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Abstract. The purpose of this article as a continuation of development of the Multiplical
concept is to give an answer to the earlier raised question of why the place of the operator in
the function y = e2™ is taken by the operator - a power tower with left associativity, and not
with the generally accepted right associativity (the Tetration). Answering on this question
required to conduct an hyperoperator analyze. The hyperoperator nature is considered,
definition is made and an alternative way of its development is proposed in the present
analysis.
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As we know increasing the hyperoperator order causes an increase of quantity of directions and
branches of hyperoperator’s further development. In fact, at 4™ order there is associativity
direction bifurcation. Both of the versions has right to exist, however if it is possible then we
should clarify what direction to consider as a general, primary, central and what direction to
consider as a specific, secondary, marginal.

According to the generally accepted definition, a hyperoperator is the repeated execution of
operations using one order lower hyperoperator for a sequence of numbers equal to the first
operand, and in an amount equal to the second operand. At the same time, nothing is said
about such a defining characteristic as the number of operations executed, because it depends
on the hyperoperator order. So for summation, the number of successor operation iterations
equals to the value of the second operand, for the higher hyperoperators it is 1 less according
to the general idea of binary operators.

The consequence of this is some confusion in the verbal description of the actions performed.
For instance, in order to multiply a number by n this number must be added to itself n number
of times as people say. Well, let’s multiply a number by 1, as it is suggested we add the number
to the number only 1 time and we get two times of the number. In order to raise a number to
power of n this number must be multiplied by itself n number of times as people say. Well, let’s
raise the number to power of 1, as it is suggested we multiply the number by the number only 1
time and we get the square of the number. Our language implicitly requires the resolution of
this contradiction.

Let’s presume that in the general formulation, the number does not need to be added to or
multiplied by itself, but simply added or multiplied n number of times, where n is the second

1


https://vixra.org/abs/2205.0150

operand of the multiplication or the exponentiation operation respectively. In order to bring
the sequence into compliance with the new wording, we need to add one more presumably a
forward operator to one of the sequence ends. Since the operators are binary adding another
operator we have to finish what has been started and to add some closing quasi-operand or
neutral element N to the sequence. Taking into account the obvious fact that the neutral
element is not surrounded by two operators, as other operands in the sequence are, we
assume by contrast that the operator and operand that are close to each other, with the
exception of the added neutral element, are functionally mutually associated and form one
pair.

An answer to the question of what operand the operator is associated with, either the first (the
left) or the second (the right) will determine the neutral element position in the sequence, so
will it be at the beginning (at the left) or at the ending (at the right).

The generally accepted execution of addition / subtraction and multiplication / division
operations in the direction from left to right for a sequence of arbitrarily chosen numbers and
in case of presence of operators of both type in the sequence, the forward: the addition or the
multiplication, and the inverse: subtraction or division, respectively, predetermines the
associativity of the binary operator with the second (the right) operand, because only the

associativity presence and only the presence of the associativity of the operator with its second
(its right) close operand allows an unlimited rearrangement of pairs (operator and operand) in
the sequence without a change of the result (see the illustration). As a consequence the neutral
element position is at the sequence beginning (the leftmost). The proposed general approach
to a hyperoperator is such that in fact each numeric element of the sequence, excepting the
neutral element, is not just a number, but a second operand, an addend or a subtrahend to
something, a multiplier or a divisor of something and so no.

The traditional view on an operator C
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rearrangement of falsely associative pair of an
operator and its first operand breaks its real
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The pair of an operator and its second operand represent an operation, which can be
considered as a capsule, where the operator is responsible for the operation quality property
(the operation inner logic that depends on the operator order and the operator direction: the
sole forward, and two versions of inverse) and the second operand is responsible for the
quantity property of the operation. The operation is a subject of action, and the object is the
first operand of the operator. Exactly as it is said, as for example, when we multiply a consisting
of myriads of atoms apple by 3, we image 3 separated identical apples as the operation result
as consisting of myriads of atoms identical combinations, and not myriads of separated 3-atom
molecules each having one respective atom of each of 3 apples, and what could be imagined if
we would multiply a 3 by an apple. And this is despite the fact that the overall quantity of
atoms in both of variants of the operation result imagination is the same.

From the school desk we all know well that the result doesn’t depend on places of operands in
the addition and multiplication operations, neither the numerical quantity nor the value
measurement. Therefore it seems that there is no any use to search for operands’ functional
differences, so to say, to search for “truth”. But | think that for the purpose of conducting a
hyperoperator analysis it is needed to be abstracted from this stereotype and to approach
critically to happening inside a hyperoperation.

It is obvious that the first operand of each binary operator of a sequence of single-order
operators is not just a number, but it is an operation result where this fist operand is the
second one in a capsule with its own operator. In order to deal with any first operand in the
sequence as with an operation object one have to preliminary execute an operation where this
first operator is the second one, and to repeat this moving back to the causes through the chain
of operations. Any first operand is the first because it is received as the previously executed
operation result in the logic of causes and consequences. The chain of ascent to causes is
ceased by the neutral element that leads the sequence and does not have its own operator. On
the following example each operation object is placed into a pair of brackets, and each
operation subject — the operation itself consisting of operator and its second operand is out of
brackets, but highlighted in color (forward operations in red, inverse operations in blue):

<<(((N‘ra)Ab)'rc) Ad) ’Ve> Af, (49.1)

where A and V - respectively forward and inverse operators of the 1* or the 2" order.

This is also an argument in favor of performing operations in a sequence of single-order
operators, but of any quality (forward and inverse) in the direction from left to right by default
as general rule, since, on the contrary, the execution of such operations from right to left, with
or without any of the options for associating the operand and operator, does not provide the
possibility of rearrangement either operands or operations while maintaining the calculation
result for hyperoperator orders up to the second inclusive. Execution from right to left breaks
the actual relation between the operator and its second operand, replacing the latter with the
result of the previous calculation, which is equivalent to the “anomaly-producing” technique of
using parentheses, the expansion of which can cause the operators to be inverted to their



opposites. The harmony and beauty of arithmetic operations are violated. In addition, inside
the brackets, each individual expression must begin with an operation on a neutral element:

In the case of parentheses, the subjects of a possible permutation are associated pairs
consisting of operators and parenthesized expressions as the second operand for their
operators. Carrying out permutations of all expressions in brackets along with their associated
operators, leads to a visual change in the order of the operands in the sequence to the reverse
and seems to be like performing a sequence of operations from left to right, however, this does
not save us from the need to open brackets and from the need to perform operations with
neutral element, which itself always has the highest execution priority, each time before the
execution of the next operation in the sequence:

N7 (NA(N7 (NA(N 7 (NAfAe)Ad)Ac)Ab)Aa). (49.3)

Calculating a sequence consisting of operations of the same order and the same quality (either
forward or inverse) is a specific case relative to the case described above, therefore, the result
of calculating such a sequence can’t be an argument to justify the arbitrariness of the choice or
the opposite choice of the direction of performing operations in the sequence in the general
case. Here it should be stated that the accepted direction of calculation of a power tower from
right to left, which is the basis of the Tetration operator, violates the general rule.

A calculation direction of a sequence of single-order operation (the generally accepted is from
left to right) and positions of the 1% and the 2™ operands (as it is generally accepted the 1% is at
the left and the 2" is at the right) are mutually conditioned. So if the calculation would be
conducted in the direction from right to left then the right operand would be considered as the
1%, or if the right operator would be the 1* one then the calculation direction would be
conducted in the direction from right to left.

Here it is important to follow the uniformity of the direction of calculation for operations of all
orders, choosing one (the generally accepted) of two for operators of the lower orders the
chosen one should be applied to operators of the higher orders. As it is above mentioned
switching the direction means an effective mutual exchange of places for the 1 and the 2
operands, but since the operands carry completely different functions, the mutual exchange of
operand places changes the calculation logic completely. For this reason switching the
calculation direction in a process of the transition from lower to higher operator order is not
forbidden but requires an explanation of the made decision, a proof of its necessity.

As it is well known two inverse binary hyperoperators exist for one forward binary
hyperoperator of n™ order, namely those are the hyper-root and the hyper-logarithm. The
latter of orders below the 3™ are functionally indistinguishable and represent operators of
subtraction and division for the 1% and the 2" orders respectively. For the higher orders it is
possible to methodologically select the primary and the secondary inverse binary
hyperoperators out of the respective pair.

The primary inverse binary hyperoperator is that one which operation will bring the result of
the previous operation conducted with the forward hyperoperator of the same order to its
initial state using the same length interval measured in operator quality units, because the
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interval length sameness indicates the “180 degree” opposition of used the primary inverse
hyperoperator quality unit relative to the quality unit used in forward hyperoperator, and that
makes the primary hyperoperator to be an exceptional. Being the operation quantity property
the second operand is responsible for the operation interval length, and this means that the
second operands of the forward and presumably the primary inverse hyperoperator both have
to have the same value. In circumstances of performing operations in the direction from left to
right the hyper-root meets this condition and therefore it is accepted as primary inverse binary
hyperoperator. Further in the context this inverse hyperoperator is meant as a inverse
hyperoperator by the default. Below it is also explained why the separation to the primary and
to the secondary inverse hyperoperators is critical in the scope of the conducted hyperoperator
analysis.

The hyper-logarithm does not use the quantity property, but returns it as the operation result.
The hyper-logarithm could be primary inverse operator in case if in the forward operator
operands would exchange their places what exactly happens at the opposite direction of the
operations calculation. The power tower calculation from right to left is performed as if the
operands of the exponentiation operator exchanged their places however it is false according
to the exponentiation operator definition. There is a contradiction. Down below it is
demonstrated how the hyper-logarithm plays the primary inverse operator role in case of
performing operations in the direction from right to left.

The forward binary hyperoperator is a sequence consisting of equal to the defined
hyperoperator second operand absolute value quantity of operations which are performed by
binary hyperoperators of one order lower than the defined hyperoperator and started by a
neutral element of one order lower than the defined hyperoperator which takes place of the
first operand of the first operation of the sequence and where copies of the defined
hyperoperator first operand take places of all second operands of those operations and where
hyperoperator quality (forward or inverse) depends on the defined hyperoperator second
operand arithmetical sign as follows: if the sign is positive then the quality is forward else the
quality is inverse. The hyperoperator general definition is following:

HO(-1,n,a,) := HOy1(S(b), n = 1, .. HO(S(b), n = 1, HOA(S(b), n = 1, N(n =1, a), a), ) .. ),
(50.1),

HO(-1,n,a,b) := HOb(l, n—1,.. HOz(l, n—1,HO:(1,n—1,N(n—-1, a), a), a) . ,a) atb>0,
(50.2),

HO(-1,n,a,b) := HO_b(—l, n—1,.. Hoz(—1, n—1,HOs(-1,n—=1,N(n-1, a), a), a) a) atb <O,

(50.3)
aT™™Mp =N(n-1,a)Tn" g, T0=g,  T-U3 atb>0, aj=ay=az=..=a,=a (51.1)
aTWp=N(n-1, a)Vn-Yg,Vin-1g, V0-13 atb<0, aj=ay=az=..=a,=a (51.2)



where HO(d, n, a, b) — hyperoperator; d — hyperoperator quality (forward or inverse), accepted
following values: +1 — for the forward, =1 — for the inverse; n — hyperoperator order, a natural
positive number which is above zero; a - the 1* hyperoperator operand; b — the 2"
hyperoperator operand; N(n, a) — neutral element of n™ order for number a; S(x) - sign
function that return 1 in case if x is a positive and returns =1 in case if x is a negative; HOi(d, n,

’Nn)b

a, b); — hyperoperator of i calculating iteration; a — forward hyperoperator of n™ order;

avp -inverse hyperoperator of n™ order.

If the second operand is positive then the forward hyperoperator of the lower order is applied,
otherwise the inverse hyperoperator of the lower order is applied. Operations quantity is equal
to the second operand absolute value.

The usage of inverse hyperoperators of lower order in the hyperoperator general definition
reveals an obvious but critical dependence of the latter to the primary inverse hyperoperator
choice and therefore justifies the decision to conserve the sequence calculation direction in the
transition from lower to higher orders of the hyperoperators.

In the specific 0™ order hyperoperator (successor/predecessor) definition the second operand
is ignored (the operator is effectively unary) and the quality of the hyperoperator (forward or
inverse) and therefore the operator result is defined by d value:

HO(d,0,a,b) :=a+d. (52)

The neutral element is a function of the first sequence operation in the hyperoperator
definition where the neutral element is the first operand, more precisely this is a function of
the operator order n and the second operator operand a. Therefore in a sequence of single-
order operations the 1°' operation determines its fist operand — the neutral element:

N(n, a)YaAbyYcAd. (53)

In this case, the first operation in the sequence, the one performed on the neutral element, is
what we mean by the operation using the unary operator. Thus, we can conclude that the
neutral element is a function of a unary operation. The value of the neutral element does not
depend on the quality of the operator (forward A /inverseY), only depends on its order.

The neutral element function is defined as a single inverse binary operation of n™ order where
both operands are value a:

N(n,a) =HO(-1, n,a,a)ifn>0 (54)

where N(n, a) — neutral element function; n —hyperoperator order; a — arbitrary real number;
HO(-1, n, a, b) —inverse binary hyperoperator of n" order.

It is obvious that a neutral element value does not depend on the operation quality (forward or
inverse) and this is fundamental.



Table of neutral element N for number “a” depending on hyperoperation order “n”

Hyperoperation Forward hyperoperator | Operation for Result of N or
order, n Inverse hyperoperator searching N Equation for N
0 Successor | Predecessor - N=a
1 Addition | Subtraction a—a 0
2 Multiplication | Division a/a 1
3 Exponentiation | Root extraction Ya N=%a
4 Acceleration | Deceleration a\, N = N(a_li/a

The exception is the way of getting a neutral element for the zero order hyperoperator
(Successor/ Predecessor). Due to the fact those are atomic operators the whole math is built on
and also due to the fact those are not a binary operator, not having their second operands
which determine the quantity property in general, the neutral element value is just the original
number a - the sole hyperoperator operand.

It is obvious the hyper-root is used for a neutral element obtaining. If the sequence calculation
direction would be from right to left then it would be fairly to use the hyper-logarithm for the
purpose and in this case the neutral element would be always 1 for hyperoperator orders
above 1. In my opinion this invariant can’t be a reason to use the hyper-logarithm as basic
inverse hyperoperator because it doesn’t propagate to hyperoperator orders below 2 therefore
is not a general.

Despite the fact the neutral element is an operation function and depends on the operation
second operand, nevertheless a neutral element value could be an invariant for a definite or
indefinite sequence of single order operations with arbitrary operator quality (forward or
inverse) and arbitrary second operands. There is unconditional neutral element invariance for
hyperoperator orders up to 2 inclusively. In fact for the 0™ order it is the original number a, and
for the 1% and 2" orders it’s even a constant (see the table).

If we approach mathematically rigorous, then the result of calculating the neutral element of
the 2" order using zero as an operand has an undefined value, it can be any finite number
different from zero. If you do not approach strictly and consider the division operator as a ratio,
implying that the ratio of two equal values equals to one, then you can take 1 as a neutral
element in this case, especially having in mind that 1 belongs to the set of numbers of possible
results of dividing zero by zero. In some weird sense the non-strict approach is stricter than the
strict one as it narrows the infinite number of dividing zero by zero solutions to a single
solution: the math measurement unit, namely the 1. You can also consider a definition of the
neutral element through the limit: lim,,_,, */y.

The non-rigorous approach has wider practical application, in particular, the postulate used in
the general definition of the product operator is consistent with it that the mnemonic product
of the zero number of multipliers is equal to 1, otherwise it would be impossible to formulate
the multiplical concept, because if, on the contrary, to approach strictly, then even a°® for az0
there is no unity, but uncertainty, so as according to the generally accepted definition of the
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exponentiation operator through the product operator has no multiplicands a as such and
therefore the result of such an operation must be uncertainty. But despite this and in general,
for the possibility of carrying out mathematical operations and transformations generally
accepted 1 as result a° for a=0. Thus, if already as the operation of the imaginary product of a
zero number of factors is generally accepted 1, which de facto has already become part of the
generally accepted definition of the product operator itself, then the result of such an
operation cannot depend on the value of these multiplicands, since they are not there. It is not
possible to depend on the hypothetical meaning of something that does not exist.

A consequence of the proposed forward hyperoperator definition is that the latter returns a
neutral element value if its second operand b equals to O:

HO(1,n,a,0)=N(n-1,a). (55)

Non-rigorously coming from N(2, 0) =0/ 0 =1 as a result we have 0°= HO(1,3, 0, 0) = N(2, 0) =
1, since the neutral element of the 2" order is a invariant of the operand and equals to 1 in that
case.

