Algorithm for finding the nth root of modulo p
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Description of the algorithm for finding the nth root of modulo p.

1 Introduction

First, this sentence is created by machine translation.[1],[2] There may be some

strange sentences.

For {p—1=gqgxm (fg* vV |¢* (x = L))}, it is the deterministic algorithm.
Last time, the calculation method I created was a prime number, a simple sub-
stance, but I added a method to calculate multiple prime numbers. The original

calculation method has also been partially modified.

To find the nth root, we need to factoer n into prime factors. In some case, primi-
tive roots are needed. If you don’t know these, use the Tonelli-Shanks algorithm.

2 Prerequisites and definitions

g = primitive root
p = odd prime

q = prime

L L
p—1=glxm =q" x g, x...q%
Fgp=gXx...g% (X,=Ly)
Fs =gX x...g%" (X, < Ly)

L
p—l=q"xm [ g xq x...q5
L
Fn = qg* X qg’ % .45
4 L
q,,lj"‘xqﬁﬁx...qff
gee < ...qnm (Xn 2 Ly)
N= Qgfx...gm (Xa2Ly A Xy <Ly)
L
q,,lj"‘xqﬁ’;x...qé‘”xqg{cx...qf’i (Xn = Ly)
Ly LB Ly, Xe Xy >
[9a" X g X o4 X g X ..y (Xn 2Ly N Xu<Ly)

¢"=a (modp)
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Fg
Fg X Fg
Fn X Fg

FNXFEXPS
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(qk<qL) tL:(pqL>:m

O (n<q@W <n+qh)

2.1 Number of ( g and N* )-th roots
2.2 Number of qX-th roots

(p—1)=qg"xm {(|q4d Vv [4d)Vr(@G<p}
% 0 nthroots =1

(k<L) a% =x (modp) {

=1 nthroots = ¢*

(p—1)==x (modg){ 0 nth roots = 0
N =1 nthroots = q-
k=L (t) = d
L k=L) @ x (modp) { nth roots = 0

2.3 Number of N¥-th roots
NF (NF<p) v N (N<p)
F=FyxFexFs (Lo=Luo A Xy <Ly)
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Fn nth roots = 1
= =1 nthroots =F
Fn X Fg a(FE) =x (modp) 21 nth rOOtS:OE
= =1 nthroots = F
z 0 Fy x Fg a( Fs > =x (modp) 41 nthroots — OS
s =1 nthroots = FgF
(p=1)=x (modF) ’Z(FEXFS) =x (modp) {7‘é1 nth root‘s:OE S
;
71 — _
Fr a(%) — x (modp){ 1 nth roots - Fr
#1 nthroots =0
_1 — _
= O FS a(%) = x (modp) — ]- nth roots B Fs
%1 nthroots =0
71 — _
exry aF5) 2 (may {31 e
3 Function to find the q-th root
31 (p-1/4) Agi<p
(P—l)Zqum /qu
s — function (1)



p=x1 (modyq)
x1 X (g—1) =x (modg)
(0, 4+1)772) =5 (modg)

(p—1) xs+qh _(p—1)xs+1
g(L+1) N q

r =
*=¢ (modp—1)
a“=y (modp)

a= y(q)k (modp)

32 g < ¢*
3.2.1 If the primitive root is not known

Tonelli-Shanks, Use Algorithm.

3.2.2 When the primitive root is known

a) =1 (modp)
s — function (2)

m=x; (modg)
x1 X (g—1) =x (modg)

xé"_z) =5 (modq)

p—1) xs+ qL
gL+

~~

Y =

¥ = ¢ (modty)

Phase shift correction method

initial value d=0 t=1 w=

= 1 t=t+1 w=1Y
w

q
i =x (modp) ), fayx g Zap) (modp)
dy+q' =dg,)  (distance +q')

Repeat until {q'=q" A a” =1 (modp) }

roop max = (q—1) x (L —k)
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f(x)

x(q—1)x(g—s)

