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Abstract
This paper uses Z transformations to get the general solutions of many second-order, third-

order and fourth-order linear PDEs for the first time, and uses the general solutions to obtain the
exact solutions of many typical definite solution problems. We present the Z4 transformation for
the first time and use it to solve a specific case. We successfully get the Fourier series solution by
the series general solution of the one-dimensional homogeneous wave equation, which successfully
solves a famed unresolved debate in the history of mathematics.

Keywords: Z1 transformation; Z3 transformation; Z4 transformation; general solutions; exact
solution of definite solution problem; general solution and series solution of wave equation.

1. Introduction

Since the characteristic equation method was discovered and perfected, the study on general
solutions of PDEs has been very slow and almost stagnant.1 Later, numerical methods2−6 and
qualitative theory7−14 increasingly became an important research direction of PDEs, and the
use of various analytical methods to get exact solutions of PDEs has always shown vitality.15−18

In particular, the solitary wave has been attracting attention in the research results of nonlinear
PDEs.19,20

The Z1, Z2 and Z3 transformations presented in our previous papers21,22 can efficiently get
general solutions or analytical solutions of many n-ary m-order PDEs. For some first-order linear
PDEs which cannot be solved by the characteristic equation method, the general solutions can
be get by using Z transformations, and the exact solutions of some typical definite solution
problems could also be effectively get.

In this paper, we will continue to research the laws and applications of general solutions
of linear PDEs. In Section 2, we will use Z transformations to get general solutions for many
second-order, third-order and fourth-order linear PDEs for the first time. In the third section,
we will use the results get before to research the relationship between the general solution and
the Fourier series solution of the one-dimensional homogeneous wave equation, and successfully
solve a famed debate in the history of mathematics about the relationship between the general
solution and the series solution. In Section 4, we will use general solutions to get exact solu-
tions of many typical definite solution problems of first-, second-, third-, and fourth-order linear
PDEs. In Section V we present the Z4 transformation for the first time, and summarize this
paper in Section VI.
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2. General solutions of some typical linear partial differential equations

In this section, if there is no especial interpretation, ai are arbitrary known constants,
ci, ki, li, Ci and C are random constants, f and fi are random smooth functions (i = 1, 2, . . .).

Before using the Z transformations to obtain general solutions for some typical linear PDEs,
we first get two new algebraic theorems.

Theorem 1. If ai 6= 0, (i = 1, 2, 3), kj 6= 0, (j = 1, 2, 3, 4), and

a1k
2
1 + a2k

2
2 + a3k1k2 = 0, (2.1)

a1k
2
3 + a2k

2
4 + a3k3k4 = 0, (2.2)

2a1k1k3 + 2a2k2k4 + a3 (k1k4 + k2k3) = 0. (2.3)

Then
k1
k2

=
k3
k4
. (2.4)

Prove. Set
k2 = c1k1, k4 = c2k3.

Then
a1k

2
1 + a2k

2
2 + a3k1k2 = a1k

2
1 + a2c

2
1k

2
1 + a3c1k

2
1 = 0.

We get

c1 =
−a3 ±

√
a23 − 4a1a2

2a2
.

The same can be obtained

c2 =
−a3 ±

√
a23 − 4a1a2

2a2
.

So

2a1k1k3 + 2a2k2k4 + a3 (k1k4 + k2k3) = 2a1k1k3 + 2a2c1c2k1k3 + a3 (c1 + c2) k1k3 = 0.

Namely
2a1 + 2a2c1c2 + a3 (c1 + c2) = 0.

Set

c1 =
−a3 +

√
a23 − 4a1a2

2a2
, c2 =

−a3 −
√
a23 − 4a1a2

2a2
.

Then

2a1 + 2a2c1c2 + a3 (c1 + c2) = 4a1 −
a23
a2

= 0.

Namely
a23 − 4a1a2 = 0, c1 = c2,

so the theorem is proved. �

Theorem 2. If ai 6= 0, (i = 1, 2), kj 6= 0, (j = 1, 2, 3, 4), and

a1k1
2 + a2k2

2 = 0, (2.5)

a1k1k3 + a2k2k4 = 0. (2.6)
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Then
k1
k3

=
k2
k4
. (2.7)

Prove. Set
k1 = c1k3, k2 = c2k4.

Then
a1c1k

2
3 + a2c2k

2
4 = 0,

a1c2k
2
3 + a2c2k

2
4 = 0.

We get
a1(c1 − c2)k32 = 0.

Therefore
c1 = c2.

So the theorem is proved. �

Next we present Theorem 3.

Theorem 3. In R2,

a1utt + a2uxx + a3utx + a4ut + a5ux = A (t, x) , (2.8)

the general solution of Eq. (2.8) is

u =

f (q) + e
−(a4k1+a5k2)q

2a1k1k3+2a2k2k4+a3(k1k4+k2k3)

∫ g (p) dp+

∫∫
e

(a4k1+a5k2)q
2a1k1k3+2a2k2k4+a3(k1k4+k2k3)A (p, q) dqdp

2a1k1k3 + 2a2k2k4 + a3 (k1k4 + k2k3)

 ,

(2.9)
where A(t, x) is any known function, f is an random second differentiable function, g is an
random first differentiable function, and

p = k1t+ k2x, q = k3t+ k4x, (2.10)

k1k4 − k2k3 6= 0, (2.11)

a1k1
2 + a2k2

2 + a3k1k2 = 0, (2.12)

a1k3
2 + a2k4

2 + a3k3k4 = 0, (2.13)

a4k3 + a5k4 = 0. (2.14)

Prove. By Z1 transformation, set
u(t, x) = u(p, q), (2.15)

p = k1t+ k2x, q = k3t+ k4x,

and

t =
pk4 − qk2
k1k4 − k2k3

, x =
qk1 − pk3
k1k4 − k2k3

,

k1k4 − k2k3 6= 0.
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Then

a1utt + a2uxx + a3utx + a4ut + a5ux
= a1

(
k21upp + k23uqq + 2k1k3upq

)
+ a2

(
k22upp + k24uqq + 2k2k4upq

)
+a3 (k1k2upp + k3k4uqq + (k1k4 + k2k3)upq) + a4 (k1up + k3uq) + a5 (k2up + k4uq) .

Namely(
a1k

2
1 + a2k

2
2 + a3k1k2

)
upp +

(
a1k

2
3 + a2k

2
4 + a3k3k4

)
uqq

+ (2a1k1k3 + 2a2k2k4 + a3 (k1k4 + k2k3))upq + (a4k1 + a5k2)up + (a4k3 + a5k4)uq

= A (p, q) .

(2.16)

Set
a1k1

2 + a2k2
2 + a3k1k2 = 0,

a1k3
2 + a2k4

2 + a3k3k4 = 0,

a4k3 + a5k4 = 0.

So

a1utt + a2uxx + a3utx + a4ut + a5ux
= (2a1k1k3 + 2a2k2k4 + a3 (k1k4 + k2k3))upq + (a4k1 + a5k2)up = A (p, q) .

Set
up = w,

hence
(2a1k1k3 + 2a2k2k4 + a3 (k1k4 + k2k3))wq + (a4k1 + a5k2)w = A (p, q) . (2.17)

The solution of Eq. (2.17) is

w = e
−(a4k1+a5k2)q

2a1k1k3+2a2k2k4+a3(k1k4+k2k3)

g (p) +

∫
e

(a4k1+a5k2)q
2a1k1k3+2a2k2k4+a3(k1k4+k2k3)A (p, q) dq

2a1k1k3 + 2a2k2k4 + a3 (k1k4 + k2k3)

 .

Thereupon

u = f (q) +
∫
wdp

= f (q) + e
−(a4k1+a5k2)q

2a1k1k3+2a2k2k4+a3(k1k4+k2k3)

(∫
g (p) dp+

∫∫
e

(a4k1+a5k2)q
2a1k1k3+2a2k2k4+a3(k1k4+k2k3)A(p,q)dqdp

2a1k1k3+2a2k2k4+a3(k1k4+k2k3)

)
.

So the theorem is proved. �

For (2.16), according to Theorem 1 we cannot set

a1k1
2 + a2k2

2 + a3k1k2 = 0,

a1k3
2 + a2k4

2 + a3k3k4 = 0,

2a1k1k3 + 2a2k2k4 + a3(k1k4 + k2k3) = 0.

Otherwise p and q are functional dependence. Also cannot be set

a4k1 + a5k2 = 0,

a4k3 + a5k4 = 0.
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Otherwise p and q will also be meaningless or functionally dependent .
In (2.16), if set

a1k
2
1 + a2k

2
2 + a3k1k2 = 0,

2a1k1k3 + 2a2k2k4 + a3 (k1k4 + k2k3) = 0,

a4k1 + a5k2 = 0.

Then (
a1k

2
3 + a2k

2
4 + a3k3k4

)
uqq + (a4k3 + a5k4)uq = A (p, q) . (2.18)

Set
uq = w.

So (
a1k

2
3 + a2k

2
4 + a3k3k4

)
wq + (a4k3 + a5k4)w = A (p, q) . (2.19)

The solution of Eq. (2.19) is

w = e
−(a4k3+a5k4)q

a1k
2
3+a2k

2
4+a3k3k4

g (p) +

∫
e

(a4k3+a5k4)q

a1k
2
3+a2k

2
4+a3k3k4A (p, q) dq

a1k23 + a2k24 + a3k3k4

 .

Whereupon

u = f (p) +
∫
wdq

= f (p) + e
−(a4k3+a5k4)q

a1k3
2+a2k4

2+a3k3k4 g (p)

+

∫e

−(a4k3+a5k4)q

a1k3
2+a2k4

2+a3k3k4
∫
e

(a4k3+a5k4)q

a1k3
2+a2k4

2+a3k3k4 A(p,q)dq

dq
a1k3

2+a2k4
2+a3k3k4

.

So we can get Theorem 4.

Theorem 4. In R2, the general solution of

a1utt + a2uxx + a3utx + a4ut + a5ux = A (t, x) ,

is

u = f (p) + e
−(a4k3+a5k4)q

a1k3
2+a2k4

2+a3k3k4 g (p) +

∫ (
e

−(a4k3+a5k4)q

a1k3
2+a2k4

2+a3k3k4

∫
e

(a4k3+a5k4)q

a1k3
2+a2k4

2+a3k3k4A (p, q) dq

)
dq

a1k3
2 + a2k4

2 + a3k3k4
.

(2.20)
where A(t,x) is any known function, f and g are random second differentiable functions, and

p = k1t+ k2x, q = k3t+ k4x,

k1k4 − k2k3 6= 0,

a1k1
2 + a2k2

2 + a3k1k2 = 0,

2a1k1k3 + 2a2k2k4 + a3 (k1k4 + k2k3) = 0, (2.21)

a4k1 + a5k2 = 0. (2.22)

For
a1utt + a2uxx + a3utx + a4ut = A (v) , (2.23)
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where v = k1t+ k2x+ k3, set
u = f(v).

Then

a1utt + a2uxx + a3utx + a4ut = a1k1
2f
′′

+ a2k2
2f
′′

+ a3k1k2f
′′

+ a4k1f
′

= A (v) .

Set
w = f

′
,

namely (
a1k

2
1 + a2k

2
2 + a3k1k2

)
w′ + a4k1w = A (v) . (2.24)

The solution of Eq. (2.24) is

w = e
−a4k1v

a1k
2
1+a2k

2
2+a3k1k2

C +

∫
e

a4k1v

a1k
2
1+a2k

2
2+a3k1k2A (v) dv

a1k21 + a2k22 + a3k1k2

 .

So the particular solution of Eq. (2.23) is

u =

∫
wdv =

∫
e

−a4k1v
a1k

2
1+a2k

2
2+a3k1k2

C +

∫
e

a4k1v

a1k
2
1+a2k

2
2+a3k1k2A (v) dv

a1k21 + a2k22 + a3k1k2

 dv. (2.25)

In Theorem 3, if
a3 = a4 = a5 = 0,

then

a1utt + a2uxx =
(
a1k

2
1 + a2k

2
2

)
upp +

(
a1k

2
3 + a2k

2
4

)
uqq + (2a1k1k3 + 2a2k2k4)upq = A (p, q) .

(2.26)
Set

a1k
2
1 + a2k

2
2 = a1k

2
3 + a2k

2
4 = 0.

Namely

k1 = ±
√
−a2
a1
k2, k3 = ±

√
−a2
a1
k4.

Set

k1 =

√
−a2
a1
k2, k3 = −

√
−a2
a1
k4, (k2, k4 6= 0). (2.27)

So
a1utt + a2uxx = 2 (a1k1k3 + a2k2k4)upq = 4a2k2k4upq = A (p, q) . (2.28)

The general solution of Eq. (2.28) is

u = f (p) + g (q) +

∫∫
A (p, q) dpdq

4a2k2k4
. (2.29)

Set k2 = k4 = 1, then

p = k1x1 + k2x2 =

√
−a2
a1
t+ x,

q = k3x1 + k4x2 = −
√
−a2
a1
t+ x,
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t =
k4p− k2q
k1k4 − k2k3

=

√
−a1
a2

p− q
2

,

x =
−k3p+ k1q

k1k4 − k2k3
=
p+ q

2
.

So (2.29) can be written as

u = f

(√
−a2
a1
t+ x

)
+ g

(
−
√
−a2
a1
t+ x

)
+

1

4a2

∫∫
A

(√
−a1
a2

p− q
2

,
p+ q

2

)
dpdq.

So we can get Theorem 5.

Theorem 5. In R2,
a1utt + a2uxx = A (t, x) , (2.30)

the general solution of Eq. (2.30) is

u = f

(√
−a2
a1
t+ x

)
+ g

(
−
√
−a2
a1
t+ x

)
+

1

4a2

∫∫
A

(√
−a1
a2

p− q
2

,
p+ q

2

)
dpdq, (2.31)

where A(t, x) is any known function, f and g are random second differentiable function, and

p =

√
−a2
a1
t+ x, q = −

√
−a2
a1
t+ x. (2.32)

Note that according to Theorem 2, if set a1k1
2 + a2k2

2 = 0, 2a1k1k3 + 2a2k2k4 = 0, or
a1k3

2 + a2k4
2 = 0, 2a1k1k3 + 2a2k2k4 = 0, the general solution of (2.30) cannot be get.

In Theorem 3, if
a4 = a5 = 0.

Then

a1utt + a2uxx + a3utx
=
(
a1k

2
1 + a2k

2
2 + a3k1k2

)
upp +

(
a1k

2
3 + a2k

2
4 + a3k3k4

)
uqq

+ (2a1k1k3 + 2a2k2k4 + a3 (k1k4 + k2k3))upq = A (p, q) .

Set
a1k

2
1 + a2k

2
2 + a3k1k2 = a1k

2
3 + a2k

2
4 + a3k3k4 = 0.

Therefore
(2a1k1k3 + 2a2k2k4 + a3 (k1k4 + k2k3))upq = A (p, q) .

So the general solution of a1utt + a2uxx + a3utx = A(t, x) is

u = f (p) + g (q) +

∫∫
A (p, q) dpdq

2a1k1k3 + 2a2k2k4 + a3 (k1k4 + k2k3)
.

If set
a1k

2
1 + a2k

2
2 + a3k1k2 = 2a1k1k3 + 2a2k2k4 + a3 (k1k4 + k2k3) = 0.

Then (
a1k

2
3 + a2k

2
4 + a3k3k4

)
uqq = A (p, q) .

So the general solution of a1utt + a2uxx + a3utx = A(t, x) is

u = f (p) + qg (p) +

∫∫
A (p, q) dqdq

a1k23 + a2k24 + a3k3k4
.
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So we can get Theorems 6 and 7.

Theorem 6. In R2,
a1utt + a2uxx + a3utx = A(t, x), (2.33)

the general solution of Eq. (2.33) is

u = f (p) + g (q) +

∫∫
A (p, q) dpdq

2a1k1k3 + 2a2k2k4 + a3 (k1k4 + k2k3)
, (2.34)

where A(t, x) is any known function, f and g are random second differentiable functions, and

p = k1t+ k2x, q = k3t+ k4x,

k1k4 − k2k3 6= 0,

a1k
2
1 + a2k

2
2 + a3k1k2 = a1k

2
3 + a2k

2
4 + a3k3k4 = 0. (2.35)

Theorem 7. In R2, the general solution of

a1utt + a2uxx + a3utx = A(t, x)

is

u = f (p) + qg (p) +

∫∫
A (p, q) dqdq

a1k23 + a2k24 + a3k3k4
, (2.36)

where A(t, x) is any known function, f and g are random second differentiable functions, and

p = k1t+ k2x, q = k3t+ k4x,

k1k4 − k2k3 6= 0,

a1k
2
1 + a2k

2
2 + a3k1k2 = 2a1k1k3 + 2a2k2k4 + a3 (k1k4 + k2k3) = 0. (2.37)

According to Theorems 3-7, the general solutions for their corresponding homogeneous equa-
tions may be obtained directly, or they may be get again by using Z1 transformation. Readers
may try it by themselves.

Next we propose Theorem 8.

Theorem 8. In R2,

a1uxx + a2uyy + a3uxy + a4ux + a5uy + a6u = 0, (2.38)

the general solution of Eq. (2.38) is

u =
(
C1e

λ1v + C2e
λ2v
)

(h1 (l1x+ l2y + l3) + h2 (l4x+ l5y + l6)) , (2.39)

where h1 and h2 are random second differentiable functions, and

v = k1x+ k2y + k3, (2.40)

λ1 =
−a4k1 − a5k2 +

√
(a4k1 + a5k2)

2 − 4a6
(
a1k21 + a2k22 + a3k1k2

)
2
(
a1k21 + a2k22 + a3k1k2

) , (2.41)
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λ2 =
−a4k1 − a5k2 −

√
(a4k1 + a5k2)

2 − 4a6
(
a1k21 + a2k22 + a3k1k2

)
2
(
a1k21 + a2k22 + a3k1k2

) , (2.42)

where C1, C2, k3, l3 and l6 are random constants; k1, k2, l1, l2, l4 and l5 are constants which satisfy

l1 =
−a3l2 +

√
a23l

2
2 − 4a1a2l22

2a1
, l4 =

−a3l5 −
√
a23l

2
5 − 4a1a2l25

2a1
, (2.43)

k1λ1 (2a1l1 + a3l2) + k2λ1 (2a2l2 + a3l1) + a4l1 + a5l2 = 0, (2.44)

k1λ2 (2a1l1 + a3l2) + k2λ2 (2a2l2 + a3l1) + a4l1 + a5l2 = 0, (2.45)

(a4k1 + a5k2)
2 − 4a6

(
a1k

2
1 + a2k

2
2 + a3k1k2

)
> 0. (2.46)

Prove. By Z1 transformation, set

u (x, y) = f (v) = f (k1x+ k2y + k3) ,

where v(x, y) = k1x+ k2y+ k3; k1, k2 and k3 are undetermined constants, f is an undetermined
second differentiable function, so

a1uxx + a2uyy + a3uxy + a4ux + a5uy + a6u

=
(
a1k

2
1 + a2k

2
2 + a3k1k2

)
f
′′
v + (a4k1 + a5k2) f

′
v + a6f = 0.

(2.47)

The characteristic equation of Eq. (2.47) is(
a1k

2
1 + a2k

2
2 + a3k1k2

)
λ2 + (a4k1 + a5k2)λ+ a6 = 0. (2.48)

If
(a4k1 + a5k2)

2 − 4a6
(
a1k

2
1 + a2k

2
2 + a3k1k2

)
> 0,

the particular solution of Eq. (2.38) is

u = f = C1e
λ1v + C2e

λ2v, (2.49)

where C1 and C2 are arbitrary constants, and

λ1 =
−a4k1 − a5k2 +

√
(a4k1 + a5k2)

2 − 4a6
(
a1k21 + a2k22 + a3k1k2

)
2
(
a1k21 + a2k22 + a3k1k2

) ,

λ2 =
−a4k1 − a5k2 −

√
(a4k1 + a5k2)

2 − 4a6
(
a1k21 + a2k22 + a3k1k2

)
2
(
a1k21 + a2k22 + a3k1k2

) .

For getting the general solution of Eq. (2.38), by Z3 transformation, we set

u (x, y) = gh (w) = g (x, y)h (l1x+ l2y + l3) , (2.50)

where w(x, y) = l1x+ l2y+ l3; l1, l2 and l3 are undetermined constants, h and g are undetermined
second differentiable functions, so

a1uxx + a2uyy + a3uxy + a4ux + a5uy + a6u

= a1

(
gxxh+ 2l1gxh

′
w + l21gh

′′
w

)
+ a2

(
gyyh+ 2l2gyh

′
w + l22gh

′′
w

)
+a3

(
gxyh+ l2gxh

′
w + l1gyh

′
w + l1l2gh

′′
w

)
+ a4

(
gxh+ l1gh

′
w

)
+ a5

(
gyh+ l2gh

′
w

)
+ a6gh.
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Namely(
a1l

2
1 + a2l

2
2 + a3l1l2

)
gh
′′
w + ((2a1l1 + a3l2) gx + (2a2l2 + a3l1) gy + (a4l1 + a5l2) g)h

′
w

+ (a1gxx + a2gyy + a3gxy + a4gx + a5gy + a6g)h = 0.
(2.51)

Set h(w) is an random second differentiable function, and

a1l
2
1 + a3l2l1 + a2l

2
2 = 0 =⇒ l1 =

−a3l2 ±
√
a23l

2
2 − 4a1a2l22

2a1
, (2.52)

(2a1l1 + a3l2) gx + (2a2l2 + a3l1) gy + (a4l1 + a5l2) g = 0, (2.53)

a1gxx + a2gyy + a3gxy + a4gx + a5gy + a6g = 0. (2.54)

By Eq. (2.49), the particular solution of Eq. (2.54) is

g = C1e
λ1v + C2e

λ2v. (2.55)

Substituting (2.55) into (2.53) we get

(2a1l1 + a3l2) gx + (2a2l2 + a3l1) gy + (a4l1 + a5l2) g
= (C1k1λ1 (2a1l1 + a3l2) + C1k2λ1 (2a2l2 + a3l1) + C1 (a4l1 + a5l2)) e

λ1v

+ (C2k1λ2 (2a1l1 + a3l2) + C2k2λ2 (2a2l2 + a3l1) + C2 (a4l1 + a5l2)) e
λ2v = 0.

Then
k1λ1 (2a1l1 + a3l2) + k2λ1 (2a2l2 + a3l1) + a4l1 + a5l2 = 0,

k1λ2 (2a1l1 + a3l2) + k2λ2 (2a2l2 + a3l1) + a4l1 + a5l2 = 0.

