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Abstract. The purpose of this article is to introduce and to describe a concept of math calculus
“Multiplical”. To my total surprise | have found that currently such a concept does not exist
among set of math definitions in its direct and explicit form. Nevertheless there are number of
areas of its practical use, where this concept would be suitable and potentially would be
naturally used in its direct and explicit form, especially, in statistics, finance and economy
researches and analysis and many other areas. Moreover from my perspective this concept
perfectly fits into the coherent system of standard mathematical concepts and operators and
should take its rightful place there. In this article also other topics are considered and some
interesting conclusions are made.
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Multiplical

III

The concept of math calculus “multiplical” has the same type of relation towards the product

I’I

operator [] as the concept of math calculus “integral” has it towards the summation operator ).
(as a continuous one has it towards a discrete one) and has the same type of relation towards
concept math calculus “integral” as the product operator has it towards the summation
operator (as a multiplicative one has it towards a summative one). The definition of the
multiplical depends on and is conditioned by its position in the bottom right corner of the

following table which could be a puzzle under other circumstances.


https://vixra.org/abs/2206.0003
https://vixra.org/abs/2206.0012

Table of concept/operator interrelations

Discrete Continuous

Summative Z f
Multiplicative 1_[ IZ

Multiplical is an equivalent of product of infinite quantity of infinitively close to 1 (due to

infinitively small power) factors which are equal to multiplicand function values raised to the
power of element of multiplication and is expressed as follows:

P = [ oot D
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where f — multiplicand function; dx — element of multiplication; F* — indefinite multiplical of
the f or factor-anti-derivative of the f; Z - primary multiplical sign; ef - alternative multiplical
sign, used in circumstances of the proper symbol absence, the bullet differs it from the integral
sign.

F°(x) is called as “multiplical of f(x)” or “multiplical of f(x) over x”.

An operation of searching for indefinite multiplical or factor-anti-derivative is called as
“factorial-multiplication”, a reverse operation of searching for factor-derivative is called as
“factorization”. The factorization (breaking down into a set of factors) of function is related to
the factorial-multiplication of function the same way as the differentiation (breaking down into
a set of differences in the sense of a set of increments or addends) of function is related to the
integration of function. Those are mutually reverse operations of calculus.

As well as the integral the multiplical can be in definite and indefinite forms.

Searching for Definite Multiplical Let’s split a continuous function
(the multiplicand function blue in

f; T T the diagram) into great enough
N gl quantity of small segments

(elementary segments in light
colors), then let’s pick up one point

iy

(in orange) inside of each of
d; elementary segments and measure
— a function value at it f;, then let’s
raise each of those obtained values

Xy X, to power of their respective
X

elementary segment length d,
that’s how we form a set of multipliers each of those belongs to respective elementary
segment. Then let’s choose two different points of the function domain xo and x; which

together define a finite size function segment (the segment of multiplication). Then let’s
P



multiply part of those multipliers whose respective elementary segments fall into the segment
of multiplication (in darker color) and obtain a certain result. Decreasing length of the largest
elementary segment to zero in the limit, respectively increasing the number of elementary
segments to infinity in the limit makes the result of the multiplication of those multipliers to be
equal to value of the definite multiplical of the function for the segment defined by points xq
and x;. This operation describes the essence of the multiplial concept and is an analog of
searching for curvilinear trapezoid area as the definite integral value. There are only two
differences between two operations: 1) with the multiplical we apply multiplication (product)
operation over the partition of segments, and with integral we apply summation (sum)
operation. 2) with the multiplical we raise each elementary segment function value to power of
the elementary segment length and with the integral we multiply each elementary segment
function value to the elementary segment length. In the rest logic of two operations is identical.

The function factorial f represents the relative function change with respect to changes in the
function argument or in the element of multiplication and has the following general definition:

f(x +dx)
fx

In accordance to how the whole integrand expression f(x)dx is a differential of the anti-
derivative dF(x), the whole multiplicand expression f(x)d" is a factorial of the factor-anti-

ff() = (2)

derivative fF°*(x), which is by the way one of the infinite quantity of infinitely close to 1 factors
that were mentioned in the multiplical definition, and that’s is why the process is called no
other way than factorial-multiplication:

F*(x) = o f fF (x), (3)

On my opinion the concept of factorial is way too great and fundamental to use the term for
naming x!. Further in the context of this article and by the default the “factorial” term is not
used with reference to x!.

In accordance to how the dF(x) changes its arithmetical sign to opposite when someone does
an integration in an opposite to argument growth direction dx<0 (the accumulating result of
integration is not being added but instead subtracted by this differential in the case), fF*(x) is
also changes to its multiplicative inverse when someone does a factorial-multiplication in an
opposite to argument growth direction (the accumulating result of factorial-multiplication is
not being multiplied by but instead divided by this factorial in the case):

X1 X0
o[ root=1/e [ reot @
X0 X1
where Xq is the begin of the factorial-multiplication segment; x; is the end of the factorial-

multiplication segment;

A solution of a definite multiplical can be got as ratio of indefinite multiplical at the ending
point to indefinite multiplical at the beginning point of the segment of multiplication
respectively:



F*(x4)
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Just like an integral of a sum or difference equals to the sum or difference of the integrals, a
multiplical of a product or ratio equals to the product or ratio of the multiplicals respectively:
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dx
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Just like a definite integral of a segment equals to the sum of definite integrals of composite
segments without gaps and under the condition of one direction of integration and its
continuity, a definite multiplical of a segment equals to the product of definite multiplicals of
composite segments without gaps and under the condition of one direction of multiplication
and its continuity:

. f :Zf(x)dx =« [reomxe | jzf(x)dx, (7.1)

. f ?f(x)dx e j Tf(x)dx X o j jf(X)dX- (7.2)

It is forbidden for a multiplicand function to be negative inside of segment of factorial-

multiplication by two reasons: firstly, there is an uncertainty in the sign of fF*(x) with infinitely
small and not necessarily rational exponent dx, and secondly, if the sign of fF*(x) is nevertheless
defined as negative, then it still makes no sense to represent the multiplical as the product of
an infinite number of negative multipliers, because then there inevitably arises an uncertainty
in the evenness or oddness of the quantity of these multipliers, and hence the uncertainty of
the state of positivity or negativity of the factorial-multiplication result. Multiplicand function
modulus has to be submitted for the purpose. For the same reason, there is no designation of
the module of the multiplicand function in the record of the multiplicand itself, the entire
responsibility for submitting the allowed type of function is on the analyst.

An integration of a constant gives us a linear function or an arithmetical progression; in return a
factorial-multiplication of a constant gives us an exponential function or a geometrical
progression. Indefinite multiplical of f(x) = A is expressed as follows:

X

F*(x)=B-A" (8),

where A - constant, B — non-zero finite arbitrary constant (arbitrary multiplier) that shall be
included as multiplier into an indefinite multiplical expression in the correspondence to how an
arbitrary constant is included as an addend into an indefinite integral expression. B can be a
negative which gives us an opportunity to have indefinite multiplical as a function that is below
X-axis.



Ranges of arbitrary constants

Arbitrary constant Unreachable small Neutral Unreachable large
Integral arbitrary
constant addend C
Absolute value of multiplical
arbitrary constant multiplier B

— 00 0 +4+ oo

0 1 + oo

Multiplical can be expressed via integral, however this expression is indirect and bulky by the
definition, it requires some additional operations: raising e to power of integral of natural
logarithm of multiplicand function:

Fo(x) = e/ (f®)dx (g

To those who thinks the multiplical is a useless and redundant entity | offer equally and without
any prejudice to re-consider the reason-ability of the product operator [] existence because
obviously this operator can be expressed via sum operator ) exactly the same manure, and
who knows, maybe it is also redundant according to them. The following expression could seem
bulky but principally not bulkier that the indirect multiplical expression that is via the integral,
but most importantly, it works:

N
N
[ Jos = signCtasiazs -ax) - €¥=113, (10
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where sign — a helper function that returns =1 in case if number of negative multipliers in the
passed as argument array is odd, otherwise it returns +1. In addition it returns 0 in case if there
is at least one zero multiplier in the passed array.

Anyways as a compromise the multiplical can be considered as a shorter version of the above
expression with usage of the integral. Personally | consider the shorter version as more
intuitive, more primary by its nature, is something that directly reflects the mathematical
essence of the conducted operation. On my opinion the multiplical has every right to take its
rightful place in the coherent system of standard mathematical concepts and operators. The
expression with usage of integral could be considered as an indirect expression that is used in
circumstances of lack of the required math apparatus.

In fairness, it should be noted that the indirect multiplical expression gives us the opportunity
to analytically describe formulas of indefinite multiplicals for a large number of analytically
given functions using existing operators and existing functions.

A direct translation of a multiplical arbitrary constant multiplier B to an integral arbitrary

constant addend C which is used in the indirect multiplical expression e/ (fC)dx  4n4 the
reverse translation of them both are possible via the following equations:

C=In|B|, (11.1)

B=+e® (11.2)



At Xo = Xx; a definite multiplical always returns one. This result corresponds to the following

conclusion. As a result of the sum operator always represents a certain alteration of 0 the same

way a result of the product operator represents a certain alteration of 1, therefore product of a

zero quantity of multipliers gives us 1 as a result (without alteration of 1) and which is also

being confirmed by equations 5 and 9:

f In f(x)dx = 0 ,atx0 = x1 (12.1)
X0

F*(x)=e

Searching for multiplical by the

graphical method in the Y-logarithmic
coordinate system
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Just like the definite integral the definite multiplical
can be solved graphically (see the diagram). If we build
an analyzed function graph in a coordinate system
where the Y-axis marked up in units of In y (a natural
logarithm of y) then if we measure an area of
curvilinear trapezoid formed by the function graph in
this coordinate system and limited by xo and x; at the
left and at the right respectively, and then if we raise
the e number to power of this area then we get a
value of definite multiplical. In other words a natural
logarithm of a function definite multiplical equals to an
area of curvilinear trapezoid formed by the analyzed
function and limited by xo and x; at the left and at the
right respectively geometrically measured in a Y-axis
natural logarithmic coordinate system. And since the
multiplical neutral element is 1 (0 in In y units) the
measured below that Y coordinate curvilinear
trapezoid area shall be counted as negative. The said is
confirmed by the indirect multiplical expression with
integral usage.

According to the multiplical definition a solution of the definite multiplical is also can be

obtained via math limit of product operator:

Ax =(x1—%) /N, N€eN, N>0 (13.1)
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(Flxo + &x - (-1) - flxo + Ax -i))AX/Z, (13.3)

i=1

For finite values of Ax (the length of an elementary segment) and for somewhat greater

practical accuracy, it is proposed to take the values of the function in the middle of an
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elementary segment, equation 13.2. A more numerically accurate method is to use in the
iterations a geometrical-average value as the multiplier which is received out of pair of
multiplicand function values taken at the beginning and at the ending of an elementary
segment respectively, equation 13.3. Because of presence of two (an even number) close to
each other function values as multipliers in this method, the latter provokes making a factorial-
multiplication of negative function zones, which is forbidden.

Since the multiplical is essentially the result of the operation of the product, and not the sum,
an additional sign of the multiplical divergence, which distinguishes it from the integral by this
criterion, is the approximation of the multiplicat value to zero when the argument tends to
infinity. A necessary but not sufficient condition for the multiplical convergence is the
approximation of the multiplicand function to unity as the argument tends to infinity, which
distinguishes the multiplicative from the integral, the integrand function of which must tend to
zero for the same condition.

The summation operator and the product operator can be given a general definition of a
recursive incremental iterator of the first and second order respectively (according to the
hyper-operator order used in the basis). The integral and the multiplical can be given a general
definition of a recursive incremental iterator in limit of the first and second order respectively.
Also the anti-derivative and the factor-anti-derivative, the derivative and the factor-derivative
can be given a general definition of an anti-derivative of the first and second order, and a
derivative of the first and second order respectively.

Examples of factor-anti-derivative for known functions

Function Factor-anti-derivative
0 does not exists
1 B
a B - a*
a-x" B. en-x-(ln(%-x) -1)
ax B- a(l/z.n.XZ)
e B-eAN”

where A - a designation of the operator of power tower with left associative property.

Multiplical usage examples

t
I(tg,t;) = ® 1(1 +i(D))9,  (16.1)
to
where t — time, year; to — control period beginning timestamp, year; t; — control period ending
timestamp, year; i(t) — time function of money inflation or economical growth or interest rate
on year basis, u.f.; I(ty, t1) — factor function of money depreciation or economical growth or
exponent debt growth over the control period, u.f.



ty
St)=e| 1-m@®)*, (16.2)
0
where m(t) — function of year based mortality rate in an elementary group in dependence of
the elementary group age, u.f.; t; — age, year; S(t;) — function of expected fraction of survivals
out of all born in dependence of age t;, u.f.

Phisical dimensionality of multiplical and multicand functions

As we well know for the integral, the interdependence between the dimensionality of the
integrand function value and the dimensionality of the integral values of is established through
the dimensionality of the element of integration or, in other words, through the dimensionality
of the common argument for both functions:

M=m-a,

where M is the dimensionality of the integral values, m is the dimensionality of the integrand
function values, a is the dimensionality of the argument values.

In this case, the multiplication operator is used - operation with an integration element. The
very classical idea of the dimensionality of a physical quantity implies the product of a number
(a quantitative property of a physical quantity) by a dimensionality (a qualitative property of a
physical quantity), that is, it implies the use of the multiplication operator as a link for a pair of
described properties of a physical quantity.

Working with the multiplical will force us to rethink the idea of physical dimensionality, about
what it may look like, since the relationship between the dimensionality of the multiplical
values and the dimensionality of the multiplicand function values uses the exponentiation
operator (an operator attached to the multiplication element), which causes the use of the
same operator in as a link between the quantitative and qualitative properties of a physical
quantity:

M=m,

where M is the dimensionality of the multiplical values, m is the dimensionality of the
multiplicand function values.

Thus, in the above examples the multiplical represent as dimensionless quantity, and the
common argument of the multiplical and multiplicand function is represented by the units of
years, the dimensionality of the multiplicand values should be 1/years and not as a multiplier,

1/year

but as a power to the numerical value multiplicand function, for example: 1.05 , Which is

ar.

identical to * V1.05. When factorial-multiplying, a given numerical value in a given type of
dimensionality, raised to the power of a quantity with a dimensionality of years (multiplication
element), as a result gives a dimensionless value corresponding to the originally defined
dimensionality of the multiplical. As can be seen, the use of the multiplication operator as a link
between the numerical value and the dimensionality of physical quantities as the values of the
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multiplical and multiplicand function is not possible. Functions returning physical quantities
with classical dimension cannot be subjected to factor-multiplication or factorization, which by
definition would be devoid of physical meaning for them. These functions can either be
dimensionless or, as shown above, have the so-called "power" (or "radical") type of
dimensionality.

Arbitrary multipliers “B” coordination rule

If an analyzed function is defined via series of functions (further constituent functions) each
applied for each argument intervals (function domains) located one just after another being
adjacent, in other words if an analyzed functions is defined with interruptions then building its
indefinite multiplical implies taking indefinite multiplicals for each of constituent functions in
order to use those multiplicals as constituent indefinite multiplicals of the analyzed function
indefinite multiplical for respective function domains. Further if the analysis implies building a
continuous indefinite multiplical of the analyzed function then a mandatory operation of
mutual coordination of arbitrary multipliers B must be conducted, of those arbitrary multipliers
which belong to each of constituent indefinite multiplicals.# The coordination of all pairs of
adjacent constituent indefinite multiplical arbitrary multipliers must meet the following
equation:

Bi- F*1(x) =By F*5 (x), (14)

roe 0 and 1 - indexes of mutually adjacent the previous and the next constituent indefinite
multiplicals and their arbitrary multipliers B; x - junction point of adjacent the previous and the
next constituent indefinite multiplicals under indexes 0 and 1.

The solution of the above equations is carried out for each oo L
Building multiplical out of

junction of the constituent indefinite multiplicals, and constituent functions
3

sequentially in the order of the values of the argument at /\

the junction points in one of two directions: in the 25

direction of their growth or in the direction of their , \L //

decrease. Thus, the arbitrary multiplier B is determined for \. /

each next constituent indefinite multiplical by the already 1.5

known value for each previous one. The value of the L
arbitrary multiplier B for the first constituent indefinite /
multiplical in the calculation sequence is set by the 05 | ‘

analyst. o | |

0 0,5 1 1,5 2 2,5 3
On the diagram the is an example of arbitrary multipliers Fl —F2 —F3 —F4 «F5 mmmf —f

coordination. Here the multiplicand function (red) consists of five analytically defined linear
functions and for each of them an indefinite multiplical is build (gray). Then a coordination of
arbitrary multipliers B is carried out in the direction from left to right. So for the first (the
leftmost) constituent indefinite multiplical the arbitrary multiplier is set to 2.25, for the second
its calculated value is 3.709623, for the third it is 0.914782, for the fourth 11.20608 and for the



fifth 1.980973. As the result of the conducted coordination a continuous function of the
analyzed function indefinite multiplical is build (black) out of five constituent indefinite
multiplicals. A similar procedure must be conducted for indefinite integral arbitrary addends C
in similar cases.

As it is visible the multiplical has no interruptions of its derivative in points where multiplicand
function has interruptions of its derivative (multiplicand function breaking points), because the
there is no interruption of multiplicand function as multiplical function factor-derivative. In
points, where multiplicand function has interruptions, its multiplical has interruptions of its
derivative (multiplical breaking point).

So called “Continuous factorial”

On the diagram there is a series of graphs (in gray) from an Multiplical of f(x) = x
infinite set of graphs of the indefinite multiplical of f(x) =x 9 &+ 17
(indirectly ™€) (in red) presented. Each of presented . ]

multiplicals differs from the others by its own value of an
arbitrary constant multiplier B. And for one of them — the one
that is lined through point (x=1,y=1) (in black) a derivative is
drawn (in orange).

For the indefinite multiplical of f(x) = x the following

remarkable ratio is valid:

F*(0) =F*(e)=F""(e) _
PO e, (17.1)

also a property of its derivative is:

F*(1)=0, (17.2)

where F°(x) — the indefinite multiplical of f(x) = x; F*’(x) — the -1
derivative of F*(x); F*”’(x) — the second derivative of F°*(x).

Regarding the indefinite multiplical of f(x) = x, a persistent 3 |

thought does not leave me that this beautiful function may 0 1 2 3 4 5
claim to play a role of so called “continuous factorial”.

The Gamma function shifted one unit left (the Pi function) is a generalization for x! for real
numbers and from my perspective is unsuitable for the role of the so called “continuous

I”

factorial”. So, the first reference point of x! (points where x=y), is a point at x=1, and the

second such point is at x=2, while for the indefinite multiplical of f(x) = x, in particular

x=In(x)—x+1

expressed by e , the second such point is at x=e, which testifies for an exclusivity of the

latter curve comparing to the generalization for x!.
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It would seem, what relation can e number have to building of so called “"continues factorial”.
And as it turned out a very direct one, cause as it turned out the process of factorial-
multiplication of function f(x) = x is one of methods to find the e. To confess, the shown on the

xin(d-x+C \ hich | was not

diagram graphs are built not via the indirect multiplical expression te
thinking of back then, therefore not via already known the e number, but in fact via the process
of factorial-multiplication of f(x) = x using the numerical method staring from point (x=1,y=1)
and iterating to both possible directions along the x-axis. And what an amazement |
experienced when | found the e number as x tended to zero in the limit. But on the other hand,
what is really to wonder here about, what other finite number could be found in the case as
any other number would be a new notable math constant by its definition, and finding such a

number would cause even greater excitement.

A building generalization for x! for real numbers returns us to the fact that initially x! is a
discrete function and this fact reasonably raises two related to itself questions. The first one is
why not to consider the set of multipliers starting not from 1 but from some other real number,
for example from 0.5 making the set to look as follows: 0.5, 1.5, 2.5 and etc.? The second one
is why the 1 and not any other positive real number is chosen as the set step size. What is so
special about the 1 as the set initial point and as the set step size? This perspective makes the
generalization for x! for real numbers to look as some special not a general function building.

Changing the set step size means changing quantity of multipliers that are effectively used for
the function result calculation for a given argument value. In order to preserve sameness of the
function result magnitude order for a given argument and since we have a deal with B set of
multipliers, a potential set step size change have to be counterbalanced by raising each
multiplier of the set to power of the set step size change (increase) multiplicity, in our case of a
set step size change relative to 1 as the default set step size. In this context we can write new
general definition of x! :

N(x)

xl = n(b +s-DS, (18.1)

i=0

X —Db)

N(x) = round <( ) (18.2)
where b — the set/function initial point, the default value is 1; s — the set step size, the default
value is 1; N — the product operator iterations quantity excluding the zero iteration.

