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In this paper, it is created a one-to-one map between the Dirac Equation in Matrix Alge-
bra and the Dirac Equation in Geometric Algebra Clso. The form of the Dirac equation

in Geometric Algebra Clsp is found to be:
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Where:

Yepen = Yo + fjhl}xy + yilpyz + ZZ,
Yoaa = XYy + W’y + 2y, + fyzAl/)xyz
Y =Yepen + Woaa = Yo + XYy + }71,[)3; + 2P, + f371»[)963/ + yZAlpyz + 2%y + f5;21!’963/2

Considering the wavefunction solution in standard Matrix Algebra as:
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It is obtained is a one-to-one mapping between both representations, being:

Y1y = _l/)y
Y1 = Yy
Yor = ll}xyz
lpZi = l/)Z
Y3 = _¢yz
Yai = Py
Yur = ll}xy
Yai = Yo
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1. Introduction

In this paper, we will use derive the Dirac Equation in Geometric Algebra Clso. Then, after
some transformations, we will create a one-to-one map of the Dirac Equation and the wave-
function between Matrix Algebra and Geometric Algebra.

2. Introduction to Geometric Algebra

If you do not know anything regarding geometric algebra, I strongly recommend you [1].
You have a complete study of Geometric Algebra in [3].

We will use Geometric Algebra Clso. This means, it has three basis vectors with positive
signature and zero basis vectors with negative signature. We will explain this in a minute.
In Geometric Algebra Cls, we have the vectors:

2yz
In this case, we will consider them orthonormal, and, in the appendix A1, | will explain
which would be the difference in the calculations if they were not orthonormal.

Fig.1 Orthonormal basis vectors in Cls

The square of these vectors in Geometric Algebra is its norm to the square. The norm of a
vector is a scalar (not a vector anymore). As we have considered the basis as orthonormal,
its square is the scalar 1.

= =zIP=1 (1)
2=y =plIP=1 (2
P=zz=2lP=1 (3)

In the nomenclature Clsy, the 3 stands for the number of vectors which square is positive
and the 0 for the number of basis vectors which squares is negative. In this case, no basis
vectors have a negative square (also known as negative signature), so all of them have a
positive square (positive signature), that equals +1 in an orthonormal basis.

The basis vectors can be multiplied by each other (this operation is called Geometric Prod-
uct). For orthonormal or orthogonal bases, this product follows the anticommutative prop-
erty, this is:

=-x (4
yz=-25 (5)
2% =—-%2 (6)

This combination of two vectors via this product is called a bivector. The bivector instead
of representing a vector (an oriented segment), it represents an oriented plane. So Xy rep-
resents the plane xy with its normal in a certain direction. And yx represents the same
plane xy but with its normal in the opposite direction.
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In Geometric Algebra we do not talk about normal vectors anymore. Instead, we talk about
the orientation of a theoretical rotation in that plane. See Fig.2 for a visual explanation.
Also, in [1][2] and [3], you can find more information about the meaning or interpretation
of the bivectors.
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Fig.2 Representation of the bivectors £y and yX. They represent the same plane
with opposite orientation. In fact, Xy = —y%

If we multiply the three vectors, we obtain the trivector (also called pseudoscalar in the

literature [1][3]):
292 = —9R2 =98 = —292 =229 = %29 (7)

You can check that the same relations as in equations (4)(5)(6) apply. So, every time you
swap the position of two vectors you have to put a minus sign (or multiply by -1, as you
prefer).

The meaning of the trivector is an oriented volume. The same as the bivector is a plane
with two possible orientations. The trivector is a volume with two possible orientations.
You can see visual representation in Fig. 3. Again in [1] [2] and [3] you can find a more
information regarding trivectors.

Fig.3 Representation of the two possible orientations of the trivector.

We can check that 92 = —9%xZ .

3. Operations in Geometric Algebra

One of the most surprising characteristics of Geometric Algebra is that you can mix scalars
with vectors, bivectors and trivectors. You represent this a sum. For example, a typical
element in Geometric Algebra could have the form:

A=3+5%+39 + 492 — 2292

The same that is done with polynomials or complex numbers, that is to leave the sum
among different components indicated, it is done in Geometric Algebra. This type of ele-
ment in Geometric Algebra that has different components as scalars, vectors, bivectors
etc... is called a multivector. So, the A element in the example above is a multivector.
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In a multivector, the vectors and the trivector are called odd-grade elements. The reason is
because they are composed by one vector or by three vectors (odd grade humber).

In a multivector, the scalars and the bivectors are called even grade elements. The reason
is because the elements have 0 vectors (the scalars) or 2 vectors (the bivectors). We con-
sider the 0 and 2 even for this purpose.

And if you want to make a product between two multivectors in Geometric Algebra you
just have to follow the laws (1) to (6). For example:

2+30)Gy+7x+92 +2%)
The first thing we have to do is to multiply component by component as we would do in a
polynomial for example. But the very important thing is that you have to keep the order of
the product as we have seen that it is not commutative, so:

(24 32)(59 + 7% + 92 + 2%)
= 109 + 14% + 297 + 2% + 1589 + 21%% + 3292 + 3%5% =

Now, with the relations (1) to (6) we will operate the square of X and we will swap the X
and the Z in the last component:

=109 + 14% + 292 + 22% + 15%9 + 21(+1) + 3%92 — 3%%2 =
Now, we have again a square of £ in the last component, so we can operate:

= 10§ + 14% + 297 + 22% + 1589 + 21 + 3292 — 3(+1)2 =
= 109 + 14% + 292 + 2% + 1589 + 21 + 3292 — 32 =

If we order the terms, starting by the scalar, vectors, bivectors and finally the trivector we
have:

=21+ 14% + 10y — 32 + 15Xy + 292 + 22% + 3Xy2
Let’s see another example:
B+x+29)Bx+7y) =
We start multiplying the components but keeping always the order of the vectors.
B+x+29)(5% +79) = 158 + 219 + 52% + 7%y + 109% + 1499 =

Now we apply the (1) to (6) to the squares:
15% + 21y + 5(+1) + 7xy + 109x + 14(+1) = 158 + 21y + 5+ 7xy + 10y + 14

We can see that now we have two scalars (5 and 14) that have appeared coming from vector
products that can be summed, so:

= 15% + 219 + 19 + 729 + 109% =

Also, we see that we have the same bivector £y in two different forms, so we apply (1) to
(6) to get:

=158+ 219 + 19+ 729 — 10%9 = 158 + 219 + 19 — 3%y =
Ordering the terms:
=19 + 15% + 219 — 3%y

To sum up, we can say that the geometric product keeps the associative and the distributive
properties but not the commutative property. In an orthonormal basis the commutative
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property is substituted by the anticommutative property as can be seen in (4) to (6). For n
on orthonormal basis, the thing is not so simple but we will not treat this case in this paper.
You can see a hint about it in Appendix Al.