So the general solution of Eq. (2.38) is

u = g (h1 (w1) + h2 (w2)) =
(
C1e

λ1v + C2e
λ2v
)

(h1 (l1x+ l2y + l3) + h2 (l4x+ l5y + l6)) ,

where v, λ1, λ2, k1, k2, l1, l2, l4 and l5 satisfy Eqs. (2.40-2.46), so the theorem is proved. �

In Theorem 8, if

(a4k1 + a5k2)
2 − 4a6

(
a1k

2
1 + a2k

2
2 + a3k1k2

)
< 0,

or
(a4k1 + a5k2)

2 − 4a6
(
a1k

2
1 + a2k

2
2 + a3k1k2

)
= 0.

By analogous calculation, we may have Theorem 9 and 10.

Theorem 9. In R2, the general solution of

a1uxx + a2uyy + a3uxy + a4ux + a5uy + a6u = 0,

is
u = (C1sinλ2v + C2cosλ2v) eλ1v (h1 (l1x+ l2y + l3) + h2 (l4x+ l5y + l6)) , (2.56)

v = k1x+ k2y + k3,

where h1 and h2 are random second differentiable functions; C1, C2, λ1, λ2, k1, k2, l1, l2, l4 and l5
are constants which satisfy

λ1 =
−a4k1 − a5k2

2
(
a1k21 + a2k22 + a3k1k2

) , λ2 =

√
(a4k1 + a5k2)

2 − 4a6
(
a1k21 + a2k22 + a3k1k2

)
2
(
a1k21 + a2k22 + a3k1k2

) , (2.57)
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l1 =
−a3l2 +

√
a23l

2
2 − 4a1a2l22

2a1
, l4 =

−a3l5 −
√
a23l

2
5 − 4a1a2l25

2a1
,

(C1λ1 − C2λ2) (2a1k1l1 + a3k1l2 + 2a2k2l2 + a3k2l1) + C1 (a4l1 + a5l2) = 0, (2.58)

k1 (C1λ2 + C2λ1) (2a1l1 + a3l2) + k2 (C1λ2 − C2λ1) (2a2l2 + a3l1) +C2 (a4l1 + a5l2) = 0, (2.59)

(a4k1 + a5k2)
2 − 4a6

(
a1k

2
1 + a2k

2
2 + a3k1k2

)
< 0. (2.60)

Theorem 10. In R2, the general solution of

a1uxx + a2uyy + a3uxy + a4ux + a5uy + a6u = 0,

is
u = Cveλv (h1 (l1x+ l2y + l3) + h2 (l4x+ l5y + l6)) , (2.61)

v = k1x+ k2y + k3,

where h1 and h2 are random second differentiable functions; λ, k1, k2, k4, k5, l1, l2, l4 and l5 are
constants which satisfy

λ =
−a4k1 − a5k2

2
(
a1k21 + a2k22 + a3k1k2

) , (2.62)

l1 =
−a3l2 +

√
a23l

2
2 − 4a1a2l22

2a1
, l4 =

−a3l5 −
√
a23l

2
5 − 4a1a2l25

2a1
,

(2a1l1 + a3l2) (k1 + vλk1) + (2a2l2 + a3l1) (k2 + vλk2) + (a4l1 + a5l2) v = 0, (2.63)

(a4k1 + a5k2)
2 − 4a6

(
a1k

2
1 + a2k

2
2 + a3k1k2

)
= 0. (2.64)

We propose Theorem 11 as follows.

Theorem 11. In R2,

a1uxx + a2uyy + a3uxy + a4ux + a5uy + a6u = A (x, y) , (2.65)

the general solution of Eq. (2.65) is

u = g

(
f1 (p) + f2 (q) +

∫∫
A (p, q) dpdq

(2a1c1c3 + 2a2c2c4 + a3 (c1c4 + c2c3)) g

)
, (2.66)

where f1 and f2 are random second differentiable functions, and

p = c1x+ c2y, q = c3x+ c4y, (2.67)

g = C1e
λ1v + C2e

λ2v, v (x, y) = k1x+ k2y, (2.68)

where λ1, λ2, k1, k2, c1, c2, c3, c4 are constants which satisfy

a1c
2
1 + a2c

2
2 + a3c1c2 = a1c

2
3 + a2c

2
4 + a3c3c4 = 0, (2.69)

c1c4 − c2c3 6= 0, (2.70)

(a4k1 + a5k2)
2 − 4a6

(
a1k

2
1 + a2k

2
2 + a3k1k2

)
> 0,

λ1 =
−a4k1 − a5k2 +

√
(a4k1 + a5k2)

2 − 4a6
(
a1k21 + a2k22 + a3k1k2

)
2
(
a1k21 + a2k22 + a3k1k2

) ,
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λ2 =
−a4k1 − a5k2 −

√
(a4k1 + a5k2)

2 − 4a6
(
a1k21 + a2k22 + a3k1k2

)
2
(
a1k21 + a2k22 + a3k1k2

) ,

λ1k1 (2a1c1 + a3c2) + λ1k2 (2a2c2 + a3c1) + a4c1 + a5c2 = 0, (2.71)

λ2k1 (2a1c1 + a3c2) + λ2k2 (2a2c2 + a3c1) + a4c1 + a5c2 = 0, (2.72)

λ1k1 (2a1c3 + a3c4) + λ1k2 (2a2c4 + a3c3) + a4c3 + a5c4 = 0, (2.73)

λ2k1 (2a1c3 + a3c4) + λ2k2 (2a2c4 + a3c3) + a4c3 + a5c4 = 0, (2.74)

Prove. By Z3 transformation, we set

u(x, y) = g(x, y)h(p, q), (2.75)

p = c1x+ c2y, q = c3x+ c4y,

where c1 − c4 are undetermined constants, g and h are undetermined second differentiable
function, and

x =
pc4 − qc2
c1c4 − c2c3

, y =
qc1 − pc3
c1c4 − c2c3

, (2.76)

c1c4 − c2c3 6= 0.

By Eq. (2.75), we get

a1uxx + a2uyy + a3uxy + a4ux + a5uy + a6u
= a1

(
hgxx + 2gx (c1hp + c3hq) + g

(
c21hpp + c23hqq + 2c1c3hpq

))
+a2

(
hgyy + 2gy (c2hp + c4hq) + g

(
c22hpp + c24hqq + 2c2c4hpq

))
+a3 (hgxy + gx (c2hp + c4hq) + gy (c1hp + c3hq) + g (c1c2hpp + c3c4hqq + (c1c4 + c2c3)hpq))
+a4 (gxh+ g (c1hp + c3hq)) + a5 (gyh+ g (c2hp + c4hq)) + a6gh
=
(
a1c

2
1 + a2c

2
2 + a3c1c2

)
ghpp +

(
a1c

2
3 + a2c

2
4 + a3c3c4

)
ghqq

+ (2a1c1c3 + 2a2c2c4 + a3 (c1c4 + c2c3)) ghpq
+ ((2a1c1 + a3c2) gx + (2a2c2 + a3c1) gy + (a4c1 + a5c2) g)hp
+ ((2a1c3 + a3c4) gx + (2a2c4 + a3c3) gy + (a4c3 + a5c4) g)hq
+ (a1gxx + a2gyy + a3gxy + a4gx + a5gy + a6g)h = A (x, y) .

Set
a1gxx + a2gyy + a3gxy + a4gx + a5gy + a6g = 0,

(2a1c1 + a3c2) gx + (2a2c2 + a3c1) gy + (a4c1 + a5c2) g = 0, (2.77)

(2a1c3 + a3c4) gx + (2a2c4 + a3c3) gy + (a4c3 + a5c4) g = 0. (2.78)

Set g = g(v) and v(x, y) = k1x+ k2y, then

a1gxx + a2gyy + a3gxy + a4gx + a5gy + a6g

=
(
a1k

2
1 + a2k

2
2 + a3k1k2

)
g
′′
v + (a4k1 + a5k2) g

′
v + a6g = 0.

(2.51)

If
(a4k1 + a5k2)

2 − 4a6
(
a1k

2
1 + a2k

2
2 + a3k1k2

)
> 0,

the particular solution of a1gxx + a2gyy + a3gxy + a4gx + a5gy + a6g = 0 is

g = C1e
λ1v + C2e

λ2v,

where C1 and C2 are arbitrary constants, and

λ1 =
−a4k1 − a5k2 +

√
(a4k1 + a5k2)

2 − 4a6
(
a1k21 + a2k22 + a3k1k2

)
2
(
a1k21 + a2k22 + a3k1k2

) ,
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λ2 =
−a4k1 − a5k2 −

√
(a4k1 + a5k2)

2 − 4a6
(
a1k21 + a2k22 + a3k1k2

)
2
(
a1k21 + a2k22 + a3k1k2

) .

Substituting g = C1e
λ1v + C2e

λ2v into (2.77) we get

(2a1c1 + a3c2) gx + (2a2c2 + a3c1) gy + (a4c1 + a5c2) g
= (2a1c1 + a3c2)

(
C1λ1k1e

λ1v + C2λ2k1e
λ2v
)

+ (2a2c2 + a3c1)
(
C1λ1k2e

λ1v + C2λ2k2e
λ2v
)

+ (a4c1 + a5c2)
(
C1e

λ1v + C2e
λ2v
)

= (λ1k1 (2a1c1 + a3c2) + λ1k2 (2a2c2 + a3c1) + a4c1 + a5c2)C1e
λ1v

+ (λ2k1 (2a1c1 + a3c2) + λ2k2 (2a2c2 + a3c1) + a4c1 + a5c2)C2e
λ2v = 0.

So
λ1k1 (2a1c1 + a3c2) + λ1k2 (2a2c2 + a3c1) + a4c1 + a5c2 = 0,

λ2k1 (2a1c1 + a3c2) + λ2k2 (2a2c2 + a3c1) + a4c1 + a5c2 = 0.

Substituting g = C1e
λ1v + C2e

λ2v into (2.78) we obtain

(2a1c3 + a3c4) gx + (2a2c4 + a3c3) gy + (a4c3 + a5c4) g
= (2a1c3 + a3c4)

(
C1λ1k1e

λ1v + C2λ2k1e
λ2v
)

+ (2a2c4 + a3c3)
(
C1λ1k2e

λ1v + C2λ2k2e
λ2v
)

+ (a4c3 + a5c4)
(
C1e

λ1v + C2e
λ2v
)

= (λ1k1 (2a1c3 + a3c4) + λ1k2 (2a2c4 + a3c3) + a4c3 + a5c4)C1e
λ1v

+ (λ2k1 (2a1c3 + a3c4) + λ2k2 (2a2c4 + a3c3) + a4c3 + a5c4)C2e
λ2v = 0.

Then
λ1k1 (2a1c3 + a3c4) + λ1k2 (2a2c4 + a3c3) + a4c3 + a5c4 = 0,

λ2k1 (2a1c3 + a3c4) + λ2k2 (2a2c4 + a3c3) + a4c3 + a5c4 = 0.

So
a1uxx + a2uyy + a3uxy + a4ux + a5uy + a6u

=
(
a1c

2
1 + a2c

2
2 + a3c1c2

)
ghpp +

(
a1c

2
3 + a2c

2
4 + a3c3c4

)
ghqq

+ (2a1c1c3 + 2a2c2c4 + a3 (c1c4 + c2c3)) ghpq = A (x, y) .

(2.80)

Set
a1c

2
1 + a2c

2
2 + a3c1c2 = a1c

2
3 + a2c

2
4 + a3c3c4 = 0.

Then
(2a1c1c3 + 2a2c2c4 + a3 (c1c4 + c2c3)) ghpq = A (x, y) , (2.81)

the general solution of (2.81) is

h = f1 (p) + f2 (q) +

∫∫
A (p, q) dpdq

(2a1c1c3 + 2a2c2c4 + a3 (c1c4 + c2c3)) g
. (2.82)

So the general solution of Eq. (2.65) is

u = g

(
f1 (p) + f2 (q) +

∫∫
A (p, q) dpdq

(2a1c1c3 + 2a2c2c4 + a3 (c1c4 + c2c3)) g

)
.

So the theorem is proved. �

In (2.80), if set

a1c
2
3 + a2c

2
4 + a3c3c4 = 2a1c1c3 + 2a2c2c4 + a3 (c1c4 + c2c3) = 0.
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Then (
a1c

2
1 + a2c

2
2 + a3c1c2

)
ghpp = A (x, y) , (2.83)

the general solution of (2.83) is

h = f1 (q) + pf2 (q) +

∫∫
A (p, q) dpdp(

a1c21 + a2c22 + a3c1c2
)
g
. (2.84)

So the general solution of Eq. (2.65) is

u = g

(
f1 (q) + pf2 (q) +

∫∫
A (p, q) dpdp(

a1c21 + a2c22 + a3c1c2
)
g

)
.

So we can get Theorems 12.

Theorem 12. In R2, the general solution of

a1uxx + a2uyy + a3uxy + a4ux + a5uy + a6u = A (x, y) ,

is

u = g

(
f1 (q) + pf2 (q) +

∫∫
A (p, q) dpdp(

a1c21 + a2c22 + a3c1c2
)
g

)
, (2.85)

where f1 and f2 are arbitrary second differentiable functions, and

p = c1x+ c2y, q = c3x+ c4y,

g = C1e
λ1v + C2e

λ2v, v (x, y) = k1x+ k2y,

where k1, k2, λ1, λ2, c1, c2, c3 and c4 are constants which satisfy (2.41,2.42,2.46,2.70-2.74) and

a1c
2
3 + a2c

2
4 + a3c3c4 = 2a1c1c3 + 2a2c2c4 + a3 (c1c4 + c2c3) = 0. (2.86)

In Theorem 11, if

(a4k1 + a5k2)
2 − 4a6

(
a1k

2
1 + a2k

2
2 + a3k1k2

)
< 0,

or
(a4k1 + a5k2)

2 − 4a6
(
a1k

2
1 + a2k

2
2 + a3k1k2

)
= 0.

By analogous calculation, we may get Theorem 13 and 14.

Theorem 13. In R2, the general solution of

a1uxx + a2uyy + a3uxy + a4ux + a5uy + a6u = A (x, y) ,

is

u = g

(
f1 (p) + f2 (q) +

∫∫
A (p, q) dpdq

(2a1c1c3 + 2a2c2c4 + a3 (c1c4 + c2c3)) g

)
,

where f1 and f2 are arbitrary second differentiable functions, and

p = c1x+ c2y, q = c3x+ c4y,

g = (C1sinλ2v + C2cosλ2v) eλ1v, v(x, y) = k1x+ k2y,
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where C1, C2, λ1, λ2, k1, k2, c1, c2, c3, c4 are constants which satisfy

(a4k1 + a5k2)
2 − 4a6

(
a1k

2
1 + a2k

2
2 + a3k1k2

)
< 0,

λ1 =
−a4k1 − a5k2

2
(
a1k21 + a2k22 + a3k1k2

) , λ2 =

√
(a4k1 + a5k2)

2 − 4a6
(
a1k21 + a2k22 + a3k1k2

)
2
(
a1k21 + a2k22 + a3k1k2

) ,

a1c
2
1 + a2c

2
2 + a3c1c2 = a1c

2
3 + a2c

2
4 + a3c3c4 = 0,

c1c4 − c2c3 6= 0,

(C1λ1k1 − C2λ2k1) (2a1c1 + a3c2) + (C1λ1k2 − C2λ2k2) (2a2c2 + a3c1) + C1 (a4c1 + a5c2) = 0,
(2.87)

(C2λ1k1 + C1λ2k1) (2a1c1 + a3c2) + (C2λ1k2 + C1λ2k2) (2a2c2 + a3c1) + C2 (a4c1 + a5c2) = 0,
(2.88)

(C1λ1k1 − C2λ2k1) (2a1c3 + a3c4) + (C1λ1k2 − C2λ2k2) (2a2c4 + a3c3) + C1 (a4c3 + a5c4) = 0,
(2.89)

(C2λ1k1 + C1λ2k1) (2a1c3 + a3c4) + (C2λ1k2 + C1λ2k2) (2a2c4 + a3c3) + C2 (a4c3 + a5c4) = 0.
(2.90)

Theorem 14. In R2, the general solution of

a1uxx + a2uyy + a3uxy + a4ux + a5uy + a6u = A (x, y) ,

is

u = g

(
f1 (p) + f2 (q) +

∫∫
A (p, q) dpdq

(2a1c1c3 + 2a2c2c4 + a3 (c1c4 + c2c3)) g

)
,

where f1 and f2 are arbitrary second differentiable functions, and

p = c1x+ c2y, q = c3x+ c4y,

g = Cveλv, v(x, y) = k1x+ k2y,

where k1, k2, λ, c1, c2, c3, c4 are constants which satisfy

(a4k1 + a5k2)
2 − 4a6

(
a1k

2
1 + a2k

2
2 + a3k1k2

)
= 0,

λ =
−a4k1 − a5k2

2
(
a1k21 + a2k22 + a3k1k2

) ,
a1c

2
1 + a2c

2
2 + a3c1c2 = a1c

2
3 + a2c

2
4 + a3c3c4 = 0,

c1c4 − c2c3 6= 0,

2a1c1k1 + a3c2k1 + a3c1k2 + 2a2c2k2 = 0, (2.91)

a4c1k1 + a5c2k1 + 2λa1c1k
2
1 + λa3c2k

2
1 + λa3c1k1k2 + 2λa2c2k1k2 = 0, (2.92)

a4c1k2 + a5c2k2 + 2λa1c1k1k2 + λa3c2k1k2 + λa3c1k
2
2 + 2λa2c2k

2
2 = 0, (2.93)

2a1c3k1 + a3c4k1 + a3c3k2 + 2a2c4k2 = 0, (2.94)

a4c3k1 + a5c4k1 + 2λa1c3k
2
1 + λa3c4k

2
1 + λa3c3k1k2 + 2λa2c4k1k2 = 0, (2.95)

a4c3k2 + a5c4k2 + 2λa1c3k1k2 + λa3c4k1k2 + λa3c3k
2
2 + 2λa2c4k

2
2 = 0. (2.96)
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Similar to Theorem 12, we can propose Theorems 15 and 16.

Theorem 15. In R2, the general solution of

a1uxx + a2uyy + a3uxy + a4ux + a5uy + a6u = A (x, y) ,

is

u = g

(
f1 (q) + pf2 (q) +

∫∫
A (p, q) dpdp(

a1c21 + a2c22 + a3c1c2
)
g

)
,

where f1 and f2 are arbitrary second differentiable functions, and

p = c1x+ c2y, q = c3x+ c4y,

g = (C1sinλ2v + C2cosλ2v) eλ1v, v(x, y) = k1x+ k2y,

λ1 =
−a4k1 − a5k2

2
(
a1k21 + a2k22 + a3k1k2

) , λ2 =

√
(a4k1 + a5k2)

2 − 4a6
(
a1k21 + a2k22 + a3k1k2

)
2
(
a1k21 + a2k22 + a3k1k2

) ,

where C1, C2, λ1, λ2, k1, k2, c1, c2, c3, c4 are constants which satisfy (2.60, 2.70,2.86-2.90).

Theorem 16. In R2, the general solution of

a1uxx + a2uyy + a3uxy + a4ux + a5uy + a6u = A (x, y) ,

is

u = g

(
f1 (q) + pf2 (q) +

∫∫
A (p, q) dpdp(

a1c21 + a2c22 + a3c1c2
)
g

)
,

where f1 and f2 are arbitrary second differentiable functions, and

p = c1x+ c2y, q = c3x+ c4y,

g = Cveλv, v(x, y) = k1x+ k2y,

λ =
−a4k1 − a5k2

2
(
a1k21 + a2k22 + a3k1k2

) ,
where k1, k2, λ, c1, c2, c3, c4 are constants which satisfy (2.64,2.70,2.86,2.91-2.96).

Eqs. (2.38, 2.65) are important linear PDEs. One-dimensional homogeneous and non-
homogeneous wave equations, heat equations, two-dimensional reaction-diffusion-convection equation23−25

and Helmholtz equations, etc. are all special cases of them.
Next we propose Theorem 17.

Theorem 17. In R3,

a1utt + a2uxx + a3uyy + a4utx + a5uty + a6uxy + a7ut + a8ux + a9uy = A (t, x, y) , (2.97)

the general solution of Eq. (2.97) is

u = f (q, r) + e
−κq
λ

(∫
g (p, r) dp+

1

λ

∫∫
e
κq
λ A (p, q, r) dpdq

)
, (2.98)
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where A(t, x, y) is any known function, f is a random second differentiable function, g is a
random first differentiable function, and

p = l1t+ l2x+ l3y, q = l4t+ l5x+ l6y, r = l7t+ l8x+ l9y, (2.99)

−l3l5l7 + l2l6l7 + l3l4l8 − l1l6l8 − l2l4l9 + l1l5l9 6= 0, (2.100)

κ = a7l1 + a8l2 + a9l3, (2.101)

λ = 2a1l1l4 + 2a2l2l5 + 2a3l3l6 + a4 (l1l5 + l2l4) + a5 (l1l6 + l3l4) + a6 (l2l6 + l3l5) , (2.102)

a1l
2
1 + a2l

2
2 + a3l

2
3 + a4l1l2 + a5l1l3 + a6l2l3 = 0, (2.103)

a1l
2
4 + a2l

2
5 + a3l

2
6 + a4l4l5 + a5l4l6 + a6l5l6 = 0, (2.104)

a1l
2
7 + a2l

2
8 + a3l

2
9 + a4l7l8 + a5l7l9 + a6l8l9 = 0, (2.105)

2a1l1l7 + 2a2l2l8 + 2a3l3l9 + a4 (l1l8 + l2l7) + a5 (l1l9 + l3l7) + a6 (l2l9 + l3l8) = 0, (2.106)

2a1l4l7 + 2a2l5l8 + 2a3l6l9 + a4 (l4l8 + l5l7) + a5 (l4l9 + l6l7) + a6 (l5l9 + l6l8) = 0, (2.107)

a7l4 + a8l5 + a9l6 = 0, (2.108)

a7l7 + a8l8 + a9l9 = 0. (2.109)

Prove. By Z1 transformation, we set

u = u(p, q, r), A(t, x, y) = A(p, q, r), (2.110)

and
p = l1t+ l2x+ l3y, q = l4t+ l5x+ l6y, r = l7t+ l8x+ l9y,

where l1, l2, . . . l9 are undetermined constants, and

∂ (p, q, r)

∂ (t, x, y)
= −l3l5l7 + l2l6l7 + l3l4l8 − l1l6l8 − l2l4l9 + l1l5l9 6= 0.