Examples of the set: 0.5-2.5%-4.5%-6.5%- 8.5%-10.5° and etc.; 1.5-1.6°*-1.7%%.1.8%1.1.9%
2.0 and etc.; 1-2' - 3'- 4. 5. 6 and etc. From the described point of view the last set of
multipliers — the one used in the initial version of x!, is the default one but the same time seems
to be a specific building from a plenty of possible.

If we start to gradually reduce the set step size s then at the each next factorial-multiplication
iteration the function value for a certain argument would be closer and closer to its value
measured at the previous state of the set step size. Reducing the set step size to zero in the
limit technically means replacing the defined above function with multiplical of f(x) = x. First of

11



all this measure gives us the desired function continuity and also makes a function value for a
certain argument to be indifferent to the set multipliers quantity or to the set step size in the
limit, makes it to tend to its determined value in the limit. Therefore this defines locus of points
for all its allowed arguments function values within a general determined position which
depends only on the function initial point b. In fact each function initial point of its own infinite
set defines one function locus of points of its own infinite set. Each of those function locus of
points differs from the others in the set by its own indefinite multiplical arbitrary constant
multiplier B and for all of them the described above remarkable equal to e ratio is valid. In
reverse, a definite multiplical arbitrary constant multiplier B causes an existence of up to two
possible function initial points b.

So as it is visible on the diagram it would be possible to draw a multiplical graph starting it from
any point (except point x=0) of the f(x) = x graph. Yellow points represent samples of such initial
points from which multiplical functions are o

drawn to the left direction. Also we can 5 Multiplical of f{x) =x|
witness that the solution for initial points
does not exist for all arbitrary multiplier

.. 3
constants B as some of multiplical graphs
don’t have intersection points with the f(x) 2 77

|
= x graph. 1 | =7
g i /\'\ =7

In the second diagram in a naturally ; 7/ V4
logarithmic along the y-axis coordinate -1 I”f
system, a series of graphs of the indefinite 2 !j::
multiplical (in gray in general and black at

B=1) of the function f(x) = x (red) module 3

(yellow) for various values of an arbitrary -4

multiplier B is shown. Yellow shows the -5

graph of the modulus of f(x) = x.

Geometrical function growth

A function derivative shows a function growth in a point. But as it turned out the function
growth can be a different kind. Therefore it should be clarified that the described kind of
growth is arithmetical as it shows how much the function will grow absolutely if the function
argument will grow by one and if this growth will be constant within the argument growth.
Graphically this is solved by drawing a tangent to the graph at the given point, more precisely,
not just a tangent, not just a straight tangent, but a linear function graph that is tangent to the
function graph at the given point and which is expressed by following general equation:

y=b-x+c, (37)

where b and ¢ — constants of the tangent linear function, which determination gives it a
tangency to the function graph at given point.

12



b numerically shows the absolute function growth with the grows of the argument by 1,
therefore shows the function arithmetical growth at given point. The tangent of the slope
reflects the arithmetical function growth.

The mentioned above factor-derivative shows a function geometrical growth in a point as it
shows how many times the function will grow if the argument will grow by one and if this
growth will be constant within the argument growth, therefore it shows the relative function
growth. Graphically this is solved by drawing an exponential function graph that is tangent to
the function graph at the given point and which is expressed by following general equation:

y=b-a* (38.1)

(7))

a=e\f®/, (38.2)
) (mifwl)

= . na , (38.3
o] (36.3)

where a(x) and b(x) — constants of the tangent exponential function, power base and multiplier

respectively, which values Conducting exponential tangents to functions graphs and

provide it with a tangency to the  determining the geometrical functions growth at given points
analyzed function graph at given ° \ 2‘

point; f(x) — the analyzed

function; f(x) — the analyzed

function derivative. 7 / 2/\

a numerically shows the relative © . / 1
function growth with the grows 5 " /
of the argument by 1, therefore / 7

shows the function geometrical 4 /1 .
growth at the given point. Factor- // /[2 5 \f\\<
derivative can not be negative.

On the diagram there is a number /1 ~2

of tangent exponential functions 1 /

"

it
~
\
\!
\

\

\
7\

graphs (in colors) drawn to 3
analyzed functions (in black):
f(x) = 2:In(x), f(x) = 2-x and f(x) = 1
100/x>. Here the absolute x-axis /1

. -2
difference between the 2™ and o 1 5 3 1 5 6 7 s s 10

the 1% points of the same color __«ja —+0,11%3,78x +0,78%1,410%  —+2,05%1,14x
reflects a growth of function -5,46*0,070x  ==2*x —+0,74*2,727x +1,47*1,650x
argument by 1. The same time +2,21*1,40  =100/x"2 —+46,18%0,61°x  +15,08%0,755x
the relative Y-axis difference between the 2™ and the 1% points of the respective pair or how
many times point 2 is located farther from the x-axis than point 1 to indicates a geometrical
growth value of the respective analyzed function at the point of contact (the 1% point). It is
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obvious that through one pair of points 1 and 2 one can draw one exponential graph of y = b

-a¥.

Building the all above functions Conducting exponential tangents to functions graphs and

and their respective tangent determining the geometrical functions growth at given points

exponential functions in a 4

coordinate system where the R ™~ \\

Y-axis marked up in units of In \ —_______.--—-"""'__

ly] (a natural logarithm of 2 /%/

absolute value of y) visually =\ /"// \ g T

degrades all these graphs as & N 7 /- T \\\\_&H\

follows: linear to logarithmic, o ‘ \.*--....

exponential to linear, and

respectively visually degrade I B {

the  function  geometrical 5 J

growth to the function 0 1 2 3 4 5 6 7 8 9 10

arithmetical growth. The e —2*In(x) —+0,11¥3,78"x +0,78%1,410x  —+2,05%1,15x

number raised to power of the -5,46%0,07/x  ==2*x —+0,74%2,72/x +1,47*1,65x
+2,21%1,40%  ==100/x"2 —+46,18%0,61%x  +15,08%0,75"x

tangent of the slope of the
degraded to a line tangent exponential graph reflects the geometrical function growth at the
point of contact. In other words a natural logarithm of an analyzed function geometrical growth
at given point equals to the tangent of the slope of the tangent exponential function drawn
through the given point of the analyzed function in a Y-axis natural logarithmic coordinate
system.

In points where function crosses the x-axis its factor-derivative has interruptions. For example it
is visible that the factor-derivative of y=2:-In(x) has an interruption at x=1 tending to 0 (e™") and
to + oo (o) as x approaches to the point from the left and from the right respectively.

Like searching for a derivative implies omitting a common constant addend, searching for a
factor-derivative implies omitting a common constant multiplier.

Examples of factor-derivative of know functions

Function Factor-derivative
0 uncertainty
B 1
b - Xa ea/x
b-d a
b-eAn* e

where A - a designation of the operator of power tower with left associative property.

Those who wish can practice in searching for factor-derivatives and factor-anti-derivative of
known functions.

Through the analyzed function there is interdependence between the function derivative

(arithmetical growth) and the function factor-derivative (geometrical growth):
14



fr(x)
fe(x) =ef®, (39.1)

f'(x) =f(x) - In f*(x), (39.2)
if f(x) 2 0 and f*(x) # 0 and f(x) # = and f*(x) # ©° and f'(x) # o°

where f(x) — the analyzed function; f°(x) — the analyzed function factor-derivative; f/(x) — the
analyzed function derivative.

It is obvious that it is not possible to restore a function by its known derivative or factor-
derivative solely, but it is possible to restore a function if both are known together and the
factor-derivative is not equal to 0 or to 1 and has finite value:

R 9]
&= 1F e

if f(x) 20 and f*(x) 0 and f°(x) # 1 and f(x) 2 © and f*(x) 2 @ and f'(x) # o°.  (39.3)

The same way as function derivative can be expressed via function differential: f/(x) = df(x) / dx,
function factor-derivative can be expressed via function factorial, using there not the division
operator but rightfully the root extracting operator which is an operator of one hyper-operator
order higher than the division operator:

o =Y. (40)

And therefore vice versa function factorial can be expressed via function factor-derivative,
which is similar to how function differential can be expressed via function derivative: df(x) =
f(x) - dx, but again here not using the multiplication operator but the exponentiation operator
instead which is also an operator of one hyper-operator order higher than multiplication
operator:

ff(x) =f*0% (41)

Accelent

| set a task to find and formulate a function whose growth or, in other words, whose factor-
derivative, and automatically, therefore, the multiplical would be equal to the function itself for
all values of argument. The first such function suggests itself, and this is the function y = 1,
which exists in accordance with the existence of the function y = 0 for the problem of finding a
derivative and an integral equal to the function itself, where 1 and 0 are obviously the values of
neutral arbitrary constants for the multiplical and integral respectively. Also, by analogy with
the search for a derivative, the second function with a similar property should presumably be
exponential and the same way as y = e* function does it should have as its basis the e number,
and as we already know the e number is really directly related to the factorial-multiplication
and factorization of functions.
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As you know, the integration and differentiation operations use the addition and subtraction
operators, that is, binary operators of the first order, on the other hand the factorial-
multiplication and factorization operations use the multiplication and division operations, that
is, binary operators of the second order. Exponentiation function y = e* is a single action with
the power operator, that is, with a binary operator of the third order, and also has the e
number as the first operand and the argument x as the second. You can notice that this
function uses a binary operator standing two orders higher than the operators used in the
integration and differentiation operations. Then we do a bold guess that the function we are
looking for exactly copies the function y = " in part of operands and as y = e*is a single action
with a binary operator standing two orders higher than the operators used in the factorial-
multiplication and factorization operations, that is an action with some binary operator of the
4™ order. Therefore this is a hyper-exponentiation function of the 4™ order with base e. We
write this function and, in particular, the proposed operator as follows:

y=en", (43)
where 2 - the designation of the operator of the 4™ order. The operator is called by its own
name — Acceleration; super-scripted x — accelerator, e — accelerating; y — acceleration. The
expression can be read as “the e number in

n o«

acceleration of x”, “e number in x-th acceleration”,

Multiplical of f(x) = ea*

“@ number accelerated x times”, “accelerated x

v

times e number”, “acceleration of e number in x”.

The curve y =aA”is called as “Accelent”.

My guess is correct, as it turned out y = e A* meets

the requirements only if the Acceleration is a
power tower but with left associative property. It

should not be confused with the Tetration that is

the power tower with right associative property.

On the diagram there are an accelent function

y=eA* (lined in red dotted line) and a set of its

indefinite multiplicals (in gray). A graph of one

indefinite multiplical — the one with arbitrary

multiplier constant equal to 1 (in black) is the same

as the graph of the accelent function, and that’s

why | had to display the latter in dotted line. You

can notice that a Y-logarithmic coordinate system

visually degrades the accelent a one order down to
visual exponent which is also shifted to the right by
1 on the x-axis.

Specially noted that the acceleration operator is obtained by the necessity of formulating an
analog of e* for the operations of factorial-multiplication and factorization, obtained not by the
method of extrapolation but rather by method of shifting a series of 3 consecutive hyper-
operators one order up in the intended direction of mathematical analysis, similar to how
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bridge spans are pushed during the construction of the latter. The conducted analysis ordained
the inner logic of this operator of the 4™ order and not vice a versa when we have an operator
and then we try to apply it.

lllustration of the hyper-operator series shifting

Addition Multiplication Raising to power Acceleration
Operation with the . . .
. P : . The function arithmetical
_ Summation | element of integration; a .
The initial . . growth is same as the
and linear equation of the L
state . . . . function itself
Integration function arithmetical o
growth tangent
. . The function
. Operation with the .
Shifting S geometrical
. element of multiplication; .
one order Product and Factorial- . growth is the same
. an exponent equation of )
up multiplication . . as the function
. the function geometrical .
(rightward) itself
growth tangent o

The acceleration can be expressed compactly via operators of lower order:

-1
a /M= ™), (44)
A hyper-root of the 4™ order is called as “Deceleration” and designated as follows:
ayN,, (45

where N - designation of the operator; subscribed n — decelerator; a — decelerating. The

i

operation result is “deceleration”. The expression can be read as: “a in deceleration of n”, “a in
” ” ” ”n

n-th deceleration”, “n-th deceleration of a”, "a decelerated n times”, "decelerated n times a”,
"deceleration of a in n”.

The deceleration shows a number, which has to be raised to power of itself 1 times less than
the decelerator value in order the decelerating to be obtained and applying the left associative
property in the raising to power sequence for the purpose.

The deceleration is solved recurrently using root operator (a inverse binary operator one order
lower) and also compactly:
(a\n)(n_l)
aN,= ( 1/5, (46)
There is nothing out of the ordinary, as extracting the root is also solved recurrently in the

exactly same scheme, but what is distinctive and natural, using the division operator (a inverse
binary operator one order lower):

n a

\/a = W (4-7)

A consequence of a common solution scheme for the two inverse hyper-operators and
similarity to how it is forbidden to submit a lower than 0 value to the radical expression, it is
forbidden to submit a lower than 1 value as the decelerating. Recalling to how the complex
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numbers set was defined at the time, it is becoming to be interesting what set of numbers
could be defined using decelerating less than 1.

The logarithm of the 4™ order with own name “Accelerator extraction” and “Natural
accelerator extraction” is defined as nested logarithm:

cNg= loga(logac) +1, (48.1)

cN=In(lnc)+1, (48.2)

Factorial-multiplication for zero function values

Of factorial analytical interest is the process of factorial-multiplication of the modules of
functions that intersect the x-axis in the vicinity of a given intersection (hereinafter, the zero
point).

In a neighborhood of the zero point, the intersecting function can be approximately
represented as a polynomial:

y=by- (x-¢)t+b, - sign(x-c)(x-c)’+bs- (x-c)®+...+ b, sign(x-c) - [x—c|", (15.1)

where by ,by ,bs, b, are the multipliers of the polynomial; ¢ — zero point X coordinate; sign - a
function that returns —1 if the passed argument is negative, +1 otherwise.

In the infinitely close approximation to the zero point, the polynomial function can be reduced
to a function of one term - the first from the left, which is with a non-zero factor b. Considering
the exact position of the zero point on the x-axis as not important in the case in order to
shorten the notation we will take C = 0 (the zero point is located at the point of origin). After
simplification, the equation has the general look of a power function dependent on the
arithmetic sign of the argument:

y =b,-sign(x) - |x|" ifn>0, (15.2)

Since it is allowed to carry out factorial-multiplication of only positive functions domains, we
transform the function up to its module, and we obtain a multiplicand function allowed for
factorial-multiplication (hereinafter, the multiplicand). In addition, this transformation
describes the case of not crossing the x-axis functions, but touching it. Thus, the present
analysis covers all possible cases of contact between the graph of the function and the x-axis at
one point:

y=lbal - Ix]" (15.3)

Further, the multiplicand is divided into two domains: the one to the left and the one to the
right of the zero point, represented by the following constituent functions applicable under
appropriate conditions:

y=|x|"-b, at b,-x>0, (15.4)
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y=—|x|"+b, atb,-x<0, (15.5)
Indefinite multiplical for each of constituent functions:
o [(Ix|* - b)® = B - enx(n(xsign®VP)-1) atp, .x >0, (15.6)
o [(—|x|" - b3 = B enx(In(-xsign®VPD-1) atp, . x <0, (15.7)

Since both of these indefinite multiplicals do not exist at the zero point, we determine their
values when approaching this point infinitely close from the left and from the right separately
using the previous equations:

lim B - enx(n(xsign®)-YBD-1) = B at(x-b) >0, (15.8)

x—0

lim B - enx(n(-xsign®-Y®D-1) = B at(x-b) <0, (15.9)

Xx—0
On the first diagram (the left) there are presented: function y = b, - sign(x) - |x|" at n=1 and
different b, (from 0.25 to 4 in shades of red and at b,=1 in bright red), function module: y =
[bal - Ix]" (in shades of yellow and at b,=1 in bright yellow), indefinite multiplical of function
module at B=1 and different b, (in shades of gray and at b,=1 in black).

Multiplical of f(x) = |ba||x|" Multiplical of (x) = |by|-|x|" On the second diagram (the right)
2,5 2,5 there are presented: function y =
\ \ b, - sign(x) - |x|" at b,=1 and
2 2 different n (from 0.25 to 4 in
—flx) \ —flx)  shades of red and at n=1 in bright
15 I 15 red), function module: y = |b,| -
[x]" (in shades of yellow and at
1 04| 1 0] n=1 in bright yellow), indefinite
| multiplical of function module at
B=1 and different n (in shades of

RN % KX gray and at n=1 in black).

—F=(x) - =P

0 0 — It is easy to see that when
approaching the zero point, the
05 05 indefinite  multiplical of the
-0,5 0 0,5 0,5 0 0,5 multiplicand  (hereinafter the

multiplical) tends to some finite value on both sides of this point, and moreover, on both sides
it tends to the same value which depends only on the single for the two constituent
multiplicals, the values of an arbitrary multiplier B, and, what is remarkable, does not depend in
any way on b, and on n, that is, on the values of all derivatives of the multiplicand. In the
vicinity of the zero point, the constituent multiplicals of the two multiplicand domains are
located at the junction with each other. At the same time, the two domains are still separated
by the zero point, where there is an interruption of the constituent multiplicals, and possibly an
interruption of the multiplical, but the factorial-multiplication operation bypassed this point,
leaving the question open.
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It would seem that in the process of factorial-multiplication, the transition through this point of
the multiplicand, which has zero value, as through a factor for the intermediate result of
factorial-multiplication (hereinafter referred to as the intermediate result) should nullify this
result and automatically slam to zero the entire domain of the multiplical located to the right of
the zero point, thereby completely making the factorial-multiplication process meaningless to
the right of this point, assuming that we do operation in the direction of growth of the
argument. This statement would be just if the zero would be a zero as a multiplier.

But as you know, when we carry out factorial-multiplication, we divide the linear segment of
factorial-multiplication along the x-axis into infinitely small, but not zero length segments dx.
From this position, the problem of a dimensionless point and at the same time the solution of
the problem for us is the fact that the point, being a dimensionless quantity, leaves a projection
of zero length on the x-axis.

One so-called geometric approach comes to the following simple conclusion. Since we are
factorial-multiplicating along the linear continuum of the x-axis, influencing the state of the
function by something that also has a dimension related to the linear dimensions of the x-axis
leaves its mark there. And if at the same time something leaves a projection of zero length on
the axis, then this something, no matter what it is, effectively leaves absolutely nothing, it
simply does not exist for the operation being performed. And assuming that the function on
both sides tends to the finite and to the same identical value, this point can be ignored, the
function is "glued", and the continuity of the latter is stated.

Another so-called abstract approach does not ignore the state of the function at a point, and
implies a transition from the analysis of the properties of functions in extremely small linear
segments to the analysis of their properties at dimensionless points. This approach involves
finding the “connecting” multiplier (hereinafter referred to as the multiplier) at a dimensionless
point, when passing through which, in the process of factorial-multiplication, the intermediate
result is multiplied by this multiplier or divided by it, depending on the direction of factorial-
multiplication: in the direction of increasing or decreasing the argument, respectively. Thus, the
"fate" of the factorial-multiplication being carried out depends on the state and value of this
multiplier.

It is obvious that the size of the multiplier at the zero point is equal to the value of the
multiplicand measured at the zero point, that is, zero which is raised to power of the element
of multiplication, the size of which also has a zero value. Obviously, in this case we are not
talking about the differential of the argument dx, since one with a zero length does not make
sense, but no one has canceled the multiplication element that is necessarily applied as power
to the value of the multiplicand, even if it has a zero value. Thus, the problem of determining
the value of the multiplier is reduced to determining the result of 0°.

The exponentiation operator is hyper-operator, namely, the product operator [] with the
number of iterations corresponding to the exponent value. In our case, the result of the
operator [] is a multiplier for the intermediate result. On the one hand, it can be assumed that
the result of 0% is nothing, an uncertainty, since there are no factors at all, even if those factors
are zeros. In this case, there is no operation of multiplication by zero at all, since the zeros
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themselves are absent. Given this, it is already clear that the multiplical will not turn into zero.
But the multiplical can cease to exist as a result of multiplication by uncertainty. On the other
hand, if [| has a zero number of multipliers, as in our case, then it is obviously inactive, does not
iterate and does not increment anything, and if so, then it must leave unchanged the result of
which it is a multiplier, pass through itself its value in transit, but does not destroy it.

It turns out that the expectation of the result of raising to a power depends on our idea of the
operator's function and logic, on its formal definition, which in turn is determined by the
context of its application. Above, the definition of the product operator was given as a recursive
incremental iterator, which implies a certain initial state of the result of the operator, in
relation to which an increment is made starting from the first iteration. The math analysis
implies the transit without change in the case of operator inactivity, which is in full accordance
with how the summation operator ). does not return uncertainty in the absence of addends, in
the absence of iterations, in its inaction, but returns 0 as a neutral value, thereby does not
change the result of the previous summation, but passes it through itself in transit.