4. Square of the bivectors and the trivector

If we multiply a bivector by itself (applying (1) to (6)):

2929 = —299% = (DR = —%% = —1
9292 = -1
282% = -1

AAAAAA AAAAAA AAAAAA

In Geometric Algebra the imaginary or complex numbers are not used and are not neces-
sary. The reason is that there are elements that are already in fact the square root of -1, as
the bivectors or the trivector. We will see the importance of this in Quantum Mechanics.
Instead of using imaginary numbers, these will be substituted by bivectors and trivectors
with geometric meaning.

The imaginary unit i was defined as “something unknown” (whatever it is) that is the square
root of -1. Now, that we have elements that are in fact, known, and are the square root of -
1 (the bivectors and the trivector), we can be more specific and use these elements to play
this role. We will use this conversion from the i imaginary unit into bivectors and trivector,
mainly in Quantum Mechanics.

When the i does not have any preferred spatial direction will be related to the trivector

xyZ.This happens for example when the i appears related to mass, energy or time.

If the i is related to something with a preferred direction like speed or momentum, normally
the i is related to a bivector. Do not worry, we will see how to work with this in the next
chapters.

Summing up, even if we are in Clso with the three basis vectors with positive signature
(positive square), the algebra itself has created two type of elements more (bivectors and
trivector) which square is negative.

In a multivector we will have these two types of elements depending on its square, the

scalars and the vectors which square is +1 (positive signature) and the bivectors and the
trivector which square is -1 (negative signature).

5. Inverse of vector in Geometric Algebra

Another interesting property in Geometric Algebra is that you can take the inverse a vector.
We can calculate its value for a basis vector the following way. We start with equation (1):
=1

We premultiply both equations by the inverse of x:
12 =271
By definition, the product of the inverse of an element by itself is equal to 1.

Dz =2"

So,
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The inverse of a basis vector in an orthonormal basis is the vector itself. So:

-1
-1
-1

N> 2 R
Il
N> 2 &

When we have to take the inverse a product of vectors (bivectors or trivectors) you can
check in [3] that apart from inverting each element you have to reverse the order of them,
this way:

or

(z92) " =273

Remember that every time you swap two vectors, you add a minus sign (4) to (6). To con-

vert Zyx into —XyZ you have two make three swaps, that is the reason of the final neg-
ative sign.

We will use the convention that the division by a vector is to postmultiply by the inverse
of that vector. This means for example, if we want to do the following operation, this will
be the result:

=2@)" =29

DR

Remind that we are always talking about orthonormal bases. To have a hint about not or-
thonormal bases, you check Annex Al.

6. Reverse operation and reverse product

There is another operation we can make in Geometric Algebra that is the reversion of a
multivector. | will represent this with a line above the multivector. This operation reverses
all the internal order of bivectors and trivectors. As an example:

A=3+5%+39 + 492 — 28292
A= +5% +3) + 492 — 2%92) = 3 + 5% + 39 + 429 — 229%
=3+ 5% + 39 — 497 + 2892

You can see that it is similar to a conjugate in complex numbers. It changes the sign of the
elements which square is -1 (in this case, are the bivectors and the trivector).

With this we can define the reverse product. It consists of the product of a multivector by
the reverse of itself.

The main characteristic of the reverse product is that if the multivector only has one type
of elements with positive square and only one type of elements of negative square, the
result of this product is a scalar.

This means, if the multivector only has scalars (positive square) and bivectors (negative
square) the reverse product of the multivector will be a scalar. The same if it only has
vectors (positive square) and bivectors (negative square). Or vectors (positive square) and
trivector (negative square).




J.Sanchez

But when the multivector has scalars and vectors (both positive square) and a bivector for
example, the result could be not scalar. The same if it has scalars and both bivectors and
the trivector (both negative square).

This is, the multivector has to have only scalars or vectors (not both) mixed with only
bivectors or trivectors (not both).

Let’s see some examples. B only has vectors (positive square) and the trivector (negative
square), the result must be scalar:

B = 5% + 3§ + 4xP2
B =(5% + 39 + 4x92) = 5% + 39 — 4x92

BB = (5% + 39 + 4%92) (5% + 39 — 4%9%)
= 25 + 1589 — 202292 + 159% + 9 — 129%92 + 20%92% + 122929

AAAAAA

AAAAAA

We sum the scalars, we see that the elements in Xy sum zero, we square to +1 the vectors
that are the same and consecutive and we continue swapping vectors to try to simplify:

AAAAAA

The result, 50, is a scalar as we expected.
Another example. C has only scalars and the trivector, the result should be scalar:

C =5+ 4292
C =5+ 4%92) = 5 — 4292

AAAAAA AAANAAA AAAAAA

31 is a scalar as expected.

New example. D has scalars but has a mix of bivectors and trivectors (the result could be
not a scalar):
D =5+ 2%y +3%92
D = (5+ 2%y +4%92) = 5 — 28y — 3%92

DD = (5 + 2%9 + 3292)(5 — 289 — 3%92)

AAAAAAAAAAA

AnAAA ANAAAN AANANAA ANAAA AnAAA

=29+4+62+6Z=29+122

We see that the result is not a scalar as we had both bivectors and the trivector (both of
negative signature) in the same multivector.




J. Sanchez

One important thing to comment about the reverse product is that acts very similar to the
scalar product of an element with himself (the square) in the bra-ket notation of Dirac Al-
gebra.

In the bra-ket notation of Dirac algebra, when you want to calculate the square of a complex
function or vector, you multiply this function or vector by the conjugate of itself, so you
always get a real scalar result. This reverse product makes the same, you multiply a multi-
vector by a version of itself where the sign of different elements of this multivector have
changed with the aim of obtaining a real scalar as a result.

7. Summary of Geometric Algebra Cls,o

We have seen that the Geometric Algebra have some elements called multivectors that are
composed by scalars, vectors, bivectors and a trivector. In fact, although the Geometric
Algebra Clso has only three basis vectors, it has really 8 degrees of freedom. A general
multivector in Geometric Algebra could have the form (being all the coefficients «; real
scalars):

A=agta X+ a,y+a,2+ayX +ay, Y2 + a, 28 + ayy,X92

This means, although we have only three special dimensions (X, y and z) we have really 8
degrees of freedom (or 8 expanded dimensions in a meta sense) coming from this original
three special dimensions.

These eight degrees of freedom are represented by these 8 «; scalars. These scalars are
always real. As commented, we do not need imaginary numbers in Geometric Algebra as
we have two type of elements (the bivectors and the trivector) which square is -1 and fulfills
this necessity.