In this sense, the definition of exponentiation as a special case for the third order given here
definition of the direct hyperoperator using a neutral element is more strict than generally
accepted, since if the second operand is zero, its result clearly depends on the value the first
operand (the base of the exponentation) in the strict approach, so it is undefined when zero
value of the first operand: N(2, 0) is not defined in the strict approach.

The inverse binary hyperoperator (the hyper-root) is defined recurrently through the solution
of the equation to determine the forward hyperoperator, but with a mutual change of places of
the returned result of the hyperoperation and its second operand in this equation as follows:

x =HO(-1,n,a, b), (56.1)

a=HOp (S(b), n—1,.. HOZ(S(b), n—1, HO4(S(b), n =1, N(n -1, x), x), x) ., x) ifb#0, (56.2)
a= HOb(l, n—1,.. HOz(l, n—1,HO:(1,n=1,N(n-1, x), x), x) ., x) atb>0, (56.3)

a= HO_b(—l, n—1,.. HOZ(—l, n—1,HOs(-1, n— 1, N(n—1, x), x), x) ., x) atb<0, (56.4)

x =avp, (57.1)
a=N(n—1,x) T Ty T ath>0, xi=X=x3=..=x,=x  (57.2)
a=N(n-1,x)V Y0y, YDy atbh <0, X=X =X3=.. = X, = X (57.3)
where x — pointer to return value of the inverse binary hyperoperator.

The hyper-root also can be expressed compactly through the forward hyperoperator of the
same order with substitution in place of the first operand of the forward hyperoperator:



a=HO(1, n, HO(-1, n, a, b), b). (58)

In general it is not allowed to supply 0 as the second operand to a inverse hyperoperator other
than the inverse hyperoperator of the 1% order (the subtraction) . Obviously, as an exception,
only zero can be allowed to divide by zero, but rigorously the result of this operation can be any
number, as can be seen from the following equation derived from the previous:

0=N(1,x). (59.1)

Also, as an exception, it is possible to extract the root of zero degree only from 1, and the result
of this operation can also be any number, but except for zero with a rigor, like the previous:

1=N(2,x). (59.2)

There is another general recurrent and at the same time explicit solution for the hyper-root,
which, on the contrary, is not applicable to defining the operator as a sequence of operations
with left associativity in the general case, but is applicable for it as a sequence with right
associativity where the hyper-root is not a main inverse hyperoperator:

x =HO(-1,n, a,b), (60.1)
x=HO(-1,n—1,a, HO(1, n,x,b—1)) ifn>2, (60.2)

In the sequence of single-order

NAawvyavaisaisaAia / operations of mixed  quality

(forward A /inverse ') with identical

operands “a” (with an exception of
the neutral element as the 1°' operand of the 1% operation) the conditional commutativity is
possible, which is observed regardless of the hyperoperation order (see fig.). At the same time,
this rule checks the correctness of the choice of internal logic of the inverse hyperoperator as
opposition of the forward, and what fundamentally distinguishes the inverse hyperoperator
(the hyper-root) from an alternative (the hyper-logarithm).

Checking equality of the left and right sequences in the equations, depending on the direction
of the calculation (the associativity direction):

avaha = ahava, (61.1)
(ava)Aa = (aha) Yae (%)a = i/@— left associativity, (61.2)
av(ahAa) # aA(ava) & i/@ + a(Va) _ right associativity, (61.3)
where Y - root extraction, A - exponentiation.

But if Yrepresents a logarithm then the equality is not respected for the left associativity and
is respected for the right associativity:

(ava)Aa # (aha) Ya< (log,a)? # log,(a?) - left associativity, (61.4)

av(aAa) = aA(ava) < log,(a?) = al®8a? —right associativity.  (61.5)



For any hyperoperator order observance of this equality, checked by a permutation of mixed
(forward or inverse) operations performed with a single value a for both operands depends on
the choice of the main inverse hyperoperator, which in turn is predetermined by the direction
of calculation the sequence.

As a consequence of the method of determining the neutral element the hyperoperator of the
2" order and above returns its first operand as the result in case if the second operand equals
to 1:

HO(d, n, a,1) =HO(-d, n, a, 1) = H01(1, n—-1,N(n-1, a), a) =aifn>2. (62)

The last statement is valid regardless to the hyperoperator quality (forward or inverse),
because interchanged in the hyperoperator definition equation, the result of the hyperoperator
and its second operand a are equal to each other based on the last equation.

Due to the binaryity of hyperoperators, a remarkable common property of all forward
hyperoperators is the return of 4 if both of its operands are equal to 2, which is observed
regardless of hyperoperator order, but with the exception of the hyperoperator of the 0™ order
due to its non-binarity:

HO(1,n,2,2) =4ifn>1. (63)

Another interesting observable property of forward hyperoperators of the 4™ and higher orders
is that they tend to 1 when the second operand tends to —o<:

lim HO(1,n,a,x) = 1opun = 4. (64)

X— —00

Results of inverse hyperoperators of the 4™ and higher orders belong to the set of
transcendental numbers according to the set definition. In general a inverse hyperoperator
result belongs to the set of countable numbers since the set of such numbers is a result of
combining numbers of two countable sets to replace the first and second operands of the
inverse hyperoperator respectively. By the order of the inverse hyperoperator, its result can be
attributed to a countable subset of the corresponding order if, operands the inverse
hyperoperator are numbers obtained as the results of a sequence hyperoperations of equal to
the inverse hyperoperator order or lower down to operations increment/decrement. So, in
general, all integers, as the result of subtracting integers which are obtained as a result of
increment/decrement are countable of 1% order; all rational ones obtained by dividing integers
or rational, obtained as a result of division of integers or rational are countable of " order; the
results of root extraction, at the same time being algebraic, as a result of taking the root of
integers, rationals, or algebraic, obtained by taking the root of integers, rational or algebraic
ones are countable of the 3™ order, and the results of deceleration, according to In a similar
scheme, these are countable of the 4% order, and so we can continue further.

Despite the fact that results of the deceleration and results of the root extracting are irrational
and for someone may seem similar, they are different in their essence. Just as a rational
number cannot be represented through an integer, and an algebraic irrational cannot be
represented as a fraction of rational numbers, the result of the deceleration cannot be
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represented as an algebraic number root of an algebraic number. As far as integers differ from
rational ones, so rational ones differ from algebraic irrational ones, so far the latter differ from
the result of the deceleration; they all differ from each other in just one hyperoperator order.
But a common property of all countable numbers of the 2" and higher orders is that they are
not integers, which automatically means the practical inaccuracy of the value that algebraically
obtained only by usage of a finite number of recursions of the inverse hyperoperator, with the
use of which these numbers are obtained.

The hyper-logarithm can be expressed recurrently and compactly through the forward
hyperoperator:

c=HO(1, n, a, HL(n, a, c)), (65)
where HL(n,a,c) — base a hyper-logarithm of n* order.

As it is seen unlike the solution for the inverse hyperoperator in the solution for the hyper-
logarithm, the latter is substituted for the second operand of the forward hyperoperator, which
determines its applicability as the main inverse hyperoperator when calculating the sequence
from right to left.

It is not possible to express the hyper-logarithm not compactly, namely, in the form of an
equation for the sequence of hyperoperations of the lowest order as it is possible for the
inverse hyperoperator since such operations quantity cannot be non-integer. This technical
obstacle devaluate the hyper-logarithm as the alternative main inverse hyperoperator,
therefore it discredits the direction of performing operations in sequence from right to left (the
right associativity) for which the hyper-logarithm would have to be such.

Table of forward hyperoperator results for different argument values

The
- T Raising to .
H
yperoperator Addltlor\/ Multl'pl.lc.atlon power / Root Acceleratl'on/ hyperop(fhr Tetration
owh name Subtraction / Division . Deceleration ator of 5
extracting
order
H
yperoperator 1 5 3 4 5 i
order
HO(1,n,a, —=°) —oo —oo 0 1 1 ?
HO(1,n,a, 0) a 0 1 {a a\, 1
HO(1,n,a, 1) a+1 a a a A a
HO(1,n,2, 2) 4 4 4 4 4 4

Hyperoperator synonyms can be defined in order to shorten the notation:
H(n, a, b) = HO(1,n,a,b), (66.1)

HR(n, a, b) = HO(-1,n,a,b). (66.2)
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The hyper-power function is a hyper-function that represents a single forward binary
hyperoperator, where the function argument takes place of the hyperoperator 1% operand and
an arbitrary real number takes place of the hyperoperator 2" operand:

y=H(n,x,a). (67.1)

The hyper-exponential function is a hyper-function that represents a single forward binary
hyperoperator, where the function argument takes place of the hyperoperator 2 operand and
an arbitrary real number takes place of the hyperoperator 1* operand:

y=H(n, a,x). (67.2)

The hyper-root function is a hyper-function that represents a single inverse binary
hyperoperator, where the function argument takes place of the hyperoperator 1* operand and
an arbitrary real number takes place of the hyperoperator 2 operand:

y =HR(n, x,a). (67.3)

The hyper-logarithmic function is a hyper-function that represents a hyper-logarithm, where
the base is an arbitrary positive real number:

y =HL(n, a, x). (67.4)

A function built on the basis of a binary hyperoperator, but in which an arbitrary constant and a
function argument are interchanged as the first and second operands of a binary operator, can
be called “flipped” in relation to the function where the mutual change of places is not
performed. Strictly speaking, this definition is relative. But with regard to the conducted
hyperoperator analysis and the analysis of functions which are built with the use of the
hyperoperators, we can agree that we will consider the function flipped, where the place of the
first operand - the object of the operation is occupied by an arbitrary constant, and the place of
the second operand, which is responsible for the quantitative change of the object of the
operation, is occupied by the argument of the function. This way the hyper-exponential
function is the flipped hyper-power function. The 1* operand of the hyperoperator - forward
with respect to the hyper-logarithm, takes the place of an arbitrary constant in the hyper-
logarithm itself, but not the argument of the function, for this reason the hyper-logarithm is not
referred to flipped functions.

Having three binary hyperoperators (one forward and two inverse) it is possible to compile
three hyper-functions and to compile a one flipped function out of each of them three, all
together six hyper-functions of n™ order can be compiled. Therefore it is possible to define two
more hyper-functions except those above mentioned. | don’t know generalizing names of those
functions, but we can refer them to flipped inverse hyper-functions and name them as follows:

The flipped hyper-root function:

y=HR(n, a,x). (67.5)
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The flipped hyper-logarithmic function:

y = HL(n, x, a).

(67.6)

The hyper-function table for hyperoperator orders from 1* to 4"

Function Generalizing Generalizing | Specific definition depending on the order
group function name definition 1 2 3 4
- . a a
Forward Hyper-power H(n, x, a) X+a X-a X X/
functions < <
Hyper-exponential H(n, a, x) a+x a-x a¥ a2
a 1
Inverse Hyper-root HR(n, X, a) xe=x/a X\g
functions x—d x/a
Hyper-logarithmic HL(n, a, x) log, x xXNa
Flipped | Flipped hyper-root | HR(n, a, x) {2 alx a\,
inverse : a—x a/x 1
functions Fllppeq hyper— HL(n, x, a) log,a < aNy
logarithmic log, x

The three groups of hyper-functions are formed by their value and growth rate characteristic at
arbitrary constant above 1 and positive argument and also by the fact that for hyperoperator
orders below the 3™ functions of one formed group are functionally identical.

For forward functions their value and growth rate is not less than those of the y=x, for inverse
functions their value and growth rate is not higher than those of y=x, and for flipped inverse
functions their growth is negative.

All hyper-function are different in their math essence, however for the 1* and 2"
hyperoperator orders functions that belongs to one group are functionally identical and return
identical results for respective orders. Also the forward hyper-function of the 1* and 2" orders
are identical to the inverse hyper-functions of respective orders with the only difference that
for inverse hyper-functions an arbitrary constant is opposite to that for forward hyper-functions
with respect to the value of the neutral element for the corresponding order.

Despite the fact that all hyper-functions of the 1% and 2" orders, except for the function y=a/Xx,
are linear, | did not combine them into one group, since they have essential differences.

Table of returning values of the hyper-exponential function in base 2: y = H(n, 2, x)
for different hyperoperator orders “n” and argument values “x”

X
N
—oo -2 -1 0 12 3 4
1 —oo 0 1 2 3| & 5 6
2 —oo -4 2 0 2 | B 6 8
3 0 Y% % 1 2 | B 8 16
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2[4 8 22 4 2
4 1 VV2 =32 V2 =32 V2 2 | B | 42=2"=16 | 16*=2%=256
1.09050773 1.18920712 1.41421356
y y y
5 1 yz,fzzi/az‘ﬁ y=4/z=</f Y=V2 | 5 | B | 4%=2°=256 | 256%6= 2%
1.55961047
1.28486975 1.37997040
Tetration | ? —oo 0 1 2 | 4 2*=16 2'° = 65536

With argument growth step equal to 1 each next value of the hyper-exponential function in
base 2 is 2 raised to power of the previous function value for the 4™ hyperoperator order, is the
previous function value raised to power of the previous function value for the 5%
hyperoperator order, and is the previous function value raised to power of 2 for the Tetration
based hyper-function (see table). Based on this pattern, and by the criterion of growth rate |
would attribute the Tetration to an order of 4% as growing faster than the 4™ order hyper-
function, and slower than the 5" order hyper-function.

An interesting pattern of hyper-exponential functions in base 2 is also observed. The value of
the hyper-function with an argument equal to 4 is equal to the value with an argument equal to
3, but for a hyper-function of one order up than the one under consideration, which is valid
starting from the first order of the hyperoperator:

H(n,2,4)=H(n+1,2,3)ifn21. (68)

There is such a family of analytically defined functions that not the functions themselves, not
one of their derivatives (the first, the second, and further without a restriction) do not have
extrema and points of discontinuity for any values of the argument within the boundaries of its
definition. For them, the values of functions and all their derivatives are either equal to zero, or
are constant, or only decrease, or only increase. Unfortunately, | do not know the name of the
family of such functions and if there is no known name then it could be a family of perfectly
monotonous functions. This family includes hyper-exponential, hyper-logarithmic (the list is
inclusive). The remaining analytically defined functions, by definition, have this characteristic in
the interval of the argument between their own points of discontinuity and extremum points
and such points for all their derivatives. These functions are represented by all hyperoperator
based functions, elliptical, trigonometric, inverse trigonometric, hyperbolic and many other
functions. In the latter it is appropriate to refer to perfectly monotonous function scopes.

Different from all the other hyper-exponential functions in base 2, the hyper-exponential
function built on the basis of Tetration passes through points: (-1,0); (0,1); (1,2) (see table)
which a straight line can be drawn through. Consequently, in the interval of the argument from
—1 to 1, the hypothetical hyper-exponential generalization function for real number argument
built on the basis of the operator Tetration has extrema of the derivative, so the function is not
perfectly monotonous. Also the function obviously has a break at argument value of -2, and it is
not known whether it has a definition for its argument to the left of this point. These
circumstances are signs that this function is not hyper-exponential by given criteria. Moreover,
it has coincidences with two other hyper-exponential functions at three points of the argument:
0,1,2 with the hyper-exponential function of 3" order — the Exponent and 1,2,3 with the hyper-
exponential function of 4™ order - the Accelent (see table), which would be an anomaly for a
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hyper-exponential function. At the same time, there are no three points of argument at which
any hyper-exponential function built on basis of hyperoperator with left associativity, including
Exponent and Accelent, would coincide at any value (different from 0 and 1) combinations of
power base and arbitrary multiplier applied for each of functions. All this discredits the right
associativity with the use of which the Tetration operator is defined.

Computing the power tower from right to left is tantamount to applying parentheses that
separate the second operand from its operator in sequence, which leads to an "anomaly" in the
result, where normal result means the result obtained according to the definition for the
hyperoperator, that is, with the so-called left associativity or the direction of evaluation from
left to right.

| do not know what argument exactly determined the choice of right associativity in the
Tetration operator. If the reason was the presumption that a higher-order operator should not
be compactly described in terms of lower-order operators, that convenience of compact
notation as a reason we introduce new operators into use, then | can comment that objective
reality exists independently on our subjective idea of it, and mathematics exists independently
on our way of describing it. Apparently, the hyperoperator of the third order — the raising to a
tool that has a special feature - the ability to compactly describe
an operator of one order higher than itself. By the way, in English terminology it is called

III

power - is a rather “powerfu

“power”. But apparently the latter was not taken into account. On my opinion, the
hyperoperator of the 5" order can no longer be described compactly in terms of the
exponentiation. Obviously, here comes the limit of the "power" of the latter.