So, the only multiplier that leaves the result of multiplication unchanged is 1. And this means
that [] with a zero number of multipliers, regardless of their possible state (including the state
of uncertainty) and value, must return 1 as a result of its inaction, as a neutral value. Thus, it
can be said that the desired multiplier at the zero point is equal to 1. For your information, one
of coming next related articles is about the hyper-operator analysis, where the topic of neutral
elements (values) of hyper-operators is touched upon.

We single out the zero point itself and its infinitely small neighborhood on both sides of it into a
separate third domain of the multiplicand, the one that is not included in the first two. Let’s
designate it as [0;0] from zero inclusive to zero inclusive. Next, it is necessary to make an
assumption that the finite value of the multiplier at the singularity point, in our case at the zero
point, can be extended to an infinitesimal neighborhood of this point towards that boundary on
which the multiplical has finite and the same value as well as at the zero point. The statement is
based on the assumption that within the considered infinitesimal interval the function is
monotone under the given conditions, it simply has nowhere to go, there are no known reasons
for a different behavior of the function. In our case, to the right of the zero point, to the left of
it, the constituent multiplicals of the first and second domains tend to 1 (finite value) when
approaching it from both sides, therefore, the value of the multiplier at the zero point extends
to the entire infinitesimal neighborhood of the zero point, that is, over the entire previously
defined third domain of the multiplicand.

By extending the value of the multiplier to an infinitely small neighborhood, one should not
understand the construction of a monotonic function with a constant value within this interval
equal to the value of the multiplier, but it should be understood that during factorial-
multiplication, the intermediate result at the input to this neighborhood is multiplied or divided
by this multiplier, depending on the direction factorial-multiplication, then it is passed to the
output from the given neighborhood.

If the extension of the value of the function is possible only in one of the two directions of the
neighborhood, then it makes no sense to say that the multiplier must be divided into two
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multipliers, each of which is equal to square root of its original value, since the impossibility of
spreading the value of the multiplier in both directions for one singularity point indicates the
presence of an interruption there, which in turn makes senseless analytical work to find the
continuity of the function at the singularity point. In this regard, for the sake of simplicity,
speaking of the multiplier, we can omit the mention of the neighborhood of the point, and
consider the multiplier as a property of the point, and the domain under study, as the domain
of the point. From this perspective, the question of how to extend the value of the multiplier to
the neighborhood of the point disappears, since the intermediate result will be multiplied or
divided by the multiplier once when passing through the singularity point.

When building the multiplical of the function modulus, the result of factorial-multiplicating the
third abstract domain of the multiplicand requires matching its arbitrary multiplier with
arbitrary multipliers and two other constituent definite multiplicals. Next, we “glue” all the
constituent multiplicals of all three domains of the multiplicand and obtain a continuous
indefinite multiplical of the analyzed function.

Evidence of the identity of the multiplier to 1 at the zero point is also the identity of the results
of factorial-multiplication obtained through two different approaches: through the so-called
geometric approach, and through the so-called abstract approach with an analysis of the
properties of functions at dimensionless points.

It can be argued that in the process of factorial-multiplication, the transition through the zero
value of the multiplicand, due to the intersection of the function and x-axis or the contact of
the x-axis at one point, does not lead to any changes in the intermediate result. Even a possible
break in the function (Interruption of the first derivative) does not affect this result, since the
value of the multiplical at the zero point does not depend on b,. But what is remarkable is that
a function break at a singularity point, such as zero, leads to a break in the multiplical at this
point, but obviously not to a break in its factor-derivative (multiplicand), and that is not
observed when the function breaks outside singularity points, where only the second the
derivative of the multiplical is interrupted. It can be concluded that the behavior of the
derivative and factor-derivative is different at singularity points, where the interdependence
between them is violated.

Multiplical interruption as the And now let's consider a slightly different case, specifically,
result multiplicand function - .
having zero value domain one where the multiplicand has a zero value over an interval
with non zero length that is not zero in length. So, inside this interval, the
N intermediate result is multiplied by the multiplier o™ equal
2,5 \ to zero, since dx in this case is infinitely small, but not a zero
5 \ =0 value.
15 \ 0 In this case, the multiplical "collapses" to zero to the right of
’ aF (X
\ the entry point of the multiplicand into the horizontal
1 v K segment with zero value. Further, the multiplical is not
—x restored, even despite the subsequent “dawn” of the
0,5 N
multiplicand to non-zero values, because anything (the
0 / intermediate result) once multiplied by zero then gives only
Ix|
-0,5 // 22




zero as a result (the solid black graph on the diagram). In this regard, we can say that the point
where the indefinite multiplical touches the x-axis (we are not talking about an infinitely close
approximation of the x-axis) means, in fact, the point of its interruption. If factorial-
multiplication is carried out in the direction opposite to the direction of growth of the
argument, then at the entry point on the left into the interval with a zero value of the
multiplicand, the intermediate result will cease to exist as a result of an attempt to perform the
operation of division by zero, which is also an interruption point for the multiplical, after which,
to the left, it will not recover either (hollow black graph in the diagram). Thus, for the horizontal
interval of the multiplicand with zero value, there are two points at which the multiplical is
interrupted, these are the points of the beginning and end of this interval. The interval itself is
the domain of uncertainty of the multiplical. It can also be argued that the multiplical of the
function y=0 is not y=0, but it simply does not exist, since the entire domain of the multiplicand
from — oo to + oo is the domain of uncertainty of its multiplical.
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NMoHATME MmynTbTUNAMKANA

Omutpuint Bhagnmunposud lNypbsHoB
dmitriigur76 @gmail.com

AHHOTaumA. Llenb HactoAwen paboTbl NPeacTaBUTb M OMMUCATb MOHATME MaTeMATUYECKOro
aHanusza «MynbTunamMkan». K Moemy yauMBAeHUIO s NPULLEN K BbIBOAY O TOM, YTO K HacTosLemy
BPEMMU AaHHOE MOHATME B CBOEM NPSMOM M ABHOM BUAE He CHOPMYINPOBAHO U HE CYLLEeCTBYET
cpean MaTeMaTUYeCcKUX MOHATUI M OnepaTopoB. Tem He MeHee CyluecTByeT pag obnacten ero
NPaKTUYECKOro NPUMEHEHWUA, TAe pacCMaTpMBaeMoe NOHATUE NoAX0AMNO0 Bbl U NOTEHLMANBHO
MOr/0 6biTb MCMONBb30BAaHO B CBOEM MPAMOM M ABHOM BMAE, CMELMaNbHO B MPOBOAUMbBIX
CTAaTUCTUYECKMX, PUHAHCOBO-IKOHOMMUYECKMX UCCNEA0BAHUAX U aHANM3AX U BO MHOTUX APYrux
obnactax. bonee TOro, N0 MOEMy MHEHWIO AAHHOE MNOHATUE OPraHUYHO BMMCbIBAETCA B
CTPOMHYIO CUCTEMY CTaHAAPTHbIX MAaTEMATUYECKUX MOHATUN M OMNEepPaToOpPOB U AO/IKHO 3aHATb
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Tam CBOe Mo NpaBy emy NpuUYMTatloLLEECs MECTO. B HacToALLel CTaTbe TaK¥Ke 3aTPOHYTbI Npoyne
CBsA3aHHbIe BOMNPOCHI, CAeNaHbl HEKOTOPbIE MHTEPECHbIE BbIBOAbI.

Knwouesble cnosa: Mynbtunamkan, MogmynbTunamkanbHas ¢yHKUMA, MyabTUNAMLMPOBAHME,
daKktopuan, dakTop-nepsoobpasHasn, daKkTopmpoBaHMe, daKTop-npounsBogHas,
ApudmeTnyecknii poct PpyHKUMK, eomeTpuyecknii pocTt GyHKUMKM, AKceneHTa, YCKOpeHwue,
3amepgneHue.
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MynbTUnankan

MoHATHME MaTeMaTUYeCKOro aHaan3a MyAbTUMNIMKAA MMEET TaKoe e OTHOLIEHUE K onepaTopy
npousseneHua [, Kakoe OTHOLIEHNE UMEET NOHATUE MATEMATUYECKOTO aHaIM3a «KMHTerpan» K
onepaTopy CyMMUPOBaAHMA Y. (KaK HenpepbiBHOE K AUCKPETHOMY), a TaKKe WMeeT TaKoe Ke
OTHOLWIEHME K MOHATUIO MHTErpan Kakoe OTHOLIEeHME WMeeT onepaTop npousBedeHne K
onepaTtopy CyMMMUpoOBaHME (KaK nepemHoXalwuin K cymmupyouwemy). OnpeaeneHue
MY/NbTUMIMKaNa NOoAYMHEHO, OOYCNOB/NEHO €ro MOJIOKEHMEM B HUMKHEM MNpPaBOM Yray
HUXKenpueeaEHHOM TabMLbl, KOTOpPaa Npu Apyrux obcroaTenbcTBam morna bl 6bITb pebycom.

Tabau1ua B3aMMOOTHOLUEHUIA MaTEMaTUYECKUX NOHATUIA M ONepaTopoB

LONCKpPEeTHbIN HenpepblBHbIM

CyMMUPYIOLLMIA Z f

MepeMHoKatoLLMi H rz

MynbTMnAMKan - 3TO 3KBMBANEHT MNpou3BefeHuA 6eCcKOHeYHOro KonmyectBa OECKOHEYHO

6/M3KMX K epuHuue, No npuuMHe OGEeCKOHEeYHO Masoro pa3mepa MoKasaTenAa CTeneHwy,
MHOUTENEN, COOTBETCTBYIOLWMX 3HAYEHUAM MOAMYNbTUNANKANBHON GYHKUMM B CTENEHM

3/1eMeHTa My/IbTUN/IMLUMPOBAHKA, U B 0b6LLEM BMAE 3aNMUCbIBAETCA ciedyoWmnm obpasom:
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P = [ oot @)
O FIOLANEE)

roe f — nogMynbTUNAMKanbHaa GyHKUMA; dX — aneMeHT MynbTUNANLMPOBAHUS; 'Z- OCHOBHOWM
3HAK MY/NbTUNAMKANG; ©f - anbTepPHATUBHbIM 3HAK MYAbTUMNAMKaNa, WCNONb3yeEMbIN B
06CTOATENBCTBAX OTCYTCTBMA CMMBOIA OCHOBHOMO 3HAKa, 34eCb OYNIUT OTAMYAET ero OT 3HaKa
uHTerpana; F* — HeonpeaenéHHbIN MybTUNAMKAN MAK daKkTop-nepsoobpasHasn f.

F*(x) umerytoTca Kak «mynbTunamkan f(x)» nam «myabtunankan f(x) no x».

[enctBue nNo MNOUCKY HeonpeaenéHHoro MynbTUNAMKana wan ¢dakTop-nepBoobpasHoi
Ha3blBaeTCA «MyAbTUNAMLMPOBaAHMEM» OYHKLMKW, oBpaTHoe AelcTBME MO MOWUCKY daKTop-
NpPoOu3BOAHOM Ha3biBaeTcA «pakTopupoBaHMeM» PyHKUnK. PakTopupoBaHMe (Pas/iorKeHUe Ha
KoapduumeHTbl - factors) GyHKUMM MMeeT Takoe e OTHOLWEHME K MyAbTUMINLMPOBAHUIO
(ymHOXKeHuto KoadpdPuumeHTOoB) GYHKUMK, Kakoe oTHoweHue umeeT puddepeHunpoBaHue
(pasnoxkeHne Ha npupawenuns - differences) GyHKUMM K MHTErpupoBaHUto (CKNagblBaHUIO,
cobupaHuio npupaweHnit) o¢yHkumMn. To ecTb 3TO B3aMMHO obpaTHble onepayuu
MaTeMaTUYECKOro aHanun3a.

TaKXe Kak n MHTErpan MyabTUNanNKan MOXKET MMETb OI'Ipe,CI,eJ'IéHHbIl;’I n Heonpe,a,enéHHbM BUA.

Pa3obbem HenpepbiBHYO GYHKUMIO (MOAMYNbTUNAUKANbHYIO GYHKLMIO — CUHASA HA AMarpamme)
Ha [0CTAaTOYHO 6O/bLIOE KOMYECTBO MAasibiX OTPE3KOB (3/1eMEeHTApPHbIX OTPE3KOB CBET/bIMM

TOHaMM Ha Auarpamme), pganee

MNMounck onpeaenéHHoOro MyabTUNAMKana
BHYTPM Ka)KAOro 3/IeMeHTapHOoro

e oTpe3Ka Bblbepem MO OAHOM TOuKe
fi " T
Ny _ (opaHXeBbIM Ha Aauarpamme) U

g BO3bMEM 3HayYeHue GYHKUUM B 3TUX
y Toukax f;, 3atem Bo3BeAEM 3Tu

.

3HauyeHMA B CTeneHb 3HayeHuA
OJINHbI oTpeskKa d;

d; COOTBETCTBYIOLLErO  Kaxkaomy Wu3
3N1eMEHTApPHbIX OTpPe3KoB. TaKkum
obpasom TO Mbl MOAYy4YMM psafg,

X Xy

X MHOMUTEJIEN, KaXKablil U3 KOTOPbIX

NPUHAANEXUT  COOTBETCTBYHOLLEMY
emy 3/1eMeHTapHOMY OoTpe3Ky. [lanee Mbl Bbibepem 13 onpegeneHns GyHKLMM ABE Pa3InYHbIe
TOYKM Xp M X3, 4YTO BMecTe 00OpasyloT OTPe30K KOHEeYHOM A/NMHbl  (OTpesokK
MYNbTUNAMLMPOBAHMA). 3aTeM Mbl B3aMMHO MEPEMHOMAEM 4YacTb MHOMUTENElN, YbM
3N1eMeHTapHble OTPe3KW MNOoMafatoT BHYTPb OTPE3Ka MyNbTUNAUUMPOBAHUA, W NOJyYaem
onpenenéHHbl  pe3ynbTaT MNepemMHOMeHUsA. YMeHblleHue AAuHbl  Haubosblwero U3
3/1eMEHTApPHbIX OTPE3KOB B MNpegesne A0 HyNsA, COOTBETCTBEHHO YyBe/MYeHMe WX obuiero
Ko/snyecTBa B npegene o GECKOHEYHOCTM, AenaeT pesynbTaT NepemMHOMKEHMS ONUCaHHOW
YaCTU MHOMKUTENEN COOTBETCTBYIOWMM 3HAYEHUIO ONpPeneNéHHOro MyAbTUMNAMKANA YHKLMM
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ANA OTpe3Ka, 3343aHHOro AByMA BbIOpPaHHbIMKM TOYKAMU X M X;. [JaHHas onepauunsa obbAcHAeT
CYTb MOHATUA MYAbTUNAMKANA W ABNSAETCA aHANOroM Ofepauuu BblYUCAEHUA NaOWAAM
KPUBOJIMHEMHOM Tpaneunn Kak 3Ha4yeHusa onpeaenéHHoro nHterpana. CyliecTByeT TO/IbKO ABe
pasHULbl MeXay ABYMA 3TUMKM onepaunamu: 1) s noncka MyabTUNAMKana Mbl NPUMEHAEM
YMHOXEHWE 3HAYeHWI, COOTBETCTBYHOLLMX YACTU 3/EeMeHTapHbIX OTPE3KOB, ANA MOWUCKa
WHTErpana Mbl MPUMEHAEM AR HUX CloXKeHue; 2) MNpu noucke MynbTUNAMKana Mbl BO3BOAMM
3HayeHMe QYHKUMKM ANA KaXKAOro 3/1eMEeHTapHOro oTpesKa B CTeneHb 3HAYeHUA AJIMHbI 3TOro
OTpe3Ka, Npu MNOWUCKE WHTerpasa Mbl YMHOXXaemM 3HayeHue OYHKUMM OAs Kaxkgoro
3N1EMEHTAPHOr0 OTpPe3Ka Ha 3HayeHWe ANIMHblI 3TOro OTpe3Ka. B ocTanbHOM forMKa AByX
onepaTopoB MAEHTUYHA.

daktopuan o¢yHKuum f oTparkaeT OTHOCUTENbHOE W3MeHeHMe OYHKLUMU C U3MEHEHUEM
aprymeHTa GyHKLMU U UMeeT cneaytolee obuiee onpeseneHue:

f(x +dx)
f

Mo aHanornm ¢ Tem Kak BCé noaplHTErpasbHoe BbipaxkeHue f(x)dx asnsetca anddepeHumanom

ff() = (2)

nepsoo6pasHoii dF(X), BCE NoaMybTUNAMKanbHOE BbipaskeHue f(x)™ ssnsetcs dpakTopuanom
dakTop-nepsoobpasHoin  fF°(x), KOTOpbIi B [EWCTBUTENbHOCTM ABAAETCA OAHUM U3
BGECKOHEYHOro Koan4yecTBa OECKOHEYHO 6AM3KMX K eauHULE MHOXUTenein, 4to 6blan
YNOMAHYTbI B ONpeAeieHNnn My1bTUNAUKana:

F*(x) = of fF*(x), (3)

Mo MOeMy MHEHMUIO B KOHTEKCTE NpuBeAEHHbIX OnpeaeneHunit noHaTne GpakTopman A4OCTaTOUYHO
byHOAaMeHTaNbHO, YTO Bbl 3TUM TePMUHOM MMeHOoBaTb X!. [lanee nNo TeKCTy HacToAwen paboTbl
M N0 YMONYaHUIO Nog pakTopManom He nogpasymesaertcs x!.

Mo aHanorMM C Tem, Kak nNpuM MpPOBeAEHUW WHTErpUPOBAHMA B  HamnpaBieHUM,
NPOTUBOMO/IOXHOM POCTY aprymeHTa X, To ecTb npu dx<0, 3HayeHne apnPmeTUYECKOro 3HaKa
dF(x) meHsAeTcA Ha NPOTUBOMONOXKHOE, WAWM APYrMMM cnoBamu 3ToT auddepeHuman He
npubaBnaeTca K pe3ynbTaTy MHTErpuMpoBaHMUA, @ BbIYMTAETCA M3 HEro, TaK Npu NpoBeAeHUM
MYNbTUNANLMPOBAHMA B HaNpPaBieHNM, MPOTUBOMNOIOKHOM POCTY aprymeHTa X 3HaudeHue fF°(x)
MeHseTcA Ha obpaTHoe emy 3HayeHue, UAM APYrMMUM CNOBaMM MPOBOAMUTCA HE YMHOMKeHue
pe3ynbTaTa MyAbTUNAULMPOBAHUA Ha 3TOT GaKTOpMasn, a AeNeHne Ha Hero. Takum obpasom
noAobHO TOMY, KaK BbIMMCNEHHbIX B 0OpPATHOM HamnpaBAeHUM ONPeAenéHHbIA MHTerpan
NPOTMBOMO/IOXKEH MO apUPMETUYECKOMY 3HAKY BbIYMCAEHHOMY B NMPAMOM HAMnpaBAeHUW ANA
OA4HOrO W TOro e OTpe3Ka WHTErpupoBaHWA, BblYUCNEHHbIM B OOpaTHOM HamnpaB/ieHUU
onpeaenéHHbl MyabTUNIMKaN 06pPaTHbIN BbIYMMCAEHHOMY B MPAMOM HAaNpPaBAEHUN ANA O4HOTO
M TOro e OTpe3Ka MyNbTUMIMUMPOBAHUA MNpPU  YCAOBUM HENPEPBLIBHOCTU onepauun
MYAbTUMNNNLMPOBAHMUA:

. f :1f(X)dX —1/e f jof(x)d", 4
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roe  Xo — Ha4da/lbHOe 3HayeHue OTpe3Ka MyAbTUNANUUNpPOBaHUA, X3 - KOHEYHOe 3HayveHue
OTpPE3Ka My/ZibTUNANUNPOBaHNA.