One comment for the people that has some experience in Geometric Algebra used in Phys-
ics. If you are new in Geometric Algebra, please do not read it, so you do not start running.

In most of the literature regarding the use of Geometric Algebra both in Quantum Mechan-
ics and General Relativity the Cly 3 or Cls 1 is used. This means, there are three basis vectors
(the spatial dimensions) with one signature and another one (the time) with opposite sig-
nature.

The issue is that these 4 dimensions expand to 16 degrees of freedom. But in reality, only
the sub-even algebra of these 16 degrees of freedom is used (only 8 degrees of the 16
possible are used). So why is this Cly 3 or Cls 1 used in the first place? We know that with
Clsowe already have the 8 degrees of freedom we need.

The need of Cly 3 and Cls is to accommodate the time dimension in Geometric Algebra.
But we will explain in the next chapter why this is not necessary anymore.

8. So, where is the time?

If you have worked with Quantum Mechanics or with the Dirac equation (whether you
have done it using Geometric Algebra or not) you might be asking where the time is.

We have £, § and Z. But where is the £? As | have commented in some papers already
[2][5] we can use the trivector as the basis vector of the dimension of time. Does this mean
that the dimension of time does not exist? No, the dimension of time has its own freedom
(its own scalar coefficient t) but the basis vector £ that accompanies this coefficient is a
combination of the space vectors.
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I know, it is very difficult to believe but if you continue reading the next chapters, you will
see that this works perfectly. Leading to a one-to one map of the Dirac equation solutions
in standard algebra to Geometric Algebra without the need of a specific vector of time.
In fact, we will work with the following definition:

t1=xyz (7)
The reason of why we define the inverse of the basis vector instead of the basis vector
itself, we will see later. Anyhow, following the rules in chapter 5 you can see that for an
orthonormal basis (not in general for other bases):

t=@yD) =279 Wx =292 = =292 (7.1)
So:

So, a general multivector will be of the type:

A=ayta X+ a,y+a,Z2 + a9V + ay, Y2 + a, 28 + @y, 292
=yt 0 X+ ayy + a2 + )XY + @y, 97 + g0 28 — ), t

Even, we reorder putting the time consecutive to the spatial dimensions we would have:
A=ag+ a R+ a,y + a2 — ayy,t + a2 + ), 92 + a,, 28
We can even recall the a,,, as a;:

At = Ayyz
This leads to,

A=ag+a R+ ay) + a2+ a, X9 + ay,92 + a,,2% — a,t
=ayta i+ ay,y+aZ - ait + a XY + ay, 972 + g, 2%

You can see that the a, assures that the time has its own freedom compared to the spatial
dimensions. But we do not need an original dimension more to accommodate it, it appears
naturally in Geometric Algebra. In fact, we will not use it is it is above, we will use the
more convenient definition we put in the beginning for a multivector:

A=agta, X+ ay) + a2 + a Xy + a7 + az, 2% + ), X92
And we will explain how to work with these multivectors when time is involved.
If you have worked with Geometric Algebra before in Cliz or Cls 1, | give you in advance

the following relations we will use. If you do not what we are talking about, just skip the
following equations and continue reading:

i=1= 010,03 = YoV1Yo¥s =t = X92

01 =Y1Yo = X
0, =V2Vo =79
03 =Y3Yo =2
vo— 1 =292

As commented before, not always the i will be equal to the trivector, but sometimes to the
bivectors also. But we will check this case by case.

You can check more thing regarding £ as a composition of special vectors in Annex A2,
And more information regarding non-orthonormal bases in Annex Al.
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9. The Dirac Equation in Geometric Algebra Cls,o

We will do exactly the same thing that Dirac did to discover his famous equation. We will
start form this relativistic equation that relates energy with momentum and mass [6].

E? = p%c? + m2c*
For simplicity, we will do what is commonly done in these cases, we will consider a system
of units where the speed of light c=1 and reduced constant Planck #=1. This is commonly
done, in [4] is already done de facto, with no loss of generality:

E?=p*+m? (8)

Now, if we use the commonly operator for Energy used in Quantum Mechanics, see [4] we
have:

E—'ha
Py

As we have commented before when we see an i imaginary unit in an equation with no
preferred spatial direction (like Energy, mass, time...) we can directly convert it to the
trivector so we have:

E = #95h

YRS

And, as we have said considering #=1 we have:

E = %92 )

SIS

If you want more details of how to obtain this equation instead of using the conversion of
i, deriving it directly form the wave equation you can see [5]

That’s it for the Energy. Let’s go with the momentum. For simplicity we will consider only
the direction of x and later we will generalize it. We start from the momentum operator in
Quantum Mechanics [4]:

0
Px = —lha

Here we cannot convert the i directly to the trivector as it has a preferred direction (x). So
we will do it in another way. We know that the momentum units are mass multiplied by
distance divided by time (in Sl this is kg, m, s)

m
DPx_units = kg?
Considering mass, a scalar, we have that the vectors applying should be for the distance

the direction x (the % vector) and be divided by time (£ vector).

a

X

DPx_vectors = ? = J?(f)_l

Where for the last step we have used the convention of division by vectors commented in
chapter 5. Now we use the equation (7) to convert the inverse of the time vector in the

trivector:

Pvectors = f(f)_l =Xxyz2 = (1)3’;2 =yz (10)

10
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So, we have seen that for equation (10) where x is a preferred direction, the vectors that
apply are yZ (not X). This is logic as we need to have an element (in this case the bivector)

which square is -1 to substitute the i.

So, we would have:

.0

Px =YZh o~
And the minus sign? The minus sign is a convention about what direction of the wave is
considered positive. We could add it directly or we could reverse the $Z bivector to —2Z§y
so we get it anyhow. But we will not add it at this stage, as it will appear in a later step in

a natural way. We will see it later. So again, considering # is equal to 1, we have:

.0
px=yza

Doing the same operation for p, and p, we will obtain:

So, summing all, we have:

0
=92 —+2x—+XJ
1% yz ax zX Xy
Again, do not worry about the minus sign not appearing, it will appear naturally later.

Regarding equation (8) the only pending element is the mass that we consider as a scalar
and we will not apply any vector to it. So, we have:

E*=p*+m* (8)
d

9 2
X—+X)— 277 12
x+Zx6y+xy62> +m (12)

| @
~—
N
1]
N
=
N>
Q.x| o

(xy “ot

This above should be a kind of Klein-Gordon equation [4] in Geometric Algebra in Clsp.
But first thing to comment is that in equation (8) we have scalars to the square (E, P and
m). But if you make the squares directly as they are in the geometric algebra equation (12)

you would not obtain scalars. So that equation (12) is not properly ok.
We have to convert those squares to an operation that gives as results scalars and continue
being true to its nature. Something similar and when you conjugate a vector or wavefunc-

tion to perform the bra-ket square in Dirac notation and obtain a scalar.