By Eq. (2.99), we get

t = − −rl3l5 + rl2l6 + ql3l8 − pl6l8 − ql2l9 + pl5l9
l3l5l7 − l2l6l7 − l3l4l8 + l1l6l8 + l2l4l9 − l1l5l9

, (2.111)

x = − rl3l4 − rl1l6 − ql3l7 + pl6l7 + ql1l9 − pl4l9
l3l5l7 − l2l6l7 − l3l4l8 + l1l6l8 + l2l4l9 − l1l5l9

, (2.112)

y =
rl2l4 − rl1l5 − ql2l7 + pl5l7 + ql1l8 − pl4l8

l3l5l7 − l2l6l7 − l3l4l8 + l1l6l8 + l2l4l9 − l1l5l9
. (2.113)
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So

a1utt + a2uxx + a3uyy + a4utx + a5uty + a6uxy + a7ut + a8ux + a9uy

= a1
(
l21upp + l24uqq + l27urr + 2l1l4upq + 2l1l7upr + 2l4l7uqr

)
+ a2

(
l22upp + l25uqq + l28urr + 2l2l5upq + 2l2l8upr + 2l5l8uqr

)
+ a3

(
l23upp + l26uqq + l29urr + 2l3l6upq + 2l3l9upr + 2l6l9uqr

)
+ a4 (l1l2upp + l4l5uqq + l7l8urr + (l1l5 + l2l4)upq + (l1l8 + l2l7)upr + (l4l8 + l5l7)uqr)

+ a5 (l1l3upp + l4l6uqq + l7l9urr + (l1l6 + l3l4)upq + (l1l9 + l3l7)upr + (l4l9 + l6l7)uqr)

+ a6 (l2l3upp + l5l6uqq + l8l9urr + (l2l6 + l3l5)upq + (l2l9 + l3l8)upr + (l5l9 + l6l8)uqr)

+ a7 (l1up + l4uq + l7ur) + a8 (l2up + l5uq + l8ur) + a9 (l3up + l6uq + l9ur)

=
(
a1l

2
1 + a2l

2
2 + a3l

2
3 + a4l1l2 + a5l1l3 + a6l2l3

)
upp

+
(
a1l

2
4 + a2l

2
5 + a3l

2
6 + a4l4l5 + a5l4l6 + a6l5l6

)
uqq

+
(
a1l

2
7 + a2l

2
8 + a3l

2
9 + a4l7l8 + a5l7l9 + a6l8l9

)
urr

+ (2a1l1l4 + 2a2l2l5 + 2a3l3l6 + a4 (l1l5 + l2l4) + a5 (l1l6 + l3l4) + a6 (l2l6 + l3l5))upq

+ (2a1l1l7 + 2a2l2l8 + 2a3l3l9 + a4 (l1l8 + l2l7) + a5 (l1l9 + l3l7) + a6 (l2l9 + l3l8))upr

+ (2a1l4l7 + 2a2l5l8 + 2a3l6l9 + a4 (l4l8 + l5l7) + a5 (l4l9 + l6l7) + a6 (l5l9 + l6l8))uqr

+ (a7l1 + a8l2 + a9l3)up + (a7l4 + a8l5 + a9l6)uq + (a7l7 + a8l8 + a9l9)ur = A (p, q, r) .
(2.114)

Set
a1l

2
1 + a2l

2
2 + a3l

2
3 + a4l1l2 + a5l1l3 + a6l2l3 = 0,

a1l
2
4 + a2l

2
5 + a3l

2
6 + a4l4l5 + a5l4l6 + a6l5l6 = 0,

a1l
2
7 + a2l

2
8 + a3l

2
9 + a4l7l8 + a5l7l9 + a6l8l9 = 0,

2a1l1l7 + 2a2l2l8 + 2a3l3l9 + a4 (l1l8 + l2l7) + a5 (l1l9 + l3l7) + a6 (l2l9 + l3l8) = 0,

2a1l4l7 + 2a2l5l8 + 2a3l6l9 + a4 (l4l8 + l5l7) + a5 (l4l9 + l6l7) + a6 (l5l9 + l6l8) = 0,

a7l4 + a8l5 + a9l6 = 0,

a7l7 + a8l8 + a9l9 = 0.

Then

a1utt + a2uxx + a3uyy + a4utx + a5uty + a6uxy + a7ut + a8ux + a9uy
= (2a1l1l4 + 2a2l2l5 + 2a3l3l6 + a4 (l1l5 + l2l4) + a5 (l1l6 + l3l4) + a6 (l2l6 + l3l5))upq
+ (a7l1 + a8l2 + a9l3)up = A (p, q, r) .

Set
up = w.

So

(2a1l1l4 + 2a2l2l5 + 2a3l3l6 + a4 (l1l5 + l2l4) + a5 (l1l6 + l3l4) + a6 (l2l6 + l3l5))wq

+ (a7l1 + a8l2 + a9l3)w = A (p, q, r) .
(2.115)

The solution of Eq. (2.115) is

w = e
−κq
λ

(
g (p, r) +

1

λ

∫
e
κq
λ A (p, q, r) dq

)
,

κ = a7l1 + a8l2 + a9l3,
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λ = 2a1l1l4 + 2a2l2l5 + 2a3l3l6 + a4 (l1l5 + l2l4) + a5 (l1l6 + l3l4) + a6 (l2l6 + l3l5) .

Therefore

u = f (q, r) +

∫
wdp = f (q, r) + e

−κq
λ

(∫
g (p, r) dp+

1

λ

∫∫
e
κq
λ A (p, q, r) dpdq

)
.

So the theorem is proved. �

In (2.114), if set

a1l
2
4 + a2l

2
5 + a3l

2
6 + a4l4l5 + a5l4l6 + a6l5l6 = 0,

a1l
2
7 + a2l

2
8 + a3l

2
9 + a4l7l8 + a5l7l9 + a6l8l9 = 0,

2a1l1l4 + 2a2l2l5 + 2a3l3l6 + a4 (l1l5 + l2l4) + a5 (l1l6 + l3l4) + a6 (l2l6 + l3l5) = 0,

2a1l1l7 + 2a2l2l8 + 2a3l3l9 + a4 (l1l8 + l2l7) + a5 (l1l9 + l3l7) + a6 (l2l9 + l3l8) = 0,

2a1l4l7 + 2a2l5l8 + 2a3l6l9 + a4 (l4l8 + l5l7) + a5 (l4l9 + l6l7) + a6 (l5l9 + l6l8) = 0,

a7l4 + a8l5 + a9l6 = 0,

a7l7 + a8l8 + a9l9 = 0.

Then

a1utt + a2uxx + a3uyy + a4utx + a5uty + a6uxy + a7ut + a8ux + a9uy
=
(
a1l

2
1 + a2l

2
2 + a3l

2
3 + a4l1l2 + a5l1l3 + a6l2l3

)
upp + (a7l1 + a8l2 + a9l3)up

= A (p, q, r) .

Set
up = w.

So(
a1l

2
1 + a2l

2
2 + a3l

2
3 + a4l1l2 + a5l1l3 + a6l2l3

)
wp + (a7l1 + a8l2 + a9l3)w = A (p, q, r) . (2.116)

The solution of Eq. (2.116) is

w = e
−κp
τ

(
g (q, r) +

1

τ

∫
e
κp
τ A (p, q, r) dp

)
,

κ = a7l1 + a8l2 + a9l3,

τ = a1l
2
1 + a2l

2
2 + a3l

2
3 + a4l1l2 + a5l1l3 + a6l2l3.

Thereupon

u = f (q, r) +

∫
wdp = f (q, r)− τ

κ
e
−κp
τ g (q, r) +

1

τ

∫ (
e
−κp
τ

∫
e
κp
τ A (p, q, r) dp

)
dp

= f (q, r) + e
−κp
τ g (q, r) +

1

τ

∫ (
e
−κp
τ

∫
e
κp
τ A (p, q, r) dp

)
dp.

Note that g(q, r) is a random second differentiable function, then − τ
κe
−κp
τ g (q, r) = e

−κp
τ g (q, r).

So we can get Theorem 18.

Theorem 18. In R3, the general solution of

a1utt + a2uxx + a3uyy + a4utx + a5uty + a6uxy + a7ut + a8ux + a9uy = A (t, x, y) ,
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is

u = f (q, r) + e
−κp
τ g (q, r) +

1

τ

∫ (
e
−κp
τ

∫
e
κp
τ A (p, q, r) dp

)
dp, (2.117)

where f and g are random second differentiable functions, and

p = l1t+ l2x+ l3y, q = l4t+ l5x+ l6y, r = l7t+ l8x+ l9y,

−l3l5l7 + l2l6l7 + l3l4l8 − l1l6l8 − l2l4l9 + l1l5l9 6= 0,

κ = a7l1 + a8l2 + a9l3,

τ = a1l
2
1 + a2l

2
2 + a3l

2
3 + a4l1l2 + a5l1l3 + a6l2l3,

a1l
2
4 + a2l

2
5 + a3l

2
6 + a4l4l5 + a5l4l6 + a6l5l6 = 0,

a1l
2
7 + a2l

2
8 + a3l

2
9 + a4l7l8 + a5l7l9 + a6l8l9 = 0,

2a1l1l4 + 2a2l2l5 + 2a3l3l6 + a4 (l1l5 + l2l4) + a5 (l1l6 + l3l4) + a6 (l2l6 + l3l5) = 0,

2a1l1l7 + 2a2l2l8 + 2a3l3l9 + a4 (l1l8 + l2l7) + a5 (l1l9 + l3l7) + a6 (l2l9 + l3l8) = 0,

2a1l4l7 + 2a2l5l8 + 2a3l6l9 + a4 (l4l8 + l5l7) + a5 (l4l9 + l6l7) + a6 (l5l9 + l6l8) = 0,

a7l4 + a8l5 + a9l6 = 0,

a7l7 + a8l8 + a9l9 = 0.

Next we propose Theorem 19.

Theorem 19. In R3,

a1utt + a2uxx + a3uyy + a4utx + a5uty + a6uxy + a7ut + a8ux + a9uy + a10u = A (t, x, y) , (2.118)

the general solution of Eq. (2.118) is

u = g (h1 (p, r) + h2 (q, r)) +
g

B

∫∫
A (p, q, r) dpdq

g
, (2.119)

where h1 and h2 are random second differentiable functions, and

p = l1t+ l2x+ l3y, q = l4t+ l5x+ l6y, r = l7t+ l8x+ l9y,

g = C1e
λ1v + C2e

λ2v, v = k1t+ k2x+ k3y + k4, (2.120)

λ1 =
−b+

√
b2 − 4aa10
2a

, λ2 =
−b−

√
b2 − 4aa10
2a

, (2.121)

a = a1k
2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k1k3 + a6k2k3, (2.122)

b = a7k1 + a8k2 + a9k3, (2.123)

B = 2a1l1l4 + 2a2l2l5 + 2a3l3l6 + a4 (l1l5 + l2l4) + a5 (l1l6 + l3l4) + a6 (l2l6 + l3l5) , (2.124)

where k1 − k3 and l1 − l9 are constants which satisfy

b2 − 4aa10 > 0, (2.125)

−l3l5l7 + l2l6l7 + l3l4l8 − l1l6l8 − l2l4l9 + l1l5l9 6= 0,
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k1λ1 (2a1l1 + a4l2 + a5l3) + k2λ1 (2a2l2 + a4l1 + a6l3) + k3λ1 (2a3l3 + a5l1 + a6l2)

+ a7l1 + a8l2 + a9l3 = 0,
(2.126)

k1λ2 (2a1l1 + a4l2 + a5l3) + k2λ2 (2a2l2 + a4l1 + a6l3) + k3λ2 (2a3l3 + a5l1 + a6l2)

+ a7l1 + a8l2 + a9l3 = 0,
(2.127)

k1λ1 (2a1l4 + a4l5 + a5l6) + k2λ1 (2a2l5 + a4l4 + a6l6) + k3λ1 (2a3l6 + a5l4 + a6l5)

+ a7l4 + a8l5 + a9l6 = 0,
(2.128)

k1λ2 (2a1l4 + a4l5 + a5l6) + k2λ2 (2a2l5 + a4l4 + a6l6) + k3λ2 (2a3l6 + a5l4 + a6l5)

+ a7l4 + a8l5 + a9l6 = 0,
(2.129)

k1λ1 (2a1l7 + a4l8 + a5l9) + k2λ1 (2a2l8 + a4l7 + a6l9) + k3λ1 (2a3l9 + a5l7 + a6l8))

+ a7l7 + a8l8 + a9l9 = 0,
(2.130)

k1λ2 (2a1l7 + a4l8 + a5l9) + k2λ2 (2a2l8 + a4l7 + a6l9) + k3λ2 (2a3l9 + a5l7 + a6l8)

+ a7l7 + a8l8 + a9l9 = 0,
(2.131)

a1l
2
1 + a2l

2
2 + a3l

2
3 + a4l1l2 + a5l1l3 + a6l2l3 = 0, (2.132)

a1l
2
4 + a2l

2
5 + a3l

2
6 + a4l4l5 + a5l4l6 + a6l5l6 = 0, (2.133)

a1l
2
7 + a2l

2
8 + a3l

2
9 + a4l7l8 + a5l7l9 + a6l8l9 = 0, (2.134)

2a1l1l7 + 2a2l2l8 + 2a3l3l9 + a4 (l1l8 + l2l7) + a5 (l1l9 + l3l7) + a6 (l2l9 + l3l8) = 0, (2.135)

2a1l4l7 + 2a2l5l8 + 2a3l6l9 + a4 (l4l8 + l5l7) + a5 (l4l9 + l6l7) + a6 (l5l9 + l6l8) = 0. (2.136)

Prove. By Z1 transformation, we set

u (t, x, y) = f (v) = f (k1t+ k2x+ k3y + k4) ,

where v(t, x, y) = k1t + k2x + k3y + k4; k1, k2, . . . k4 are undetermined constants, f is an unde-
termined second differentiable function, so

a1utt + a2uxx + a3uyy + a4utx + a5uty + a6uxy + a7ut + a8ux + a9uy + a10u

=
(
a1k

2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k1k3 + a6k2k3

)
f
′′
v + (a7k1 + a8k2 + a9k3) f

′
v + a10f = 0.

(2.137)
The characteristic equation of Eq. (2.137) is(

a1k
2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k1k3 + a6k2k3

)
λ2 + (a7k1 + a8k2 + a9k3)λ+ a10 = 0.

So

λ =
−b±

√
b2 − 4aa10
2a

,

a = a1k
2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k1k3 + a6k2k3,

b = a7k1 + a8k2 + a9k3.

If
b2 − 4aa10 > 0,

the particular solution of Eq. (2.118) is

u = f = C1e
λ1v + C2e

λ2v,
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where

λ1 =
−b+

√
b2 − 4aa10
2a

λ2 =
−b−

√
b2 − 4aa10
2a

. (2.138)

For getting the general solution of Eq. (2.118), by Z3 transformation, set

u = g(t, x, y)h(p, q, r),

and
p = l1t+ l2x+ l3y, q = l4t+ l5x+ l6y, r = l7t+ l8x+ l9y,

where l1 − l9 are undetermined constants, h and g are undetermined second differentiable func-
tions, and

∂ (p, q, r)

∂ (t, x, y)
= −l3l5l7 + l2l6l7 + l3l4l8 − l1l6l8 − l2l4l9 + l1l5l9 6= 0.

Then

a1utt + a2uxx + a3uyy + a4utx + a5uty + a6uxy + a7ut + a8ux + a9uy + a10u

= a1
(
gtth+ 2gt (l1hp + l4hq + l7hr) + g

(
l21hpp + l24hqq + l27hrr + 2l1l4hpq + 2l1l7hpr + 2l4l7hqr

))
+ a2

(
gxxh+ 2gx (l2hp + l5hq + l8hr) + g

(
l22hpp + l25hqq + l28hrr + 2l2l5hpq + 2l2l8hpr + 2l5l8hqr

))
+ a3

(
gyyh+ 2gy (l3hp + l6hq + l9hr) + g

(
l23hpp + l26hqq + l29hrr + 2l3l6hpq + 2l3l9hpr + 2l6l9hqr

))
+ a4 (gtxh+ gt (l2hp + l5hq + l8hr) + gx (l1hp + l4hq + l7hr)))

+ a4g (l1l2hpp + l4l5hqq + l7l8hrr + (l1l5 + l2l4)hpq + (l1l8 + l2l7)hpr + (l4l8 + l5l7)hqr)

+ a5 (gtyh+ gt (l3hp + l6hq + l9hr) + gy (l1hp + l4hq + l7hr))

+ a5g (l1l3hpp + l4l6hqq + l7l9hrr + (l1l6 + l3l4)hpq + (l1l9 + l3l7)hpr + (l4l9 + l6l7)hqr)

+ a6 (gxyh+ gx (l3hp + l6hq + l9hr) + gy (l2hp + l5hq + l8hr))

+ a6g (l2l3hpp + l5l6hqq + l8l9hrr + (l2l6 + l3l5)hpq + (l2l9 + l3l8)hpr + (l5l9 + l6l8)hqr)

+ a7 (gth+ g (l1hp + l4hq + l7hr)) + a8 (gxh+ g (l2hp + l5hq + l8hr))

+ a9 (gyh+ g (l3hp + l6hq + l9hr)) + a10gh

=
(
a1l

2
1 + a2l

2
2 + a3l

2
3 + a4l1l2 + a5l1l3 + a6l2l3

)
ghpp

+
(
a1l

2
4 + a2l

2
5 + a3l

2
6 + a4l4l5 + a5l4l6 + a6l5l6

)
ghqq

+
(
a1l

2
7 + a2l

2
8 + a3l

2
9 + a4l7l8 + a5l7l9 + a6l8l9

)
ghrr

+ (2a1l1l4 + 2a2l2l5 + 2a3l3l6 + a4 (l1l5 + l2l4) + a5 (l1l6 + l3l4) + a6 (l2l6 + l3l5)) ghpq

+ (2a1l1l7 + 2a2l2l8 + 2a3l3l9 + a4 (l1l8 + l2l7) + a5 (l1l9 + l3l7) + a6 (l2l9 + l3l8)) ghpr

+ (2a1l4l7 + 2a2l5l8 + 2a3l6l9 + a4 (l4l8 + l5l7) + a5 (l4l9 + l6l7) + a6 (l5l9 + l6l8)) ghqr

+ ((2a1l1 + a4l2 + a5l3) gt + (2a2l2 + a4l1 + a6l3) gx + (2a3l3 + a5l1 + a6l2) gy)hp

+ (a7l1 + a8l2 + a9l3)ghp

+ ((2a1l4 + a4l5 + a5l6) gt + (2a2l5 + a4l4 + a6l6) gx + (2a3l6 + a5l4 + a6l5) gy)hq

+ (a7l4 + a8l5 + a9l6) ghq

+ ((2a1l7 + a4l8 + a5l9) gt + (2a2l8 + a4l7 + a6l9) gx + (2a3l9 + a5l7 + a6l8) gy)hr

+ (a7l7 + a8l8 + a9l9) ghr

+ (a1gtt + a2gxx + a3gyy + a4gtx + a5gty + a6gxy + a7gt + a8gx + a9gy + a10g)h.
(2.139)

Set

a1gtt + a2gxx + a3gyy + a4gtx + a5gty + a6gxy + a7gt + a8gx + a9gy + a10g = 0, (2.140)
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(2a1l1 + a4l2 + a5l3) gt + (2a2l2 + a4l1 + a6l3) gx + (2a3l3 + a5l1 + a6l2) gy

+ (a7l1 + a8l2 + a9l3) g = 0,
(2.141)

(2a1l4 + a4l5 + a5l6) gt + (2a2l5 + a4l4 + a6l6) gx + (2a3l6 + a5l4 + a6l5) gy

+ (a7l4 + a8l5 + a9l6) g = 0,
(2.142)

(2a1l7 + a4l8 + a5l9) gt + (2a2l8 + a4l7 + a6l9) gx + (2a3l9 + a5l7 + a6l8) gy

+ (a7l7 + a8l8 + a9l9) g = 0.
(2.143)

Set g = g(v), v = k1t+ k2x+ k3y + k4, the particular solution of Eq. (2.140) is

g = C1e
λ1v + C2e

λ2v, (2.144)

where λ1 and λ2 satisfy Eq. (2.138). Substituting (2.144) into (2.141) we have

(2a1l1 + a4l2 + a5l3) gt + (2a2l2 + a4l1 + a6l3) gx + (2a3l3 + a5l1 + a6l2) gy
+ (a7l1 + a8l2 + a9l3) g
= (2a1l1 + a4l2 + a5l3)

(
C1k1λ1e

λ1v + C2k1λ2e
λ2v
)

+ (2a2l2 + a4l1 + a6l3)
(
C1k2λ1e

λ1v + C2k2λ2e
λ2v
)

+ (2a3l3 + a5l1 + a6l2)
(
C1k3λ1e

λ1v + C2k3λ2e
λ2v
)

+ (a7l1 + a8l2 + a9l3)
(
C1e

λ1v + C2e
λ2v
)

= k1λ1C1e
λ1v (2a1l1 + a4l2 + a5l3) + k2λ1C1e

λ1v (2a2l2 + a4l1 + a6l3)
+k3λ1C1e

λ1v (2a3l3 + a5l1 + a6l2) + C1e
λ1v (a7l1 + a8l2 + a9l3)

+k1λ2C2e
λ2v (2a1l1 + a4l2 + a5l3) + k2λ2C2e

λ2v (2a2l2 + a4l1 + a6l3)
+k3λ2C2e

λ2v (2a3l3 + a5l1 + a6l2) + C2e
λ2v (a7l1 + a8l2 + a9l3) = 0.

Namely

k1λ1 (2a1l1 + a4l2 + a5l3) + k2λ1 (2a2l2 + a4l1 + a6l3) + k3λ1 (2a3l3 + a5l1 + a6l2)

+ a7l1 + a8l2 + a9l3 = 0

k1λ2 (2a1l1 + a4l2 + a5l3) + k2λ2 (2a2l2 + a4l1 + a6l3) + k3λ2 (2a3l3 + a5l1 + a6l2)

+ a7l1 + a8l2 + a9l3 = 0.

Substituting (2.144) into (2.142,2.143) respectively, we have

k1λ1 (2a1l4 + a4l5 + a5l6) + k2λ1 (2a2l5 + a4l4 + a6l6) + k3λ1 (2a3l6 + a5l4 + a6l5)

+ a7l4 + a8l5 + a9l6 = 0,

k1λ2 (2a1l4 + a4l5 + a5l6) + k2λ2 (2a2l5 + a4l4 + a6l6) + k3λ2 (2a3l6 + a5l4 + a6l5)

+ a7l4 + a8l5 + a9l6 = 0,

k1λ1 (2a1l7 + a4l8 + a5l9) + k2λ1 (2a2l8 + a4l7 + a6l9) + k3λ1 (2a3l9 + a5l7 + a6l8)

+ a7l7 + a8l8 + a9l9 = 0,

k1λ2 (2a1l7 + a4l8 + a5l9) + k2λ2 (2a2l8 + a4l7 + a6l9) + k3λ2 (2a3l9 + a5l7 + a6l8)

+ a7l7 + a8l8 + a9l9 = 0.