2 x gf®)

(g*th root) — function
(9)*

a=y

If you don’t know the primitive root

If you know the primitive root

he x y1 =y (modp) ..

k k
azygq) _yéﬂi)

3.2.3 Example
p =271

g = 3!

k a =
th t
q roo {n

d=

S =

Y =

Pn
g(tk) =

p—1=2x3x5=gFxm=3%x10

(p—1) xs+q" _

qk

=1y, (modp)

3)
(modp)
(h) — hr (modp)

(pn<p N h#1)
hy (modp)

. hie X Ygk_1y) = Yge (modp)

(modp) = g~th root

primitive root = g =6

¢" =60 =4=1258 (modp)

114,217,211
10,100,190

24

270 x 2+ 3%

q(L+1)

k

r=c¢ (modty)

i

=

):mxdx(q

34 7

7 =7 (mod90)

— 1) x(q=5)

qk

a° x ¢/ =y, (modp)

Ng X ¢+

mxdx(g—1)x(g—s)

qk
30 X 7+

10x24x (3—1)x (38—

=n (mod(p—1))
2)

3

=P

=100 (mod(p—1))

270

o

3 =90



100+90=190 190+90=10 (mod(p—1))
g*th root n=10=100 = 190

p=271 p-1=2x3x5=gtxm=23%x10 primitive root =g =6
=3 ¢"=6"=a=19 (modp)
k a = 6,193,201,97,94,133,168, 255,208
q"th root
n=1,31,61,91,121,151,181,211, 241
d=18 s=2
r=7 r=c=72=19 (modt)
mxdx(q—1)x(qg—s
Flx) = (9 i ) < (g —s)
q
a° x ¢/ =y, (modp)

mxdx(g—1)x(g—s)

ng X ¢+ P =n (mod(p—1))
10x18x(3—1) x (3—2
9 x 19+ ( e ) x( )5211 (mod(p—1))
(p—1) 270

211+30=241 2414+30=1 1+30=31 (mod(p—1))
31430=61 61+30=91 91+30=121 (mod(p—1))
121430 =151 151+30 =181 (mod(p —1))

'throot n=1=31=61=91=121=151 =181 =211 = 241

33 g“<=q" A g¢< p
a) =1 (modp)
s — function  (2)

(p—1) xs+q"

r= EREY

*=c¢ (modtr)

a“ =y, (modp)
(g*th root) — function (4)

k
a=y"" (modp)

If you don’t know the primitive root pSfL) =hy (modp) (pn<p A hp #1)

If you know the primitive root  ¢() = h; (modp)
hp Xy1 =y2 (modp) ... hp X y_qy =y, (modp)

@F _ _(@F (9)F
qL

a=y" =y ... =y 7 (modp) =g throot

5



4 N<<p VvV N<op
g =N (modp) V a=xN (modp)

41 N=qghxqlx..q%  (F)* ((F)*< p)

Referto3.1 (p-1/ q¢) A ¢ <p

. (p—1)xs+1
n I
rS,L") =c¢y, (modp—1)

(c1 % ...cp) = RF (modp —1)
a R = y (modp)
a= y(N)k (modp)

42 N=qlx...qd" 2L,)  (Fp* ((Fp*< p)

—1
a(pFT> =1 (modp)
Refer to 33 ¢“> & A ¢ <p
(p—1) xs+qy"
(Lu+1)

n
rX) = ¢, (modty)  (Xn = Ly)

(c1 % ...cp)f =Rk (mod (pél))

(R)*

1"":

a'™ =vy; (modp)
(N*th root) — function (5)
a= ygN)K (modp)
If you don’t know the primitive root p,SaEl) =hr (modp) (pn<p A hp#1)

—1
If you know the primitive root g<pFT"> = hr (modp)
hp xy1 =y2 (modp) ... hr XYrF,—1) =Yyr, (modp)

a= ygN)k = VEN)]{ e yg)k (modp) = N*th root



43 N=q¥x...q (Xa<Ln) Fs

If you don’t know the primitive root, use Tonelli-Shanks Algorithm.