In Geometric Algebra, you guessed it, this operation is the reverse product.

11
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In fact, if we do:

oon 0 s D SN N Y x D  4n @ D
(xyza) (—xyza) = (yza— tIX -+ XY+ m) (—yza Xy - iV, + m) (13)
You will see that all the cross products vanish (the dream of Dirac) and you will get:

0?2 09?2 9% 0?

9tz " oxZ T y? 022
Which yes, we obtain all scalars (vectors have disappeared) as we wanted to be in line with

+m?  (14)

equation (8). But what we have obtained (14) is not the Dirac equation. The reason is that

we are playing with operators, but we are missing the wavefunction.

We will use the wavefunction in Geometric Algebra that has this form:
Y =1+ XY, + },hl}y + 2y, + fjhl}xy + y\ilpyz + Z2XY,, + J?yZAlnyz

You can see that it has 8 degrees of freedom that are represented by the 8 factors ; that
multiply each of the elements that exist in Geometric Algebra Cls (the scalars, 3 vectors,
3 bivectors and the trivector). These factors ; are real functions. So, no generality is lost,
as the solution to Dirac equation are four complex functions (that if they could be divided

in real and imaginary part, would map to 8 functions).

Now, we will include the wavefunction in the equation (13). In Geometric Algebra, when
an operator has two parts and one is the reverse of the other, the function that is affected
by the operator is always between both. You can check this in [1][3]. A typical operator
like this are the rotors, but this is another story. We introduce our wave function between

the two parts of the operator:

(s9255)w (-29235) = (3 v 05+ 9 e m)w (55— 85— 29 )
25w ~92; R R PR LA L P APV e PR

If we take everything to the left side of the equation, we have:

(s93)0(-s93) - (13 v 125 55 ) (5232523 ) =0
xyzatlp yza yzax zxay xyaz mly yzax Zxay xyaz mj|=
As the geometric product is associative and distributive, we can take the wavefunction as

common factor of both sides of the operator and get:

12
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As the equation is zero, it could be that the product of the first two elements of the triple
product is zero:

d d d 0
(f}?éa—yéa—z&@—ffzg—m%pzo (16)
Or it could be that the product of the last two elements is zero:
d 0 0 0
" (—fyzg FyIg iR 4R - m) -0 (17
As convention and what Dirac did was to take the first half of the equation (16) (but in

standard algebra not in Geometric Algebra).

One first comment of that equation (16) is that the element that represents energy (the
partial derivative with respect to time) is positive while the ones regarding momentum (the
partial derivatives with respect to spatial coordinates) are negative. Remember the minus
sign of the momentum? It appears naturally here. Even if we chose the equation (17) you
can check that the sign of the momentum would be the opposite of the sign of the energy
again.

Continuing, if we put the complete equation with all the elements of the wavefunction we
have:

PO) an O an O an 0 ~ ~ N ~n ~a A PN
(xyz;—yza—zxa— Xyg_m) (lpo + Xllix +ylpy +Z'~pz +Xylpxy +y2¢yz +wazx +x}’zwxyz) =0 (18)

If we operate it,we have:
a o , 0 _ 0 N N . . o M o
at - a - Zxa - Xya_z - m) (1/}0 + lex + yl/}y + Zl/Jz + X}/l/ny + yZI/)yz + ZXI/)zx + Xyzwxyz) =0

eps 000y 0 Oy 0V Oy O O O

A N AT AR TN
—yzE —x;(;z}ax + 25— yaalzc - zxa?px + 69%1; xya?px + xagx -
—2;?6—;— 2 ay" - a?yéa—yy+ % ayz +92 a;y — %9 ayyz + a;" 9 a’;yz -
—fcf’% + ﬁ% - 2% — %92 aal/: + a;p;y + 2% a;pzy — 92 a;pz” +2 alg’;ﬂ -~
—mypy — Xmy, —=376m/1y - ff‘l)l;)z — XMy, — Yimiy, — Z¥mi,, — XYZmi,y,

Now, for this equation to be zero, it has to be zero the sum of all the elements that multiply
the same vector, bivector or trivector. This is, if we take all the elements that multiply the

ans

trivector x9Z we get this equation:

oy _ 0.y _ 3, _
B ox ay oz Mo =0 (GO

If we take the elements that multiply the $Z bivector, we have:

0 Oy Oy Oy

ot ox oy oz

—-my,, =0 (21)

13
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And so on. Doing this for the scalars, the vectors, bivectors and the trivector, we get these
eight equations:

at ax dy 0z
0%y 0%y by 0V
at dx dy 0z
alpy alljxy alpo + alpyz

ot Tox oy oz ™we =0 @3

_al:bxy +%_ alpx + a“»bxyz
at dx dy 0z
az1byz ad wxyz oY, ad lpy _
ot T Tox Tay oz M™==0 (29
azl}zx all}z alpxyz alpx _
Tt ox oy Taz ™y=00 (@29
O Oy O O
at 0x dy 0z

-myp, =0 (24)

mpy =0 (27)

But is this correct? And what is the mapping of this wavefunction to the wavefunction

obtained by the Dirac equation? So, let’s check in the next chapter.

10. Solution to Dirac Equation in standard matrix algebra
In this chapter we will not use Geometric Algebra. We will just follow paper [4] to get the

equations needed to solve the general Dirac Equation.

In matrix algebra the solution to Dirac equation has this form:
Yy
¥,
= 28
P s (28)
Yy

Where the 1, are complex functions. If we consider that they can be divided in the real
and the imaginary part of the function, the wavefunction would have the form:

Yy Y1 + iy

_ l.[)2 _ ll)zr + ilpzi
V= Y3 |\ Par + ity (29)

Y, Yar + 1y

Now, we apply the Dirac equation in matrix algebra according [4]:

.0 .0 .0 0
la—m 0 la laﬁ-@
0 ii—m ii_i —ii 21 0
at dx Oy 0z Y\ [0
.0 .0 0 .0 Y3 0
% Ty Tam O v/ \o
.d 0 .0 .0
—La+@ lE 0 —La—m

Applying the division in real and imaginary parts commented, we have:

14
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9 . 9 99
fac ™ ‘oz 'ox "oy
0 ii—m i_i —ii l/)1r+l:¢1i 0
ot Yox dy 0z Yor i | _ [0 30)
0 .0 0 0 0 Y3r + i3 0
"9z Yox "oy Ttac T ™ Wi + (g 0
2,2 9 . )
—la @ l& —la—m