Case 1:
In (2.139), set

a1l
2
1 + a2l

2
2 + a3l

2
3 + a4l1l2 + a5l1l3 + a6l2l3 = 0,

a1l
2
4 + a2l

2
5 + a3l

2
6 + a4l4l5 + a5l4l6 + a6l5l6 = 0,

a1l
2
7 + a2l

2
8 + a3l

2
9 + a4l7l8 + a5l7l9 + a6l8l9 = 0,
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2a1l1l7 + 2a2l2l8 + 2a3l3l9 + a4 (l1l8 + l2l7) + a5 (l1l9 + l3l7) + a6 (l2l9 + l3l8) = 0,

2a1l4l7 + 2a2l5l8 + 2a3l6l9 + a4 (l4l8 + l5l7) + a5 (l4l9 + l6l7) + a6 (l5l9 + l6l8) = 0.

Then

a1utt + a2uxx + a3uyy + a4utx + a5uty + a6uxy + a7ut + a8ux + a9uy + a10u
= (2a1l1l4 + 2a2l2l5 + 2a3l3l6 + a4 (l1l5 + l2l4) + a5 (l1l6 + l3l4) + a6 (l2l6 + l3l5)) ghpq
= A(p, q, r).

That is

hpq =
A (p, q, r)

(2a1l1l4 + 2a2l2l5 + 2a3l3l6 + a4 (l1l5 + l2l4) + a5 (l1l6 + l3l4) + a6 (l2l6 + l3l5)) g
,

(2.145)
the general solution of Eq. (2.145) is

h = h1 (p, r) + h2 (q, r) +

∫∫
A (p, q, r) dpdq

Bg
,

where

B = 2a1l1l4 + 2a2l2l5 + 2a3l3l6 + a4 (l1l5 + l2l4) + a5 (l1l6 + l3l4) + a6 (l2l6 + l3l5) .

So the general solution of Eq. (2.118) is

u = gh = g (h1 (p, r) + h2 (q, r)) +
g

B

∫∫
A (p, q, r) dpdq

g
.

Whereupon the theorem is proved. �

Case 2:
In (2.139), set

a1l
2
4 + a2l

2
5 + a3l

2
6 + a4l4l5 + a5l4l6 + a6l5l6 = 0,

a1l
2
7 + a2l

2
8 + a3l

2
9 + a4l7l8 + a5l7l9 + a6l8l9 = 0,

2a1l1l7 + 2a2l2l8 + 2a3l3l9 + a4 (l1l8 + l2l7) + a5 (l1l9 + l3l7) + a6 (l2l9 + l3l8) = 0,

2a1l1l4 + 2a2l2l5 + 2a3l3l6 + a4 (l1l5 + l2l4) + a5 (l1l6 + l3l4) + a6 (l2l6 + l3l5) = 0,

2a1l4l7 + 2a2l5l8 + 2a3l6l9 + a4 (l4l8 + l5l7) + a5 (l4l9 + l6l7) + a6 (l5l9 + l6l8) = 0.

Then

a1utt + a2uxx + a3uyy + a4utx + a5uty + a6uxy + a7ut + a8ux + a9uy + a10u
=
(
a1l

2
1 + a2l

2
2 + a3l

2
3 + a4l1l2 + a5l1l3 + a6l2l3

)
ghpp = A (p, q, r) .

Namely

hpp =
A (p, q, r)

Eg
, (2.146)

E = a1l
2
1 + a2l

2
2 + a3l

2
3 + a4l1l2 + a5l1l3 + a6l2l3. (2.147)

The general solution of Eq. (2.146) is

h = h1 (q, r) + ph2 (q, r) +

∫∫
A (p, q, r) dpdp

Eg
.
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Then the general solution of Eq. (2.118) is

u = gh = g (h1 (q, r) + ph2 (q, r)) +
g

E

∫∫
A (p, q, r) dpdp

g
.

So we can get Theorem 20.

Theorem 20. In R3, the general solution of

a1utt + a2uxx + a3uyy + a4utx + a5uty + a6uxy + a7ut + a8ux + a9uy + a10u = A (t, x, y) ,

is

u = g (h1 (q, r) + ph2 (q, r)) +
g

E

∫∫
A (p, q, r) dpdp

g
, (2.148)

where h1 and h2 are random second differentiable functions, and

g = C1e
λ1v + C2e

λ2v, v = k1t+ k2x+ k3y + k4,

λ1 =
−b+

√
b2 − 4aa10
2a

, λ2 =
−b−

√
b2 − 4aa10
2a

,

a = a1k
2
1 + a2k

2
2 + a3k

2
3 + a4k1k2 + a5k1k3 + a6k2k3,

b = a7k1 + a8k2 + a9k3,

p = l1t+ l2x+ l3y, q = l4t+ l5x+ l6y, r = l7t+ l8x+ l9y,

E = a1l
2
1 + a2l

2
2 + a3l

2
3 + a4l1l2 + a5l1l3 + a6l2l3,

where k1 − k3 and l1 − l9 are constants which satisfy

b2 − 4aa10 > 0,

−l3l5l7 + l2l6l7 + l3l4l8 − l1l6l8 − l2l4l9 + l1l5l9 6= 0,

k1λ1 (2a1l1 + a4l2 + a5l3) + k2λ1 (2a2l2 + a4l1 + a6l3) + k3λ1 (2a3l3 + a5l1 + a6l2)

+ a7l1 + a8l2 + a9l3 = 0,

k1λ2 (2a1l1 + a4l2 + a5l3) + k2λ2 (2a2l2 + a4l1 + a6l3) + k3λ2 (2a3l3 + a5l1 + a6l2)

+ a7l1 + a8l2 + a9l3 = 0,

k1λ1 (2a1l4 + a4l5 + a5l6) + k2λ1 (2a2l5 + a4l4 + a6l6) + k3λ1 (2a3l6 + a5l4 + a6l5)

+ a7l4 + a8l5 + a9l6 = 0,

k1λ2 (2a1l4 + a4l5 + a5l6) + k2λ2 (2a2l5 + a4l4 + a6l6) + k3λ2 (2a3l6 + a5l4 + a6l5)

+ a7l4 + a8l5 + a9l6 = 0,

k1λ1 (2a1l7 + a4l8 + a5l9) + k2λ1 (2a2l8 + a4l7 + a6l9) + k3λ1 (2a3l9 + a5l7 + a6l8)

+ a7l7 + a8l8 + a9l9 = 0,

k1λ2 (2a1l7 + a4l8 + a5l9) + k2λ2 (2a2l8 + a4l7 + a6l9) + k3λ2 (2a3l9 + a5l7 + a6l8)

+ a7l7 + a8l8 + a9l9 = 0,

a1l
2
4 + a2l

2
5 + a3l

2
6 + a4l4l5 + a5l4l6 + a6l5l6 = 0,

a1l
2
7 + a2l

2
8 + a3l

2
9 + a4l7l8 + a5l7l9 + a6l8l9 = 0,

2a1l1l7 + 2a2l2l8 + 2a3l3l9 + a4 (l1l8 + l2l7) + a5 (l1l9 + l3l7) + a6 (l2l9 + l3l8) = 0,
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2a1l1l4 + 2a2l2l5 + 2a3l3l6 + a4 (l1l5 + l2l4) + a5 (l1l6 + l3l4) + a6 (l2l6 + l3l5) = 0,

2a1l4l7 + 2a2l5l8 + 2a3l6l9 + a4 (l4l8 + l5l7) + a5 (l4l9 + l6l7) + a6 (l5l9 + l6l8) = 0.

For other cases and b2 − 4aa10 = 0, b2 − 4aa10 < 0, similar calculations could be done.
Eq. (2.118) is a significant linear PDEs. Two-dimensional heat equation, wave equation,

Fokker-Planck Equation,26−28 Telegraph Equation,29−31 etc. are all special cases of them.
Next we propose Theorem 21,22.

Theorem 21. In R2,

a1uttt + a2uxxx + a3uttx + a4utxx = A (t, x) , (2.149)

the general solution of Eq. (2.149) is

u = f (q) + pg (q) + p2h (q) +

∫∫∫
A (p, q) dpdpdp

a1k31 + a2k32 + a3k21k2 + a4k1k22
, (2.150)

where f, g and h are random third differentiable functions, and

p = k1t+ k2x, q = k3t+ k4x,

k1k4 − k2k3 6= 0,

a1k
3
3 + a2k

3
4 + a3k

2
3k4 + a4k3k

2
4 = 0, (2.151)

3a1k1k
2
3 + 3a2k2k

2
4 + a3

(
k2k

2
3 + 2k1k3k4

)
+ a4

(
k1k

2
4 + 2k2k3k4

)
= 0, (2.152)

3a1k
2
1k3 + 3a2k

2
2k4 + a3

(
k21k4 + 2k1k2k3

)
+ a4

(
k22k3 + 2k1k2k4

)
= 0. (2.153)

Prove. By Z1 transformation, we set

u(t, x) = u(p, q),

p = k1t+ k2x, q = k3t+ k4x,

and

t =
pk4 − qk2
k1k4 − k2k3

, x =
qk1 − pk3
k1k4 − k2k3

,

k1k4 − k2k3 6= 0.

Namely

a1uttt + a2uxxx + a3uttx + a4utxx

= a1
(
k31uppp + k33uqqq + 3k1k

2
3upqq + 3k21k3uppq

)
+ a2

(
k32uppp + k34uqqq + 3k2k

2
4upqq + 3k22k4uppq

)
+ a3

(
k21k2uppp + k23k4uqqq +

(
k2k

2
3 + 2k1k3k4

)
upqq +

(
k21k4 + 2k1k2k3

)
uppq

)
+ a4

(
k1k

2
2uppp + k3k

2
4uqqq +

(
k1k

2
4 + 2k2k3k4

)
upqq +

(
k22k3 + 2k1k2k4

)
uppq

)
=
(
a1k

3
1 + a2k

3
2 + a3k

2
1k2 + a4k1k

2
2

)
uppp +

(
a1k

3
3 + a2k

3
4 + a3k

2
3k4 + a4k3k

2
4

)
uqqq

+
(
3a1k1k

2
3 + 3a2k2k

2
4 + a3

(
k2k

2
3 + 2k1k3k4

)
+ a4

(
k1k

2
4 + 2k2k3k4

))
upqq

+
(
3a1k

2
1k3 + 3a2k

2
2k4 + a3

(
k21k4 + 2k1k2k3

)
+ a4

(
k22k3 + 2k1k2k4

))
uppq

= A(p, q).
(2.154)
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Set
a1k

3
3 + a2k

3
4 + a3k

2
3k4 + a4k3k

2
4 = 0,

3a1k1k
2
3 + 3a2k2k

2
4 + a3

(
k2k

2
3 + 2k1k3k4

)
+ a4

(
k1k

2
4 + 2k2k3k4

)
= 0,

3a1k
2
1k3 + 3a2k

2
2k4 + a3

(
k21k4 + 2k1k2k3

)
+ a4

(
k22k3 + 2k1k2k4

)
= 0.

So

a1uttt + a2uxxx + a3uttx + a4utxx =
(
a1k

3
1 + a2k

3
2 + a3k

2
1k2 + a4k1k

2
2

)
uppp = A (p, q) . (2.155)

The general solution of Eq. (2.155) is

u = f (q) + pg (q) + p2h (q) +

∫∫∫
A (p, q) dpdpdp

a1k31 + a2k32 + a3k21k2 + a4k1k22
.

So the theorem is proved. �

In (2.154), if set
a1k

3
1 + a2k

3
2 + a3k

2
1k2 + a4k1k

2
2 = 0,

a1k
3
3 + a2k

3
4 + a3k

2
3k4 + a4k3k

2
4 = 0,

3a1k1k
2
3 + 3a2k2k

2
4 + a3

(
k2k

2
3 + 2k1k3k4

)
+ a4

(
k1k

2
4 + 2k2k3k4

)
= 0.

Then

a1uttt + a2uxxx + a3uttx + a4utxx

=
(
3a1k

2
1k3 + 3a2k

2
2k4 + a3

(
k21k4 + 2k1k2k3

)
+ a4

(
k22k3 + 2k1k2k4

))
uppq = A(p, q).

(2.156)

The general solution of Eq. (2.156) is

u = f (p) + g (q) + ph (q) +

∫∫∫
A (p, q) dpdpdp

3a1k21k3 + 3a2k22k4 + a3
(
k21k4 + 2k1k2k3

)
+ a4

(
k22k3 + 2k1k2k4

) .
So we can present Theorem 22.

Theorem 22. In R2, the general solution of

a1uttt + a2uxxx + a3uttx + a4utxx = A (t, x) ,

is

u = f (p) + g (q) + ph (q) +

∫∫∫
A (p, q) dpdpdp

3a1k21k3 + 3a2k22k4 + a3
(
k21k4 + 2k1k2k3

)
+ a4

(
k22k3 + 2k1k2k4

) ,
(2.157)

where f, g and h are random third differentiable functions, and

p = k1t+ k2x, q = k3t+ k4x,

k1k4 − k2k3 6= 0,

a1k
3
1 + a2k

3
2 + a3k

2
1k2 + a4k1k

2
2 = 0,

a1k
3
3 + a2k

3
4 + a3k

2
3k4 + a4k3k

2
4 = 0,

3a1k1k
2
3 + 3a2k2k

2
4 + a3

(
k2k

2
3 + 2k1k3k4

)
+ a4

(
k1k

2
4 + 2k2k3k4

)
= 0.
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Next we propose Theorem 23.

Theorem 23. In R3,

a1uttt + a2uxxx + a3uttx + a4utxx + a5utt + a6uxx + a7utx + a8ut + a9ux = A (t, x) , (2.158)

the general solution of Eq. (2.158) is

u = f (q) + g (q)

∫
ψ1 (p) dp+ h (q)

∫
ψ2 (p) dp

+

∫ (∫ p

p0

ψ1 (s)ψ2 (p)− ψ1 (p)ψ2 (s)

ψ1 (s)ψ
′
2 (s)− ψ1 (s)ψ

′
1 (s)

A (s, q) ds

)
dp,

(2.159)

where f, g and h are random third differentiable functions, and

p = k1t+ k2x, q = k3t+ k4x,

k1k4 − k2k3 6= 0,

a1k
3
3 + a2k

3
4 + a3k

2
3k4 + a4k3k

2
4 = 0, (2.160)

3a1k1k
2
3 + 3a2k2k

2
4 + a3

(
k2k

2
3 + 2k1k3k4

)
+ a4

(
k1k

2
4 + 2k2k3k4

)
= 0, (2.161)

3a1k
2
1k3 + 3a2k

2
2k4 + a3

(
k21k4 + 2k1k2k3

)
+ a4

(
k22k3 + 2k1k2k4

)
= 0, (2.162)

a5k
2
3 + a6k

2
4 + a7k3k4 = 0, (2.163)

2a5k1k3 + 2a6k2k4 + a7 (k1k4 + k2k3) = 0, (2.164)

a8k3 + a9k4 = 0, (2.165)

ψ1(p) and ψ2(p) are two linearly independent particular solutions for(
a1k

3
1 + a2k

3
2 + a3k

2
1k2 + a4k1k

2
2

)
wpp +

(
a5k

2
1 + a6k

2
2 + a7k1k2

)
wp + (a8k1 + a9k2)w = 0

.

Prove. By Z1 transformation, set
u(t, x) = u(p, q),

p = k1t+ k2x, q = k3t+ k4x,

and
k1k4 − k2k3 6= 0.

Then

a1uttt + a2uxxx + a3uttx + a4utxx + a5utt + a6uxx + a7utx + a8ut + a9ux
= a1

(
k31uppp + k33uqqq + 3k1k

2
3upqq + 3k21k3uppq

)
+a2

(
k32uppp + k34uqqq + 3k2k

2
4upqq + 3k22k4uppq

)
+a3

(
k21k2uppp + k23k4uqqq +

(
k2k

2
3 + 2k1k3k4

)
upqq +

(
k21k4 + 2k1k2k3

)
uppq

)
+a4

(
k1k

2
2uppp + k3k

2
4uqqq +

(
k1k

2
4 + 2k2k3k4

)
upqq +

(
k22k3 + 2k1k2k4

)
uppq

)
+a5

(
k21upp + k23uqq + 2k1k3upq

)
+ a6

(
k22upp + k24uqq + 2k2k4upq

)
+a7 (k1k2upp + k3k4uqq + (k1k4 + k2k3)upq) + a8 (k1up + k3uq) + a9 (k2up + k4uq)
=
(
a1k

3
1 + a2k

3
2 + a3k

2
1k2 + a4k1k

2
2

)
uppp +

(
a1k

3
3 + a2k

3
4 + a3k

2
3k4 + a4k3k

2
4

)
uqqq

+
(
3a1k1k

2
3 + 3a2k2k

2
4 + a3

(
k2k

2
3 + 2k1k3k4

)
+ a4

(
k1k

2
4 + 2k2k3k4

))
upqq

+
(
3a1k

2
1k3 + 3a2k

2
2k4 + a3

(
k21k4 + 2k1k2k3

)
+ a4

(
k22k3 + 2k1k2k4

))
uppq

+
(
a5k

2
1 + a6k

2
2 + a7k1k2

)
upp +

(
a5k

2
3 + a6k

2
4 + a7k3k4

)
uqq

+ (2a5k1k3 + 2a6k2k4 + a7 (k1k4 + k2k3))upq + (a8k1 + a9k2)up + (a8k3 + a9k4)uq
= A(p, q).
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Set
a1k

3
3 + a2k

3
4 + a3k

2
3k4 + a4k3k

2
4 = 0,

3a1k1k
2
3 + 3a2k2k

2
4 + a3

(
k2k

2
3 + 2k1k3k4

)
+ a4

(
k1k

2
4 + 2k2k3k4

)
= 0,

3a1k
2
1k3 + 3a2k

2
2k4 + a3

(
k21k4 + 2k1k2k3

)
+ a4

(
k22k3 + 2k1k2k4

)
= 0,

a5k
2
3 + a6k

2
4 + a7k3k4 = 0,

2a5k1k3 + 2a6k2k4 + a7 (k1k4 + k2k3) = 0,

a8k3 + a9k4 = 0.

So

a1uttt + a2uxxx + a3uttx + a4utxx + a5utt + a6uxx + a7utx + a8ut + a9ux

=
(
a1k

3
1 + a2k

3
2 + a3k

2
1k2 + a4k1k

2
2

)
uppp +

(
a5k

2
1 + a6k

2
2 + a7k1k2

)
upp + (a8k1 + a9k2)up

= A(p, q).
(2.166)

Set
w = up.

Then(
a1k

3
1 + a2k

3
2 + a3k

2
1k2 + a4k1k

2
2

)
wpp +

(
a5k

2
1 + a6k

2
2 + a7k1k2

)
wp + (a8k1 + a9k2)w

= A(p, q).
(2.167)

The solution of Eq. (2.167) is

w = g (q)ψ1 (p) + h (q)ψ2 (p) +

∫ p

p0

ψ1 (s)ψ2 (p)− ψ1 (p)ψ2 (s)

ψ1 (s)ψ
′
2 (s)− ψ1 (s)ψ

′
1 (s)

A (s, q) ds,

ψ1(p) and ψ2(p) are two linearly independent particular solutions for the homogeneous equation
of (2.167), and g(q), h(q) are random unary functions. then

u = f (q) +
∫
wdp

= f (q) + g (q)
∫
ψ1 (p) dp+ h (q)

∫
ψ2 (p) dp+

∫ (∫ p
p0

ψ1(s)ψ2(p)−ψ1(p)ψ2(s)

ψ1(s)ψ
′
2(s)−ψ1(s)ψ

′
1(s)

A (s, q) ds

)
dp.

So the theorem is proved. �

We propose Theorem 24 as follows.

