2𝑖𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
𝜋

2
−𝜋

2

= 2𝜋𝑠 ∑
(−1)𝑘

𝑘(1−𝑠)

(2𝑛)
𝑘=1    (6) 

Let’s calculate    ∑
(−1)𝑘

𝑘(1−𝑠)

(2𝑛)
𝑘=1   

We know that   
1

𝑘(1−𝑠) =
1

𝛤(1−𝑠)
∫ 𝑥(−𝑠)+∞

0
𝑒−𝑘𝑥𝑑𝑥  so 

(−1)𝑘

𝑘(1−𝑠) =
1

𝛤(1−𝑠)
∫ 𝑥(−𝑠)+∞

0
(−𝑒−𝑥)𝑘𝑑𝑥  

  ∑
(−1)𝑘

𝑘(1−𝑠)

(2𝑛)
𝑘=1 =  

1

𝛤(1−𝑠)
∫ 𝑥(−𝑠)+∞

0
∑ (−𝑒−𝑥)𝑘(2𝑛)

𝑘=1 𝑑𝑥 =
1

𝛤(1−𝑠)
∫ 𝑥(−𝑠)+∞

0

(1−𝑒(−2𝑛𝑥))×(−𝑒−𝑥)

1+𝑒−𝑥 𝑑𝑥   
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=
1

𝛤(1−𝑠)
∫ 𝑥(−𝑠)+∞

0

(𝑒(−2𝑛𝑥)−1)

𝑒𝑥+1
𝑑𝑥 =

1

𝛤(1−𝑠)
∫

𝑥(−𝑠)𝑒(−2𝑛𝑥))

𝑒𝑥+1

+∞

0
𝑑𝑥 −

1

𝛤(1−𝑠)
∫

𝑥(−𝑠)

𝑒𝑥+1

+∞

0
𝑑𝑥 =

1

𝛤(1−𝑠)
∫

𝑥(−𝑠)𝑒(−2𝑛𝑥))

𝑒𝑥+1

+∞

0
𝑑𝑥  

 

By substutition(𝑢 = 2𝑛𝑥) 

∫
𝑥(−𝑠)𝑒(−2𝑛𝑥))

𝑒𝑥+1

+∞

0
𝑑𝑥 =

1

(2𝑛)(1−𝑠) ∫
𝑢(−𝑠)𝑒(−𝑢))

𝑒
(

𝑢
2𝑛

)
+1

+∞

0
𝑑𝑢 = (2𝑛)(𝑠−1) ∫

𝑢(−𝑠)𝑒(−𝑢))

𝑒
(

𝑢
2𝑛

)
+1

+∞

0
𝑑𝑢    so 

∑
(−1)𝑘

𝑘(1−𝑠)

(2𝑛)
𝑘=1 =

1

𝛤(1−𝑠)
(2𝑛)(𝑠−1) ∫

𝑢(−𝑠)𝑒(−𝑢))

𝑒
(

𝑢
2𝑛

)
+1

+∞

0
𝑑𝑢    

So equality (6) becomes 

   
1

(1−𝑒𝑠𝑖𝜋)𝑒
𝑠𝑖𝜋

2

𝐷(𝑠, 𝐴) + 2𝑖 ∫
𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑖𝑒(𝑖𝑡+𝐴)

𝑒2𝑖𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
𝜋

2
−𝜋

2

= 2𝜋𝑠 ×
1

𝛤(1−𝑠)
(2𝑛)(𝑠−1) ∫

𝑢(−𝑠)𝑒(−𝑢))

𝑒
(

𝑢
2𝑛

)
+1

+∞

0
𝑑𝑢   

= 2𝜋𝑠 ×
1

𝛤(1−𝑠)
(

2𝑛

(2𝑛+
1

2
)
)

(𝑠−1)

(2𝑛 +
1

2
)

(𝑠−1)

∫
𝑢(−𝑠)𝑒(−𝑢))

𝑒
(

𝑢
2𝑛

)
+1

+∞

0
𝑑𝑢   

= 2𝜋 ×
1

𝛤(1−𝑠)
(

2𝑛

(2𝑛+
1

2
)
)