And now, performing the matrix multiplication, we have for the first line:

(1= ) G+ 2 + (50) G+ 50 + (134 50) Wr 4 0 =0 BD)

at 7]
0y, 0y . 03, O3 0y Oy Oy 0ty
o TTar T Mt imbu ki e iy T Ty Ty
=0 (32)
Dividing in two equations, one for the real part and another one for the imaginary part, we
get:
0y, 03 0y 0y
g W, Ty Ty S0 B3
alplr 61/’37« alp4r 6¢4i

ot M+ 0z ax T dy =0 B9

For the second line of the matrix, we get:
d . .0 0 ) 0 .
<la - m) W2r + ihy) + <l§ - @) W3 + ih3) + (—15) (Yar + ihy) =0

i6¢2r_6¢2i — mapy, — iy, + i6¢3r 0y _6¢3r_ia¢3i _L.atlm 0y
ot ot ar 2 ox  dx  dy dy 9z = 0z

=0

Again, dividing in two equations (real and imaginary part):

W s Iar | O _
My - — ==Ly~ =0 (35)

ot 0x dy
0o 03y 03 0ur
or M2t T ay oz =0 (36)

For the third line of the equation, you have

(<120) Wur 20+ (== ) G+ ) + (5= ) G+ 03 = 0

ox at
0Py, 0y 0Py, Oy 0Y, 0y 51!’3r 0s; .
"oz Yoz Yax Tox oy oy ot T or e ims
=0

Dividing in real and imaginary part, we get:

6¢1i + al»bzi _ al»bZr al:1}31
0z 0x 6y at

~mps, =0 (37)

15
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_ alplr _ aler _ alpzi _ alps’r
0z 0x dy at

And for the fourth line:

—my3 =0 (38)

(<o o) W 02+ (50) Qa4 020+ (=15 = ) G + 830 =0

. al»blr 61,[)1i 6¢1r . alpli . aler all’zi . alpztr 61p4i .
o Yox Yoy Ty Tz T oz T Uar TTar T ™ T Ui

=0

Getting these two equations:

0y 0Py, 0y 0y
- - = 9
ax "oy oz Tar ™ =0 (39

_ a¢1r + alpli + aler _ alpt&r
0x dy 0z Jat

Putting all the equations together:

—mi,; =0 (40)

_ a:apt” o a;p;,,- _ "’a"‘;” + ag’; =0 (33)
Obri | Wi Oar s 0 g 37y

0z 0x dy at

_ all)lr _ aler _ alpzt _ al/)37‘ _

0z dx dy at
s Oy _ O by
0x dy 0z Jat

_ alI’lr + a1/J1i + a¢2r _ a¢4r
0x dy 0z at

The issue is that with this form, you cannot get a one-to-one map between these equations

myz; =0 (38)

—mi, =0 (39)

—mi,; =0 (40)

(33) to (40) coming from matrix algebra and the ones (20) to (27) coming from Geometric
Algebra.

But we will get to it, do not worry.

11. Finding the one-to-one map from Dirac solution in matrix al-
gebra to Geometric Algebra Cls,0

In the current times, when you have a problem, normally the best option is to look for
someone that has solved it before. And in fact, this is the case. In [3] (8.20) Doran and

Lasenby are able to create a one-to-one map for the Pauli equations. For the Dirac equation

16
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they do not explicitly give any solution. But they comment that the form of the equation
should be [3] (8.87):

Viplo; = mypy, (41)
Their notation is different to the one | have used and so | will explain it. The V symbol
represents the operator that is applied to the wavefunction. It is equivalent to the first pa-
renthesis in our equations (16) and (18).
The y represents the wavefunction (our second parenthesis in the equation (18)).
The | represents the trivector. And the o5 is the equivalent to our z. These equivalences |

have commented already at the end of chapter 8.

So why in equation (41) they are multiplying by a specific direction like Z (o3) (and not
X or y for example)? They have the theory that in standard algebra with Pauli or Dirac
equations, there is a preferred direction that is z. If you check the matrix in (30) of Dirac
standard Algebra, y will see that the z direction is treated differently than the x and the y
direction. There are some elements that mix x and y and other that only have z. Let’s say
that the matrix is somehow oriented and z direction has a different treatment than x and y
in that matrix.

What Doan and Lasenby do multiplying by Z (g3) is orienting the Pauli or Dirac equation
in the same direction that the standard algebra is. So, they can create a one-to-one map.
They say, it is equivalent as choosing another equivalent set of matrices for Pauli or Dirac
standard algebra. The final result will not change, but the equations will be presented in

another form.

The issue is that, as expected, they are right, as we will see now.

We will modify our Dirac equation to take into account this prefered direction in z. We

will use the table of conversions at the end of chapter 8 to apply it to our equation, so:

Viplo; = myy,
(MAG .0 0 ) ;
xyz 5% V2 o ZX 3y xy EP Ylo; = myy,
(MAG .0 0 M6> nn o
xyz 5% yZ o ZX 3y xy 37 YXyz22 = mypxyz

ANAAA AAAAA

17
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d d
—zx@—xya%b =myz (42)

S

(19255
Xyio -yt

So, in the end, the equation (42) is the same as equation (16) but postmultiplying the ele-
ment of the mass by Z.

The issue is that if you do exactly as this equation, it will not work also. | leave you as
exercise.

The only way to find a real one-to-one map to the standard matrix algebra is to do one step
more. And this step is to divide the wavefunction in two wavefunctions: one for the even
grade elements and another one for the odd-grade elements. And to apply a different sign
for each of these parts. This is something similar to consider two different projections de-
pending on the helicity or chirality of the solution.

We will see the process here. First, we divide the ¥ in two parts, one with even grade
elements and another one with odd elements. So, the sum of both is the same psi we have
been using until now.

Yeven = Yo + J,C\},/\lpxy + f’fll}yz + ZAjC\l»bzx (43)
Yoaa = XYy + 5’\1/)3/ + 2y, + fj;zl\ll}xyz (44)

Y = Yeven + Woaa = Yo + Xthy + Iy, + 2, + XIYy + Y2y, + 2Ry + XY 2y,
(45)

And now, we apply a similar equation as (41) but changing the same of the projectionto 2
depending on if we are in the Y,,., Or the ¥,44. We start with the even part (making a

positive projection in 2), leading to:

, 0 .0 0 .0
(xyza - yza - ZX@ — Xy E) Yepenl 03 = MYPepenYo
/\/\I\a /\/\6 /\/\6 /\/\6 anaAAn ans
(xyza - yZ& - Zx@ - xy&) lpevenxyzz = ml/)evenxyz
eosd .0 0 0 oo os
(xyza - yza - Zx@ - xya_z) YevenXY = MPepenXYZ

.0 o o0 0 e
(xyza - yza - Zx@ ya_Z> YepenXPIX = MPeyenXJZYX = —M yen XYY 7%
= —MPepen¥ZX
.0 .0 .0 . a .
(xyza - yza - Zx@ - xya) Yeven = MPeyenZ (46)

wnp0 0 0 0

(xyza— Ve TP, T xY£) Yoaa(—103) = MPyaa¥o
AAA 6 AN a A A a A A a AAAN

<x3’2a ERLE I it E) Yoaa(—922) = mPoaqaYo

18
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ans a an a AL a 20 a Fo¥e!