MofobHO TOMy, Kak pelleHne Ans onpeaenéHHOro MHTerpana MoKeT bbiTb BbiparKeHO Yyepes
pa3sHULY HeonpeaenéHHOro WHTerpana ANA KOHEYHOro M HayaNbHOro 3HaYeHUAM OTpe3Ka
NHTErpUpPOBaHNA COOTBETCTBEHHO, pelleHne Ana onpeaenéHHOro MyabTUMNAMKana MOKeT BbiTb
BbIPaXEHO Yepe3 OTHOLWEHMEe HeonpeaenéHHOro MyNbTUNAWKANa ANA  KOHEYHOro K
Haya/IbHOMY 3HaYEHMA OTPE3Ka MYNbTUNNLMPOBAHNA COOTBETCTBEHHO:

X1 F.(X )
dx _ 1
o] Fen=ms ©
X0 XO
nOﬂ,O6HO TOMY, KaK UHTErpana cyMmmbl UM Pa3HOCTU paBeH CyMmme UIN Pa3HOCTU UHTErpaioB
COOTBETCTBEHHO, MyNnbTUNNNKan npoundseneHnMA UamM OTHOWEHUA paBeH nNpoussedeHunro nau

OTHOLWEHUIO MYNbTUN/TNKANNOB COOTBETCTBEHHO!

o [0 % e = o [ 0™ o [ 0%, @)

dx

o | i _e[fA(x)*E
f ) =" o ot (62

MosobHO TOMy, Kak oOnpeaenéHHbl WHTErpan oTpesKa paBeH CyMme OonpeaenéHHbIX
WHTErpasioB COCTaBHbIX OTPe3KoB 6e3 MpPoMycKoB M NPW YCNOBMM OLHOM HanpaB/ieHHOCTU
WHTErpMpPOBaHUA U €ro HenpepbIBHOCTU, ONPeAenéHHbIi My/NbTUMNAMKAA OTpe3Ka paBeH
npou3BeaeHUIo onpeaenéHHbIX MyabTUMNINKANOB COCTAaBHbIX OTPE3KOB 6e3 NponycKos, HO Npwu
YCNOBUM €ro HenpepbIBHOCTM U OAHOHAMNPABAEHHOCTU MYNbTUNANLUPOBAHUA:

X1

o foot=e| reo%xe| reo%  (71)

Xo X0

X

o oot =e[ feomxe [ oot (72)

X2 X1

NoAMYNbTUNANKANbHOM GYHKLMKM 3aNpeeH0 MMETb OTPUUATE/IbHbIE 3HAYEHUSA B OTPE3KE

MHTErpMpOBaHMUA MO ABYM MPUYMHAM: BO-NEPBbIX BO3HMKaeT HeonpeaenéHHocTb 3Haka fF°(x)

npun 6eCKOHeYHO Masiom He 0653aTeNIbHO paLMOoHaAbHOM nokasaTtese dx, BO-BTOPbIX, €CAU BCE
we 3HaK fF°(x) onpesenéH Kak oTpULATENbHbIN, TO BCe paBHO BECCMbICNEHHO NpeAcTaBATb
MY/NbTUMIMKAN KaK npousBegeHne 6eCcKOHEeYHOro KOAMYECTBa OTPULATE/IbHbIX MHOMKUTENEMN,
nbo Toraa HemsbeXKHO BO3HUKAET HeonpeaeNEHHOCTb B YETHOCTU MAM HEYETHOCTU KONMYECTBa
3TUX MHOXWUTENEN, a CleaoBaTeNbHO U HeonpeaeNEHHOCTb COCTOSHUA MONOXUTENbHOCTU UK
oTPULATENbHOCTHU pesynbTaTa MYNbTUMNANLMPOBAHMA. Moatomy B KauecTse
NOAMYNbTUMNNMKANbHON (YHKUMM NpPUM  OKasuMM MOACTABAAETCA MOAY/b aHa/M3MPyeMon
GYHKUMK, M MO 3TOM Ke NpUYMHE oTcyTCTBYET 0603HaYeHne moayns GyHKUMKM B 3aNUCKU Camoro
MYNbTUMIMKANA, BCA OTBETCTBEHHOCTb NOACTAHOBKM pa3spewéHHOro Buaa GyHKUUKN B KayecTse
NOAMYNbTUMNAUKANbHOMN IEXKUT HA aHANUTUKeE.
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MHTerpMpoBaHMe  KOHCTaHTbl  AaéT  /AIMHEMHYK  3aBUCMMOCTb, B  CBOKO  o4yepegb
MYbTUNAULUMPOBAHME KOHCTaHTbl AAET NOKasaTesbHY0 3aBUCMMOCTb. HeonpeaenéHHbii
MynbTUNAKKan dyHKumm f(x) = A umeeT cnegyowmin obwmin BuA;:

F°(x)=B- A" (8),

roe A - KOHCTaHTa, B - OTNIMYHBIM OT HYNA KOHEYHbIN NPOU3BObHBINA MHOMXUTENb, KOTOPbIN
HeobXxo4MMO BK/IOYATb B BblpaxkeHue ntoboro HeonpeaenEHHOro MyabTUMNIMKANAA MO TOYHOM
aHaNoOrMM C TeM, Kak B BblpaKeHWe HeonpeaenéHHOro MHTerpasa BKAKOYAOT NPOU3BO/bHOE
cnaraemoe. B __mokeT 6biTb _OTpULLATENbHLIM, 4YTO A3ET HaM BO3MOMKHOCTb MOAY4YUTb

HeonpeaenéHHbI MyNbTUMNAUKAA KaK GYHKUMIO, BO3BPALLAIOLLYIO CBOW 3HAYEHUS HUXKE OCU
abcumcc.

Avnana3oH gna NpousBO/bHbIX 3/IEMEHTOB

. Hepoctnxknumo . HepoctuKumo
Mpon3BoNbHbIN INEMEHT HeunTtpanbHoe
mMmanoe 6onbloe

Mpoun3sosabHOE cnaraemoe

— o0 O +4+ oo
nHTerpana C
Moaynb Npon3BoIbHOro 0 1 + oo
MHOXUTENA MyabTUNAnMKana B

MynbTUNANKAN MOXHO BbIPa3WUTb Yepe3 WHTerpas, OA4HAKO Takasa 3anucb Mo onpeaeneHuto
KOCBEHHAA U rpoMo3AKan, TpebyeT ABe AONONHUTEIbHbIE ONEpPaLUN: BO3BEAEHWUA YMCIA «e» B
cTeneHb MHTEerpana HaTypasbHOro norapudma UCXoAHOM GYHKUUMK:

Fe(x) = e/In (f(x))dx_ 9)

Tem, KTO nonaraet To, YTO MYAbTUMAMKAA - 3TO MU3AUWHAA M 6ecnonesHasa CyWHOCTb, A
npeaniarald B PaBHOW Mepe KPUTUYECKM NOAOWTM M K PacCMOTpPeHuto o060CHOBaHHOCTU
CyLLecTBOBaHMA onepaTopa npousseseHns [[, NOCKONbKY ero MOXKHO Bblpa3uTb aHANOMMYHbIM
obpasom yepes onepaTtop CyMMbl Y., U C YYETOM 3TOro, KTO 3HAET, MOXKEeT ObiTb OH TOXKe
JMWHAN MO WX MHEHUIo. BbipakeHMe MOXKeT MOoKa3aTbCA HECKOJIbKO CNOXHbIM, HO
NPUHUMNNANBHO HE C/IOKHEEe BbIPaXKeHUA MY/bTUMNIMKANA 4Yepe3 WHTerpasn, Ho r/aBHOe,
paboTaert Ke:

N
N
[ Jos = signttas;az; . anDy - @2=113l, - (a0

i=1

roe sign — BcnomoraTtenbHas OyHKUMA, BO3Bpawawwaa —1 B c/ayyae, €CNM KOJIMYeCTBO
OTpULATENbHbIX MHOXUTENEN B NepesaBaeMOM B KaUyecTBe apryMeHTa MaccusBe HEYETHO, U +1
B MPOTMBHOM Cayyae. B gaHHOM cnayyae B «Harpysky» Bosspawaer 0 B caydae, ecam no
KpanHen mepe 04MH U3 MHOXUTeNel maccuBa paseH 0.

Kak 6bl TO HM O6blI0 KayecTBe KOMMPOMMCCA MYIbTUMMKAA MOMKHO PaccMaTpmMBaTb Kak
COKpPALWEHHYI0 3anucb BblWENPUBEAEHHOIO 3aMMCaHHOINO C WMCMOJIb30BAaHMEM WHTErpana
BblpaXKeHuA. JINUHO CaM CYMTAI0 TO, YTO COKPALLEHHAA 3aMUCb MHTYUTUBHA, NEPBUYHA MO CYTH,
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ABNAETCA TeM, 4YTO HEenocpeacTBEHHO OTpPaXaeT MaTeMATUMYECKU CMbICA NPOBOAMMOM
onepauun. o moeMy MHEHUIO, MYNbTUMNIMKAA MMeeT MOJIHOe MNpaBO 3aHATb CBOE
npuHagnexKalwee emy MecTo B CTPOMHOM CUCTEME CTAHZAPTHbIX MAaTEeMATUYECKUX MOHATUI U
OMNepaTopoB, a BblpaKeHMe MY/bTUMIMKaNA C UCNONb30BaHMEM UHTErPana ABAAeTCA (ABAANOCH
[0 CUX nNop) NOCPeACTBEHHbIM Bblpa)KeHMEM B YCNOBUAX OTCyTcTBUA Tpebyemoro
MaTeMaTU4YeCKoro annapara.

CnpaBeasMBOCTM pagM HeobXoAMMO OTMETUTb TO, YTO BbIPaXKEHWE MYNbTUNAWKANA 4epes
MHTErpan pgaeT Ham BO3MOMHOCTb aHa/IMTUYECKU onucaTb GOpmMy/sibl HeonpeaenéHHbIX
MYNbTUNIUKANOB ANnA 6ONbLWIOr0 YMCAa aHANIUTMYECKM 3adaHHbIX  QYHKUMA  UCMOJb3ysA
CYLLECTBYIOLLME ONepaTopbl U cylecTeytowme GyHKUUN.

MepeBoa NPOWM3BO/ILHOTO MHOMMTeNa B MynbTUNAMKana B npousBonbHoe cnaraemoe C

HeonpesenéHHOro MHTerpana B NOCPeACTBEHHOM BbIPaXKEHUU MyNbTUMINKANA e/ In(fC))dx
06paTHO ocyLWecTBAAETCA NO ceayrowmnm popmynam:

C=In|B|, (11.1)
B=+e® (11.2)

Mpn Xo = X1 onNpeaenéHHbIM MHTEerpan BO3BPALLAET HOMb, @ ONPEeAENEHHbIA MYNbTUMAUKAN
BO3BpallaeT eguHuMUy. ITO YTBEPIKAEHME COrnacyetcs C TeM, 4YTO TaK Ke KaK pesynbTaT
AeNCTBMA  onepauunm CYMMUPOBaHWA npeacTaBnseT coboit onpeaenéHHoe W3MeHeHue
OTHOCUTENIbHO HYANA, pesynbTaT AEeWCTBMA onepatopa NpousBeAeHUs npeactasnser coboi
onpeaenéHHoe M3MeHeHMe OTHOCUTENIbHO eANHULbI, TO NPOoM3BEeAeHME HY/IeBOro KONMYeCTBa

OnpegeneHne MynbTURAMKANA YMHOXUTeNen Aaét B KayecTtse pesynbtata 1 (To ectb

rpagpuyeckum cnocob6om B

Y-norapndmuieckofi 6e3 UM3MeHEeHWs  eAMHMUbI), U  4YTO  TaKXke

30 KOOpAWHaTHOM cucTeMe noaTeepaaeTca ypaBHeHNAMKM 5 1 9:
X1
2,5 j In f(x)dx= 0 ,mpux0 = x1 (12.1)
X0
2,0
[ In f(x)dx
1,5 F*(x) = €70 =e’=1. (12.2)
1,0 .. o
// TakxKe KaK 7] onpeaenéHHoIn UHTerpan
0,5 - // onpeaenéHHbIi MyNbTUMAIMKAN MOXKEeT ObiTb peLléH
S / rpaduyeckun. Tak, ecnm nocTpoutb rpadmk GyHKUMK B
£ " 0 o0s/1 15 2 25 3 KOOPAMHATHOW cucteme rae ocb Y npeacrasneHa
-0,5 / yepes ¢yHKumio In y (HaTypanbHo-norapudmmyeckan
10 / lWKana no ocu y), 3aTem ecan M3mMepuTb nowanb
/ KPUBONIMHENHOM Tpaneuun obpasoBaHHON rpadukom
1,5 / OYHKUMM B OAHHOM  CUCTEME  KOOpAMHaT M
20 OrpaHW4YeHHOM cneBa U cnpaBa X W X1
r —ah
/ Hy=e’x COOTBETCTBEHHO M 3aTeM BO3BECTU YUC/IO € CTeneHb,
-2,5 =e o o
’ I y pPaBHOM NOAYYEHHOM NAoLWaAM, TO NOAYYUM 3HAYEHME
dy=x N
-3,0 Y OnNpeaenéHHoOro MynbTUNAWKana. Opyrumu cioBamu
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HaTypanbHbIN Norapudm onpenenéHHOro MyabTUMIMKANA PaBeH MNIOWAAUN KPUBOJIMHENHOM
Tpaneuun, 06pa30BaHHOM aHaAU3Upyemor GQyHKUMEN W TFeOMETPUYECKM U3MEpPEHHOM B
AaHHOM  (norapudmmyeckon) cucteme KoopauHat. [PUYEM  MOCKONBbKY HeNTpasbHbIM
3N1EMEHTOM MyNbTUNAUKana asnaetca 1, (0 Ana ocv opanHaT B eanHMUax Iny), To usmepeHHas
HUXKe 3TOW OTMETKM MO OCM OPAMHAT NAOWAAb KPUBOJMHEMHOW Tpaneuuu cYMTaeTca Kak
oTpuuaTtenbHana. CkasaHHOe noaTBep)KAaeTcs GOPMYaOA NOCPEACTBEHHOINO BbIPaXKEHUA
MYAbTUNANKANA C UICNONb30BaHMEM UHTErpana.

CornacHo onpegeneHns CamMoro MOHATUA  MYNbTUMN/IMKaNa pPeLleHne onpeaenéHHoro
MYNbTUMNIMKaNa MOXHO NOYy4YnUTb Yepes Npeaen onepatopa npounsseneHua:

Ax =(x1—%) /N, N€eN, N>0 (13.1)

X1 N
.fx F)¥ = I\}i_)rgoﬂf(xo +Ax - (- %)™, (13.2)
0 i=1

N

o]X1f(x)dX = lim | [(f(xo + Ax - G-1))- f(xo + Ax -i))AX/Z, (13.3)

N—-0O
i=1

MpW KOHeYHbIX 3HaYeHuAX AX (gIMHE 3N1eMeHTapHOro OTpesKa) M ANA HEeCKONbKo bosnbliei
NPaKTUYECKON TOYHOCTM npeasiaraeTca 6paTb 3HAYEHUA QYHKLMUN B CepeanHe 3/1eMEHTApPHOro
OoTpe3Ka - ypaBHeHus 13.2. Eweé uumcneHHo 6oJsiee TOYHbIA BapuMaHT C UCMNONAb30BaHMEM B
KaQuecTBe MHOXMUTENEN B UTepaumax cpegHe-reOMeTpUYecKkoro 3HavyeHue oT napbl 3HAYeHuM
NOAMYNbTUMNIMKANBbHON PYHKLMKM TEX, YTO B HA4asle, U YTO B KOHLLE 31€eMEeHTAapHOro oTpesKa
COOTBETCTBEeHHO — ypaBHeHue 13.3. Ecan ncnonbv3osatb 13.3, TO M3-3a HANNYUA B BbIPAXKEHUN
npousseaeHna AByx (YETHOro umcna) 6aM3 cToAWMX APYr K APYry 3HayeHul ¢yHKUUK
nossasetca cob61a3H MyNbTUNANLMPOBATL OTPULATENBHYIO 061acTb GYHKLMI, YTO 3anNpeLLeHo.

MOCKO/IbKY MYNbTUMNAMKAN — 3TO MO CyTU Pe3y/bTaT onepauum NpousBeneHus, a He CYMMbl,
AOMNOJIHATENIbHBIM MPU3HAKOM HE CXOA4MMOCTU MYNbTUM/IMKANa, OT/IMYAOWMM €ro no 3Tomy
KPUTEPUIO OT MWHTErpana, fBAAETCA NPUBAMIKEHME 3HayeHMA MyabTUNAMKana K 0 npwm
CTPEM/IEHUM aprymeHTa B HECKOHeYHOCTb. HeobxoauMmbiM, HO He A0CTAaTOYHbIM YCI0BMEM
CXOAMMOCTU MY/NbTUMNMKANA ABAAETCA NPUBAMNKEHME NOAMYNbTUNAMKANbHOU dyHKUMM K 1
npu CTPeMNeHUN aprymeHTa B HECKOHEYHOCTb, YTO OTAMYAET MY/AbTUIMIMKAA OT UHTEerpana,
noAblHTErpanbHaa GYHKUMSA KOTOPOro A0KHA CTpemuUTcA K O 41A TaKOro »Ke yC/10Bus.

OnepaTopy CYMMMpPOBaHUA M OMNepaTopy NPOU3BEeLEHUA MOXHO AaTb obuwiee onpepeneHue
PEKYPCMBHOIO MPUPALLMBAIOLWLErO UTEPATOpPa NEepPBOro M BTOPOro NopsaAka B COOTBETCTBUU C
NOpAAKOM WCMONb3YeMOro runeponepaTopa B MXx ocHoBe. [pupalmsarouime, MNOCKONAbKY
MUCNONb3YIOT MNPAMOM, a He o0b6paTHblA TMNeponepaTop, a PEKYPCUBHbIE, MNOCKO/bKY
NpMpaLmMBaloT pesyabTaT npeablayLlein cBoen ntepaummn, To ecTb ccbliatotca ceba. MHTerpany u
MYAbTUMAMKANY MOXHO f[aTb obwee onpeaeneHWe HENPepbIBHOTO  PEKYPCUBHOIO
NpuUpaLLMBalOLWLEro MUTepaTopa MNepBOro W BTOPOro MNOpsZKa COOTBETCTBEHHO. A TaKxke
anddepeHumnany n pakTopuany, a TakxKe nepBoobpasHoin U ¢paKTop-nepBoobpasHoOM, a Takxke
Npon3BoAHON U GaKTOP-NPON3BOAHON MOXKHO AaTb 0b6obLatoumMe onpeaeneHma: NpupaLLeHns
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NepBoro M BTOPOro NopsaKka, a Takxe nepsoobpasHON NepBoro M BTOPOro Nopsaka, a TaKxke
NpPoun3BOAHOM NEPBOro M BTOPOro Nnopsaka COOTBETCTBEHHO.

Mpumepbl pakTOpP-NepBOOO6PaA3HbLIX 418 U3BECTHbIX QYHKLMA

®PyHKUMA dakTop-nepsoobpasHasn
0 He cywiecTsyeT
1 B
a B:a*
a-x" B- en-x-(ln(%-x) -1)
a’x B- a(1/2.n.X2)
e B-eA”

roe /1 - obo3HavyeHMe onepaTtopa cTeneHHasa b6allHA ¢ 1eBON aCCOLMATUBHOCTLIO.

Hpumep ncnosib3osaHMA MynbTUNJINKANA

ty
I(te,t;) =o | (14i(t)%, (16.1)

to
rge t - BpemaA, roa, to — Ha4a/ZibHaA BpeMeEHHaA METKa KOHTPOJIbHOro nepuvoga, roa, t1 -
KOHEYHaa BpemMeHHana MeTKa KOHTPOJIbHOro nepuoga, rog; i(t) — ¢yHKuMA OoT BpemeHu Temna
pocTa WHAAUMM [/ Temna pocTa 3KOHOMMKM [/ CTaBKa CCyAHbI MNPOLEHT B FOAO0BOM
ncuncneduu, g.e.; l(to, t;) — KosadpduumeHT obecueHMBaHUA AeHEXKHbIX cpeacTe / pocTa
3KOHOMUKHA / MOKa3aTe/ibHbIFO POCTa 3a40/1XKEHHOCTU 3a KOHTpOfIbeIl’I nepwuoa, A.e.

t

St)=e| (1-m()%, (16.2)
0

roe t — Bo3spacT, roa; m(t) — pyHKUMA CMEPTHOCTM B 3/1eMEeHTapHOM rpynne oT Bo3pacTa Aoaen
31eMeHTapHOW rpynnbl B ro40BOM MCHYMC/IeHUW, a.e.; t; — Bo3pacT, rog; S(ti) — dyHKuUmA
0XMAAEMOI [0/ BbIKMBLUMX OT 0BLEro YMcna PoAUBLLMXCA B 3aBUCMMOCTM OT BO3pacTa ti,

a.e.

dusunyeckas pasmepHoOCTb MyIbTUNAIMKANA U NOAMYNbTUNIUKANbHOWU PYHKLUN

KaK Mbl Xxopowo 3Haem A/1A MHTEerpasa B3aMmo3aBUCUMOCTb MEXKAY PAa3MEPHOCTbIO 3HaYEeHUM
NOAbIHTErPANbHON GYHKUUM M PA3MEepPHOCTbIO 3HAYEHWM MHTErpana yCTaHaB/iMBaeTCA yepes
pPa3MepHOCTb 3/IeMeHTa UHTETPUPOBAHNA WU APYTUMW CNOBaMM Yepe3 pa3mepHOCTb obuLiero
Ana 0b6enx GyHKUMIN aprymeHTa:

M=m-a,

roe M — pasmepHOCTb 3HaYeHUI UHTerpana, m - PasMepHOCTb 3HAaYEHUI NOAbIHTErPA/IbHOM
bYHKLMM @ — pa3MepHOCTb 3HAYEHWUI aprymeHTa.