a(%> =1 (modp)

Refer to 3.2 g~ < ¢*
(, — (p=D)xstqy"
"'n = q(Ln-‘rl)

f,(x) = ¢, n(modtk) (Xn < Ly)

f(x) _ mxdx (q—kl) X (g—s)

Lac) x ¢f) =) (modp)

fq(bl) = bz fq(bz) = b3 — bn (modp)
by, =y; (modp)

(Nth root) — function (6)
2=yY (modp)

p-1
If you don’t know the primitive root p,g s > =hg (modp) (pn<p N hs#1)
—1
If you know the primitive root g(st> = hg (modp)
hs xy1 =y2 (modp) ... hs X Yy,_1) =Yk, (modp)
a=yN =yl ... = y%\g (modp) = Nth root

44 N=g%x..q™ (Xa=>Ly A Xa<Ly)  FgxFg

If you don’t know the primitive root, use Tonelli-Shanks Algorithm.

a<ﬁ> =1 (modp)

Fg

Refer to 4.2 N = qz(‘f X .. .q;(“ (X,2Ln)
(Fp  ((Fp)“< p)
a°" =y =b; (modp)

Fs
Refer to 4.3 N = q?c X .. .qil(“ (X,<Ln) Fg

fq(bl) = bz fq(b2) = b3 . = bn (modp)
by, =y1 (modp)
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(Nth root) — function (7)

a=yY (modp)
(7F55)
If you don’t know the primitive root py ©* %/ =hs (modp) (pn<p A hs#1)

p—1
If you know the primitive root g<FEXFS> = hg (modp)

hs xy1 =ya (modp) ... hs X Y(pp—1) = YFreFs (modp)
a=yN =yl ... E.VFNEFS (modp) = Nth root

4.5 N=qk“><q;ﬁ><... Lo q¥ex...g% (Xa=Ln,) FnxFg
a(%> =1 (modp)
13N
Refer to 4.1 N=q{;«xq;ﬁx...q}uw (F)*  ((Fy)f< p)
"'n="Ta, Tg...Tw
Fg

Referto 42 N = q<x..¢" (2La)  (Fp¥ ((Fp¥< p)

rn:rb, rc...rz

a® =y; (modp)
a= y{\’ (modp)

(Nth root) — function (5)

a=yl =y ... Eny (modp) = Nth root



114 *tHw

4.6 N=qL“><qE’3><. Looxqiex.qpt (Xn<Ln)  FnxFg

If you don’t know the primitive root, use Tonelli-Shanks Algorithm.
a(%) =1 (modp)
Ex
Refer to 4.1 N = qk“ xq;ﬂ X ...q&;" ( FN)k (( FN)k < p)
a® =y =b; (modp)
Fs

Refer to 43 N=qXx...q» (X,<L,)  Fs

fq(bl) = bz fq(b2) = l’)g - bn (modp)

by, =y; (modp)
a= y{\f (modp)

(Nth root) — function (6)

a=yl =y ... Ey%\; (modp) = Nth root

47 N=gbxqlx..q% x q@<x..q@" (XaZLy A Xq<Lp)
FNXFEXFS

If you don’t know the primitive root, use Tonelli-Shanks Algorithm.
(r5<75)
a\fs*fs) =1 (modp)

FNXFE

Refer to 4.5 N = gk xq;ﬁ X.o.qhe X q@lex..q™ (X,2Ln) FnxFg

o

(rke xrgﬁ...rfjﬂ) X (riih xrXe X)) =R (mod (PF—1>) (Xn = Ly)
E



Refer to 4.3 N = qz(c X .. .qil(“ (X,<Ln) Fg

5 Memo

6 Conclusion

We have created a calculation method, but unfortunately we do not have a theoretical
proof. So, in the case of huge prime numbers or special prime numbers, it may be
wrong.
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