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The Helmholtzian operator factorization is:
J = DpDsf = (A - Im*))f

where:
Dy DF -Df -D -D} -D$" D5 -D;
DY -Dy DY -D = -p! -p= -pD
Ds = S | & Du-= 3 0 THL T
Dz _Dl _D() _D3 _D2C> 41:> _Dg _D3
b} -p} -DY Dj -p{ -p} -DY Dy
Theorem 1.1: For m; constants
and:
Df = (0i+m;) , Dj = (0i—m;)
D; = , Dy = , D7 = , D; 7 =
0 D 0 D! Df 0 D; 0
and:
Dy DF -Df -D -D} -DY" D5 -D;
-D$ -D © D & -Dp! -D -D
Ds = S > | & Da 3 0 THr T
5 -DY" -Do -D; -D5 DY -DY -Ds
b} -p} -DY Dj -p{ -p} -D! Dy
then:
4 (poD§+ D55 + D5°Ds” + DiDY)  (DoDS” - DD - DE DT +DiDY)  (=DoD5* = DD + DED + DiDY)  (DoD1 = D§*D
(psDf - DoD5” - DFDs* + D2DY)  (DSDS + DD+ DEDT + D2DY)  (=D§*DS” + DoD = DD+ DaD5 ) (D5D1 + DoD
DDy =
(DD - D D5 + DoDs* + DsDY)  (-D5*D5” + DT DY - DoDT + DsDY)  (DSDS + DYDY + DD} + DsDY)  (-D5Dy + DT
\ (pipf - pips + Dips - DDY) (pips +piof - pipe -pipt)  (-pips +pipe +pini-pip)  (pipi+DID
4 (Do + Ds°Ds + D5 D5 + DY) (-DiDS + DDy - D5 DT + DY) (DiDS - DD - D5 Do+ DY) (DD - DD
(-D5°Do + DiDs - D D5 + D:DY) (DD + DDy + DD +DDY)  (-D5D - DYDT + D Do+ DaDY)  (-D5°D: + DY
DuDj =
(psDo - DD5 - DiDs* + D3DY)  (-D5*DS* - DDo+ DIDT + D3DY) (DD + DYDY + DD+ DsDS ) (D5°Di = DI
\ (pipo + DiDs - DiDF -DoDY)  (-DiDF +DiDy+ DIDF -DeDY)  (-DiDs + DiDF + DIDy-DeDY)  (DID) +DiD.
Proof:
D, DY -D5 -D, -D} -DY Dy D,
DY Do DY -D» $ -Dj -DY -Dy
DBDA = = =
D5 -DT -Do -D3 -D5 = _Dg -D;
g g R
~Di =Dy D3 Dy -p} DS -DY D,
(poD} + D5°D5 + DD + DiDY)  (DoD5” - D5DY - DD + DiDY)  (=DoD§ - DD + DS*Dy+ DiDY)  (DoDy — D
. (D5Df - DoDs” - D D5 + DoDY) (DD + DoDf + DD + DoDY)  (-D?DS” + DoD” = DD+ DaDY) - (DS?Dy + D
= DpDp =
(-p5Dl - DT D5 + DoDs* + D3DY)  (-D5'D5 + DD~ DoDF + D3DY) (DD + DD + DoDy+ D3DY)  (-D5Dy + D
(pipf - Dips + DiDs* - DDY) (pips + DiD} - Dip - DY) (-pips + DiDT + DIDf - DiDY)  (DiD)+ D!
-D} -DY DY -D -Dy DY -Di -D,
py -DY -DY -D, -D -Doy DY -D»
DuDj = S
-D5 DF —Dg —D; D5 -DY -Do -Ds3
g 0 I
-p} -p} -p! Dy -Dy =Dy -D; Dy
(Do + D5°D5 + DD + DiDY)  (-DIDS + DDy - DD + DiDY)  (DIDS - DD - D5Do+ DiDY)  (DD1 - D
(-D5Do + DiD5” = DT D5 + D2DY) (DD + DDy + DT DT + D2DY)  (-D5D5” - DYDY + DT Do+ D2DY ) (-D5 D1 +1
D3>"Do — D" D3” — DoD3” + D3Dj 2 D3 1 Yo+ Doy + D30, 2 Dy + D D + Dolo + D33 2 D1
(ppo + DiDs - DiDF - DoDY)  (-DIDF + DiDo+ DIDF - DoDY)  (-DiDs + DIDT + DiDo - DoDY)  (DID1+D



Lemma 1.2.1.1-(BAc1r1): For m; constants
and:
D?' = (8i+mi) s D,_ = (ai_mi)

Df 0 9 Dy 0 0 Dy of 0 Df
Di = H Di H D::} = 5 Di =
0 D7 0 Df DY 0 D7 O

then:
(6060 + 6363 + 6262 + 6262 + 6161) - (momo + msmsz + momy + mlml) 0
0 (6080 + 5363 + 6252 + 5161) - (mom(

(DoD§ + DD + DD5* + DiDY) = <

Proof:

(Do} + D5 + DDy + oDt = (@) O @-mo) 0 N [0 @-m) 0 @-
0 (o — o) 0 (G0 +mo) (03 + m3) 0 (03 +m3) 0

_ [ @o+mo)(Bo—mo) + (05 +m3)(03 = m3) + (02 + m2)(02 = m2) + (01 +m1) (01 —m)
0 (ao—mo)(ao-f-‘

(6080 + 5363 + 6252 + 5262 + 6151) - (m()m() + msms3 + momy + mlml)
0 (000o + 0303 + 0202 + 0101) — |

(|

Lemma 1.2.1.2-(BAc1r2): For m; constants:
and:
D?' = (8i+mi) s D,_ = (ai_mi)

Df 0 1 Dy 0 0 Dy v 0 Df
D; = , Di = , D = , D/ =
0 D7 0 Df DY 0 D7 O

then:

(D5 - DoDS* - D D5 + DoDY) = 00
00

Proof:

(D?DngE’D?D?+[bDD<< 0 (@=ms) )(:@omw 0 :)<:wo+mw 0 :)( 0 (G-
(03 + m3) 0 0 (G0 +myo) 0 (8o — mo) (03 + m3) 0

_ [ (@1 =m1)(@2 +m2) + (02 + m2)(01r —m1) (03 —m3)(Qo +mo) = (To +mo)(3 — ms3)
(63 + m3)(60 - mo) - (60 —mo)(a3 +m3) —(61 +m1)(62 —mz) + (62 - mZ)(al + ml)

(o0

Lemma 1.2.1.3-(BAc1r3): For m; constants:
and:
D?' = (8i+mi) s D,_ = (ai_mi)

Df 0 1 Dy 0 0 Dy of 0 Df
Di = H Di H D::} = 5 Di =
0 D7 0 Df DY 0 D7 O

(|

then:

(-5 Dl - DF DS + DoDs* +D3DY ) = ( 00 )
00

Proof:

(-psDl - DT DY + Do + D3DY) = - 0 (©@-m) (0 =mo) 0 _ 0 @=-m) 0 (35—
T " o (02 + m2) 0 0 (Go + mo) (01 +m1) 0 (03 + m3) 0

_ [ @ =m1)(35 +m3) + (05 +m3) (01 —mi) —(02 = m2)(Bo +mo) + (Fo +mo)(02 = m:2)
—(62 +m2)(ao —m()) + (60 - mO)(az + mz) —(61 +m1)(63 —m3) + (63 - m3)(61 + ml)