(𝑠−1)

((2𝑛 +
1

2
) 𝜋)

(𝑠−1)

∫
𝑢(−𝑠)𝑒(−𝑢))

𝑒
(

𝑢
2𝑛

)
+1

+∞

0
𝑑𝑢   

= 2𝜋 ×
1

𝛤(1−𝑠)
(

2𝑛

(2𝑛+
1

2
)
)

(𝑠−1)

𝑒(𝑠−1)𝐴 ∫
𝑢(−𝑠)𝑒(−𝑢))

𝑒
(

𝑢
2𝑛

)
+1

+∞

0
𝑑𝑢   

So   
1

(1−𝑒𝑠𝑖𝜋)𝑒
𝑠𝑖𝜋

2

𝐷(𝑠, 𝐴) + 2𝑖 ∫
𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑖𝑒(𝑖𝑡+𝐴)

𝑒2𝑖𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
𝜋

2
−𝜋

2

= 2𝜋 ×
1

𝛤(1−𝑠)
(

2𝑛

(2𝑛+
1

2
)
)

(𝑠−1)

𝑒(𝑠−1)𝐴 ∫
𝑢(−𝑠)𝑒(−𝑢))

𝑒
(

𝑢
2𝑛

)
+1

+∞

0
𝑑𝑢   

So   
1

(1−𝑒𝑠𝑖𝜋)𝑒
𝑠𝑖𝜋

2

𝑒(1−𝑠)𝐴𝐷(𝑠, 𝐴) + 2𝑖𝑒(1−𝑠)𝐴 ∫
𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑖𝑒(𝑖𝑡+𝐴)

𝑒2𝑖𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
𝜋

2
−𝜋

2

= 2𝜋 ×
1

𝛤(1−𝑠)
(

2𝑛

(2𝑛+
1

2
)
)

(𝑠−1)

∫
𝑢(−𝑠)𝑒(−𝑢))

𝑒
(

𝑢
2𝑛

)
+1

+∞

0
𝑑𝑢        (7) 

𝐷(𝑠, 𝐴) = −(1 − 𝑒𝑠2𝜋𝑖) ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
−

2(𝑠−1)

(2(𝑠−1)−1)
(1 − 𝑒𝑠2𝜋𝑖) ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
+

1

(2(𝑠−1)−1)
(1 − 𝑒𝑠2𝜋𝑖) ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
(𝐴+𝑙𝑛 2)

𝐴
  

1

(1−𝑒𝑠𝑖𝜋)𝑒
𝑠𝑖𝜋

2

𝑒(1−𝑠)𝐴𝐷(𝑠, 𝐴)  

=  
(1+𝑒𝑠𝑖𝜋)

𝑒
𝑠𝑖𝜋

2

 [−𝑒(1−𝑠)𝐴 ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
−

2(𝑠−1)

(2(𝑠−1)−1)
𝑒(1−𝑠)𝐴 ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
+

1

(2(𝑠−1)−1)
𝑒(1−𝑠)𝐴 ∫

𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
(𝐴+𝑙𝑛 2)

𝐴
]  

Let’s calculate  lim
𝑛→+∞

𝑒(1−𝑠)𝐴 ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
 

|∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
| ≤ ∫ |

𝑒𝑠𝑡

𝑒𝑒𝑡
+1

| 𝑑𝑡
+∞

𝐴
= ∫

𝑒𝑎𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
≤ ∫

𝑒𝑎𝑡

𝑒𝑒𝑡 𝑑𝑡
+∞

𝐴
≤

1

𝑒
(

1
2

𝑒𝐴)
∫

𝑒𝑎𝑡

1

𝑒
(

1
2𝑒𝑡)

𝑑𝑡
+∞

𝐴
                      

1

𝑒𝑒𝑡 =
1

𝑒
(

1
2

𝑒𝑡)
×

1

𝑒
(

1
2

𝑒𝑡)
 

So |𝑒(1−𝑠)𝐴 ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
| ≤

𝑒(1−𝑎)𝐴

𝑒
(

1
2

𝑒𝐴)
∫

𝑒𝑎𝑡

1

𝑒
(

1
2𝑒𝑡)