31



B paHHOM cnyyae MCNoOAb3yeTcs OMepaTop YMHOMEHMA — [AEeUCTBUMA C  3/IeMEeHTOM
nMHTerpmposBaHusa. Camo Knaccmyeckoe npeactaB/ieHne 0 Pa3sMepHOCTU PU3MYECKON BEANYUHDI
nogpasymeBaeT nog coboi npoussBedeHue yucna (KOIMYECTBEHHOTO CBOMCTBA (M3MYECKOM
BE/IMYMHDBI) Ha pPa3MepHOCTb (KayecTBeHHOe CBOWMCTBO (U3MYECKON BESIMYMHbBI), TO €eCTb
nogpasymeBaeT WCMNO/Ib30BaHME oOMepaTopa YMHOMEHWA B KayecTBe CBA3KM Aas napbl
OMUCaHHbIX CBOMUCTB PU3NYECKOMN BENNUMHDI.

PaboTa C My/AbTUNAMKANOM 3aCTaBUT HAac MEpPeoCMbICNUTb NpeacTaBieHne o0 ¢Gu3MyecKom
pPa3sMepHOCTU, O TOM, KaK OHa MOXKET BbIrALETb, MOCKO/IbKY B3aMMO3aBUCUMOCTb MeXAay
Pa3MepPHOCTbIO 3HAYEHUN MYNbTUM/IMKANG U PAa3MEPHOCTbIO 3HAYEHUI NOAMY/IbTUMIUKA/IbHOM
dYHKUMM MCcnonb3yeT onepaTop BO3BEAEHUA B CTENeHb (onepatop nNpuaaraembit K 3N1€MEHTY
MYNbTUNAULUPOBAHMA), YTO 0BOycnaBAMBAET NPUMEHEHME TaKOroO Ke onepaTopa B KayecTse
CBA3KM MeXKAY KONMYECTBEHHbIM U KayeCTBEHHbIM CBOMCTBAMU GU3UYECKOM BENNYUNHDI:

M=m,

roe M — pasmepHOCTb 3HAYeHUM MyAbTUMIMKANa, M - pPa3MepHOCTb 3HAYeHUM
NoAMYNbTUMNIMKANbHON GYHKUMMN.

Takum 06pasom M NpU yCNOBUW TOFO, YTO B Bbllle NPUBEAEHHbIX NPUMEPaAX MYAbTUNAUKAN
nogpasymeBan bOe3pasmepHyld BeaMUMHY, a obwuin  aprymeHT My/AbTUN/IMKanNa W
NoAMYNbTUMNAMKANbHON GYHKUUM NPeAcTaBNeH Pa3MepHOCTbIO rogbl, Pa3sMepHOCTb 3HaYEeHUN
NOAMYAbTUMNINKANBHON GYHKUMIN A0MXHA BbiTb 1/rogbl MU HE B KayecTBe MHOXWUTENA, HO B
KauyecTBe CTeNeHU K YUCNEHHOMY 3HAUYEHUIO NOAMY/bTUMNIUKANbHON GYHKUUKM, HAaNnpUMeEp Tak:

1.051/r°‘“, YTO TOXAOECTBEHHO “V1.05. Mpu  MynbTUNAUUMPOBAHUN [aAHHOE YUC/IeHHOoe
3HayeHWe B AaHHOro TUMa Pa3MepHOCTU, BO3BEAEHHOE B CTEMEHb BEIMYMHbBI C PA3MEPHOCTLIO
rogbl (3/1eMeHT MyNbTUNANUMPOBAHMUA), B pe3ysibTaTe AaéT 6e3pasMepHy0 BeINYMHY,
COOTBETCTBYIOLLYIO M3HAYa/IbHO ONpenenéHHOM pPasMepHOCTM 3HAYEeHU MyabTUNAMKana. Kak
BUAHO, WUCMO/Ib30BaHWE ONepaTopa YMHOMEHUS B KayeCTBE CBA3KM UYMCAEHHOrO 3HaYeHuA U
pasMepHOCTM  OU3BMYECKMX BEAMUMMH B KAyecTBe  3HAYEHUW  MyAbTUMAMKana MU
NOAMYNbTUNANKANbHOMW  GYHKUMM He nNpeacTtaBAseTcs BO3MOXKHbIM.  BosBpauwatowme
dM3MYECKME BEIMUYMHDBI C KNACCUYECKOM Pa3MepHOCTbIO GYHKUMM HEe MOTYT BbiTb NOABEPTHYTbI
MYNbTUNAULUPOBAHUIO MW GAKTOPUPOBAHUIO, YTO AN HUX MO onpeaeneHunto 6bi1o Obl
JINWEHHBIM GU3NYECKOTO CMbICAA. ITU PYHKUMKN MOTYT 6bITb MO0 6e3pasmepHbIMU, NMBO, Kak
3TO MNOKa3aHO Bblle, MMETb TaK Ha3blBaeMbli «CTENeHHON» (MNM «KOPEHHOW») Tun
pa3sMepHOCTH.

MpaBuno cornacoBaHMA NPOU3BO/ILHOTO MHOXUTENA «B»

Ecnm aHanusmnpyeman GyHKUMA 3agaHa MO cpeacTBam paga GyHKUMA, NPUMEHMMbIX NO OLHOM
ONA KaXOoro v3 pAga CTOAWMX B CTblK APYr K ApYry AMana3oHOB 3HAYeHUM aprymeHTa
aHanusmpyemon OyHKUMKU (pa3nunuHbii 0bnactax aHanusaMpyemon oyHKUMK),  APYyrumu
CNOBaMM €eCNM  aHanuTu4Yeckaa O¢yHKUMA 3afaHa C MpepbiBaHUAMU, TO MNOCTPOEHUN eé
HeonpeaenéHHoro MYNbTUNANKANA noapasymeBaet B3ATUE HeonpeaenéHHbIX
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MYNbTUMIMKANOB ANA KaXKA0M U3 YMCAa COCTABAAIOLWMX QYHKUMI C LEeNbio UX MCMONb30BaHUA B
KayecTBe COCTaBAAKOWMX HEONPeaeNEHHOro MYNbTUMNAMKANA aHanusnmpyemon ¢yHKUUKM B
COOTBETCTBYOWMX WM obnacTtax. [lanee ecnM aHanAM3 noapasymeBaeT MOCTPOeHMe
HenpepbIBHOTO MY/AbTUM/IMKANA aHanusmpyemon ¢yHKUMKM, TO cnepyet obAsaTenbHasa AnA
3TOrO0  CAyyas  npouegypa B3aMMHOIMO  COM1aCOBAHWMA  MPOM3BOJIbHBIX  MHOMUTENEMN
COCTaB/AKOWMX  HEONPEAENEHHbIX  MYNbTUMNAWKANOB, O4YEBUOHO Heobxogumon  pgns
obecrneyeHns HenpepbIBHOCTU PYHKLMMU HeonpeaeNEHHOro MyAbTUMIMKAaNA aHAAU3UPYEMO
dyHKUuMKN. CornacoBaHMe MHOMKUTENEM BCEX MAP CMENKHbIX COCTaBAAOWMX HeonpeaenéHHbIX
MYAbTUMIMKAN0B NPOU3BOAUTCA NO MAPHO U AO/IKHO OTBEYATb C/IeYIOLLEMY PABEHCTBY:

Bi- F*1(x) =By F*5 (x), (14)

raoe 0 u 1 — MHAEKCbl CMEeXHbIX NPeablayLLero 1 cAeAyoWero CoCTaBAsIoWMX HeonpeaenéHHbIX
MYJIbTUNAMKAIOB U MUX MPOU3BOJIbHbIX MHOXUTENEN; X - TOYKA CTbIKa CMEMKHbIX NpeablayLLero
N CNefyroLLero CoCTaBAAWMX HeonpeaenéHHbIX MynbTUNAMKANOB noa nHgekcamm 0 u 1.

PeleHue BbiWeENpPMBEAEHHOIO YPaBHEHWNA OCYLLECTBAAETCA ANA KaXKA0ro CTbiKa COCTaBAAOLLUX
HeonpeaenéHHbIX MyNbTUNAUKANOB, NPUYEM NOCNeA0BaTeNbHO B MOPAAKE 3HAYEHWUR
aprymeHTa B TOYKaX CTbIKOB MO OAHOMY W3 ABYX HaMpaB/AEHWI: B CTOPOHY MX pOCTa WAW B
CTOPOHY MX Yy6biBaHUA. TakMm o6pa3om onpeaensercd NPOU3BO/bHbLIA MHOXUTENb ANSA
KaK[,0ro cneAyiolLLero CoCcTaBAoLWEero HeonpeaeNEHHOro My/ibTUNIMKaNA MO Y>Ke N3BECTHOMY
3HAYEHUIO ANA KaXKA0ro npeaplayliero. 3HadyeHne NPou3BobHOrO MHOXUTENA A8 NepBoro B
pacyéTHOM  MNocCnenoBaTe/lbHOCTM  COCTABAAIOWEro  HeonpeAenéHHoro  My/abTUMAMKana
yCTaHaB/MBAETCA aHA/IMTUKOM.

Ha PUCYyHKe npueeneH npunmep cornacosaHumA MocTpoeHWe MynbTUNAKKaNA
MPOU3BO/bHbIX MHOXUTeNEN. 3pecb M3 COCTABNAIOLMX GYHKLMIA
NoAMYNbTUNANKaNbHAA GYHKUMA (KpacHbIM) COCTaBJIEHa /\

M3 NATU aHAZIMTUYECKM 33a[aHHbIX JIMHEMHbIX GYHKUWUN, 28 /

ONA KaXKOOW M3 KOTOPbIX MOCTPOEH HEONpeaenéHHbli AN /
MY/AbTUMAMKAN (cepbiM), MOCNe 4Yero nNpousBeneHo \\...—/
COrnacoBaHWe UX MNPOU3BOJIbHbIX  MHOMWUTENen B e

HanpaB/JeHUW cneBa Ha npaso. Tak AnA nepBoro cjaesa 1

cocTtasaAawowero Heonpep,enéHHoro MYNbTUN/TINKANA }/
I'IpOVI3BOI'IbeI[;| MHOXHUTE/Ib YCTAaHOBJZIEH HaA 3HAYEeHWUU

2.25, pnAa BTOpPOro ero pacyétHoe 3HayeHWe COCTaBUIO o

|
|
0 0,5 1 15 2 2,5 3

3.709623, pgna Tpetbero oHO coctasumno 0.914782, anAa
F1 F2 F3 F4 F5 emmf —f

yeTtséptoro 11,20608 u gna naroro 1,980973. U3 nAatu

COCTaBNAOWMX HeonpeaeNnEHHbIX MY/JAbTUNANMKANOB MO pe3ynbTaTy COracoBaHMA WX
NMPOM3BO/IbHbIX  MHOMXWUTENEeN NOCTPOeHa HenpepbiBHAaA QyHKUMA  HeonpeaenéHHOro
MYNbTUNAMKANa aHanusupyemon ¢yHKumm (4épHbim). MopobHaa onucaHHoM npoueaypa
O0/KHA NPOBOAUTCA MO OTHOLIEHUIO K HeonpeaenéHHOMY UHTerpany B nogobHon cutyaumm,
HO B OTHOLUEHMW NPOU3BOJIbHbIX claraembix C nocnegHero. MoXHO 06paTUTb BHUMaHME Ha TO,
4YTO  MYIbTUMNIMKAA He  WMMeeT npepbiBaHUA  MNPOU3BOAHOM B TOYKax  M31o0ma
NoAMYNbTUNIMKANbHON PYHKUUM, MOCKONbKY HET NpepbiBaHUA CaMOM NOAMY/IbTUMINKAIbHOM
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byHKUMM B KavecTBe (aKTOpP-NPOM3BOAHOM MYNbTUNAMKaNa ¢yHKUMKW. B TouKax, rae
NoAMYNbTUNIMKANbHAA QYHKUMA MMeeT npepbiBaHMe, €€ MyAbTUNAMKAA UMEEeT W3/10Mbl
(npepbiBaHMA NPOM3BOAHOM).

TaK Ha3blBaemblii «kHenpepbIBHbIA PpaKTopUan»

Ha puarpamme npeactaBneHa cepus rpadumkos (cepbim) u3 MynbTunankan f(x) = x
) 9 T
OECKOHEeYHOro  MHO)KecTBa  rpaduKoB  HeonpenenéHHoro
MyAbTUNAMKana byHKumm f(x) = x (nocpeactsenHo y = te* ™™= o | i S NEE
**C) (KpaCHbIM), KaAblii OTAMYAIOWMECH OT APYrUX M3 Cepuu
7 - S
3HaYeHMEeM NPOU3BOILHOrO MHOXMUTens «Bx». [na ogHoro u3
HUX - TOro, YTO NPOXOAWUT Yepe3 TouKy (x=1,y=1) (4€pHbim)
NocTpoeHa Npou3BogHas (OpaHXKeBbIM).
Ona HeonpeaenéHHoro MmynbtTunAnMKana o¢yHkuum f(x) = x
cobntopaerca cnegytoliee NpumedaTesIbHOe OTHOLWEHME:
F*(0) = F*(e) = F*'(e)
r =e, (17.1)
Fe(1))=F"" (1)
a TaK)Ke 3Ha4YeHnem ero NPoOn3BOAHOM ABNAETCA:
F*(1)=0, (17.2)
roe F°(x) — HeonpegenéHHblit mynbtunankan f(x) = x; F*’(x) —
npoussoaHas F°(x); F*”’(x) — sTopaa npoussoaHas F°(x). 2
_ -3 ‘
B oTHoweHun mynbTunaMkana ¢yHrumm f(x) = x meHs He e

NOKMAAET MbIC/Ib O TOM, YTO MMEHHO 3Ta KpacuBaa QyHKUUA
MOXEeT NPeTeHA0BaATb Ha PO/b GYHKLUMUM TaK HAa3bIBAEMOTO «HENPEepPbIBHOrO GakTopuana».

CaBuHYTas Ha eguHuuy Bneso «Famma» ¢yHKuma («Au» dyHKuma) asnsetcs obobuieHnem x!
ONA BELLECTBEHHbIX YMCEN M HA MOW B3rNAg4 He NoAXo4MT Ha pPosib GYHKLUUU «HENPEPLIBHOTO
dakTopmana». TaKk, ecan ana x! nepBOM, TakK CKa)Kem, OMOPHOM TOYKOM, NPU KOTOPOI
cobntofaeTca ycnoBume y = X, ABASETCA TOYKA Npu X = 1, a BTOpaA Takas TOYKa Npu X = 2, To ANA

mynbTunAMKana f(x) = x, 8 yactHocTy e+t

(4EpHbIM Ha gMarpamme) BTOpas Takasa ONnopHas
TOYKA HAaXO4MTCA NPU X = @, YTO NOKA3bIBAET Ha UCK/IOYMTENbHOCTb NOCAEAHEN NO CPABHEHUIO C

obobuweHnem ans x!.

Kasanocb 6bl, KaKoe OTHOLWEHME MOMXKEeT MMEeTb 4YUCN0 €@ K MNOCTPpoeHuo yHKLMU
«HenpepbiBHOro daktopuana». WM Kak oOKasanocb, CamMoe HenocpeacTBeHHoe, W60

MynbTURAMUMpoBaHme ¢yHKumMmM f(X) = x — 3To ogMH M3 cnNocobOB HaxOXAEHWs 4yucna e.
x=In(x)—-x+C 0

’

Mpu3HaTbcA, NpuBeAEHHbIE 34eCb rPadUKM NOCTPOEHbI He Yepe3 BbipakeHue te
KOTOPOM TOrAa ewgé He 33aAyMblBascA TO eCTb He MO CPeACcTBaM MCMO/b30BAaHMA 33aBeAOMO
N3BECTHOTO YMC/a €, @ UMEHHO MyabTuNAMuMpoBaHMeM f(x) = X YnCNEeHHbIM MeTOAOM HauMHanA
oT X = 1 B 06e cTopoHbI No ocn abcuymcc. N KakoBo e 6blI0 MOE M3YMIEHUE, KOrAa BbllWEN Ha
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4YMCNO e MpU X CTpemAweMca K Hynt. Ho ¢ Apyroi CTOPOHbI, YeMy TYT YAMBAATLCA, KaKoe
OpYyroe KOHeYyHoe 4YUC/I0 MOXKHO 6bl1o 6bl 0XuaaTb, BeAb noasneHue nwboro Apyroro
KOHEYHOro YMcna Bbi3Baso Hbl yanBaeHWe ¢ BOCTOProm ewé 6onbwee, Mbo Takoe YMCNO MOTIOo
6bl 6bITb HOBOW 3aMeyaTeIbHOM MaTeMaTUYECKOM NOCTOAHHOW MO ONpeaeNeHUo.

PeweHune 3agaum o0606uweHma x! ana BewecTBEHHbIX YMCE/ BO3BPALLAET HAC K MbIC/IN O TOM,
yto x! B nepByto oyepeab ABAAETCA AUCKPETHOM PYHKUMSA, M 4TO camo no cebe nogHMMaeT Aga
CBA3AHHbIX C 3TUM ¢GaKTom Bonpoca. Bo-nepBblx, NoYemy npuv MOCTPOEHUM pAda He
PaccCMOTPETb PSA, MHOXUTENEM HaunHasa He oT 1, a C KaKoro-To Apyroro BeLLecTBeHHOro Yncna,
Hanpumep ot 0.5, Kak cnegyeT: 0.5, 1.5, 2.5 n 1.4., 1 BO-BTOpPbIX NOYEMY LIAr pAga coctasndaeT 1,
a He nwboe Apyroe MNONOXKUTENbHOE BELLECTBEHHOE 4MCI0? Yem WMMEeHHO eauHMUA
npMmeyaTtesibHa B KayecTBE Ha4va/bHOM TOYKM pAga U pasmepa ero wara? Mog 3Tum yraom
3peHna o0606uweHne x! ana BelecTBEHHbIX Yucen npeacTaért nepes HaMM Kak 4YacTHoe
NOCTpPOEHMe.

M3meHeHWe BenuuMHbl LWara paga O3Ha4yaeT M3MEHEHMEe KO/AMYecTBa MHOXUTenen paga,
NCNONb3YyEMbIX NPU BbIMUCNEHUM pe3ynbTaTa GYHKUUW ANA NOACTaBAAEMOro aprymeHTa. [ns
TOro, YTO Hbl COXPAHUTbL TOXKAECTBEHHOCTb NMOPAAKA BO3BPALLAEMOro pesynbrata GyHKLMU oS
noACTaBNAAEMOro aprymeHTa, U NOCKO/IbKY Mbl UMEET A0 C PAAOM UMEHHO MHOXUTENEN, Npu
M3MEHEHUW Lara paga HeobXxoAMMO BO3BOAMTb KarKAblA MHOXWUTENb psAfga B CTeneHb
KPaTHOCTU M3MeHeHUA (YBeNnYeHMA) BENIMUMHDI Wara paga, B 4aHHOM C/y4ae npy U3MeHeHUn
lwara paaa OTHOCUTENIbHO OT eAMHULbI KaK BEMUYMHbI MO YMOAYaHUIO. B 3TOI CBA3U MOXKHO
3anucaTtb obulee onpeaeneHme GpyHKUnmM x!:

N(x)

x! = n(b +s-i)5, (18.1)

i=0
(x —b)
N(x) = round T) (18.2)

roe b — HavanbHas TouyKa paga, NO YMOMYAHWUIO paBHas 1; s — BeAMYMHA lWara paga, no
ymon4yaHuto pasHasa 1; N — pyHKUMA KOIMYeCcTBa UTepaLunii onepaTopa CYMMUPOBAHUA BK/IOYas
HYNEeBYIO UTEPALNIO B 3aBUCMMOCTM OT 3HAaYEHMA aprymeHTa

Mpumepbl pALOB: 2.5%-45%.65%-85%-10.5" ut.g wm: 1.1°1.1.2%1.13%1.14%1.15% .
1.6%%. 1.7 . 1.8% T.A.mam 1 - 2. 3. 4. 5. 6! C onucanHoit ToukM 3peHuns nocneaHui
pA4, @ MMEHHO TOT, YUTO MCMONb3YEeTCA B NepBOHaYanbHON Bepcun GyHKUMKN X! — ecTb psag no
YMO/I4aHMIO, HO OAHOBPEMEHHO MNpeacTaBaAeT cobol YacTHoe MOCTPOEHMEM M3 MHOXKeCTBa
BO3MOXHbIX.