_ < (-H’l’l3 — I’I’Z3)61 + (m1 — m1)63 + (m1m3 — m3m1) —82m0 + I’I’lzao — a()l’l’lzn + mOaz + (l’l’lzn’lo — I’H()I’I’lz)

(-H?’lz —m2)60 + (m() —mo)az + (msz - momz) +61m3 - m163 + 63m1,, - m361 + (m1m3 —m3m1)
(00
00

Lemma 1.2.1.4-(BAc1r4): For m; constants:
and:
D?' = (8i+mi) s D,_ = (ai_mi)

(|



D; = , D; = , D7 = , D 7 =
0 Dj; 0 Df Df 0 Dy 0

then:
00 nine 2 nine  nind 00
(DIDO_D2D3 +D3D2 _DOD1> =
00
Proof:

Di, 0 D;, 0 D;, 0 0 Ds, D;, 0 0 D3,
(pipf - pips + Dips - DipY) - ! 0 [ P w ), [ D 2
0 Dj, 0 Dg, 0 Dj, w0 0 D3, w0

DlmDan - DamDIn _DEmDEn + DEmDEn

|
7~ N/ N

_ Em §n+D§m En Tm an_ am Tn
(61 —ml) (60 —mo) — (60 —m()) (61 —ml) —(62 —mz,,,) (63 —m3) + (63 —M3) (62 —mz)
—(82 +m2) (83 +I’I’Z3) + (63 +m3) (62 +I712) (81 +m1) (80 +I’I’Z()) — (60 +m0) (61 +m1)

(+my —miy) Oo + <+mo —m())@l + (+mimo —momy) (+mz —m3) O + (mz —m2>63 + (=mam3 + m:

<+m3 —m3>62 + (+m2 — mz) 63 + (—m2m3 + m3m2) (+m1 — ml)ao + (mo — mom) 61 + (-H?’l[ﬂ’lo — My
(00
00

Lemma 1.2.2.1-(BAc2r1): For m; constants:

O

and:
D?' = (8i+mi) s Dz_ = (ai_mi)

Df 0 1 Dy 0 0 Dy o0 0 Df
D; = , D = , D7 = , D/ =
0 D7 0 Df DY 0 D7 O

then:

(DoDS* — D*D§ - DD + DiDY) = < 00 >
00

Proof:

b O 0 D, 0 Ds, D;, 0 0 D3, 0 Dy,
(DoD5” - DD - DS*DF” + DiDY ) = ’ e ; 0 - 2 :
0 Doy W0 im0 0 Dg, im0 i 0

- P+ + - + - - P+
_DZm ln+DlmD2n OmD3n_D3m On

Dangrn - ngD&z - EmDIn + DImDEn

—(82 — mZ)(al + ml) + (61 + ml)(az — n’lz) (60 + mo)(83 — I’)’l3) — (83 — I’I’Z3)(ao + I’I’Z())
(60 — mo)(63 + M3) — (63 +m3)(60 —m()) —(62 +m2)(61 —ml) + (61 — ml)(az + mz)

(-H’l’lz — mZ)al + (m1 — m1)62 + (+m2m1 — mlmz) (-H’l’l3 — I’I’Z3)ao + (I’I’Z() — I’I’Zo)ag, + (—mom3 + I’I’Z3Wlo)
(+m3 — m3)60 + (m() — m())a3 + (—mom3 + mgmo) (+m2 — m2)61 + (m1 — ml)az + (+m2m1 — mlmz)

00
00

I
Y YRV

(|

Lemma 1.2.2.2-(BAc2r2): For m; constants:
and:
D?' = (8i+mi) 5 Dz_ = (8,-—m,-)

Df 0 1 Dy 0 0 Dy of 0 Df
Di = H Di H D:: = s Di =
0 D7 0 Df DY 0 D7 O

then:
0303 + 0p0p + 0101 + 0202) — + + + 0
(D?D‘f +D0Dg +DEDE +D2Dg> _ (0303 + 0000 + 0101 + 0202) — (m3m3 + momo + mymy + momy)
0 (8363 + 6080 + 8161 + 6282) - (m3m3 + mon

Proof:

0 D7 0 D3 by 0 Dy 0 0 D7 0 D7
(D§D5* + DD + DY DT + DD} ) = " R o T b "

im0 w0 0 Dy, 0 D, im O w0

_ (63 — m3)(63 + I’)’l3) + (80 + I’I’Zo)(ao — I’I’Z()) + (61 — ml)(al + ml) + (82 + mZ)(az — mz)
0 (63 +m3)(63 -

_ < (0303 4+ 0p0o + 0101 + 0202) + (m3 —m3)03 + (mo — mo,)O0o + (M1 —m1)01, + (M2 — m2)02 — (M3ms + 1
0



B (6363-1-6()60-%-6161 +6262)—(m3m3+m0mo+m1m1 +m2m2) 0
0 (5363 + 6060 + 5161 + 6252) - (m3m3 :

O

Lemma 1.2.2.3-(BAc2r3): For m; constants:
and:
Df = (0i+m;) , Di = (0i—m)

D; = , Dy = , D7 = , D 7 =
0 Dj; 0 Df Df 0 Dy 0

then:

ene 1 nenl - 0 00
(-D5' D + DD - DD + DD ) =
Proof:

(-psDs + DD - 1 _ 0 Dy, 0 D, 0 Dy, D5, 0 b O 0 D,
) 3 +Dl DO_DOD[ +D3D2> - - + -
om0 w0 in 0 0 Dy, 0 Dy in 0

_DEngn + ngDEn DImDan - DamDIn
DTmDan_DamDTn - EmDEn +D§mD§n

—(62 —m2)(63 +m3) + (63 + m3)(62 — mz) (61 — ml)(ao + mo) — (60 +mo)(61 —ml)
(61 + ml)(aon — mo) — (80 — I’I’Zo)(al + ml) —(62 + mZ)(a3 — I’I’Z3) + (63 — m3)(62 + I712)

(+m3 — m3)0y + (+my — mp)03 + (+moms — ms3my)  (+m; — my)0o + (+mo — mg)01 + (—mimgy + mom, )
(-H’l’ll — m1)60 + (-H’I’lo — mO)al + (—m1m0 + moml) (+I’I’l3 — I’I’l3)az + (-H’l’lz — mZ)a3 + (+I’I121’I’Z3 — I’I’Z3I’I12)

00
00

Y YR YR

O

Lemma 1.2.2.4-(BAc2r4): For m; constants:
and:
D;r = (6,-+m,-) s D,_ = (6,-—m,-)

D; = , D; = , D7 = , D 7 =
0 Dj; 0 Df Df 0 Dy 0

then:
the . nint  nine  nind 00
(D1D3 +D2D0_D3D1 _DOD2> =
00
Proof:

D7 0 0 D3 D3 0 Dy, O D3 0 0 D
(Dips + DYDY~ DipF —DipY) = | 7 ) Do o _( Do 7
0 Dj, G0 0 b3 J\ o D 0 D, W0

B DEmDan _DamDEn DImDEn _DEmDIn
+ + _ Pt + + + _ )t +
1m™~3n 3m™~ 1n 2m*~ 0n 0m™ 2n

(02 =m2)(0o —mo) — (Go —mo)(02 —m2) (01 —m1)(03 —m3) — (03 —m3)(01 —my)
(61 + ml)(a3 + I’I’l3) - (83 + m3)(81 + ml) (82 + mZ)(ao + I’I’Z()) - (60 + mo)(62 + I’I’lz)