Theorem 24. In R3,

a1uttt + a2uxxx + a3uyyy + a4uttx + a5utty + a6utxx + a7utxy + a8utyy + a9uxxy + a10uxyy

= A(t, x, y),
(2.168)

the general solution of Eq. (2.168) is

u = f (p, q) + g (p, r) + h (q, r) +
1

B

∫∫∫
A (p, q, r)dpdqdr, (2.169)

where f, g and h are random third differentiable functions, and

p = l1t+ l2x+ l3y, q = l4t+ l5x+ l6y, r = l7t+ l8x+ l9y,



30

−l3l5l7 + l2l6l7 + l3l4l8 − l1l6l8 − l2l4l9 + l1l5l9 6= 0,

B = 6a1l1l4l7 + 6a2l2l5l8 + 6a3l3l6l9 + 2a4 (l1l4l8 + l1l5l7 + l2l4l7) + 2a5 (l1l4l9 + l1l6l7 + l3l4l7)

+ 2a6 (l1l5l8 + l2l4l8 + l2l5l7) + a7 (l3 (l4l8 + l5l7) + l6 (l1l8 + l2l7) + l9 (l1l5 + l2l4))

+ 2a8 (l1l6l9 + l3l4l9 + l3l6l7) + 2a9 (l2l5l9 + l2l6l8 + l3l5l8) + a10,
(2.170)

where l1 − l9 are constants which satisfy

a1l
3
1 + a2l

3
2 + a3l

3
3 + a4l

2
1l2 + a5l

2
1l3 + a6l1l

2
2 + a7l1l2l3 + a8l1l

2
3 + a9l

2
2l3 + a10l2l

2
3 = 0, (2.171)

a1l
3
4 + a2l

3
5 + a3l

3
6 + a4l

2
4l5 + a5l

2
4l6 + a6l4l

2
5 + a7l4l5l6 + a8l4l

2
6 + a9l

2
5l6 + a10l5l

2
6 = 0, (2.172)

a1l
3
7 + a2l

3
8 + a3l

3
9 + a4l

2
7l8 + a5l

2
7l9 + a6l7l

2
8 + a7l7l8l9 + a8l7l

2
9 + a9l

2
8l9 + a10l8l

2
9 = 0, (2.173)

3a1l
2
1l4 + 3a2l

2
2l5 + 3a3l

2
3l6 + a4

(
l21l5 + 2l1l2l4

)
+ a5

(
l21l6 + 2l1l3l4

)
+ a6

(
l22l4 + 2l1l2l5

)
+ a7 (l1l2l6 + l3 (l1l5 + l2l4)) + a8

(
l23l4 + 2l1l3l6

)
+ a9

(
l22l6 + 2l2l3l5

)
+ a10

(
l23l5 + 2l2l3l6

)
= 0,

(2.174)
3a1l

2
1l7 + 3a2l

2
2l8 + 3a3l

2
3l9 + a4

(
l21l8 + 2l1l2l7

)
+ a5

(
l21l9 + 2l1l3l7

)
+ a6

(
l22l7 + 2l1l2l8

)
+ a7 (l1l2l9 + l3 (l1l8 + l2l7)) + a8

(
l23l7 + 2l1l3l9

)
+ a9

(
l22l9 + 2l2l3l8

)
+ a10

(
l23l8 + 2l2l3l9

)
= 0,

(2.175)
3a1l1l

2
4 + 3a2l2l

2
5 + 3a3l3l

2
6 + a4

(
l1l

2
4 + 2l1l4l5

)
+ a5

(
l3l

2
4 + 2l1l4l6

)
+ a6

(
l1l

2
5 + 2l2l4l5

)
+ a7 (l3l4l5 + l6 (l1l5 + l2l4)) + a8

(
l1l

2
6 + 2l3l4l6

)
+ a9

(
l3l

2
5 + 2l2l5l6

)
+ a10

(
l2l

2
6 + 2l3l5l6

)
= 0,

(2.176)
3a1l1l

2
7 + 3a2l2l

2
8 + 3a3l3l

2
9 + a4

(
l2l

2
7 + 2l1l7l8

)
+ a5

(
l3l

2
7 + 2l1l7l9

)
+ a6

(
l1l

2
8 + 2l2l7l8

)
+ a7 (l3l7l8 + l9 (l1l8 + l2l7)) + a8

(
l1l

2
9 + 2l3l7l9

)
+ a9

(
l3l

2
8 + 2l2l8l9

)
+ a10

(
l2l

2
9 + 2l3l8l9

)
,

(2.177)
3a1l

2
4l7 + 3a2l

2
5l8 + 3a3l

2
6l9 + a4

(
l24l8 + 2l4l5l7

)
+ a5

(
l24l9 + 2l4l6l7

)
+ a6

(
l25l7 + 2l4l5l8

)
+ a7 (l4l5l9 + l6 (l4l8 + l5l7)) + a8

(
l26l7 + 2l4l6l9

)
+ a9

(
l25l9 + 2l5l6l8

)
+ a10

(
l26l8 + 2l5l6l9

)
= 0,

(2.178)
3a1l4l

2
7 + 3a2l5l

2
8 + 3a3l6l

2
9 + a4

(
l5l

2
7 + 2l4l7l8

)
+ a5

(
l6l

2
7 + 2l4l7l9

)
+ a6

(
l4l

2
8 + 2l5l7l8

)
+ a7 (l6l7l8 + l9 (l4l8 + l5l7)) + a8

(
l4l

2
9 + 2l6l7l9

)
+ a9

(
l6l

2
8 + 2l5l8l9

)
+ a10

(
l5l

2
9 + 2l6l8l9

)
= 0.

(2.179)

Prove. By Z1 transformation, set

u = u(p, q, r), A(t, x, y) = A(p, q, r),

and
p = l1t+ l2x+ l3y, q = l4t+ l5x+ l6y, r = l7t+ l8x+ l9y,

where l1 − l9 are undetermined constants, and

∂ (p, q, r)

∂ (t, x, y)
= −l3l5l7 + l2l6l7 + l3l4l8 − l1l6l8 − l2l4l9 + l1l5l9 6= 0.
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So

a1uttt + a2uxxx + a3uyyy + a4uttx + a5utty + a6utxx + a7utxy + a8utyy + a9uxxy + a10uxyy
= a1

(
l31uppp + l34uqqq + l37urrr

)
+ a1

(
3l21l4uppq + 3l21l7uppr + 3l1l

2
4upqq

)
+a1

(
3l1l

2
7uprr + 3l24l7uqqr + 3l4l

2
7uqrr + 6l1l4l7upqr

)
+ a2

(
l32uppp + l35uqqq + l38urrr

)
+a2

(
3l22l5uppq + 3l22l8uppr + 3l2l

2
5upqq

)
+ a2

(
3l2l

2
8uprr + 3l25l8uqqr + 3l5l

2
8uqrr + 6l2l5l8upqr

)
+a3

(
l33uppp + l36uqqq + l39urrr

)
+ a3

(
3l23l6uppq + 3l23l9uppr + 3l3l

2
6upqq

)
+a3

(
3l3l

2
9uprr + 3l26l9uqqr + 3l6l

2
9uqrr + 6l3l6l9upqr

)
+ a4

(
l21l2uppp + l24l5uqqq + l27l8urrr

)
+a4

((
l21l5 + 2l1l2l4

)
uppq +

(
l21l8 + 2l1l2l7

)
uppr +

(
l1l

2
4 + 2l1l4l5

)
upqq +

(
l24l8 + 2l4l5l7

)
uqqr

)
+a4

((
l2l

2
7 + 2l1l7l8

)
uprr +

(
l5l

2
7 + 2l4l7l8

)
uqrr + (2l1l4l8 + 2l1l5l7 + 2l2l4l7)upqr

)
+a5

(
l21l3uppp + l24l6uqqq + l27l9urrr

)
+a5

((
l21l6 + 2l1l3l4

)
uppq +

(
l21l9 + 2l1l3l7

)
uppr +

(
l3l

2
4 + 2l1l4l6

)
upqq +

(
l24l9 + 2l4l6l7

)
uqqr

)
+a5

((
l3l

2
7 + 2l1l7l9

)
uprr +

(
l6l

2
7 + 2l4l7l9

)
uqrr + (2l1l4l9 + 2l1l6l7 + 2l3l4l7)upqr

)
+a6

(
l1l

2
2uppp + l4l

2
5uqqq + l7l

2
8urrr

)
+a6 ((l1l2l5 + l2 (l1l5 + l2l4))uppq + (l1l2l8 + l2 (l1l8 + l2l7))uppr + (l2l4l5 + l5 (l1l5 + l2l4))upqq)
+a6 ((l4l5l8 + l5 (l4l8 + l5l7))uqqr + (l2l7l8 + l8 (l1l8 + l2l7))uprr + (l5l7l8 + l8 (l4l8 + l5l7))uqrr)
+a6 ((l2 (l4l8 + l5l7) + l5 (l1l8 + l2l7) + l8 (l1l5 + l2l4))upqr)
+a7 (l1l2l3uppp + l4l5l6uqqq + l7l8l9urrr)
+a7 ((l1l2l6 + l3 (l1l5 + l2l4))uppq + (l1l2l9 + l3 (l1l8 + l2l7))uppr + (l3l4l5 + l6 (l1l5 + l2l4))upqq)
+a7 ((l4l5l9 + l6 (l4l8 + l5l7))uqqr + (l3l7l8 + l9 (l1l8 + l2l7))uprr + (l6l7l8 + l9 (l4l8 + l5l7))uqrr)
+a7 ((l3 (l4l8 + l5l7) + l6 (l1l8 + l2l7) + l9 (l1l5 + l2l4))upqr)
+a8

(
l1l

2
3uppp + l4l

2
6uqqq + l7l

2
9urrr

)
+a8 ((l1l3l6 + l3 (l1l6 + l3l4))uppq + (l1l3l9 + l3 (l1l9 + l3l7))uppr + (l3l4l6 + l6 (l1l6 + l3l4))upqq)
+a8 ((l4l6l9 + l6 (l4l9 + l6l7))uqqr + (l3l7l9 + l9 (l1l9 + l3l7))uprr + (l6l7l9 + l9 (l4l9 + l6l7))uqrr)
+a8 ((l9 (l1l6 + l3l4) + l6 (l1l9 + l3l7) + l3 (l4l9 + l6l7))upqr)
+a9

(
l22l3uppp + l25l6uqqq + l28l9urrr

)
+a9

((
l22l6 + 2l2l3l5

)
uppq +

(
l22l9 + 2l2l3l8

)
uppr +

(
l3l

2
5 + 2l2l5l6

)
upqq +

(
l25l9 + 2l5l6l8

)
uqqr

)
+a9

((
l3l

2
8 + 2l2l8l9

)
uprr +

(
l6l

2
8 + 2l5l8l9

)
uqrr + (2l2l5l9 + 2l2l6l8 + 2l3l5l8)upqr

)
+a10

(
l2l

2
3uppp + l5l

2
6uqqq + l8l

2
9urrr

)
+a10 ((l2l3l6 + l3 (l2l6 + l3l5))uppq + (l2l3l9 + l3 (l2l9 + l3l8))uppr + (l3l5l6 + l6 (l2l6 + l3l5))upqq)
+a10 ((l5l6l9 + l6 (l5l9 + l6l8))uqqr + (l3l8l9 + l9 (l2l9 + l3l8))uprr + (l6l8l9 + l9 (l5l9 + l6l8))uqrr)
+a10 ((l3 (l5l9 + l6l8) + l6 (l2l9 + l3l8) + l9 (l2l6 + l3l5))upqr)



32

=
(
a1l

3
1 + a2l

3
2 + a3l

3
3 + a4l

2
1l2 + a5l

2
1l3 + a6l1l

2
2 + a7l1l2l3 + a8l1l

2
3 + a9l

2
2l3 + a10l2l

2
3

)
uppp

+
(
a1l

3
4 + a2l

3
5 + a3l

3
6 + a4l

2
4l5 + a5l

2
4l6 + a6l4l

2
5 + a7l4l5l6 + a8l4l

2
6 + a9l

2
5l6 + a10l5l

2
6

)
uqqq

+
(
a1l

3
7 + a2l

3
8 + a3l

3
9 + a4l

2
7l8 + a5l

2
7l9 + a6l7l

2
8 + a7l7l8l9 + a8l7l

2
9 + a9l

2
8l9 + a10l8l

2
9

)
urrr

+
(
3a1l

2
1l4 + 3a2l

2
2l5 + 3a3l

2
3l6 + a4

(
l21l5 + 2l1l2l4

))
uppq

+
(
a5
(
l21l6 + 2l1l3l4

)
+ a6

(
l22l4 + 2l1l2l5

)
+ a7 (l1l2l6 + l3 (l1l5 + l2l4))

)
uppq

+
(
a8
(
l23l4 + 2l1l3l6

)
+ a9

(
l22l6 + 2l2l3l5

)
+ a10

(
l23l5 + 2l2l3l6

))
uppq

+
(
3a1l

2
1l7 + 3a2l

2
2l8 + 3a3l

2
3l9 + a4

(
l21l8 + 2l1l2l7

))
uppr

+
(
a5
(
l21l9 + 2l1l3l7

)
+ a6

(
l22l7 + 2l1l2l8

)
+ a7 (l1l2l9 + l3 (l1l8 + l2l7))

)
uppr

+
(
a8
(
l23l7 + 2l1l3l9

)
+ a9

(
l22l9 + 2l2l3l8

)
+ a10

(
l23l8 + 2l2l3l9

))
uppr

+
(
3a1l1l

2
4 + 3a2l2l

2
5 + 3a3l3l

2
6 + a4

(
l1l

2
4 + 2l1l4l5

))
upqq

+
(
a5
(
l3l

2
4 + 2l1l4l6

)
+ a6

(
l1l

2
5 + 2l2l4l5

)
+ a7 (l3l4l5 + l6 (l1l5 + l2l4))

)
upqq

+
(
a8
(
l1l

2
6 + 2l3l4l6

)
+ a9

(
l3l

2
5 + 2l2l5l6

)
+ a10

(
l2l

2
6 + 2l3l5l6

))
upqq

+
(
3a1l1l

2
7 + 3a2l2l

2
8 + 3a3l3l

2
9 + a4

(
l2l

2
7 + 2l1l7l8

))
uprr

+
(
a5
(
l3l

2
7 + 2l1l7l9

)
+ a6

(
l1l

2
8 + 2l2l7l8

)
+ a7 (l3l7l8 + l9 (l1l8 + l2l7))

)
uprr

+
(
a8
(
l1l

2
9 + 2l3l7l9

)
+ a9

(
l3l

2
8 + 2l2l8l9

)
+ a10

(
l2l

2
9 + 2l3l8l9

))
uprr

+
(
3a1l

2
4l7 + 3a2l

2
5l8 + 3a3l

2
6l9 + a4

(
l24l8 + 2l4l5l7

))
uqqr

+
(
a5
(
l24l9 + 2l4l6l7

)
+ a6

(
l25l7 + 2l4l5l8

)
+ a7 (l4l5l9 + l6 (l4l8 + l5l7))

)
uqqr

+
(
a8
(
l26l7 + 2l4l6l9

)
+ a9

(
l25l9 + 2l5l6l8

)
+ a10

(
l26l8 + 2l5l6l9

))
uqqr

+
(
3a1l4l

2
7 + 3a2l5l

2
8 + 3a3l6l

2
9 + a4

(
l5l

2
7 + 2l4l7l8

))
uqrr

+
(
a5
(
l6l

2
7 + 2l4l7l9

)
+ a6

(
l4l

2
8 + 2l5l7l8

)
+ a7 (l6l7l8 + l9 (l4l8 + l5l7))

)
uqrr

+
(
a8
(
l4l

2
9 + 2l6l7l9

)
+ a9

(
l6l

2
8 + 2l5l8l9

)
+ a10

(
l5l

2
9 + 2l6l8l9

))
uqrr

+ (6a1l1l4l7 + 6a2l2l5l8 + 6a3l3l6l9 + 2a4 (l1l4l8 + l1l5l7 + l2l4l7))upqr

+ (2a5 (l1l4l9 + l1l6l7 + l3l4l7) + 2a6 (l1l5l8 + l2l4l8 + l2l5l7))upqr

+ (a7 (l3 (l4l8 + l5l7) + l6 (l1l8 + l2l7) + l9 (l1l5 + l2l4)))upqr

+ (2a8 (l1l6l9 + l3l4l9 + l3l6l7) + 2a9 (l2l5l9 + l2l6l8 + l3l5l8) + a10)upqr

= A(p, q, r).
(2.180)

Set

a1l
3
1 + a2l

3
2 + a3l

3
3 + a4l

2
1l2 + a5l

2
1l3 + a6l1l

2
2 + a7l1l2l3 + a8l1l

2
3 + a9l

2
2l3 + a10l2l

2
3 = 0,

a1l
3
4 + a2l

3
5 + a3l

3
6 + a4l

2
4l5 + a5l

2
4l6 + a6l4l

2
5 + a7l4l5l6 + a8l4l

2
6 + a9l

2
5l6 + a10l5l

2
6 = 0,

a1l
3
7 + a2l

3
8 + a3l

3
9 + a4l

2
7l8 + a5l

2
7l9 + a6l7l

2
8 + a7l7l8l9 + a8l7l

2
9 + a9l

2
8l9 + a10l8l

2
9 = 0,

3a1l
2
1l4 + 3a2l

2
2l5 + 3a3l

2
3l6 + a4

(
l21l5 + 2l1l2l4

)
+ a5

(
l21l6 + 2l1l3l4

)
+ a6

(
l22l4 + 2l1l2l5

)
+ a7 (l1l2l6 + l3 (l1l5 + l2l4)) + a8

(
l23l4 + 2l1l3l6

)
+ a9

(
l22l6 + 2l2l3l5

)
+ a10

(
l23l5 + 2l2l3l6

)
= 0,

3a1l
2
1l7 + 3a2l

2
2l8 + 3a3l

2
3l9 + a4

(
l21l8 + 2l1l2l7

)
+ a5

(
l21l9 + 2l1l3l7

)
+ a6

(
l22l7 + 2l1l2l8

)
+ a7 (l1l2l9 + l3 (l1l8 + l2l7)) + a8

(
l23l7 + 2l1l3l9

)
+ a9

(
l22l9 + 2l2l3l8

)
+ a10

(
l23l8 + 2l2l3l9

)
= 0,

3a1l1l
2
4 + 3a2l2l

2
5 + 3a3l3l

2
6 + a4

(
l1l

2
4 + 2l1l4l5

)
+ a5

(
l3l

2
4 + 2l1l4l6

)
+ a6

(
l1l

2
5 + 2l2l4l5

)
+ a7 (l3l4l5 + l6 (l1l5 + l2l4)) + a8

(
l1l

2
6 + 2l3l4l6

)
+ a9

(
l3l

2
5 + 2l2l5l6

)
+ a10

(
l2l

2
6 + 2l3l5l6

)
= 0,

3a1l1l
2
7 + 3a2l2l

2
8 + 3a3l3l

2
9 + a4

(
l2l

2
7 + 2l1l7l8

)
+ a5

(
l3l

2
7 + 2l1l7l9

)
+ a6

(
l1l

2
8 + 2l2l7l8

)
+ a7 (l3l7l8 + l9 (l1l8 + l2l7)) + a8

(
l1l

2
9 + 2l3l7l9

)
+ a9

(
l3l

2
8 + 2l2l8l9

)
+ a10

(
l2l

2
9 + 2l3l8l9

)
= 0,
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3a1l
2
4l7 + 3a2l

2
5l8 + 3a3l

2
6l9 + a4

(
l24l8 + 2l4l5l7

)
+ a5

(
l24l9 + 2l4l6l7

)
+ a6

(
l25l7 + 2l4l5l8

)
+ a7 (l4l5l9 + l6 (l4l8 + l5l7)) + a8

(
l26l7 + 2l4l6l9

)
+ a9

(
l25l9 + 2l5l6l8

)
+ a10

(
l26l8 + 2l5l6l9

)
= 0,

3a1l4l
2
7 + 3a2l5l

2
8 + 3a3l6l

2
9 + a4

(
l5l

2
7 + 2l4l7l8

)
+ a5

(
l6l

2
7 + 2l4l7l9

)
+ a6

(
l4l

2
8 + 2l5l7l8

)
+ a7 (l6l7l8 + l9 (l4l8 + l5l7)) + a8

(
l4l

2
9 + 2l6l7l9

)
+ a9

(
l6l

2
8 + 2l5l8l9

)
+ a10

(
l5l

2
9 + 2l6l8l9

)
= 0.

So

a1uttt + a2uxxx + a3uyyy + a4uttx + a5utty + a6utxx + a7utxy + a8utyy + a9uxxy + a10uxyy

= (6a1l1l4l7 + 6a2l2l5l8 + 6a3l3l6l9 + 2a4 (l1l4l8 + l1l5l7 + l2l4l7))upqr

+ (2a5 (l1l4l9 + l1l6l7 + l3l4l7) + 2a6 (l1l5l8 + l2l4l8 + l2l5l7))upqr

+ (a7 (l3 (l4l8 + l5l7) + l6 (l1l8 + l2l7) + l9 (l1l5 + l2l4)))upqr

+ (2a8 (l1l6l9 + l3l4l9 + l3l6l7) + 2a9 (l2l5l9 + l2l6l8 + l3l5l8) + a10)upqr

= A(p, q, r).
(2.181)

The general solution of Eq. (2.181) is

u = f (p, q) + g (p, r) + h (q, r) +
1

B

∫∫∫
A (p, q, r)dpdqdr.

So the theorem is proved. �

Similar to the theorem 3,6,8, in (2.180), if the coefficients of the other 9 terms are set to
zero, the general solutions of (2.168) in different conditions will be get, such as

u = f (q, r) + pg (q, r) + p2h (q, r) +
1

B1

∫∫∫
A (p, q, r) dpdpdp, (2.182)

B1 = a1l
3
1 + a2l

3
2 + a3l

3
3 + a4l

2
1l2 + a5l

2
1l3 + a6l1l

2
2 + a7l1l2l3 + a8l1l

2
3 + a9l

2
2l3 + a10l2l

2
3, (2.183)

u = f (q, r) + g (p, r) + ph (q, r) +
1

B2

∫∫∫
A (p, q, r) dpdpdq, (2.184)

B2 = 3a1l
2
1l4 + 3a2l

2
2l5 + 3a3l

2
3l6 + a4

(
l21l5 + 2l1l2l4

)
+ a5

(
l21l6 + 2l1l3l4

)
+ a6

(
l22l4 + 2l1l2l5

)
+ a7 (l1l2l6 + l3 (l1l5 + l2l4)) + a8

(
l23l4 + 2l1l3l6

)
+ a9

(
l22l6 + 2l2l3l5

)
+ a10

(
l23l5 + 2l2l3l6

)
.

(2.185)
Readers may try it for themselves.

Next we propose Theorem 25.

Theorem 25. In R2,

a1utttt + a2uxxxx + a3utttx + a4uttxx + a5utxxx = A (t, x) , (2.186)

the general solution of Eq. (2.186) is

u = f1 (p) + f2 (q) + qf3 (p) + pf4 (q) +
1

B1

∫
. . .

∫
A (p, q) dpdpdqdq, (2.187)

where f1, f2, f3 and f4 are random fourth differentiable functions, and

B1 = 6a1k
2
1k

2
3 + 6a2k

2
2k

2
4 + 3a3

(
k21k3k4 + k1k2k

2
3

)
+ a4

(
k21k

2
4 + 4k1k2k3k4 + k22k

2
3

)
+ 3a5

(
k22k3k4 + k1k2k

2
4

)
,

(2.188)

a1k
4
1 + a2k

4
2 + a3k

3
1k2 + a4k

2
1k

2
2 + a5k1k

3
2 = 0, (2.189)
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a1k
4
3 + a2k

4
4 + a3k

3
3k4 + a4k

2
3k

2
4 + a5k3k

3
4 = 0, (2.190)

4a1k
3
1k3 + 4a2k

3
2k4 + a3

(
k31k4 + 3k21k2k3

)
+ 2a4

(
k21k2k4 + k1k

2
2k3
)

+ a5
(
k32k3 + 3k1k

2
2k4
)

= 0,
(2.191)

4a1k1k
3
3 + 4a2k2k

3
4 + a3

(
k2k

3
3 + 3k1k

2
3k4
)

+ 2a4
(
k2k

2
3k4 + k1k3k

2
4

)
+ a5

(
k1k

3
4 + 3k2k3k

2
4

)
= 0.

(2.192)

Prove. By Z1 transformation, set
u(t, x) = u(p, q),

p = k1t+ k2x, q = k3t+ k4x,

and
k1k4 − k2k3 6= 0.

