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Abstract

This paper uses Z transformations to get the general solutions of many second-order, third-
order and fourth-order linear PDEs for the first time, and uses the general solutions to obtain the
exact solutions of many typical definite solution problems. We present the Z, transformation for
the first time and use it to solve a specific case. We successfully get the Fourier series solution by
the series general solution of the one-dimensional homogeneous wave equation, which successfully
solves a famed unresolved debate in the history of mathematics.

Keywords: Z; transformation; Zs transformation; Z; transformation; general solutions; exact
solution of definite solution problem; general solution and series solution of wave equation.

1. Introduction

Since the characteristic equation method was discovered and perfected, the study on general
solutions of PDEs has been very slow and almost stagnant.! Later, numerical methods®>~® and
qualitative theory” !4 increasingly became an important research direction of PDEs, and the
use of various analytical methods to get exact solutions of PDEs has always shown vitality.!5—18
In particular, the solitary wave has been attracting attention in the research results of nonlinear
PDEs. 19,20

The Z1, Z5 and Z3 transformations presented in our previous papers can efficiently get
general solutions or analytical solutions of many n-ary m-order PDEs. For some first-order linear
PDEs which cannot be solved by the characteristic equation method, the general solutions can
be get by using Z transformations, and the exact solutions of some typical definite solution
problems could also be effectively get.

In this paper, we will continue to research the laws and applications of general solutions
of linear PDEs. In Section 2, we will use Z transformations to get general solutions for many
second-order, third-order and fourth-order linear PDEs for the first time. In the third section,
we will use the results get before to research the relationship between the general solution and
the Fourier series solution of the one-dimensional homogeneous wave equation, and successfully
solve a famed debate in the history of mathematics about the relationship between the general
solution and the series solution. In Section 4, we will use general solutions to get exact solu-
tions of many typical definite solution problems of first-, second-, third-, and fourth-order linear
PDEs. In Section V we present the Z; transformation for the first time, and summarize this
paper in Section VI.

21,22
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2. General solutions of some typical linear partial differential equations

In this section, if there is no especial interpretation, a; are arbitrary known constants,
¢i, ki, i, C; and C' are random constants, f and f; are random smooth functions (i = 1,2,...).

Before using the Z transformations to obtain general solutions for some typical linear PDEs,
we first get two new algebraic theorems.

Theorem 1. If a; #0,(: =1,2,3),k; #0,(j = 1,2,3,4), and

a1k? 4 agk3 + askiky = 0, (2.1)

ark3 + agk? 4 asksks = 0, (2.2)

2a1k1ks + 2askoky + a3 (kiks + koks) = 0. (2.3)

Then ﬁ - @ o
ky  ky '

Prove. Set
kQ = Clkl,k4 = Cgkg.

Then
alk‘% + agk% + agkiko = alk% + CLQC%]C% + agclk% =0.
We get
—a3z \/ag —4daias
c1 = .
! 2a9
The same can be obtained
—ag + \/ag —4dajas
cy = .
2 2(12
So
2a1k1k3 + 2a2koky + a3 (k1ks + koks) = 2a1ki1k3 + 2azcicokiks + a3 (c1 + c2) kik3 = 0.
Namely
2a1 + 2ascico + ag (Cl + 62) =0.
Set
—a3z + \/ag —4dajas —ag — a% —4ajas
c1 = Co = .
! 2&2 2 2a2
Then
a3
2a1 + 2azcic2 + ag (1 + ¢2) = 4a; — = 0.
2
Namely
a% —4ajas = 0,c1 = co,
so the theorem is proved. [
Theorem 2. If a; #0,(: =1,2),k; #0,(j =1,2,3,4), and
a1k12 + CLQkQZ =0, (2.5)

arki1ks + askoky = 0. (2.6)



Then

k1 ke
— ==, 2.7
o (2.7)
Prove. Set
kl = Clk‘g,kg = Cgk‘4.
Then
alclkzg + CLQCQk‘i =0,
alcgkg + CLQCQki =0.
We get
a1(61 — Cg)k‘32 =0.
Therefore
C1 = Co.
So the theorem is proved. [
Next we present Theorem 3.
Theorem 3. In R2,
a1 + A2Ugy + A3U + aquy + asu, = A (t, .CU) s (28)

the general solution of Eq. (2.8) is

u =
(agky1+aska)q

ff e2a1k1k3+2agkokytag(k1kyt+koks) A (p7 q) dqdp
2a1k1ks + 2a2kaks + a3 (ki1ks + koks)
(2.9)
where A(t,xz) is any known function, f is an random second differentiable function, g is an
random first differentiable function, and

—(aqkitaska)q

f (q) —+ e2a1k1k3+2akokytaz(kikytkoks) /g (p) dp +

p = kit + kox,q = kst + kyx, (2.10)
kiks — koks #£ 0, (2.11)
a1k12 + a2k22 + askike = 0, (2.12)
CL1]€32 + CLQ/{J42 + agksks = 0, (2.13)
asks + asky = 0. (2.14)
Prove. By Z; transformation, set
u(t,z) = u(p, q), (2.15)
p = kit + kox,q = kst + kg,
and
_ pka—qke  qk1 —pk3
t x

" ks — koks' " kikq — koks’
kerks — koks # 0.
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Then

AUt + AUy + A3UL + A4U + A5UL
=a (k%upp + k%uqq + 2k1k3upq) + ag (k%upp + kiuqq + 2k2k4upq)
+as (k‘lk‘zupp + k3k4uqq + (k‘lk‘4 + ]432]{53) ’Lqu) + ay (k‘lup + k‘guq) + as (k?gup =+ k:4uq) .

Namely

(alk% + agk% + agklkz) Upp + ((Iﬂi‘% + agk‘i + 6L3k‘3/€4) Ugq
+ (2a1k1k3 + 2askoky + asg (k‘lk'4 + k‘gk‘g)) Upg + (a4k:1 + a5k2) Up + (a4k:3 + CL5]<34) Ug (2.16)

=A(p,q).
Set
a1k12 + a2k22 + agkiks = 0,
arks? + asks® + azksks = 0,
asks + asks = 0.
So
a1Ugt + AQ2Uzy + A3UL + A4UL + A5Uy
= (2a1k1k3 + 2a2koks + a3z (ki1ky + koks)) upg + (ask1 + askz) up, = A(p,q) .
Set
Up = w,
hence
(2(11]61]{}3 + 2a9kok4 + as (k1k4 + k‘Qk‘g)) Wq + (a4k1 + CL5]€2) w=A (p, q) . (2.17)
The solution of Eq. (2.17) is
(agkitaska)q
—(agki+aska)q f e2e1k1ks F2aakokataz(hikathaks) A (p, q) dg

w = e291k1kgt2agkokytaz(kikathoks) | g (p)

2a1k1ks + 2a0koks + a3 (k1k4 + k‘gk‘g)

Thereupon

u=f(q)+ [wdp

—(agkitasks)q 2aqkyk3+2agkokytag(k1katkaks) A(p,q)dqdp

(agki+aska)q
— 2a1 k1 k3 +2a0kokytaz(kykyt+kok Jfe
= f(q) —+ e2a1k1kg+2akokyt+ag(kikytkoks) (fg(p) dp + a1k kst 2askakatas (kikathaks) ) .

So the theorem is proved. [J

For (2.16), according to Theorem 1 we cannot set
ark® + agky” + askika = 0,

arks® + agks® + azksks = 0,
2a1k1ks + 2agkoky + as(kiky + koks) = 0.

Otherwise p and q are functional dependence. Also cannot be set
ask1 + aske = 0,

asks + asks = 0.



Otherwise p and g will also be meaningless or functionally dependent .
In (2.16), if set
alkz% + CLQ/{J% + a3k1k2 = 0,

2a1k1ks + 2a9koks + a3 (k1k4 + kgk‘g) =0,
asky + asks = 0.

Then
(alkz§ + agk:i + a3k3k4) Ugq + (asks + asks) ug = A(p,q) . (2.18)
Set
Ug = W.
So
(a1k§ + agki + a3k3k4) Wq + (a4k3 + a5k4) w=A (p, q) . (2.19)

The solution of Eq. (2.19) is

(agk3tasks)q
—(agkztasky)q f a1k§+a2k2+a3k3k4A( )d
W = e1k3+agkT+aghzky g(p) + € p,q)aq
alk‘% + CLQkZ + agksky

Whereupon

u=f(p)+ [wdg
—(agkztasky)q

= [ (p) + emha®raaka®taskaba g (p)

—(agk3ztasks)q (agkz+asky)q
i ca1kg2tagks2+azksky fea1k32+a2k42+a3k3k4A(p’q)dq dg
+

a1k32+a2k42+a3k3k4
So we can get Theorem 4.
Theorem 4. In R?, the general solution of
a1Ut + A2Uzy + a3l + aqur + asu, = A(t, x),

18

—(agkztaskyq)q (agkztasks)q
a1k3g2+agky2+agksk a1kg2+agky2+agksk
—(agkgtasks)q f ea1kz?+agky 334[313 2kq 334A(p,q)dq dq

u = f (p) + e a1kg2+agky?+agksky g (p) +

arks?® + asks® + asksky
(2.20)

where A(t,x) is any known function, f and g are random second differentiable functions, and
p = k‘lt + k2$, q = kgt + k‘43§‘,

k1ks — koks # 0,
a1k + asks® + agkiky = 0,
a1knks + 2askoks + az (kika + kaks) = 0, (2.21)
asky + asky = 0. (2.22)

For
a1U + A2Ugy + a3ty + asur = A (v), (2.23)



where v = kit + kox + k3, set

u= f(v).
Then
artg + astize + a3Ues + asuy = arki’f + asko?f + askikof + askif = A(v).
Set
w=f,
namely
(alk% + a2k§ + agklkzg) w' + agkiw = A (v). (2.24)
The solution of Eq. (2.24) is
agkyv
—aykqv f ealk%+a2k§+a3k1k2 A (’U) dv

w = ealkf+a2k§+a3k1k2 C +

alkz% + CLQk?% + agkiko

So the particular solution of Eq. (2.23) is

agkiv

*ﬂ4’€1v f GWA (U) dv
— [ wdv = arkf+agkytagkiky | (O 4 dv. 2.25
“= / v / alk% + agk% + a3k1k2 v ( )

In Theorem 3, if
az =aq4 =as =0,

then

a1l + Aolgy = (alk% + agk%) Upp + (alkg + ang) Ugq + (2a1k1ks + 2a2koks) upg = A (p,q) .

(2.26)
Set
alk% + agk% = alkg + agk‘i =0.
Namely
[ e T T e
a1 ai
Set
a9 a
ki = | ——ka kg = —[——ka, (k2, ks # 0). (2.27)
ax ax
So
a1y + AUz = 2 (a1k1k3 + askaky) upy = 4askoksuy,y = A(p,q) . (2.28)
The general solution of Eq. (2.28) is
J[ A(p,q) dpdg
= —, 2.29
u=f(p)+g(q)+ Taghols (2.29)

Set ko = k4 = 1, then

a
p=kix1 + koxo = ——Qt—i-a:,
V
a
q = k3x1 + kyxo = j/*ajﬂrlﬂ
1



y_ Fap—keq [ a1p—gq
kiky — koks as 2

_ —ksptkig  ptgq
" kikg — koks 2

So (2.29) can be written as

u:f<1/—$t+x>+g<—,/—2it+x> 4@2// <1/ ll q,p;q>dpdq.

So we can get Theorem 5.

Theorem 5. In R?,
arug + aguzy = A(t,z), (2.30)

the general solution of Eq. (2.30) is

o (B o () [ (o

where A(t, z) is any known function, f and g are random second differentiable function, and

p:,/—%t+x,q:—,/—%t+$. (2.32)
al ai

Note that according to Theorem 2, if set a1k12 + a2k22 = 0,2a1k1k3 + 2akeks = 0, or
a1k32 + agks? = 0,2a1k1ks + 2askeky = 0, the general solution of (2.30) cannot be get.
In Theorem 3, if

a4 = a5 = 0.

Then

A1Ugt + A2Uzy + G3UL

= (alk% + azk?% + agklk‘g) Upp + ((Ilk% + agki + CL3]€3]<34) Ugq

+ (2a1k1k3 + 2askoka + as (k1k4 + k‘gkg)) Upg = A (p, q) .
Set

a1k? + asks + azkiks = a1k3 + ask? + azksks = 0.

Therefore

(2a1k1ks + 2a0koks + a3 (ki1ka + k2ks)) upg = A (p,q) .

So the general solution of ajuy + aguz, + asuy, = A(t, x) is

JI A (p, q) dpdg
2a1k1ks + 2a0koks + a3 (k‘lk4 + k‘g/{?g) '

u=f(p)+g(q)+

If set
alk‘% + azk’% + agkiks = 2a1k1ks + 2a2koky + ag (k‘lk4 + k‘Qk‘g) =0.

Then
(alkg + agki + a3k3k4) Ugq = A (p7 q) :

So the general solution of ajuy + asuyy + agu, = A(t, x) is

J] A (p, q) dgdq
a1k§ + CL2]<34 + agksky '

u=f(p)+aqg(p)+



So we can get Theorems 6 and 7.
Theorem 6. In R?,

arug + aguigy + azug = A(t, ), (2.33)
the general solution of Eq. (2.33) is

I A(p, q) dpdq
2a1k1ks + 2a0koks + a3 (k1k4 + kgkg) ’

u=f(p)+g(q)+ (2.34)

where A(t,z) is any known function, f and g are random second differentiable functions, and
p = kit + kox,q = kst + k4,

k1ky — koks # 0,
alk% + CLQk% + aski1ky = alkg + agki + agksks = 0. (235)

Theorem 7. In R?, the general solution of
a1y + a2Ugy + agu = A(t, )

N [ A(p, q) dgdq

2.36
a1k§ + agki + CL3]<33]€47 ( )

u=f(p)+a9(p)+
where A(t,z) is any known function, f and g are random second differentiable functions, and
p = kit + kox, q = kst + kyx,

k1ky — koks # 0,
alk% + QQk% + aski1ks = 2a1k1ks + 2a9koks + as (/{?1]{4 + kgkg) =0. (2.37)

According to Theorems 3-7, the general solutions for their corresponding homogeneous equa-
tions may be obtained directly, or they may be get again by using Z; transformation. Readers
may try it by themselves.

Next we propose Theorem 8.

Theorem 8. In R?,
1 Uz + Q2Uyy + A3ULy + AsUy + as5uy + agu = 0, (2.38)
the general solution of Eq. (2.38) is
u= (C’leAlv + Cge)‘2”> (h1 (i + loy + 13) + ha (lax + 5y + 1)) , (2.39)
where hy and ho are random second differentiable functions, and

v =kix + koy + ks, (240)

—agk1 — asks + \/(a4k‘1 + a5k:2)2 — 4dag (alkr% + agk% + agklkiz)

A p—
! 2 (alk% + agk% + agk'lk‘Q)

, (2.41)



\ —aqk1 — asko — \/(a4k1 + a5k2)2 — 4dag (alk% + agk% + a3k1k2) 5 49
2 2 (alk% + agk‘% + agklkg) ’ ( ' )

where C1, Co, ks, I3 and lg are random constants; ki, ks, 11,12, and l5 are constants which satisfy

I = —aslo + ;zillg - 4a1a2l%’l4 _ —agls — Wa (2.43)
k11 (2a1ly + asls) + ko1 (2a9ls + asly) + agly + azly =0, (2.44)
k1Ae (2a1l1 + asla) + kade (2a9ls + asly) + agly + asly = 0, (2.45)

(asky + asks)? — 4dag (alk% + agk3 + askiks) > 0. (2.46)

Prove. By Z; transformation, set

u(z,y) = f(v) = f(kiz + kay + ks3) ,

where v(x,y) = k1x + koy + k3; k1, ko and k3 are undetermined constants, f is an undetermined
second differentiable function, so

A1 Ugy + A2Uyy + A3Uzy + A4UL + A5Uy + agU

2 2 " ’ (247)
= (a1k] + agks + askiks) f, + (ask1 + asks) f, + asf = 0.
The characteristic equation of Eq. (2.47) is
(alk% + CLQkZ% + agk’lkg) A2 + (CL4]<31 + a5k2) A+ ag = 0. (2.48)
If
(ask1 + a5k2)2 —4ag (aﬂf% + agk% + agklkg) > 0,
the particular solution of Eq. (2.38) is
u=f =C1eM’ + Che?, (2.49)
where C] and (' are arbitrary constants, and
\ —agk1 — asko + \/(a4k1 + a5k:2)2 — 4dag (alk% + a,gk‘% + agk'lkg)
L 2 (alk% + agk% + agk‘lkz) '
\ —agk1 — asky — \/(CL4]€1 + a5k:2)2 — 4dag (alk% + azk% + agklkﬁg)
2T 2 (alk:% + agkg + agklk‘Q) .
For getting the general solution of Eq. (2.38), by Z3 transformation, we set
u(z,y) = gh(w) =g (@,y) h(he +ly +13), (2.50)

where w(z,y) = lix+1lay+13; 11,2 and I3 are undetermined constants, h and g are undetermined
second differentiable functions, so

A1 Ugy + A2Uyy + A3ULy + A4U + A5Uy + AU
= (gmh + 2l1gahy, + l%gh;;) + as (gyyh + 2lagy,hn, + zggh;;)

+asg (gxyh + lggzh;, + llgyh;, + lﬂgghii,) + a4 (gxh + llghiu> + as (gyh + lggh;)) + aggh.
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Namely
(a113 + aal3 + aslils) ghuy + ((2a11 + aslz) g + (2agls + azly) gy + (asly + asla) g) By (2.51)
+ (algm: + G2Gyy + a39zy + 49z + a5gy + aﬁg) h=0.
Set h(w) is an random second differentiable function, and
—agly £ /a3l — 4 13
arl? + aslaly + agl? = 0 = | = 2372 ;3 2 — 2142ty (2.52)
ai
(2@1[1 + ang) 9z + (2a2l2 + a3l1) gy + (a4l1 + a5l2) g =0, (2.53)
190 + A2y + a39sy + Aags + asgy + asg = 0. (2.54)
By Eq. (2.49), the particular solution of Eq. (2.54) is
g = CreMY + Cre?”. (2.55)

Substituting (2.55) into (2.53) we get

(2a1l1 + aslz) 9o + (2a2l2 + asly) gy + (aals + asla) g
= (Cik1 A1 (2a1ly + asle) + Cikay (2a2ls + asl) + C1 (asly + aslz)) eM?
+ (02]{71/\2 (2&1[1 + a3l2) + 02/{2)\2 (2a2l2 + a3l1) + CQ (CL4Z1 + a5l2)) 6)‘2v = 0.