(-H?’lz — mz)ao + (m() — mo)az + (msz — momz) (+I713 — m3)61 + (m1 — m1)63 + (m1m3 — m3m1)
(+m3 —m3)01 + (my —m1)03 + (mym3 —mamy) (+ma —m2)0o + (mo — mg)02 + (mamo — momy)

00
00

Il
Y YV

O

Lemma 1.2.3.1-(BAc3r1): For m; constants:

and:
Df = (0i+m;) , Dj = (0i—m;)

5 Di = 5 D1C> ’ Di =
0 D; 0 D; Df 0 D; 0
then:

00
(-DoDs” - DS°DT" + DDy + DiD3 ) = ( )

D;

00

Proof:

0 1 D¢, O 0 D3, 0 D3, 0 Dy, 0 Dy, Dy, O
(-poDs” - DS°DF +DSDy+DiDY) = | - - +
0 Din m 0 im0 Dy, 0 wm 0 0 D,



-D3,, Dy, + Di,,D3, =Dy, D3, + D3,,Dy,
~Dg,D3, + D3,D5, ~D5,Di, + Di,D3, >

—(03 —m3)(01 +m1)+ (01 + m1)(03 —m3) —(0o +mo)(O2 —m2) + (02 —m2)(0o + mo)
—(00 —mo) (02 + ma) + (02 + m2)(Oo —mo) —(03 + m3,)(01 —my) + (01 —my)(03 +m3)

(+m3 — m3)61 + (m1 — m1)63 + (m3m1 — m1m3) (+m2 — I/nz)ao + (mo — m0)62 + (momz — msz)
(+my —m2)0o + (mo — mo)02 + (momz —momg)  (+m3 —m3)01 + (my —m1)03 + (m3my — myms3)

00
00

Il
Y YV

O

Lemma 1.2.3.2-(BAc3r2): For m; constants:
and:
Df = (©@i+m;) , D7 = (0;—m;)

D; = , Di = , Di7 = , D7 =
0 D; 0 Di D: 0 D; 0

then:

one o nenl 0 00
(-D5D5” + DoDT” — DD + DaDY ) =
Proof:

0 0 0 D 3m 0 D n 6m 0 0 D n 0 D Im D On 0
(-D§D5* + DoDF* = DDy + DoDY) = | - + -
im0 m 0 0  Dgy Dy, 0 Dy, O 0 D,

_ngDJZrn + DJZrngn ngDIn - DIngn
D6mDTn_DTmD6n - ngEn +D5mD§n

—(63 —m3)(62 +m2) + (62 + mz)(63 — M3) (60 + mO)(al — ml) — (61 —ml)(ao +m())
(80 — mO)(aln + ml) — (81 + ml)(ao — I’I’Z()) —(83 + I’I’Z3)(az — mz) + (62 — n’lz)(ag, + I’)’l3)

(+m3 — m3)62 + (mz — m2)63 + (+m3m2 — m2m3) (-H?’l[ — ml)ao + (m() — m())al + (—m0m1 + mlmo)
(-H’l’ll — m1)60 + (I’I’Z() — m0)61 + (—mom1 + mlmo) (-H’l’lz — I’I’Z3)62 + (I’I’Z3 — mZ)ag, + (+I713I’I12 — mZng,)

00
00

I
Y YV

O

Lemma 1.2.3.3-(BAc3r3): For m; constants:
and:
Df = ©@i+m;) , D7 = (0;—m;)

D; = , D = , D7 = , D/ =
0 Dy 0 Df Df 0 D; 0

then:
0202 + 01,01 + 0000 + 0303) — + + + 0
(D?D‘;’+D‘?D‘?+D0D3+D3Dg> _ (0202 + 01401 000 + 0303) — (mamy + mymy + momo + m3ms)
0 (6262 + 6161” + 6060 + 6363) - (mzmz + m
Proof:
0 D3 0 D3 0 D7y 0 D3 L 0 D;, O
(D DF + DD + DoD) + DD} ) = % e o U o
wm 0 m 0 m 0 Dy, 0 0  Dgn 0 D,
_ (62 - mZ)(az + mz) + (61 - ml)(al + ml) + (60 + mO)(ao - mo) + (63 + m3)(63 - m3)
0 (02 + m2)(02 —
_ (6262 + 6161,, + 6060 + 6363) + (mz - m2)62 + (m1 - ml,,,)al + (m() - m())ao + (m3 - m3)63 - (msz +7
0
B (6262+6161 +6060+6363)—(m2m2+m1m1 +momo+m3m3) 0
0 (8262 + 6181 + 8060 + 6383) - (m2m2 :
O

Lemma 1.2.3.4-(BAc3r4): For m; constants:
and:
Df = (0i+m;) , Di = (0i—m)

D; = , D} = , D = , D;
0 D; 0 Df D; 0 D 0



then:

00
(-pips + DiDF + DIDG - DEDY) = ( 0 0 )

Dy, O 0 D3, N D5, O 0 Dy, N D3, O Dy, O
0 Di, w0 0 D3, Dy, 0 0 D3, 0 Dq,

ngDan - Dangn _DImDEn + DEmDIn

Proof:

(-pips + pipy + DID] - DDY)

_DT +D D+ gm an_ am gn
6360 - a3m() - m360 + msmoy — 6063 + 60m3 + m063 — moms —6162 + 61m2 + m162 -—my,my + 6261

—6182 - 81m2 - mlmaz —mymy + 62m81 + azml + m281 + mom; 6380 + 83m0 + m380 + msmg — 6083 —

+(I713 - I/n3)ao + (mo - m0)63 + (+m3m0 - m0m3) +(m2 - m2)61 + (m1 - ml)az + (—mlmz + mzml)

+(I’I’Zz — mZ)al + (m1 — mlm)az + (—mlmz + mzml) +(I’I’Z3 — I’I’Z3)ao + (I’I’Z() — I’I’Zo)ag, + (+m3mo — I’I’Z()ng,)

00
00

I I
Y YV

O

Lemma 1.2.4.1-(BAc4r1): For m; constants:
and:
Df = ©@i+m;) , D7 = (0;—m;)

l)iE s Di = > D::
0 D7 0 Df

then:
00
(D()D] - D‘?Dz + D?D3 - DIDO) = 0 0

l
7N

9 Di =
Df 0 Dr 0

Proof:

om O im0 0 Dgy, m 0 0 Dy, w0
(DoDy — DD + D D3 — D1 Dy) = - +
0 Dy, 0 Dy, im0 0 Dy, wm 0 0 Dy,

( 4Dty = D1uDy D33, + D3,Ds, )
-D3,.D3, + D3,D3,  Dg,Di, — Dy,,Dy,
(o +mp)(01 +my) — (01 +my1)(Oo +mp) —(03 —m3)(O2 —m2) + (02 — m2)(03 —m3)
—(03 + m3) (02 + mp) + (O + m2) (03 + m3) (0o —mo)(01 —my) — (01 —my)(Oo —myo)
(+my1 —min)0o + (mo — mo)01 + (+momy —mimg) (+mz —m3)02 + (M2 — m2)03 + (—m3my + mams)
(+m3 —m3)02 + (Mo — my )03 + (—msmy + mamsz)  (+m; —my )0y + (mon — mo )01 + (+momy — mimyg)
00
00

O

Lemma 1.2.4.2-(BAc4r2): For m; constants:
and:
D} = (0i+m;) , Di = (0i—m)

D; = , D; = , D7 = , D; 7 =
0 D; 0 D: D 0 D; 0

then:
00
(D§*Dy + DoDy — D D3 — D2Dy) = 0 0

Proof:

0 DEm w0 om O w0 0 Di, w0
(D§*D1 + DoDy — D" D3 — D2Dy) = + -
0 Dy, 0 Do, 0 Dy, Dy, 0 0 D,

Em 6n ngDIn _DIngn
D+ 311 DamDEn _DimDan
(60+mo)(62 +m2) (62+m2)(60+m0n) (63—1713)(61 ml)—(al —ml)(a3—m3)
(03 +m3)(01 + m1) = (01 + M1y )(03 + m3) (G0 —mo)(02 — m2) = (Oam — m2) (0o — mo)
< (+m2 - I/nz)ao + (mo - m0)62 + (momz - mszn) (+I713 - I/n3)a[ + (m1 m1)63 + (m3m1 - m1m3)

(-H’l’l3 I’I’Z3)61 + (m1 m1)63 + (m3m1 — mlmmg) (-H’I’lo — mO)az + (Wl2 — m2)80 + (momz — mzmo)

)



Lemma 1.2.4.3-(BAc4r3): For m; constants:
and:
D?' = (8i+mi) s D,_ = (ai_mi)

Df 0 1 Dy 0 0 Dy v 0 Df
D; = , Di = , D = , D/ =
0 D7 0 Df DY 0 D7 O

then:

00
(—D?Dl +D<1:>D2+D0D3 —D3D0) = ( 0 0 )

Proof:

0 D3, wm 0 0 Dy, m 0 om O w0
(—D?Dl + Dsz + DOD3 — D3D0) = — + +
om0 0 Dy, im0 0 Dy, 0 Din 0 D3,

6m gn_ gm 611 _DEmDIn+DImDEn
- Em Tn—}_DTm En Dangn_ngDan

(G0 +mo)(03 + m3) — (03 + m3)(0o + mo)  —(02 —m2)(01 —my) + (01 —m1)(02 — m2)
—(62m+m2)(61+m1)+(61+m1)(62+m2) (60—1/}10)(63—1/}13)—(63—m3)(ao—mon)

(+I’I’l3 — n’l3)ao + (mo — mO)a3 + (mom3 — I’I’Z3n’lo) (+I712 — n’lz)al + (m1 — ml)az + (mlmz — mmel)
(-H?’l[ — ml)az + (mz — m2,,,)61 + (m1m2 — mzml) (+m3 — m3)60 + (m(),1 — mo)a3 + (mom3 — m3mo)

00
00

I
YRR

(|

Lemma 1.2.4.4-(BAc4r4): For m; constants:
and:
D?' = (8i+mi) s D,_ = (ai_mi)

Df 0 1 D7y O 0 Dy o0 0 Df
D, = , D; = , D = , D; 7 =
0 D7 0 Df DY 0 D7 O

then:
0101 + 0203 + 0303 + 0p0p) — + + + 0
(D?D1+D2D2+D2D3+D3Do> _ (0101 + 0202 + 0303 + 000o) — (mimy + mamy + mzms3 + momy)
0 (5161 +8262+6383+6080)—(m1m1 +moymy +
Proof:
D7 0 D7 0 D3 0 00 D3 0 ¥ 0
(D1 + DiD> + DiDs + DDy ) = i In + 2m 2n + T 3n
0 Di, 0 Dy, 0 m 0 Dy, 0 D3, 0 Ds,
0 D3,,Dy, + D3,,D3, + D3, D3, + D, Do,
_ (61 — ml)(al + ml) + (82 — mZm)(az + mz) + (63m — I’I’l3)(a3 + I’I’l3) + (80 — I’I’Zo)(ao + I’I’Z())
0 (61 +m1)(61
_ (61,,81 + 5262 + 6353 + 8060) + (m1 — m1)61 + (mz — mz)az + (m3 — m3)63 + (mo,, — mo)ao — (m1m1 +n
0
_ (6151 + 5262 + 6353 + 8060) — (m1m1 + moymy + msms + m()m()) 0
0 (6161 +6262+6363+6060)—(m1m1 -
]
Lemma 1.3.1.1-(ABc1r1): For m; constants:
and:
D?' = (8i+mi) s D,_ = (ai_mi)
o[ PO pi_[ PO e[ 0 D bt [ 0 DI
"“\Vobp; )" \obpr ) " \Ubro )" \Dr o
then:
(DﬁD L DEDE + DEDE + D Dﬂ) (6060 + 6363 + 6262 + 6161) — (m()mo + msms3 + momy + mlml) 0
0 1 =
° e T : 0 (0000 + 0303 + D202 + 8101 — (momo + m3n

Proof:

(DgDo + DEDE + DS DS +D1D?> _ (G0 —mo) 0 (G0 + mom) 0 .\ 0 (03 —m3) 0 (85 -
0 (Go +mo) 0 (8o —mo) (03 +m3) 0 (03 + m3) 0

_ (60 — mO)(ao + mo) + (83 — I’H3)(a3 + I’H3) + (62 — I’I’lz)(azm + I’I’lzm) + (81 + ml)(al — ml)
0 (G0 +myo)(0o



_ < (6060 + 6363 + 6262 + 6161) + (m() —mo)ao + (m3 —m3)63 + (mz —m2)62 + (m1 —ml)al - (m()mo + ms3
0

B (6060+6363+6262+6161)—(mom0+m3m3 +m2m2+m1m1) 0
0 (8060 + 6353 + 5262 + 6151) — (m()m() -

O

Lemma 1.3.1.2-(ABc1r2): For m; constants:
and:
Df = (©@i+m;) , D7 = (0;—m;)

D = » Di = » D , D7 =
0 D; 0 D D: 0 D; 0

then:

(-D5Do + DDS” — DY DS + DaDY ) = ( 00 )
00

Proof:

(-D$°Do + D}DS - DFDF +D2DY) = | - O Gmm) om0 o @mmo) 0 0 O
(03 +m3) 0 0 (G0 —mo) 0 (Go + mo) (03 + m3)

_ —(61—m1)(62 +m2)+(62+m2)(61—m1) —(63—m3)(ao—mo)+(60—I/no)(a3m—l/n3)
—(83 + I’I’Z3)(ao + I’I’Z()) + (60 + mo)(83 + I’I’l3) —(61 + ml)(az — I712) + (82 — mZ)(al + ml)
(mz — mz)é’l + (m1 — ml)az + (-H?’l[ﬂ’lzm — mzml) (m3 — m3)60 + (m() — mo)a3 + (—M3mo + mom3)

< (I’I’Z3 — I’I’Z3)ao + (I’I’Z() — I’I’Zo)a3 + (—m3mo + I’I’Z()I’I’l3) (mz — mZ)al + (m1 — m1)62 + (-H’I’l]l’l’lz — mzml)

00
00

O

Lemma 1.3.1.2-(ABc1r2)a: For m; constants:
and:
Df = (0i+m;) , Di =(0i—m)

D; = , D; = , D7 = , D 7 =
0 Dj; 0 Df Df 0 Dy 0

then:
(-D5Do + DDS” = DY DS + DaDY ) = 00
00

Proof:

(-D5$°Do + D}DS - DFDF +D2DY) = | - O Gmm) om0 o @m0 0 O
(03 + m3) 0 0 (G0 —mo) 0 (G0 + myo) (03 + m3)

_ —(61 —ml)(62 +m2) + (62 + mZ)(al — ml) —(63 —m3)(a() —m()) + (60 — mo)(63 — M3)
—(83 + I’I’Z3)(ao + I’I’Z()) + (60 + mo)(83 + I’I’l3) —(81 + ml)(az — mz) + (62 — I’I’lz)(al + ml)