Then

a1utttt + a2uxxxx + a3utttx + a4uttxx + a5utxxx

= a1
(
k41upppp + k43uqqqq + 4k31k3upppq + 4k1k

3
3upqqq + 6k21k

2
3uppqq

)
+ a2

(
k42upppp + k44uqqqq + 4k32k4upppq + 4k2k

3
4upqqq + 6k22k

2
4uppqq

)
+ a3

(
k31k2upppp + k33k4uqqqq +

(
k31k4 + 3k21k2k3

)
upppq

)
+ a3

((
k2k

3
3 + 2k1k

2
3k4 + k1k

2
3k4
)
upqqq +

(
k21k3k4 + 2k1k2k

2
3 + k1k2k

2
3 + 2k21k3k4

)
uppqq

)
+ a4

(
k21k

2
2upppp + k23k

2
4uqqqq + 2

(
k21k2k4 + k1k

2
2k3
)
upppq

)
+ a4

(
2
(
k2k

2
3k4 + k1k3k

2
4

)
upqqq +

(
k21k

2
4 + 4k1k2k3k4 + k22k

2
3

)
uppqq

)
+ a5

(
k1k

3
2upppp + k3k

3
4uqqqq +

(
k32k3 + 3k1k

2
2k4
)
upppq

)
+ a5

((
k1k

3
4 + 3k2k3k

2
4

)
upqqq + 3

(
k22k3k4 + k1k2k

2
4

)
uppqq

)
=
(
a1k

4
1 + a2k

4
2 + a3k

3
1k2 + a4k

2
1k

2
2 + a5k1k

3
2

)
upppp

+
(
a1k

4
3 + a2k

4
4 + a3k

3
3k4 + a4k

2
3k

2
4 + a5k3k

3
4

)
uqqqq

+
(
4a1k

3
1k3 + 4a2k

3
2k4 + a3

(
k31k4 + 3k21k2k3

))
upppq

+
(
2a4

(
k21k2k4 + k1k

2
2k3
)

+ a5
(
k32k3 + 3k1k

2
2k4
))
upppq

+
(
4a1k1k

3
3 + 4a2k2k

3
4 + a3

(
k2k

3
3 + 3k1k

2
3k4
))
upqqq

+
(
2a4

(
k2k

2
3k4 + k1k3k

2
4

)
+ a5

(
k1k

3
4 + 3k2k3k

2
4

))
upqqq

+
(
6a1k

2
1k

2
3 + 6a2k

2
2k

2
4 + 3a3

(
k21k3k4 + k1k2k

2
3

))
uppqq

+
(
a4
(
k21k

2
4 + 4k1k2k3k4 + k22k

2
3

)
+ 3a5

(
k22k3k4 + k1k2k

2
4

))
uppqq

= A (p, q) .
(2.193)

Set
a1k

4
1 + a2k

4
2 + a3k

3
1k2 + a4k

2
1k

2
2 + a5k1k

3
2 = 0,

a1k
4
3 + a2k

4
4 + a3k

3
3k4 + a4k

2
3k

2
4 + a5k3k

3
4 = 0,

4a1k
3
1k3 + 4a2k

3
2k4 + a3

(
k31k4 + 3k21k2k3

)
+ 2a4

(
k21k2k4 + k1k

2
2k3
)

+ a5
(
k32k3 + 3k1k

2
2k4
)

= 0,

4a1k1k
3
3 + 4a2k2k

3
4 + a3

(
k2k

3
3 + 3k1k

2
3k4
)

+ 2a4
(
k2k

2
3k4 + k1k3k

2
4

)
+ a5

(
k1k

3
4 + 3k2k3k

2
4

)
= 0.

So

a1utttt + a2uxxxx + a3utttx + a4uttxx + a5utxxx

=
(
6a1k

2
1k

2
3 + 6a2k

2
2k

2
4 + 3a3

(
k21k3k4 + k1k2k

2
3

))
uppqq

+
(
a4
(
k21k

2
4 + 4k1k2k3k4 + k22k

2
3

)
+ 3a5

(
k22k3k4 + k1k2k

2
4

))
uppqq = A (p, q) .

(2.194)
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The general solution of Eq. (2.194) is

u = f1 (p) + f2 (q) + qf3 (p) + pf4 (q) +
1

B1

∫
. . .

∫
A (p, q) dpdpdqdq,

B1 = 6a1k
2
1k

2
3 + 6a2k

2
2k

2
4 + 3a3

(
k21k3k4 + k1k2k

2
3

)
+ a4

(
k21k

2
4 + 4k1k2k3k4 + k22k

2
3

)
+3a5

(
k22k3k4 + k1k2k

2
4

)
.

So the theorem is proved. �

In (2.193), if set
a1k

4
3 + a2k

4
4 + a3k

3
3k4 + a4k

2
3k

2
4 + a5k3k

3
4 = 0,

4a1k
3
1k3 + 4a2k

3
2k4 + a3

(
k31k4 + 3k21k2k3

)
+ 2a4

(
k21k2k4 + k1k

2
2k3
)

+ a5
(
k32k3 + 3k1k

2
2k4
)

= 0,

4a1k1k
3
3 + 4a2k2k

3
4 + a3

(
k2k

3
3 + 3k1k

2
3k4
)

+ 2a4
(
k2k

2
3k4 + k1k3k

2
4

)
+ a5

(
k1k

3
4 + 3k2k3k

2
4

)
= 0,

6a1k
2
1k

2
3 + 6a2k

2
2k

2
4 + 3a3

(
k21k3k4 + k1k2k

2
3

)
+ a4

(
k21k

2
4 + 4k1k2k3k4 + k22k

2
3

)
+ 3a5

(
k22k3k4 + k1k2k

2
4

)
= 0.

Then
a1utttt + a2uxxxx + a3utttx + a4uttxx + a5utxxx

=
(
a1k

4
1 + a2k

4
2 + a3k

3
1k2 + a4k

2
1k

2
2 + a5k1k

3
2

)
upppp

= A(p, q).

(2.195)

The general solution of Eq. (2.195) is

u = f1 (q) + pf2 (q) + p2f3 (q) + p3f4 (q) +
1

B2

∫
. . .

∫
A (p, q) dpdpdpdp,

B2 = a1k
4
1 + a2k

4
2 + a3k

3
1k2 + a4k

2
1k

2
2 + a5k1k

3
2.

In (2.193), if set
a1k

4
1 + a2k

4
2 + a3k

3
1k2 + a4k

2
1k

2
2 + a5k1k

3
2 = 0,

a1k
4
3 + a2k

4
4 + a3k

3
3k4 + a4k

2
3k

2
4 + a5k3k

3
4 = 0,

4a1k1k
3
3 + 4a2k2k

3
4 + a3

(
k2k

3
3 + 3k1k

2
3k4
)

+ 2a4
(
k2k

2
3k4 + k1k3k

2
4

)
+ a5

(
k1k

3
4 + 3k2k3k

2
4

)
= 0,

6a1k
2
1k

2
3 + 6a2k

2
2k

2
4 + 3a3

(
k21k3k4 + k1k2k

2
3

)
+ a4

(
k21k

2
4 + 4k1k2k3k4 + k22k

2
3

)
+ 3a5

(
k22k3k4 + k1k2k

2
4

)
= 0.

Then
a1utttt + a2uxxxx + a3utttx + a4uttxx + a5utxxx

=
(
4a1k

3
1k3 + 4a2k

3
2k4 + a3

(
k31k4 + 3k21k2k3

))
upppq

+
(
2a4

(
k21k2k4 + k1k

2
2k3
)

+ a5
(
k32k3 + 3k1k

2
2k4
))
upppq

= A (p, q) .

(2.196)

The general solution of Eq. (2.196) is

u = f1 (p) + f2 (q) + pf3 (q) + p2f4 (q) +
1

B3

∫
. . .

∫
A (p, q) dpdpdpdq,

B3 = 4a1k
3
1k3 + 4a2k

3
2k4 + a3

(
k31k4 + 3k21k2k3

)
+ 2a4

(
k21k2k4 + k1k

2
2k3
)

+ a5
(
k32k3 + 3k1k

2
2k4
)
.
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So we can get Theorem 26,27.

Theorem 26. In R2, the general solution of

a1utttt + a2uxxxx + a3utttx + a4uttxx + a5utxxx = A (t, x) ,

is

u = f1 (q) + pf2 (q) + p2f3 (q) + p3f4 (q) +
1

B2

∫
. . .

∫
A (p, q) dpdpdpdp, (2.197)

where f1, f2, f3 and f4 are random fourth differentiable functions, and

B2 = a1k
4
1 + a2k

4
2 + a3k

3
1k2 + a4k

2
1k

2
2 + a5k1k

3
2, (2.198)

a1k
4
3 + a2k

4
4 + a3k

3
3k4 + a4k

2
3k

2
4 + a5k3k

3
4 = 0,

4a1k
3
1k3 + 4a2k

3
2k4 + a3

(
k31k4 + 3k21k2k3

)
+ 2a4

(
k21k2k4 + k1k

2
2k3
)

+ a5
(
k32k3 + 3k1k

2
2k4
)

= 0,

4a1k1k
3
3 + 4a2k2k

3
4 + a3

(
k2k

3
3 + 3k1k

2
3k4
)

+ 2a4
(
k2k

2
3k4 + k1k3k

2
4

)
+ a5

(
k1k

3
4 + 3k2k3k

2
4

)
= 0,

6a1k
2
1k

2
3 + 6a2k

2
2k

2
4 + 3a3

(
k21k3k4 + k1k2k

2
3

)
+ a4

(
k21k

2
4 + 4k1k2k3k4 + k22k

2
3

)
+ 3a5

(
k22k3k4 + k1k2k

2
4

)
= 0.

Theorem 27. In R2, the general solution of

a1utttt + a2uxxxx + a3utttx + a4uttxx + a5utxxx = A (t, x) ,

is

u = f1 (p) + f2 (q) + pf3 (q) + p2f4 (q) +
1

B3

∫
. . .

∫
A (p, q) dpdpdpdq, (2.199)

where f1, f2, f3 and f4 are random fourth differentiable functions, and

B3 = 4a1k
3
1k3 + 4a2k

3
2k4 + a3

(
k31k4 + 3k21k2k3

)
+ 2a4

(
k21k2k4 + k1k

2
2k3
)

+ a5
(
k32k3 + 3k1k

2
2k4
)
,

(2.200)
a1k

4
1 + a2k

4
2 + a3k

3
1k2 + a4k

2
1k

2
2 + a5k1k

3
2 = 0,

a1k
4
3 + a2k

4
4 + a3k

3
3k4 + a4k

2
3k

2
4 + a5k3k

3
4 = 0,

4a1k1k
3
3 + 4a2k2k

3
4 + a3

(
k2k

3
3 + 3k1k

2
3k4
)

+ 2a4
(
k2k

2
3k4 + k1k3k

2
4

)
+ a5

(
k1k

3
4 + 3k2k3k

2
4

)
= 0,

6a1k
2
1k

2
3 + 6a2k

2
2k

2
4 + 3a3

(
k21k3k4 + k1k2k

2
3

)
+ a4

(
k21k

2
4 + 4k1k2k3k4 + k22k

2
3

)
+ 3a5

(
k22k3k4 + k1k2k

2
4

)
= 0.

3. General solution and Fourier series solution of one-dimensional homogeneous
wave equation.

The 1D homogeneous wave equation

utt − a2uxx = 0, (3.1)

is one of the earliest PDEs to be studied deeply. Almost all current professional books and
textbooks have pointed out that the general solution of Eq. (3.1) is

u = f1(x+ at) + f2(x− at). (3.2)
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Fourier series solution of Eq. (3.1) is

u =
∞∑
n=1

(
Ancos

(
nπat

l

)
+Bnsin

(
nπat

l

))
sin
(nπx

l

)
. (3.3)

By (3.2) we could not get (3.3) obviously, there is no answer why the particular solution (3.3)
could not be get by the general solution (3.2).

In our previous paper,21 it was once get

a1u
(2)
x1 + a2u

(2)
x2 + . . .+ anu

(2)
xn + an+1ux2x3 = 0, (3.4)

the basic general solution and the series general solution for Eq. (3.4) are

u = f1

((
−a2k

2
2 + . . .+ ank

2
n + an+1k2k3

a1

) 1
2

x1 + k2x2 + . . .+ knxn + kn+1

)

+ f2

(
−
(
−a2l

2
2 + . . .+ anl

2
n + an+1l2l3

a1

) 1
2

x1 + l2x2 + . . .+ lnxn + ln+1

)
+ c1v,

(3.5)

u =

s∑
i=1

f1i

(−a2k2i2 + . . .+ ank
2
in

+ an+1ki2ki3
a1

) 1
2

x1 + ki2x2 + . . .+ kinxn + kin+1


+

s∑
i=1

f2i

−(−a2l2i2 + . . .+ anl
2
in

+ an+1li2 li3
a1

) 1
2

x1 + li2x2 + . . .+ linxn + lin+1

+ c1v,

(3.6)
where f1, f1i , f2 and f2i are random unary 2th-differentiable functions, k2 − kn+1 and l2 − ln+1

are arbitrary parameters, ki2 − kin+1 and li2 − lin+1 are random determined parameters.
Eq. (3.1) is a special case of Eq. (3.4), by (3.5) and (3.6), its basic general solution and

series general solution may be get respectively

u = f1 (k1x+ k1at+ k2) + f2 (k3x− k3at+ k4) + k5x+ k6t+ k7, (3.7)

u =

s∑
i=1

(f1i (k1ix+ k1iat+ k2i) + f2i (k3ix− k3iat+ k4i)) + k5x+ k6t+ k7, (3.8)

where f1, f1i , f2 and f2i are random unary second differentiable functions, k1 − k7 are random
parameters, k1i − k4i are random determined parameters, (1 ≤ s ≤ ∞). Of course, the general
solution of Eq. (3.1) may also be written as

u = f1 (k1x+ k1at+ k2) +

s∑
i=1

f2i (k3ix− k3iat+ k4i) + k5x+ k6t+ k7, (3.9)

and so on, but in the paper we will not discuss general solutions in special forms.
By the above results we may see that (3.2) is a special case of (3.7) and (3.8), and is not an

intact general solution of Eq. (3.1), so by (3.2) we cannot get the Fourier series solution.
Theoretically every specific series solution of Eq. (3.1) may be get by (3.8), as a case, we

will get the Fourier series solution (3.3).
Set

f1n (k1nx+ k1nat+ k2n) = Cnsin (k1nx+ k1nat+ k2n) , (3.10)

f2n (k3nx− k3nat+ k4n) = Dncos (k3nx− k3nat+ k4n) . (3.11)
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So

u =
s∑

n=1
(f1n (k1nx+ k1nat+ k2n) + f2n (k3nx− k3nat+ k4n))

=
s∑

n=1
Cn (sin (k1nx) cos (k1nat) cosk2n + cos (k1nx) sin (k1nat) cosk2n)

+
s∑

n=1
Cn (cos (k1nx) cos (k1nat) sink2n − sin (k1nx) sin (k1nat) sink2n)

+
s∑

n=1
Dn (cos (k3nx) cos (k3nat) cosk4n + sin (k3nx) sin (k3nat) cosk4n)

+
s∑

n=1
Dn (−sin (k3nx) cos (k3nat) sink4n + cos (k3nx) sin (k3nat) sink4n) .

Set k1n = k3n = kn, then

u =

s∑
n=1

(Cncosk2n −Dnsink4n) sin (knx) cos (knat)

+
s∑

n=1

(Cncosk2n +Dnsink4n) cos (knx) sin (knat)

+

s∑
n=1

(Cnsink2n +Dncosk4n) cos (knx) cos (knat)

+
s∑

n=1

(−Cnsink2n +Dncosk4n) sin (knx) sin (knat) .

(3.12)

Set
Cncosk2n +Dnsink4n = Cnsink2n +Dncosk4n = 0.

And set
Cn = −Dn.

We get
k4n = π/2− k2n .

Substituting the above results into (3.12)

u =
s∑

n=1
(Cncosk2n −Dnsink4n) sin (knx) cos (knat)

+
s∑

n=1
(−Cnsink2n +Dncosk4n) sin (knx) sin (knat)

=
s∑

n=1
(2Cncosk2nsin (knx) cos (knat)− 2Cnsink2nsin (knx) sin (knat)) .

Namely

u =

s∑
n=1

2Cn (cosk2ncos (knat)− sink2nsin (knat)) sin (knx) . (3.13)

Since Cn, kn and k2n are all random parameters, set

kn =
nπ

l
, 2Cncosk2n = An,−2Cnsink2n = Bn. (3.14)

Then (3.13) can be translated into (3.3). (3.2) was first discovered by d’ Alembert, then Daniel
Bernoulli found an infinite series solution

u =

∞∑
n=1

ansin
(nπx

l

)
cos

(
nπat

l

)
. (3.15)
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Both (3.2) and (3.15) have important application. Which one is the most basic solution and
could replace the other has triggered a famed debate in the history of mathematics.1 Many
famous mathematicians have been involved in this lengthy and drastic debate, such as Euler,
Daniel Bernoulli,d’Alembert, Lagrange, Laplace and so on. Even after discovering the Fourier
series solution (3.3), the relationship between (3.2) and (3.3) was still unclear, now the problem
is solved successfully. (3.3) and (3.15) can be get by using the complete series general solution
(3.8), but (3.2) is not a complete general solution, so it could not be used to get (3.3) and (3.15).
All important applications of (3.2), (3.3) and (3.15) may be obtained using (3.7) or (3.8).

4. Exact solutions of definite solution problems of some typical linear partial dif-
ferential equations

Below we will use the general solutions get in the paper and our previous papers to obtain
exact solutions of some typical definite solution problems.

Example 1. In R3, to obtain the exact solution of

ut + ux + uy = et+x+y, (4.1)

in the condition of u(0, x, y) = φ(x, y), φ is a random known first differentiable function.

Solution. by Theorem 11* in our previous paper [22], the general solution of (4.1) is

u = f ((−c2 − c3) t+ c2x+ c3y, (−c5 − c6) t+ c5x+ c6y) +
1

3
et+x+y. (4.2)

So

u (0, x, y) = f (c2x+ c3y, c5x+ c6y) +
1

3
ex+y = φ (x, y) . (4.3)

Set
c2x2 + c3x3 = β, c5x2 + c6x3 = γ.

We obtain

x =
c3γ − c6β
c3c5 − c2c6

, y =
c5β − c2γ
c3c5 − c2c6

.

Namely

f (c2x+ c3y, c5x+ c6y) = f (β, γ) = φ (x, y)− 1

3
ex+y

= φ

(
c3γ − c6β
c3c5 − c2c6

,
c5β − c2γ
c3c5 − c2c6

)
− 1

3
e
c3γ−c6β
c3c5−c2c6

+
c5β−c2γ
c3c5−c2c6 .

Set
(−c2 − c3)t+ c2x+ c3y = β,

(−c5 − c6)t+ c5x+ c6y = γ.

Then
c3γ − c6β
c3c5 − c2c6

= −t+ x,

c5β − c2γ
c3c5 − c2c6

= −t+ y,

f ((−c2 − c3) t+ c2x+ c3y, (−c5 − c6) t+ c5x+ c6y) = φ (−t+ x,−t+ y)− 1

3
e−2t+x+y.
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By Eq. (4.2), the exact solution of the definite solution problem is

u (t, x, y) = φ (−t+ x,−t+ y)− 1

3
e−2t+x+y +

1

3
et+x+y. (4.4)

By Example 1, we may directly obtain the exact solution of Eq. (4.1) in various ini-
tial value conditions. If the initial value condition is u(0, x, y) = xy, the exact solution is
u = t2 − ty − tx+ xy − 1

3e−2t+x+y + 1
3et+x+y.

Example 2. In R3, to obtain the exact solution of

cosyux + (ex − 1)uy − excosyuz = yzcosy + xz (ex − 1)− xyexcosy, (4.5)

in the condition of u(0, y, z) = φ(y, z), φ is a random known first differentiable function.

Solution. By Theorem 4* in our previous paper [22], the general solution of (4.5) is

u = f (ex + z, x+ siny + z) + xyz. (4.6)

So
u (0, x, y) = f (1 + z, siny + z) = φ (y, z) . (4.7)

Set
1 + z = β, siny + z = γ.

Then
z = β − 1, y = arcsin(γ − β + 1).

And
f(β, γ) = φ(arcsin(γ − β + 1), β − 1),

f (ex + z, x+ siny + z) = φ (arcsin (x+ siny − ex + 1) , ex + z − 1) .

By Eq. (4.6), the exact solution of the definite solution problem is

u = φ (arcsin (x+ siny − ex + 1) , ex + z − 1) + xyz. (4.8)

Example 3. In R3, get the exact solution of

ut + ux + uy + u = et+x+y, (4.9)

in the condition of u(0, x, y) = φ(x, y), φ is a random known first differentiable function.

Solution. By Theorem 17* in our previous paper [22], the general solution of (4.9) is

u = e−tf ((−c2 − c3) t+ c2x+ c3y, (−c5 − c6) t+ c5x+ c6y) +
1

4
et+x+y. (4.10)

So

u (0, x, y) = f (c2x+ c3y, c5x+ c6y) +
1

4
ex+y = φ (x, y) . (4.11)

Set
c2x2 + c3x3 = β, c5x2 + c6x3 = γ.

We obtain

x =
c3γ − c6β
c3c5 − c2c6

, y =
c5β − c2γ
c3c5 − c2c6

.
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Namely

f (c2x+ c3y, c5x+ c6y) = f (β, γ) = φ (x, y)− 1

4
ex+y

= φ

(
c3γ − c6β
c3c5 − c2c6

,
c5β − c2γ
c3c5 − c2c6

)
− 1

4
e
c3γ−c6β
c3c5−c2c6

+
c5β−c2γ
c3c5−c2c6 .

Set
(−c2 − c3)t+ c2x+ c3y = β,

(−c5 − c6)t+ c5x+ c6y = γ.

Then
c3γ − c6β
c3c5 − c2c6

= −t+ x,

c5β − c2γ
c3c5 − c2c6

= −t+ y,

f ((−c2 − c3) t+ c2x+ c3y, (−c5 − c6) t+ c5x+ c6y) = φ (−t+ x,−t+ y)− 1

4
e−2t+x+y.

By Eq. (4.10), the exact solution of the definite solution problem is

u (t, x, y) = e−tφ (−t+ x,−t+ y)− 1

4
e−3t+x+y +

1

4
et+x+y. (4.12)

By Example 3, we may directly obtain the exact solution of Eq. (4.9) in various ini-
tial value conditions. If the initial value condition is u(0, x, y) = xy, the exact solution is
u = e−t

(
t2 − ty − tx+ xy

)
− 1

4e−3t+x+y + 1
4et+x+y.

Example 4. In R2, get the exact solution of

6utt − 3uxx + 3utx − 38ut + 19ux = 0, (4.13)

in the conditions of u(0, x) = Φ(x) and ut(0, x) = Ψ(x). Φ is a random known second differen-
tiable function, Ψ is a random known first differentiable function.