Then
k11 (2a1l1 + asla) + ka1 (2a2ls + asly) + agly + asly = 0,

k1) (2a1l1 + asly) + ka2 (2a2le + asli) + asly + asly = 0.
So the general solution of Eq. (2.38) is
u =g (hy (w1) + h2 (w2)) = <C1e)‘”’ + C’ze)‘20> (h1 (lhx + lay 4+ 13) + ho (lsx + Isy + 1g)) ,

where v, A1, Ag, k1, ko, 11, 12,14 and [5 satisfy Eqgs. (2.40-2.46), so the theorem is proved. [J

In Theorem 8, if
(a4k1 + a5k2)2 —4dag (aﬂi% + agk% + a3k1k2) <0,

or
(CL4]<31 + a5k2)2 — 4dag (alkrf + agkg + agk}lk‘Q) =0.

By analogous calculation, we may have Theorem 9 and 10.

Theorem 9. In R?, the general solution of
A1 Ugy + A2Uyy + A3ULZy + AgUy + asuy + agu = 0,
18
u = (Cysin\gv + Cocoshav) eV (hy (lyz + lay 4 13) + ha (lyz + Isy +1g)) (2.56)
v =kix + kay + ks,

where hy and ho are random second differentiable functions; C1,Co, A1, Ao, k1, ko, l1,12,14 and 5
are constants which satisfy

—ayk; — agks \ \/(&4]’&1 + a5k2)2 — 4dag (alk‘% + agk% + a3k:1k:2)
2 (alk% + agk% + agk‘lkz) 2 2 (alk% + GQk% + agk‘lkg)

AL = . (2.57)
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; —agsly + \/aglg — 4a1a2l§ ] —agls — \/aglg — 4a1a2l§
1 s 4 =

2a1 2a1 ’
(Cl>\1 — CQ)\Q) (2a1k1l1 + askily + 2a9kaly + agk’gll) +Ch (a4l1 + CL5Z2) =0, (258)
k1 (01)\2 + CQ)\1) (2a1l1 + aglz) + ko (C’l)\g — C'g)q) (2a212 + a3l1) + Cy (a4l1 + a5l2) =0, (2.59)
(a4k1 + a5k:2)2 — 4dag (alk% + CLQ/{?% + agklk‘Q) < 0. (2.60)

Theorem 10. In R?, the general solution of
A1 Uy + A2Uyy + A3ULZy + AgUy + a5Uy + agu = 0,
18
u = Cve)‘v (h1 (lla; + oy + lg) + ho (l4x + sy + lﬁ)) , (2.61)
v=kx+ k2y + kg,

where h1 and he are random second differentiable functions; X, ki, ko, k4, ks,l1,12,14 and l5 are

constants which satisfy

—agk1 — ask
A= Jun e (2.62)
2 (alkl + ang + agk‘lkz)

I —agls + \/agl% — 4(11&2[% I —agls — \/a%lg — 4(11(12[%
1= s 04 =

2a1 2&1 ’
(2(11[1 + aglg) (k‘l + ’U)\k‘l) + (2a2l2 + agll) (k‘g + U)\k‘g) + (a4l1 + a5l2) v=0, (263)
(agks + a5k2)2 — 4dag (alk% + azk% + agk‘lk‘z) =0. (2.64)

We propose Theorem 11 as follows.

Theorem 11. In R?,
A1 Ugy + A2Uyy + A3Uzy + AU + A5Uy + AU = A (xa y) ) (265)

the general solution of Eq. (2.65) is

A (p,q) dpdq )
_ )+ , 2.66
e (fl f2(q // (2a1c103 + 2aac2¢4 + az (c1ca + cac3)) g ( )

where f1 and fo are random second differentiable functions, and

D= 1T + c2y, q = c3T + 4y, (2.67)
g = C1eM? + Coe™ v (2, y) = k1 + kay, (2.68)

where \1, Ag, k1, ko, c1, c2, c3, ¢4 are constants which satisfy
alc% + CLQC% “+ agzcico = alcg + CLQCi 4+ agcszcy = 0, (269)

C1C4 — C9C3 75 0, (2.70)
(a4k1 + a5k2)2 —4dag (alk% + azk% + agklkz) > 0,

—agk1 — asks + \/(a4k‘1 + a5k2)2 — 4dag (alkr% + agk% + agk‘lkﬁz)
2 (alk% + agk% + (nglk‘g) ’

A=
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—agk1 — asko — \/(a4k1 + a5k2)2 — 4dag (alk% + agk% + a3k1k2)

Ao = 2 (ark? + agh? + askiky) ’
Ak (2a1¢1 + asce) + Ake (2a2¢ + azcer) + ageq + azeo = 0, (2.71)
Aok1 (2a1¢1 + asce) + Aeka (2a2¢o + azc1) + ageq + azeo = 0, (2.72)
Ak1 (2a1e3 + ascq) + Aka (2a2¢q4 + azes) + ages + azeq = 0, (2.73)
Aok1 (2a1¢3 + ascq) + Aoka (2a2¢q4 + azcs) + ages + azeq = 0, (2.74)

Prove. By Z3 transformation, we set

u(z,y) = g(z,y)h(p, q), (2.75)

P =c1x + c2y,q = c3T + ¢4y,

where ¢ — ¢4 are undetermined constants, g and h are undetermined second differentiable

function, and
Cq4 — QC c1 — pc
$:p4 Q2’yZQ1 p3’ (2.76)
C1C4 — C9C3 C1C4 — C9C3

c1cq — cocg # 0.

By Eq. (2.75), we get

1Ugzg + A2Uyy + A3Uzy + A4l + asUy + agl

= a1 (Mgox + 292 (c1hy + cshg) + g (hpp + BGheq + 2c103hpq))

+az (hgyy + 29y (c2hy + cahg) + g (Bhpp + cihag + 2c2c4hpg))

+a3 (hgzy + gz (c2hp + cahg) + gy (c1hp + c3hy) + g (c1c2hpp + c3c4hgq + (c1C4 + c2c3) hpg))
+aq (gzh + g (c1hy + cahg)) + as (gyh + g (c2hy + cahy)) + asgh

= (alc% + azc% + ClgClCQ) ghpp + (alcg + azc?L + a30304) ghyq

+ (2a1c1¢3 + 2azca¢s + a3 (ciea + c2c3)) ghyg

+ ((2a1c1 + asc2) gz + (2a2c2 + ager) gy + (aact + asc2) g) by

+ ((2a1¢3 + asca) 9o + (2a2¢4 + ascs) gy + (ascs + asca) g) by

+ (algz‘x + a2gyy + 439y + @49 + as5gy + 069) h=A (33, y) .

Set
a19ze + A2Gyy + 392y + asgz + asgy + agg = 0,
(2a1¢1 + azcz) gz + (2a2c2 + azer) gy + (asc1 + ascz) g =0, (2.77)
(2a1¢3 + azca) gz + (2a2c4 + azes) gy + (aac3 + ascq) g = 0. (2.78)

Set g = g(v) and v(z,y) = ki1x + kay, then
19zz + a29yy + a39zy + Q49 + a59y + a6g
= (alk% + agk% + a3/€1k2) g;,/ + (a4k1 + a5k2) g;} + agg = 0.

If
(asks + a5k2)2 — 4dag (alk% + agk% + agklkg) > 0,

the particular solution of a1g., + a2gyy + a3gsy + a4g: + asgy +asg = 0 is

g = Cle)\lv + Cze/\w,

where C7 and C5 are arbitrary constants, and

—agk1 — asks + \/(a4k‘1 + a5k2)2 — 4dag (alkr% + agk% + agklkﬁz)

A p—
! 2 (alk% + agk% + agklk‘Q)

)
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—agk1 — asko — \/(a4k1 + a5k2)2 — 4dag (alk% + agk% + a3k1k2)

Ao =
2 2 (alk% + agk‘% + agklkg)

Substituting g = C1eM? 4+ Cpe?2? into (2.77) we get

(2a1¢1 + azca) gz + (2a2c2 + azer) gy + (asc1 + asc2) g

= (2@161 + agcg) (Cl)q]ﬁe)‘w + CQ)\lee)\Zv)

+ (2@202 + agcl) (Cl)\lkgq?)‘lv + CQ)\Q]{:Q@)QU) + (a461 + a562) (016/\17) + CQ€>‘2U)
= (Mk1 (2a1c1 + azea) + Aika (2ac2 + azer) + aser + asc) Cret?

+ (Aok1 (2a1c1 + agea) + Aok (2a2¢2 + aser) + agcy + asca) Cgehv =0.

So
Ak (2(1161 + agcz) + Ako (2&262 + a361) + aqc1 + asco = 0,
Aok1 (2a1¢1 + azca) + Aaka (2a2¢ + azer) + ascr + ascea = 0.
Substituting g = C1e*? 4+ Cye?2? into (2.78) we obtain

(2@103 + a364) gz + (2(1264 + agcg) 9y + (a403 + a504) g

= (2a1c3 + agcy) (Clklkle)‘“’ + CQ)\lee/\Qv)

+ (2az¢4 + ases) (Cl)\lkge)‘lv + Cg)\gkgehv) + (aqc3 + ascy) (C1€)‘1U + CQBMU)
= (Mk1 (2a1¢c3 + asca) + Aika (2a2¢4 + azes) + ascs + aseq) Cre?

+ (A2k1 (2a1e3 + ages) + Aok (2a¢s + ascs) + ascs + ascq) Coe?? = 0.

Then
Aik1 (2a1e3 + ageq) + Aika (2a2¢4 + ages) + ages + aseq = 0,
Aok1 (2a1¢3 + azcq) + Aoka (2a2¢q4 + azcs) + ages + azeq = 0.
So
1 Ugzg + A2Uyy + A3ULyY + A4UL + A5UY + AU
= (alc% + agcg + agclcg) ghpp + (alc§ + agci + a30304) ghyq (2.80)
+ (2a1c103 4 2a2¢2¢a + a3 (c1ca + c2c3)) ghpg = A (2, ).
Set
alc% + agcg + ascico = alc§ + agcz + aszczeq = 0.
Then

(2a1c1¢3 + 2az¢2¢q + a3 (c1cq + c2c3)) ghpy = A (2, 9) , (2.81)

the general solution of (2.81) is

h=f(p)+ fa(q // Ap.q) dpdg . (2.82)

2a1c103 + 2azc9cq + az (c1cq + cac3)) g

So the general solution of Eq. (2.65) is

_ A(p, q) dpdq
“=9 (fl +f2(q // (2a1c1c3 + 2ascacy + az (c1cqg +coc3)) g ) -

So the theorem is proved. [J

In (2.80), if set

alc§ + agci + asgesey = 2aic103 + 2agcacq + az (creq + cac3) = 0.
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Then
(a1¢] + ascs + azeicz) ghyp = A (z,y) (2.83)

the general solution of (2.83) is

q) dpdp
h = + // 2.84
h ( pr alcl + a202 + a36102) g ( )

So the general solution of Eq. (2.65) is

q) dpdp
— + '
u=4g (fl ( pfz // a101 —|— GQCQ + a36102) 9)

So we can get Theorems 12.

Theorem 12. In R?, the general solution of

A1 Ugg + Q2Uyy + A3ULy + AUy + asuy + agu = A (z,y),

q) dpdp
= + , 2.85
=y (fl (@) +pi2(q // a101 + a262 + a3C102) g) ( )

where f1 and fo are arbitrary second differentiable functions, and

18

P =C1T + 2y, q = C3T + C4Y,

g= C"le)\lv + 026>\2Ua v (l‘, y) = k’]_[E + k2ya
where ki, ka, A1, A2, c1, 2, c3 and cq are constants which satisfy (2.41,2.42,2.46,2.70-2.74) and

alcg + agci + agcegeq = 2a1c103 + 2a9c2¢4 + asz (cr1eq + c2c3) = 0. (2.86)

In Theorem 11, if
(a4k1 + a5k:2)2 — 4dag (alk% + azk}% + agk‘lk‘g) <0,

or
(a4k1 + a5k2)2 —4dag (alk% + agk‘% + agklkg) = 0.

By analogous calculation, we may get Theorem 13 and 14.

Theorem 13. In R?, the general solution of
A Ugy + A2Uyy + A3ULy + AUz + A5Uy + AgU = A (x, y) ,

18

A(p, q) dpdq )
— )+ 7
“=9g (fl fala // (2aicic3 + 2acacq + ag (c1cq4 + cac3)) g

where f1 and fo are arbitrary second differentiable functions, and

P =c1x + c2y,q = c3T + ¢4y,

v

g = (C1singv + Cocoshav) e v(x,y) = k1 + kay,
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where C1,Cy, A1, Ao, k1, ko, c1, o, c3,cq4 are constants which satisfy

(a4k1 + a5k2)2 —4dag (alk% + agk% + agk‘lkz) <0,

—asky — asks \/(a4k1 + a5k‘2)2 — 4ag (alk‘% + agk? + CL3]{71]€2)

A == 7)\ frg
! 2 (alk% + agk‘% + (lgk‘lk’g) 2 2 (alk‘% + a2k’% + agk‘lk‘g)

)

2 2 2 2
aicy + asc; + azcicy = a1C3 + a2Cy + azczcy = 0,
c1eq4 — cac3 # 0,

(Cl>\1k‘1 — 02)\2]{31) (2&1C1 + (1362) + (01)\1/6‘2 — C2>\2k2) (2(1262 + a301) + 01 (a461 + (1562) = O,

(2.87)
(Cz)qk‘l + Cl)\gkil) (2(1101 + (1362) + (Cg)qk‘z + 01)\2k2) (2(1262 + a361) + Cy (a461 + CL5CQ) =0,
(2.88)
(C1A1k1 — Codakr) (2a1c3 + ascy) + (CrArka — Cadoka) (2a2¢4 + aze3) + C1 (asc3 + ascq) = 0,
(2.89)
(CQ)\lk‘l + Cl>\2k:1) (2@103 + a304) + (Cg)\lkig + Cl)\gk‘g) (20,204 + CL303) + Cy (0403 + CL5C4) =0.
(2.90)
Theorem 14. In R?, the general solution of
A1 Ugg + A2Uyy + A3ULy + AUy + asuy + agu = A (z,y),
s A (p,q) dpd
b,q)apaq
u = + + ;
g (fl )+ /2(2) // (2a1c1c3 + 2a2c2¢4 + a3 (c1c4 + c2¢3)) 9)
where f1 and fo are arbitrary second differentiable functions, and
D = 1% + 2y, q = C3T + 4,
g= Cve/\“,v(l‘,y) = k"ll‘ + k2y7
where ki, ko, A, c1,c2,c3,cq4 are constants which satisfy
(a4k1 + a5k2)2 —4dag (alk% + agk% + agklkg) =0,
o *a4l€1 — a5k22
2 (alk% + agk‘% + agk'lkg) ’
alc% + agc% + azcico = alcg + agci 4+ agczcy = 0,
cicq — cacs3 # 0,
2aic1kl 4+ agcaky + ascirke + 2ac9ks = 0, (2.91)
asc1ki + ascoky + 2)\(1161]6% + Aagcgk% 4+ Aascikiks 4+ 2Xascokiks = 0, (2.92)
agcrko + ascoks + 2 a1c1k1ky + Aagcokiko + )\agclk% + 2)\a2ch§ =0, (2.93)
2aics3k1 4+ ageqky + azegks + 2asc4ks = 0, (2.94)
aqcskl + aseqkr + 2)\@163%% + )\CL364/€% + Aascskiko + 2 ascqki1ko = 0, (2.95)
CL463/€2 + CL5C4]€2 + 2)\a103k1k2 + )\G3C4k1k2 + )\a363k§ + 2)\(1264]{33 =0. (296)



16

Similar to Theorem 12, we can propose Theorems 15 and 16.

Theorem 15. In R?, the general solution of

A1 Ugg + Q2Uyy + A3Ugy + sty + asuy + agu = A (z,y) ,

- q) dpdp
u—g(fl( +pf2 // alcl+agcQ—i-a36102)9>7

where fi1 and fo are arbitrary second differentiable functions, and

18

P =T+ C2Y,q = C3T + C4Y,

g = (C1sinov + Cocoshov) eM? v(z,y) = kix + kay,

—agsky — asks \ \/(a4k1 + a5k:2)2 — 4dag (alk‘% + agk% + a3k1k2)
2 (alk‘% + (Lgk‘% + agk‘l/{g) 2 2 (alk% + agk‘% + agklk‘z)
where C1,Ca, A1, N, k1, k2, c1, ¢2, ¢35, ¢4 are constants which satisfy (2.60, 2.70,2.86-2.90).

A=

)

Theorem 16. In R2, the general solution of

A1 Ugy + QQUyy + A3Ugy + sty + asuy + agu = A (z,y) ,

- q) dpdp
u_g<f1( +pf2 // alcl+a262+a30102)9)’

where f1 and fo are arbitrary second differentiable functions, and

18

P =T+ C2Y,q = C3T + C4Y,

g = CUeMaU(x»y) = k?le + k2y7
—a4k1 — CL5I{}2
2 (alk% + agk‘% + agklkz) '

where k1, ka, A, c1,ca, c3,cq are constants which satisfy (2.64,2.70,2.86,2.91-2.96).