YMeHblUeHMe BeNUYMHbl LWara paga AenaeT BO3BPaAWAEMble 3HaYeHua OyHKUMKM ana
NoACTaBASEMOro aprymeHTa 6auKe Apyr y Apyry Npy CPpaBHEHUN ABYX BU3KNUX, HO HE PaBHbIX
warax. XapaktepHas 0ocobeHHOCTb NOCTPOEHMA PAAA C UCNONb30BaHUEM MynbTUNAMKana f(x) =
X 3aK/l0YaeTCA B TOM, YTO Be/IMYMHA wWara paga (BeandmHa afieMeHTa MyabTUNAULUPOBaHUA)
cTpemutca K 0, UTo B NepByto oyepenb obecneynBaeT HaM UCKOMYIO HEMPEPbIBHOCTb GYHKLUUMK,
N TaKXKe fAenaeT BO3Bpallaemblit pe3ynbTaT GYyHKUMKM ANA NoACTaBASEMOro aprymeHTa yiKe
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NHANPPEPEHTHBIM K KONMYECTBY MHOXUTENEN B pALy, K BEAINYMHE Wara paga. Bosspalaemblie
pe3ynbTaTbl A/A MNOCTaBASEMOro aprymeHTa CTPemMATCA K B3aMMHOMY pPaBeHCTBY. [aHHoe
06CTOATENBCTBO  MPUBOAUT TEOMETPUYECKME MeCcTa TOYeK MHOXKECTBa MNOJyYaembiX C
ncnonb3oBaHMem MynbTUNAMKana f(x) = x OyHKUMIA ans MHOXKecTBa Hayan psga B
04HO3Ha4YHOe, 0606WEHHOE MONOXKEeHME C cobatoaeHMemM BbllenpuBeLEéHHOro oblero ana
BCEX HWUX PAaBHOIO YMC/y € 3aMeyaTe/IbHOro OTHOLEHMA, U YTO HabaaeTcs BHE 3aBUCMMOCTH
oT BblbOpa TOYKM YCNOBHOrO Hauyana psga. B gaHHOM cnyyae BblbOp TOYKM Hadana psga
eAMHCTBEHHO NpegonpeaenseT 3HayeHue NPoM3BOIbHOTO MHOXWUTeNA B, To ecTb Bblgenser
04HY OYHKLMIO M3 MX MHOXECTBa, MW HAaobopoT, MHOXUTeNb B onpeaenser oaHy wuau ase
TOYKM Havana paja M3 UX MHoXKecTBa. Tak 13 ntboi Toukm (Kpome Toukn 0) npsmoit rpaduka
oyHKUMKM f(X) = X MOXKHO npoBecTV rpaduK eé mynbTUNAMKANa ¢ npegonpesenéHHbIM Ans
AAHHOW TOYKN MHOKMTenem B.

Ha gmnarpamme Touku nepeceveHua (Kéntbim) rpadmka ¢oyHrumm f(x) = x ¢ rpadmkamm csoero
MYNbTUNIMKANG, ABAAIOTCA NPUMEPaMM BbIbopa YCNOBHOMO Havana psaaa, U3 KOTopbIX CTPOUTCA
rpaduk Tak HasblBAeMOro «HenpepbiBHOro ¢akTopuana» B BAEBO OT TOYEK MepeceyeHus.
Takke BWMAHO TO, 4YTO He pJaa BCex

3HAYeHU MHoxuTena B cywectsyer 5 Mynetunankan f(x) = x|
pelleHne HayYaNbHOM TOYKM MNOCTPOEHUA

pAaga. Peub noét o rpadmkax N

MYNbTUMAMKANQ, He  nepeceKalowmx

npsamyto f(x) = x.

Ha BTOpoW anarpamme AN HarnAa4HOCTY B
HaTypanbHO JlorapudmMmMyeckoirt Mo ocu

opAMHaT cuUCTeMe KOOpAMHAT nokKas3aHa
cepua rpadukos  HeonpeaenEéHHOro
My/IbTUNAMKaNa (cepbim B oblem w

YépHbim npu B = 1) moayna (KENTbim)

oyHkumm  f(x) = x (KpacHbim) AanAa 4
Pa3/IMYHbIX  3HAYEHWI  NPOM3BOILHOIO s
MHOXuTena B. Méntbim nokasaH rpaduk -5 4 -3 -2 -1 0 1 2 3 4 5

MOAYNA Y = X.

FeomeTpuuecknii poct pyHKLUMU

MponssogHaa QyHKLMM NOKa3blBaeT Ha pocT GYHKUMM B TOuKe. HO KaK BblACHAETCA, POCT
GYHKUMM B TOYKE MOMKET ObiTb PasHOro poga, Kak roBOpUTbCA, POCT POCTY PO3Hb. Mo3aTomy
cnefyeT YTOYHUTb TO, YTO AAHHbIN POCT ABNAETCA apudMETUYECKMM, TO eCTb NOKa3blBaeT Ha
CKOMIbKO eAMHUL, BblpacTeT ¢YHKUMA, €CM apryMmeHT ¢yHKUMWM BbipacTeT Ha 1, u npwu
TMNOTETUYECKOM YC/NIOBUW TOTO, YTO AAHHbIN apudMeTUYEeCcKnit pocT GyHKLMMU HA NPOTANKEHUMU
poCTa aprymeHTa He M3MeHUTCA U ByaeT COOTBETCTBOBATb CBOEMY 3HAYEHWIO B BblOpPaHHOM
TouKe GYHKUUKN. [padUUecKM 3TO peluaeTca NpPoBeaeHNEM KacaTe/ibHOM K rpaduky GyHKUMK B
BbIOpaHHOM TOYKe, a €eC/n BblpaXKaTbCs TOYHee TO, NpoBeAeHMEM K rpaduKy ¢yHKuMKM B
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BbIOPAHHOM TOYKE He NPOCTO KacaTe/lbHOW, He MNPOCTO KacaTe/NbHOM MNPAMOM, @ WUMEHHO
KacaTenbHoro rpadumka NMHeMHON yHKLUMKN obLWero BuAa:

y=b-x+c, (37)

roe b M ¢ — KOHCTaHTbI KacaTeNlbHOM IMHEWHOW GYHKUMK, onpeseneHne KoTopbix obecneunsaet
eé KacaHue K aHanmampyemomn GyHKLMN B BbIBPAHHOM TOYKe.

b uncneHHO noKasbiBaeT Ha abcontoTHOe NpupalieHne GYHKUUKU NPU YBEAUYEHUM apryMeHTa
Ha 1, MNoOKa3blBaeT Ha apudMeTMyecKkuit pocT OGYHKUMWM B TO4uKe. TaAHreHC yrna HaK/oHa
KacaTenbHOM nNpsmMoiN B BblOPaHHOM TOYKE OTpParkaeT 3HayeHue apudmeTUYecKoro pocra
bYHKUMM B aHHOM TOUKE.

YnomsaHyTaa Bbiwe ¢$aKTOpP-NPOM3BOAHAA NMOKa3blBAeT HA FreOMeTpPUYECcKUid pocT GyHKUUKM B
TouKe. OH NOKa3bIBaeT BO CKONbKO pa3 BblpacTeT GYHKUMA, eCN apryMeHT GyHKLMK BblpacTeT
Ha 1, U NPWU TMNOTETUYECKOM YCNOBUM TOTO, YTO AAHHbIN FrEOMETPUYECKMI POCT QYHKLUWU HA
NPOTAXEHUN POCTa apryMeHTa He U3MEHUTCA U ByaeT COOTBETCTBOBATb CBOEMY 3HAYEHWIO B
BbIOpPAHHOM ToUuKe GyHKUMU. [paduyeckm aTo pelwaeTca nposeseHMEM K rpaduky GyHKLMK B
BbIOpPaHHOM TOYKe KacaTesibHOro rpaduKka nokasatesibHoM PpyHKUMM obliero suaa:

y=b-a*, (38.1)

(%)
a=e\f®/,  (38.2)
f(X) (ln|f(x)|) _ MNpoBeAeHKe NOKasaTeNbHbIX KacaTeNbHbIX K rpadpukam pyHKLMH
b =m'a Ina , (38.3) U onpegeneHue reoMeTPUMUYECKOro pocTa B TOUKaxX GYHKUMA
9
\ 2
rae a wu b — KOHCTaHTbl 4
KacaTenbHOM nokasaTe/ibHOM |
dOYHKLMM, OCHOBaHWE cTemeHn u ' / 2/\
1
MHOXXUTEeNb, onpeaeneHue V \
N 1
KOTOPbIX obecneumBaet eé 2] /
o /
KacaHue aHanusupyemon > =
g /
¢oyHkumm;  f(x) —npoussoaHas . // / \ T
aHanusupyemoii dyHKumii; f(x) — VG 2 — 2
f 2 a\ Uk
aHanusmpyemas QyHKUMA. 3 / >
/ 1
Q 4YMCNEeHHO MNOKasblBaeT Ha 2 1 /1’ \\2
OTHOCUTEeNbHOE npupaleHue ~—
pupaLy . / Ll
byHKUMK, cnepoBaTeNibHO — Ha / /1
reomeTpuYecknii poct ¢GyHKUUKU. 0 |
2
PaKTOpP-NPOM3BOAHAA HE MOMKET /
o -1
ObITb OTPULLATE/ILHOW. /
-2 I 1
Ha guarpamme K rpadumkam Tpéx 0 1 2 3 4 5 6 7 8 9 10
oyHrumm: f(x) = 2:In(x), f(x) = 2:x —2#n —40,11%3,78"x +0,78%1,410x  —+2,05%1,17x
m f(x) = 100/x* (4épHbIMm) -5,46%0,07/x  ===2*x —+0,74%2,72"x +1,47%1,654x
+2,21%1,40  ==100/xA2 —+46,18%0,617x +15,08%0,75"x
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npoBeAeHbl NOKa3aTe/bHble KacaTesbHble (uBeTamu). ABCoNtoTHaA pasHuLa MmexKay 2-on u 1-
O/ TOYKAMW OAHOro UBeTa Mo ocu abcumcc oTparkaeT NpupalLeHWe aprymeHTa Ha eauHuuy.
OTHOCUTEeNbHAA pPasHMULLA MUX BbICOTbI, U3MepeHHasa OTHOCUTE/IbHO NO0XKeHMA ocn abecumce nnu
TO BO CKO/IbKO pa3 TOYKa 2 HaxoguTcs Aanblie TOYKM 1 no OTHOWeEHMo K ocu abcumcc
NMoKa3bliBaeT Ha 3Ha4YeHWe reoMeTpPUYecKoro pocta GpyHKUMKM B TOUYKe KacaHua (B 1-oi Touke).
OuyeBMAHO TO, YTO Yepe3 OA4HY Napy ToYeK 1 M 2 MOXKHO NPOBECTU TONbKO OAHY IKCMOHEHTY Y =
b-a".

I'IOCTpoeHVIe Bbllle I'Ipose,quMe NoKasaTenbHbIX KacaTeNbHbIX K rpa¢MKaM ¢VHKLI|I*II7‘I

aHanmsupyembix JGYHKUUM B M onpegeneHne reoMeTpUHecKoro pocta B TO4Kax GyHKLMIA

KOOPAMHATHON cucteme, rae 4 \

OCb OpAMHaT pa3meyeHa B 5 ~ \

eanHuuax In HaTypanbHO \ "

norapudmmyeckaa LWKana no 2

OCM OpAMHAT AN 3HauYeHuit — \ i e

pf" A >1 \ ' BRSSO

PYHKUMIM no mogynio), F \ . —~ — ]

BM3YyanbHO «perpagupyeT» 0 . —

JINHEelMHble 3aBUCUMMOCTU A0

norapudmmyeckux, A I \ {

NMoKasaTe/ibHble A0 JMHENHDIX, > J

a reomeTpuyecKkmne 0 1 2 3 4 5 6 7 8 9 10

npupaLLeHmn no —2*In(x) —+0,11%3,78"x +0,78%1,410x  —+2,05%1,18x

apMd)MeTquCKMX. LlVICJ'IO e '5,46*0,07’\)( —2*)( _+0,74*2,72AX +1,47*1,55AX
$2,21%1,40x  ==100/x72 —+46,18%0,61x +15,08%0,75x

BO3BEAEHHOE B  CTeNeHb
TaHreHca yrna Hak1o0Ha KacaTeNbHOM BM3yanbHO NPAMOM B BbIGpPaHHOM TOUKe rpaduKka nokaxer
Ha 3Ha4YeHWe reoMeTPUYEeCKOro pocTa QyHKUMM B OAHHOM TO4YKEe, MAM APYTMMWU CNOBaMM
HaTypanbHbIN NOrapudm reoMmeTpUYecKoro pocta PaBeH TaHMEeHCY Yr/la HaK/IoHA KacaTe/ibHOWM
NpPAMOIA.

B Toukax, rae ¢yHKUMA nepeceKkaeT ocb abcunce eé pakTop-nNpomnsBoaHaA MMeEET NPepbIBAHMA.
Tak MOXHO 06paTUTb BHUMaHME Ha TO, YTO dakTop nNpomnsBogHas GyHKUMM Yy = 2 - In(x) mMmeeT
npepbiBaHme npu X = 1 ctpemacb K 0 () Npu NPpUBANMKEHUM apryMeHTa K TOUKE C /1eBa U K + o
(e"eo) npn NpnbBAMKEHUN aprymMeHTa K TO4YKe npasa.

Mo aHanorMm ¢ TemM KaKk npu noucke npousBofHon GYHKLMKM OnyckaeTca obuiee NMocToAHHOe
cnaraemoe, npu nouncke pakTop-npPon3BoOAHON OMNyCKaeTca 06 MA MOCTOAHHbBIN MHOXUTEb.

Mpumepbl paKTOP-NPOM3BOAHbBIX

dyHKUMA daKkTop-nponssogHas
0 HeonpenenéHHOCTb
b 1
b-x° ea/x
b-d" a
b-eA” e

roe A - 0603HayeHune onepartopa CTeneHHoM B6allHM c N1eBon dCCoOUMaTUBHOCTbIO.
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*enatowme moryT noynpaxKHATbCA B NOMCKe GOPMYIMPOBOK GaKTOP-NPOU3BOAHbIX U GaKTop-
nepBoobpasHbIX 419 U3BECTHbIX GYHKLUIA.

Mpy nocpeaHUYecTBe aHanM3nMpyeMon GYHKUMKM mexay e€ npousBoaHOMN (apudmeTmyeckum
poctom) UK eé  daKTop-npoM3BOAHOW  (reOMeTpUYecKMM  POCTOM)  CyllecTByeT
B3aMMO3aBMCUMOCTb MpPU OTCYTCTBUM KaKUX /MO0 KPUTUYECKUX 3HAYEHMW Y4acTBYHOLWMX B
YPaBHEHWUWN BEIUYNH:

frx)
f*(x) =ef®, (39.1)

(%) = f(x) - In £*(x), (39.2)
npn f(x) 20m f°(x) 20 nf(x) 2oo n f*(x) 2 oo nf(x) = oo

roe f(x) - aHanusmpyemasn dyHkuma; £°(x) — dakTop-nponssoaHan aHanM3Mpyemon GyHKUMK;
f’(x) — nponsBogHan aHannsnpyemomn GyHKLMN.

OyYeBMAHO TO, YTO HE BO3MOXKHO BOCCTAaHOBUTb PYHKLMIO NPU €€ U3BECTHbIX NPOM3BOLHOM MK
baKTOp-NpPOM3BOAHOM NO OTAENbHOCTU, HO MOYKHO BOCCTAHOBUTbL QYHKUMIO B C/ly4ae, eC/iv OHU
N3BECTHbl 06e BMECTe, a TaKKe U TO, YTO GpaKTOpP-NpPOM3BOAHAA UMEET OT/IMYHOE OT eAMHULbI
KOHEYHOE 3HAaYEeHME N OTCYTCTBYIOT Bbllle NPUBEAEHHbIE KPUTUYECKME 3HAYEHMA:
A
fx) = f(.—X) npn f(x) 20m f°(x)20unf(x)21unf(x)zoon f*(x) oo nf(x)zoo. (39.3)
Inf" (x)

AHaNoOrMyHo TOMY KakK MNpou3BogHaAs OyHKLMM MOXKET ObiTb BblparkeHa 4Yepe3 eé
anddeperHuman: f(x) = dfix) / dx, dakTop-nponssoaHas MoKeT bbiTb BblpaxeHa yepes eé
daKTopMan, Npu 3TOM UCNONb3ya He onepaTop Ae/NeHUs, a OXKMAAEMO ONepaTop M3B/eYeHun
KOPHS, CTOALLMIM Ha OANH NOPALOK Bbile onepaTopa AeNeHne:

o =V . (40)

N Taknum e o6pa3om HaobopoT, pakTopuan GyHKLUN MOXKET ObITb BbipaxkeH yepes eé daKTop-
NPOn3BOAHYIO, YTO NOAOOHO TOMy, Kak anddepeHumnan GyHKLUN MOXKeT ObiTb BbIparkeH Yepes
eé npoussogHyto: df(x) = f(x) - dx, HO onATb TakM, He MCNONb3ya ONepaTop YMHOXEHUS, a
BMECTO Hero ornepatop BO3BeAEHMA B CTEMEHb, TaKX¥e CTOALWMA Ha OAMH MOPAAOK Bblle
onepaTtopa YMHOXeHuA:

ff(x)=f* 0% (41)

AKceneHrta

MoctaBun 3adavy Hantu/chopmynmpoBaTb (YHKLMIO, FEOMETPUUYECKUX POCT KOTOPON WU
Apyrumn cnosamm eé€ GpakTop-Nnpon3BoAHasA, @ aBTOMATUYECKM 3HAYUT U MYyIbTUNNKAA Bblan
Obl paBHbl 3Ha4YeHMAM camon PyHKUMM Npu Nobom 3HavyeHUM aprymeHTa. lNepBas TaKas
dyHKUMA HanpawwmsBaeTca cama cobom, M 3To GyHKUMA ¥y = 1, 4TO CyLLecTByeT MO aHaIorMMun co
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cywecrsoBaHuem ¢GyHKumM y = 0 AnAa 3a4a4M NoMcKa NPOU3BOAHON M NepBOOOPa3HOMN paBHOM
camoit oyHKUMK, rae 1 n 0 o4eBMAHO 3HAYEHUA HEUTPAJIbHbIX NPOU3BOJIbHbIX 31EMEHTOB AN
MYNbTUNAMKANA U MHTErpana CoOOTBETCTBEHHO. TaKKe No aHanormm ¢ NOMCKOM NPOU3BOAHOWM
BTOpan GyHKUMA C NOAO0OHbIM CBOMCTBOM NPeAnO/IOKUTENbHO AONXKHA ObITb MOKa3aTe/IbHON U
TaKXKe KaK ero umeet QyHKUMA € MMeTb B CBOEM OCHOBAHMM YUC/IO €, U KaK Mbl YXKe 3HaeMm,
YMCNo e AeNCTBUTENIbHO MMeeT HernocpeacTBEHHOE OTHOLWEHME K MYAbTUNAULMPOBAHUIO U
daKkTopUpOBaHUIO GYHKLMUNA.

Kak n3BecTHO onepaumu UHTerpupoBaHuns U anddepeHUMpoBaHNS UCMOAb3YIOT OnepaTopbl
CNOXEHUS U BblYNTAHUSA, TO ecTb OMHapHble onepaTopbl NEepBOro nopafka, a onepauuu
MYJIbTUNANLMPOBAHUA U PaKTOPUPOBAHMA UCMONb3YIOT ONEepPaTopbl YMHOMKEHUE U AENEeHUs, TO
ecTb 6uHapHble onepaTopbl BTOpPoro nopagka. lMokasaTenbHaa ¢yHKUMA e* npeacrasnser
coboli ogHO aelcTBMe C onepaTopomM BO3BeAEHUA B CTeNeHb, TO eCTb C NPAMbIM BUHAPHbLIM
onepaTtopom TPeTbero MNopsaKa, a TaKXKe MMEEeT YMC/NO e B KayecTBe MepBOro onepaHaa wm
APryMeHT X B KayecTBe BTOPOro. MoXHO 3aMeTUTb TO, YTO B AaHHOW GYHKUUM UCMOJb3YyeTCs
npAmor 6uHapHbI onepaTop, CTOALWMIA Ha ABa NOPAAKA Bbille OT ONepaTopoB, UCMOJIb3yEeMbIX
Ons  onepaumMn  MHTerpuposaHua wn anddepeHuMpoBaHuA. [anee genaem cmenoe
NpeAnoNoXKeHNe O TOM, YTO MCKOMas HaMu QYHKLMA B TOYHOCTM nosTOpAeT GyHKUMIO e* B
4acTK onepaHAoB, M TaKKe Kak e* npeacrasnseTt coboit 0gHO AeicTBMe NPAMOro BUHapHOro
onepatopa, CTOAWEro Ha [ABa MNOpAAKa Bbie OMNepaTtopoB, WCNOAb3yeMbIX Mpwu
MYJIbTUNAULMPOBAHUN U AKTOPMUPOBAHUU, TO €CTb AENCTBUE C HEKMM MPAMbIM BUHaAPHbIM
onepaTtopom YeTBEPTOro nopsaaKa. Takum obpasom aBAAETCA rMnep-nokasaTesibHON GyHKUMEN
yeTBEpPTOro nopAgKa C OCHOBaHMEM €. 3anuwem JaHHyt OYHKUMIO M B YaCTHOCTM
npegnonaraembliii onepaTtop cieayrowmm obpasom:

y=en’, (43) s Mynbtunaukan f(x) = en*

roe 7 - obo3HayeHne runeponepaTopa YeTBEPTOro

nopsaAaKa, Ha3blBAEMOro COBCTBEHHbIM WMMEHEM
«YCcKopeHue»  uanm  «AKcenepauma»;, X - —

«YCKOpUTENbY; € — «ycKopAemoe», y -—

«KyYCKOpeHue». Bblpa)KeHMe MOXEeT 4YNUTAaTbCA KakK:
«4YNCNO € B YCKOPEeHUn X» , «4UCNO € B X-BOM

YCKOpPEeHUn», «X-oe YyCKOpeHUn 4ymncna e», «4ncno

e, YCKOpPEHHOe B X pa3», «yCKOPeHHoe B X pa3s

4yncno ex», KycKopeHue e B X». Kpmas rpaduka y =
aZ®  HasbiBaeTcaA  «YCKOPUTENBbHOM»  WMAU

«AKceneHTom».