(-H’l’l3 — I’I’Z3m)ao + (-H’I’lo — mO)a3 + (—I’I’Z3I’I’lo + mOI’l’Z3) (+I’I12 — I’I’lz)al + (-H’l’ll — m1)62 + (-H’I’l]l’l’lz — Mmon

00
00

_ < (+m2 — mz)é’l + (-H?’l[ — ml)az + (+m1m2 — mzml) (+I713 — I/n3)ao + (-H?’l()n — mo)a3 + (—I/}’l3m(),1 + moi

O

Lemma 1.3.1.3-(ABc1r3): For m; constants:
and:
Df = (©@i+m;) , D7 = (0;—m;)

D; = » Di = , DI~ = , D7 =
0 D; 0 D Df 0 D: 0

then:

00
(DsDo - DT DS - DiDS* + DDV ) = ( - >

Proof:

0 Dj & 0 0 Dj 0 Dj Dy, O 0 D;
<D<2:>D0 - DTDY _Dg = +D3D?> _ 2n Om _ In 3m _ On 2m
w0 0 Doy in 0 im0 0 Dy, om0

_DIanm + DgnDIm DEnDam - DanDEm

+ N+ + P+ + - - N+
2nt0m — H0n _DlnD3m+D3nDlm

2m



—(61 —ml)(a3 +m3) + (63 + m3)(61 — ml) (62 — mZ)(ao — mo) — (60 —mo)(az —mz)
(82 + mZ)(ao + I’I’Z()) — (60 + mo)(62m + n’lz) —(81 + ml)(a3 — I’I’Z3) + (63 — m3)(81 + ml)

(-H’l’lz — mZ)ao + (I’I’Z() — I’I’Zo)az + (-H’HQWZ() — I’I’Z()le) (-H’l’l3 — I’I’Z3)61 + (mlm — m1)63 + (+m1m3 — m3m1)

00
00

< (+m3 - m3)61 + (m1 - m1)63 + (+m1m3 - m3m1) (+m2 - I/nz)ao + (mo - m0)62 + (-H?’lzﬂ’lo - momz)

O

Lemma 1.3.1.4-(ABc1r4): For m; constants:
and:
D;r = (6,-+m,-) , D7 = (6,-—m,-)

D; = , D = , D7 = , D/ =
0 Dy 0 Df Df 0 D; 0

then:
00
il e e il
DiDo + D5D5” — DD — DoD =
(1 273 31 1) (00)
Proof:

D;, 0 0 D;, 0 0 D D;, 0 0 D3
(Do + DIDS - DiDT - DeDY) = n Om N 2n o\ E o
0 Dy, 0 Dgn 0 D3, im0 0 Ds, wm 0

R + - S e
Dln om — OnDlm DZnDSm_DSnDZm

+ N+ + P+ + - - N+
2nt3m — 3 2m DlnDOm_DOnDlm

(61 — mln)(a() + m()) — (60 + mO)(al — ml) (62 — m2)(63 — m3) — (63 — m3)(62 — mz)
(82 + n’lz)(ag,m + I’)’l3) — (83 + I’I’Z3)(az + mz) (81 + ml)(ao — I’I’Z()) — (60 — mO)(al + ml)

(-H?’l[ — ml)ao + (m() — m())al + (—mlmom + moml) (+I713 — m3)62 + (mz — m2)63 + (+m2m3 — m3m2)
(+I’I’l3 — m3)82 + (Wl2 — m2)83 + (-H’l’lzl’)’lg, — m3m2) (-H’l’ll — mlm)ao + (I’I’Z() — m0)61 + (—m1m0 + I’I’Zoml)

00
00

Y YR YR

O

Lemma 1.3.2.1-(ABc2r1): For m; constants:
and:
Df = ©@i+m;) , D7 = (0;—m;)

D; = , Dy = , D7 = , D; 7 =
0 Dj; 0 Df Df 0 Dy 0

then:

(-DiD5” + D$Do - DS DY + DD} ) = ( 00 )
00

Proof:

(—Dngz’ +D§:>D0—D'2:'D]:’+D1Dg> < (8o — mo) 0 >< 0 (03 —m3) >+< 0 (03 —m3) )( (60 + mo) 0
0 (60+m0) (03 + m3) 0 (03 + m3) 0 0 (80_‘

_ —(62 — m2)(61 + ml) + (61 + ml)(azm — mz) —(60 — mo)(63 — M3) + (63 — m3)(ao — m())
—(80 + mo)(83 + I’)’l3) + (83 + I’I’Z3)(ao + I’I’Z()) —(82 + mZ)(al — mlm) + (61 — ml)(az + n’lz)

(+I’I’l3 - m3)80 + (—mo + I’I’Zo)ag, + (—mom3 + I’I’Z3Wlo) (—Wl2 + m2)81 + (m1 - ml)az + (+m2m1 — N m

)

Lemma 1.3.2.2-(ABc2r2): For m; constants:
and:
Df = (©@i+m;) , D7 = (0;—m;)

D; = » Di = , DI~ = , D7 =
0 D; 0 Dt Df 0 D: 0

then:

_ < (+my — my)01 + (+my — my )02 + (+momy,, — mimy)  (+ms —m3)0o + (mo — mo)03 + (—moms + mzm

O

(6383 + 8060 + 6181,, + 8282) — (m3m3 + momo +mymq + m2m2) 0

(D5D5* + DiDo + DY DT + DaDY ) =
0 (6363 + 6060 + 6161 + 6262) - (m3m3 + My

Proof:



(D5'Ds + DDy + DD + D2DY) = oG 0 @mm) ) [ Gomm) 0 Gotmo) 0
(63 + WL3) 0 (83 + I’I’Z3) 0 0 (80 + I’I’Z()) 0 (60 — my

_ (63 — m3)(63 + M3) + (60 — m())(a() + m()) + (61 — ml)(al + ml) + (62 + m2)(62 — mz)

0 (03 +m3) (03 —
_ < (0303 + 000p + 01,01 + 0202) + (mo — mg)0o + (my —my1)01, + (M2 — m2)02 + (m3 —m3)03 — (mams +
0
(0303 + 000p + 0101 + 0202) — (mam3 + momo + mimy + mamy) 0
i < 0 (0303 + 0000 + 0101 + 0202) — (m3m

O

Lemma 1.3.2.3-(ABc2r3): For m; constants:
and:
Df = (0i+m;) , Di = (0i—m)

D; = , Dj = , D~ , D;i ™ =
0 D; 0 Di D: 0 D; 0

l
7N

then:

(-D5 D5 - DT Do + DYDF* + DD} ) = ( 00 )
00

Proof:

(_D@DQ_DQD DD + D Dg) _ 0 (02 —my2) 0 (O3 —m3) \ 0 (01 —my) (0o +mo) (
S et @ +m) 0 @m+mz) 0 @ +m) 0 0 (do-

_ —(62 — mz)(63 + M3) + (63 + m3)(62 — mz) —(61 — ml)(ao — m()) + (60 — mO)(al — ml)
—(81 + ml)(ao + I’I’Z()) + (60 + mO)(al + mlm) —(82 + mZ)(a3 — I’I’Z3) + (63 — m3)(62 + n’lz)

(-H’l’ll — m1)60 + (I’I’Z() — m0)61 + (—m1m0 + I’I’Zoml) (+I’I’l3 — m3)82 + (Wl2 — m2)83 + (-H’l’lzl’)’lg, — MmMs3my
(00
00

Lemma 1.3.2.4-(ABc2r4): For m; constants:
and:
Df = ©@i+m;) , D7 = (0;—m;)