Arguments in favor of choice the sequence computation direction in the hyperoperator
definition

From left to right

From right to left

Geometrical growth of presumable hyper-exponential
function of the 4™ order formulated on a basis of the 4™
order hyperoperator defined as a power tower with the left
associativity coincides with the function itself (argument of
necessity)

Proven left-to-right directionality for hyperoperators of
order below the third, and consistency in the choice of the
computation direction when moving from lower to higher
orders of hyperoperators, without the need to redefine
them (argument of consistency)

For the order of hyperoperators
above the 1% the neutral
element obtained by means of
the hyper-logarithm as the main
inverse hyperoperator for the
direction of calculation from
right to left is equal to one. The
argument is dubious, because it
simultaneously points to
imperfection

Similarly to the forward hyperoperator and being the main
inverse hyperoperator for the direction of calculation from
left to right, the hyper-root through its second operand
receives a quantitative characteristic of the operation,
which results in the possibility of obtaining a hyper-root by
means of a recursive equation consisting of a sequence of
lower-order hyperoperators, which is impossible for a
hyper-logarithm (argument of preservation of
hyperoperators properties)

The impossibility of compact
notation for a higher-order
operator using lower-order
operators as the basis for
introducing a next-order
operator. (argument of
convenience)
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Hyper-exponential functions of different orders, formulated
on a basis of forward hyperoperators defined with left
associativity, never coincide with each other at three points
of the argument. They are perfectly monotonic functions
over the entire interval of the argument definition
(argument of perfection).

The existence of explicit
recurrent solution for the hyper-
root which is however not the
main inverse hyperoperator for
the right associativity

It is not proposed herein to change the existing power tower calculation rule implying right
associativity, therefore it is not proposed to redefine Tetration, Pentation, Hexation, etc. But it
is proposed to recognize the legitimacy of the hyperoperator definition as a sequence of
operations with left associativity, with the status of the main hyperoperator definition assigned
to it, and to separate the hyperoperators thus obtained into a separate set. It is also proposed
to use own names of hyperoperators defined according to the proposed rule. So for the 4t
order they are "Acceleration" and "Deceleration" as forward and inverse hyperoperators,
respectively.

In order to distinguish the above-described hyperoperators defined with left associativity from
those defined with right associativity, it is proposed to introduce a separate general shortened
arrow notation for hyperoperators defined with left associativity, orders higher than 3rd, as
follows from the table below.

Arrow notation of hyperoperators defined using left associativity

Hyperoperator order, n
Hyperoperator quality
4 5 6
H(n,a,b) ar’ ar7"° arr 7’
HR(n,a,b) aNy aN\y aNNN\y
HL(n,a,c) C\g C\Nq CN\\Ny

Sequences of operators are composed and calculated from left to right with the priority of
computing a sequence of operations of a higher order over a sequence of operations of a lower
order and with equal priority of operators of the same order, regardless of their quality. There
are 3 equivalent entries of one example down below:

o P AA777PNNNANRG

g 771

<e }}(((azzzb)\\\c)\\\d)> N

<f'\\(g/ffi)>f(j”k) (69.2)

H (4, HR(4, H(5, e, HL(6, HR(6, H(s, a, b), c), d)) HL(5, H(6, g, i), f)), H(5, j, k)),

(69.3)
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The unary operator is essentially a binary operator with a neutral element as the first operand -
the object of the operation, since there is an obvious circumstance: the operation cannot be
performed on anything. If a direct operation is meant, then for the sake of brevity, it is
customary not to indicate this operator, which, without assessing the correctness of the rule
itself, probably caused the aforementioned confusion in the definition of the hyperoperator. If
the inverse operator is meant, then it must be indicated, but again, for the sake of brevity, if
possible, without indicating the neutral element. However, since the inverse second-order
unary hyperoperator (unary division operator) is not used, one has to write its full binary form
with a neutral element: 1/a. | personally had to explicitly use this form of notation, doing so for
the sake of readability of the program code, when in set of code rows it is required to follow
the sequence of certain operations without regard to their quality (quality of forward or inverse
action) but keeping the same order of operands. As a result of this technique, the expression
looked like this: y=1/a*b/c, although in my opinion the expression in the form y=/a*b/c is also
well readable and intuitive as everyone understands which neutral element is meant by default
in a factorial case. Also, a stand-alone /a or :a could be read as the reciprocal of a, in the same
way that —a is considered as the opposite of a.

There is a saying by the German mathematician Leopold Kronecker that God invented integers,
everything else is the work of human hands. In the context of the above and keeping in mind
zero-order hyper-operators (increment/decrement) we can specify this statement to the
following: God came up with 0 as the beginning and 1 as the measure, and the rest was
invented by mathematicians.
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In Russian

AHanus rmuneponepartopa
Omutpnin Bhagummnposud NypbsaHoB
dmitriigur76 @gmail.com

AHHOTaUMA. HacToAWEN CTaTbM B CBOEM KayecTBe MPOAO/IKEHUA Pa3BUTMA KOHLEMLUMM
MYNbTUN/IMKANA — 3TO AaTb OTBET HA PaHee NOAHATbIN BOMPOC O TOM, NOYeMy MECTO onepartopa
B GyHKUMM y = e A 3aHAN onepaTop - cTeneHHas ballHA C 1eBOM acCOLMATUBHOCTbIO, @ He C
obwenpuHAaTon npason (TeTpauumsa). OTBET Ha 3TOT BOMpoC TpebyeT npoBefeHWA aHanAusza
rmneponepaTtopa. B HacToawein paboTe paccmoTpeHa npupoaa runeponepatopa, AaHbl
onpeaeneHuns n NPeasioXKeHbl albTEPHATUBHbIE NYTM Pa3BUTUA rMNeponepaTopa.

KnioueBble cnoBa: [IpaBas accoumatuMBHOCTb, JleBaa accouMaTUBHOCTb, KOMMYTaTUBHOCTb,
M'mneponepaTtop, MNMneponepayusa, MNopagok runeponepatopa, M'mnepkopeHb, M'mMnepaorapuom,
HelTtpanbHblh anemeHT, [Mpsmon onepatop, O6paTtHbin onepatop, OcHoBHOM 06paTHbIN
onepatop, mnepoyHKuma, Mpambie rmunepdpyHKunmn, ObpatHaa runepdyHkuma, MepeBEpHyTan
obpatHaa runepoyHKuma, CoBepPWIEHHO MOHOTOHHAA o¢yHKUMA, WHKpemeHT, CnoxeHue,
YMHoOXKeHune, BossegeHue B cTeneHb, YcKopeHue, TeTpauua.

Mpepbiaywan cBA3aHHaA cTaTbA: KoHuenuma mynbtunamnkana https://vixra.org/abs/2205.0150

Kak M3BeCTHO, C yBEAUYEHNEM MOPSAAKA ONepaToOpPOB YBENYMBAETCA KONMYECTBO HanpaBAeHUIA
WY OTBETB/IEHUIN MX AaNbHEWWero pasBuTUA, B YaCTHOCTU HA YETBEPTOM NopALKe BO3HUKAET
6udypKaLma HanpasaeHUs accoumaTmHocTM. Oba BapMaHTa MMEKT NPaBOo Ha CyL,ecTBOBaHME,
HO TEM HE MeHee, eC/1M 3TO BO3MOMKHO, TO c/ieayeT pa3obpaTbCs B TOM, KaKOe M3 OTBETB/IEHUIA
cnepyeTt cuMtatb OBWMM (HOPMAanbHbIM, LEHTPa/ibHbIM), @ KakKoe 4acCTHbIM (aHOManbHbIM,
CTPAHMYHbIM), U NOYEeMy.

CornacHo Ob6LENPUHATOrO onpeaeneHus rmneponepaTop — 3TO MHOTOKpPaTHOe NnpoBeaeHue
onepauuii  C WCNO/Mb30BaHMEM Ha OAMH NOPAAOK HMU3WeEro runeponepatopa A4naa
nocnesoBaTeIbHOCTU M3 PaBHbIX NEPBOMY OnepaHAay YMcen, U B PpaBHOM BTOPOMY onepaHay
KonnyectBe. [pu 3TOM O TaKoW onpeaenAlowein XapaKTepUCTUKe, KaK  KOJMYECTBO
NPOM3BOAMMbIX ONepaunii, HAaMepPeHo Hu4yero He coobuiaetca, M60 OHO 3aBUCUT OT NopALKa
rmuneponepaTopa, YTO CBMAETENbCTBYET O Ha/AMYMM  HECOBEPLUEHCTBA, OTCYTCTBUA
YHMBEPCaNbHOCTU €ero onpegeneHus. Tak AO1A CAOMEHWA KO/NMYECTBO UTepauuii onepauumi
WMHKpeMeHTa (yBeanYeHMA Ha eAuHMLY) PaBHO 3HAYEHMIO BTOPOro OonepaHAa, 418 OCTa/bHbIX
rmneponepaTopoB OHO Ha 1 MeHble COornacHo obuwemy npeacTaBieHnio O BMHApHbIX
onepaTopax.

CneactsMem 3TOr0 ABAAETCA HEKOTOpaa MyTaHMUA B C/IOBECHOM OMMCAaHUW MPOM3BOAUMBIX
Aencrteunii. Hanpumep, 4To-6bl YMHOMUTb YUC/IO Ha N, FTOBOPAT, HY}KHO €ro CNOMUTb CaMUM C
coboli n pa3. Xopollo, YMHOMKaeM YMCcno Ha 1, Ans 3Toro cknagbiBaem ero cammm ¢ cobon 1
pa3, M nonyyaem B ABa pasa bonbuwe. [1ns BO3BeAEHWEM B N-HYHO CTEMEHb NPeAnucbiBaloT
NePeMHOKUTb YNCN0 CaMUM C COBoi n pa3. Pe3ynbTaT TakxKe npeackasyem, BO3BOAUM YMCAO B
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nepBylo CTeneHb, NEPEMHOXMUB ero cammm ¢ coboit 1 pas, 1 nonydaem ero KBagpar. Haw A3bIK
noacnyaHo TpebyeT paspelleHma 4aHHOro NPOTUBOPEYUS.

Mpeanonoxmm To, YTo B 60oNee NpaBuIbHON GOPMY/IMPOBKE YMUC/IO HE CAMUM C COBOIM HYXKHO
CKNaablBaTb WAW YMHOMaTb, @ MPOCTO CKNaAblBaTb MM YMHOXaTb N pas, r4e 4Yucsio n - 3TO
BTOPOM onepaHa, onepaumm YMHOMXKEHMUA NN BO3BEAEHUSA B CTEMEHb COOTBETCTBEHHO. 1214 TOTO,
yTo 6bI NPMBECTU NOCNEAOBATE/ILHOCTb B COOTBETCTBME C HOBOM GOPMYIMPOBKOM, K O4HOMY U3
Kpaés nocnenoBaTelbHOCTM Heobxoammo [06aBUTb ewé oANH onepaTop, NPesnooXKUTENBHO
npsamoro aencreusa. Ho nockonbKy onepatopbl 6uHapHble, TO AobaBnssa eweé oauH onepartop
HeNb3a He 3aKOH4YUTb HayaToe, M HeobxoauMmo [06aBUTb B MOC/AEA0BATE/IbHOCTb HEKWUM
3aMblKalOWMA KBa3u-onepaHa, Uan HenTpanbHbld anemeHT N. MpuHMMana BO BHMMaHWE TOT
O4YeBUAHbIA GAKT, YTO HENTPA/bHbIA 3/1EMEHT HE OKPY)KEeH ABYMSs onepaTopamu, Kak gpyrue
onepaHAabl B Noc/ieAoBaTeNbHOCTM, Mbl Npegnonaraem OT NPOTUBHOrO TO, YTO GaAM3CTOALWME
APYr K Apyry onepaTtop v onepaHA, 3a UCKAYeHnem f06aBNAeMOro HEMTPAIbHOrO 31IEMEHTA,
dYHKUMOHA/IbHO B3aMMHO accoLumMpoBaHbl U 06pasyoT ogHy napy.

OTBeT Ha 3TOT BOMPOC O TOM, C KAaKUM M3 OKPYKaloWMX ONepaHaoB — NepBbiM (/1eBbiM) UM
BTOpbIM (NpaBbiM) $YHKLMOHANBHO aCCOLMMPOBAH onepaTop NpeaonpesennT MNOoJoXKeHue
HEeMTPanbHOro 3NemMeHTa B MocCeaoBaTe/IbHOCTK, OyAdb TO B Hayane (cneea) UAM B KOHUE
(cnpaBa) nocneaoBaTeNbHOCTM.

. OTCVTCTBHE aCCOUMaTUBHOCTH
ObuwenpuHaToe BbINONIHEHWNE onepauuii onepaTopa U onepaHAa

CNIOXKEHUA/BbIMUTAHUA U  YMHOXKeHUA/aeneHus

cneBa Ha npaBo ANs NOCnenoBaTeNlbHOCTU U3 a- b +C- d x
NPOU3BOJIbHO BbIGPAHHbIX YACEN U NMPU HATNYUK

B MNOC/NeAoBaTe/IbHOCTM  OMEPaToOpPOB  Kak

NPAMOro AeNCTBUS: CNOXKEHUA UIN YMHOMXKEHMA, AccoLMaTUBHOCTb onepaTopa

€ NepBbIM OnepaHaom
TaK WU O6paTHOI'OI BblYNUTaHNA WUAN OeneHunA

COOTBETCTBEHHO npegonpeaenaer a - b <+ c - d x

accouMaTUBHOCTbL _BMHApPHOro onepatopa o

BTOPbIM _ (MpaBbiM) onepaHaom, NMOCKOJ1IbKY

TONbKO MPWU  Ha/NMuMe acCoLMaTUBHOCTM B AccoynaTMBHOCTb OnepaTopa
CO BTOPbIM ONepaHgom

npuHumMne 7 TONIbKO npu HaAn4Ynn

accouMaTMBHOCTM  onepatopa CcO  BTOpbIM N L a - b +C- d

(npaBbim) 6aM3cTOAWMM ONepaHAOM MO3BONSET

HEOrpaHMYEHHYIO MNEepPecTaHOBKY MecTamu nap

(onepatopa u onepaHaa) B nocnepoBaTenbHOCTM 63 M3MeHeHUA pes3yabTaTa BblYMCAEHUA
nocnepoBatenbHocTM (cm. wancTpauumio). CneacTtBMEM 3TOrO  AB/AETCA  PACMO/IOXKeHue
HENTPaANbHOrO 3/IEMEHTa B Hadyane nocnegoBatenbHocTn (cnesa). O6wwmin noaxon B
PacCMOTPEHUN TUMEpONepaTopa TaKoB, YTO KarKabl YNC/IOBOM 3/1EMEHT NOCNeA0BaTE/IbHOCTH,
KpOMe HeNTpanbHOro 3/71emeHTa, ABAAETCA BTOPbIM ONepaHAOM, TO €CcTb ABAAETCA
cnaraembiM/BblMMTaEMbIM K YEMY NMBO, UAN YMHOXKUTENeMm/aenutenem yero nmbo u T.4.

TpaguuMoHHOe npeacTaBAeHUe O MNpOBepKe KOMMYTAaTMBHOCTM oOnepaTtopa npegnonaraet
nepemeuleHne onepaHgoB OTAE/IbHO 6es nepemeweHnAa onepatopos, YTO pPaBHO KaK U npu
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nepemeLLeHNM JIOXKHO acCoOLMMPOBAHHOM nNapbl M3 onepaTopa W ero MnepsBoOro onepaHaa
pa3pbIiBaeT ero AeMCcTBUTENbHYIO accoLMaTUBHYO CBA3b CO BTOPbIM OMepaHAOM W NPMBOAUT K
XOpPOLWO M3BECTHOM TaK Ha3blBaeMOM HEKOMMYTAaTUBHOCTUM OOpaTHbIX rMneponepaTopos
nepBoro M BTOPOro nopsAaka. B HeKkoTopom cmbicne npobnema MX HEKOMMYTaTUMBHOCTU
pewaetca. [lepecTaHOBKa BO3MOMHA, HO TONbKO B KayecTBe MNepecTaHOBOK B
nocnenoBaTeNbHOCTM OTAE/bHbIX ONepaLnit, COCTOALWMX M3 onepaTopa M BTOPOro onepaHaa.
Ha3oBEm 3TO CBOMCTBO YC/IOBHON KOMMYTaTUBHOCTbIO, TO €CTb KOMMYTaTUBHOCTbLIO C YCI0BUEM
nepecTaHOBKM Napbl U3 onepaTopa M BTOPOro onepagHa LeMKom.