𝑑𝑡
+∞

𝐴
 

Clearly  lim
𝑛→+∞

𝑒(1−𝑠)𝐴 ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
+1

𝑑𝑡
+∞

𝐴
= 0 
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By the same we get lim
𝑛→+∞

𝑒(1−𝑠)𝐴 ∫
𝑒𝑠𝑡

𝑒𝑒𝑡
−1

𝑑𝑡
(𝐴+𝑙𝑛 2)

𝐴
= 0      (∀𝑡 ≥ 𝐴  

1

𝑒𝑒𝑡
−1

=
1

√𝑒𝑒𝑡
−1

×
1

√𝑒𝑒𝑡
−1

≤
1

√𝑒𝑒𝐴
−1

×
1

√𝑒𝑒𝑡
−1

) 

So lim
𝑛→+∞

1

(1−𝑒𝑠𝑖𝜋)𝑒
𝑠𝑖𝜋

2

𝐷(𝑠, 𝐴) = 0 

Let’s calculate lim
𝑛→+∞

∫
𝑢(−𝑠)𝑒(−𝑢))

𝑒
(

𝑢
2𝑛

)
+1

+∞

0
𝑑𝑢 

Let the functions ∀𝑛 ∈ ℕ∗  ∀𝑢 ∈ ℝ+   ℎ𝑛(𝑢) =
𝑢(−𝑠)𝑒(−𝑢))

𝑒
(

𝑢
2𝑛

)
+1

 

The sequence ℎ𝑛 converge simply to the function ℎ where ∀𝑢 ∈ ℝ+   ℎ(𝑢) =
𝑢(−𝑠)𝑒(−𝑢))

2
 

∀𝑛 ∈ ℕ∗  ∀𝑢 ∈ ℝ+   |ℎ𝑛(𝑢) | =
𝑢(−𝑎)𝑒(−𝑢))

𝑒
(

𝑢
2𝑛

)
+1

≤
𝑢(−𝑎)𝑒(−𝑢))

2
  and ∫

𝑢(−𝑎)𝑒(−𝑢))

2

+∞

0
𝑑𝑢 < ∞ 

The lebegue therem gives 

lim
𝑛→+∞

∫
𝑢(−𝑠)𝑒(−𝑢))

𝑒
(

𝑢
2𝑛

)
+1

+∞

0
𝑑𝑢 = ∫

𝑢(−𝑠)𝑒(−𝑢))

2

+∞

0
=

𝛤(1−𝑠)

2
  

When n tends to +∞ equality (7)  gives  

 lim
𝑛→+∞

2𝑖𝑒(1−𝑠)𝐴 ∫
𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑖𝑒(𝑖𝑡+𝐴)

𝑒2𝑖𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
𝜋

2
−𝜋

2

= 𝜋 

So  lim
𝑛→+∞

𝑒(1−𝑠)𝐴 ∫
𝑒𝑠(𝑖𝑡+𝐴)𝑒𝑖𝑒(𝑖𝑡+𝐴)

𝑒2𝑖𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
𝜋

2
−𝜋

2

= −
𝑖𝜋

2
      ( or   lim

𝑛→+∞
𝑒𝐴 ∫

𝑒𝑠𝑖𝑡𝑒𝑖𝑒(𝑖𝑡+𝐴)

𝑒2𝑖𝑒(𝑖𝑡+𝐴)
−1

𝑑𝑡
𝜋

2
−𝜋

2

= −
𝑖𝜋

2
 )    
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                              𝜸𝟑 

 

𝛄𝟒  

 

 

 

 

  
𝑖2𝜋  

 
𝑖3𝜋

2
  

 
 

 
𝑖𝜋                                                                  

 
𝛾2   

 
𝑖𝜋

2
  

 
 

  

                 -𝐵𝑚                            𝛾1 0                                                                        𝐴𝑛      
 
−𝑖𝜋

2
  

−𝑖𝜋  

−3𝑖𝜋

2
  

−2𝑖𝜋  
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