Egs. (2.38, 2.65) are important linear PDEs. One-dimensional homogeneous and non-
homogeneous wave equations, heat equations, two-dimensional reaction-diffusion-convection equation
and Helmholtz equations, etc. are all special cases of them.

Next we propose Theorem 17.

23-25

Theorem 17. In R3,
A U + A2Ugy + A3UYy + A4liy + A5ULy + AUy + A7UE + AUL + AUy = A (t’ z, y) ) (297)

the general solution of Eq. (2.97) is

u=ran+e X ([awnas [[e? a0 ). (2.98)
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where A(t,z,y) is any known function, f is a random second differentiable function, g is a

random first differentiable function, and
p=bLt+lbx+13y,q=1Ult+ sz + lgy,r = 7t + lsx + loy,

—l3l5l7 + lalgly + l3lals — lilgly — lalslg + 11151y # 0,
k = arly + agle + agls,
A = 2aylyls + 2aslals + 2aslsle + as (luls + lola) + as (lils + l3la) + ag (Ials + lsls) |
arl? + asl3 + azl3 + aslily + ashlz + aglals = 0,
a1li + asl? + a3l + aalals + aslals + aglsls = 0,
arl2 + asl2 + azl3 + aslyls + aslqly + aglsly = 0,
2a1111l7 + 2aslals + 2aslsly + ag (I1ls + lal7) + a5 (il + U3l7) + ag (l2ly + I3lg) = 0,
2a1l4l7 + 2aslsls + 2aslely + as (lals + lsl7) + a5 (lalo + lel7) + ag (Islo + lels) = 0,
arly + agls + agls = 0,

a7l + agls + aglyg = 0.

Prove. By Z; transformation, we set

u=u(p,q,r), At,z,y) = A(p, q,7),
and
p=lt+lex +13y,q =yt + 52+ lgy,r = l7t + lgx + lgy,

where [, 15, ...l9 are undetermined constants, and

d(p,q,r)

= —l3l5l7 + lalgly + I3lalg — l1lgly — lalalg + 111519 # 0.
d(t,z,y)

By Eq. (2.99), we get

—rlsls + rlalg + qlsls — plgls — qlalg + plslg

t=— ,
l3lsly — lalgly — U3lals + lLilgls + lalaly — Uilslg

~rlgly —rlile — qlsly + plely + qlily — plalg
I3lsly — lalgly — I3lals + Llgls + lalaly — Liisly’
_ 1rlaly — rlils — qlaly + plsly + qlils — plals
Y= lalsly — laloly — lslals + hlgls + lalalo — Lilsly’

(2.110)

(2.111)

(2.112)

(2.113)
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So

a1Ut + A2Ugy + A3Uyy + G4ty + A5ULY + A6ULy + A7UL + A8UL + AUy

= ay (Bupp + Gugq + Bugr + 201laupg + 21 b7y, + 2lalrug,)

+ asy (l2upp + l5uqq + lgurr + 2lal5upg + 2lalguy, + 2l5l8uqr)

+ ag (3upp + (§ugq + [3urr + 2l3letupg + 2l3lgtup, + 2sloug,)

+ ag (Liloupp + lalsugg + lrlgury + (lLls + lals) upg + (Lils + lal7) wpr + (lalg + U5l7) ugy)

+ a5 (l1l3upp + laleugg + lrlowr + (Ll + l3la) upg + (Lily + I3l7) upr + (laly + lsl7) ugr)

+ ag (lalgupp + lslgugq + lglotrr + (lols + I3l5) upg + (loly + 1318) upr + (I5lg + lelg) ugr)

+ a7 (liup + laug + lruy) + ag (louy + lsug + lguy) + ag (l3uy + leug + lou,)

= (a1} + aol3 + asli + aslils + aslils + aglals) upp

+(
(

allz + aglg + (Iglg + aqlyls + aslale + a6l516) Ugq

+ a1l$ + aglg + CL3lg + aql7lg + aslzlg + aﬁlslg) Uy
+ (2a1l1l4 + 2aslals + 2aslsle + aq (1115 + l2ly) + a5 (I1le + Isly) + ag (I2lg + l315)) Upg
+ (2(11[1[7 + 2a2l218 + 2a313l9 =+ a4 (lllg + l217) + as (lllg —+ l3l7) + ag (lzlg + lglg)) Upr
+ (2a1l4l7 + 2a2l5l3 + 2aslsly + ay (I4ls + I5l7) + as (lalg + lsl7) + ag (I5lg + lsls)) ugr
+ (azly + agly + agls) Up + (arly + agls + a9l6) + (a7l7 + agls + agly) ur = A (p,q,7).
(2 114)
Set
all% + (Igl% + a;:,l% + aqlilo + aslils + aglols = 0,
allz + azl?) + a3lg + aqlyls + aslyle + aglslg = 0,
allg + aglg + aglg + aqlrls + aslzly + aglgly = 0,
2a1l1l7 + 2aslslg + 2a3l3ly + a4 (lllg + l2l7) + as (lllg + l3l7) + ag (lglg + l3l8) =0,
2a1l4l7 + 2aslsls + 2a3lgly + ay (Ials + I5l7) + as (lalg + lsl7) + ag (Islg + lels) = 0,
arly + agls + aglg = 0,
a7l + agls + aglyg = 0.
Then
a1Ut + A2Ugy + A3Uyy + G4ty + A5ULY + A6ULy + A7UL + A8UL + AUy
= (2a1l1ly + 2a2lals + 2a3l3ls + as (Lls + lals) + a5 (Lile + 13la) + ae (lals + 13l5)) upq
+ (a7l1 + agly + aglg) Uup = A (p, q, 7“) .
Set
Up = w.
So

(2a1lll4 + 2a9lsl5 + 2a3lslg + ay (lll5 + lgl4) + as (1116 + 13l4) + ag (lglﬁ + 1315)) w,

2.115
+ (a7l + agly + aglz) w = A (p,q,7) . ( )

The solution of Eq. (2.115) is

—K 1 K
w:eTq (g(p,T)—i-)\/e/\(]A(p,q,?”)dq),

k = arly + agle + agls,
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A = 2a1l1ly 4 2a0lsl5 4+ 2a3l3lg + a4 (lll5 + l2l4) + as (llla + l3[4) + ag (l2l6 + l3l5) .

Therefore

w=tan+ [wir= @+ (oo [[eXawarip).

So the theorem is proved. [

In (2.114), if set
allz + a2152) + a3l¢23 + aqlyls + aslyle + aglslg = 0,

a1l? + asl? + asl? + aglyls + aslily + aglgly = 0,
2a1l1ly + 2aslals + 2aslsls + ayg (I1ls + laly) + as (I1lg + lsly) + ag (Ialg + I3l5) = 0,
2a1l1ly + 2aslals + 2aslsly + ay (I1ls + laly) + as (Iily + lsly) + ag (Ialg + I3lg) = 0,
2a1l4l7 + 2aslsls + 2aslgly + aq (I4ls + l5l7) + as (lalo + lgl7) + ag (Islo + lgls) = 0,
arly + agls 4+ aglg = 0,

arly + aglg + aglg = 0.

Then
A1 U + AoUgy + A3Uyy + gl + a5 Uty + agUszgy + arup + agug + A9Uy
= (all% + azl% + a3l§ + aqlils + aslyls + aﬁlzlg) Upp + (a7ly + agla + agls) Up
=A(p,q,r).
Set
Up = w.
So

(all% + agl% + a3l§ + a4lll2 + a5l1l3 + aﬁlglg) wp + (a7l1 + aglg + aglg) w = A (p, q, 7“) . (2.116)

The solution of Eq. (2.116) is

e 24 1 Kp
w=er <g(qyr)+7/efA(p,q,T)dp>7

k = arly + agly + agls,
T = all% + azl% + (Igl% + aqlils + aslils + aglals.
Thereupon
T —kp 1 —kp Kp
u= f(q,r)+/wdp:f(q,r) — e Tpg(q,r)JrT/ (e " /epr(p,q,r)dp) dp

—Kkp 1 —Kkp kp
= f(q,r) +e Tpg(q,r)JrT/(e Tp/eTpA(p,q,T)dp> dp.

—Kp

Note that g(g,r) is a random second differentiable function, then —%e%wg (¢,7)=¢e"7 g(q,r).
So we can get Theorem 18.

Theorem 18. In R3, the general solution of

a1t + Q2Ugg + A3Uyy + A4l + A5UL + A6ULy + a7U; + aguy + aguy = A (¢, 2,y) ,



20

18
e

—K 1 K
u=f(gr)+er glgr)+ T/ <ef /epr(p, q,7) dp) dp, (2.117)
where f and g are random second differentiable functions, and
p = llt + ZQ.%' + lgy, q = l4t + l5.%' + lgy, r= l'ﬂL + lg.%’ + lgy,

—l3l5l7 + lally + 1314l — lilgls — lalalg + 111519 # 0,
Kk = arly + agly + agls,
T = a1l} + asl3 + azli + aslils + aslils + aglals,
arl? + asl? + azl? + aglyls + aslyls + aglsls = 0,
a1l? + asl? + asl? + aglyls + aslily + aglgly = 0,
2a1l1l4 + 2a0lals + 2aslsls + ag (Ils + laly) + as (I1ls + 1314) + ag (Ials + I3l5) = 0,
2a1l1ly + 2aslals + 2aslsly + ay (Il + lal7) + as (Iily + lsly) + ag (Ialg + I3lg) = 0,
2a1laly + 2aslsls + 2aslsly + ay (lals + lsl7) + as (Laly + lgly) + ag (Isly + lglg) = 0,
arly + agls + aglg = 0,

arly 4+ aglg + aglg = 0.

Next we propose Theorem 19.

Theorem 19. In R3,
a1Up + A2Ugy + A3Uyy + A4l + a5l + A6y + a7 + AUy + aguy +arou = A (t, z,y), (2.118)

the general solution of Eq. (2.118) is

A(p,q,7)dpd
w=g(h1(p,r) + hs (q,r))+g//(pqg)pq, (2.119)
where h1 and ha are random second differentiable functions, and

p=lt+lex +13y,q =yt +lsx + lgy,r = l7t + lgx + lgy,

g = Cle)‘lv + Cge’\”, v = kit 4+ kox + ksy + kq, (2.120)
—b+ b2 — 4aaig —b— b2 — 4aaig
A= , A = , (2.121)
2a 2a
a= alk% + agkg + agkg + agki1ks + aski1ks + agkaks, (2.122)
b = arky + agks + agks, (2.123)

B = 2a1l1ly 4 2aslals 4 2aslsls + aq (Ll + loly) + a5 (I1ls + 13ls) + ag (lols + I3l5),  (2.124)

where k1 — k3 and l; — lg are constants which satisfy
b? — 4aaig > 0, (2.125)

—l3l5l7 + lally + 1314l — lilgls — lalalg + 111519 # 0,
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k1 A1 (2a1ly + aqls + asls) + ko1 (2asls + agly + agls) + ksAi (2asls + asly + agls)

(2.126)
+ arly + agly + agly = 0,
k1o (2 + asly + asls) + ko (202l + ash + agls) + ksda Qasls +ash +ash) o o
+arly + agly + aglz =0, |
ki (2a1ly + agls + asle) + ka1 (2a2l5 4 asls + aele) + k31 (2a3ls + asly + agls) (2.128)
+ arly + agls + aglg = 0, |
k1 (2aals + asls + asle) + ko (2a2ls + asla + agle) + ksda (Qasls +asha +asls) o 1o
+ arly + agls + aglg = 0, |
k11 (2a1l7 + agls + asly) + ka1 (2a2ls + aalr + agly) + k3A1 (2a3ly + asly + aels)) (2.130)
+ arl7 + agly + agly = 0, |
k1Ag (2a1l7 + aals + aslo) + kads (2asls + asly + agly) + kaha (2asly + aslr + agls) (2.131)
+ arl7 + agls + agly = 0, |
a1lf + aol3 + asl + aslily + aslils + aglals = 0, (2.132)
a1l + aol? + aslf + adals + aslsls + aglsls = 0, (2.133)
a1l2 + al? + asl? + aqlzls + aslily + aglsgly = 0, (2.134)
2a1l1l7 + 2aslals + 2a3l3ly + ag (Lils + lal7) + a5 (Ll + l3l7) + a6 (lalo + I3ls) = 0, (2.135)
2a1lal7 + 2a2l5l3 + 2aslsly + aa (lals + Isl7) + as (lalg + lsl7) + ag (Isly + lgls) = 0. (2.136)

Prove. By Z; transformation, we set
u(t,z,y) = f(v) = f(kit + kox + ksy + ka) ,

where v(t, x,y) = kit + kox + ksy + ka; k1, ko, . . . kg are undetermined constants, f is an unde-
termined second differentiable function, so

a1Ugt + A2Uzy + A3UYy + G4Utz + A5ULY + A6ULy + A7UL + A8UL + AUy + A10U

= (a1k? + ask3 + ask3 + askiks + askiks + agkaks) f, + (arks + aska + agks) f, + arof = 0.
(2.137)
The characteristic equation of Eq. (2.137) is

(a1k7 + azk3 + ask3 + askiks + askiks + ackaks) \* + (ark: + agks + agks) A + a19 = 0.

% | btV daag
2a ’
a = a1k} + agks + azki + askiks + askiks + aghaks,
b = arki + agka + agks.
If

b2 — daayg > 0,

the particular solution of Eq. (2.118) is

u=f= C1eMV + Cpe?2?,
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where
—b+Vb? — 4aa10)\ —b —/b? — 4aay
= 2 = .
2a 2a

For getting the general solution of Eq. (2.118), by Z3 transformation, set

A1

(2.138)

U= g(t, x, y)h(p, q, T)a

and
p=Ut+lex +13y,q =yt + sz + lgy,r = l7t + lgx + lgy,

where [; — lg are undetermined constants, i and g are undetermined second differentiable func-

tions, and

8 ) )

0(p.a7) = —l3l5l7 + lalgly + I3lalg — l1lgly — lalalg + 111519 # 0.
o (t,z,y)
Then

a1Ugt + A2Uzy + A3UYy + G4Utr + A5ULY + A6ULy + A7UL + A8UL + AUy + A10U

= a1 (gih + 29¢ (lihy + lahg + lrhy) + g (Bhpp + Gheq + Bhey + 2l1lahyg + 2l lrhy, + 2lil7he, )
+ as (guah + 295 (Iohy + lshg + Ishy) + g (3hpp + Bhgg + [3her + 2lol5hpg + 2alshyr + 25lshgr))
T a3 (gyyh + 29y (Ishp + lshg + lohr) + g (lghpp + lghqq + lghrr + 2U3lshpq 4 23lohyr + 21619th))
+ ay (gezh + gi (Iahyp + lshg + l3hy) + g2 (Lihy + lahg + I7hy)))

+ aag (lilohpp + lalshgg + l7lghey 4 (Lils 4 lols) hpg + (Lils + lal7) hyr + (lals + Usl7) hyr)

- as (geyh + g1 (Ishy + lohg + lohy) + gy (lihy + Lihg + lhy))

+ asg (Ialshyy + Lalghgg + lrlohr + (1ls + U3la) hpq + (Inlo + I3l7) Ay + (Lalo + lgl7) hyy)

+ a6 (gayh + g2 (I3hp + lshg + lohy) + gy (l2hy + Ishg + I3hy))

+ agg (Ialshyy + lslghgg + Islohur + (Ials + lals) hpq + (Inlo + Ils) hpr + (Islo + lols) hgr)

+ a7 (gth + g (lihy + lahg + U70hy)) + ag (gzh + g (Iahy + lshg + I3hy))

+ ag (gyh + g (I3hp + lehq + lohy)) + a10g9h

= (all% + asl? + asl? + aslily + aslyls + aslals) ghyp

+ (a1l + asl? + a3l + aalals + aslals + aglsls) gheq

(a1lZ + asl§ + asl§ + aalqls + aslrly + aslsly) ghyy

(2a1l1ls + 2a2lals + 2a3lsle + as (Lils + lals) + as (Lilg + U3la) + a6 (lals + U3l5)) ghyg
(2a1l1l7 + 2a2lalg + 2aslsly + aq (Lils + lal7) + as (Lily + U3l7) + a6 (laly + 13l8)) ghyr
(2a1l4l7 + 2a2l5lg + 2a3lgly + as (lalg + I5l7) + as (Ialg + lsl7) + ae (Islg + l6lg)) ghqgr
((2a1ly + aala + aslz) g¢ + (2a2ls + asly + aglz) g + (2a3lz + asly + aslz) gy) hy
(a7l + agly + agl3)ghy,

((2a1ls + aals + asls) g1 + (2a2ls + asls + aels) g2 + (2a3ls + asls + asls) gy) by
(a7ly + agls + agls) ghq

((2a1l7 + aals + asly) g¢ + (2a2ls + aaly + agly) g» + (2a3ly + asly + agls) gy) hr
(a7l7 + agls + agly) gh,

(

4+ + o+

a1 + 29z + a39yy + A4Gtz + A5Gty + A6Yzy + A7t + agGz + aggy + aiog) h.
(2.139)

N
D
-+

19t + A29ze + A3Gyy + A4Gte + A5Gty + A6Gry + a7g: + a8g: + a9gy + a10g = 0, (2.140)



(2a1ly + aale + aslz) gi + (2a2l2 + asly + al3) g + (2a3lz + asly + agl2) gy
+ (a7l1 + agly + aglg) g =0,

(2a1l4 + ayqls + a516) gt + (2a2l5 + aaqls + Clﬁl@) gz + (2a316 + asly + a6l5) 9y
+ (ayly + agls + agls) g = 0,

(2@1[7 + ay4lg + a5l9) gt + (2a2l8 + aql7 + aﬁlg) gz + (2a319 + asly + aﬁlg) Gy
+ (azl7 + agls + agly) g = 0.
Set g = g(v),v = kit + kox + k3y + k4, the particular solution of Eq. (2.140) is

g = C1eM" 4 Coe™?,
where A\ and \q satisfy Eq. (2.138). Substituting (2.144) into (2.141) we have

(2a1ly + aaly + asl3) gr + (2a2ls + asly + ael3) g + (2aslz + asly + agl2) gy
+ (a7ly + agla + agls) g
= (2&1[1 + aqlo + a513 (Clkl)\le)‘w + Cgkl)\ze)‘w)

+ (2a32ls + a4ly + agls) (Clkgx\le)‘w + CokoNae 2”)

(2&3[3 + asly + a612) (Clkg)\lehv + Czkg)\ze)‘w)

+ (a7ly + agly + agls) (Cle)‘lv + C’ge)‘Q”)
= ki\101eMY (2a1ly + agla + aslz) + kad1 C1e™MV (2aly + agly + agls)
+k3AlCleA1” (2asls + asly + agle) + Cle)‘lv (a7ly + agly + agls)
+k1 A2 Coe2V (2a117 + aaly + aslz) + kadaCae?? (2agly + asly + agls)
+k3)\202€)‘2v (2asls + asly + agla) + Cge)‘w (a7ly + agly + agls) = 0.