Mapa onepatopa M BTOporo onepaHaa dopmupyer coboi onepauuto, KOTOPYHD MOMKHO
paccmaTpuBaTb KaK Karncyny, rae onepatop onpeaenseT KayecTBEHHYK XapaKTepUCTUKY
onepayum (BHYTPEHHIOK IOFMKY 3aBUCALLYIO OT NOpPAAKa rMneponepatopa U ero HanpasBaeHUs:
NPAMOro MAM OAHOrO M3 ABYX BMAOB 06paTHOro), a BTOPOM oOnepaHa onpeaensetr eé
KOZIMYECTBEHHYIO XapaKTepuUCTMKy. Onepaums — 3TO Cyb6beKT BO3AEWCTBUA, OObEKTOM
BO34€eMCTBUA ABNIAETCA NepBbl onepaHa buHapHoro onepaTopa. IMeHHO TaK, MOCKO/IbKY Koraa
Mbl, HaNpPUMep, YMHOXKaeM COCTOsILLEE U3 MUPMAL aTOMOB AGNOKO Ha TpW, TO B pesy/bTaTte
AeWcTBMA Mbl nNpeactaBnsem cebe TPU OTAENbHbIX MAEHTUYHbIX A6/10Ka Kak TpWU OTAENbHbIX
NMAEHTUYHbIX COCTOALLMX U3 MUPUAL aTOMOB COBOKYMHOCTEM, @ HE MUANMAPA, OTAENbHbIX Tpex
aTOMHbIX MONEKY/, TAe B KaXKAOW MONEKYNEe NO aTOMy OT Kaxaoro f6/10Ka, YTo MOXHO 6bin10
6bl NpeacTaBUTb cebe NpU YMHOXKEHUM TPOMKU Ha A610KO. M 3TO He cMoTpA Ha To, 4TO B
pesynbTaTe obliee YNC/I0 aTOMOB OAMHAKOBO B 060MX BapuMaHTax NpeacTaBNeHUs pesy/ibTaTa
onepauuu.

EWwé co WKonbl Mbl 3HAaeM, YTO OT MepemMeHbl MeCT OnepaHAoB pe3y/nbTaT CyMma U
NPOU3BEAEHNA HE MEHAIOTCA HE MO KONMYECTBY, HE MO Pa3MePHOCTU, a 3HAYUT BPOoAE KaK HeT
HMKAKOTO CMbICNA BbIMCKMBATb (YHKLUMOHANbHbIE Pa3nMuMAa  ONepaHaoB, TaK CKasaTb,
3aHMMaTbCA «MOUCKAMM UCTUHBI». HO BCE ke MHe npeacTaBAsfercs To, YTO ANA NpoBeAeHUn
aHanM3a runeponepaToposB HeobxoAMMO abcTparMpoBaTbca OT A4aHHOrO CTepeoTMna, NoAoUTH
KPUTUYECKM K NPOUCXOAALLLEMY B rMNeponepaumsx.

OyeBMAHO TO, YTO B NOCNEAOBATENbHOCTM OAHOMOPALKOBLIX OMepauuit NepBblit ONepaHA
Karkgoro GuHapHOro onepatopa - 3TO He MNPOCTO YMUC/AO - 3TO pe3y/nbTaT onepauuu, rae
paccmaTpuBaeMbl HAMU NePBbIM onepaHA ABAAETCA BTOPbIM OnepaHAOM B Karcy/sie co CBOMM
cobCcTBEHHBbIM onepaTtopom. Takum obpasom ana Toro, 4To 6bl «paboTaTbh» C NOOLIM NEPBbIM
onepaHAOM W3 MOCNeAO0BaTE/IbHOCTM KaK C 0bO6beKTom HeobxogMmo npeaBapuTenbHO
COBEPLUNTb OMEepaLuto, B KOTOPOM PAacCMaTPMBAEMbIN MepBbli onepaHa ABASETCA BTOPbIM, U
TaK Aanee Mo Leno4Yyke Hasag K npuymHam. MepBblt onepaHa 6MHapHOM onepaumm Ha TO U
nepBbli, YTO NOJIy4eH B pe3y/bTaTe Npeablaylwein onepauum B IOTMKE NPUUYUH U CNeACTBUA.
Llenoyky BOCXOMKAEHMS K MPUUYMHAM NpepbiBaeT HENTPasbHblA 3/EMEHT, BO3rNaBAAOLWMNN
nocneaoBaTe/IbHOCTb, MU HE MMEIOLWMI CBOEro onepatopa. Ha Huxke npuBegéHHOM npumepe
ONR BblYMCAAE@MOMN NOCNenoBaTeNlbHOCTU B KPYI/biX CKOBKax HaxoaAaTcA ob6beKTbl onepauui —
nepeble onepaHAbl, a CaMW OMepauuuM Kak CybbekTbl, COCTOALME M3 OTAENbHbIX Nap
onepaTopoB W BTOPbIX ONepPaHA0B HAaXOAATCA BHE CKOOOK, HO BblAe/eHbl OAHUM OOWMM ans
KarkOoM oTAeNbHOM Napbl LBETOM (NpAMble onepaumm KpacHbIM, 06paTHbIE CUHUM):
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(((vraysb)yrc) aa) re) ar, o)

CKaszaHHOe TaKKe AB/AeTcA 40BOAO0M B NOJb3Yy BbIMNOJHEHMA onepaunit B Nocnea0B8aTe/ibHOCTU
onepaTtopoB OAHOro MopsAKa, HO CMeWaHHOro KayectBa (npAmoro u o6paTHoro) B
HanpaB/ieHUWN C/neBa HanpaBo (NeBOM acCOUMATMBHOCTM) MO YMOJIMAHWUIO B KayecTBe obuiero
npaBuNa, NOCKONbKY UCXO4A OT NPOTUBHOIO, BbIMNOJIHEHME TaKNX OMNepaLmii cnpaBa HafeBo Npu
ntobom 13 BapnaHTOB accoumaumm onepaHaa U onepartopa namn 6e3 Takosoro He obecneymsaeT
BO3MOXHOCTb MEPEeCTaHOBKM HW ONepaHaoB HM OnepauuMi C COXpPaHEHMeM pesy/bTaTa
BblYMCNEHMA AN NOPAAKOB rMMEponepaTtopoB A0 BTOPOro BKAKOYUTENIbHO. BbinosiHEHME
CnpaBa HaneBO pa3pbiBaeT AEUCTBUTE/IbHYIO CBA3b MeXAy OnepaTtopomM M ero BTOPbIM
onepaHAoOM, CTaBUT Ha MeCTO MocCAeAHero pesynbTaT MpeablayLiero BblYMCAEHUS, 4TO
PaBHOCUNbHO MNPUBOAALLEMY K aHOMaAUAM MPUEMY UCMOJb30BaHUA CKOOOK, pacKpbiTUe
KOTOPbIX MOXET 3acTaBUTb MHBEPTMPOBATL OMNEepaTopbl HA MPOTUBOMOIOXKHbIE. HapylaeTcs
CTPOMHOCTb M KpacoTa apudmeTnyeckux genctsuit. K Tomy Ke BHYTPU CKOOOK Karkgoe
oTAeNbHOE BblparkeHMe A0KHO HaYMHATbCA C onepaumm Hag HeMTPanbHbIM 3/1IEMEHTOM:

Ny <NAaA (NAb»r (NACA(NAd» r(NAeAf))))). (49.2)

B cnyyae uMcnonb3oBaHWA CKOBOK CyObEKTOM BO3MOXKHOM NEepecTaHOBKU  ABAAKOTCA
accouMMpoBaHHble Mapbl, COCTOALLME M3 OMNEpaToOpPOB M BbIPAXKEHW B CKOBKax B KayecTse
BTOPOro onepaHga ANs CBOMX onepatopos. poBeaeHWE NepecTaHOBOK BCEX BbIPa*KEHWN B
CKobKax 3a04HO CO CBOMMW aCCOLMMPOBAHHLIMW OMepaTopamu, MPUBOAUT K BU3yasnbHOW
CMeHe nopsAAKka onepaHA4oB B MOCAeA0BaTE/NbHOCTM Ha obpaTHbii M Bpoae 6bl Kak K
BbINOJIHEHMIO NOC/Ie40BaTEIbHOCTM ONepaLMii cieBa HanpaBo, TEM He MeHee 3To He u3basnaeT
Hac OT HeobXxoAMMOCTM PACKPbITUA CKOBOK M OT HEOBXOAMMOCTU BbINOSHEHMA OMNepaunin c
HeWTPaNbHbIM 3/1E€MEHTOM, 4YTO caMo no cebe Bceraa WMMEeT HauBbICWWA nNpUopuUTeT
WCMONHEHUSA, KaXAbl pa3 nepen WCNOSHEHWMEM Ccheayloweid No MopsaKky onepauum B
nocaefoBaTeIbHOCTHU:

N7 (NANY (NANY (NAfAe)Ad)Ac)Ab)Aa). (49.3)

BbluncneHne nocnenoBaTeNlbHOCTU M3 onepauuii 04HOro NopsafKa M TOIbKO OAHOrO KayecTBa
(vnn npamoro wan obpaTHOro) sABAAETCA YaCTHbIM C/Ay4aeM MO OTHOLWEHWIO K Bbllle
PacCMOTPEHHOMY, C/leA0BaTeNbHO Pe3ynbTaT BbIYMCAEHUA TAaKOM MNOC/Aen0BaTeNbHOCTU He
MOKET ObITb apryMeHTOM B OMpaBAaHWEe MPOM3BOJIbHOCTU BbiGOpa MAM MPOTMBOMOJIOKHOIO
BblbOpa HanpaB/seHUA BbINOJIHEHWMA OMepaLuin B NOCAeAO0BaTENbHOCTU B obuwem cnyyae. Tyt
cnefyeT KOHCTAaTMPOBATb TO, YTO MPWUHATOE HAMpaBiEHWe BbIYUC/IEHUA CnpaBa HANEBO,
ABAAOLWENCA OCHOBOM onepaTtopa TeTpauusa, cteneHHoM b6alwHM HapyLwaeT obuwee npasuo.

Boobuwe, o4yeBMAHO TO, YTO HanpaB/JeHWe BbIYUCAEHWA B  MNOC/AeA0BaTeNbHOCTU
O4HOMNOPAAKOBbIX ONEPATOPOB (06LLENPUHATO CEBA Ha NPABO) M NO3MLUKN NEPBOTO U BTOPOTO
onepaHaa (obuenpuHATO cneBa NepBbli, cpaBa BTOPOK) B3aMMHO obycnoBneHbl. Tak, ecim
BblYMC/IEHMA NPOU3BOAMAUCL Obl CnpaBa HaneBo, TO NepPBbIM OMNepaHZoOM OWHapHOro
onepatopa cuutancA 6bl nNpasblit onepaHa, uam ecam Hbl Npasblil onepaHa OGwuHapHoOro
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onepaTopa 6bin 6bl NepBbIM, TO HanpaB/ieHUe BbINOJHEHMA AeNCTBMA Heobxoammo 6bis1o Obl
COBepLaTb crpasa HafeBo.

TyT ABNAETCA BaXKHbIM cobntoaeHne egnHO06pPa3mMA HanpaBieHMA BblYMCNEHUA ANA onepaLmi
BCEX MOPAAKOB, TaK BblObMpas oauH (0b6LWenpuHATbINM) U3 ABYX BapUMAHTOB AJ/18 OMepaToposB
HU3LWMKX NOPAAKOB €ro cneayet NPMMEHATb U ANA ONepaTopoB BbICWMX NOpAAKoB. Kak 3To
OTMEYEHO, CMEHa HanpaB/ieHUA BbIMUCAEHUA O03Ha4YaeT 3OPEKTUBHYH B3aUMHYIO CMeHy
NepBOro U BTOPOro ONepaHAa MecTaMu, HO TaK Kak B onepauumax onepaHabl HECYT COBEPLUEHO
pa3Hble PyHKUUM, TO B3aAMMHAA CMEHA UX MOJIOXKEHUIN NONHOCTbIO MEHSAET IOFTUKY BblYMCAEHUS.
Mo 3TOM NpUUYMHE CMeHa HanpaB/AEHWA BbIYMCAEHUA MNPU Nepexone OT HUMKECTOALWMX K
BbILLIECTOALLMM oOnepaTopam He 3anpelieHa, Ho TpebyeT 06BACHEHMA NPUYUHLI [AHHOTO
pelleHuA, LoKa3aTeNbCTBa ero HeobxoaMMoCTH.

Kak u3BecTHO, gna npAmMoro GuHapHOro runeponepatopa N-ro nopsaka B obuiem cayyae
cywiectByeT paABa o6paTHbIX runeponepaTopa TOro Ke MNOpsfKa, COOTBETCTBEHHO 3TO
rTMNEepPKopeHb U runepaorapuém. s nopagKkos onepaTopa HUXKE TPETbEro 3T ABa 06paTHbIX
rMneponepaTopoB ¢YHKUMOHANbHO HEepasnuMuMmbl Apyr OT Apyra W NpeactaBasloT coboi
onepaTopbl BblYUTAHUA W AOeNeHWAa AONA MepBOro M BTOPOro nopsAAka runeponepaTtopa
COOTBETCTBEHHO. [/ MOpAAKOB rMneponepaTtopa OT TPETbEro W Bbile METOA0/1I0TMYECcKn
MOKHO BbIAEAUTb M3 COOTBETCTBYIOLWEA Napbl OCHOBHOM W BTOPOCTENEHHbI 0bpaTHble
rmneponepaTopbl.

OCHOBHbIM 06paTHbIM TUNeponepaTopoM cnedyeT cyuMTaTb TOT OMepaTop, YbsA onepauus
npuBeséT pesynbTaT NpeaBapuTeNbHO NPOBEAEHHON MNPAMbIM OMEpaTopom onepauumn B
MCXO4HOE COCTOSIHME 33 pPaBHbIA BblPaXKEHHbIM B eAMHMLAX KayecTBa runeponepaTopa
KO/IMYECTBEHHbIA MHTEpPBan, M6O KONMYECTBEHHO PaBHbIA MHTEPBAN MOKAa3blBAaeT Ha MOJIHYHO
NPOTUBOMONOMKHOCTb  MCMNOMb3yeMOW B  oOMnepauMM  eauMHMUbl  KayectBa  0b6paTHOro
rmneponepaTopa onepaTopa Mo OTHOLIEHUIO K MPAMOMY, YTO U AeNaeT ero UCKNHYUTENbHbIM.
33 KO/IMYECTBEHHYHO XapaKTEPUCTMKY Onepauumn oTBeYaeT BTOPOM onepaHA, a 3TO O3HAYaeT To,
4TO 3HaYEHWUA BTOPOro onepaHaa y NPsSMOoro runeponepaTopa M OCHOBHOrO 06paTHOMO AOKHbI
6bITb PaBHbl MPM NPOBEAEHUN NPOBEPKU BbibOpa OCHOBHOro obpaTHoro runeponepaTtopa. B
YCNI0BUAX BbINOJIHEHWUA ONepaumii B NOCNeA0BaTeIbHOCTU C/IeBa HaMNPaBo AaHHOMY KpUTEPUIO
OTBEYaeT TUMNEepPKopeHb, TaKMM 06pPa3oM MNPUHATbLIN B Ka4yecTBe OCHOBHOIO 06paTHOro
rmneponepaTtopa. [lanee nNo TeKCTy WMMEHHO OH WMeeTca B BMAY Nog 06paTHbIM
rMneponepaTopom MU rMneponepaTopom obpaTHOro AeWCTBUA MO YMONYaHUI. HuxKe TaKxke
PacKpbITO M TO, MOYeMy pasfAeneHue Ha OCHOBHOM W BTOPOCTENEHHbIM 0bpaTHble
rmneponepaTopbl UMeeT NPUHUMNNAIbHOE 3HAYeHMEe B PAMKaM NPOBOAMMOrO aHanu3a.

'Mnepnorapudm He UCMONb3YeT KONMYECTBEHHYIO XapaKTEPUCTUKY, @ BO3BPALLAET eé 3HavyeHune
B KauyecTBe pe3ynbTaTa onepauuu. unepnorapmdm mor 6bl 6bITb OCHOBHbIM OBpPaTHLIM
rmneponepaTopom B C/ly4ae, ec/iv B NPSMOM rMnepornepaTope npounsoLuna bl B3aMMHas CMeHa
MeCT ero onepaHAoB, YTO NPOUCXOAMUT NPU NPOTUBOMOJIOXKHOM (Cnpasa Ha/seBO) HanpaBieHUM
BblYMCNEHMA OMepauuii B NocneaoBaTe/ibHOCTU. BbluMcneHne B cTeneHHoM 6GalHWM cnpasa
HaneBoO KaK pa3 Npou3BoauMTCcA Takmm obpasom, Kak byaTo B onepatope BO3BeAEHMA B CTEMEHb
npousBeAeHa CMeHa MecCT OnepaHA0B, XOTA U3 ONpeaeNeHNsa CaMoro onepaTtopa BO3BeAeHUA B
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cTeneHb 3TOrO0 He cnegyeT. 34ecb MMeeT MeCTO HeKoTopoe npoTtuBopeune. Huke
NPOAEMOHCTPUPOBAHO TO, KaK NpPM BbINOJHEHMM OMNepaunii B NOCnefoBaTeNbHOCTU CrpaBa
Haneso (nNpaBasa accouMaTMBHOCTb) runepsaorapudm 6epét Ha cebs ¢yHKUMIO OCHOBHOTO
obpaTHOro runeponepaTtopa.