<xyza—yza—zx@—xy£) Yoaa(—XF) = mPoaqaYo
A A 6 A A a A A a AA a AA AAA

<xyza—yza—zx@—xy£> Yoaa VX = MPaaXyZ

a a a a
(xyza mVig TG A —Z) 0aaYXXY = M XY2XY = MP,qqXXYZY
s s =a _mlpogd}A’}A’ZA
(2925 = 9252 — 223 = 29 5-) oua = —Mboaa? (47)

.0 .0 .0 .0 .0 .0 .0 .0
(xyz&—yza—zx@—xy&)lpeven+(xyza—yz$—zx£—xy£)tpodd
= "’rupevenzA mlpoddz\

.0 .0 0 .0 . .
(xyza - yza - Zx_y — Xy 5) (Yeven + Woaa) = MPeyenZ — MPygq2
.0 .0 . a . a . .
(XyZa—yZa—ZX@—Xy£>¢ zmlpevenz_mlpoddz

.0 0 . a a0 . .
(#9235, 925,225~ 29 5 ) ¥~ Mihuven? + mipuaa2 =0 (48)

We see that above equation (48) is similar to original ones (16) and (18) but with a projec-
tion in positive z axis or negative z axis depending on the parity of the elements of the
wavefunction.

Now, continuing operating, we get:

d d d 5}
(f}’}ia - yi_x - 25&@ - fy&) (wo + flpx + ylpy + ilpz + fylpxy + yélpyz + ZAJ/C\II)ZX + fyélpxyz)
—m(Wo + XIPy + 92y, + 2800 )2 + m(RY, + Ty + 2, + X9 2Py, )2
=0 (49)

Making the multiplication element by element, we get:

Opo | e Oy Y 0y 0y % O

T T owody obr ol Fm

—ng _x}(;f/}ax + 25— yg - zxa?px + 6%1;_ xya?px + xa{zx -
—z“fca—y“— 2 ay" - fcyza—yy+ 2 ayZ + 92 a;y - %y a;z + a;x +9 a;yz -
—3?37% ﬁa(ix - 2%— a?yz“% + a;”;‘y + 2% a;pzyz - yz“a;pz” - zAalg’;” -~
—zmiy — 2£m¢x=+0)7?;7(1)l§)y + my, — XyZmiyy, — ymipy,, + Xmi,, + Xymypy,,,

If we separate the equations (as we did at the end of chapter 9) depending on the element
they are multiplying (the vector, bivector, trivector or scalars) we get these 8 equations:

Dby 0. Oy B
xy —

2
+ ==k miy, =0 (52)

19



J. Sanchez

alpy al»bxy alpo +

at 0x dy

at T ax oy

alpyz

—myp, =0 (53)

oY, 0P,y al,byz a(;pzo + mlpxyz =0 (54)

al»bxy alpy 0P, alszyz _
ot Vox "y "oz ™ =005
o,

_ alpyz + alpxyz + %

——4+my,, =0 (56)

at 0x dy 0z
0Py, 0Y, alpxyz 0Py _
ot ax TTay Toz ™ =007
) 9 9 )
_ wxyz Izbyz Wy + Izbyx +mp, =0 (58)

at dx dy

0z

And now yes. | will write again below, the equations we got with matrix algebra at the end
of chapter 10, (33) to (40) in a slight different order, So you can compare them with the
ones above (51) to (58) (obtained with geometric algebra).

Osi \ Oui Oy Oai 0 (399

at 0x dy 0z

0y 0y 0Py 0 _
ot ox oy oz ™r=0 (33

alplr a¢4r 61114,- a¢3r _
ot T ox Ty o  ™u=0 (34

at dx dy 0z

61/J2i al/)3i al/)3r + 61/)41‘ _ mll)zr =0 (35)

al/}zlr a1/’11” alpli aler _
ot ox oy Tz ™ =0 (30)

al/}31* a¢2r a1/’2!' a1/’11” _
ot ox Ty oz ™s=0 (9

03 0Py 0y 0y _
ot Tax oy "oz ™ =0 G

al/}21* al/)37‘ al/)31' 61/)4r _
ot TTox oy oz  ™u=0 (36

You can see that there is a one-to-one map that corresponds to:

Yir ==y, (59)
Y=, (60)
Yor = ll}xyz (61)
Yo =y,  (62)
Y3 = _l/)yz (63)
Y3 =Yu (64)
Yar = 1/)xy (65)
Yai = o (66)

This means considering the solution in geometric algebra as:

V =Yo + Xy + Iy, + 2, + XYy + I2Py, + ZXY e + XYZYsy,  (45)

And the solution in matrix algebra as:
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Yy Yir + iy
2| | Yo iy

Ll VA Bl BV
(I Yur + iy

There is a one-to one relation between both ways of representing the wave function (the
(45) and the (29), which are the equations above (59) to (66).

For the equation of Dirac in Geometric Algebra, we have used is:

d a
(89257 = 95— = 22 5- = 29 ) — Mibuend + Miboua? =0 (48)

Where:
Yeven = Yo + k\}?lpxy + j/\ZAlzbyz + 2%, (43)
Yoaa = 2Py + )7¢y + 2y, + J,C\},/\ZAlpxyz (44)
Y = Yepen + Woaa = Wo + Xhyx + Iy + 2h; + XY Pyy + Y2y, + 2X0Dzy + XY 20y, (45)

So, putting all the elements in equation (), we have:

a R N s oo aos
- fy&) (lpo + flpx + ylpy + Zl/}z + xylpxy + yleyz + Zlezx + Xylexyz)

—m(Wo + 9Py + P2y, + 281, )2 + (R, + Iy + 2, + 2P21Dy,)2
=0 (49

12. Conclusions

In this paper, we have created a one-to-one map between the Dirac Equation in Matrix
Algebra and the Dirac Equation in Geometric Algebra Clsp. To do that, the most surprising
definition that was necessary was to define the time basis vector as function of the space
vectors (only holding in this form in an orthonormal basis in Euclidean metric):