Namely

k11 (2a1ly + aqly + asls) + ko1 (a9l + agly + agls) + kA1 (2asls + asly + agla)
+ arli + agls + agls =0

k12 (2a1ly + aqls + asls) + koda (2aglsy + agly + agls) + ksha (2asls + asly + agla)
+ arly + aglz + agls = 0.
Substituting (2.144) into (2.142,2.143) respectively, we have

ki) (2&114 + aqls + a5l6) + koA (2a2l5 + aqly + a6l6) + kg (2a3l6 + asly + a6l5)
+ a7ly + agls + aglg = 0,

k1o (2a1ly + agls 4 asle) + koo (2asls + agly + agls) + ksha (2asls + asly + agls)
+ arly + agls + aglg = 0,
ki) (2a1l7 + a4lg + a5l9) + koA (2@2[8 + aql7y + aﬁlg) + kg (2&3[9 + asly + aﬁlg)
+ a7l7 + aglsg + aglyg = 0,
k]_)\Q (2&1[7 + a4l8 + CL5l9) + kQ)\Q (2a2lg + a4l7 + a6l9) + k?,)\Q (2&3[9 + a5l7 + a6l8)
+ arl7 + agls + agly = 0.

Case 1:
In (2.139), set
arl? + agld + asl? + aglle + aslyls + aglalz = 0,

allz + CLQZ?, + aglg + a4l4l5 + a5l4l6 —+ a6l5l6 = 0,

a1l$ + aglg + a3l3 + aql7ls + aslzlg + aglgly = 0,
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(2.141)

(2.142)

(2.143)

(2.144)
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2a1l1l7 + 2a9lslg + 2asl3ly + a4 (lllg + l2l7) + as (lllg + 13l7) + ag (lglg + l3l8) =0,
2a1l4l7 + 2asl5ls + 2a3lgly + a4 (l4l8 + l5l7) + as (l4l9 + l6l7) + ag (l5l9 + lelg) =0.
Then

a1 Ut + AoUgy + A3 Uy + gty + a5 Uty + a6 Ugy + aruy + agug + a9y + ajpu
= (2a1l1l4 + 2a9lsls + 2a3l3lg + aq (l1l5 + l2l4) + as (l1l6 + l3l4) + ag (l2l6 + l3l5)) ghpq
= A(pa q, T)'

That is

A(p,q,r)

h,, =
pq (2@1[1[4 + 2a9lols + 2aslsle + ay (lll5 + l2l4) + as (l1l6 + l3l4) + ag (l2l6 + l3l5)) g
(2.145)

the general solution of Eq. (2.145) is

,q,7) dpd
h'=h(p,r)+ha(g,7) // pq pq,

where
B = 2a1l1l4 + 2a0ls5l5 + 2a3l3lg + ay (l1l5 + l2l4) + as (l1l6 + l3l4) + ag (lQl()‘ + l3l5) .

So the general solution of Eq. (2.118) is

(p,q,r dpdq
w=gh =g (p.1) + o g.r)) + & [ [ 2RLTLE

Whereupon the theorem is proved. [

Case 2:
In (2.139), set
allz + aglg + a3l(2; + aqlyls + aslylg + aglslg = 0,

a1l + asl3 + asli + adlqls + aslzly + aglsly = 0,

2a1l1l7 4 2aslalg + 2a3l3ly + ag (Lilg + laly) + as (Lilg + I3l7) + ag (I2ly + I3lg) = 0,
2a111ly 4 2aslals + 2a3l3ls + aq (l1ls + lals) + a5 (Il + I3ly) + ae (I2ls + I3l5) = 0,
0.

2a1l4l7 + 20515l + 2a3lely + ay (lals + lsl7) + as (luly + lsl7) 4 ae (Islg + lels) =
Then

a1Ugt + A2Uzy + A3Uyy + AUtz + A5ULY + AeUgy + A7UL + A8UL + AUy + Q10U
= (all% + agl% + a3l§ + aylils + aslyls + a6l2l3) ghpp =A (p, q, 7“) .

Namely

b _A(p,q,7)
PP*TQ7

E = all% + azl% + a3l§ + aqlils + aslils + aglsls. (2.147)
The general solution of Eq. (2.146) is

A(p,q,r) dpdp dd

(2.146)



Then the general solution of Eq. (2.118) is

A(p,q,r)dpd
u=9h=gwM%ﬂ+wwwﬁ»+§/y@”Z)pp‘

So we can get Theorem 20.

Theorem 20. In R3, the general solution of

18

uzg(hl(QaT)+ph2(q,r))+%//W’

where hy and ho are random second differentiable functions, and

g = C1eMY 4+ C9e™? v = kit + kox + k3y + ka,

—b+ Vb2 — 4daaqg A —b—Vb? — 4daaqg

2a 2a ’
a = a1k} + aok3 + asks + askiks + askiks + agkaks,

A1

b = arky + agks + agks,
p=ht+lox +l3y,q =t + 152+ lgy,m = Izt + lsx + lgy,
E = a1l? + asl3 + a3l + aqlily + aslylz + aglals,

where k1 — ks and l1 — lg are constants which satisfy

b2 —4aaig > 0,

—l3lsl7 + lolgly + I3l4ls — lilgls — lalylyg + 111509 # 0,
ki) (2a1l1 + ayls + a513) + koA (2&212 + aqly + a613) + kg (2&3[3 + asly + a6l2)
+ a7ly + aglo + agls = 0,

k1o (2@1[1 + aqly + CL5Z3) + koo (2@2[2 + aqly + aﬁlg) + k3o (2@3[3 + asly + a6l2)
+ arly + agls + agls = 0,

k11 (2a1l4 + aqls + asle) + ko1 (2a9ls + agly + agls) + kA1 (2asls + asly + agls)
+ arly + agls + aglg = 0,
k1o (2&114 + ayls + a516) + koo (2&215 + aqly + a616) + k3o (2&3[6 + asly + a615)
+ a7ly + agls + aglg = 0,

ki) (2@1[7 + aqlg + a5l9) + ko1 (2@2[8 + aql7 + CL6l9) + kg (2@3[9 + asly + aﬁlg)
+ arl7 + agls + aglyg = 0,

k12 (2a1l7 + aqls + asly) + koda (2a9ls + agly + agly) + ksha (2asly + asly + agls)
+ arl7 + agls + agly = 0,

alli + CLQZg + aglg + a4l4l5 + a5l416 —+ a6l516 = 0,

all'? + a2l§ + aglg + a4l7lg + a5l7l9 —+ aﬁlglg = O,

2a1l1l7 + 2aglalg + 2a3l3ly + aq (I1lg + lal7) + a5 (llg + I3l7) + ag (l2lg + I313) =0,

25

A1U + A2Ugy + A3UYy + A4l + A5l + AeULy + A7U + agUg + aguy + arou = A (t,2,Y) ,

(2.148)
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2a1l1ly + 2a2lals + 2a3l3ls + aq (I1l5 + lols) + a5 (Ll + I3la) + ag (l2ls + I315) = 0,
2a114l7 4 2a9l5ls + 2aslsly + aq (lals + l5l7) + as (lalg + lgl7) + ag (Isly + lglg) = 0.

For other cases and b% — 4aaig = 0,b> — 4aaio < 0, similar calculations could be done.

Eq. (2.118) is a significant linear PDEs. Two-dimensional heat equation, wave equation,
Fokker-Planck Equation,?6—2% Telegraph Equation,?*—3! etc. are all special cases of them.

Next we propose Theorem 21,22.

Theorem 21. In R?,

a1Ut + A2Ugay + A3Ue + Qs = A (t, ), (2.149)

the general solution of Eq. (2.149) is

[ A (p, q) dpdpdp

w=f(q)+pg(q) +p*h(q) + T ankd - askZha 1 a2 (2.150)
where f,g and h are random third differentiable functions, and
p = kit + kox,q = kst + kaz,
kiks — koks # 0,
arks + aski + azk3ky + askski = 0, (2.151)
3a1kik3 + 3askoki + as (keki + 2k1ksks) + as (k1k] + 2koksks) = 0, (2.152)
3a1kiks + 3askiks + ag (kika + 2kikaks) + as (k3ks + 2k1koks) = 0. (2.153)

Prove. By Z; transformation, we set

u(t, x) = u(p,q),

p = klt + k‘QJZ‘, q = kgt + k:4ac,

and
‘= k4 — qko - qk1 — pk3
k1ky — koks’ k1ky — koks’
k1ky — koks # 0.
Namely

a1Utt + A2Uzzy + A3ULRE + A4 Uty

_ 3 3 2 2 3 3 2 2

= a1 (K{uppp + K3tugeq + 3k1k3upgg + 3k1kstppq) + az (Kyuppp + kitigqq + 3kakitupgg + 3kkatippg)
+ ag (K kouppp + k3katigeq + (kok3 + 2k1kska) Upgq + (KTka + 2k1kaks) Uppq)

+ ay (kik3uppp + kskiugeq + (k1k3 + 2kokska) wpgq + (k3ks + 2k1kaks) ppq)

= (a1k? + aski + askiks + ask1k3) uppp + (a1k3 + aski + askiks + askskd) ugqq

+ (3arki k3 + Baskoki + ag (kok3 + 2k1ksks) + as (k1k3 + 2kaksks)) tpgq

+ (3a1kTks + 3aok3ks + ag (kiks + 2k1kaks) + ay (k3ks + 2k1kaks)) tppg

= A(p,q).
(2.154)
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Set
alkg + agki + a3k§k4 + a4k3ki =0,
3arkik3 + 3ackoki + ag (kok3 + 2k1kska) + ay (kikj + 2kaksks) = 0,
3a1kiks + 3ask3ks + as (kTka + 2k1kaks) + as (k3ks + 2kikaks) = 0.
So

a1t + A2Ugzy + A3Ue + Qalize = (a1k? + aski + askiks + askik3) uppy = A (p,q) . (2.155)
The general solution of Eq. (2.155) is

JIJ A (p, ) dpdpdp
alk% + GQk% + agk%kg + a4k1k% '

u=f(q)+pg(q)+p°h(q)+
So the theorem is proved. [
In (2.154), if set
a1k + agks + azkiks + askik3 = 0,
alkg’ + agk‘i + a3k§k4 + a4k:3ki =0,
3a1k1k§ + 3&2]@]{3 + as (k’Qk% + 2]€1k3]€4) —+ a4 (klkz + 2k2k3/€4) =0.
Then

AUttt + A2Uggy + A3ULr + A4Utzs

9 9 9 9 (2.156)
= (3(11]{:1 ks + 3agk3ks + as (kl ks + lekgkg) + aq (k2k3 + 2]{:1]{321434)) Uppg = A(p, q).

The general solution of Eq. (2.156) is

JII A (p, q) dpdpdp
3a1k%k3 + 3a2k§k4 + asg (k%kz,L + lekgkg) + a4 (k%k;; + 2]€1k2k4) '

u=f(p)+g(q)+ph(q)+
So we can present Theorem 22.

Theorem 22. In R?, the general solution of
a1Ugt + AUy + A3Uttr + Q4Uzr = A (t, $) )
18

N JIf A (p, q) dpdpdp
3a1k%k¢3 + 3a2k§kz4 + a3 (k%kzl + 2]4:1,1{:2/{:3) + a4 (k%kg + 2k1k2k4) ’
(2.157)

u=f(p)+g(q)+ph(q)

where f,g and h are random third differentiable functions, and
p = klt + k‘21‘, q = k3t + k4x,
k1ks — koks # 0,
a1 k3 + aoks + ask?ky + agk k3 = 0,
alkg + agki + a3k§k4 + a4]€3k2 =0,
3arkiks + 3ackoki + ag (kok3 + 2kiksks) + ay (k1kj + 2kaksks) = 0.



Next we propose Theorem 23.

Theorem 23. In R3,

AUttt + A2Ugzg + A3ULE + A4Utzy + A5UL + Q6Uzy + A7U + agUp + aguy = A (t, ),

the general solution of Eq. (2.158) is

)+ /wl Ydp+ h (g /wg

P apy () b2 (p) — 1 (p) 2 (s) ) .
+/</ wluwg()—wl(m()“ q”)dp’

where f,g and h are random third differentiable functions, and

¥1(p)

p =kit + kox,q = kat + kaz,
kikq — koks # 0,
ark3 + aski + ask3ks + askski = 0,
3a1kik3 + 3askoki + as (kek3 + 2k1ksks) + as (k1k3 + 2kaksks) =0,
3a1kiks + 3askiks + as (kika + 2kikaks) + as (k3ks + 2k1kaks) =0,
a5k§ + agki 4+ arksks = 0,
2ask1ks + 2agkaks + a7 (kiks + koks) = 0,
agks + agks = 0,

and Y2(p) are two linearly independent particular solutions for
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(2.158)

(2.159)

(alki}) + QQk% =+ CL3/€%]€2 + a4k1k%) Wpp + (a5k% + aﬁkg + a7k1/<:2) Wp + (a8k1 + a9k2) w=20

Prove. By Z; transformation, set

and

Then

u(t, z) = u(p, q),
p = kit + kox,q = kst + kyx,

keiks — koks # 0.

a1Uttt + A2Ugrr + A3ULy + A4Utzr + AU + A6Uzg T A7ULr + A8UL + A9Uy

= a1 (kfuppp + k3uqqq + 3k1k3upqq + 3]‘51 tk3tippq)

+az (K3uppp + k4“qqq + Bhokifuupgq + 3k3katippq)

+ag (K kauppp + k3k54“qqq + (kak3 + 2k1kska) pgg + (ks + 2k1ksks) tppq)
(klkzuppp + k3k4“qqq + (k1k4 + 2k2k3k4) upqq + (k2k3 + 2k1k2k4) uppq)

+as (Kfupp + kjtgg + 2k1 ksupg) + as (Kupp + kfugq + 2kakatipg)

+ar (klk‘gupp + k3k4uqq (k1k4 + k2k3) upq) + ag (/ﬁ’u,p + kguq) + ag (k2up + k4uq)

(alkzi)’ + agk% + agk%kﬁg + a4k1k:§) Uppp + (alk‘g + agki’ + a3k§k4 -+ CL4/<33]€Z) Ugqq

(S(zlklkg + 3@2]62]@% +as (kzk‘% + 2k1]€3/€4) —+ a4 (lﬁkz + 2k‘2k3k‘4)) Upqq

(3a1k%k3 + 3(12]631434 + as (k%k4 + lekgkg) + a4 (k%kg + 2k1k2k4)) Uppq

(CL5]€% + a6/~:% + a7k1k:2) Upp + (a5k§ + aﬁkz + a7k3k‘4) Ugq

(

4+ + + 1

A(p,q)-

2a5k1 k3 + 2agkoks + a7 (k1ks + koks)) Upg + (agk1 + agks) Up + (agks + agky) Ugq
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Set
alkg + agki + a3k§k4 + a4k3ki =0,

3arkik3 + 3ackoki + ag (kok3 + 2k1kska) + ay (kikj + 2kaksks) = 0,
3a1kiks + 3ask3ks + as (kTka + 2k1kaks) + as (k3ks + 2k1kaks) = 0,
ask3 + agki + arksks = 0,
2askiks + 2a6koka + a7 (kiks + koks) = 0
agks + agks = 0.
So

A1 Uttt + A2Ugzy + A3ULE + A4Utzy + A5U + AeULE + A7UL + agUp + A9Uy

= (alk‘:f + agkg + agk%kg + (M/ﬁk%) Uppp + (a;,k% + aﬁk% + a7l<:1k2) Upp + (agk‘l + agkg) Up

(2.166)
Set
W = up.
Then
3 3 2 2 2 2
(a1ky + agky + asktks + askik3) wyp + (askt + agky + arkiks) wy + (aski + agha) w (2.167)

= A(p, q)-

The solution of Eq. (2.167) is

=@ )+ va )+ [ B g g

po U1 (8) ¥y (5) — 1 (s) ) (s)
¥1(p) and ¥2(p) are two linearly independent particular solutions for the homogeneous equation
of (2.167), and ¢(q), h(q) are random unary functions. then

u=f —{—fwdp

— £ (@) +9(a) [1 (D) dp+h(q) [ 2 (p dp+f<fpﬁ RETUE ﬁngg“s’q)ds) i

So the theorem is proved. [J
We propose Theorem 24 as follows.