Solution. By Theorem 3, the general solution of (4.13) is

u = f (q) + e2t+4xg (p) = f

(
t

2
+ x

)
+ e2t+4xg (−t+ x) . (4.14)

So
u (0, x) = f (x) + e4xg (x) = f (q) + e4xg (p) = Φ (x) , (4.15)

ut (0, x) =
1

2
f
′
q + 2e4xg − e4xg

′
p = Ψ (x) . (4.16)

When t = 0, p = q = x, then
f
′
q + 4e4xg + e4xg

′
p = Φ′ (x) .

So
3e4xg

′
p = Φ′ (x)− 2Ψ (x) ,

g
′
p =

1

3
e−4x

(
Φ′ (x)− 2Ψ (x)

)
,

g (p) =
1

3

∫ p

a
e−4x

(
Φ′ (x)− 2Ψ (x)

)
dp =

1

3

∫ p

a
e−4p

(
Φ′ (p)− 2Ψ (p)

)
dp,
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f (q) = Φ (x)− e4xg (p) = Φ (q)− 1

3
e4q
∫ q

a
e−4q

(
Φ′ (q)− 2Ψ (q)

)
dq.

Therefore

g (−t+ x) =
1

3

∫ −t+x
a

e−4(−t+x)
(
Φ′ (−t+ x)− 2Ψ (−t+ x)

)
d (−t+ x) ,

f

(
t

2
+ x

)
= Φ

(
t

2
+ x

)
− 1

3
e2t+4x

∫ t
2
+x

a
e−2t−4x

(
Φ′
(
t

2
+ x

)
− 2Ψ

(
t

2
+ x

))
d

(
t

2
+ x

)
.

On the basis of Eq. (4.14), the exact solution of the definite solution problem is

u = Φ

(
t

2
+ x

)
− 1

3
e2t+4x

∫ t
2
+x

a
e−4(

t
2
+x)

(
Φ′
(
t

2
+ x

)
− 2Ψ

(
t

2
+ x

))
d

(
t

2
+ x

)
+

1

3
e2t+4x

∫ −t+x
a

e−4(−t+x)
(
Φ′ (−t+ x)− 2Ψ (−t+ x)

)
d (−t+ x) .

(4.17)

By Example 4, we may directly obtain the exact solution of Eq. (4.13) in various initial val-
ue conditions. If the initial value condition are u(0, x) = x2, ut(0, x) = sinx, the exact solution is

u =

(
t

2
+ x

)2

− 2

51

(
4 sin

(
t

2
+ x

)
+ cos

(
t

2
+ x

))
+

4
(
t
2 + x

)
+ 1

24

+e6t
(

2

51
(4 sin(−t+ x) + cos(−t+ x))− 4(−t+ x) + 1

24

)
.

Example 5. In R2, get the exact solution of

utt + uxx − 2utx + 6ut − 6ux =
(
x2 + t2 − 2xt− 4t+ 4x− 7

)
etx+x, (4.18)

in the conditions of u(0, x) = Φ(x) and ut(0, x) = Ψ(x). Φ is a random known second differen-
tiable function, Ψ is a random known first differentiable function.

Solution. By Theorem 4, the general solution of (4.18) is

u = f (t+ x) + e3t+9xg (t+ x) + etx+x. (4.19)

Set p = t+ x, then

u (0, x) = f (x) + e9xg (x) + ex = f + e9xg + ex = Φ (x) , (4.20)

ut (0, x) = f
′
p + 3e9xg + e9xg

′
p + xex = Ψ (x) . (4.21)

When t = 0, p = x, so
Φ′ (x) = f

′
p + 9e9xg + e9xg

′
p + ex.

And
Φ′ (x)−Ψ (x) = 6e9xg + ex − xex.

Then

g (x) =
1

6
e−9x

(
Φ′ (x)−Ψ (x)− ex + xex

)
,

f (x) = Φ (x)− e9xg (x)− ex = Φ (x)− 1

6

(
Φ′ (x)−Ψ (x)− ex + xex

)
− ex.
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Therefore

f (t+ x) = Φ (t+ x)− 1

6

(
Φ′ (t+ x)−Ψ (t+ x)− et+x + (t+ x) et+x

)
− et+x,

g (t+ x) =
1

6
e−9(t+x)

(
Φ′ (t+ x)−Ψ (t+ x)− et+x + (t+ x) et+x

)
.

On the basis of Eq. (4.19), the exact solution of the definite solution problem is

u = Φ (t+ x)− 1

6

(
Φ′ (t+ x)−Ψ (t+ x) + (t+ x) et+x

)
− 5

6
et+x

+
1

6
e−6t

(
Φ′ (t+ x)−Ψ (t+ x)− et+x + (t+ x) et+x

)
+ etx+x.

(4.22)

According to Example 5, we may directly get the exact solution of Eq. (4.18) in various
initial value conditions. If the initial value condition are u(0, x) = x sinx, ut(0, x) = ex cosx, the
exact solution is

u = −1

6

(
sin(t+ x) + (t+ x) cos(t+ x)− et+x cos(t+ x) + (t+ x)et+x

)
+

1

6
e−6t

(
sin(t+ x) + (t+ x) cos(t+ x)− et+x cos(t+ x)− et+x + (t+ x)et+x

)
+ (t+ x) sin(t+ x)− 5

6
et+x + etx+x

Example 6. In R2, get the exact solution of

utt − 3uxx − 2utx = −2costx+
(
3t2 − x2 + 2tx

)
sintx, (4.23)

in the conditions of u(0, x) = Φ(x) and ut(0, x) = Ψ(x). Φ is a random known second differen-
tiable function, Ψ is a random known first differentiable function.

Solution. By Theorem 6, the general solution of (4.23) is

u = f(p) + g(q) + sintx = f(−t+ x) + g(3t+ x) + sintx. (4.24)

So
u(0, x) = f(x) + g(x) = Φ(x), (4.25)

ut (0, x) = −f ′p (x) + 3g
′
q (x) + x = Ψ (x) . (4.26)

When t = 0, p = q = x, then

−f (x) + 3g (x) +
x2

2
=

∫
Ψ (x) dx.

So

g (x) =
1

4

(
Φ (x) +

∫
Ψ (x) dx− x2

2

)
,

f (x) = Φ (x)− g (x) =
3

4
Φ (x)− 1

4

∫
Ψ (x) dx+

x2

8
.

Therefore

f (−t+ x) =
3

4
Φ (−t+ x)− 1

4

∫
Ψ (−t+ x) d (−t+ x) +

(−t+ x)2

8
,



44

g (3t+ x) =
1

4
Φ (3t+ x) +

1

4

∫
Ψ (3t+ x) d (3t+ x)− (3t+ x)2

8
.

On the basis of Eq. (4.24), the exact solution of the definite solution problem is

u =
3

4
Φ (−t+ x)− 1

4

∫
Ψ (−t+ x) d (−t+ x) +

(−t+ x)2

8
+

1

4
Φ (3t+ x)

+
1

4

∫
Ψ (3t+ x) d (3t+ x)− (3t+ x)2

8
+ sintx.

(4.27)

According to Example 6, we may directly get the exact solution of Eq. (4.23) in various
initial value conditions. If the initial value condition are u(0, x) = x lnx, ut(0, x) = cosx, the
exact solution is

u =
3

4
(−t+ x) ln(−t+ x)− 1

4
sin(−t+ x) +

(−t+ x)2

8

+
1

4
(3t+ x) ln(3t+ x) +

1

4
sin(3t+ x)− (3t+ x)2

8
+ sin tx

Example 7. In R2, get the exact solution of

utt − a2uxx = A (x, t) , (4.28)

in the conditions of u(0, x) = ϕ(x) and ut(0, x) = ψ(x). ϕ is a random known second differen-
tiable function, ψ is a random known first differentiable function.

Solution. By Theorem 5, the general solution of (4.28) is

u = f (x+ at) + g (x− at)− 1

4a2

∫∫
A

(
p− q

2a
,
p+ q

2

)
dpdq, (4.29)

where
p = x+ at, q = x− at.

Set

B (t, x) = − 1

4a2

∫∫
A

(
p− q

2a
,
p+ q

2

)
dpdq. (4.30)

So
u(0, x) = f(x) + g(x) +B(0, x) = ϕ(x), (4.31)

ut(0, x) = af
′
p(x)− ag′q(x) +Bt(0, x) = ψ(x). (4.32)

When t = 0, p = q = x, then

f
′
p(x) + g

′
q(x) = ϕ

′
(x)−B′x(0, x),

f
′
p (x)− g′q (x) =

1

a
ψ (x)− 1

a
Bt (0, x) .

So

f
′
p (x) =

1

2
ϕ′ (x) +

1

2a
ψ (x)− 1

2
B
′
x (0, x)− 1

2a
Bt (0, x) ,

f (x) =
1

2
ϕ (x)− 1

2
B (0, x) +

1

2a

∫ x

x0

(ψ (ξ)−Bt (0, ξ)) dξ,
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g (x) = ϕ (x)−B (0, x)− f (x) =
1

2
ϕ (x)− 1

2
B (0, x) +

1

2a

∫ x

x0

(ψ (ξ)−Bt (0, ξ)) dξ.

Therefore

f (x+ at) =
1

2

(
ϕ (x+ at)−B (0, x+ at) +

1

a

∫ x+at

x0

(ψ (ξ)−Bt (0, ξ)) dξ

)
,

g (x− at) =
1

2

(
ϕ (x− at)−B (0, x− at)− 1

a

∫ x−at

x0

(ψ (ξ)−Bt (0, ξ)) dξ

)
.

By Eq. (4.29), the exact solution of the definite solution problem is

u =
1

2

(
ϕ (x+ at) + ϕ (x− at)−B (0, x+ at)−B (0, x− at) +

1

a

∫ x+at

x−at
(ψ (ξ)−Bt (0, ξ)) dξ

)
+B(t, x).

(4.33)

Example 8. In R2, get the exact solution of

uxx + uyy − 2uxy + 2ux − 2uy + u = 0, (4.34)

in the conditions of u(0, y) = Φ(y) and ux(0, y) = Ψ(y). Φ is a random known second differen-
tiable function, Ψ is a random known first differentiable function.

Solution. By Theorem 12, the general solution of (4.34) is

u = ex+2y (f (p) + qh (p)) = ex+2y (f (x+ y) + (2x+ y)h (x+ y)) . (4.35)

So
u (0, y) = e2y (f (y) + yh (y)) = e2yf + ye2yh = Φ (y) , (4.36)

ux (0, y) = e2yf + ye2yh+ 2e2yh+ e2yf
′
p + ye2yh

′
p = Ψ (y) . (4.37)

When x = 0, p = y, then

2e2yf + e2yf
′
p + e2yh+ 2ye2yh+ ye2yh

′
p = Φ′,

e2yf + ye2yh− e2yh = Φ′ −Ψ.

So
h (y) = e−2y

(
Φ + Ψ− Φ′

)
,

f (y) = e−2y
(
Φ− ye2yh

)
= e−2yΦ− e−2yy

(
Φ + Ψ− Φ′

)
.

Therefore

f (x+ y) = e−2(x+y)Φ (x+ y)− e−2(x+y) (x+ y)
(
Φ (x+ y) + Ψ (x+ y)− Φ′ (x+ y)

)
,

h (x+ y) = e−2(x+y)
(
Φ (x+ y) + Ψ (x+ y)− Φ′ (x+ y)

)
.

By Eq. (4.35), the exact solution of the definite solution problem is

u = e−xΦ (x+ y) + xe−x
(
Φ (x+ y) + Ψ (x+ y)− Φ′ (x+ y)

)
. (4.38)
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Example 9. In R2, get the exact solution of

2uxx + 2uyy − 5uxy + ux + uy − u =
(
2x2 + 2y2 − 5xy − 5

)
ex+y+xy, (4.39)

in the conditions of u(0, y) = Φ(y) and ux(0, y) = Ψ(y). Φ is a random known second differen-
tiable function, Ψ is a random known first differentiable function.

Solution. By Theorem 11, the general solution of (4.39) is

u = ex+y (f (p) + h (q) + exy) = ex+y
(
f
(x

2
+ y
)

+ h (2x+ y) + exy
)
. (4.40)

So
u (0, y) = ey (f (y) + h (y) + 1) = eyf + eyh+ ey = Φ (y) , (4.41)

ux (0, y) = ey + eyf + eyh+ eyy +
1

2
eyf

′
p + 2eyh

′
q = Ψ (y) , (4.42)

then
eyf + eyh = Φ (y)− ey,

f
′
p + 4h

′
q = 2

(
e−yΨ (y)− e−yΦ (y)− y

)
.

When x = 0, p = q = y, then

f + 4h = 2

∫ y

y0

(
e−ξΨ (ξ)− e−ξΦ (ξ)− ξ

)
dξ.

So

h (y) =
2

3

∫ y

y0

(
e−ξΨ (ξ)− e−ξΦ (ξ)− ξ

)
dξ − 1

3
e−yΦ (y)− 1

3
,

f (y) = e−yΦ (y)− 1− h =
4

3
e−yΦ (y)− 2

3
− 2

3

∫ y

y0

(
e−ξΨ (ξ)− e−ξΦ (ξ)− ξ

)
dξ.

Therefore

h (2x+ y) =
2

3

∫ 2x+y

y0

(
e−ξΨ (ξ)− e−ξΦ (ξ)− ξ

)
dξ − 1

3
e−2x−yΦ (2x+ y)− 1

3
,

f
(x

2
+ y
)

=
4

3
e−

x
2
−yΦ

(x
2

+ y
)
− 2

3
− 2

3

∫ x
2
+y

y0

(
e−ξΨ (ξ)− e−ξΦ (ξ)− ξ

)
dξ.

By Eq. (4.40), the exact solution of the definite solution problem is

u =
2

3
ex+y

∫ 2x+y

x
2
+y

(
e−ξΨ (ξ)− e−ξΦ (ξ)− ξ

)
dξ − 1

3
e−xΦ (2x+ y) +

4

3
e
x
2 Φ
(x

2
+ y
)
− ex+y

+ ex+y+xy.
(4.43)

Example 10. In R3, get the exact solution of

uxx + uyy + uzz + 2uxy + 2uxz + 2uyz = 0, (4.44)
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in the conditions of u(0, y, z) = Φ(y, z) and ux(0, y, z) = Ψ(y, z). Φ is a random known second
differentiable function, Ψ is a random known first differentiable function.

Solution. For

uxx + uyy + uzz + 2uxy + 2uxz + 2uyz = (Dx +Dy +Dz)
2u = 0. (4.45)

By Theorem 13* in our previous paper [22], the general solution of (4.45) is

u = f (p, q) + (λ1x+ λ2y + λ3z) g (p, q) , (4.46)

where f and g are arbitrary unary second differentiable functions; λ1, λ2, λ3 are arbitrary pa-
rameters, and

p = c1x+ c2y + c3z, q = c4x+ c5y + c6z, r = c7x+ c8y + c9z, (4.47)

−c3c5c7 + c2c6c7 + c3c4c8 − c1c6c8 − c2c4c9 + c1c5c9 6= 0,

c1 = −c2 − c3, c4 = −c5 − c6, c7 6= −c8 − c9.

So

u (0, y, z) = Φ (y, z) = f (c2y + c3z, c5y + c6z) + (λ2y + λ3z) g (c2y + c3z, c5y + c6z) , (4.48)

ux(0, y, z) = Ψ(y, z)

= (−c2 − c3) fp + (−c5 − c6) fq + λ1g + (λ2y + λ3z) ((−c2 − c3) gp + (−c5 − c6) gq) .
(4.49)

When x = 0, p = c2y + c3z, q = c5y + c6z, according to (4.48), we get

c2fp + c5fq + λ2g + (λ2y + λ3z) (c2gp + c5gq) = Φy, (4.50)

c3fp + c6fq + λ3g + (λ2y + λ3z) (c3gp + c6gq) = Φz, (4.51)

then
(λ1 + λ2 + λ3) g = Ψ + Φy + Φz.

Namely

g (c2y + c3z, c5y + c6z) =
Ψ + Φy + Φz

λ1 + λ2 + λ3
.

So

f (c2y + c3z, c5y + c6z) = Φ− (Ψ + Φy + Φz) (λ2y + λ3z)

λ1 + λ2 + λ3
.

Set
c2y + c3z = β, c5y + c6z = γ,

then

y =
c3γ − c6β
c3c5 − c2c6

, z =
c5β − c2γ
c3c5 − c2c6

.

And

g(β, γ) =
Ψ
(
c3γ−c6β
c3c5−c2c6 ,

c5β−c2γ
c3c5−c2c6

)
+ Φy

(
c3γ−c6β
c3c5−c2c6 ,

c5β−c2γ
c3c5−c2c6

)
+ Φz

(
c3γ−c6β
c3c5−c2c6 ,

c5β−c2γ
c3c5−c2c6

)
λ1 + λ2 + λ3

,
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f (β, γ) = Φ

(
c3γ − c6β
c3c5 − c2c6

,
c5β − c2γ
c3c5 − c2c6

)
−
λ2

c3γ−c6β
c3c5−c2c6 + λ3

c5β−c2γ
c3c5−c2c6

λ1 + λ2 + λ3
Ψ

(
c3γ − c6β
c3c5 − c2c6

,
c5β − c2γ
c3c5 − c2c6

)
−
λ2

c3γ−c6β
c3c5−c2c6 + λ3

c5β−c2γ
c3c5−c2c6

λ1 + λ2 + λ3
Φy

(
c3γ − c6β
c3c5 − c2c6

,
c5β − c2γ
c3c5 − c2c6

)
−
λ2

c3γ−c6β
c3c5−c2c6 + λ3

c5β−c2γ
c3c5−c2c6

λ1 + λ2 + λ3
Φz

(
c3γ − c6β
c3c5 − c2c6

,
c5β − c2γ
c3c5 − c2c6

)
.

Set
(−c2 − c3)x+ c2y + c3z = β, (−c5 − c6)x+ c5y + c6z = γ.

So
c3γ − c6β
c3c5 − c2c6

= −x+ y,
c5β − c2γ
c3c5 − c2c6

= −x+ z.

And
g ((−c2 − c3)x+ c2y + c3z, (−c5 − c6)x+ c5y + c6z)

=
Ψ (−x+ y,−x+ z) + Φy (−x+ y,−x+ z) + Φz (−x+ y,−x+ z)

λ1 + λ2 + λ3
,

f ((−c2 − c3)x+ c2y + c3z, (−c5 − c6)x+ c5y + c6z)

= Φ (−x+ y,−x+ z) +
(λ2 + λ3)x− λ2y − λ3z

λ1 + λ2 + λ3
Ψ (−x+ y,−x+ z)

+
(λ2 + λ3)x− λ2y − λ3z

λ1 + λ2 + λ3
Φy (−x+ y,−x+ z) +

(λ2 + λ3)x− λ2y − λ3z
λ1 + λ2 + λ3

Φz (−x+ y,−x+ z) .

By Eq. (4.46), the exact solution of the definite solution problem is

u = Φ (−x+ y,−x+ z) + x (Ψ (−x+ y,−x+ z) + Φy (−x+ y,−x+ z) + Φz (−x+ y,−x+ z)) .
(4.52)

According to Example 10, we may directly get the exact solution of Eq. (4.44) in various
boundary value conditions. If the boundary value condition is u(0, y, z) = yz, ux(0, y, z) = y+z,
the exact solution is u = −3x2 + xy + xz + yz.

Example 11. In R3, get the exact solution of

uxx + uyy + 2uzz + 2uxy + 3uyz + 3uzx = 0, (4.53)

in the conditions of u(0, y, z) = yz and ux(0, y, z) = y + z.

Solution. According to Theorem 17, the general solution of (4.53) is

u = f ((−c2 − c3)x+ c2y + c3z, (−c5 − c6)x+ c5y + c6z)

+ g ((−c2 − 2c3)x+ c2y + c3z, (−c5 − 2c6)x+ c5y + c6z) .
(4.54)

Set c3 = 0, then

u = f(p, q) + g(p, r)

= f (−x+ y, (−c5 − c6)x+ c5y + c6z) + g (−x+ y, (−c8 − 2c9)x+ c8y + c9z) .
(4.55)

And
u (0, y, z) = f (y, c5y + c6z) + g (y, c8y + c9z) = yz, (4.56)
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ux (0, y, z) = −fp (y, c5y + c6z)− (c5 + c6) fq (y, c5y + c6z)− gp (y, c8y + c9z)

− (c8 + 2c9) gr (y, c8y + c9z) = y + z.
(4.57)

Namely
f + g = yz,

−fp − (c5 + c6)fq − gp − (c8 + 2c9)gr = y + z.

When x = 0,
p = y, q = c5y + c6z, r = c8y + c9z.

According to (4.56) and (4.57), we get

fp + c5fq + gp + c8gr = z,

c6fq + c9gr = y.

So
−c9gr = 2y + 2z.

And

g =
−2

c9

∫ c8y+c9z

c8y0+c9z0

(y + z) dr =
−2

c9

∫ c8y+c9z

c8y0+c9z0

(
p+

r − c8p
c9

)
dr

=
−(c8y + c9z)

2

c29
− 2 (c9 − c8) y (c8y + c9z)

c29
.

Set
y = α, c8y + c9z = γ,

then

g (α, γ) = g (y, c8y + c9z) =
−γ2

c29
− 2 (c9 − c8)αγ

c29
.

Set
−x+ y = α, (−c8 − 2c9)x+ c8y + c9z = γ.

So

g(−x+ y, (−c8 − 2c9)x+ c8y + c9z)

=
−((−c8 − 2c9)x+ c8y + c9z)

2

c29
− 2 (c9 − c8) (−x+ y) ((−c8 − 2c9)x+ c8y + c9z)

c29

= −8x2 + 4xy + 6xz − 2yz − z2 +
x2c28
c29
− 2xyc28

c29
+
y2c28
c29
− 2x2c8

c9
+

4xyc8
c9
− 2y2c8

c9
.

Set
y = α, c5y + c6z = β,

then

z =
β − c5y
c6

=
β − c5α
c6

.

According to (4.56), we get

f (α, β) = f (y, c5y + c6z) = yz − g = yz +
(c8y + c9z)

2

c29
+

2 (c9 − c8) y (c8y + c9z)

c29

=
β2

c26
− 2αβc5

c26
+
α2c25
c26

+
αβ

c6
− α2c5

c6
+
α2c28
c29

+
2αβc8
c6c9

− 2α2c5c8
c6c9

−
2c8α

(
αc8 + (β−αc5)c9

c6

)
c29

+
2α
(
αc8 + (β−αc5)c9

c6

)
c9

.
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Set
(−x+ y) = α, ((−c5 − c6)x+ c5y + c6z) = β.