-1 =zpz @)
Once this is defined, the calculations are straight forward leading to a form of the Dirac

equation in Geometric Algebra Cls as:
d

a
- Zx@ - Xy E) Y — MPepenZ + MPogaZ =0 (48)

S

(192552
Xyio -yt

Yeven = Yo + XYy + 20y, + 2%, (43)
Yoaa = Xy + .f’ll}y + 2y, + fyZAl/)xyz (44)
Y = Yepen + Yoaa = o + XPy + ylpy + 2P, + fylpxy + )721/)3,2 + 2%, + £)”\ZAlpxyz (45)

If the wavefunction solution in Matrix Algebra is defined as:

2 Y1y + iy
w — 1:02 — lpzr + ilpzi
Y3 Yar + i
Y, Yar + i)y

(29)

There is a one-to-one mapping of both representations:
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Yir ==, (59)
Y1 ==, (60)
Yy = Iszyz (61)
Yo =1,  (62)
l/JSr = _wyz (63)
Y3 = Ppe (64)
Yur = lpxy (65)
Yai = o (66)

Bilbao, 29" October 2022 (viXra-v1).
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52

22=z2=21> (43.3)

Where in general the norm is different to 1. And depending on the signature of the metric
could the square of the norm could be positive or negative.

So, for example, imagine a basis where:

2=xx=|%|I?> = Jxx = 32 (41.4)
92 =99 = 191> = gy, = —5¢  (AL5)
22=22=|2l = g,, =2° (AL6)

You can see that we have added the nomenclature g;; typical for a diagonal element of the
metric tensor in a non-Euclidean metric, typically in general relativity for example. In Ge-
ometric Algebra these gii are the same as the square of the norm of the basis vectors. Check
[2] for more information.

Imagine we have to perform the following operation that represents whatever physics cal-
culation in that basis/metric:

2+ 2)(5%y + 7%)
We will perform the product as usual:
2+ 2)(5%9 + 7%) = 1029 + 14% + 5%y + 732% =
Now, we have to apply (Al.1) to perform the calculation of the square of x.
= 1029 + 14% + 5(3%)9 + 7(3%) = 1029 + 14% + 459 + 63

As the basis is still orthogonal (but not orthonormal), if we would need to make a reversion
of vectors, we would have used the equations (4) to (6) as we have done all along the paper.

But if the basis is not orthogonal? Here is where the things get more complicated. In that
case, we cannot use the reverse equations (4) to (6). Instead, we have to use the following
equations, to make a reversion [2]:

29 =29, — 92 (AL7)
92=12g,,—29 (AL8)
2% =2g,, — %2 (AL9)

Where the gj; correspond to the cross component of the metric tensor between x and y in a
nin-Euclidean metric. These components gjj can be considered also as the scalar product of
the two basis vectors ¥ and .

In fact, an easy to demonstrate relations (A1.7) to (A1.9) is via the definition of the scalar
product in Geometric Algebra. You can find this definition in [1] and [3] (2.3).

. Xy+yR
£.p="""""
Considering the element gy, of the metric tensor ans the scalar product of the two basis
vectors:

And now, operating:
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fﬁ = ngy - 379?
So, you get the relations (A1.7) to (A1.9).

Now, imagine a non-orthonormal and non-orthogonal metric where the relations (A1.4) to
(AL1.6) apply and also we know that:

gxy =3 (A1.10)

gy, =2 (A111)

I =7 (A1.12)
And we want to calculate:

QCy+x)BXy+ 7% +39) =
@2y +2)(529 + 7% + 39) = 109x9 + 149% + 699 + 52x9 + 7X% + 3%9 =
First, we operate the squares using equation (Al.4) to (A1.6).

= 10989 + 149% + 6(—52) + 5(32)9 + 7(3%) + 3%y =
= 109%y + 149% — 150 + 459 + 63 + 3%y =
= 10929 + 1492 — 87 + 45§ + 329 =

Now, we reverse two vectors of the first element, so we can get a square of J.But, we
cannot do it as we always have done, just changing the sign. Now, we are in a non-orthog-
onal basis, so we have to use (Al1.7) to (A1.12).

= 109(2g,y — §%) + 1492 — 87 + 459 + 329 =

= 109(2(3) — R) + 149% — 87 + 459 + 3%y =

= 609—1099% + 149% — 87 + 459 + 3%y =

Now, we use (Al.4) to (Al.6) for the square of J. And we sum the elements that multiply
the vector .

= 609—10(=5%)% + 149% — 87 + 459 + 389 =

= 1059+250% + 149% — 87 + 329 =

Now, we reverse the last element (using (A1.7) to (A1.12).), so we can sum it to the third
element.

= 1059+250% + 1492 — 87 + 3(2gy, — §%) =

= 1055+250% + 149% — 87 + 3(2(3) — yX)

= 1059+250% + 149% — 87 + 18—39%
Now, we sum the scalars and the third and the last element.
= 1059+250% + 119% — 69 =

We cannot simplify more, so this would be the result. In case that for convention we should
have to leave xj instead of yx in a certain discipline, we could have used the following
equation that is another form for the equation (A1.7), to leave everything in xy form.

You can obtain the equation, just changing the side where xy and jx are.

yx = ngy —xy
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Another important point is the inverse of the vectors in a non-orthonormal basis. If we take
(AL.1):

22 =|1%l? (411
And you premultiply by £~tboth sides of the equation, you have:

271zx =271 |%)12
By definition, the product of the inverse of a vector by the vector itself is 1.

Wz =27zl
x=x"x|?

Now, the square of the norm is a scalar (it is a number, not a vector), so we can pass it to

the other side dividing:

2
— o-1
IRIE "

Exchanging sides:

o X

T (A1.13)
Doing the same for the other vectors, we get:

o X

T (A1.13)

o\ y

A TR

A—1 2

27 = (A1.15)

A2. Annex A2. Time as the trivector

In this chapter | will develop a little more regarding time being the trivector. Also, how it

is used when we are in a non-othonormal basis (and/or non-Euclidean metric)

First, we will comment regarding the time vector £ and its inverse £71. In general, it is
more practical to work and to give the original definitionto £~ instead of . The reason
is in physics (including Quantum Mechanics) the time appears normally dividing. As in
general, it is the magnitude that is used to take the derivatives. See for example equation
(10) and the ones before it, in chapter 9.
So, we start defining:
t1 =zxy2
If we premultiply by £ in both sides:
tt1=tzxy2

By definition, the product of the inverse of a vector by the vector itself is 1.

1=tx92
Now, we postmultiply by 271 both sides.
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Now, we postmultiply by $~1 both sides and we operate.

