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Abstract

In this paper, we prove the recurrence relation for Franel number using an
elementary method. Consequently, we generate another recurrence relation
invloving the third powers of binomial coefficients.
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Introduction

The binomial coefficients are the positive integers that occur as coeffi-
cients in binomial expansion. For instance, the binomial coefficients of (z+)*
are 1,4,6,4,1. A binomial coefficient is denoted by (Z), forn > k > 0, where
n and k are nonnegative integers. Many identities involving binomial coeffi-
cients have been discovered. For instance, Boros and Moll [1, 14-15] showed
that sums of the form >, (Z) k" are given by:

i (Z)k = n2n 1, (2.1)

k=0



(Z) kS = n(n + 3)2"3, (2.3)

k=0
<Z) k*=n(n+1)(n® +5n — 2)2" 4, (2.4)
k=0
(Z) k5 = n2(n® + 10n2 + 150 — 10)2"~3, (2.5)
k=0

and so on.
In 1894, Franel [2, | showed that if

then
(n+1)*for1 = (Tn* + Tn+ 2) fr + 81 fr1. (2.6)
Also, in 1895, Franel [3, | showed that if
n n 4
P, =
=3 (5)
k=0
(n+1)*Poy =220+ 1)(3n* +3n + 1)B, + 4(4n — 1)(4n + 1)*P,_;.
(2.7)

We should note that f, is called the nth Franel number. They arise in
first and second Strehl [4, 5, ] identities which state that:

fo = i (Z>2 (2:) (2.8)

k=0
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The purpose of this paper is to prove (2.6) using an elementary method
and as a result, we generate a recurrence relation for numbers of the form
Y reo (Z)Sk;Q. Both results are presented in section three. Also, we propose
two problems involving the fourth powers of binomial coefficients in section
four, which when proven true will be intrumental in generating recurrence

relations for >, _, (Z)41€2 and > ), (Z)4k3'

M

Main results
Theorem 1. If f, =", _, (Z)S, then
(N4 1) fosr = (T2 +Tn 4 2) fr + 80 f,_1.
Proof. Let
n n 3
Stni) = ’ :
i) = D (k) k", (3.1)
k=0
Since (}) = (,",) for n >k > 0, we see that (3.1) can also be written as

Sty = zn: (Z)g(n — k) (3.2)

k=0

Adding (3.1) and (3.2), we have

S =52 () 4+ (a = ) (3.3

k=0

Setting ¢ = 1 in (3.3), we have

n 3
n n
S =23 (k) |

s (3.4)



n 3
n n
(i) #=50
k=0

Setting ¢ = 3 in (3.3), we have

1= /n\°
Sma) = 5 > (k> (n® = 3n’k + 3nk?),

k=0

Stn,3) = (n?’fn - 3n25(n71) + 3nS(n72)),

DN | —

1
S(n,2) = 3—n (37128(7171) — n?’fn + 28(n73)).

Setting ¢ = 3 in (3.1), we have

Since (’;)k = n(z:}) for n > k > 0, then

= 1\?
Sn =n’ 5
() = (k—l)
k=0

Shifting the index of k£ by 1, we have

Putting (3.4) and (3.7) in (3.6), we have

7’L2

Sn,2) = E(fn +4fn1),

(3.6)

(3.8)



— -1
n A4) — TZ3 (n ) .
k=0

Shifting the index of k£ by 1, we have
n—1 n—1 3
n? k+1),
() e

Stmay = 1°(Stn-1.1) + fa1). (3.10)
Subtracting 1 from n in (3.4) and putting it in (3.10), we have

n3(n+1)

Sna) = — 5

fn-1. (3.11)

Setting i = 5 in (3.3), we have

n

3
Stns) = (Z) (n® — 5n'k + 10n°k* — 10n2k® + 5nk?),
0

1
2
k=

(n° fro = 5% St 4+ 100%S(,0) — 100*S(5) 4+ 5nS(e)).  (3.12)

[\Dlr—l

S(ns) =



Putting (3.4), (3.7), (3.8) and (3.11) in (3.12), we see that

4

S(n,t')) = %(nfn - 5(” - S)fnfl)a

But

n 3
n
(k:) kK = n?(fa1 +28m-1,1) + Sin-1,9))-
k=0

(3.13)

(3.14)

Subtracting 1 from n in (3.4) and (3.8) and putting them in (3.14), we

see that



Adding 1 to n in (3.13), we have

; (n Z 1) 5 (1 ;l) ((n+ 1) frsr —5(n —2)f,). (3.16)

Adding 1 to n in (3.15), we have

n+1 3
Z (n—l— 1) o (n+1)3(n2+6n+6fn+2n2fn71)- (3.17)

k 3 2

k=0
Equating the right-hand sides of (3.16) and (3.17), we see that
(n+1)*fop1 = (Tn* + Tn+ 2) fr + 807 fr1. (3.18)
We are done. ]
Theorem 2. If S0 = Sor_y (2)°K?, then
n*(3n — 1)S(mt1,2) = (21n® + 14n* — 5n — 6)S(,.2) + 8n(3n* + 5n + 2)S(n_1,2).
Proof. Subtracting 1 from n in (3.8), we have

(n—1)°
6

Adding 1 to n in (3.8), we have

Stn-12) = (fae1 +4fn-2), (3.19)

(n +1)?

Stnt12) = (fosr +4fn), (3.20)

Subtracting 1 from n in (3.18), we have
n?f, = (T — T +2)fu1 +8(n—1)*f,_a. (3.21)

Making f,,+1 the subject of the formula in (3.18) and putting it in (3.20),
we have

65(n+172) — (11n2 + 15n + 6)fn
8n? )

fn,1 = (322)



Making f,,_» the subject of the formula in (3.21) and putting it in (3.19),
we have

n2fn - 125(n—1,2)

n—1 = 3.23
Ja1 n(bn — 3) (3:23)
Making f,,—1 the subject of the formula in (3.8), we have
6S(n 2) — nzfn
S U Ry 3.24
fums = Sl (3.24)
Equating the right-hand sides of (3.22) and (3.23), we have
96n.5(n— 6(5n — 3)S(
[ = nSm-1,2 +6(51n — 3)Snt1,2) . (3.25)
8n3 + (bn — 3)(11n? + 15n + 6)
Equating the right-hand sides of (3.23) and (3.24), we have
48n.S - 6(5n — 3)Sm
PR S s (51 = 3)Sn.2) (3.26)

4n? + n?(5n — 3)
Equating the right-hand sides of (3.25) and (3.26), we have

n?(3n — 1)Stnt1,2) = (21n® 4 14n* — 5n — 6)S(n2) + 8n(3n* + 5n + 2)S(n-12).-

(3.27)
We are done. O
Open Problems
P =5, (2)4, show that
n 4
3 <Z) K = Z(nP, + (4n = 1)Poy). (3.28)
k=0
and
" /n\* n?
k= —(nP,+6(4n—1)P,_,). 3.29
> () 4= Gylnp +otan—vP.) (320



Conclusion

In this paper, we were able to prove the recurrence relation for Franel
number using an elementary method. Consequently, we were able to able to
generate a recurrence relation for > ¢, (Z)skz using (3.8) and (3.18). We
should note that if (3.28) is true, then combining it with (2.7) will yield a

recurrence relation for » ), (2)4/@2. Also, combining (3.29) and (2.7) will

yield a recurrence relation for >, _, (2)414:3.
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