D; = , Dy = , D7 = , D; 7 =
0 Dj; 0 Df Df 0 Dy 0

then:
00
e i e i
-D1D5 + D5Do + DD — DoD5 ) =
( 173 2 31 2) (0 0)
Proof:

(-ptps + DIDy + DIDE —ppd) = [ 1T O 0 @mm) ) [ @mm) 0 @o+mo) 0
0 (81 +m1) (63 + Wl3) 0 0 (62 + le) 0 (80 —I’I’Z())

_ (62 — mZ)(ao + mo) — (60 +m())(az —mz) (61 —ml)(a3 —m3) — (63 — m3)(61 — ml)
(61 + ml)(83 + I’)’l3) - (83 + m3)(81 + ml) (82 + mZ)(ao - I’I’Z()) - (60 - mo)(62 + n’lz)

_ < (+m3 — m3)62 + (mz — m2)63 + (+m2m3 — mgmz) (-H?’l[ — ml)ao + (mo,,, — m())al + (—mlmo + mom;

O

(+m2 — I/nz)ao + (mo — m0)62 + (—msz + momz) (+m3 — m3)61 + (m1 — m1)63 + (+m1m3 — m3m1)
(-H’l’l3 — I’I’Z3)61 + (m1 — mlm)63 + (+m1m3 — m3m1) (-H’l’lz — mZ)aon + (I’I’Z() — I’I’Zo)az + (—len’lo + I’I’Z()le)

00
00

YR Y

O

Lemma 1.3.3.1-(ABc3r1): For m; constants:
and:
Df = (©@i+m;) , D7 = (0;—m;)

D; = , Dy = , D7 = , D 7 =
0 Dj; 0 Df DY 0 Dy 0

then:

(pips - DS DT - DSDy + DIDY) = ( 00 >
00

Proof:

10



(DgD?—D?D‘?—D?DoJrDng) = < (G0 =mo) 0 >< 0 (02 =m2) )( 0 (03 —m3) )( 0 (01 —m
0 (0o +mo) (02 + my) 0 (03 + m3) 0 01 +my) 0

_ —(63 —m3)(al +m1) + (61 + ml)(63 — M3) (60 — mO)(az — mz) — (62 —m2)(60 —m())
(80 + I’I’Zo)(az + mz) — (62 + n’lz)(ao + mOm) —(83 + m3)(81 — ml) + (61 — ml)(83 + I’)’l3)

(-H’l’lz — mZ)ao + (I’I’Z() — mOm)62 + (+m0m2 — mszm) (-H’l’l3m — I’I’Z3)61 + (mlm — m1)63 + (+m3m1 — mpms:

00
00

< (+m3 — m3)61 + (m1 — m1)63 + (+m3m1 — m1m3) (+m2 — I/nz)ao + (mom — m0)62 + (+mom2 — Momy

O

Lemma 1.3.3.2-(ABc3r2): For m; constants:
and:
Df = (0i+m;) , Di = (0i—m)

D; = , Dj = , D~ , D;i ™ =
0 D; 0 Di D: 0 D; 0

l
7N

then:

(-D5D5” - DD + DDy + D2DY ) = ( 00 )
00

Proof:

(-Ds*D5” - DYDY + DDy + DaDY) = - 0 (@-ms) 0 (@-m) \ [ (Go—mo) 0 0 (@i
P o P - (03 + m3) 0 (02 + m2) 0 0 (G0 +my) (01 +my) 0

_ —(63 — m3)(62 + mz) + (62 + mz)(63 — M3) —(60 — mo)(al — ml) + (61 — ml)(ao — mo)
—(80 + I’I’Zo)(al + ml) + (61 + ml)(ao + mo) —(83 + I’I’Z3)(az — mz) + (62 — n’lz)(ag, + I’)’l3)

(-H’l’ll — m1)60 + (I’I’Z() — m0)61 + (—mom1 + mlmOm) (-H’l’l3 — I’I’Z3)62 + (mz — mZ)ag, + (+I713I’I12 — mom

)

Lemma 1.3.3.3-(ABc3r3): For m; constants:
and:
D} = (0i+m;) , Di = (0i—m)

D; = , Dj = , D~ , D 7 =
0 D; 0 D: D: 0 D; 0

then:

_ < (+I713 - m3)62 + (mz - m2)63 + (+m3m2 - m2m3) (-H?’l[ - ml)ao + (m() - mo,,,)61 + (—m0m1 +mm

O

(6282 + 8161 + 6080 + 8383) — (mzmz +mimy + momo + m3m3) 0

(D$D5 + DD + DDy + DD ) =
0 (8262+6161 +6060+6363)—(m2m2 + mn

Proof:

0 8y — 0 8, — 0 8 —
DaDsn = (D§D5 +DFDT +DYDy + DsDY) = (02 = m2) (O2=m2) 1 (01 =m)
(62+I712) 0 (82+m2) 0 (81 +m1) 0

_ (62 — mZ)(az + mz) + (61 — ml)(al + ml) + (60 — mO)(ao + mo) + (63 + m3)(63 — m3,,,)
0 (¢

_ < (6262 + 6161 + 6060 + 6363) + (mz —m2)62 + (m1 —ml)al + (m() —m())ao + (m3 —m3)63 -
0

B (6262 + 6161 + 6060 + 6363) — (msz +mymi + momgo + m3m3)
0 (8262 + 6181 + 8060 + 636

O

Lemma 1.3.3.4-(ABc3r4): For m; constants:
and:
Df = (©@i+m;) , D7 = (0;—m;)

D; = » Di = , DI~ = , D7 =
0 D; 0 Dt Df 0 D: 0

then:
00
e e i i
-DiD5” + D +D3Dy— DyD3 ) =
( 1272 21 3 3) (0 0)
Proof:

11



(-piDs™ + DIDT + DiDy — DoDY) < @m0 >< 0 G >+< (G2=my) 0 )( 0 @-m
0 (01 +my) (02 + my) 0 0 (02 + my) (01 +my) 0

_ (63 — m3)(60 + mo) — (60 +mo)(a3 —m3) —(61 —ml)(62 —mz) + (62 — mZ)(al — ml)
—(81 + ml)(az + mz) + (62 + n’lz)(a] + ml) (83 + I’I’Z3)(aom — I’I’Z()) — (60 — mo)(83 + I’I’l3)

+(m3 —m3)0o + (mo — mo)03 + (=m3mo + moms)  +(ma —m2)01 + (my —m1)02 + (—=mima + mamy)
+(my —m2)01 + (my —my)02 + (—mymy + mamy) +(m3 —m3)0 + (mg — mo)03 + (—m3moy, + moms)

00
00

YR Y

O

Lemma 1.3.4.1-(ABc4r1): For m; constants:
and:
Df = (©@i+m;) , D7 = (0;—m;)

D; = » Di = , Di7 = ., D7 =
0 D; 0 D Df 0 D: 0

then:

(pip1 + DSD, - DSDs — DD = ( 00 )
00

Proof:

(DiD1 + DDy — DDs — DiDY) = (G0 = mo) 0 (@1 +m) 0 N 0 (03 —m3) (82 +m2) 0
0 (0o + myg) 0 (01 —my) (03 + m3) 0 0 (O — m2)

(60 — mO)(al + ml) — (61 +m1)(ao —m()) (63 — m3)(62 — mz) — (62 —m2)(63 —m3)
(63 + m3)(82m + I712) — (82 + mZ)(a3m + I’I’Z3) (80 + I’I’Zo)(al — ml) — (61 — ml)((%m + mo)