BuHapHbI rMneponepaTop NPAMOro AenCTBUA — 3TO HayaTasa Ha OAMH NOPALOK HU3LWIMM
HeNTPaNbHbIM  3N1eMEHTOM  NOC/Nef0BaTENbHOCTL M3 PABHOrO  BTOPOMY  onepaHay
onpenensemoro runeponepatopa no MOZAYIIO KOAMYECTBA MNPOU3BOAUMBIX OUHAPHbIX
onepaumii C UCNOb30BAaHUEM Ha OAMH NOPALOK HU3LIEro rMneponepaTopa, B KOTOPbIX BTOPbIM
onepaHAOM ABAAKOTCA KOMMM NEepBOro onepaHaa onpenensemoro runeponepartopa, M rae
KauecTBo (npsmoe/obpaTHOe) 3TOro rMneponepaTopa onpeaenseTca apuPmeTMyecknm 3HaKom
BTOPOro onepaHAa oOnpeaensieMoro runeponepaTtopa, Kak cneayet: Mpu MNONONKWUTENbHOM
3HaKe KayecTBO NpAmMoe, NpW OTpMLATENbHOM KayecTBo obpaTHoe. OnpeaeneHun GyHKUUK
rmneponepaTopa MMeeT BUA, CNefytoWwero ypaBHeHUs:

HO(1,n,a,b) := HO (S(b), n—1,.. HOZ(S(b), n—1, HO4(S(b), n—1, N(n—1, a), a), a) . ,a),
(50.1)

HO(1,n,a,b) := HOb(l, n-1,.. HOz(l, n—1,HO:(1,n -1, N(n—1, a), a), a) . ,a) npub =0,
(50.2)

HO(1,n,a,b) := HO_b(—l, n-1,.. HOZ(—l, n—1,HOy(-1,n—1,N(n—1, a), a), a) a) npu b <0,

(50.3)
aT™p=N(n-1,a) "V, T =g, . T-U3 npub>20, aj=ay=az=..=a,=a (51.1)
aTMp = N(n =1, a)V g, Y=g, Y0-U3 npub<0, aj=a;=az=..=a,=a (51.2)

raoe HO(d, n, a, b) — runeponepaTop; d — KauecTBo runeponepaTopa (Npamoe nan obpaTtHoe),
NPUHMMaeT cneayollme 3HavyeHua: +1 ansa npamoro runeponepatopa, —1 ana obpaTHoro
rmneponepaTopa; h — NOPsAAOK rneponepaTopa, HaTypaabHOE YNCNO, ANA BbllenpuBegEHHOro
onpegeneHnsa n>0; a — nepBbl onepaHa runeponepatopa; b — BTopon onepaHA
runeponepaTopa; N(n, a) — HelTpanbHbIN 31eMEHT N-0ro NopAAKa ANA uncna a; S(x) — yHkums,
BO3BpaLLaloLWan apudmeTUYecKnit 3Hak aprymeHTa (1 npu nosoKMTENbHOM 3HaYeHUKn, —1 npu
otpuuatensHom); HOi(d, n, a, b); — runeponepatop i-o BbIMUCAUTENbHOM UTEpPaLUW; aT™p —
NPAMOM rMneponepaTop N-oro NOpAALKa; avp - 0bpaTHbIM rMneponepaTop N-oro NopAakKa.

B cnyyae, ecnv BTOpPOW onepaHs, NONOXKUTEbHbIN, TO NPUMEHAETCA NPAMOW runeponepaTop
HM3Wero nopsgKka. B obpaTHOM cnydae npumeHsieTcs obpaTHbIM rMneponepaTop HM3LWero
nopagkKa. KonmyecTso onepaumin paBHO MOAY/It0 BTOPOro onepaHAa runeponepartopa.

®aKkT wucnonb3oBaHMA 06paTHOro runeponepaTopa HU3WEro nopsaAKka B oOnpeseseHun
rmneponepaTopa BbICLIEro NOPAAKA NOKA3bIBAET HA OYEBUAHYIO HO KPUTUYECKYH 3aBUCMMOCTb
nocnefHero OT npou3Ben&HHOro Bblbopa OCHOBHOrO 06paTHOro runeponepatopa W
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CNepoBaTeNbHO HA MPABUIbHOCTL PELUEHUA O KOHCEPBALMW HanpaBAeHWUA BbIYUCNEHUA
nocnefoBaTeNlbHOCTM  OMepaumii  Npu  Nepexoae C HU3WEro Ha BbICWMIA  MNOPAAOK
rmneponepartopa.

B onpeaeneHun runeponepatopa HyNeBOro nopaaka (MHKpPEMEHT/AeKpeMeHT) BTOpOW
onepaHz UrHopupyetcs (onepatop 3dHEKTUBHO YyHaAPHbIN), KAYeCcTBO runeponepartopa (Npamoe
NHKpeMeHT / 0bpaTHOe feKPEMEHT) U pe3ynbTaT ero AencTBus onpenenaercs sHadyeHvem d:

HO(d,0,a,b) :=a+d. (52)

HelTpanbHblii anemeHT — 3T0 YHKUMA OT COBEpPLIaEeMON C HMM onepaunn (nepsoi B
nocnefoBaTe/IbHOCTU) onpeseneHns rmneponepaTopa, TouHee 3To QYHKLMA OT NopsaKa h eé
onepatopa W 3HayeHWa e€é BTOPOro onepaHga a. TakMum obpasom nepsas B
nocnefoBaTe/IbHOCTM OAHOMOPAZLKOBLIX OMepauuii cama onpeaenseT 3Ha4YeHMe CBOEero
nepBoro onepaHAa — HEMTPaIbHOro 31eMeHTa:

N(n, a)YaAbvcAd. (53)

B maHHOM cnyyae nepsasa onepauus B MNOC/AEeAOBATENbHOCTU, Ta YTO MNPOU3BOAUTCA HaZ
HENTPANbHbIM  31€MEHTOM, SABASAETCA TEM, 4YTO Mbl TMNOHMMAem Moa onepauwen ¢
MCNONIb30BaHMEM YHApHOro onepatopa. TakMm 06pa3somM MOMKHO 3aKIuYUTb TO, YTO
HEWTPaNbHbIMA 31EMEHT — 3TO PYHKUMNA YHAPHOM onepaunn. 3HayeHne HeUTPaIbHOro 31eMeHTa
He 3aBMCUT OT KauecTBa onepatopa (npamoro A / o6paTHoro '), HO 3aBUCUT TOILKO OT ero
nopsaka.

[Nna nonyyeHms 3HaYeHUs HENTPaNbHOro 3/71eMeHTa HeobxogMMOo NpPoM3BecT 0b6paTHYIo
B6UHapHYI onepauuio n-oro NopaakKa, rae oba onepaHaa ABAAKOTCA BTOPbIM OMNepaHAoM a:

N(n, a) =HO(-1, n,a,a) npun>0 (54)

raoe N(n,a) - ¢yHKUMA HenTpanbHOro 3/eMeHTa; N — MOPsAAOK runeponepaTtopa; a —
npousBobHoe BeuwlecTBeHHoe uncno; HO(-1,n,a,b) — o6paTHbIN BMHapHbIM rMneponepaTop n -
oro nopsAka c onepaHaamu a u b, nepsbiM 1 BTOPbIM COOTBETCTBEHHO.

Kak MOXHO 3ameTuTb, 3HaA4yeHMe HeWTPaNbHOro 31eMeHTa He 3aBUCUMT OT KayecTsa
(npamoro/obpaTtHoro) runeponepaTtopa, 3TO NPUHLMUMMUANBHO.

Tabauua HeUTpanbHbIX 3nemeHToB N AnA unMcna «a» B 3aBUCMMOCTU OT NopAaKa

runeponeparopa
Mopagok Mpamoii runeponepatop / Bug onepaumun | PesyabtaT N naum

rmneponepartopa, n O6paTHbIN runeponepaTop no noucky N | YpasHeHue gna N

0 NHKkpemeHT / [lekpemeHT - N=a

1 CnoxeHue / Boluntanme a—a 0

2 YMmHoxeHue / leneHne a/a 1

3 CreneHb / KopeHb Ya N=%a

4 YckopeHue / 3ameaneHue av?® N = N(a_lifé

24



NckntoueHnem ABASIETCA CNocob NosyvyeHUa HENTPaNbHOro 3NeMeHTa ANsA FTMNneponepaTopos
HyneBoro nopagKka (MHKpemeHTa/gekpemeHTa). MOCKONbKY MocneAHue — 3TO aTOMapHble
onepaTtopbl, KaK 3/IEMEHTapHble KUPMUYMKKM, U3 KOTOPbIX MOCTPOEHA BCA MaTeMaTUKa, U TaKKe
He ABAAKTCA BUHAPHLIMKM, TO ecTb He 06/11a4aloT BTOPbIM OnNepaHAOoM, 334aloWMMm B 06LEeM
C/lyyae pasHyH KONMYECTBEHHYIO XapaKTePUCTUKY Onepaunii, To HEMTPaAbHbIM 31EMEHTOM A8
BCEX HUX ABNAETCA MCXOAHOE YMCAO a - eAUHCTBEHHbIV onepaHA runeponepaTopa.

MoxHO 06paTuTb BHMMAHWE HA TO, 4YTO NpPU ONPEeAENeHUUM HEWTPANbHOFO 3SNEeMEHTA
NCNONb3YyeTCA TMNepKopeHb Kak OCHOBHOM 0bpaTHbIN runeponepaTtop. Ecam 6bino 6ol NpuHATO
HanpaB/iieHWe BbIYUC/IEHMA B MOCNEA0BATE/NbHOCTM CMpaBa HaneBo, TO CNpaBea/iMBO
ncnonb3osBanca 6bl rmnepaorapudm B KauecTse TaKOBOTO, M B 3TOM C/ly4ae AN1A NOPALKOB Bbilwe
NepBOro HEMTPA/bHbIM 31eMeHT 6bin 6bl paBeH 1. Ha moit B3rnag AaHHAA MHBAPUMAHTHOCTb He
MOEeT ABAATbCA MPU3HAKOM WCKAOYUTENBHOCTU norapudma B KayecTBe MNOTEHLMANbHOIO
OCHOBHOro 06paTHOro rMneponepaTopa, NOCKOJIbKY OHA He PACMNpPOCTPAHAETCA ANA NOPALKOB
rmneponepaTopa HWXKe BTOPOro, @ 3HAYUT He YHMBEpPCabHa.

He cmoTpsa Ha TO, YTO 3HAYEHWE HEeUTPaZIbHOro 31eMEHTa 3aBUCUT OT 3HAYEHWUs onepaHaa a,
TEM He MeHee 3HaYyeHWe HenTPaNbHOro 3/eMeHTa MOXKeT ObiTb WHBApWaHTOM AN
onpeaenéHHon uan HeonpenenéHHOM NOCAeAO0BaTE/NIbHOCTU OAHOMNOPSAAKOBbLIX OMepaunin ¢
NPOM3BO/IbHbIM KayecTBOM (NpAMbIM/06paTHbIM) ONepaTopoB U C NPOU3BO/IbHbIMM BTOPbIMU
onepaHgamu. Habnogaetca 6e3ycnoBHOE CBOMCTBO MHBAPUAHTHOCTU HEUTPAIbHOTO 3/1eMEHTa
ANA nocnenoBaTeNbHOCTEM rMneponepaunii 4o BTOPOro nopsgka BKAUMTENbHO. Tak and
HY/JIEBOTO MOPAAKA HEUTPaA/IbHbIN 3/IEMEHT MHBAPMAHT, NOCKO/IbKY OH UCXO4HOE YMCNO a, ANS
nepBoro U BTOPOro NopsAKa BoobLle KOHCTaHTa (cm. Tabanuy).

Ecnv nogxoguTb matemaTUUECKM CTPOro, TO Pe3ynbTaT BblYMCAEHUSA HEMTPANbHOTO 3/1eMeHTa
BTOPOro nopsgKa C WMCMO/Jb30BaHMEM Hy/NA B KadecTBe onepaHAa HOCUT HeonpeaenéHHoe
3Ha4YeHMe, UM MOXKeT bbiTb /loboe OTANYHOE OT HyAs KOHeyHoe 4yucno. Ecnm He noaxoauTb
CTPOro M PaccMoOTPeTb ONepaTop AeNeHUA KaK OTHOLEHWE, NPM 3TOM MnoAapasymeBas TO, YTo
OTHOLWUEHMA PaBHbIX PAaBHO e€AUHULE, TO MOXKHO MPUHATb eANHULY B KayecTBe HeWTpasbHOro
3NemMeHTa B [AaHHOM C/lyYae, OAHOBPEMEHHO MMmea B BUAY TO, YTO eAMHULA NPUHALNENRUT
MHOXECTBY UMCeN BO3MOXHOMO pe3ynbTaTa Ae/NIeHUs HONSA Ha HOJb. B HEKOTOPOM CMbIC/e He
CTpOrvit noaxon, Asnsferca 6osiee «CTPOTMM» MOCKOJIbKY Cy»KaeT 6eCKOHEeYHOEe KOAMYecTBO
peweHnii onepaumun OeNeHUs HONA Ha HOMb A0 OAHOrO PelleHWus, A0 3HAYeHUA BeNUYUHbI
eOVHULblI MaTEMaTUYEeCKON mepbl, TO eCTb A0 CaMOMn eAuHULbI. TaKKe MOXHO PaccMOTPEeTb
onpefeneHne HelTPanbHOro aNemeHTa Yepes npegen: lim,_, o */y.

He cTporunin nogxon nmeet 6onee WKMPOKOE NPAKTUYECKOE MPUIONKEHME. B YaCTHOCTU C HUM
corjlacyeTca MCNonb3yemblit B OOLWENPUHATOM oOnpegeneHuMu onepatopa MNpousBeaeHUA
NocTyaaT OT TOM, YTO MHMMOE NPOU3BEAEHME HYNIEBOTO KOIMYECTBA MHOXUTENEN paBHO 1, 6e3
yero 6b1710 6bl HEBO3MOXKHO CHOPMYIMPOBATL KOHLLEMLMIO MYIbTUMNNKAAA, NMOCKOIbKY €CMu,
HaNpPOTMB, MOAXOAUTbL CTPOrO, TO Aae a’ npu a#0 He ecTb eAMHULA, @ HEOTNPEAENEHHOCTb, TaK
KaK CcoOrnacHo obOWenpuHATOro onpeaeneHna oOnepaTtopa BO3BEAEHUS B CTEMeHb Yepes
onepaTtop Npou3BeAeHWEe MHOXUTENU a Yy NOCAeAHEero Kak TaKoBble OTCYTCTBYIOT U NOTOMY
pe3ynbTaTOM TaKoOM onepauuu Ao/XKHa 6biTb HeonpeaenéHHocTb. HO Bompekn stomy M B
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obWwem-To A8 BO3MOXKHOCTU MPOBEAEHUA MATEMATUYECKMX onepauunii U npeobpasosBaHui
obwenpuHATa 1 B KavecTBe pesynbTaTa a° npu a#0. Takum 06pa3om ecnun y»Ke B KayecTse
onepauum MHMMOrO NPOU3BELEHMA HY/IEBOTO KONIMYECTBA MHOXKUTENEN oblienpuHaTa 1, 4to
Ae-daKTo y¥Ke CTaNo YacTbio 0BLWENPUHATOrO ONpeaeNeHNA CamMoro onepaTopa NPon3BeaeHus,
TO pe3ynbTaT TaKoW onepauum He MOXKET 3aBMUCETb OT 3HAYEHMUA STUX MHOXKUTENEN, MOCKONbKY
nx HeT. He BO3MOMKHO 3aBMCETb OT TMNOTETUYECKOrO 3HAYEHUA TOTO, Yero Her.