So

f (−x+ y, (−c5 − c6)x+ c5y + c6z)

= 4x2 − 3xy − 5xz + 3yz + z2 − x2c28
c29

+
2xyc28
c29
− y2c28

c29
+ 2x2c8

c9
− 4xyc8

c9
+ 2y2c8

c9
.

By Eq. (4.54), the exact solution of the definite solution problem is

u = −4x2 + yz + xy + xz. (4.58)

Example 12. In R3, get the exact solution of

utt + uxx − utx + uty − uxy + 2ut − 2ux + 2uy = −y + x− t+ 2xy − 2ty + 2tx, (4.59)

in the conditions of u(0, x, y) = Φ(x, y) and ut(0, x, y) = Ψ(x, y). Φ is a random known second
differentiable function, Ψ is a random known first differentiable function.

Solution. By Theorem 18, the general solution of (4.59) is

u = f (q, r) + e−t+x+yg (q, r) + txy

= f (t+ x+ 2y, t+ x+ y) + e−t+x+yg (t+ x+ 2y, t+ x+ y) + txy.
(4.60)

So
u (0, x, y) = f (x+ 2y, x+ y) + ex+yg (x+ 2y, x+ y) = Φ (x, y) , (4.61)

ut (0, x, y) = fq + fr − ex+yg + ex+ygq + ex+ygr + xy = Ψ (x, y) . (4.62)

When t = 0, q = x+ 2y, r = x+ y,then

y = q − r, x = 2r − q.

According to (4.61), we get

fq + fr + ex+yg + ex+ygq + ex+ygr = Φx,

2fq + fr + ex+yg + 2ex+ygq + ex+ygr = Φy.

So
2ex+yg − xy = Φx −Ψ,

g (q, r) =
1

2
e−r (Φx (2r − q, q − r)−Ψ (2r − q, q − r) + (2r − q) (q − r)) ,

f (q, r) = Φ− ex+yg
= Φ (2r − q, q − r)− 1

2 (Φx (2r − q, q − r)−Ψ (2r − q, q − r) + (2r − q) (q − r)) .

Set
q = t+ x+ 2y, r = t+ x+ y,

then
2r − q = t+ x, q − r = y.

And

g (t+ x+ 2y, t+ x+ y) =
1

2
e−t−x−y (Φx (t+ x, y)−Ψ (t+ x, y) + ty + xy) ,
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f (t+ x+ 2y, t+ x+ y) = Φ (t+ x, y)− 1

2
(Φx (t+ x, y)−Ψ (t+ x, y) + ty + xy) .

By Eq. (4.60), the exact solution of the definite solution problem is

u = Φ (t+ x, y)− 1

2
(Φx (t+ x, y)−Ψ (t+ x, y) + ty + xy)

+
1

2
e−2t (Φx (t+ x, y)−Ψ (t+ x, y) + ty + xy) + txy.

(4.63)

Example 13. In R2, get the exact solution of

uttt + 8uxxx + 6uttx + 12utxx = 9et+x, (4.64)

in the conditions of u(0, x) = Φ(x), ut(0, x) = Ψ(x) and utt(0, x) = Ω(x). Φ is a random known
third differentiable function, Ψ is a random known second differentiable function, Ω is a random
known first differentiable function.

Solution. By Theorem 21, the general solution of (4.64) is

u = f (q) + pg (q) + p2h (q) +
1

3
et+x

= f (−2t+ x) + (t+ x) g (−2t+ x) + (t+ x)2h (−2t+ x) +
1

3
et+x,

(4.65)

p = t+ x, q = −2t+ x.

So

u (0, x) = f + xg + x2h+
1

3
ex = Φ (x) , (4.66)

ut (0, x) = −2fq + g − 2xgq + 2xh− 2x2hq +
1

3
ex = Ψ (x) , (4.67)

utt (0, x) = 4fqq − 4gq + 4xgqq + 2h− 8xhq + 4x2hqq +
1

3
ex = Ω (x) . (4.68)

When t = 0, p = q = x, according to (4.66), we have

fq + g + xgq + 2xh+ x2hq +
1

3
ex = Φ′ (x) ,

fqq + 2gq + xgqq + 2h+ 4xhq + x2hqq +
1

3
ex = Φ′′ (x) .

According to (4.67), we have

−2fqq − gq − 2xgqq + 2h− 2xhq − 2x2hqq +
1

3
ex = Ψ′ (x) ,

then
3g + 6xh+ ex = Ψ (x) + 2Φ′ (x) ,

3fq + 3xgq + 3x2hq = Φ′ (x)−Ψ (x) ,

12gq + 6h+ 24xhq + ex = 4Φ′′ (x)− Ω (x) ,

−6gq + 6h− 12xhq + ex = 2Ψ′ (x) + Ω (x) .

Therefore
18h+ 3ex = 4Ψ′ (x) + 4Φ′′ (x) + Ω (x) ,
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h (x) =
2

9
Ψ′ (x) +

2

9
Φ′′ (x) +

1

18
Ω (x)− 1

6
ex,

g (x) =
1

3

(
Ψ (x) + 2Φ′ (x)− 6xh− ex

)
=

1

3
Ψ (x) +

2

3
Φ′ (x)− 4x

9
Ψ′ (x)− 4x

9
Φ′′ (x)− x

9
Ω (x) +

x

3
ex − 1

3
ex,

f (x) = Φ (x)− xg − x2h− 1

3
ex

= Φ (x)− x

3
Ψ (x)− 2x

3
Φ′ (x) +

2x2

9
Ψ′ (x) +

2x2

9
Φ′′ (x) +

x2

18
Ω (x)− x2

6
ex +

x

3
ex − 1

3
ex.

So

f (−2t+ x) = Φ (−2t+ x)− −2t+ x

3
Ψ (−2t+ x)− 2 (−2t+ x)

3
Φ′ (−2t+ x)

+
2(−2t+ x)2

9
Ψ′ (−2t+ x) +

2(−2t+ x)2

9
Φ′′ (−2t+ x) +

(−2t+ x)2

18
Ω (−2t+ x)

− (−2t+ x)2

6
e−2t+x +

−2t+ x

3
e−2t+x − 1

3
e−2t+x,

g (−2t+ x) =
1

3
Ψ (−2t+ x) +

2

3
Φ′ (−2t+ x)− 4 (−2t+ x)

9
Ψ′ (−2t+ x)

− 4 (−2t+ x)

9
Φ′′ (−2t+ x)− −2t+ x

9
Ω (−2t+ x) +

−2t+ x

3
e−2t+x − 1

3
e−2t+x,

h (−2t+ x) =
2

9
Ψ′ (−2t+ x) +

2

9
Φ′′ (−2t+ x) +

1

18
Ω (−2t+ x)− 1

6
e−2t+x.

By Eq. (4.65), the exact solution of the definite solution problem is

u = Φ (−2t+ x) + tΨ (−2t+ x) +
1

2
t2Ω (−2t+ x) + 2tΦ′ (−2t+ x) + 2t2Ψ′ (−2t+ x)

+ 2t2Φ′′ (−2t+ x) +
1

3
et+x − 1

3
e−2t+x − e−2t+xt− 3

2
e−2t+xt2.

(4.69)

Example 14. In R2, get the exact solution of

uttt − uxxx − 3uttx + 3utxx − 6utt − 6uxx + 12utx + 8ut − 8ux = −8t+ 8x+ 12, (4.70)

in the conditions of u(0, x) = Φ(x), ut(0, x) = Ψ(x) and utt(0, x) = Ω(x). Φ is a random known
third differentiable function, Ψ is a random known second differentiable function, Ω is a random
known first differentiable function.

Solution. By Theorem 23, the general solution of (4.70) is

u = f (q) + epg (q) + e2ph (q) + xt = f (t+ x) + et−xg (t+ x) + e2t−2xh (t+ x) + xt, (4.71)

p = t− x, q = t+ x.

So
u (0, x) = f (x) + e−xg (x) + e−2xh (x) = Φ (x) , (4.72)

ut (0, x) = fq + e−xg + e−xgq + 2e−2xh+ e−2xhq + x = Ψ (x) , (4.73)

utt (0, x) = fqq + e−xg + 2e−xgq + e−xgqq + 4e−2xh+ 4e−2xhq + e−2xhqq = Ω (x) . (4.74)

When t = 0, q = x, according to (4.72), we have

fq − e−xg + e−xgq − 2e−2xh+ e−2xhq = Φ′ (x) ,
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fqq + e−xg − 2e−xgq + e−xgqq + 4e−2xh− 4e−2xhq + e−2xhqq = Φ
′′

(x) .

According to (4.73), we get

fqq − e−xg + e−xgqq − 4e−2xh+ e−2xhqq + 1 = Ψ
′
(x) ,

then
2e−xg + 4e−2xh+ x = Ψ (x)− Φ′ (x) ,

2fq + 2e−xgq + 2e−2xhq + x = Ψ (x) + Φ′ (x) ,

2fqq + 2e−xg + 2e−xgqq + 8e−2xh+ 2e−2xhqq = Ω (x) + Φ′′ (x) ,

4e−xgq + 8e−2xhq = Ω (x)− Φ′′ (x) ,

2e−xg + 2e−xgq + 8e−2xh+ 4e−2xhq − 1 = Ω (x)−Ψ′ (x) .

So

4e−xg + 16e−2xh− 2 = 2Ω (x)− 2Ψ′ (x)− Ω (x) + Φ′′ (x) = Ω (x)− 2Ψ′ (x) + Φ′′ (x) .

Therefore

4e−xg + 16e−2xh− 2− 4e−xg − 8e−2xh− 2x = 8e−2xh− 2− 2x
= Ω (x)− 2Ψ′ (x) + Φ′′ (x)− 2Ψ (x) + 2Φ′ (x) ,

then

h (x) =
1

8
e2x
(
Ω (x)− 2Ψ′ (x) + Φ′′ (x)− 2Ψ (x) + 2Φ′ (x) + 2x+ 2

)
,

g = 1
2ex

(
Ψ (x)− Φ′ (x)− 4e−2xh− x

)
= 1

2ex
(
2Ψ (x)− 2Φ′ (x)− 1

2Ω (x) + Ψ′ (x)− 1
2Φ′′ (x)− 2x− 1

)
,

f (x) = Φ (x)− e−xg (x)− e−2xh (x)
= 1

8 (2 + 6x+ 8Φ (x)− 6Ψ (x) + Ω (x) + 6Φ′ (x)− 2Ψ′ (x) + Φ′′ (x)) .

So

f (t+ x) =
1

8
(2 + 6 (t+ x) + 8Φ (t+ x)− 6Ψ (t+ x) + Ω (t+ x) + 6Φ′ (t+ x)− 2Ψ′ (t+ x)

+ Φ′′ (t+ x)),

g (t+ x)

=
1

2
et+x

(
2Ψ (t+ x)− 2Φ′ (t+ x)− 1

2
Ω (t+ x) + Ψ′ (t+ x)− 1

2
Φ′′ (t+ x)− 2 (t+ x)− 1

)
,

h (t+ x)

=
1

8
e2(t+x)

(
Ω (t+ x)− 2Ψ′ (t+ x) + Φ′′ (t+ x)− 2Ψ (t+ x) + 2Φ′ (t+ x) + 2 (t+ x) + 2

)
.

By Eq. (4.71), the exact solution of the definite solution problem is

u(t, x)

=
1

8

(
2 + 6 (t+ x) + 8Φ (t+ x)− 6Ψ (t+ x) + Ω (t+ x) + 6Φ′ (t+ x)− 2Ψ′ (t+ x) + Φ′′ (t+ x)

)
+

1

2
e2t
(

2Ψ (t+ x)− 2Φ′ (t+ x)− 1

2
Ω (t+ x) + Ψ′ (t+ x)− 1

2
Φ′′ (t+ x)− 2 (t+ x)− 1

)
+

1

8
e4t
(
Ω (t+ x)− 2Ψ′ (t+ x) + Φ′′ (t+ x)− 2Ψ (t+ x) + 2Φ′ (t+ x) + 2 (t+ x) + 2

)
+ xt.

(4.75)
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Example 15. In R2, get the exact solution of

utttt + 4uxxxx − 6utttx + 13uttxx − 12utxxx = 0, (4.76)

in the conditions of u (0, x) = x2+sinx, ut (0, x) = 2x+2cosx+ex−xex, utt (0, x) = 2−4sinx−3xex

and uttt (0, x) = −8cosx− 6ex − 7xex.

Solution. By Theorem 25, the general solution of (4.76) is

u = f(p) + g(q) + qh(p) + pw(q)

= f(t+ x) + g(2t+ x) + (2t+ x)h(t+ x) + (t+ x)w(2t+ x),
(4.77)

p = t+ x, q = 2t+ x.

So
u(0, x) = f(x) + g(x) + xh(x) + xw(x) = x2 + sinx, (4.78)

ut (0, x) = fp (x) + 2gq (x) + 2h (x) +xhp (x) +w (x) + 2xwq (x) = 2x+ 2cosx+ ex−xex, (4.79)

utt (0, x) = fpp (x)+4gqq (x)+4hp (x)+xhpp (x)+4wq (x)+4xwqq (x) = 2−4sinx−3xex, (4.80)

uttt (0, x) = fppp (x) + 8gqqq (x) + 6hpp (x) + xhppp (x) + 12wqq (x) + 8xwqqq (x)

= −8cosx− 6ex − 7xex.
(4.77)

When t = 0, p = q = x, according to (4.78), we have

fp + gq + h+ xhp + w + xwq = 2x+ cosx,

fpp + gqq + 2hp + xhpp + 2wq + xwqq = 2− sinx,

fppp + gqqq + 3hpp + xhppp + 3wqq + xwqqq = −cosx.

By (4.79), we have

fpp + 2gqq + 3hp + xhpp + 3wq + 2xwqq = 2− 2sinx− xex,

fppp + 2gqqq + 4hpp + xhppp + 5wqq + 2xwqqq = −2cosx− ex − xex.

According to (4.80), we obtain

fppp + 4gqqq + 5hpp + xhppp + 8wqq + 4xwqqq = −4cosx− 3ex − 3xex.

Then
gq + h+ xwq = 2x+ 2cosx+ ex − xex − 2x− cosx = cosx+ ex − xex,

fp + xhp + w = 4x+ 2cosx− 2x− 2cosx− ex + xex = 2x− ex + xex,

fpp + 2hp + xhpp + 2wq = 4− 4sinx− 2xex − 2 + 4sinx+ 3xex = 2 + xex,

fpp + hp + xhpp + wq = 4− 2sinx− 2 + 2sinx+ xex = 2 + xex.

So
hp + wq = 0.

Namely
h+ w = C1.
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For

7gqqq + 3hpp + 9wqq + 7xwqqq = −8cosx− 6ex − 7xex + cosx = −7cosx− 6ex − 7xex,

2gqqq + hpp + 3wqq + 2xwqqq = −4cosx− 3ex − 3xex + 2cosx+ ex + xex

= −2cosx− 2ex − 2xex.

So
hpp + 3wqq = −14cosx− 14ex − 14xex + 14cosx+ 12ex + 14xex = −2ex.

That is
h+ 3w = −2ex + C2x+ C3.

Then
2w (x) = −2ex + C2x+ C3 − C1 = −2ex + C2x+ C4,

wq = −ex +
C2

2
,

h (x) = C1 − w = C1 + ex − C2

2
x− C4

2
= ex − C2

2
x+ C5.

So
gq = cosx+ ex − xex − h− xwq = cosx− C5.

Namely
g (x) = sinx− C5x+ C6.

Therefore

f (x) = x2 + sinx− g − xh− xw = x2 − C4

2
x− C6.

Then

f (t+ x) = (t+ x)2 − C4

2
(t+ x)− C6,

g(2t+ x) = sin(2t+ x)− C5(2t+ x) + C6,

h (t+ x) = et+x − C2

2
(t+ x) + C5,

w (2t+ x) = −e2t+x +
C2

2
(2t+ x) +

C4

2
.

By Eq. (4.77), the exact solution of the definite solution problem is

u (t, x) = (t+ x)2 + sin (2t+ x) + (2t+ x) et+x − (t+ x) e2t+x. (4.82)

5. Z4 Transformation

We present Z4 transformation as follows.

Z4 Transformation. In the domain D, (D ⊆ Rn), any established mth-order PDE with n space
variables F (x1, . . . xn, u, ux1 , . . . uxn , ux1x2 , . . .) = 0, setting u = Ψ (f1, f2, . . . fs) , (s ≥ 1),Ψ is

a random known function, fi = fi

(
yi1 , . . . yiki

)
and yij = yij (x1, . . . xn) are all undetermined

functions, yi1 , . . . yiki are independent of each other, Ψ, fi, yik ∈ Cm (D) , (i = 1, 2, . . . s), (1 ≤ k ≤ ki ≤ n),
then substitute u = Ψ (f1, f2, . . . fs) and its partial derivatives into F = 0
1. In case of working out fi and yik , then u = Ψ (f1, f2, . . . fs) is the solution of F = 0,
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2. In case of dividing out fl1 , fl2 , . . . flp and their partial derivative, also working out
flp+1 , flp+2 , . . . fls and yik , (1 ≤ p ≤ s, li ∈ {1, 2, . . . s}), u = Ψ(f1, f2, . . . fs) is the solution of
F = 0, and fl1 , fl2 , . . . flp are arbitrary mth-differentiable functions,
3. In case of getting k = 0, but in fact k 6= 0, u = Ψ(f1, f2, . . . fs) is not the solution of F = 0.

For solve some PDEs we could be required to set Ψ undetermined or set f1, f2, . . . fp known
and so on. (1 ≤ p ≤ s). The forms of these laws are similar to Z4 transformation, we will not
propose here.

In Rn,

a1ux1 + a2ux2 + . . .+ akuxk + ak+1u = A (x1, x2, . . . xn) , (2 ≤ k ≤ n), (5.1)

where ai are random known constants and A(x1, x2, . . . xn) is any known function, (1 ≤ i ≤ k+1),
we can use Z4 transformation to get a general solution of Eq. (5.1).

By Z4 transformation, set u (x1, . . . xn) = f (v1, v2, . . . vk, xk+1, xk+2, . . . xn)+g (x1, . . . xk)h (y1, y2, . . . yk, xk+1, xk+2, . . . xn),
vi = li1x1 + li2x2 + . . .+ likxk, yi = ci1x1 + ci2x2 + . . .+ cikxk and

∂ (v1, v2, . . . vk)

∂ (x1, x2, . . . xk)
6= 0,

∂ (y1, y2, . . . yk)

∂ (x1, x2, . . . xk)
6= 0. (5.2)

So

a1ux1 + a2ux2 + . . .+ akuxn + ak+1u

= a1
k∑
i=1

li1fvi + a2
k∑
i=1

li2fvi + . . .+ ak
k∑
i=1

likfvi + ak+1f + a1gx1h+ a1g
k∑
i=1

ci1hyi

+a2gx2h+ a2g
k∑
i=1

ci2hyi + . . .+ akgxkh+ akg
k∑
i=1

cikhyi + ak+1gh

= (a1l11 + a2l12 + . . .+ akl1k) fv1 + (a1l21 + a2l22 + . . .+ akl2k) fv2 + . . .
+ (a1lk1 + a2lk2 + . . .+ aklkk) fvk + ak+1f + (a1c11 + a2c12 + . . .+ akc1k) ghy1
+ (a1c21 + a2c22 + . . .+ akc2k) ghy2 + . . .+ (a1ck1 + a2ck2 + . . .+ akckk) ghyk
+ (a1gx1 + a2gx2 + . . .+ akgxk + ak+1g)h = A (v1, v2, . . . vk, xk+1, xk+2, . . . xn) .

Set

li1 =
−a2li2 − a3li3 − . . .− aklik

a1
, (1 ≤ i ≤ k − 1), (5.3)

ci1 =
−a2ci2 − a3ci3 − . . .− akcik

a1
, (1 ≤ i ≤ k − 1), (5.4)

a1gx1 + a2gx2 + . . .+ akgxk + ak+1g = 0. (5.5)

And set g(x1, . . . xk) = g(xi), (i = 1, 2, . . . k), Then

a1gx1 + a2gx2 + . . .+ akgxk + ak+1g = aigxi + ak+1g = 0⇒ g (xi) = λie
−ak+1xi

ai , (5.6)

where λi are random constants. Namely g (x1, . . . xk) =
k∑
i=1

λie
−ak+1xi

ai is a particular solution of

a1gx1 + a2gx2 + . . .+ akgxk + ak+1g = 0, Thus

a1ux1 + a2ux2 + . . .+ akuxn + ak+1u
= (a1lk1 + a2lk2 + . . .+ aklkk) fvk + ak+1f + (a1ck1 + a2ck2 + . . .+ akckk) ghyk
= A (v1, v2, . . . vk, xk+1, xk+2, . . . xn) .

Set
hyk = 0,
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Namely
h = Φ (y1, y2, . . . yk−1, xk+1, xk+2, . . . xn) ,

where Φ is a random first differentiable function. So

(a1lk1 + a2lk2 + . . .+ aklkk) fvk + ak+1f = A (v1, v2, . . . vk, xk+1, xk+2, . . . xn) . (5.7)

The solution of (5.7) is

f = e
−ak+1vk

a1lk1+a2lk2+...+aklkk

(
C +

∫
e

ak+1vk
a1lk1+a2lk2+...+aklkk

A (v1, v2, . . . vk, xk+1, xk+2, . . . xn)

a1lk1 + a2lk2 + . . .+ aklkk
dvk

)
.

Set
B = (a1lk1 + a2lk2 + . . .+ aklkk)

−1. (5.8)

So the general solution of Eq. (5.1) is

u = gh+ f = Φ (y1, y2, . . . yk−1, xk+1, xk+2, . . . xn)
k∑
i=1

λie
−ak+1xi

ai

+ e
−ak+1vk

B

(
C +B

∫
e
ak+1vk

B A (v1, v2, . . . vk, xk+1, xk+2, . . . xn) dvk

)
.

(5.9)

In our subsequent papers, we will use the Z4 transformation to research more partial differ-
ential equations.

6. Conclusions

This paper uses our previously presented Z transformations to get general solutions of a
large number of second-order, third-order and fourth-order linear PDEs very concisely, and
proves the effectiveness of using Z transformations to get general solutions of linear PDEs. By
general solutions, we get exact solutions for many typical definite solution problems of first-,
second-, third- and fourth-order linear PDEs, reflecting the important value of general solutions.

Using the series general solution of the one-dimensional homogeneous wave equation, we
successfully obtained the Fourier series solution, which satisfactorily resolve a famed debate in
the history of mathematics about the relationship between general solution and series solution.

This paper proposes the Z4 transformation for the first time and puts forward an application
case. In subsequent papers, we will continue to research various PDEs using Z transformations.
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