A—1a—1 _ £ oaa— 1

27971 =t %99
2791=1%
y X
In the last step we will post multiply by £71.

Zf*—lj\,—lf—l — f '\55—1
Z\_lj\l_lf_l — f
So,
f — 2\—15\1—15@—1

In a non-orthonormal basis, we have to use the equations (A1.13) to (A1.15) to calculate

the inverses:

A

“lp-ip-1 z Yy *
212 19117 1112

In an orthonormal basis, the norms are equal to 1, so we get the relation that has been
commented in the paper (7.1) for orthonormal bases:

t=29% = —%92 =~

One thing to comment is the time basis vector in Cl1 3 that is commented in the literature
[11[3] normally denoted as y,. y, has positive signature and its norm is 1 so:

Yoo = llvoll> = 1
So, its inverse is itself. We can prove it premultiplying by its inverse:

YoYo =1
Yo YoYo = Yo
My =vo "
Yo=VYo !
Yo ' =7Yo

Our £ and £71 have negative signature (they are the trivector, see chapter 8 for its defi-
nition and chapter 4 to check the negative signature of the trivector).

This means, we can choose y, tobef or £, what we prefer as a convention, if we keep
the same definition all the time. Choosing one or another will only change the sign of £
in all the subsequent equations but all of them will be coherent among them if we keep the
convention in all the equations.

In the paper we have chosen to consider y, to £71.

Another thing | commented in Annex 3 of [5] is that time instead of being exact inverse of
the spatial dimensions they could be related by a constant k that could be Ricci scalar, trace
of the metric tensor, product of the diagonal elements of the metric tensor, determinant of
the metric tensor... This is, a scalar related to the metric, a constant that is necessary to

normalize the value of £ or £~ compared with the space elements.
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It is important to remark, as | did in [2] and [5], that if the basis vector £ is composed by
the space basis vectors, it does not mean that the dimension time is not independent from

the space ones. The parameter t (without hat) that multiplies the basis vector £ (with hat)
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is completely free and independent. The dimension of time exists although its basis vector
is somehow related to the space ones. In fact, in geometric algebra, having three space
vectors imply the existence of 8 dimensions (scalars, 3 basis vectors, 3 bi-vectors and one
pseudoscalar (the time in this approach)). You can check this in [3] for example. So, time
would be just one of these 8 dimensions (the trivector/pseudoscalar) appearing from the

three space dimensions.

A3. Annex A3. The Electromagnetic Field Strength and the Lorentz
Force in Geometric Algebra Cls,0. The Electromagnetic Trivector

In a following paper | will comment about the Electromagnetic Field and the Lorentz force
in Geometric Algebra. One of the important points there is that another effects that are not
considered in standard Electromagnetic calculations affect the particles.

These effects are normally invisible or neglected as they affect only the orientation of the
particle or create oscillatory movements which average value in the trajectory is zero. But
they have to be taken into account if we want to define more precisely the trajectory in a
very local (or small) frame and if we want to understand why some measurements of spin
or orientation of the particles have certain results.

We will see that if the Electric field is a vector E; and the magnetic field a bivector B;. It
exists an Electromagnetic trivector Byy, which can create the effects commented above.

FElectromagnetic Field Strength = EO + Exk\ + Eyy + E22 + ij)zA + ByZA’? + Bzfy + BxyzfyZA

The reason why it has not been considered until now is because their effects do not have
any consequence in the macroscopic world, they do not change the velocity or trajectory
of the particles but yes they have consequences in small frames (oscillatory movements,
change of orientations -spin- etc...).

Also, it exists the electromagnetic scalar Eq but its meaning is more related to a general
scalation of all the magnitudes in a certain frame. So, no local effect will be seen as all the
magnitudes are escalated in the same way. The local interactions will not see any change
among them. But from another frame distant from that, this escalation would be perceived
as an escalation in the metric, lengths, time etc...So it seems more related to gravitation
than Electromagnetism? This opens another door; | will comment also this in Annex A4.

I will comment about this new definition of Electromagnetic Field in in a next paper.

Same thing could be commented for example in equation (48) or (49) of this paper.

d d a
(8925, = 925 = 22— 29— )~ Miesen? + Mg =0 (48)

The first parenthesis of the Dirac Equation in GA Clsg (48), has only the trivector and
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bivectors. Could it have any meaning to add vectors or scalar to check the influence in the
results? This has to be studied. But in this case, it is important to recall how the equation
was obtained. It has that form because we needed the cross products to disappear. If we
add more elements, this could be not the case (that does not mean that is wrong, it only
means that a lot of new effects should be considered and check experimentally if they really
exist or not).

A4. Annex A4. Normalization of the wavefunction in Quantum Me-
chanics. A loss of information?

As | have commented in A3, it could be that the scalar component of the electromagnetic
field Eo has an effect of escalation of all the magnitude in a frame. So inside the local frame
no change will be noted as all magnitudes (lengths, time...) change in the Same proportion
for all the elements of the interaction. But for a distant observer probably he could see the
difference of these values compared to its own local frame.

This means, the absolute value of the magnitudes is not important in a local frame, only
the relative differences between them to understand the interactions. But a distant observer
could see not only the relative differences of the magnitudes in that frame but the absolute
values as he can compare with its own frame values. He can see that in that far frame the
things are slower or bigger than in his own frame. But the ones that are in the distant frame
if they only see their own interactions, he cannot see any difference as he measures with
elements inside his own frame affected also for whatever escalation is happening.

So, what does this have to do with the normalization of the wavefunction?

The standard process is to get the value of unknown constants in the wavefunction, nor-
malizing it. So, the square of the wavefunction is always 1. And the square of the partial
coefficients of the wave function have only a value between 0 and 1 representing the prob-
ability.

If the reason of normalizing is only that, it is not really necessary. You can define the
probability as the square of the partial coefficient divided by the square of the wavefunction
(even if it is not 1 and has whatever other value). The result will also be a number between
0 and 1 representing the probability.

When you have normalized you have lost information of the real square of the wavefunc-
tion. That you could keep there and use as denominator when you want to calculate prob-
abilities between 0 and 1.

The answer here, would be that normally you have free constants where can select the value
we want and we decide to normalize the function, so really, we have not lost information.

But if is this not really the case? Could it not be that we have a lack of equations that we
still do not know (and we see that Geometric Algebra can create a lot of them) that would
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apply a specific value to these constants? And the square of the wavefunction instead of
being always 1 have a value that represents something? For example, a kind of escalation
in its own frame similar of what we have commented in Annex A3 for the scalar of the
Electromagnetic Field? I keep the question open, but it is something that it should be
checked in the future.
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