Moé npegnonoxeHume OKa3anocCb BEPHbIM,

BblIACHM/IOCb TO, 4TO Yy = e otBeuaer

npeabaBNeHHOMY K Hell TpeboBaHMIO, HO npw

YCNOBUM TOro, YTO YCKOpEHMe - 3TO CcTeneHHas

6allHs C IeBOM acCcoUMaTMBHOCTbLIO. He cneayet eé

nytatb ¢ TeTpauueir — creneHHoW OalwHen c
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HpaBOVI aCCoUunaTnUBHOCTbIO.

Ha guarpamme MOMKHO YBMAETb MOCTPOEHME aKCENEeHTbl y = €A (KPacHbIM MyHKTUPOM) W
MHOKECTBa €€ My/IbTUMNINKANOB (CBETNI0-CEPbIM), OAMUH U3 KOTOPbIX C MPOM3BOJIbHBIM PaBHbIM
1 mHOXuTenem (4€pHbIM) coBnagaeT c camoi GyHKUMEN, ONs Yero cobCTBEHHO M MPULLIOCH
NoKasaTb €€ NyHKTMPOM. MOKHO TaK»Ke 3aMeTUTb TO, YTO lorapudMmUYecKan WKana BU3yasnbHO
«OEerpaanpyeT» akCceNeHTy Ha OAMH MOPALOK BHWU3 A0 BM3ya/lbHON 3KCMOHEHTbI, CABUHYTOM B
npaBo No ocu abcumcc Ha eguHULLYy.

CneuManbHO OTMedy TO, 4YTO onepatop «YcKopeHue» MoJiydyeH no HeobxoaMmocTu
dopmynupoBaHMa aHanora GyHKUMM y=e* ana  onepauuii  MyAbTUMAIMUMPOBAHMA U
baKTOpMpPOBaHMA, MONYYEeH METOAOM He IKCTPanoaAuuM, HO MeToAOM CABMra Ha OAMH
nopsaoOK BBepX paAga M3 Tpex nocnefoBaTesbHbIX [MNeponepaTopoB B HanNpaB/ieHUU
npeanosaraemoro MaTemaTUYecKoro aHanM3a, Mo aHalorMMM C TeM, KaK HagBWraloT NPONETbI
MOCTa MpuM ero cTpouTenbctBe. KMMEHHO MpoBOAMMBIA  MaTeMaTMYeCKMin  aHanus
npegonpeaenseT BHYTPEHHIOW JIOTMKY [AHHOMO onepaTopa 4YeTBEPTOro nopsagka, a He
HaobopPOT, HaNpUMep, KOr4a Y¥Ke ecTb roTOBbIV onepaTop, U 3aTem ero NPobyrT NPUMEHUTD.

MnnlocTpaums casura paga runeponepaTopos

Onepatop | CnoxeHue YMHOeHne CreneHb YcKopeHue
Cymma u Onepauyua c anemeHTOM ApudmeTnyeckuii poct
McxogHoe UHTerpan UHTErpmpoBaHus; dYHKUMM coBnagaeT c
COCTOsIHUNE JlnHeliHoe ypaBHeHMe camoi pyHKLMen
KacaTesibHOM e
apudmeTMYecKkoro pocta
Hapgurkka MpousseaeHue un Onepauma c snemeHTOM eomeTpuyeckuin
Ha OAWH MynbTunamkan MYAbTUNANLUPOBAHNA; pocT GyHKLUUK
nopAagoK MokasaTenbHoe COBMafZaeT C camon
BBEPX ypaBHEHWE KacaTe/ibHOM PyHKLMEN en”
(enpaso) reoMeTpMYecKoro pocTta

VCKopeHme MOXHO KOMMAKTHO BblpPa3nTb 4epe3 onepatopbl HU3WKNX NOPALKOB:

a M= g™, (44)

MMnepKopeHb YeTBEPTOro NopsAgKa Ha3blBaeMblA COOCTBEHHBIM MMEHEM «3ameasieHUe» UK
«[ecenepauma» o60o3HavaeTca cneayrowmm obpasom:

aN,, (45)

roe N - obosHaueHue onepaTopa «3amegsieHMe»;, N — «3aMef/IUTeNb»; a — «3amed/iAemoey.
PesynbTaT onepauuu «3amegieHuve». BbipaxeHWe MOMKEeT 4MTaTbCA KaK: «4YMcio a B
3aMe[/IeHUN N», KYNCNO @ B N-OM 3aMeJIEHUN», «N-HOe 3aMefJ/IeHMe YMcna a», «YUcno a,
3ame/l/IeHHOE N pas3», «3ame/l/IEHHOE n Pas YMUC/I0 a», «3amea/IeHMeE a B ny.

3ameaneHune NoKasbiBAET HA YMUCO, KOTopoe H806XO,£I,I/IMO BO3BECTU B CTENeHb caMoro ceba Ha
eanHNnUy meHbliee Konn4yecTtBo pa3, Yem 3Ha4YeHUne 3ameanutena onda Toro 4TO-6bI nonyvynnocb
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3amegnaemoe 4Yncao npu aTom npumeHAAa NeByro aCcCcounatMBHOCTb B NOC/1ea0BaTe/IbHOCTU
BO3BeAeHNA B CTEMEHD.

3ameasieHne B CBOKO Ouvepedb PeLIaeTcA PEKYPPeHTHO C MCMo/b30BaHMEM onepaTopa
“3BNeYeHnA KopHA (0bpaTHOro onepaTtopa OAHOrO MOPAAKA HUMNKE) U TaKXKe KOMNAKTHO:
(a1
aN,= ( 2/5, (46)
B YEM HeT HMYero HeobblYHOro, MOCKO/bKY M3BJEUYEHNE KOPHA TaKXKe pellaeTcA PeKYPPEeHTHO,

MO TaKOW e CXeMe, HO YTO OT/IMYUTENIbHO M 3aKOHOMEPHO, C MCNO/Ib30OBAaHMEM oOnepaTopa
aeneHus (obpaTHoOro onepaTtopa 04HOro NopAAKa HUXKe):

a

% =T 1
(va)"™

(47)

Cneactesvem obuieit ana AByx obpaTHbIX rMNeponepaTopoB CXEMbl PELUEHUA U aHaNIOrMYHO
TOMY, KaK 3anpeLieHo noaasaTbh B NOAKOPEHHOE BblpaXKeHne BeAnYMHy meHblie 0, B KayecTse
3amegnsemMoro 3arnpelleHo noaasBaTb BeAMUMHY MeHbwe 1. BcnomuHas To, Kak 6bino
06pa3oBaHO MHOXECTBO KOMMNEKCHbIX 4ucen, NpeacTaBAAeTcA MHTEPeCHbIM TO, Kakoe
MHOKECTBO YMCen MoXKeT bbiTb 06pa30BaHO C UCNONb30BaHNEM 3aMeaIAeMOro MeHblLue 1.

Norapuom ueTBEpTOro nopsgKka € coObGCTBEHHbIM MMeHeM «M3BneyeHWe ycKopuTena» u
«M3BneyeHMe HaATYypanbHOrO YCKOPUTENA» OMPEeAenATca KaK BJIOXEHHbIM norapuédm
COOTBETCTBEHHO:

c Ng=log (log.c) +1, (48.1)

cN=In(lnc)+1, (48.2)

MynbTUNAMLUPOBAHME NPU HYNEBbIX 3HAYEHUAX QYHKL UM

Ocobblii aHAaNUTUYECKMA UMHTEpecC NpeacTaBAseT MNPOoLecC MYAbTUNAMLMPOBAHMA MOAYNEM
bYyHKUMIA, nepecekaowmx ocb abcumcc B OKPECTHOCTU AaHHOrO nepecevyeHua (Aanee Hynesown
TOYKM).

B OKpecTHOCTM Hy/IeBOM TOUKM NepeceKatowyo GyHKLMI0 MOXHO NPUBANKEHHO NpeaCcTaBUTb B
BM/AE MHOTroY/IeHa:

y=by- (x-c)t +b,-sign(x-c)-(x-c)®+bs- (x-c)®+...+b,-sign(x-c) - |[x—c|", (15.1)

roe by by ,bs, b, — MHOXUTENN MHOrOUYNEHA; € — KOOPAMHATA HYNEBOM TOYKM; SigN —PYyHKLMS,
BO3BpaLatowan —1, ecam aprymeHT oTpuuateneH, +1 B NpoTMBHOM C/yyae.

B npesenbHom nNpubamnKeHMe K HyNeBOM TOYKE MHOTOUYNIEHHYHO GYHKLMIO MOXKHO COKPATUTb 0
bYHKLMM O4HOTO Y/leHa — NepBeNLLIEro CNeBa, YTo C HeHy/1IeBbIM MHOXKUTenem b. Takke B BuAy
TOrO, YTO NOJIOXKEHME HY/IEBOI TOYKM HA OCK abCLMCC HE NPUHLMNMANBHO B PacCMaTPMBAEMOM
c/lyyae, To A4/1A COKpalLeHus 3anmcu npumem C=0 (Hy/NieBan TOYKa PacrnooXKeHa B TOYKe HavYana
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KoopauHat). [llocne ynpouweHuAa ypaBHeHWe umeeT o6wuMin  BUA  3aBUCMMOM  OT
apnPMeTMYECKOro 3HaKa aprymeHTa cTeneHHon GyHKUUK:

y = by, sign(x) - |x|" npnn>0, (15.2)

Tak Kak no3BonsfeTca NpoBOAUTb MYNbTUNAULUPOBAHME TONbKO MONOMKUTENbHbIX 0obnacten
OYHKUMI, TOo npeobpasyem OJyHKUMIO A0 €€ mMoayns, W MNoaydyum paspelléHHylo ans
MYNbTUNAULMPOBAHMA NOAMYIbTUMIUKANbHYIO QYHKUMIO (manee nogMynbTUNAMKaAbHAA
oyHKuMA). K ToMy Ke paaHHoe npeobpasoBaHME OMNUCLIBAET C/y4al He nepeceyeHus
byHKUMAMM ocK abcumcc, Ho eé KacaHue. Takum 06pa3om NPoBOAMMbIM aHaINM3 ONUCLIBAET BCe
C/ly4amn KOHTaKTa rpadmKka dyHKUMM M ocu abcumce B 04HOM TOUKE:

y=1lbnl - Ix]" (15.3)

Janee noamynbtTunanMKasibHaAa (I)yHKLI,Mﬂ pasaenaeTca Ha ABe obnactu: Ha Ty, YTO nesee, n 1y,
4YTO npaBee Hyl'IEBOI;i TOYKU, nNpeacrasnaemble cnegyrowmmm  npumMmeHMmMmbiMmn - NMpuU
COOTBETCTBYHOLWNX YCNOBUAX COCTAaBNAOWMMU YPaABHEHNAMU!

y=|x|"-bnpub,- x>0, (15.4)
y=—|x|"-bnpub,-x<0, (15.5)
HeonpegenéHHbI MybTUNAMKAN KaXKA0rO M3 COCTABAAIOLLMX YPABHEHMWIA:
o [(|x|"-b)¥*=B- enx (In(xsign(d)-Y/1bI)-1) npub,-x >0, (15.6)
o [(—|x|" - b)3 = B enx(In(-xsign®) VPD-1) ppy b - x <0, (15.7)

MocKkonbKy 06a M3 3TUX HeonpeaenEHHbIX My/IbTUM/IMKANOB He CYLLEeCTBYHOT B HY/IeBOM TOYKe (X
= 0), To onpeaenMm nx 3Ha4eHUs Npu 6eCKoHEeYHO BIN3KOM NMPUBUKEHUM K STOM TOUKE CeBa
M cnpaBa Nno OTAENbHOCTM UCNONb3YA NpeapblayLume ypaBHEHUA:

lim B - enx(In(xsign()-Vibl)-1) = g npu (x-b) =0, (15.8)

x—0

lim B - enx(In(-xsign®)-Yb))-1) = B npy (x-b) <0,  (15.9)

Xx—0
Ha nepsoit (nesow) avarpamme npegcrasneHbl: oyHKUMA y = by, - sign(x) - |x|" npu n=1 u
pa3nunyHbiX b (oT 0.25 A0 4 OTTEHKAMM KPacHOro U ApKO KpacHbiM npu b=1), eé moaynb: y =
[ba] - |X]|" (oTTeHKamMu XENTOro M ApKo ¥EnTbiMm Npu by=1), HeonpeaeNEHHbIN MyNbTUNAUKAN
eé moayna npu B=1 v pasnuyHbix n b (oTTeHKamm YEPHOro 1 APKo YépHbIM Npu b=1).
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Myabtunankan f(x) = | by« |x|" Mynbtunaukan f(x) = | by]- x| Ha sTopoit (npasoii) auarpamme

2,5 2,5 npeacrasneHbl: GyHKuma y = by, -
\ \ sign(x) - |x|" npu by,=1 u
2 2 pa3nmyHblx n (oT 0.25 po 4
—f{x) —flx)  OTTEHKaMM KpacHOro U ApKO
15 15 KpacHbIM Npu n=1), eé moaynb: y =
|ba] - |X]|" (oTTeHKamM xénToro u
. | | 601 . ) APKO méﬂmumu npwm n=1),
| HeonpeaenEéHHbIM  MyAbTUNANKAN
eé€ moayna npu B=1 n pasnnuHbix n
0 05 KT IY n (OTTEHKaMM YEPHOTO M APKO
- —F(x) | =—F)  4épHbim npu n=1).

0 0 —
HeTpyaHO 3ameTuTb TO, 4YTO npu
05 05 NPUBGAUKEHUM K HYNeBOM TOuKe
-0,5 0 0,5 -0,5 0 0,5 HeonpeaenéHHbli  MyAbTUNANKAN

NoAMYNbTUMNAUKANbHON (YHKUMM (Oanee MynbTUNAMKANA) C 0Benx CTOPOH OT 3TOM TOYKM
CTPEMUTCA K HEKOTOPOMY KOHEYHOMY 3HAYEHMIO, U Masio TOro, C 06enx CTOPOH OH CTPEMMUTCA K
OAHOMY W TOMY Ke 3HauyeHWlo, 3aBMCALEMY TONbKO OT eAMHOro ANA ABYX COCTaBASAKLWMX
MYNbTUMNIMKANOB 3HAaYEHUS NMPOU3BOJIBHOTO MHOXUTENS B, 1 UTO NpMmeYaTeNnbHO, HU KaKUM
obpazom He 3aBucAwemy oT b, M OT n, TO ecTb OT 3HAYeHUN BCEX MPOU3BOAHbIX
NOAMYNbTUMNAMKANbHOM  GYHKUMW. B OKPEecTHOCTM HyNeBOW TOYKM  cOCTaBasoWMe
MYNbTUMAMKaNbl ABYX ob6nacTtei NoaMYIbTUNANKANIbHON QYHKLMM PACNONOMKEHbI B CTbIK APYT K
apyry. Mpu atom aBe obnactu BCe Ke pasaefieHbl Hy/NeBOW TOYKOW, rae npucyTcTeyer
npepbiBaHWE COCTaBAAOLWMX MYNbTUMIMKANOB, @ BO3MOXKHO M NpepbiBaHNUE MYAbTUMIMKANA,
HO onepauma MynbTUNANLMPOBAHMNA 06oLWNa 3TY TOYKY CTOPOHOM, OCTaBUB BOMPOC OTKPbLITLIM.

Kasanocb 6bl, B npouecce MynbTUMIMLMPOBAHMUA MNEPEXOA Yepes 3Ty MMELLyl Hy/neBoe
3HaYeHMe TOYKY NOAMYNbTUMNAMKANbHOW GYHKLMMN KaK Yepe3 MHOXKUTEIb AN NPOMEKYTOYHOro
pesynbTaTa My/AbTUNAULMPOBAHUA (Hanee NPOMEKYTOYHOro pesynbTaTta) AO0/IKEH OBHYNUTb
3TOT pe3y/ibTaT M aBTOMATUYECKMU MPUXAOMHYTb A0 HY/A BCIO PACNOIOXKEHHYIO NpaBee HyN1eBoMn
TOYKM 06nacTb  MyNbTUMNAMKANG, TEM CaMbiM  MOJHOCTbIO  06ECCMbICAUTL  MpoLecc
MYNbTUNAMLMPOBAHUA MpaBee 3TOM TOYKWM, NPWU  YCAOBMM TOrO, YTO Mbl MPOBOAUM
MYNbTUNAMLMPOBaHME YHKUMM B HanpaBleHWW poOCTa aprymeHTa. [laHHoe yTBep:KaeHue
6b110 6bl CNPaBeAMBLIM MPU YCI0BMM TOTO, €CIN HONb Bbl/1 Bbl HYN1EM KaK MHOXUTENEM.

Ho Kak M3BeCTHO, KOoraa Mmbl NPOBOAUM MY/AbTUMNAMLMPOBAHME, Mbl pa3bvBaem NUHEWNHbIN
OTPE30K MY/NbTUMANLMPOBAHMA MO OCM abcumncc Ha HECKOHEYHO Masble, HO He HYNEeBOM A/IUHBI
oTpe3kn dx. C 3TOM nosmumm npobnemon 6e3pasmepHOM TOYKM UM OJHOBPEMEHHO
paspelweHnem npobnembl Ana Hac ABAseTca TOoT (aKT, yTo Touyka, byayum 6e3mepHo
BE/IMYMHOM, OCTaBAAET Ha OCM abCLMCC NPOEKLMIO HYNEBOM OINHDI.

OauH, TaK Ha3blBaeMblli, FreOMETPUYECKUI NOoAXond CBOAMUTCA K caedylowemy npocTomy
ymo3akntoyeHnto. [MOCKOMIbKY  Mbl  NPOBOAMM  MYIbTUMANUMPOBAHWE MO  NUHEMHOMY
KOHTUHYYMYy oOcKu abcumcc, BO3AENCTBYA Ha COCTOAHWE OYHKUMM TeM, 4YTO TaKkKe umeeT
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n3mepeHne oTHECEHHOE Ha JIMHENHbIX pa3mep ocu abcumce, ocTaBasEeT Tam CBol cneq. U ecnu
Npu 3TOM YTO-TO OCTaB/AET Ha OCM NPOEKLUIO HYNEeBOM AINHbI, TO 3TO HEYTO, 6e3 3HaUYeHUA YTo
3T0, 3PPEKTMBHO He OCTaBASIET POBHbIM CYETOM HMYEro, OHO MPOCTO He CcyllecTsyeT AN
npoBogMmol onepaumn. M npu ycnosum Toro, Yto GyHKUMA C 0Bemx CTOPOH CTPemuTCs K
KOHEYHOMY W K TOMY € OAMHAKOBOMY 3HAYeHWI0, JaHHas To4yKka MOXKeT OblTb
NPOUrHOPMPOBaHa, GYHKLMA «CKEeHa», U KOHCTaTMPOBAHa HEMNPEPbIBHOCTb NOC/eAHEN.