Theorem 24. In R3,

A1 Uttt + AUz + A3Uyyy + Q4Uy + A5ULRY + A6Utry T A7ULry + A8ULYY + AYUzzy + A10UZYy
= A(t,z,y),
(2.168)
the general solution of Eq. (2.168) is

u=f(p,q)+g(pr)+h(gr // A (p, q,7)dpdqdr, (2.169)

where f,g and h are random third differentiable functions, and

p=Ut+lex +13y,q =yt + sz + lgy,r = I7t + lgx + lgy,
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—l3l5l7 + lalgly + 1314l — l1lgls — lalalg + 111519 # 0,
B = 6a1l1l4l7 + 6aglalsls + 6aslslly + 2a4 (I114ls + lilsly + lalaly) + 2as5 (Lilaly + Lilgly + U3l4l7)
+ 2ag (lll5l8 + lolylg + lzl5l7) + ar (lg (l4l8 + l5l7) + g (lllg + lgl7) + g (lll5 + lgl4))

+ 2ag (lllﬁlg + I3l4lg + l3[617) + 2ag (lalsly + lalsls + l3l513) + aip,
(2.170)
where Iy — lg are constants which satisfy

all:{’ + azlg + aglg + a4l%l2 + a5l%l3 + a6l1l3 + a7lilsls + aglllg + agl%lg + alolﬂg =0, (2.171)

alli’ + azlg + aglg’ + a4lil5 + %lil@ + a6l4l52, + a7lylslg + a8l4l(25 + agl?)lG + a10l5l(25 =0, (2.172)
allg + CLQZS + ang + a4l$l8 + a5l$l9 + a6l7l§ + arl7lgly + aglﬂ% + aglglg + alolglg =0, (2.173)
3a1lily + 3agl3ls + 3aslils + aq (I3ls + 2llals) + as (s + 2l113ls) + ag (1314 + 20115l5)

+ ar (lilals + U3 (Iils + lola)) + as (31a + 2llsls) + ag (1316 + 2lal3l5) + ao (1315 + 2lal3ls) = 0,
(2.174)
3a13ly + 3aslls + 3asl3ly + as (I3ls + 201laly) + a5 (o + 201l3l7) + ag (1307 + 2llals)
+ az (lilaly + U5 (Iils + lal7)) + as (1317 + 2l1l3ly) + ag (13lg + 2lsl3ls) + a1o (I31s + 2l2l3ly) = 0,
(2.175)
3a1lil + 3aolal? + 3aslsly + aq (W + 20lals) + a5 (1315 + 211ale) + ag (1112 + 2lalals)
+ ar (Islals + lg (Inls + lola)) + as (1§ + 2lslals) + ag (1312 + 2lalsls) + ao (12§ + 213l5l6) = 0,
(2.176)
3a1l1 13 + 3aalald + 3aslsly + as (Ial3 + 201 171s) + as (1313 + 201l7ly) + ag (1113 + 2lalqls)
+ ar (Islrls + lo (Lils + lolr)) + as (LG + 2lsl7ly) + ag (1313 + 2lolsly) + ao (1203 + 2l3lsly)
(2.177)
3a13ly + 3aslEls + 3aslgly + ag (3ls + 2lalsly) + as (13lo + 2lalsly) + ag (1317 + 2lal5ls)
+ az (lalsly + lg (luls + Isl7)) + as (317 + 2lalely) + ag (I2lg + 215l6ls) + a0 (I§ls + 2l5l6lg) = 0,
(2.178)
3a114l? + 3aalsl3 + 3aslsls + as (1513 + 2lalrls) + as (l617 + 2lal7ly) + ag (1413 + 2lsl7ls)
+ ar (lelrls + lo (luls + Isly)) + as (1al§ + 2lsl7ly) + ag (l613 + 2lslsly) + a1o (1515 + 2lelsly) = 0.
(2.179)

Prove. By Z; transformation, set

u=u(p,q,r), Alt,z,y) = A(p,q,7),

and
p =t +lex +I3y,q =t + 52+ lgy,r = l7t + lgx + lgy,

where [; — lg are undetermined constants, and

d(p,q,7)

= —l3l5l7 + lalgly + I3lalg — l1lgly — lalalg + 111519 # 0.
d(t,x,y)
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So

a1Utt + Q2Ugry + A3 Uyyy + aqupy + a5Utty + agUtzs + a7Utzy + agUtyy + a9Uyzry + a10Ugyy

= a1 (lil)’“ppp + l4“qqq + l?“?‘ﬂ“) ta (3l Litppq + 313 uppr + 3lll4upqq)

+ay (3L B3upr + 3l4z7uqqr + 3l4l2u gy + 6zlz4z7upqr) + ag (zzuppp + z5uqqq + Buprr)

“+asg (3l2l5uppq + 312 lguppr + 3l2l5upqq) + ag (3l2l8uprr + 312 lguqqr + 3l5l8Uqrr + 6l2l5l8upqr)

+ag (Iuppp + lﬁuqqq + lurrr) + ag (313l6uppg + 313lotppr + 3l3l5tpgq)

“+as (3l3l9up7»r + 312 lguqqr + 3l6l9uqrr + 6l3l6l9upq7») + aq (l lguppp + l4l5uqqq + lﬂgurmn)

“+ay ((l2l5 + 2l1l2l4) Uppg T (l ls + 2[1l2l7) Uppr + (lll4 + 2[114[5) Upgq T (l4l8 + 2l4l5l7) uqu)
+ay ((lgl7 + 2l1l7l8) Uprr + (l5l7 + 2l4l7l8) Ugrr + (21114lg + 21115107 + 2l5l417) upqr)

+as (l lguppp + l4l6uqqq + l7lguwr)

+as ((l lg + 2[1l3l4) Uppg T (l lg + 2[1l317) Uppr + (lgli + 2[1l4l6) Upgq T (lilg + 2[4l6l7) uqqr)
+as (I3 + 2lll719) Uprr + (1612 + 2l4l7lg) ugrr + (2laly + 2l l6l7 + 213l4l7) Upgy )

+ag (lllzuppp + l4l5uqqq + l7lgum~r)

“+ag ((l1l2l5 + Iy (l1l5 + l2l4)) Uppq T (lllzlg + 1o (lllg + l2l7)) Uppr + (12l4l5 + s (l1l5 + l2l4)) upqq)
+ag ((l4l5lg + 5 (l4l8 + l5l7)) Ugqr + (lglﬂg + g (lllg + 1217)) Uprr + (l5l7l8 + g (l4l8 + l5l7)) uqm«)
+ae ((I2 (lalg + Usl7) + 15 (I1lg + lal7) + I3 (I1ls + l2la)) wpgr)

+az (llal3uppp + lalsleugeq + l7lglotiry)

+ay ((Lilale + U3 (1115 + l2ly)) Uppg T (lhlalg + U3 (I1ls + l2l7)) Uppr + (Islals + U6 (115 + l2l4)) upqq)
+az ((I4lsle + g (Lals + I5l7)) Ugqr + (lgl7l8 + g (I1lg + lI2l7)) Upry + (lgl7ls + g (I4ls + l5l7)) unT)
+ay ((Is (lals + I5l7) + U (I1ls + lal7) + lg (115 + l2l4)) upqr)

+as (I3uppp + lalguagq + lrlGurry)

+ag ((I1lsls + U3 (lLils + I314)) Uppg T (lhlslg + U3 (I1lg + U3l7)) Uppr + (I3lale + U6 (I1ls + U3l4)) upqq)
+ag ((lally + lg (1alg + l6l7)) Ugqr + (Isl7lg + g (I1l9 + U3l7)) Uprr + (lgl7lg + lg (l4lo + lsl7)) uqrr)
+ag ((lg (I1l6 + 1314) + 16 (l1lo + l3l7) + I3 (laly + lgl7)) upgr)

“+ag (l lguppp + 12 l6uqqq +1 lgurm«)

+ag ((l2l6 + 2[2[315) Uppg T (lng + 212l318) Uppr + (l3l5 + 2[2l5l6) Upgq T (l5l9 + 2[5l6l8) uqqr)
+ag ((Isl3 + 2l2l8l9) Uprr + (1613 + 215lsly) ugrr + (2lalsly + 2lalsls + 2l3l5l8) Upgr )

+aig (l2l3uppp + l516uqqq + lglgurrr)

+ayo ((lalsle + U3 (l2ls + U3l5)) Uppg T (Ialslg + U3 (l2lg + I3lg)) Uppr + (I3lsle + g (l2ls + I3l5)) upqq)
+a10 ((Islely + ls (I5lg + l618)) ugqr + (I3l8ly + lg (l2ly + 1318)) uprr + (lslgly + lg (Isly + l6l3)) Ugrr)
+aio ((I3 (Islo + lsls) + lg (I2lg + I3lg) + U9 (l2ls + I3l5)) upqr)
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= (a1l3 + aol3 + asl3 + aslils + aslils + aglil3 + arlilals + ashl3 + agl3ls + a10l213) Uppp
(a1l4 + a2l5 + a3l6 + a4l4l5 + a5l4l6 + a6l4l5 + azlylslg + a8l4l6 + agl516 + a10l5l6) Ugqq
(a1l + asld + asly + asl?ls + asl3ly + aglrli + arlrlsly + aslyly + aglily + a10lsly) e
(3a13ls + 3asl3ls + 3asl3ls + as (s + 2l1lals)) uppg

(as (Il + 20113ls) + ag (314 + 2l1lols) + a7 (Iilals + U3 (Ils + l2l4))) Uppq

(as (13ls + 2llsls) + ag (1316 + 2lal3l5) + ao (1315 + 212l3l6) ) Uppg

(3a1l l7 + 3a2l2l8 + 3a3l3l9 + ay (l lg + 2l1l2l7)) Uppr

(as (I3l + 2l113l7) + ag (317 + 2l1lols) + a7 (Iilaly + U3 (Iils + lal7))) Uppr

(as (1317 + 2l1lsly) + ag (13lg + 2lal3ls) + aro (13ls + 2lal3ly) ) tppy

(3a1la1] + 3aslal? + 3aslsly + ag (W] + 2llals)) upgq

(a5 (1315 + 2l luls) + ag (W13 + 2lolals) + a7 (Islals + I (Iils + lols))) tpgq

(as (LG + 2l3lals) + ag (1313 + 2lal5l6) + aro (121§ + 2l3l506) ) tpgq

(3a11112 + 3aslal3 + 3aslsly + aq (1212 + 2llqls) ) uprr

(a5 (1313 + 2ll7ly) + ag (W13 + 2lolyls) + az (Isl7ls + lo (lils + lal7)) ) wpyy

(as (L5 + 2l3l7ly) + ag (1313 + 2lalsly) + aro (121§ + 2L3lsly) ) wpyy

(3a1l3l7 + 3aslZls + 3aslgly + aq (13ls + 2lalsly)) uggr

(a5 (3lg + 2lalsly) + ag (13l7 + 2lalsls) + a7 (ladsly + lg (lals + I5l7))) tgqr

(as (17 + 2lalsly) + ag (12ly + 2I5l6ls) + aro (I§ls + 2l5l6ly) ) tger

(3114l + 3aslsl3 + 3aslels + aq (1512 + 2lalqls)) ugrr

(a5 (l612 + 2llrly) + ag (Lal§ + 2I5l71s) + a7 (lelrls + lo (lals + I5l7))) uger

(as (Lal§ + 2lslrly) + ag (1613 + 251sly) + aro (1515 + 26lsly) ) ugrr

(6a1l1l4l7 + 6aslalsls + 6aslslsly + 2ay (I1lals + Lilsly + lalal7)) Upgr

(2a5 (I1lalo + llgly + I3laly) + 2a6 (Ilsls + lalals + lalsl7)) tpgr

(a7 (I3 (lals + Isl7) + 16 (I1ls + lal7) + lo (115 + I214))) Upgr

(2as (Ilgly + I3lsly + I3lsl7) + 2ag (Ialsly + lalgls + I3lsls) + a10) Upgr

A(p,q,7).

e e s e s e s O S

(2.180)
Set

a1li + asl3 + asl3 + aalils + aslils + aglils + azlilals + ashl + agl3ls + aiol2l = 0,

arly + asli + asly + aslils + aslile + aglal? + azlylsls + aglyl? + agl?ls + aolsli = 0,

arl3 + asl§ + asly + asl?ls + asl3ly + agl7l3 + azlzlsly + aglyli + aglily + aolsli = 0,
3a13ls + 3aal3ls + 3asl3le + as (13ls + 2l1lola) + as (s + 201l3ls) + ag (1314 + 20 als)
+ ar (lilals + U3 (Iils + lola)) + as (3la + 2llsls) + ag (1316 + 2lal3l5) + ao (1315 + 2lal3ls) = 0,
3a183ly + 3asl3ls + 3aslly + aq (s + 2llaly) + as (o + 2L 13l7) + ag (1307 + 20110ls)
+ az (lilaly + U3 (Iils + lal7)) + as (317 + 2l1l3ly) + ag (13lg + 2lal3ls) + a1o (318 + 2lal3ly) = 0,
3a1ll] + 3aolal? + 3aslsly + ag (W1F + 2llals) + as (1305 + 2l1lals) + ag (1112 + 2lalals)
+ ar (I3lals + I (L5 + lola)) + as (LG + 2lslals) + ag (1312 + 2lolsls) + a0 (120§ + 2l3l5l6) = 0,
3a11113 + 3aalald + 3aslsly + as (1al3 + 201 17ls) + as (1313 + 201171y + ag (1113 + 2lalqls)
+ ar (Islrls + lo (Iils + loly)) + as (1§ + 2lsl7ly) + ag (1313 + 2lalsly) + ao (123 + 2l3lsly) = 0,
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3a1l3ly + 3aslEls + 3aslgly + aq (3ls + 2lulsly) + as (13lo + 2lalsly) + ag (1317 + 2lal5ls)
+ ar (lalsly + lg (lals + I5l7)) + as (1§17 + 2lalsly) + ag (12lg + 2I5l6ls) + a0 (1ls + 2l5l6lg) = 0,
3a1lal? + 3aolsl3 + 3aslels + aq (513 + 2lul7ls) + a5 (1613 + 2lalqly) + ag (1413 + 251713)
+ ar (lelrls + lo (lals + Isl7)) + as (Ial§ + 2lsl7ly) + ag (l613 + 2lslsly) + a1o (1513 + 2lelsly) = 0.
So
A1 Uttt + AUz + A3Uyyy T A4Uy + A5ULY + AeUtzy T A7ULry + A8ULYY + AQUzry + A10UZyYyY
= (6a1l1l4l7 + 6aslalsls + 6aslslely + 2a4 (Ilals + lilsly 4 lalal7)) Upg:
+ (2as (I1laly + llgly + I3lsl7) + 2a6 (Ilsls + lalals + lalsl7)) Upgr
+ (a7 (I3 (lalg + lsl7) + lg (I1lg + Ial7) + 1o (Lils + 1214))) Upgr
+ (2ag (l1llg 4 I3lalg + I3lgl7) + 2ag (lalsly + lalgls + l3l518) + a10) Upgr

= A(p,q,7).
(2.181)
The general solution of Eq. (2.181) is

u=F )+ 9 +hian)+ 5 [[[ Awardpdaar

So the theorem is proved. [

Similar to the theorem 3,6,8, in (2.180), if the coefficients of the other 9 terms are set to
zero, the general solutions of (2.168) in different conditions will be get, such as

1
u=f(gr)+pg(qr)+p°higr)+ B ///A (p, q,7) dpdpdp, (2.182)
By = l3 3 3 2 2 2 2 2 2
1= a1l + azly + azly + aqlily + aslils + aglils + azlilals + aglil3 + aglyls + aiolals, (2.183)
1
u=F@n) g +ohlan) + o [[[ Aw.ar) dodpda (2.184)

By = 3a1l3ly + 3aol3ls + 3asl3ls + aq (315 + 2lhlals) + as (Bls + 2l113ls) + ag (1314 + 2011015)
+ a7 (lilal + U3 (I1ls + lala)) + as (314 + 20113l6) + ag (1516 + 2lalsls) + aio (1315 + 2l2l5ls) -

(2.185)
Readers may try it for themselves.
Next we propose Theorem 25.
Theorem 25. In R?,
a1Utttt + A2Ugzzz + A3Utttr + A4Uttze + A5Utzzz = A (t,T) (2.186)
the general solution of Eq. (2.186) is
u=fi1(p)+ fa(0) +af3s(p) +pfa(a) + ;1 / . -/A (p, q) dpdpdqdg, (2.187)
where f1, fa, f3 and f4 are random fourth differentiable functions, and
By = 6a1kik3 + 6askik; + 3az (kikska + kikak3) + as (K3kG + dkikaksks + k3K3) (2.188)

+ 3as (k3kska + kikok3) ,

ark 4 agks + ask3ky + askik2 + ask k3 = 0, (2.189)
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arks + agk] + askiky + agk3k? + askski =0, (2.190)

darkPks + daskiks + ag (kika + 3kikoks) + 2ay (kkoks + kik3ks) + as (kiks + 3kik3ks) =0,
(2.191)

darkik3 + dagkoki + ag (kok§ + 3kik3ka) + 2ay (kak3ks + kiksk?) + as (k1k§ + 3kokski) = 0.
(2.192)

Prove. By Z; transformation, set
u(t,z) = u(p, q),
p = kit + kox,q = kat + kaz,

and
k1kg — koks #£ 0.