CneactsMem MNpeasioXKeHHOro 34ecb onpedeneHua runeponepaTopa MNPAMOro AencTeus
ABIAETCS BO3BPAT rMNeponepaTopom HEMTPAIbHOrO 3/1eMEHTa B Ka4ecTBe CBOEro pesynbTaTa B
cnyyae, ecnun BTopoin ero onepaHa b paseH O:

HO(1,n,a,0)=N(n-1,a). (55)

Tak, He noaxoaa ctporo u mucxoaa ot N(2, 0) =0/ 0 = 1 B KayecTBe CneaCcTBUA UMEEM: 0%=
HO(1,3, 0, 0) = N(2, 0) =1, NOCKO/IbKY B TaKOM C/ly4ae HEeMTPaJIbHbIM 3/1eMEHT BTOPOro nopsaKa
WHBAPWaHT OT onepaHaa, KOHCTaHTa M paBeH 1.

B sTom cmbicne 6onee cTporvm, Yem oOLENPUHATOE, ABAAETCA OnpeaeseHne onepaTopa
BO3BEAEHUA B CTEMEHb KakK YaCTHOro C/yyas ANAa TpPeTbero nopafaka NpuMBeAEHHOro 34ecb
onpegeneHna nNpAMOro ruvneponepaTtopa C WCNO/Ab30BAaHWMEM HEWTPASIbHOIO 3N1EMEHTA,
NMOCKO/IbKY NMpPWU PaBHOM HyAl0 BTOPOM OMepaHAe ero pe3ynbTaT ABHO 3aBUMCUT OT 3HAYEHUS
nepsBoro onepaHaa (OCHOBaHWA CTeMeHW) Npu CTPOrom Noaxone, Tak OH HeonpeaenéH npu
HYy/IEBOM 3Ha4YeHun nepsoro onepaHaa: N(2, 0) He onpeaeneHo Npu CTporom noaxode.

BuHapHbIN runeponepatop ob6paTHOro AekcTBUA (rMnepKopeHb) onpenenseTcs B HESABHOM
BMAE Yepes ypaBHEHWE ANs onpene/ieHns rmneponepaTopa NpAMoro AenCcTBmA, HO C B3aMMHOM
CMEHOW MecT BO3BpallaeMoro pesy/sbTaTta rmneponepaumm u eé BTOporo onepaHaa B AaHHOM
YPaBHEHMM KaK cneayerT:

x =HO(-1,n, a, b), (56.1)

a=HOyp (S(b), n-1,.. HOZ(S(b), n-1, HOl(S(b), n—1,N(n-1, x), x), x) . x) npu b 0,
(56.2)

a= HOb(l, n-1,.. HOz(l, n—1,HO:(1, n—1, N(n—1, ), x), x) ., x) npb>0, (56.3)

a= HO.b(—l, n-1,.. HOZ(—l, n—1,HO:(-1,n—1, N(n—1, x), x), x) ., x) npub<0, (56.4)

x =avMp, (57.1)
a=N(n—=1,x) T M=2y Ty npnb >0, xi=x2=x3=..=x,=x  (57.2)
a=N(n—1,x)V0 U =Dy, V= apub<0, xi=xo=X3=.. =X =X (57.3)

rae X — ykKasaTe/b Ha BO3Bpallaemoe 3HayeHue OMHapHOoro runeponepaTopa o6paTHOro
AencTeuns.
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FMNepKopeHb TaK¥Ke BbIPaXKaeTcs KOMMAKTHO Yepes NPsAMON rmneponepaTop TOro e nopaaka
C NOACTAaHOBKOW Ha MECTO NepBOro onepaHAa NPAMOro runeponepaTopa:

a=HO(1, n,HO(-1, n, a, b), b). (58)

ObpaTHOMy runeponepaTtopy, Kpome ob6paTHOro runeponepaTopa MepBOro nopaaka
(BbluMTaHME), 3anpelleHo nogasatb O B KayecTBe BTOPOro onepaHaa B obuwem ciyvae.
OueBMOHO B KayecTBe UCKIHOYEHUSA MOXKHO AONYCTUTb [AE/IUTb Ha HOJIb TOJIbKO HOJIb, HO NMpu
CTPOrom MoAaxoAe pesy/bTaT 3TOM onepauuii MoXKeT bbiTb N06bIM YNCIOM, KaK 3TO BUAHO U3
cneayoLlero ypaBHeHUs, BbIBe4eHHOMo U3 NpeablayLwmx:

0=N(1,x). (59.1)

TaKKe B KauecTBe UCKIOYEHNA MOXHO A0oNyCTUTb n3BneyeHne KOpHA HyﬂEBOVI cteneHun ToNbKo
13 eaunHunLbl, N pe3ynbtat 3TOM onepaunn Takxe MOoXKeT 6bITb N06bLIM YNCNIOM, HO KpOMeE HYNA
npu ctporom nogxoge, no aHanornn Cc npeablaywmm:

1=N(2,x). (59.2)

CywiecTByeT elweé oaHO obliee peKyppeHTHOe M MpU 3TOM ABHOE pelleHue ANA TUNepPKOpPHS,
KOTOpOe, HanpoTuB, B 06LLEM Cy4ae HE NPUMEHMMO ANA onpeaesnieHMA rneponepaTtopa Kak
nocnenoBaTe/IbHOCTM OnepaLmii C 1eBOM aCCOLMATUBHOCTbIO, HO MPUMEHMMO ANA HErO e Kak
nocnenoBaTeIbHOCTM OMepaunii € NpPaBoOM acCOLMATUBHOCTbIO, BMPOYEM, MPU KOTOPOM,
rMNepKOpPEHb He ABNSETCA OCHOBHbIM 0BpPaTHbIM r’MNEpPonepaTopom:

x =HO(-1,n, a,b), (60.1)
x=HO(-1,n—1,a, HO(1, n,x,b-1)) npun=>2, (60.2)

B nocnenoBaTeNbHOCTH

N A A A A / OAHOMNOPAAKOBbIX onepauui
dvayva d d d CMeLaHHOro Kadectsa (npamoro A /
obpatHoro YY) C  WMAEHTUYHLIMM
onepaHgamu “a@” (Kpome HenTpaNbHOro 3nemMeHTa B KayecTBe NepBOro onepaHaa nepsoi
onepauum) BO3MOXHA YCNOBHAA KOMMYTAaTUMBHOCTb, Habatogaemasa BHe 3aBUMCMMOCTU OT
BE/IMYMHbI NOPAZKA rMNeponepaTopoB B NOCAeA0BaTeNbHOCTU (CM. puc.). ITUM NpPaBMIOM
NpoBepAETCA KOPPEKTHOCTb BblbOpa BHYTPEHHEW NOrMKM 06paTHOro runeponepatopa Kak
NPOTMBOMOJIOXKHOCTU MPAMOro, U YTO MPUHUMNNANBHO OTAMYaeT 0bpaTHbIM rMneponepaTop

(rMnepKopeHb) OT anbTepHaTUBHOrO 0bpaTHOro rMneponepartopa (runepnorapnoma).

MpoBepka cobntoaeHMa B3aMMHOINO PaBeEHCTBAa pe3y/bTaTa BblYUCNEHUSA B NEBbIX U MPaBbIX
nocnenoBaTeIbHOCTAX YPaBHEHMIA B 3aBUCMMOCTU OT HanpaB/leHUsA MPOBOAUMOrO BblYMCAEHMUA
(HanpaBneHUA accoUNaTUBHOCTH):

avaha = ahava, (61.1)

(ava)Aa = (aha) Yae (%)a = {/(a?) - nesas accoumatnsHoct, (61.2)
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av(aha) # aA(ava) (@) # a(Va) _ npasas accoumatnsHoctb, (61.3)
roe Y - u3sneyeHme KopHa, A - Bo3seaeHue B CTENEHD.

Ho ecnn Y npeactasnser norapudm, TO pPaBeHCTBO He cobatogaetca Ans  fieBou
accoumMaTUBHOCTU U cobatogaeTca AnA NpaBoii:

(ava)Aa # (aha) Ya< (log,a)? # log,(a?) - nesas accoumatnsHocTb, (61.4)
av(afa) = aA(ava) < log,(a?) = a'°8a? — npasas accoumateHocTs.  (61.5)

Ona nwoboro nopsgka runeponepatopa cobnofeHWe AAHHOTO pPaBeHCTBa, MNpoBepsemoe
nepecTaHOBKOW MPOM3BOAMMbBIX C OAHWM 3HauyeHWeM a aaa 0boux onepaHAOB CMELLAHHbIX
(NpAmbIX/06paTHbIX) onepaumit 3aBUCUMT OT BblbOpa MPMMEHAEMOro B KayecTBe OCHOBHOTMO
obpaTHoOro runeponepaTtopa, 4YTO B CBOK oO4yepeab NpeaonpeAeseHO HanpaBAeHUEM
BbIYMCNEHNA NOCNEA0BATENBHOCTH.

B KayectBe cneacteus cnocoba onpeneneHua HEMTPANbHOIO 3/1€EMEHTA HAauYMHAA CO BTOPOro
nopsfka runeponepaTopa BKAOYUTENIBHO W Bbille, MPU 3HAYEHUU BTOPOro onepaHaa, PpaBHOM
1, runeponepaTop BO3BpaLLLAET CBOW NepPBbI onepaHa;

HO(d, n, a, 1) =HO(—d, n, a, 1) =HO:(1,n—1,N(n—1,a),a) =anpun=2. (62)

MprYyém nocneaHee yTBep:KAeHME AENCTBMTENIbHO KaK g/aa runeponeparopa NpsmMoro, Tak u
ANA runeponepaTtopa 06paTHOro AencTBMA, NMOCKONIbKY MeHseMble MecTaMW B YPaBHEHMUM
onpeaeneHns runeponepaTtopa pesynbTaT rmneponepaTopa M ero BTOPOW onepaHZ a PaBHbI
mexay coboi ncxoan s NocaeAHero ypaBHeHus.

Mo npuumMHe BMHAPHOCTM rMNeponepaTopos O6WMM ANA BCEX rMneponepaTopoB MPSMOro
AeNCTBUA 3amevaTeNlbHbIM CBOMCTBOM NBASETCA BO3BpaT 4 B c/iyyae Toro, ecam oba ero
onepaHAa paBHbl 2, 4YTO HabnogaeTcs BHe 3aBMCMMOCTM OT nopsaka 6uHapHoro
rMneponepaTopa, 3a WCKAOYEHMEM TUMeponepatopa Hy/neBOro nopsgKka (MHKpemeHTa) no
npuYnHe ero He BUHAPHOCTMK:

HO(1,n,2,2) = 4npun=1. (63)

Ewé oAHMM MHTEpecHbIM Hab/logaeMbiM CBOMCTBOM TMNeponepaTtopoB MNPAMOro AencTBuA
ABNAETCA CTPEM/IeHNe K 1, Npu CTpemaeHMM BTOPOro onepaHaa B —°°, 4To HabaloaaeTtca Ans

YeTBEPTOro M Bbille NopAAKa rMNeponepaTopos:
lim,, , HO(1,n,a,x) = 1npun = 4. (64)

Pe3ynbTaTbl AeNCTBUA 0BPATHBIX TMNEpPonepaTopoB OT YETBEPTOro NOpsAAKa U Bblille OTHOCATCA
K MHOeCTBY TPaHCLLEHAEHTHbIX YMCen COrfacHO onpeaeneHus nocneaHero. A B obuiem
pe3ynbTaT AencTBuMA 06paTHOro runeponepaTtopa — 3TO YMC/AO M3 CYETHOrO MHOXKECTBa Mo
onpeaeneHunto, NOCKObKY MHOXECTBO TaKMUX YMCEN ABAAETCA Pe3y/bTaToM KOMBMHMpOBaHUA
yncen u3 AByX CYETHbIX MHOMKECTB A/19 NOACTaHOBKM Ha MECTO NepBOro M BTOPOro onepaHaos
obpaTHoro runeponepaTtopa. Mo nopsaKy obpaTHOro runeponepaTopa ero pesynbTaT MOXKHO
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OTHECTU K CYETHOMY NOAMHOMKECTBY COOTBETCTBYHOLLEIO NOPAAKA, €C/IN B KAaYecTBe onepaHaoB
obpaTHOro runeponepaTopa MCNONb30BaHbl YMCNA KaK pe3ynbTaTbl NOCAe[0BaTe/IbHOCTU
rmnepoonepauni paBHOro nnu HUXKe nopAgKos BMJIOTb 4o onepauui
WHKpeMeHTa/aekpemeHTa B KayecTBe  NepBoW NUCXOAHOW  runeponepuuu n3
nocnenoBaTeNnbHOCTU. TaK, B OOLWEM cayyae BCe UeNble YUCNAQ, KaK pe3ynbTaT BblYMTAHUA
LenblX, NONYYEeHHbIX B pe3yabTaTe MHKPeMeHTa/aeKpeMeHTa — 3TO CYETHblE MepBOro NOPsALKa;
BCE paLMOHa/IbHble, MOJIyY4EHHble B pe3y/ibTaTe [AeNeHUA LUenbiX WAM  PaLUOHANbHbIX,
NOJlyYEHHbIX B pe3ynbTaTe AeNeHUA LeNblX WAM PauMOHA/IbHbIX — 3TO CYETHble BTOPOro
nopAAKa; pe3ynbTaTbl M3BAEYEHUA KOPHA, OLHOBPEMEHHO ABAAACH anrebpanyeckMmu, Kak
pe3ynbTaT U3BNEYEHUA KOPHA U3 Le/blX, PAaLMOHANbHbIX, UK anrebpanyeckmx, NONYYEHHbIX B
pe3ynbTaTe U3B/IEYEHU KOPHA U3 LLe/bIX, PALMOHA/BbHBIX UM anrebpanyecknx — 3To CYETHbIMM
TpeTbero nopsafka, a pe3y/bTaTbl 3amensieHusA, NO aHaNarMyHoOM CXeme — 3TO  CYETHble
4eTBEPTOro NOpAAKa, U TaK MOXKHO NPOAO/IKaTb Aanee.

HecmoTpsa Ha TO, YTO pe3ynbTaT 3amMegieHuA U pe3ynbTaT M3BJAEYEHUS KOPHA OTHOCATCA K
MppPaLMOHasbHbIM YMCNAaM W ANA KOTO-TO MOTYT BbIFNAAETb WMAM BOCMPUHUMATCA CXOXKMM
06pa3om, OHW CYLLHOCTHO pas3/inyHble. PaBHO KaK pauMOHa/sibHOE YMC/IO HeNb3s NpeacTaBUTb
yepes pasHULy Uenblx, a anrebpanvyeckoe MppauMoHanbHOE Henb3n npeacTaBuUTb B BUAE
APOoBUN pauMOHaNbHbIX YMCen, pe3ynbTaT 3ameneHna Henb3s NpeacTaBUTb B BUAE pesynbraTta
N3B/IEYEHMNA KOPHA cTeneHn anrebpamyeckoro ymcna ot anrebpamyeckoro umcna. Hackosbko
uenble OTAMYAIOTCA OT pPaUMOHaANbHbIX, HACTONbKO pPaUMOHaNbHble OTAMYAOTCA  OT
anrebpanMyeckMx MppauUMOHanbHbIX, HACTONbKO MOCAeAHMEe OTAMYalTCA OT pesyabTaTa
3amep/ieHnn, BCE OHW OTAMYAlOTCA APyr OT Apyra BCEro /Avllb OAHUM  MNOPSAAKOM
rmneponepaTopa. Ho 06LWMM CBOMCTBOM BCEX CYETHbIX YMCEN NOPALKA Bbllle NepBoro ABAAeTcA
MX HeuenoCTb, aBTOMATUYECKM O3HayaloWwaa MNPaKTUYECKYD HETOYHOCTb WX 3HayeHus,
NoNy4aeMoro npu MNPaKTMYECKM KOHEYHOM KOJMYEeCTBE peKypcuii obpaTHOro onepartopa, C
MCMNONb30BaHMEM KOTOPOrO AaHHbIE YNCAA NOJYYEHDI.

fmnepnorapudm Mo>KHO BbIPa3nTb HEABHO M KOMMAKTHO Yepes NpAMOM rmneponepaTop:
c=HO(1, n, a, HL(n, a, c)), (65)
roe HL(n,a,c) — runepnorapmudm n-ro nopsaka ¢ N0 OCHOBAHMUIO a.

MoHo O6paTVITb BHMMaHME Ha TO, 4YTO B OT/IMHUKN OT PpewweHna AanA 06paTHOFO
rmneponepartopa B peweHnn AanAa rmnepnorapw¢ma, I'IOCI'IGAHMI‘;I noacrtaBaAeTcA Ha MeCTo
BTOPOro onepaHaa npAamMoro runeponepartopa, 4ToO O6yCl'|aBJ'IMBBET ero npumeHmMmocCTb B
KavyecTtBe OCHOBHOIO 06paTHOI'O rmneponepatopa npu BbIHNCIEHUKU NOCNen0BaATE/IbHOCTU
cnpasa Haneso.