(+my —m1)0o + (mo — mo)0y + (—momy + mymg) (+m3 —m3)0s + (my —m2)03 + (+msmy — mams)
(-H’l’l3 - I’I’Z3)62 + (mz - m2)63 + (-H’I’l31’l’lz - le’I’l3) (-H’l’ll - m1)60 + (I’I’Z() - m0)61 + (—mom1 + mlmo)

00
00

YR Y

O

Lemma 1.3.4.2-(ABc4r2): For m; constants:
and:
D} = (0i+m;) , Di = (0i—m)

D; = » Di = , DI~ = ., D7 =
0 D; 0 D Df 0 D: 0

then:

00
(=D5°D1 + DiD> + Di?Ds - D2D}) = ( - )

Proof:

<_D§:'D1 +DgD2 + D7 D3 —DzDg> == 0 (05 = ms) (Or+m1) 0 + (G —mo) 0 (@ +m2) 0
(03 +m3) 0 0 (01 —my) 0 (G0 + mo) 0 (Oam — 1

_ (60 —mo)(az +m2) — (62 + mZ)(aom — mo) —(63 —m3)(al —ml) + (61 — ml)(63 — M3)
—(83 + m3)(81 + ml) + (61 + ml)(a3 + I’I’l3) (80 + I’I’Zo)(azm — mz) — (62 — I’I’lz)(ao + mo)

_ < (-H?’lz — mz)ao + (m() — mo)az + (—momzm + msz) (+I713 — m3)61 + (m1 — m1)63 + (—m3m1 +mims

(+m3 —m3)01 + (m1 —m1)03, + (—m3my + mym3z) (+my — m2)0 + (mo — mo)0z + (—moms + mamo,
(00
00

Lemma 1.3.4.3-(ABc4r3): For m; constants:
and:
Df = (0i+m;) , Di = (0i—m)

D; = » Di = , DI~ = , D7 =
0 D; 0 D Df 0 D: 0

O

then:

(D$°D1 - DT D2 + DiDs — DD ) = < 00 )
00

Proof:

12



<D<:>D - D<D +DﬂD -D Dﬂ) _ 0 (az_mZ) (51+m1) 0 B 0 (al_ml) (62+m2) 0
2 D1 1 D2+ DyDs3 3D, (02 + my) 0 0 (01 —my) (01 +my) 0 0 (02 — m»)

_ (60 — mo)(63 + M3) — (63 +m3)(60 —m()) (62 —m2)(61 —ml) — (61 — ml)(azm — mz)
(82 + n’lz)(al + ml) — (81 + ml)(az + mz) (80 + I’I’Zo)(a3m — I’I’Z3) — (63 — m3)(60 + mo)

_ < (+m3 - m3)60 + (m() - m())a3 + (—mom3 + mgmo) (+m2 - m2)61 + (m1 - ml)az + (+m2m1 - mlmz)

(-H’l’lz — mZ)al + (m1 — m1)62 + (+m2m1 — mlmz) (-H’l’l3 — I’I’Z3)ao + (I’I’Z() — I’I’Zo)ag, + (—mom3 + I’I’Z3an)
(00
00

Lemma 1.3.4.4-(ABc4r4): For m; constants:
and:
Df = (0i+m;) , Di = (0i—m)

D; = » Dj , Di7 = , D7 =
0 D; 0 Di D: 0 D; 0

then:
(6181 + 8262 + 6383 + 8060) — (m1m1 + momy + msms + m()m()) 0

O

(D1 + DiD> + DiDs + DoDY) =
0 (6161 +6262+6363+6060)—(m1m1 + momy +

Proof:

(D?Dl + DD, + D!D; +DOD?)) _ [ @=m) 0 (01 +m1) 0 L[ @mm) 0 (02 + m») 0
0 (01 +m1) 0 (01 —m1) 0 (02 + m2) 0 (O2m — m2)

_ (61 — ml)(al + ml) + (62 — m2)(62 + mz) + (63 — m3)(63m + M3) + (60 + mo)(aom — m())

0 (01 +m1)(0
_ < (0101 + 0207 + 0303 + 0p00) + (m1 —m1)01 + (my — my)02 + (m3 —m3)03 + (mg — mo)0p — (Mmim; + my
0
(0101 + 0205 + 0303 + 0p00) — (m1m + mamy + mams + momo ) 0
B < 0 (0101 + 0205 + D303 + Bodo) — (mym1 -

O

Theorem Il.1: Given: B-factors & A-factors: Dy & D, ,
BA-factorizations & AB-factorizations are equal: DgD4 = DuD5 ;
i.e.:. BA-factorizations & AB-factorizations are commutative.
Proof:
From Theorem 1.1:

4 (poD} + D5°D5 + DD + DiDY)  (DoD5 - DD - DD + DiDY)  (=DoDs” = DD + DD + D1DY)  (DoDi — D§D

(p5Df - DoDs” - D D5 + DoY) (DD + DoDY + DD + DoDY)  (-DDS” + DoD” = DD+ DaDS* ) (D§*Di + DoD

Deba = (-psDl - DT DY + DoDs* + D3DY)  (-D5'D5 + DD - DoDF + DsDY)  (DSDS* + DD + DoDf + DsDY)  (-D§*Dy + DY
\ (pipf - Dips + DiDs - DDY) (pipg + DiD} - Dip - DY) (-piDs + DipT + DIDE-DiDY)  (DiDi+DID

4 (Do + D5°D5 + D5 D5 + DiDY)  (-DIDS + D5 Do - D5 DT + DiDY)  (DIDS - DD - D5Do+ DiDY)  (DiD: - DD
(-D5Do + DiD5” — D D5 + D2DY) (DD + DDy + DT DT + D2DY)  (-D5D5” - DYDY + DY Do+ D2DY)  (=D5°D1 + DL

Dabn = (DsDo - DT D5 - DiDs* + DY) (-D§*D5* = DTDo + DD + DsDY)  (DFDS + DYDY + DDo+ DsDY)  (D§Dy - DYL

\ (pipo + DiDs - DiDF —DoDY) (=D + DiDo+ DiDF - DoDY)  (-DiDs + DIDT + DiDo - DoDY)  (DID1 + DD
So, from Lemmas 1.2 & |.3:

/ (O - Iml?] 0 00 00 00
0 [ - Iml?] 00 00 00
00 [ - Iml?] 0 00 00
00 0 [0 - Iml?] 00 00
00 [0 - Iml?] 0 00
00 0 [ - Iml?] 00
00 00 [ - Iml?] 0
00 0 0 0 [0 - Iml?]