Then
a1 Uttt + O2Uggrs T A3Uttte + A4Utzs + A5Utzra
=a (k?éllupppp + k5tqqqq + 4kTk3tUpppq + 4k1k3tupgqq + 6k%k§“ppqq)
+ a2 (k%upppp + kitggeq + AR5k attpppq + 4kakifupgqq + 6k3 ki“pqu)
+ ag (K koupppp + k3katigaqq + (Kka + 3K kaks) wpppg)
+ ag ((kok3 + 2k1k3ks + kik3ka) upgqq + (KTkska + 2k1kok3 + kikok3 + 2k ksks) Uppq)
+ ayg (k¥ k3upppp + k3k3tuggqq + 2 (kkoka + k1k3ks) wpppg)
+ ay (2 (kok3ka + kiksk?) upgqq + (Kik] + Ak1kokska + k3Kk3) tppgq)
+ as (k1k3upppp + kskiugaeq + (Koks -+ 3k1k3ks) wpppg)
+ a5 ((k1k3 + 3kokskd) upgeq + 3 (k3ksks + kikak? ) tppgq)
= (a1k} + a2ki + askiks + askiks + askik3) wpppp
+ (a1k5 + aski + askiks + askiki + asksks) tgeqq
+ (4a1kiks + daskiks + ag (kP ks + 3kTkaks)) tpppg
+ (2a4 (Kikoks + k1k3ks) + a5 (k3ks + 3k1k3ka) ) tpppq
+ (darki k3 + daskoki + ag (kok3 + 3k1k3k4)) tpgqq
+ (204 (kok3ks + kiksk3) + as (kik3 + 3kaksk3)) tpgqq
+ (6a1kik; + 6ask3ki + 3as (kikska + kikok3)) wppaq
+ (as (KTK3 + 4k1koksks + k3k3) + 3as (k3kska + k1kak3)) tippgq

(2.193)
Set
a1k} + agks + askSky + ask?k2 + askiks =0,

arks + agky + askiks + ask3k} + askski =0,
darkks + daskiky + ag (kPka + 3kikoks) + 2ay (kkoka + k1k3ks) + as (kiks + 3kik3ks) = 0,
darki k3 + dagkoki + ag (kok3 + 3k1k3ks) + 2ay (kak3ks + kiksk?) + as (k1k§ + 3kokski) = 0.
So
Q1Utttt + A2Ugzgr + A3UtHs + G4Uttzr + A5Utzas
= (6a1kik3 + 6ask3k] + 3az (kksks + kikak3)) Uppgq (2.194)
+ (aq (kT + 4k koksks + k3k3) + 3as (k3kska + kikak3) ) uppeg = A (p, q) -
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The general solution of Eq. (2.194) is

u=f1@%+h@ﬁ+Qh@ﬂ+ph(®+-;L/~-/Qﬂnqﬁmﬂwﬂ%

Bl = 60,1]{!%]6‘% + GGQk%ki + 3@3 (]C%k3k4 + klekg) + aq (k%ki + 4k1k2/€3k‘4 + k%k%)
+3CL5 (k§k3k4 + klekZ) .

So the theorem is proved. [
In (2.193), if set
a1ks + agki + azkiky + ask3k? + askski =0,
darkiks + daskiks + ag (kika + 3kikoks) + 2ay (kikoka + kik3ks) + a5 (kiks + 3kik3ks) =0,
darkiki + daskoki + a3 (koki + 3kik3ka) + 2a4 (kok3ka + kiksk?) + as (kiki + 3koksk?) = 0,

6a1kiks + 6askski + 3as (kTkska + kikok3) + as (kiki + Akikoksks + k3K3)
+ 3as (k3ksks + kikok3) = 0.

Then

A1 Uttt + Q2Ugzer + A3Utttr + A4Uttze + A5Utzas
= (a1ki + azki + askiks + askiks + askik3) wpppp (2.195)
= Ap, )

The general solution of Eq. (2.195) is

u-ﬁ@ﬂmb@%ﬂﬂﬂ@+ﬁh@ﬂji/:l/ﬂnwwwww,

By = a1k + agks + azkiky + askiks + askiks.
In (2.193), if set
a1k} + agks + azkiks + askik3 4 aski ki =0,
arks + agki + askiky + ask3k} + askski =0,
darki k3 + daskoki + as (kok3 + 3kik3ks) + 2a4 (kak3ka + kiksk3) + as (kiki + 3kakski) =0,
6a1kik3 + 6askski + 3ag (kiksks + kikok3) + as (k1k3 + 4kikokska + k3K3)
+ 3as (k3kska + kikoki) = 0.
Then

AUttt + A2Ugzer + A3Utttz + Q4Uttze + A5Utzex
= (darkiks + dasksks + a3 (kika + 3kTkaks)) pppq
+ (2a4 (KT koks + k1k3ks) + as (k3ks + 3kikiks)) Upppq
=Ap,q)-

The general solution of Eq. (2.196) is

(2.196)

U=ﬁ@+hmﬂmﬁ@+ﬁﬁ@Hj;/M/Amﬁwwww

B = da1kiks + dasksks + as (kika + 3kTkoks) + 2a4 (kikoks + kik3ks) + as (k3ks + 3kik3ka) .
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So we can get Theorem 26,27.

Theorem 26. In R?, the general solution of
AUttt + Q2Ugzar + A3Uttr + QaUttzg + A5Uzpe = A (ta 1‘) )
18 )
uzﬁwﬂmﬁ@%wﬂﬂw+ﬁh@%h&/:lfﬂnﬁwwww, (2.197)

where f1, fo, f3 and fy are random fourth differentiable functions, and
By = a1k} + asgky + azk3ks + ask?k3 + aski k3, (2.198)
arks + agk] 4 askiky + ask3k? + askski =0,
da1k3ks + daskiks + ag (Kika + 3kikoks) + 2as (Kikoks + kik3ks) + as (K3ks + 3kik3ks) = 0,
darki k3 + daskoki + ag (koki + 3kik3ka) + 2a4 (kokika + kiksk]) + as (kiki + 3kakski) =0,

6a1kiks + 6ask3ki + 3as (kTkska + kikok3) + as (kiki + Akikoksks + k3K3)
+ 3as (k3ksks + kikok3) = 0.

Theorem 27. In R?, the general solution of
A1 Uttt + A2Ugzry + A3ULHte + Q4Uttre + A5Utrrs = A (t, :C) s
18 )
u=ﬁ@+h@ﬂmh@+ﬁh@ﬂjﬁ/M/Amwwwwm, (2.199)

where f1, fa, f3 and f4 are random fourth differentiable functions, and

By = da1kiks + dasksks + as (kika + 3kTkoks) + 2a4 (kikoks + kik3ks) + as (k3ks + 3kik3ka)
(2.200)
a1k} + agks 4 askiky + ask?k3 + askiks =0,

arks + agky + askiky + ask3k} + askski =0,
darkik3 + dagkok} + az (kok3 + 3k1k3ka) + 2a4 (kok3ka + kiksk) + a5 (k1kS + 3kokski) = 0,
6a1kik3 + 6askski + 3as (kikska + kikok3) + as (k1k3 + 4kikokska + k3K3)
+ 3as (k%k:gkq + kleki) =0.

3. General solution and Fourier series solution of one-dimensional homogeneous
wave equation.

The 1D homogeneous wave equation
Ut — a*Ugy = 0, (3.1)

is one of the earliest PDEs to be studied deeply. Almost all current professional books and
textbooks have pointed out that the general solution of Eq. (3.1) is

u = fi(z+ at) + fa(x — at). (3.2)
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Fourier series solution of Eq. (3.1) is

w= i <Ancos ("Tt> + Bysin (T”;M)) sin (”lﬂ> . (3.3)

n=1

By (3.2) we could not get (3.3) obviously, there is no answer why the particular solution (3.3)
could not be get by the general solution (3.2).
In our previous paper,?! it was once get

alug(fl) + a2ug22) +...+ anugi) + Apt1Upoz; = 0, (3.4)

the basic general solution and the series general solution for Eq. (3.4) are

k3 + ...+ ank? + ant1kok
u-f1<<—a2 5+ ...+ ank;, + ant1koks

1
2
u ) x1+k2w2+...+knwn+kn+1>
1

(3.5)

ih ( ( a2l + ...+ anl2 + ansibol

1
3
o > x1 +l2$2+...+ln$n+ln+1> + c1v,
1

u= ZS: f; (_ agk}, + ...+ ank? + ani1kiski,
i=1 a1

1
2
) 1 + kiQ.'L‘Q + ... —I—kinl’n + kin+1

1
s 2 2 2
(- (_a2li2 +ot a2 anﬂlml@g) A A
i=1 “
(3.6)
where f1, f1,, f2 and fo, are random unary 2th-differentiable functions, k2 — k,,41 and lo — 41
are arbitrary parameters, k;, — k;,,, and l;, —l;, , are random determined parameters.
Eq. (3.1) is a special case of Eq. (3.4), by (3.5) and (3.6), its basic general solution and
series general solution may be get respectively

u = f1 (klx + kiat + /62) + f2 (kgl’ — ksat + k‘4) + ksx + kgt + kv, (3.7)

S
u = Z (fl, (klil’ + k1iat + in) + f2i (k3i$ — kgiat + k4z)) + ksx + kgt + k7, (3.8)
i=1
where f1, f1,, fo and fs, are random unary second differentiable functions, k; — k7 are random
parameters, k1, — k4, are random determined parameters, (1 < s < oo). Of course, the general
solution of Eq. (3.1) may also be written as

U = f1 (kll‘ + kiat + /62) + Z fQi (k‘giw — k‘3iat + k4i) + ksx + kgt + kv, (3.9)
=1

and so on, but in the paper we will not discuss general solutions in special forms.
By the above results we may see that (3.2) is a special case of (3.7) and (3.8), and is not an
intact general solution of Eq. (3.1), so by (3.2) we cannot get the Fourier series solution.
Theoretically every specific series solution of Eq. (3.1) may be get by (3.8), as a case, we
will get the Fourier series solution (3.3).
Set
fln (k‘lnl' + k:lnat + k‘gn) = (Cpsin (k:lnx + k‘lnat + kgn) R (310)

fo., (k‘3nl‘ — ks, at + k4n) = D, cos (k‘3n$ — ks, at + ]{74n) . (3.11)
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So

IS
Il
M

(f1, (k1,x + k1, at + ko) + f2, (K3, — k3, at + ka,))

I
—

Il
M"’:

' (sin (k1,,x) cos (ky, at) coska,, + cos (k1, ) sin (k1, at) coska,) )

i
I

NE
UUQQ

'n (cos (k1, ) cos (ki, at) sinky, — sin (k1, x) sin (k1, at) sinks, )

i
I

n (cos (ks3, ) cos (ks, at) cosky, + sin (ks x) sin (ks3, at) cosky,,)

i
L

+ + +
e

Mm

n (—sin (ks, x) cos (ks at) sinky,, + cos (k3, x)sin (k3 at) sinky,, ) .

N
I
—

Set ki, = ks, = kn, then

Z (Cpcosksy, — Dpsinky,, ) sin (kpz) cos (kpat)

+ Z (Cpcosks, + Dysinky,, ) cos (knx) sin (knat)
nl (3.12)
+ Z (Cpsinks, + Dycosky,, ) cos (knx) cos (knpat)

n=1

+ Z (—Chpsinksy, + Dycosky, ) sin (kyz) sin (knat) .

Set
Cycosks, + Dysinky, = Cpsinks, + Dpcosky, = 0.
And set
C,=-D,
We get

]{34n = 71'/2 — k‘gn.
Substituting the above results into (3.12)

= Y (Cycosky, — Dysinky,, ) sin (kyx) cos (knat)

n=1

> (=Cysinky, + Dycosky, ) sin (k,x) sin (knat)

n=1
s

+

(2C),cosks, sin (kpx) cos (knat) — 2Cysinks, sin (k,x) sin (kyat)) .

n=1

Namely

u= Z 2C), (cosks, cos (knat) — sinks,_ sin (kyat)) sin (kpx) . (3.13)
n=1

Since Cy, ky, and ks, are all random parameters, set
k= ”li 2C,cosky, = A, —2C,sinks, = B, (3.14)

Then (3.13) can be translated into (3.3). (3.2) was first discovered by d’ Alembert, then Daniel
Bernoulli found an infinite series solution

u = i apsin <nlﬂ> cos (m;at) . (3.15)

n=1
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Both (3.2) and (3.15) have important application. Which one is the most basic solution and
could replace the other has triggered a famed debate in the history of mathematics.! Many
famous mathematicians have been involved in this lengthy and drastic debate, such as Euler,
Daniel Bernoulli,d’Alembert, Lagrange, Laplace and so on. Even after discovering the Fourier
series solution (3.3), the relationship between (3.2) and (3.3) was still unclear, now the problem
is solved successfully. (3.3) and (3.15) can be get by using the complete series general solution
(3.8), but (3.2) is not a complete general solution, so it could not be used to get (3.3) and (3.15).
All important applications of (3.2), (3.3) and (3.15) may be obtained using (3.7) or (3.8).

4. Exact solutions of definite solution problems of some typical linear partial dif-
ferential equations

Below we will use the general solutions get in the paper and our previous papers to obtain
exact solutions of some typical definite solution problems.

Example 1. In R3, to obtain the exact solution of
Ut + Uy + uy = e TETY, (4.1)

in the condition of u(0,x,y) = ¢(x,y), ¢ is a random known first differentiable function.

Solution. by Theorem 11* in our previous paper [22], the general solution of (4.1) is

1
u=f((—cag —c3)t+cox + c3y,(—cs — cg) t + csx + coy) + get+x+y. (4.2)
So .
u (0,7,y) = f (c2w + c3y, c57 + coy) + geHy = ¢ (2,y). (4.3)
Set
c2T2 + c313 = B, 5% + cgT3 = 7.
We obtain
_ay—cb By
C3C5 — CQCG’ C3C5 — C9Cq '
Namely
1
f(caz + csy,c5w + cey) = [ (B,7) = ¢ (2, y) — geﬂy
_ o= cef3 7 csf—cpy | 1 canmel g el
C3C5 — C9Cg C3Cr — C9Cq 3
Set
(—c2 — c3)t + cor + c3y = B3,
(—c5 —co)t + 52 + cgy = 7.
Then
ey =l _
C3C5 — C92Cq
ey
C3C5 — C9Cq

1
f((—ca—c3)t+cox+ cay,(—cs —cg)t+ sz +cey) = (—t+x,—t+y) — ge_2t+x+y.
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By Eq. (4.2), the exact solution of the definite solution problem is

1 1
u(t,r,y) = (=t +x,—t+y)— 5672’&”” + get”“’. (4.4)

By Example 1, we may directly obtain the exact solution of Eq. (4.1) in various ini-

tial value conditions. If the initial value condition is w(0,z,y) = xy, the exact solution is
u=1t>—ty —tr+ Yy — %e—2t+$+y + %et-‘rac—f—y‘

Example 2. In R?, to obtain the exact solution of
cosyu, + (e — 1) uy — e*cosyu, = yzcosy + xz (e* — 1) — xye”cosy, (4.5)

in the condition of u(0,y, z) = ¢(y, ), ¢ is a random known first differentiable function.

Solution. By Theorem 4* in our previous paper [22], the general solution of (4.5) is

u=f(e’+ 2z, +siny + 2) + xyz. (4.6)

So
u(0,2,y) = f(1+2zsiny +2) = (y,2). (4.7)
Set
14+ 2z=p4,siny+ 2z =1.

Then

z=p—1,y=arcsin(y— +1).
And

f(B,7) = ¢larcsin(y = S+ 1), 8- 1),
f(e*+z,x+siny+ z) = ¢ (arcsin (z + siny —e®* +1),e* + 2 —1).
By Eq. (4.6), the exact solution of the definite solution problem is

u = ¢ (arcsin (xr +siny —e* +1),e" + 2z — 1) + zyz. (4.8)

Example 3. In R?, get the exact solution of
Ut + Uy + Uy + u =TT (4.9)

in the condition of u(0,z,y) = ¢(x,y), ¢ is a random known first differentiable function.

Solution. By Theorem 17* in our previous paper [22], the general solution of (4.9) is

1
u=-e'f((—ca —c3)t + caw + c3y, (—c5 — c6) t + sz + coy) + Zet“”y. (4.10)
So .
u(0,2,y) = f(cox + c3y, c52 + cey) + ZeHy = ¢ (z,y). (4.11)
Set
caT2 + c3x3 = 3, c572 + cex3 = 1.
We obtain

_ ey —cab B ey

c3cs — Cacg 305 — Cacg
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Namely
1
f(car + c3y,c5x +coy) = f(B,7) = ¢ (x,y) — Zeoc+y
< sy = coB e = oy ) e =
C3C5 — C2Cp C3C5 — C2C¢
Set
(—c2 — ¢c3)t + cox + c3y = 5,
(_05 - Cﬁ)t + csx + cgy = 7.
Then 5
c J—
=l _ L
€3C5 — C2C6
shzey L,
€3C5 — C2C6

1
f((—=e2—e3)t+cax+ c3y, (—c5 —c6)t + 52+ coy) = ¢ (—t + o, —t +y) — Zef2t+z+y-

By Eq. (4.10), the exact solution of the definite solution problem is

1 1
(b ,y) = 07 (b 4, —t 4 y) — oS e (4.12)

By Example 3, we may directly obtain the exact solution of Eq. (4.9) in various ini-
tial value conditions. If the initial value condition is u(0,z,y) = xy, the exact solution is
U= eft (t2 _ ty —tx + xy> _ i673t+x+y + %et+x+y'

Example 4. In R?, get the exact solution of
6uy — 3ugr + 3uy — 38up + 19u, = 0, (413)

in the conditions of u(0,z) = ®(x) and u:(0,2) = ¥(z). ® is a random known second differen-
tiable function, ¥ is a random known first differentiable function.

Solution. By Theorem 3, the general solution of (4.13) is

w= @)+ g ) = £ (5 b ) + g (o), (4.14)

So
u(0,2) = f (z) +e*g (x) = f(a) + g (p) = @ (x), (4.15)
u (0,2) = %f; + 2e%g — 64179;, =V (x). (4.16)

When t =0,p = g = z, then
f(; + 4e*%g + 645'39]/j =& (z).
So
3e4$g;) =& (z) -2V (),

i

9p = %e_% ((I>' (z) —2¥ (:L’)) ,

g = [ @ @ 2w @) do =g [ e (@) 20 ()
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F@)=0() e ) = @)~ e ["e (@ (0) 20 (0) da

Therefore

w |

g(—t+x)= 1/ er—‘*(—t”) (@' (—t+z)—2¥ (—t+x))d(-t+2z),

() -+ (o) o ) () )

On the basis of Eq. (4.14), the exact solution of the definite solution problem is

u:®<;+x> _; 2t+4x/a +:ce 4(L+a) (q)’ (;—i—x) — 20 <;+x)>d(;+x> e

1 —t+x
§ e / ) (@ (—t 1 2) — 20 (—t + @) d (—t + ).