3anucatb  runepnorapudm  HEKOMMAKTHO, a WMEHHO B BWAE YpaBHeHMA  gaA
nocnefoBaTeIbHOCTM OMNepaumMii HU3WEro nopsaAKka, Kak 3TO BO3MOXKHO Ans o6paTHoro
rmneponepaTopa, He NPeACTaBAAETCA BO3MOMHbIM, MOCKOJ/IbKY TaKWUX OMNepauuii He MOXKeT
6bITb Heuenoe ynucno. [JaHHoe TexHUYeckoe npenAaTcTBMe obecLeHuWBaeT runepnorapuom B
KayectBe MOTEHLMANbHO OCHOBHOrO ObpaTHOro  runeponepaTopa, COOTBETCTBEHHO
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ANCKPpeEANUTUPYET HanpasieHNe BbINO/IHEHUNE onepau,m‘/'l B nocnenosaTesibHOCTU CnpaBa Ha1eBO

(npaBas accouMaTMBHOCTL), NPU KOTOPOM rMnepaorapnudm AoxKeH bbia 6bl ABNATHCA TAKOBbIM.

Tabnauua pesynbratoB 6MHApPHOro rMneponeparopa NPAMOro AeUCcTBUA NPU Pa3IUYHbIX

npPoBEPOYHbIX 3HAYEHUAX apPrymeHTOoB

'vnep-
H B
anmenosanme CnoxkeHne | YMHOXeHue O3BeAcHNE YckopeHune oneparop Tetpauma
runeponepaTopa B CTENeHb 5-ro
nopaaka
Mopagok 1 ) 3 4 5 )
rmneponepaTopa
HO(1,n,a, —o°) —oo —oo 0 1 1 ?
HO(1,n,a, 0) a 0 1 {a av? 1
HO(1,n,a, 1) a+1 a a a
HO(1,n,2, 2) 4 4 4 4 4 4

ana COKpaweHNA 3anNUCU MOXKHO onpeaeimTb CMHOHMMbI TMNepPonepaTopoB:

H(n, a, b) = HO(1,n,a,b), (66.1)

HR(n, a, b) = HO(-1,n,a,b). (66.2)

fvnepctreneHHas ¢yHKUMA — 3TO runepdyHKUMA, npeacTaBasowas coboi eauHCTBEHHbIN
npsmoi BMHapHbIA rMneponepaTop, rae NepBbiM ONepPaHAOoM ABAAETCA aprymMmeHT GyHKUuuUK, a
BTOPbIM ONepaHAOM ABNAETCA NPOM3BO/IbHOE BELLECTBEHHOE YNC/IO:

y=H(n, x,a). (67.1)

fvnepnokasarenbHasa GyHKUUA — 3TO runepdyHKUMA, NpeacTaBaaoLLan cobon egMHCTBEHHbIN

npAmMoi BMHApPHbLIM runeponepaTop, r4e nepBbiM OMNEpPaHAOM ABAAETCA MNPOM3BOJIbHOE

BeLLEeCTBEHHOE YNC/I0, @ BTOPbIM ONepaHAOoM ABAAETCA apryMeHT GyHKLUMN:
y=H(n, a,x). (67.2)

fMnepkopeHHaa ¢YHKUMA — 3TO runepdyHKUMA, NpeacTaBAAloWas cobon eaAnHCTBEHHbIN
0bpaTHbI BUHAPHbIV rTMNeponepaTop, rAe NepBbiM ONepaHaoM ABAAETCA aprymeHT GyHKLUMK, a
BTOPbIM ONepaHAOM ABAAETCA NPOM3BO/IbHOE BELLECTBEHHOE YNC/IO:

y=HR(n, x,a). (67.3)
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Mnepnorapupmuueckas yHKUMA - 370 runepdyHKUMA, npeactasaaowas cobou
runepnorapudm, rae OCHOBaHMEM ABAAETCA MPOU3BO/NLHOE MONOXKUTENbHOE BELLECTBEHHOE
4yncno:

y=HL(n, a, x). (67.4)

®PyHKUMIO, NOCTPOEHHYIO HA OCHOBE BMHAPHOrO rMneponepaTopa, Ho B KOTOPOM NPoM3BeaEeHa
B3aMMHaA CMeHa MeCT NPOM3BO/IbHOM KOHCTAHTbI U aprymeHTa GyHKLMM B UX KayecTBe NepBoro
M BTOPOro oOMepaHAoB OMHAPHOrO oOMepaTopa, MOXKHO Has3biBaTb «NepeBEépHyTOM» no
OTHOLLEHMIO K TOW PYHKUUK, TAe B3aMMHAA CMeHa MecT He npousBeaeHa. CTporo roBopa 3To
onpeaeneHne HOCUT OTHOCUTENbHbIA XapaKTep, HO NPUMEHMUTENbHO K aHanudy OWMHapHbIX
rmneponepaTopoB M NOCTPOEHHbIX NPU UX UCNONb30BaHUN GYHKUMIA MOXKHO YCIOBUTBLCA O TOM,
4yTO nepeBépHyTON Oyaem cumtaTtbh Ty OYHKUMIO, TAe MeCTO MepBoro onepaHaa — obbekTa
onepauumn 3aHMMaeT NPOM3BO/IbHAA KOHCTAHTA, @ MeCTO BTOPOro onepaHAa, OTBeYatoLlero 3a
KONMYEeCTBEHHOE W3MeHeHMe O0ObekTa onepaunun, 3aHUMMaeT aprymeHT oyHKuuu. Takum
06pa3om noKasaTenbHana OYHKUMA ABAAETCA NepeBEPHYTOM MO OTHOLWEHMIO K CTeneHHOM.
MepBblt onNepaHA rMneponepaTopa, NPAMOro No OTHOLWEHWIO K runepaorapnemy, 3aHMMaeT B
CamMoM runepsorapnpme MecTo NPON3BOIbHON KOHCTAHTbI, HO He aprymeHTa ¢yHKLUKU, NO 3TOM
NpUYnHe He ByaeT OTHOCUTb rMnepaorapndm K nepeBepHyTbIM GYHKUMAM.

Pacnonaras Tpema 6uHapHbIMU runeponepaTtopamu (oAMH NPsSMON M ABa 06PaTHbIX) MOMKHO
cocTaBuTb 3 runepdyHKUUN, U K KaXKOOM U3 HUX NO OAHOM nepeBEPHYTON, Bcero 6
rmnepdyHKUMIA n-oro nopsaka. Takmm obpasom Kpome BblenpuBeaEHHbIX NPUHUUNUANBHO
cylwectsytoT ewé pase runepdyHKUMKM, obobuiatolime BUAOBbIE Ha3BaHUA KOTOPbIX MHe
HeunsBecTHbl. MOXXHO OTHECTU UX K NepeBEPHYTbIM 0O6paTHbIM rMnepdyHKUMAM, U Ha3BaTb UX
cneayrowmm obpasom:

MNepeBEépHyTaA rMNepKoOpeHHasn:

y=HR(n, a,x). (67.5)
MepeBépHyTas runepnorapudmuyeckasn:

y =HL(n, x,a). (67.6)

Ta6nuua runepdyHKUMI1 OT NepBOro A0 YeTBEPTOro NopaaKa runeponepartopa

lpynna Obuee Ha3BaHMe o YacTHbIN BUA, B 3aBUCUMOCTU OT NOPsKa
o O6wmn Bua,
bYHKUMM bYHKUMM 1 2 3 1
Mnep-
Mnep H(n, x, a) X+a X-a <@ Iy
Mpameble CreneHHas
dyHKLMM Mnep- < <
H(n, aIX) at+Xx a-X aX a/‘x
lMoka3aTenbHasn
Mvnep- L ]
HR(n, x, a a /. XY
Ob6paTHble KoppeHHas ( ) o a /3 Vxex'/a
dyHKUMM mnep-
HL(n, a, | R
Norapudmunyeckas ( X) 08a X XNa
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. MNepeBépHyTan x 1 x
MNepeBép- Fnep-KopeHHan HR(n, a, x) Vaosalx av
HyTble

obpaTHble MepeBépHyTasn
dDYHKLIMM rmnep- HL(n, X, a) Ing as
Norapuédmmnyeckas

a—x a/x

ay
log, x

Tpw rpynnbl runepdyHKUUN chOpPMUPOBAHbI KPUTEPUIO 3HAYEHUA M POCTA NPU NPOU3BOJIbHOM
KOHCTaHTe 6osibwe 1 M NONOKMTENbHOM aprymeHTe 6onblue 1, a TakKe M No Tomy, 4TO ANA
NOpPAAKOB HUMXKe TpeTbero QYHKUMM BHYTPWU rpynnbl GYHKUMOHANbHO TOXAECTBEHHbI. Tak ans
NPAMbIX TMNEPOYHKLMI 3HAYEHME UM CKOPOCTb POCTa HE MeHee 3HAYeHMs M CKOPOCTM POoCTa
GYHKUMKM y=X, ANA 06paTHbIX rMNepdyHKUMN He 6osee 3HAYEHMA U CKOPOCTU PocTa GyHKUUM
Y=X, a 417 NepeBEpHyYTbIX 06PaTHbIX rMNepdyHKLUIN POCT BoOOLLE OTPULATENEH.

Bce runepdyHKUMM NO CBOEN MAaTEMATUYECKOM CYyTU pasHble, HO TEM He MeHee A1s NOopPALKOB
runeponepatopa 1 u 2 ¢JyHKUMM, nNpuUHAANexawme oaHon rpynne, ¢YHKLMOHANBbHO
TOXAECTBEHHbI APYr APYry M BO3BPALLAIOT TOXKAECTBEHHbIW pe3ynbTaT A5 COOTBETCTBYHOLLMX
NopAAKOB, a TakKe npsamble runepdyHKUMM nopsakos 1 n 2 ecTb 0AHOro BUAA C 06paTHbIMM
rmnepdyHKUMAMM COOTBETCTBYIOWMX MOPAAKOB C TOM NUWb PasHULEN, YTO ANnA obpaTHbIX
rmnepdyHKUMI  NPOM3BOJIbHAA  KOHCTAHTA MPOTMBOMOJIOXKHA TAKOBOM  AaAa  MPAMbIX
rmnepdyHKUMIN OTHOCUTENIBHO 3HAYEHWA HEWTPAZIbHOro 3NEeMEHTa AN COOTBETCTBYHOLLENO
nopaaka.

HecmoTpAa Ha To, YTo Ana nopagkoB 1 u 2 Bce runepoyHKUMM Kpome yHKUMKM y = a [ X,
ABNAIOTCA JIMHEMHbIMM, A He CTan 06beAuHATb MX B OAHO, MOCKONbKY OT/IMYMA Y HUX
CYLLLHOCTHbIE.

Ta6nuvua Bo3BpaLLaemMbiX 3HaUEHUA rMNepnoKasaTebHo GYHKLMUU NO OCHOBaHUIO 2 AnA
pa3HbIX NOPAAKOB «N» U 3HAaYEeHUM aprymeHTa «x»:y = H(n, 2, x)

X
n
—o0 -2 -1 0 1|2 3 4
1 —oo 0 1 2 3|4 5 6
2 oo -4 2 0 2 | 4 6 8
3 0 Y % 1 2 | 4 8 16
2 2 2
4 1 V2 =32 iz =42 V2 2 | B | 4=2"=16 | 16°=2°=256
1.09050773 1.18920712 1.41421356
X X
5 1| x=y=Vz=%2 |x=y=V2| x=V2 | 5 | | 4222256 | 256"°= 2"
1.55961047
1.28486975 1.37997040
Tetpauma | ? —oo 0 1 2 | i 2*=16 2'°=65536

Mpy eAMHUYHOM Luare pocTa aprymeHTa Kaxgoe cineadyloliee 3HayeHue rmneprokasaTenbHom
GYHKUMM MO OCHOBAHWIO 2 - 3TO y 4-0ro nopsAka: 2 B CTEMNEeHM Npeaplaylwero 3HadyeHus
byHKUMK, y 5-oro nopsaka: npegblayliee 3HavyeHUsa GpyHKUMM B COBCTBEHHOM CTeneHu, a y
dYHKUMM Ha ocHoBe TeTpauuu: 2 B cTeNEHM Npeablaywero 3HayeHma GyHKumumn (cm. Tabauuy).
Mcxoas u3 3TUX 3aKOHOMEPHOCTENM, MMEHHO MO KPUTEPUID CKOPOCTM pPOCTa A OTHEC 6bl
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TeTpaumio K nopagky 4%, Kak pactywyto bbictpee PyHKUMM 4-rO0 nopsaaka, HO medsieHHee
byHKUMM 5-ro.

Takxke Habnopgaetcs WHTEpPecHaa 3aKOHOMEPHOCTb T[MMepnoKas3aTeNbHbIX ¢GYHKUMA Mo
OCHOBaHMI0 2. 3HauyeHne GYHKLMM NPU aprymeHTe, paBHOM 4, paBHO 3HAYEHUIO NPU APTYMEHTE,
paBHOM 3, HO pgna runepdyHKUMM OJHOrO MopsaaKa Bbile PAacCMAaTPMBAEMOM, 4TO
OEeNCTBUTENbHO HauyMHaa co NepBOro nopAgKa runeponepaTopa:

H(n,2,4)=H(n+1,2,3)npun=1. (68)

CywecTByeT Takoe CEMENCTBO aHa/IMTUYECKN 3adaHHbIX PYHKLUMNA, YTO He camn PYyHKUMU, He
O/ZHa M3 X NPOU3BOAHbLIX (NepBas, BTOpas U ganee 6e3 orpaHUYEeHUA) He UMEHT SKCTPEMYMOB
W npepbiBaHMA NpuU N0ObIX 3HAYEHUAX aprymeHTa B rpaHuuax ero onpegeneHus. Ons HUX
3Ha4YeHUA GYHKUMIA U BCEX MX NPOM3BOAHbIX MO0 PaBHO HyAlO, NGO ABAAKOTCA KOHCTAHTOW,
nmbo TonbKo ymeHbliaetca, MBO TONbKo yBennumBaeTcA. K COXKaneHuto MHe Heu3BeCTHO
Ha3BaHMA CEMENCTBA TaKNX PYHKLMUMN, N €C/IN Y HETrO ero HeT, TO ero MoXHo 6bi10 6bl Ha3BaTb
CEMENCTBOM «COBEpPLIEHHO MOHOTOHHbIX ¢YHKUMii». K AaHHOMY CeMeNcTBy OTHOCATCA
rmnepnokasaTesibHble, rmnepaorapndmmnyeckme dyHKUMM (CNMCoK GyHKLUMIA He UCKNOYAIOLWMN).
OcTanbHble aHaUTUYECKM 3adaHHble ¢GYHKUMM no  onpeaeneHvto o06nagatoT  gaHHOM
XapaKTEPUCTUKOW B WMHTEpBase aprymeHTa MexKAy COOCTBEHHbIMWU TOYKaMU NpepbiBaHUA U
TOYKAMM IKCTPEMYMOB W TaKOBbIMM TOYKaMM AN BCEX CBOUX MPOU3BOAHbLIX. K ZaHHbIM
bOYHKUMAM OTHOCATCA: Bce (PyHKUMKU, obpasoBaHHblie runeponepaTopamu; 3AAUNTUYECKASN;
TPUroHOMETpUYecKMe; obpaTHble TPUrOHOMETPUYECKME; rMnepbonyeckne U MHorme apyrue
byHKUMK. B aTOM cnyyae pedb MAET O COBEPLUEHO MOHOTOHHbIX 061acTAX GYHKLMNA.