[pyroi, TaK Ha3blBaeMbli, abCTPAKTHbIN NOAXOA HE UTHOPUPYET COCTOSHUN PYHKLNKU B TOUKE, U
noApasymeBaeT nepexoqd C aHaau3a CBOWUCTB GYHKUWUIM B NpeaenbHO MasbiX JIMHENHbIX
OTpe3Kax Ha aHa/AM3 MX CBOWCTB B Oe3pa3mepHbix Touykax. [aHHbIM noaxon npeanonaraert
HaxXOXAEHUEe «CBA3YIOLLEro» MHOXMUTeNA B 6e3pasmepHON ToUKe, NpU NPOXoAe Yepes KOTOpYHo
B Npouecce MyAbTUMAMUMPOBAHMA MPOMENKYTOUHbIA Pe3ynbTaT YMHOMXKAeTCA Ha AaHHbIN
MHOXUTENb UIWN AENUTCA Ha HEero B 3aBUCMMOCTM OT HanpaBAEHWUs MyAbTUNAULUPOBAHMUA: B
CTOPOHY pOCTa MAKN yObIBAHUA aprymeHTa COOTBETCTBEHHO. TakMM 06pa3som OT COCTOSHUA U
3HaYeHUA AAHHOTO MHOXKUTENA 3aBUCUT «cyabba» NpoBOAMMOro MyAbTUNIULNMPOBAHMUA.

OuyeBMAHO TO, UYTO pasMep MHOMUTENA B  HY/IEBOM TOYKE paBeH 3HAYEHUIO
NOAMYNbTUNANKANbHOM GYHKLUKN, NSMEPEHHOMY B HY/JIEBOW TOYKE, TO €CTb HY/0, B CTEMEHWU
a1IeMeHTa MYIbTUNANUNPOBAHUA, pPa3mMep KOTOPOro TaKXKe umeetr Hynesoe 3HadeHwue.
OuesngHo o guddepeHumnane aprymeHta dx B JaHHOM c/y4ae peyvb HE MAET, MOCKOJbKY
TaKoBOWN C Hyl'IeBOﬁ I,CI,I'II/IHO[/JI He umeeT CMbiC/sla, HO BOT obAaszaTenbHO npmnaralou.l,eﬁc;i B
KayecTBe cTeneHu K 3HAYeHUnw I'IOAMyJ'IbTMI'IJ'IMKaI'IbHOﬁ d)YHKLI,MM AN1eMeHT
MYyIbTUNANLUNPOBAHUA HAKTO HE OTMEHAN, NYCTb AaXKe U VIMGEOLU,VIVI HyneBoe 3Ha4vyeHue. Takum
o6pa30M 3a4a4a onpegeneHnAa 3Ha4eHnAa MHOXUTENA CBOAUTCA K onpeaeneHno pe3ynbtaTta
0°.

OnepaTop BO3BeAEeHMA B CTENEHb — 3TO TMMNeponepaTop, a UMeHHO onepaTop npousseserua |
C KOAMYECTBOM WTEpauMii, COOTBETCTBYIOLWMM MOKasaTenlo creneHW. B Hawem cayyae
pe3ynbTaT gencteua [| sBnaeTca MHOXKUTENEM OAa NPOMEXKYTo4yHoro pesynbtata. C ogHow
CTOPOHbI MOMKHO MPEANONOKUTL TO, YTO pesynbtaT 0° — 3TO HUYTO, HeonpesenéHHOCTb,
MOCKO/IbKY OTCYTCTBYIO MHOMWTENM, MYCTb AaXKe Hy/NeBble MHOXUTeAW. B aaHHOM ciyyae
BOODOLLE HET onepaLymm YMHOXKEHMA Ha HO/b, MOCKO/IbKY CaMM HY/IM OTCYTCTBYHOT, y4MTbIBAA 3TO
YK€ MOHATHO TO, YTO B MY/AbTUMAMKAN He obepHeTca Hyném. HOo MynbTUNAMKAn MOXKeT
nepecTaTb CyLLeCTBOBATb B Pe3y/bTaTe YMHOMEHUA Ha HeonpeaenéHHocTb. C Apyroi CTOPOHLI,
ecanm y [] HyneBoe KO/MIMYECTBO MHOMKUTENEW, KaK B Halem C/y4ae, TO OH OYEBUAHO
6e3nencTeyeT, He NPOBOAMT UTEPALMIA U HUYErOo He NPUPALLMBAET, a Pa3 TaK, TO OH AOJIKEH
OCTaBUTb 6€3 M3MEHEHUA TOT pe3y/nbTaT, MHOXUTEeNeM KOTOPOro OH ABAAETCA, MPOMyCTUTb
yepes ceba ero 3Ha4YeHne TPAH3UTOM, HO HE YHUYTOXKUTb €ro.

BbIxoAMUT TaK, YTO NpeacTaBNeHWe O pe3ynbTaTe BO3BELEHUS B Hy/eBYHO CTeneHb 3aBUCUT OT
Halero npeactaBneHna o GyHKUMKM onepaTopa O JIOfMKe onepaTtopa, OT ero GpopmanbHOro
onpeaeneHuns, 4To B CBOK o4yepeab OOYCNOBNEHO KOHTEKCTOM €ero npuMMeHeHus. Bbilwe
[aBanocb onpeaesneHne onepatopa NPOU3BEAEHMS KaK PEKYPCUMBHOIO NpMpaLLMBaoLLErO
uTepatopa, 4TO MoAapasymesaeT Mnof coboi HeKoe HayanbHOEe COCTOAHWE pe3ynbTaTa
onepaTopa, NO OTHOLIEHUIO K YEMY MPOU3BOAMUTCA MPUPALLEHME HAYMHAA C NEPBON UTEpaLUMN.
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MaTemaTnMyecKknin aHanns nogpasymeBaeT TPaH3UT 6e3 n3ameHeHuUs B ciyyvae be3gencTama, 4To
ecTb B MOJIHOM COOTBETCTBMM C Tem, KaK onepaTop CyMMbl Y, He BO3BpalaeT
HeonpeaenéHHOCTb NPW OTCYTCTBMM C/IAraemMblx, TO €CTb NPU OTCYTCTBUWU UTepaL M, NPU CBOEM
6e3nenicTBMM, a BO3BPALLAET HO/Mb B KAYeCTBE HEWUTPaNbHOM BENUYMHbBI, TEM CaMbIM He
N3MeHsAEeT pe3yNbTaT NpeablAyLLero CyMMUPOBAHUA, a MPONYCKaeT ero Yepes cebs TPAaH3UTOM.

Tak, eguMHCTBEHHbIM, OCTaBAAKOWMM 6€3 U3IMEHEHUA Pe3ynbTaT YMHOMEHUA, MHOXUTeNem
ABNAETCA eauMHuua. A 3TO 3HAuYMT To, YTO [] C HyNeBbIM KOIMYECTBOM MHOMKWUTENEN BHe
3aBMCMMOCTN OT UX BO3MOXKHOIO COCTOAHMA (B TOM 4YMCNEe COCTOSHUA HeonpenenéHHoCcTU) U
3HAYeHMA [O0/MKEeH BO3BPaAWATb €AMHULY B KayecTBe pe3ynbTata cBoero 6espenctsus, B
KayecTBe HEeNTPasibHOW BeNNYMHbI. TakMm 06pa3om ycTaHOBAEH (aKT TOro, YTO MCKOMbIM
MHOXUTENb B HY/NEeBOM TOYKe paBeH eguHuue. K cBeaeHuo, HUKe npoBeAéH aHanms
rmneponepaTopa, rae 3aTPOHyTa TeMa HENTPA/IbHbIX 3/1EMEHTOB (Be/IMYMH) rMneponepaTopos.

Bblaennm camy HyneByro TOUYKM U BECKOHEYHO Masyto €€ OKPeCcTHOCTb No 06e CTOPOHbI OT Heé B
OTAENbHYI TPeTblo 061acTb NOAMYNbTUNANKANBHOW QYHKUMKM, Ty, YTO HEe BXOAMT B MepBble
ABe. YcnoBHO 0603Hauum eé Kak [0;0] oT HoNA BKAOUYMTENBHO A0 HONA BKAOUYMTENbHO. [anee
HeobxoAMMO cAenatb NPeAnoNoMKeHWe/AonyueHMe O TOM, YTO KOHEYHOe 3HauyeHue
MHOXUTEeNA B 0COOEHHOM TOUYKe, B HALLEM C/ly4ae B HY/IEBOM TOYKE, MOXKHO PAcnpoOCTPaHUTb Ha
GECKOHEYHO Maslyl0 OKPECTHOCTb 3TOM TOYKM B CTOPOHY TOM €€ rpaHuLbl, Ha KOTOPOWM
MYAbTUMIMKANA MMEET TaKOe e, MPU 3TOM KOHEYHOEe, 3HAYEeHWE KaK M B HYNEBOM TOYKe.
YTBEpXKAEHNE OCHOBAHO HA AOMYLEHUN O TOM, YTO BHYTPU PAcCMaATPMBAEMOro GECKOHEYHO
Manoro uHtepsana ¢QyHKUMA MOHOTOHHA MPW MOCTAB/IEHHbIX YCN0BMAX, €A MPOCTO HeKyaa
0EeBaTbCA, He CYLLECTBYET M3BECTHbIX MPUYMH AN MHOTO NoBeaeHnsa GyHKUMK. B Hawem cnyyae,
YTO CnpaBa OT HY/JIEBOM TOYKM, YTO CAeBa OT HEE COCTABAAOLIME MYAbTUMIMKAAbI NEPBON U
BTOpOM obnactel cTpemATcs K eguMHuue (KOHEYHOW BeNUYMHE) NpU NPUOAUMKEHUU K Hel ¢
060MX CTOPOH, CNefoBaTe/IbHO 3HAYEHME MHOXMUTENA B HY/IEBOW TOYKE PACcnNpOCTPAHAETCA Ha
BCO HECKOHEYHO Maslyl0 OKPECTHOCTb HY/IEBOM TOYKM, TO €CTb HA BCKO paHee onpenenéHHyto
TpeTbto 061aCTb NOAMYNbTUNNMKANBHON PYHKUUN.

Mop, pacnpocTpaHEeHMEM 3HAYEHUA MHOXKWUTENS Ha OECKOHEeYHO Manyl OKPEeCcTHOCTb He
cnegyet NOHMMATb MOCTPOEHWE MOHOTOHHOM QGYHKUMM C MOCTOAHHbIM 3HAYeHWEM BHYTPM
3TOr0 WHTEPBANa, PaBHbIM 3HAYEHWUIO MHOXUTENA, HO cnefdyeT MNOHMMaTb TO, 4YTO Mpu
MYbTUNIMLMPOBAHUM MPOMENKYTOUHbIA Pe3ynbTaT Ha BXOLE B 3TY OKPECTHOCTb YMHOXaeTcA
NM60 [EennTca Ha AaHHbIA MHOMMUTENb B 3aBUCMMOCTU OT HanpaBAeHUa MyAbTUMANLMPOBAHMS,
3aTem ¥ NepesaéTca Ha BbIXOA, U3 LAHHON OKPECTHOCTY.

B cnyyae, ecam pacnpoctpaHeHue 3HayeHUA GYHKLMM BO3MOXKHO TO/IbKO B O4HOM W3 ABYX
HanpaB/JieHUA OKPECTHOCTU, TO HET CMbIC/1Aa TOBOPUTb O TOM, YTO MHOXUTE/b HYXHO APOOUTH
Ha ABa MHOXMWTENA, KaXKAblA M3 KOTOPbIX PaBeH KOPHK KBAZpPaTHOMY OT M3HAYa/lbHOIO ero
3HAYeHMA, NOCKONbKY HEBO3MOMXKHOCTb PACNpPOCTPaHUTb 3HAYEHNE MHOXUTENA B 06E CTOPOHDI
ANA OO4HOM U TOM e 0COBEeHHOM TOUYKM CBUAETENbCTBYET O HA/IMYMKN NPEPbIBAHUSA, YTO B CBOIO
oyepeab 06ECCMbIC/IMBAET aHANIUTUYECKYIO PaboTy MO MOWUCKY HenpepbiBHOCTU GYHKUUM B
ocobeHHOM TouYKe. B 3TOM CBA3M B LeNAX yNpoOLEeHUA TOBOPA O MHOXMUTENE MOXHO ONyCTUTb
yNnOMWHaHME 06 OKPEeCTHOCTM TOYKWU, U CYUTATb MHOMKWUTENb CBOMCTBOM MMEHHO TOYKM, a
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nccnegyemyto o6nactb, 061acTblo MMEHHO TOUYKM. C TOYKM 3peHua JaHHOro noaxoaa otnagaer
BOMPOC OT TOM, KaKMM 06Pa3oM PacnpoOCTPaHATb 3HAYEHNE MHOMKMUTENA HAa OKPECTHOCTb TOYKM,
MOCKO/bKY ByZeT Npou3BOAMTCA OAHOKPATHOE YMHOMXEHUE WAWU OeNeHUEe MPOMEXKYTOYHOro
pe3ynbTaTa Ha MHOXMUTEb NPU NPOXOAe Yepe3 0CODEHHYO TOYUKY.

Mpn NOCTPOEHUM MYNbTUNANKANA MOAYNA GYHKLUN pe3ynbTaT MyAbTUNINLMPOBAHUA TPETbEN
abcTpakTHOM 06nacTM  NOAMYNbTUNAMKANbHOMW GYyHKUMKM TpebyeT corfacoBaHMA CBOEro
NPOWU3BO/IbHOTO MHOXWUTENA C NMPOU3BONIbHBIMU MHOMXUTENAMU ABYX APYTUX COCTABAAOLLUN
onpeaenéHHbIX MyabTUNANKANOB. [lanee «CKknenmBaem» BCe COCTAaBAAOWME MYNbTUMNIUKAAbI OT
Bcex TpEx obnacte nNOAMYAbTUNAMKANBHOMW PYHKUMM M MOAy4aemM HenpepbiBHbIN
HeonpeaenéHHbIN MyIbTUMIMKAN aHAaNU3UpPyemomn GyHKLMN.

CBNOETeNbCTBOM TOXKAECTBEHHOCTM MHOMUTENA eAMHULE B HY/NEBOM TOYKE TaKKe ABNAETCA
TOXAECTBO pPe3yNbTaTOB MyAbTUNAMLMPOBAHMA, NONAYYEHHbIX Yepe3 ABa pas3HblX Mnoaxoaa:
yepes Tak Ha3blBAEMbIN FrEOMETPUYECKUI, U Yepe3 TaK Ha3biBaeMblli aDCTPAKTHbIN C aHaIN30M
CBOMCTB QYHKUNI B Be3pasmepHbIX TOYKaX.

MOXXHO yTBEPXAATb TO, YTO B MpOLECCe MY/AbTUMNAULMPOBAHUA NEPEXOL 4Yepe3 HyneBoe
3HayeHWe NoagMyAbTUNAMKANbHON GYHKUMK, 0BYyCNOBAEHHbIN NepecedeHMem QyHKUMEN ocu
abcumcc MK KOHTaKTa ocu abcumcc B OA4HOM TOYKe, HEe MPUBOAUT K KaKMM-TO 6bl HM Oblsio
M3MEHEHMAM MNPOMENKYTOYHOIO pesyabTaTa MyAbTUNAMUMPOBAHMA. Ha 3TOT pes3ynbraT He
B/INSIET Aa*Ke BO3MOXHbIN M3N0M PYHKUMW (NpepbiBaHME NEpPBOM NMPOU3BOAHON), MOCKOIbKY
3Ha4YeHMe My/NbTUNANKANA B HYNEBOM TOYKe He 3aBucuT oT b. Ho 4yTo npumeyatenbHo, M3nom
bYHKUMN B 0COBEHHOM TOYKe, TaKOW KaK HyneBas, NPUBOAUT K U3OMY MYNbTUMN/IMKANG B 3TOM
TOYKE, HO O0YEeBMAHO, HE K U3/IoMy ero ¢GaKTop-NpPou3BoAHON (NOAMYNbTUMIUKANBHOM
bYHKUMK), N YTO He HabntoaaeTca Npu nsnome PpyHKUMM BHE OCODEHHbIN TOYKaXx, rae Nvb
BTOpPaA NPOM3BOAHAA MYNbTUNAMKANA MMeeT npepbiBaHMe. MOXHO cAenaTtb BbIBOA OT TOM, YTO
nosegeHne nNPousBOAHOM M GaKTOP-NPOM3BOAHON PA3/IMYHO B OCOOEHHbIX TOYKaX, Tam
B3aMMO3aBUCUMOCTb MEXKAY HUMU HapyLIaeTCs.

MpepbiBaHWUe MYNBTUNMKANA NPK
HaNMYMK Y NOAMYNbTMNAMKanbHOW A CeMyac AaBailTe pacCMOTPUM HECKOJIbKO MHOM cay4ai, a
¢$YHKUMKM HyNneBoi obnactu

- MMEHHO TaKoWn, rae noamynbTUNANKANbHaA HKUMNA nmeet
HeHyNeBO# ANMHbBI » TA Amy byHKL,

3 HyneBoe 3HayeHMe Ha MPOTAMKEHWUN He HYNeBOro No AavHe
25 N WHTepBana. Tak BHYTPU AaHHOrO MHTepBaa
\ —F-(x) NPOMEKYTOYHbIN pe3ynbTaTt MYAbTUNAULMPOBAHMUA
2 \ YMHOMaeTCA Ha PaBHbI HY/10 MHOXUTENb (1 3 NockobKy dx
\ B [AaHHOM c/ly4yae OECKOHEYHO Masias, HO He HyneBsas

1,5 —e(x)

\ BE/IMYMHA.
1 |

\ B aToM cnyyae MyAnbTUMAMKAA «CX/NOMbIBAaeTCA» A0 HyAA
0,5 S - npaBee TOYKM BXOZa NOAMYAbTUNJAMKANBHOW GYHKUMM B
o rOPU3OHTaNbHbIA OTPE30K C Hy/neBbIM 3HayYeHuem. [anee
/ Ix|  MYNbTUNAWKAN He BOCCTaHaB/IMBAETCA, AaXe He CMOTPA Ha
-0,5 / nocneayrowmin Bbixod NOAMYAbTUNINKANAbHON PYHKUMU Ha
/ HeHynesble 3HayeHusa, wnbo uto-6bI TO HM OBbINO
* 14 05 0 05 1 (npomexkyToUHbIN pesynbTaTt MYNbTUNAULUPOBAHMA),
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OAHaXAbl YMHOXEHHOE Ha HOMb B Ka4YecTBe B pe3y/bTaTe NOTOM AAET TO/IbKO HOJb (CNAOWHOM
YEpPHbIN rpaduK Ha Amarpamme). B 3ToM CBA3M MOMKHO FOBOPUTb O TOM, YTO TOYKA MMEHHO
KacaHuWa HeonpeaenéHHbIM MyNbTUNAMKANOM ocn abcumcce (peyb He 0 BecKoHeYHo 61M3KoMm
NPUBANKEHMA K OCM) O3HA4YaeT MO CyTUM TO4YKYy ero npepbiBaHuA.  Ecam nposogutb
MYAbTUMNAULMPOBAHME B HanpaB/ieHMM 06PAaTHOM HAMpPaBAEHUIO POCTa apryMeHTa, TO B TOUKe
BXOA4a C/NleBa B WHTEPBAN C Hy/JEeBbIM 3HAYEHWEM MOAMYAbTUNAUKANBHOW  OYHKLUN
NPOMENKYTOUHbIA pe3yabTaT MyAbTUNANLMPOBAHUA MepecTaHeT CywecTBoBaTb B CAeaCcTBUM
NonbITKN NPOU3BEAEHMA ONEPaALLIUN AeNEHUA HA HOMb, YTO TaKXKe ABAAETCA ANA MYAbTUMNNKANA
TOYKOM ero npepbiBaHMA, NOC/Ee KOTOPOM, NEBEE, OH TaKKe HE BOCCTAHOBUTCA (NOAbIM YEPHbIM
rpaduk  Ha  auarpamme). Takmm obpasom pgaa  FOPM3OHTA/ZIbHOTO  MHTEpBana
NOAMYNbTUMNANKANbHON PYHKLMU C HYNEBbIM 3HAYEHWEM CYLLECTBYET ABE TOYKM, B KOTOPbIX
MYAbTUNAMKAN NPEepbIBAETCA, 3TO TOYKM Hayana U KOHUA AAHHOro uHtepsana. Cam uHTepBan
ABnaeTca 06n1acTblo HeonpeaeNEHHOCTU MYNbTUMIMKANA TaKKe MOXKHO YyTBEPXKAATb U TO, YTO
MYAbTUMNAMKAN OyHKUMKM y=0 He ecTb y=0, a TAaKOBOM MPOCTO HE CyLLECTBYET, MOCKO/IbKY BCA
061acTb onpeaeneHna NOgMyAbTUNIUKANbHOM QYHKLMM OT — o A0 + oo aBasaeTca obnacTbio
HeonpeaenéHHOCTN eé MyNbTUNAMKana.
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[3] AnddepeHuman pyHKumm: https://ru.wikipedia.org/wiki/AnddepeHuman (marematmka)
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