By Example 4, we may directly obtain the exact solution of Eq. (4.13) in various initial val-
ue conditions. If the initial value condition are u(0,z) = 22, u;(0, ) = sin x, the exact solution is

_(t, 2, to) t +4(§+x)+1
u = 5 T 51 Sin B X COS B X Y1

2 4(—t+xz)+1
6t .
— (4 — — - .
+e <51 (4sin(—t + x) + cos(—t + z)) 21 >
Example 5. In R?, get the exact solution of
Ut + Ugpy — 2Ute + Oup — Buy, = (a:2 + 2 — 20t — At + 4o — 7) el z (4.18)

in the conditions of u(0,z) = ®(z) and u:(0,x) = ¥U(z). ¢ is a random known second differen-
tiable function, ¥ is a random known first differentiable function.

Solution. By Theorem 4, the general solution of (4.18) is

u=f(t+x)+3% (t 4+ z) + F7, (4.19)

Set p =1t + x, then
uw(0,2) = f () +e*g(x) +e = f+e¥g+e" = (x), (4.20)
ut (0,2) = f, +3™g + e¥g + 2e” = U (z). (4.21)

When t =0,p =z, so
P () = f]/, +9e%%g + egxg;, +e".
And
P’ (z) — U (z) = 6”79 + ® — xe”.
Then
g(z)=-e (@' (z) — ¥ (2) — e + ze”),

f(x):@(x)—egxg(x)—ex:<I>(x)—é((I)’(x)—\Il(:):)—ex—i-xex)—ex.
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Therefore
1

Jlt+a) =@ (t+a) -

(@ (t+a2)— U (t+az)— e+ (t+z)eT™) — ™,

gt+z)= ée*WH) (@' (t+2) =T (t+z)— e+ (t+z)et7).

On the basis of Eq. (4.19), the exact solution of the definite solution problem is
1 / t+x o t+x

—— (@' (t+2) -V (t+z)+ (t+z)et) — e

6 6

. (4.22)

+ éef6t ((I)I (t + 1‘) _v (t + 1’) _ et+x + (t + .%') et+x) + etera:_

u=®(t+x)

According to Example 5, we may directly get the exact solution of Eq. (4.18) in various
initial value conditions. If the initial value condition are u(0,z) = zsinx, ut(0,z) = e” cos x, the
exact solution is

1
u=-—¢ (sin(t + x) + (t + x) cos(t + z) — " cos(t + z) + (t + x)e'™™)

e % (sin(t + x) + (t +z) cos(t + ) — e cos(t + x) — ' + (¢t + 2)e' )

[N

—+

)
+ (t+x)sin(t + z) — get” 4 elrte

Example 6. In R?, get the exact solution of
Uyt — SUgy — 2Upy = —2costT + (3t2 — 2+ th) sintz, (4.23)

in the conditions of u(0,z) = ®(z) and u(0,z) = ¥(z). ® is a random known second differen-
tiable function, ¥ is a random known first differentiable function.

Solution. By Theorem 6, the general solution of (4.23) is

u= f(p)+ g(q) +sintx = f(—t + x) + g(3t + =) + sintx. (4.24)

So
u(0,z) = f(z) + g(x) = (), (4.25)
ut (0,2) = —f, (z) + 3g, (x) + = = ¥ (). (4.26)

When t =0,p = g = x, then

$2
@) +39()+ G = [V@)d

So
.ZE2
s =1 (2@ + [¥@ar-T).
132
f@) =@ -g(@)= 0@~ [V@)dot
Therefore
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(3t + z)?
—

On the basis of Eq. (4.24), the exact solution of the definite solution problem is

g(3t+x):i@(3t+x)+i/\I/(3t+x)d(3t+x)—

2
:icb(—t+x)—i/\lf(—t+x)d(—t+rr)+(_t;x)+i<1>(3t+w) wm
, :
+i/\11(3t+x)d(3t+x)—(3t§$)+sint:v.

According to Example 6, we may directly get the exact solution of Eq. (4.23) in various
initial value conditions. If the initial value condition are u(0,z) = zlnx,u:(0,z) = cosx, the
exact solution is

3 1 —t 2
u=—(—t+z)In(—-t+x)— fsin(—t—i—x)—i-i( )
4 4 8
1 1 3t + x)?
+ 1(3t +z)In(3t+z) + 1 sin(3t + ) — Bty + sintz
Example 7. In R?, get the exact solution of
Upr — aPUgy = A (z,1), (4.28)

in the conditions of u(0,z) = ¢(z) and u(0,z) = ¥ (z). ¢ is a random known second differen-
tiable function, 1 is a random known first differentiable function.

Solution. By Theorem 5, the general solution of (4.28) is

= f(z+at)+g(z—at) — 42// <p qp+q)dpdq, (4.29)
where
p=a+at,q=1x — at.
Set )
B(ta) = -1 //A <pz_aq p;”) dpdq. (4.30)
So
u(0,2) = f(z) + g(z) + B(0,2) = ¢(x), (4.31)
u(0,7) = af,(z) — ag,(z) + By(0,z) = (). (4.32)

When t =0,p = g = z, then

fo(@) + gg(w) = ¢ (&) = B, (0, ),

So
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9(2) = ¢ (@) = BO2) ~ 1 (0) = 50 (@)~ 3B 0u) + o [ (06~ B (0.)de.
Therefore
z+at
fra) =5 (p@ra)—Bowrar+ s [T @O - B0.0)4k).

s -at) =3 (v-a)-BOs-a) -1 [T w© - B0.0E),

0

By Eq. (4.29), the exact solution of the definite solution problem is

1 1 r+at
=3 ( (x+at) +¢(x —at) — B(0,z +at) — B(0,z — at) + a/ (¢ (&) —Bt(O,é))d£>
r—at
B(t,x
(4.33)
Example 8. In R?, get the exact solution of
Uz + Uyy — 2Uzy + 2Uy — 2uy +u = 0, (4.34)

in the conditions of u(0,y) = ®(y) and u(0,y) = ¥(y). ¢ is a random known second differen-
tiable function, ¥ is a random known first differentiable function.

Solution. By Theorem 12, the general solution of (4.34) is

w=e"" (f (p) + gh (p) = " (f(x+y) + Qe +y)h(z +y)). (4.35)

So
w(0,y) = e (f (y) +yh (y)) = [ +ye™h = (y), (4.36)
ug (0,9) = e® f 4+ ye®h + 2% h + ezyfz; + yerh; =U(y). (4.37)

When x = 0,p = y, then
2% f + Qnyz/) +eYh + 2ye®h + yerh;, =9/,

e f+ye?h —e?h =9 — U,

So
hy)=e 2 (@ + T - @),

fly)=e (2 —ye®h) = 2 —e Wy (®+ T — ).
Therefore

flaty) =e 2o (x4 y) —e 20 (24 y) (R(z+y) + T (z+y) — ¥ (z+y)),

h(z+y)=e 20 (@(@+y)+T(z+y) - (x+y)).

By Eq. (4.35), the exact solution of the definite solution problem is

u=e"®(x+y) tae T (Pz+y)+¥(z+y) — P (z+y)). (4.38)
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Example 9. In R?, get the exact solution of
Qg + 2Uyy — DUy + Uy + Uy — U = (2:62 + 2y — bay — 5) ettytey (4.39)

in the conditions of u(0,y) = ®(y) and u,(0,y) = ¥(y). ® is a random known second differen-
tiable function, ¥ is a random known first differentiable function.

Solution. By Theorem 11, the general solution of (4.39) is

u=e""(f(p)+h(q) +e") =e"tV (f (g + y) +h 2z +y) + emy) : (4.40)
So
w(0,y) = ¥ (F () + h(y) +1) = ¥ f + eV + ¥ = B (y), (4.41)
e (0,9) = & eV f eVt Uy LoV fl+ 260y = U (y), (4.42)
then

e’f+e'h =0 (y) —e,
f]/, + 4h; =2 (e_y\I' (y) —e VP (y) — y) .
When x = 0,p = g = y, then

f4+ah=2 /y (e—ﬁxp () — B (€) — g) de.

Yo
So 2 [Y 1 1
hw =5 [ (@ -t —g)de—geraw) -
VD (y) -1 h= e va(y) - 22 [T (6w (e) - et (6) -
FW =) -1 -h= g - o (g —eteig g ac
Therefore

2x+
heety) =3 [ (ctw© e RO~ ) de - geF IR (2 +g) 5

f (g + y) - ge*%*y@ (g + y> _22 /jﬂ/ (e’f‘ll (€) — e 60 (€) — g) d.

By Eq. (4.40), the exact solution of the definite solution problem is

— 2 Tty 2z+y —¢ —£ 1 _x 4 o T ety
U—ge éﬂJ (e V() —e @(5)—§>d§—§e @(2x+y)+§e2@<§+y>_e
4 ettytay,

(4.43)

Example 10. In R3, get the exact solution of

Ugg + Uyy + Uzz + 2Uzy + 2Uyp, + 2uy, =0, (4.44)
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in the conditions of u(0,y,z) = ®(y, z) and u,(0,y,2) = ¥(y,z). ® is a random known second
differentiable function, ¥ is a random known first differentiable function.

Solution. For
Uy + Uy + Uy + 2y + 2y, + 2uy, = (Dy + Dy + D,)?u = 0. (4.45)
By Theorem 13* in our previous paper [22], the general solution of (4.45) is

w=f(p,q) + Mz + Xy + A32) g (p,q), (4.46)

where f and g are arbitrary unary second differentiable functions; A1, As, A3 are arbitrary pa-
rameters, and

pP=Cc1x 4+ oy + C32,q = 4T + 5y + 62,7 = c7x + cgy + Coz, (4.47)

—c3C507 + cacglr + c3c408 — C1C6C8 — CacCaCy + C1e5C9 F O,
€1 = —C2 — €3,C4 = —C5 — Cg,C7 # —C8 — C9.

So
u(0,y,2) = @ (y,2) = f(cay + 32, ¢35y + c62) + (Aay + A32) g (c2y + c32,¢5y +c62),  (4.48)

uz(0,y,2) = V(y, 2)

(4.49)
= (—c2 —c3) fy + (—c5 — c6) fg + Mg + (A2y + A3z) ((—c2 — ¢3) gp + (—¢5 — ¢6) gq) -

When z = 0,p = coy + ¢32,9 = ¢35y + ¢62z, according to (4.48), we get

cafp + esfg + A2g + Moy + A32) (cagp + c594) = Py, (4.50)

csfp + cofqg + A3 + (A2y + A32) (c3gp + c69q) = P, (4.51)
then

()\1—|—)\2+/\3)g:\11—|—<1)y—|—cl)2,
Namely
(C + c32. csy + ¢ Z) — w
g2y 3%,C5Y 6 M+ Ao+ As
50 (U + &, +B,) oy + As2)
+ @y + D) (A2Y + Azz
Coy + 32,05y + cpz) = P — Y .
f(cay + c3z,c5y + c62) ST v
Set
c2y + c3z = B, 5y + 62 =7,
then
_ 3y —cb L cs5f — cay
c3C5 — C2cg’  C3C5 — CaCo

And

—ceB B— —cefB B— —cefB B—

oy = T ) o (Smal Sm) v o (82 S5)
g\p,v) = )

A+ A2+ A3
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c3y—cef3 csB—cay
f (/8 '}’) - ® C37Y — 666 656 — C27Y o )\2 €3C5—C2Cq + )\3 c3C5—C2C6 i} C3Y — 666 056 — C27Y
’ 3¢5 — CaCg €3C5 — CaCe A1+ A2+ A3 3¢5 — €206 €3C5 — CaCg
c3y—ceB csB—cay
)\2 c3C5—C2Cq + )\3 Cc3C5—C2C6 o C37Y — CGB 055 — 27
A+ Ao+ A3 €3C5 — CaCg  C3C5 — CaCh
c3y—cef csB—cay
>\2 Cc3C5—C2Cg + >\3 Cc3C5—C2Cg d < C37Y — 065 C5/B — €27 >
_ R .

A+ A2+ A3 3¢5 — CaCg €305 — C2Ce
Set
(—ca —c3)z + oy + 3z = B, (—c5 — c6)T + c5y + 62 = 7.
So
ey =B ey
C3C5 — C2Cg C3C5 — C2Cg
And

g((—c2 —c3) T+ coy + c32,(—c5 — ¢6) T+ 5y + c2)
V(—z+y,—ao+2)+Q(—x+y,—x+2)+P.(—x+y,—x+2)
- AL+ A2+ A3
f((—ca—c3)x+ coy + c32,(—c5 — ¢6) T + c5y + c62)
()\2 + )\3) xr — )\gy — A3z
A1+ A+ A3

)

=®(—zx+y, —x+2)+ U(—z+y, —v+2)
(A2 4+ A3) . — Aoy — A3z (A2 + A3) & — Ay — A32
A+ Ao+ A3 AL+ A2+ A3

By Eq. (4.46), the exact solution of the definite solution problem is

O, (—x+y, —x+2).

S, (—x+y,—v+2)+

u=®(—x+y,—r+2)+z(U(—z+y,—r+2)+ P (—r+y,—r+2)+ 0. (—z+y,—r+2)),
(4.52)

According to Example 10, we may directly get the exact solution of Eq. (4.44) in various
boundary value conditions. If the boundary value condition is u(0,y, z) = yz,u;(0,y,2) = y+z,
the exact solution is u = —322 + zy + xz + yz.

Example 11. In R?, get the exact solution of

Uge + Uyy + 2Uzz + 2Ugy + 3ty + 3uzp = 0, (4.53)
in the conditions of u(0,y, z) = yz and u,(0,y,2) =y + z.
Solution. According to Theorem 17, the general solution of (4.53) is

u=f((—co—c3)x+ coy + c3z,(—c5 — c6) x + 5y + c62)

(4.54)
+ g ((—c2 —2c3) x4+ coy + c32, (—c5 — 2¢6) T+ c5y + ¢62) .

Set ¢g = 0, then

u= f(p,q)+g(p,7)

4.55
= f(—r+y,(—cs —ce)x +csy+ce2) +g(—x +y,(—cg —2c9) & + cgy + c92) . (4.55)

And
u (07 Y, Z) = f (y7 csy + Cﬁz) +9g (ya gy + C9’2) =Yz, (456)



ugz (0,9, 2) = —fp (Y, c5y + c62) — (c5 + ¢6) fq (Y, c5y + c62) — gp (y, c8Y + co2)

— (8 + 2¢9) gr (y, c8y + coz) = y + 2.
Namely
f+9=yz
—fp—(e5 +c6)fg — gp — (cs +2c9)gr = y + 2.
When z = 0,

D =1Y,q = C5Yy + C62,T = C8Y + Coz.
According to (4.56) and (4.57), we get

fp + C5fq + gp + c8gr = 2,

Cﬁfq + Ccogr =Y.

So
—cogr = 2y + 2z.
And cgy+cgz cgy+coz
_2 8 9 _2 8 9 r—c
g=—-—— (y+2)dr=— <p+ 8p>dr
€9 Jegyoteozo €9 Jegyoteozo €9
_ —(esy+c92)® 2(cg —cs)y (csy + co2)
- c2 - c2 '
9 9
Set
Y =Q,CY +c9z =7,
then ) ( )
— 2 (cg — cg) oy
g(a,7) =g (y,csy +coz) = 2 2
€y Gy
Set
—r+y=a,(—cg —2co)x + cgy + coz = 1.
So
g(=z + 1y, (—csg — 2c9)x + cgy + co2)
—((—cg — 2¢c9)  + cgy + 092)2 2(cg—cg) (—z+y) ((—cg — 2¢c9) x + cgy + c92)
N c2 B c2
9 9
2.2 2 2.2 2 2
2 2 4 2
= —8x% + 4y + 622 — 2yz — 22 + ’ 268 — xy208 Y 208 e + TYes Vs
Cg Cg Cg C9 C9 Co
Set
Yy = 047CSZU+062 = Bv
then

_B-cy _B-csa
Co 6
According to (4.56), we get

(cgy + 09z)2 n 2 (cg — )y (csy + c92)

fla,B)=f(y,csy+ce2) =yz—g=yz+ ) 2
9 9
2 2.2 2 22 2
2a¢c a‘c « a“c a“c 2a8¢ 20 csc
:BT_ €5+ 25+£— > 4 28—i— ﬁg— 58
Cs Cs & C6 C6 Cy CcgCy C6Co
2c3 (a08+(5_i‘%)°9) +204 (a@—i—%)
o 2 .

Cy Cg
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(4.57)



Set
(—z+y) =a,((—c5 —cs)r + c5y + c62) = .

So

f(—z+y,(—c5 —cs) x + cs5y + c62)

2.2 2 2.2 2 2
— 2 _ _ 2 TTcg 2wycg Yoo 2z%cg _ 4xycs 2y2cs
=4x° —3zy — drz+ 3yz + 2 2 + 2 =z + < o S,

By Eq. (4.54), the exact solution of the definite solution problem is

u:—4x2+yz—|—xy+xz.

Example 12. In R?, get the exact solution of

Ugt + Uz — Uty + Uy — Ugy + 2Up — 2uyp + 2uy = —y + o — t + 22y — 2ty + 2tx,

50

(4.58)

(4.59)

in the conditions of u(0,z,y) = ®(z,y) and u:(0,z,y) = ¥(x,y). ¢ is a random known second

differentiable function, ¥ is a random known first differentiable function.

Solution. By Theorem 18, the general solution of (4.59) is

w=f(qr)+e g (q,7) +tay
=ft+z+2yt+a+y)+e gt +x+2yt+x+y) +try.