= DBDA =
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S O

(

= DADB =

()

I, 0 0 0
0 I, 0 0

0 I, 0
0 0 0 I

= [0 - Iml?*]

= DpDy
4-1 4-1
where: O =30 & Iml*> =Y m}
j=0 J=0

(|

Theorem Ill.1: For m; constants:
and:
D?' = (61 +mi) s Dz_ (8, —m,-)

Df 0 1 Dy 0 0 Dy of 0 Df
Di = H Di H D::} = s Di =
0 D7 0 Df DY 0 D7 O

then:
p!p; = p,p! = DD | DIDY = D!'D! | DD, = DD, = DIDF = DIDF
t _ e _ e ne _

AN
g@
1

Proof
DD Df 0 Df 0 DiDf 0 i
D] = = = M
0 Dy 0 D; 0 DiD;
0 Df 0 D; 0 DiD; 0 .
DD} = - = D;D; = D D{
0 Dy 0 D} 0 DD}
ppe o DF O 0 Dj \ 0 DiD; \ Dp=p}
T\ o b Df 0 DiDf 0 s
. D7 0 Df 0 DiDf 0 0
D;D; = = = D;D} = D Df”
0 Dy 0 D; 0 D;D;
D; 0 D (

_ nlpe
= D;D;
0 D; Dy 0 0 D;D; .
D::D] = = = D;:D, = DID;:
Df 0 0 Dj DiD; 0
_ nlpe
= D'D;
9 0 D; D: 0 0 D;Df
DiDj = = = DD}~
Df 0 0 Df DiD; 0
0 D; 0 D; D;D; 0 1 1
DD~ = = = D;D;j = D;D,
Df 0 D 0 0 DiD;
= DeDe

O

definiton 1: For m; constants:
and:
Df = ©@i+m;) , D7 = (0;—m;)
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D; = , D; = R o= , D 7 =
0 D; 0 D Df 0 D: 0
and:
-Do Dy -Di -D -D} -Dy" Dy -D
-D$ -D © D & -p! -D -D
Dy = S | & Di= 3 o T T
: Dt ~Do =Ds -Dy° DY -Dj -Ds
-p} -p} -DY Dj -p{ -p} -D! Dy
then:
-D} DY -D§ -D; Dy -DY D -D
p—2 I] = =3 E=—1
—~ -D -D -D _~ D -Dog -D -D
Dy = 3 0 1 2 & Di = 3<:> C(: 1 2
Dy -D -DY -D; -D5 DY -Dy -Ds
0 0 0 |
-pt -p! -p! Dp, -Di -D; -D3 Dy
(ie.: Dy & D, are transformations of Dy & D, where D, & D! are exchanged )

Theorem IV.1: For m; constants:

and:
Df = (0i+m;) , Dj = (0i—m;)
D; = , D; = , D7 = , ;=
0 D 0 D! D! 0 D; 0
and:
-p! Dy -Dy -D -Dy -DY D5 -D,
R=—2 ﬁ = = R=4
—_ -p -DY DT -D —_ DY -Dy -D° -D
Dy = 3 0 1 2 & Di= 3@ ;) 1 2
Dy -DY -Dj -D; -Dy” DY Do -Ds
g 0 0l
-p! -p! -p! D, -Di -D; -D3 D
then:
/ | = e = ne 0 Ins _ D _Dene g _ Ins _DeNne = g g _ D
D()D() +D3 D3 +D2 DZ +D]D1 DOD3 D3 D() DZ Dl +D1D2 DOD2 D3 Dl +D2 D() +D1D3 D()Dl D3 D:
o (D5Dy - DiDS - DDs* + DoY) (DSDS + DiDo + DYDY + D2DY)  (=D§Ds + DIDT = D Do+ D2DY)  (D§*Dy + DD
DD, =
(-p5'Do - DT DY + DiDs + D3DY)  (-DE D5 + DDy - DiDT +DsDY)  (DEDF +DEDT +DiDy+DsDY)  (-D5D + D
\ (p!po - DiDF + DiDS — DoY) (pips +DiDy - DiDF -DeDY)  (-DiDs +DiDF +DiDy-DeDY)  (DID)+DiD
4 (poD§+ D5D5 + D5°Ds” + DiDY)  (~DoD5 + DD~ DE DT + DiDY)  (DoD§” - DD = D™D+ DiDS ) (DoD1 = D5*Ds
o (-p5°D} + DoD5 - DY D5 + D:DY) (DD + DD+ DD + DaDY)  (=D5*D5” = Do + DD+ D2DY ) (=D57 D1 + DD
DiDp =
(D£D§ - DDs - DoDs* + DsDY)  (-D5*D5” - DT DY+ DoDT + DsDY)  (DFDS + DD + DoDy+ DsDY)  (DSD1 - DY D
\ (pipl+pips -pips -pipt)  (-pips +Dip}+Dipy -pipt)  (-pipg +DipF +DiDf-DiDY)  (piD) +DiD,
and:
L 0 0 0
DD = DaDp = [0 - Iml*] ?
0 0 I, 0
0 0 01
= DyD4 = D4Dg
4-1 4-1
where: O =307 & Iml> = Y m?
=0 =0
Proof:

By theorem lll.1

DD} = D'D; = D DF | DDF = DD | DD = DD, = D°D; = D!D;

p!p; = p,p! = DD | DID! = D!D! | DD, = DD, = DIDF = DIDF

DD} = D'D; = DD | D,D; = D;D;

U
DsDa

43 DD+ 0 43( DDt 0

(Dipo + DiDs + DiD, + DIDY ) = X | (Pps+Dipy+DID +DID) =3 (DiDs+ DID) + DiDy + 1
i=0 0 D;D; J=0 0 DjD;

(D5Do - DYDY — DF DS +DaDY) = 0+0

(Dipo - DiD5* + DiDS — DoDY) = 0+0

(pips + DiDy - DIDF - DoDY) = 0+0

(Pips - D$°Dy - DSDF +D\DY) = 0+0

(-pips - D5 DT + DE Do+ D1DY) = 0+0 | (L

(-D5'Do - DT D5 + DiDs + DD} ) =0+0 | (-DF D5 + DDy - DYDT +D3DY) = 0+0 | (-D§$°D5* + DIDF — DDy + D2DY) = 0+0 | (I

(-pips + DIDF + DiDy - DoDY) = 0+ 0

<_
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||
DaDs

(oD} + D3D§ + D2DY + DYDY =

4-3

Jj=0

(

D;Dj

0

0
D; Dy

)

(DD} + oD + DD} + D>DY)

= o)

0

0
D;D;j

"V o)

Jj=0

(D20} + DiD} + DoDf +

(-p5°Df + DoD5* = DD + D2DY) = 0+0

(-DoD5” + DD}~ DFDF + D1DY) = 0+0

(DoDs” - DSDT - DS*Dy+ DiDS ) = 0+0

(D

(psDE - DT DS - DoDS* + D3DY) = 0+0

(-D5 D5 - DY D)+ DoDF + D3DY) = 0+0

(-D5°D5” - DoDT + DD + D2DY) = 0+0

(pipf+ DiDs - Dips - DY) = 0+0

(-pips + DiD§ + DiDT - DiDY) = 0+ 0

(-pips + DiDF + DID - DEDY) = 0+ 0

(D

So:
L 0 0 0
DDy = Dby = [@-wme)| 200
0 0 I, 0
0 0 0 I,
= DpDp = DpDp

4-1

where: O = >"0? & Iml?
Jj=0

O

Theorem V.1: For m; constants:
and:

D;r = (6, +m,~) s D,_ = (6, —m,-)
D; = s Di =
0 D; 0
and:
fl
f= fi .
f i
f
then:
-p} DY -Dy -D;
S| Y -p} DT -D,
Dy -D -DY -D;
-pt -p! -p! Dp,
O

4-1
= Z m]2
j=0

0 Dj
D7y O

-Dif + DS°f = DS = Dif°

-D5°f' = Dif* + DTf* = Dof”
DSf' = DYf* = Dif* = Dyf°
~Dif' — D32 — D + Dof°

E'- B}
E? - Bj
E’ - B}
~Dif' — D32 — D + Dof°

Note: the Oth component: —DIffl - Dgﬁ - D%f3 +Dof° represents the guage of the electromagnetic-nuclear field.
Bote the variousness of the [ and field-potentials are harmonious with legacy electromagnetic field potentials
and Helmholtz and Klein-Gordon differential equations under appropriate x° transformations

(such as: tict,—ct, etc.)
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