OTAMYHaA OT BCEX OCTasIbHbIX rMNepnoKasaTenbHbIX GYHKUUIA MO OCHOBAHMUIO 2, MOCTPOEHHas
Ha ocHoBe TeTpauuu runepnoKasatenbHana GyHKUMA npoxoauT Yepes Touku: (—=1,0); (0,1); (1,2)
(cm. Tabnuuy), yepes KoTOpbie MOXKHO NpoBecTn npsmyt. CnenoBaTenbHO B MHTepBane
aprymeHta or —1 Ao 1 y rMnoTeTMyeckoM MNOCTPOEHHOM Ha OCHOBe omnepaTopa TeTpauuu
rmnepnokasaTenibHoM ¢GYyHKUMA 0600LeHNs ANA BELLeCTBEHHOrO aprymeHTa, MMelT MecTo
3KCTPEeMYMbl NMPOU3BOAHOM, TO €CTb OHa HEeCOBEepLIEHHO MOHOTOHHA. TakXe 04eBMAHO U TO,
YTO OHA MMeeT npepbiBaHUE NPM 3HAYEHUM aprymMeHTa -2, U He WU3BECTHO, MUMEEeT JIn OHa
onpeaeneHne ANAa aprymeHta snesee 3TOM ToO4YkM. [laHHble 06CTOATENbCTBA ABAAIOTCA
NPWU3HaKammM TOro, YTO AaHHaA GYHKUMA He ABNAETCA rMneprnoKasaTesibHOW No npueBesEéHOMY
npu3sHaky. bonee TOro, oHa MMeeT COBMAZEHMA C ABYMS APYrMMM FMNEeprnoKa3aTenbHbIMU
byHKUMAMM B TPEX TOUKax aprymeHTa: 0, 1, 2 ¢ dyHKuMel TpeTbero nopaaka (IKcnoHeHTa) u 1,
2, 3 ¢ dyHKUMel YeTBEPTOro nopsaaKa (AkceneHTa) (cm. Tabauuy), 4To SBAANOCL Bbl aHOMaNUen
ANA rMneprnokasatenbHol ¢yHKUMKU. Tpn 3TOM He CyLWEecTByeT Kakux nMbo TPEX ToueK, B
KOTOpbIX t0bble NOCTPOEHHbIE HAa OCHOBE ruMeponepaTtopa C /IeBOM aACCOLMATUBHOCTbIO
rmnepnokasaTesibHble GYHKUUKU, BKAOUMTENIbHO DKCMOHEHTa M AKceneHTa, coBnaganun 6bl B
TPEX TOYKAX aprymeHTa npu NobbiXx KOMOMHAUMAX OTANYHBIX OT HYNA U eAUHULbl 3HAaYEeHUN
OCHOBaHMA TUMEPCTENEHM U MPOU3BOILHOTO MHOXMUTENA. Bce 3TO AUCKpeaUTUpPYET npasylo
accoUMaTUBHOCTb, C MPUMEHEHMEM KOTOPOM onpeaeneH onepatop TeTpaums.

BbluMcneHne cTeneHHoW 6alHWM B HanpaBAeHWWM CNPaBa HaNEBO PABHOCWMILHO MPUMEHEHMIO
CKOBOK, OTpbIBalOLWMX BTOPOM OMepaHsg OT CBOEro onepatopa B MOC/Ne40BaTeNbHOCTM, YTO
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NPUBOAMUT K «aHOManAUU» B MNOAy4aeMOM pe3yabTaTte, rae noA HOPManbHbIM Pe3ynbTaTom
MMeeTCA B BMAY Pe3ynbTaT, MONYYEHHbIW COTNAaCHO ONpeaeneHuo ANA runeponepaTtopa, TO
€CTb C TaK Ha3blBAEMO SIEBON aCCOLMATUBHOCTbIO UM HAMpPaBAEHUEM BbIYMCNEHUA C/leBa Ha

npaso.

Al He 3Hato, UTO MMEHHO MOCAYXKMA0 NPUYMHOM BbIOOPa NPaBOM accoOUMATUBHOCTM B onepaTope
TeTpauma. Ecam npuyunHOM aABMAacb npesymnuma o TOM, YTO ONepaTop BbICLIEro nopagka
OOMKHO ObITb HENb3S KOMMNAKTHO OMMcaTb Yepe3 onepaTopbl HU3LWKUX NOPALKOB, MMEHHO TO
y£06CTBO KOMNAKTHOM 3aMMUCK, M3-3a KOTOPOTO Mbl, AO/IKHO ObITb, BBOAMM HOBblE OMEpPaTopbl
B 06uxoA4, TO 5 MOTy MPOKOMMEHTMPOBATb 3TO TeM, YTO OOBbEKTUBHAS PeasbHOCTb CyLLEecTByeT
HEe3aBMCMMO OT Halwero cyObeKTUBHOro NpeacTaB/eHMA O Hel, a MaTeMaTuKa cyllecTByeT
He3aBMCMMO OT Halero cnocoba eé onucaHua. Mo Bcel BUAMMOCTU rMneponepaTop TPETbero
nopaaka - BO3BEAEHME B CTENEHb — 3TO A0OCTAaTOYHO «MOTYLLECTBEHHbIN» WHCTPYMEHT,
UMetoLWmin ocoboe KayecTBo - BO3MOXKHOCTb KOMMAKTHO onucaTb onepaTop OAHOro MopazaKa
Bbile Hero. KcTaTu, B aHI/IMMCKON TEPMMHOJIOTMM OH TaK W HasbiBaeTca: «power». Ho
nocnegHee, BUANMO, He Bbino yyTeHo. [Mo-moemy, rmneponepaTop 5-ro nopAgKa y»Ke Henb3sA
onucaTb KOMMNAKTHO Yepes onepaTop Bo3BeaeHMA B cTeneHb. OYeBMAHO, TYT HAcTynaeT npeagen
«MOTyLLEeCTBa» Noc/aeAHero.

AprymeHTbl B N0N1b3Yy Bbl6Opa HanpaBaeHUA BbIYUCIEHUA NOC/Ie[0BaTe/IbHOCTU B
onpepaeneHuu runeponeparopa

3a HanpasaeHUeE CneBa Hanpaso 3a HanpaB/aeHUE CnpaBa HaleBo

FeomeTpUYecKuii pocT npeanonaraemon
rmnepnokasaTe/ibHoM GyHKUUM YeTBEPTOro NopaaKa,
cbopMynMpoBaHHOM HAa OCHOBE rMneponepaTopa
YyeTBEPTOro Nopaaka, onpeaenéHHOro Kak cteneHHas
6allHA C 1eBOM acCOLMATUBHOCTbIO, COBMAAaET C CaMoW
byHKUMeN. (aprymeHT oT HeobxoaAMMOCTH)

[na nopagka rmneponepatopos
BbllLIEe NEPBOro PaBEHCTBO
eNHULE HENTPAJIbHOTO
3/leMeHTa, NoAy4YeHHOro
nocpeacTBom runepsiorapnpma

KaK OCHOBHOro obpaTHOro
runeponeparopa gna
HanNpPaB/IEHWNA BbIYUC/IEHNA
crnpasa HaneBo. AprymeHT
COMHUTE/IbHbIN, N6O OH
OAHOBPEMEHHO MOKA3bIBAET Ha
HEeCOBEPLLEHCTBO.

[loka3aHHasA HanpaBAEHHOCTb C/IeBa HanpaBo AN
rmneponepaTopoB NOPAAKA HUXKe TPeTbero, u
nocnenoBaTeIbHOCTb B Bbibope HanpaBAeHUs BblMUCAEHMA
npw Nepexoe oT HU3LWKUX Ha BbICLIME NOPALKU
runeponepaTtopos, 6€3 HeobxoAMMOCTHU UX
nepeonpeaeneHuns (aprymeHT NpeeMcTBeHHOCTHM B Bbibope
nocnenoBaTeIbHOCTH)

AHaNorMYHoO NpAMoMy runeponepaTtop 1 yayun
OCHOBHbIM 06PAaTHLIM FMMNEpPONepPaTopomM A/1A HanpaBieHUs
BbIYMC/IEHMA CNEBA HAMPABO, TMNEPKOPEHb Yepe3 CBOM
BTOPOW OnepaHA, noy4yaeT KOMYECTBEHHYIO
XapaKTePUCTUKY onepaunn, CreacTBUEM YEro ABAAETCA
BO3MOKHOCTb MO/IlYYEHMA TMNEPKOPHS MO CPeaCcTBaM
PEKYPPEHTHOTO YPaBHEHMSA, COCTOALLENO M3
nocnenoBaTeIbHOCTM T’MNepPonepaTopoB HU3LWEro NOPAAKa,
YTO HEBO3MOXKHO A/1A rnepaorapuema (aprymeHt
COXPaHHOCTM CBOMCTB rMneponepaTtopos)

HeBO3MOXKHOCTb KOMMNAKTHOWM
3anucu ans runeponepaTtopa
BbICLLEro nopsaka ¢
MCNOoJIb30BaHNEM
rmneponepaTtopos HMU3LIEro
nopsAaKa B KaYecTBe OCHOBaHMA
ONs BBOAaA onepaTopa
cneayouwero nopaaka.
(aprymeHT oT yaobcrTBa)

M'MnepnokasaTtesibHble GYHKLMM Pa3HbIX NOPAAKOB,
ncnosb3yowme npsimble rMNeponepaTopbl, onpeaenéHHble

CywecTtBoBaHMe ABHOIO
PEKYPPEHTHOrO peLeHusa ana
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C NeBOM aCCOUMATUBHOCTbLIO, HATAE HE COBMAZAtOT APYr C TMNEePKOPHA, KOTOPbIN, BNPOYEM,
APYroMm B Tpex TOYKax aprymeHTa. ABAAlTCA COBEPLUEHHO He ABNAETCA OCHOBHbIM
MOHOTOHHbIMU PYHKUMAMM Ha BCEM MHTepBane 06paTHbIM rMNeponepaTopom
onpeaeneHns aprymeHTa (apryMeHT coBepLUEHCTBA) ANA NPaBoM acCOUMATUBHOCTHU

HactoAawmm He npepnaraetca M3MEHUTb CyL,ecTBylOWEee MPaBUAO BblYUCAEHUA CTENeHHOM
6awHM, noapasymesalollee MPaByl aACCOLMATUMBHOCTb, TEM CaMbiM He npegaaraetca
nepeonpegenntb Tetpauuto, [leHTaumto, lekcaumio u T1.4. HO npegnaraerca npusHaTb
NPaBOMEPHOCTb ONpeaeNeHna rMneponepaTopa Kak nocaenoBaTeIbHOCTM onepaLlmin ¢ IeBoM
aCCoOUMATUBHOCTbBIO C 3aKpensieHnem 3a HUM cTaTyca OCHOBHOTO onpegeneHnsa runeponeparopa
W BblAENNTb NONyYeHHble TaKMM 06pa3om onepaTopbl B OTAENbHOE MHOXKecTBO. Mpeanaraetca
MCNoNb30BaTb  COOCTBEHHbIE  MMEHA  FMMNEeponepaTopoB,  OMNpPeAeNiéHHbIX  COrNacHO
npeanoXKeHHoOro npasuaa. Tak AnAa 4YeTBEpPTOro nopsagKka «YckopeHume» U «3amensieHue» B
KayecTBe NPAMOro 1 06paTHOro rMNeponepaTopoB COOTBETCTBEHHO.

Ona TOro, 4ytobbl OTAMYATL BbILWEOMNUCAHHbIE ONpefenéHHble C /JIeBOM aCCOLMATUBHOCTbIO
rmneponepaTopbl OT TAKOBbIX, HO ONpeaenEéHHbIX C NPaBOM aCCOLMATUBHOCTBIO, NpeasiaraeTca
BBeAeHMe 060co0bneHHOM 0bLWen COKpaLLEHHOW CTPENOYHOM HOTauuK ANA rmneponepaTopos,
onpeaenéHHblX C SIeBOM acCOUMATUBHOCTbIO, MOPALKOB BbiWwe 3-r0, KaK CAedyeT U3 HUKe
npueBeaEéHHOM Tabanubl.

CTpenquaﬂ HOTauuA onpep,enéHHblx C NpymeHeHnem neBoi dCCoOUUNaTUBHOCTU

runeponepaTopos
KauecTBO nOpﬂ,ﬂ,OK rmneponepartopa, n
rmneponepartopa 4 5 6
H(n,a,b) ar’ ar’° arr"°
b b b
HR(n,a,b) as ar/v acze/
HL(n,a,c) CNg C\Nq CN\\Ng

nOCﬂeﬂ,OBaTEHbHOCTVI U3 rmneponepatopoB COCTaB/IAKOTCA U BbIYUCNAKOTCA CneBa HAMpaBoO C
NMPUOPUTETOM BblHNCNEeHUA nocnenosatesibHOCTU OI'IepaLI,Mm BbiCLLEro nopAagka Ha,
nocnefoBaTe/IbHOCTbIO  OMepauuii  HU3LWEero nopagka M C  PaBHOM  NPUOPUTETOM
rmneponepartopos OA4HONo nopAgka He3aBUCMMO OT UX KadecTBa. Huxe npueegeHbl TpwU
paBHO3Ha4YHble 3aMMCK OAHOro NpUmMepa:

Ajr7K

b C <N
e ;\/\Cl/‘/'/‘ 44 '\'\'\d‘/ g;./‘;d (69.1)

0

(e /\/\(((afffb)lllc)’\'\'\d)) {<f\,\(g//‘fi) (69.2)

H (4, HR(4, H(5, e, HL(6, HR(6, H(s, a, b), c), d)) HL(5, H(6, g, i), f)), H(5, j, k)),
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(69.3)

YHapHbIA onepaTop — 3TO N0 CyTM BMHapPHbIM onepaTop C HEMTPaNbHbIM 31EMEHTOM B KayecTse
nepBoro onepaHaa — o6bEKTa onepauunm, NOCKOIbKY UMEeT MecTo oyeBMaHoe 06CcToATEeNbCTBO:
onepauusa He MOMKET OCYLLEeCTBAATbCA Hag Huuem. Ecnv mmeeTtcs B BUAY onepauma Npsmoro
OENCTBUA, TO ANA KPATKOCTU 3anMCU MPUHATO 3TOT ONepaTop He YKasbiBaTb, YTO 6e3 OLeHKM
KOPPEKTHOCTU CaMOro npasBu/ia CKoOpee BCEro MoCAy»KMI0 BO3HUKHOBEHWIO BblEYNOMAHYTOM
nyTaHuubl B onpeaeneHnu runeponepatopa. Ecnm mmeetca B Buay onepatop obpaTHoro
OencTeusA, To ero 06A3aTenbHO YKa3blBAlOT, HO OMNATb TaKM ANA KPATKOCTM 3anucu no
BO3MOXHOCTU 6€e3 yKa3zaHMA HEWTPasIbHOrO 3/71eMeHTa. TeM He mMeHee MOCKO/IbKY 0O6paTHbIN
YHapHbIV rMneponepaTop BTOPOro nopsaka (YHapHbI onepaTop AeNeHns) He 06LenpuHAT gas
MCNONb30BaHMA, TO MPUXOZATCA NMCaTb €ro MOJHyI OuHapHyto ¢Gopmy C yKasaHWem
HelTpanbHOro snemeHTa: 1/a. MHe AMYHO NPUXOAMNOCH ABHO MCMONb30BaTbh AaHHYO Gopmy
3aNMcK NocTynaa Tak B yrody YMTaemMoCTM NPOrPamMHOro Koga, Korda B HECKO/IbKUX
OTAEeNbHbIX pAfdax Kofa TpebyeTcAa 3anucaTb NOCAeA0BATE/IbHOCTb OMpeaenéHHbIX onepaumi
oAHOro nopAaka 6es3 ornsAKM Ha MX KayecTBO (KayecTBO MPAMOro uamM obpaTtHoOro AencTaus),
HO ¢ cobntogeHMem nopaaka onepaHAoB. B pesynbTaTte aToro npMéma BblparkeHue BbIrNaLeno
npumepHo Tak: y=1/a*b/c, xota Ha MmoWt B3rnag 3anuncb 3TOro e BbipaxkeHua B suge y=/a*b/c,
TaKXXe XOpOoWOo YuTaemasa WU WHTYUTMBHO MOHATHAA, TaK KaK BCe MOHMMAIOT TO, KaKow
HENTPaNbHbIA 3N1EMEHT MMeeTCA B BMAY MO YMOJYAHUIO B KOHKPETHOM cCay4vae. TaKxKe
OTAEe/NbHO CTOsLLEE BblpayKeHUe /a Uan :a MOXKHO 6b1a10 Bbl YMTaTb Kak 06paTHOE a NO aHaNorMm
C TeM, KaK —a CYMTAOT NPOTUBOMOJIONKHbIM a.

CywiecTByeT BbICKasblBaHME HEMELKOro matematuka Jleononbaa KpoHekepa o Tom, 4yTo Bor
NPUAYMAn Lenble YNCNa, BCE OCTa/lbHOE Ae/10 PYK YEeNOBEYECKUX. B KOHTEKCTE M3NOKEHHOTO U
nmesn B BUAY rMNep-onepaTopbl Hy/JIeBOro NopaaKa (MHKPEMEHT/AEKPEMEHT) MOXKHO YTOYHUTb
[aHHOe BbiCKasbiBaHWe A0 cneaytowero: bor npugyman 0 Kak Hayano M 1 Kak mepy, a
oCTanbHOE NPUAYManu MaTemMaTUKM.
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