So
w(0,z,y) = f(z+2y,2+y) +e" Vg (z+2y,z+y) =D (2,y),

u (0,2,9) = fo+ fr —e" Vg +e" Vg, +e" Vg, + ay =V (2,y).
When t = 0,9 =z + 2y,r = x + y,then

y=q—r,x=2r—q.
According to (4.61), we get
fo+ fr Vg + e Vg, + g, = O

2fy + fr +e"TVg + 26" Vg, + " TVg, = D,

So
2" Vg — gy = &, — U,

9(:7) = 3¢ (@0 (2r = gq =) = ¥ (2r —gq =) + (2 —q) (g = 7).

flgr) =0 —e"tYyg

=0 (2r—qq-1)— 3 (e (2r—qq—1) =V (2r—qq—7)+2r—q)(g—71)).

Set
qg=t+x+2y,r=t+zx+vy,
then
2r—q=t+x,q—r=y.
And

1
glt+o+2yt+aty)=ge V(R (t+a,y) — T (t+a,y) +ty+ay),
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1
f(t+x+2y,t+:c+y):<P(t—|—:1:,y)—5((1)$(t+:z:,y)—\Il(t+:c,y)+ty+xy).

By Eq. (4.60), the exact solution of the definite solution problem is

1
u:<I>(t+:1:,y)—§(<I>z(t+m,y)—\I'(t+:v,y)+ty+xy) (163)

1
+ 5 (@ (t+2,y) = W (t+@,y) +1y + ) + tay,

Example 13. In R?, get the exact solution of
Ut + SUgzr + 6Uiy + 12Uy = 97 (4.64)
in the conditions of u(0,z) = ®(z), ut(0,z) = ¥(x) and uy(0,2) = Q(x). P is a random known

third differentiable function, ¥ is a random known second differentiable function, €2 is a random
known first differentiable function.

Solution. By Theorem 21, the general solution of (4.64) is

w=1 (@) +pg(a) + Ph(a) + 5+

(4.65)

1

= f(=2t+2)+ (t+2)g(=2t+z) + (t + 2)°h (=2t + ) + get”,
p=t+z,q=—-2t+z.
So )
w(0,z) = f +xg+ 2*h + ge” =d(z), (4.66)
1
ug (0,2) = —2f, + g — 2xg, + 2xh — 22°h, + ge” =V (z), (4.67)
1

ugy (0,2) = 4f,q — 49 + 4G4 + 2h — 8xhy + 42%hyy + §ex =Q(x). (4.68)

When t = 0,p = ¢ = x, according to (4.66), we have
1
fq+g+a:gq+2xh+x2hq+§ef” = d' (v),
1
faq + 294 + 29gqq + 2h + dahy + 22y + gem =" (x).
According to (4.67), we have

1
~2f4q — Gq — 22Gqq + 2h — 22hy — 227 Ry + gex =V (1),

then
39 + 6zh + ¢” = U (z) + 29’ (z),
3f, +3xg, + 30%hy = ' (x) — ¥ (),
12g, + 6h + 24zh, + €* = 49" () — Q (x),
—6gy + 6h — 12zh, + e* =2V (2) + Q (z) .
Therefore

18h + 3e” = 4V (2) + 49" (z) + Q (z),
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2 2 1 1
h(z) = §\II’ (z) + §<I>” (z) + 1—89 (z) — éex,
1
g(z)= 3 (U (z) + 29’ (z) — 6zh — €”)
1 2 4 4 1
= 3V (@) + 5 (1) - gqf (z) - j"“’@" (z) — gsz (z) + geﬂﬁ -5,
1
f(z)=®(z) —xg — 2*h — ge”:
2 2 2 2 2 2 2 1
=d(x)— g (x) — g@' (x) + %\I/’ (x) + %@” (x) + %Q (x) — %ex + gex - gex.
So
—2 2(—2t
F(=242)=® (=2 +2)— — TG (ot 4 0)— (3—1_3:)@'(—215—#@“)
2(—2t + z)? 2(—2t + x)* —2t + )
(9“5)\1/’ (—2t+ 1)+ (9+:v)q),, (—2t+ 1)+ (1;95)9 (=2t + )
—2t + ) —2t 1
( ;x) e 3+ T 2+ _ gether,
1 2 4(—2t
g(=2 +a)= g (-2t +a)+ ;¥ (2 +2) - (QHC)\I/’ (—2t + z)
4 (-2 —2 —2 1
A ;4‘ 33)(1)// (=2t + 2) — t+ 6 (=2t +2) + t3+ L 2tz _ ge—%ﬂ:7

2 2 1 1
h(=2t+z) = §\1ﬂ (=2t +z)+ §<1>” (=2t +a) + 752 (=2 + ) — 6e*%w

By Eq. (4.65), the exact solution of the definite solution problem is

1
u=® (=2t +x)+t¥ (-2t + )+ 51&29 (=2t + z) + 2t®' (=2t + x) + 262V (2t + x)

1 ) 3 (4.69)
Example 14. In R?, get the exact solution of
Ugt — Ugze — Uity + SUtge — O6Uy — 6Uze + 12Uy + Sup — 8uy = —8 + 8z + 12, (4.70)

in the conditions of u(0,z) = ®(x),u(0,z) = ¥(x) and uy(0,x) = Q(z). ¢ is a random known
third differentiable function, ¥ is a random known second differentiable function, €2 is a random
known first differentiable function.

Solution. By Theorem 23, the general solution of (4.70) is
u=f(q)+eg(q)+ePh(q)+at=f(t+z)+e Tg(t+a)+e > h(t+z)+at, (471)

p=t—x,q=1+x.

So
uw(0,2) = f(x) +e “g(z) +e ¥h(x) = (z), (4.72)

up (0,2) = fy +e Cg+e g, + 2 h+e *hy+x=T(x), (4.73)
U (0,2) = foq +e g +2e g, +e gy +4eh +de T hy + e 2 hy, = Q(2). (4.74)
When t = 0, ¢ = «x, according to (4.72), we have

fo—e “g+e “g,— 2072 h + e_gxhq =& (1),



53

fag+€7g — 277Gy 4+ € Tggq + 4 h — 4¢P hy + ¢ Fhy, = D (z).
aq 4 aq q aq
According to (4.73), we get

fag —€ TG+ € gy — 4 Eh 4 e Fhyy +1 =0 (z),

then
2 Pg+de Fh+x =0 (z)—d (2),
2f, +2e Tg, + 2 Fhy+x =T (2) + P (x),
2fuq +2077g + 2 gy + 87X h + 26 2 hyy = Q (x) + D (),
4e g, + 8¢ Fh, = Q () — @ (x),
2 "g +2e g, + 8¢ Fh+4e Fh, —1=Q(z) -V (z).
So

4e7%g 4+ 16 % h — 2 = 20 (x) =2V (2) — Q(2) + " (z) = Q (z) — 2V (z) + D" (x).

Therefore
de™%g + 16e72*h — 2 —4de g — 8e *h — 2z = 8¢ X*h — 2 — 21
=Q(z) =2V (z) + " (x) — 2V (z) + 29’ (2),

then

h(z) = %e% (Q(z) =2V (z) + " (z) — 2V (2) 4 29’ (z) + 2z + 2)

g = 5e" (V(z) — @ (x) — de”*"h —x)
767 (20 (z) — 2@/ () — 3Q (2) + V' (z) — 39" (z) — 22 — 1),

fa) = (x) —e*g(z) — e *h(x)
=1 (2462 +8d () — 6V (z) +Q(x) + 6P (z) — 29/ (z) + " (2)).

=38
So
f(t—i—x):é(2+6(t+:v)+8<1>(t+x)—6\Il(t+x)+(2(t+x)+6<1>’(t+x)—Q\P’(t+x)
+ " (t + z)),
g(t+z)

1 1 1
:§et+r <2\I'(t+x)—2<1>'(t+:c)—2Q(t+$)+\11/(t+x)—2<I>”(t+:z)—2(t+x)—1>,

h(t+ )
1
= ge2<t+f’f> (Qt+x) =20 (t+a)+ 0" (t+ax) - 20 (t+a)+20 (t+x)+2(t+2) +2).
By Eq. (4.71), the exact solution of the definite solution problem is
u(t, x)
1
=3 (24+6(F+2)+8P(t+x)— 6% (t+x)+Q(t+z)+60 (t+z)—20 (t+z)+ 9" (t+ 1))
1 1 1
+ §e2t (2\If(t+x) — 29" (t+x) — §Q(t+$)+\l’/(t+l‘) — §<I>"(t+:c) —2(t+z)— 1>
1
- §e4t (Qt+z) =20 (t+2)+ 0" (t+2) — 20 (t+2) + 20 (t+2) +2(t+ ) +2) + L.

(4.75)



Example 15. In R?, get the exact solution of

Uttt + AUggra — OUstte + 13Ustee — 12Usz00 = 0,
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(4.76)

in the conditions of u (0, 2) = x?+sinz, us (0, 2) = 2w+2cosz+e®—mze® uy (0, 2) = 2—4sinz—3we®

and wuyy (0,2) = —8cosz — 6e* — Txe®.

Solution. By Theorem 25, the general solution of (4.76) is
u=f(p) +9(q) + qh(p) + pw(q)
= f(t+x) + g2t +x) + (2t + 2)h(t + 2) + (t + 2)w(2t + ),

p=t+x,q=2t+x.

So
u(0,z) = f(x) + g(x) + zh(z) + zw(x) = 22 + sin z,

u (0,z) = fp () +2g4 () +2h (z) + zhy (x) + w (z) + 22w, () = 22 + 2cosz + € — ze”,
e (0,2) = fpp () +4G4q () +4hy (2) +2hyp () + 4wy (2) + 42wy () = 2 —4sine — 3ze”,

upte (0,7) = fppp () + 89qqq () + 6hpp () + Thypy () + 12w4q (7) + 8TW4egq ()

= —8cosz — 6e” — Txe”.
When t = 0,p = ¢ = x, according to (4.78), we have
fp+ 94+ h+2xh, +w+ zwy = 22 + cosz,

fop + 9qq + 2hp 4 Thyp + 2wy + TWeq = 2 — sin,
Jopp + 9qqq + 3hpp + Thppp + 3weq + TWeeq = —cCOST.

By (4.79), we have
fop + 294q + 3hp + xhyy + 3wy + 20Wweq = 2 — 2sinx — e,

Foop + 299qq + 4hpp + Thppp + dweq + 20w4eqq = —2cosz — e* — ze”.

According to (4.80), we obtain

Jopp + 49qqq + Shpp + Thppp + 8wy + 4xWweeq = —4cosT — 3e¥ — 3ze”.

Then
gg + h + 2wy = 2z 4 2cosx + € — xe” — 2z — cosx = cosx + €* — xe”,
fp+ xhy +w = 4z + 2cosx — 2z — 2cosx — € + xe” = 2z — e* + ze”,
Jop +2hy + xhyp + 2wy = 4 — 4sine — 2xe” — 2 + 4sinx + 3ze” = 2 + xe”,
fop + hp + xhpp + wg = 4 — 2sinz — 2 + 2sinz + ze” = 2 + ze”.
So
hp +wq = 0.
Namely

h+w=Cj.

(4.77)

(4.78)
(4.79)
(4.80)

(4.77)



95

For
T9qqq + 3hpp + Wgq + TxWeqq = —8cosz — 6e” — Twe® + cosw = —Tcosx — 6e” — Txe”,
204qq + hpp + 3wqq + 22Wgqq = —4cosz — 3€” — 3ze” + 2cosx + e + xe”
= —2cosz — 2e” — 2ze”.
So
hpp + 3wgqg = —14cosx — 14e” — 14xe” + 14cosx + 12e” + 14ze” = —2e”,
That is
h+ 3w = —2e" + Cox + Cs.
Then
2w () = —=2e" + Cox + C3 — Cy = —2e" + Cox + Cy,
Cs
— _ T _“
wg = —e” + 5
C C C
h(x):Cl—w:Cl+ex——2x——4:ex——2m+C5.
2 2 2
So
gq = cosz +€* — xe” — h — zwy = cosz — Cs.
Namely
g (x) = sinz — Csx + Cs.
Therefore o
f(z) :x2+sinx—g—xh—xw:x2—74x—C'6.
Then

C
Flt+z)=(t+a)?— f(tﬂ«) — Cs,
g(2t + x) =sin(2t + z) — C5(2t + x) + Cs,
h(t+x)=e™t" — %(t+x)+05,
w (2t + x) = —e2TT 4 % (2t 4+ x) + %.
By Eq. (4.77), the exact solution of the definite solution problem is

w(t,z) = (t+2)* +sin (2t + ) + (2t + ) ' — (t + x) 2, (4.82)

5. Z, Transformation
We present Z, transformation as follows.

Z, Transformation. In the domain D, (D C R"), any established mth-order PDE with n space
variables F (z1,... Tp, Uy Ugy, . Up, , Uz zgy - --) = 0, setting u = W (f1, fo,... fs),(s > 1), ¥ is

a random known function, f; = f; (yil, . yzkl) and yi; = yi, (v1,...7,) are all undetermined
functions, y;,, . ..v;, areindependent of each other, ¥, f;,y;, € C™ (D), (i=1,2,...5),(1 <k <k; <n),
then substitute u = (f1, fa, ... [s) and its partial derivatives into F =0

1. In case of working out f; and y;,, then uw =V (f1, fa,... fs) is the solution of FF =0,
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2. In case of dwiding out fi,, fi,--- fi, and their partial derivative, also working out

Jtoors Jipins - J1o and gy, (1 < p < s,1; € {1,2,...8}), u = V(f1, fa,... fs) is the solution of
F =0, and fi}, fi,--- fi, are arbitrary mth-differentiable functions,

3. In case of getting k =0, but in fact k # 0, u= V(f1, fo,... fs) is not the solution of F = 0.

For solve some PDEs we could be required to set ¥ undetermined or set fi, fa,... f, known
and so on. (1 < p < s). The forms of these laws are similar to Z; transformation, we will not

propose here.
In R",

a1 Ug, + Q2Ugy + ...+ AUy, + a1 = A (21, 22,...25),(2 < k <n), (5.1)

where a; are random known constants and A(z1,x2, ... Z,) is any known function, (1 <i < k+1),
we can use Z, transformation to get a general solution of Eq. (5.1).

By Z4 transformation, set u (z1,...2,) = f (V1,02, ... Vg, Tps1, Tht2y - - - Tn)+9 (X1, ... k) b (Y1, Y2, - - - Yoy Ti-
v; = lpxr + ligxo + ... + Lipxk, yi = ci1x1 + cioxo + ... + cipxy and

8 (v1,va, . .. 3 (y1,va, ...
a($1,$2,...$k) 8(x1,x2,...a:k)
So
a1Ugz, + A2Uzy + ...+ QplUyg, + GEr1U
k k k k
=ar Y linfo, +a2 ) liafo, + .. 4 ap D lLinfo, + apr1 f + a190.h +arg Y cinhy,
i=1 i=1 =1 =1
k k
+aggz,h + azg Y- ciohy, + ...+ apge b+ arg Y ciphy, + app19h
i=1 i=1
= (a1l11 + aglio + . .. + aglig) fo, + (a1lor + aglog + ... + aglog) fo, + - - -
+ (a1lpy + alra + . ..+ aplpr) fo, + arp1 f + (a1c11 + azciz + ..+ agcir) ghy,
+ (arco1 + agcan + ... + agcay) ghy, + ...+ (@1cp1 + ascpe + ... + agcri) ghy,
+(a192) + @292, + - + k), + arr19) h = A (v1,v2, .. Uk, Tpg1, Thg2s - - - Tn) -
Set l l l
l“:_a212_a3z3_~--_akzk’(1Sigk_1)7 (53)
aj
gy = U202 T80 T ARG (g gy, (5.4)
ai
19z, + 029zs + - .. + QkGz, + ar419 = 0. (5.5)

And set g(x1,...25) = g(x;), (i =1,2,...k), Then

—Ok41%

19z, + 029y + - -+ QGay, + Aht19 = CiGe; + 019 =0= g (2;) = e %, (5.6)

k —Op 1%
where \; are random constants. Namely g (z1,...2) = >, A\je % is a particular solution of
i=1

19z, + 29z, + - .. + QkGey, + ag419 = 0, Thus

AUz, + a2Uzy + ...+ ApUg, + App1U
= (arlgr + aalpe + ... + aglpr) fo, + aps1 f + (arck + a2cpa + . .. + agcpr) ghy,
= A (v1,V2, ... Vk, Thil, Thi2y - LTn) -

Set



o7

Namely
h=% (y17y27 s Yk—1, TE415 Tht-2, - - xn) )

where ® is a random first differentiable function. So

(allkl + agle + ...+ aklkk) ka + aka = A (’Ul, V2y oo Vky Tt 1, T2y - - - (L‘n) . (5.7)

The solution of (5.7) is

~%k+1% t+1V%k A(vi,v9,. .. 0, @ x ST
f = ealkitalpat Faglk C—|—/eallk1+ﬂ2lk2+m+aklkk (v1, v2, ko Tht1> Tht2) n)dvk .
arlgr + aglg + .- + aglpg

Set
B = (allkl + aglgs + ...+ aklkk)il. (58)
So the general solution of Eq. (5.1) is
k I
k+1%4
w=gh+f =Y,z Y1, Thi1, Thia,- - Tn) DA€
i=1 (5.9)

TOk41YE Ak4+1Y
+e B C+B [e B A(vi,v2,... 0% Tpt1, Thi2y---Tn) dvg | .

In our subsequent papers, we will use the Z, transformation to research more partial differ-
ential equations.

6. Conclusions

This paper uses our previously presented Z transformations to get general solutions of a
large number of second-order, third-order and fourth-order linear PDEs very concisely, and
proves the effectiveness of using Z transformations to get general solutions of linear PDEs. By
general solutions, we get exact solutions for many typical definite solution problems of first-,
second-, third- and fourth-order linear PDEs, reflecting the important value of general solutions.

Using the series general solution of the one-dimensional homogeneous wave equation, we
successfully obtained the Fourier series solution, which satisfactorily resolve a famed debate in
the history of mathematics about the relationship between general solution and series solution.

This paper proposes the Z; transformation for the first time and puts forward an application
case. In subsequent papers, we will continue to research various PDEs using Z transformations.
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