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Abstract. The purpose of this article is to introduce and to describe a concept of math calculus
“Multiplical”. To my total surprise | have found that currently such a concept does not exist
among set of math definitions in its direct and explicit form. Nevertheless there are number of
areas of its practical use, where this concept would be suitable and potentially would be
naturally used in its direct and explicit form, especially, in statistics, finance and economy
researches and analysis and many other areas. Moreover from my perspective this concept
perfectly fits into the coherent system of standard mathematical concepts and operators and
should take its rightful place there. In this article also other topics are considered and some
interesting conclusions are made.
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Multiplical

III

The concept of math calculus “multiplical” has the same type of relation towards the product

I’I

operator [] as the concept of math calculus “integral” has it towards the summation operator ).
(as a continuous one has it towards a discrete one) and has the same type of relation towards
concept math calculus “integral” as the product operator has it towards the summation
operator (as a multiplicative one has it towards a summative one). The definition of the
multiplical depends on and is conditioned by its position in the bottom right corner of the

following table which could be a puzzle under other circumstances.



Table of concept/operator interrelations

Discrete Continuous

Summative Z f
Multiplicative 1_[ IZ

Multiplical is an equivalent of product of infinite quantity of infinitively close to 1 (due to

infinitively small power) factors which are equal to multiplicand function values raised to the
power of element of multiplication and is expressed as follows:
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where f — multiplicand function; dx — element of multiplication; F* — indefinite multiplical of
the f or factor-anti-derivative of the f; Z - primary multiplical sign; ef - alternative multiplical
sign, used in circumstances of the proper symbol absence, the bullet differs it from the integral
sign.

F°(x) is called as “multiplical of f(x)” or “multiplical of f(x) over x”.

An operation of searching for indefinite multiplical or factor-anti-derivative is called as
“factorial-multiplication”, a reverse operation of searching for factor-derivative is called as
“factorization”. The factorization (breaking down into a set of factors) of function is related to
the factorial-multiplication of function the same way as the differentiation (breaking down into
a set of differences in the sense of a set of increments or addends) of function is related to the
integration of function. Those are mutually reverse operations of calculus.

The function factorial f represents the relative function change with respect to changes in the
function argument or in the element of multiplication and has the following general definition:

f(x +dx)
f

In accordance to how the whole integrand expression f(x)dx is a differential of the anti-

ff() = (2)

derivative dF(x), the whole multiplicand expression f(x)d" is a factorial of the factor-anti-
derivative fF°(x), which is by the way one of the infinite quantity of infinitely close to 1 factors
that were mentioned in the multiplical definition, and that’s is why the process is called no
other way than factorial-multiplication:

FP(x) = J fF (x), (3)

On my opinion the concept of factorial is way too great and fundamental to use the term for
naming x!. Further in the context of this article and by the default the “factorial” term is not
used with reference to x!.



As well as the integral the multiplical can be in definite and indefinite forms.

If we split a continuous function (the multiplicand function) into infinite number of infinitely
small segments (elementary segments), then we measure the values of the function at points
inside those segments and raise each of those values to power of size of their respective
elementary segment length, that how we form orderly set of multipliers which corresponds to
respective elementary segment. Then we choose two different points of the function which
both define a finite size function segment (the segment of multiplication). Then we multiply
those multipliers which respective elementary segments fall into the segment. The result of the
multiplication is value of the definite multiplical of the function for the segment defined by the
chosen points. This operation is an analog of searching of curvilinear trapezoid area of definite
integral calculation task and is a way to understand the nature of the multiplical concept.

In accordance to how the dF(x) changes its arithmetical sign to opposite when someone does
an integration in an opposite to argument growth direction dx<0 (the accumulating result of
integration is not being added but instead subtracted by this differential in the case), fF*(x) is
also changes to its multiplicative inverse when someone does a factorial-multiplication in an
opposite to argument growth direction (the accumulating result of factorial-multiplication is
not being multiplied by but instead divided by this factorial in the case):

.L:lf(x)dx =1/e Eof(X)dX, (4)

where Xxq is the begin of the factorial-multiplication segment; x; is the end of the factorial-
multiplication segment;

A solution of a definite multiplical can be got as ratio of indefinite multiplical at the ending
point to indefinite multiplical at the beginning point of the segment of multiplication
respectively:
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Just like an integral of a sum or difference equals to the sum or difference of the integrals, a
multiplical of a product or ratio equals to the product or ratio of the multiplicals respectively:
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Just like a definite integral of a segment equals to the sum of definite integrals of composite
segments without gaps and under the condition of one direction of integration and its
continuity, a definite multiplical of a segment equals to the product of definite multiplicals of
composite segments without gaps and under the condition of one direction of multiplication
and its continuity:



. f jzf(x)dx = 0% % e f j?(x)dx, (7.1)
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It is forbidden for a multiplicand function to be negative inside of segment of factorial-

multiplication by two reasons: firstly, there is an uncertainty in the sign of fF*(x) with infinitely
small and not necessarily rational exponent dx, and secondly, if the sign of fF°(x) is nevertheless
defined as negative, then it still makes no sense to represent the multiplical as the product of
an infinite number of negative multipliers, because then there inevitably arises an uncertainty
in the evenness or oddness of the quantity of these multipliers, and hence the uncertainty of
the state of positivity or negativity of the factorial-multiplication result. Multiplicand function
modulus has to be submitted for the purpose. For the same reason, there is no designation of
the module of the multiplicand function in the record of the multiplicand itself, the entire
responsibility for submitting the allowed type of function is on the analyst.

An integration of a constant gives us a linear function or an arithmetical progression; in return a
factorial-multiplication of a constant gives us an exponential function or a geometrical
progression. Indefinite multiplical of f(x) = A is expressed as follows:

F*(x)=B- A" (8),

where A - constant, B — non-zero finite arbitrary constant (arbitrary multiplier) that shall be
included as multiplier into an indefinite multiplical expression in the correspondence to how an
arbitrary constant is included as an addend into an indefinite integral expression. B can be a
negative which gives us an opportunity to have indefinite multiplical as a function that is below
X-axis.

Ranges of arbitrary constants

Arbitrary constant Unreachable small Neutral Unreachable large
Integral arbitrary
constant addend C
Absolute value of multiplical
arbitrary constant multiplier B 0 1

+ oo

Multiplical can be expressed via integral, however this expression is indirect and bulky by the
definition, it requires some additional operations: raising e to power of integral of natural
logarithm of multiplicand function:

Fo(x) = e/M(fe)dx ()

To those who thinks the multiplical is a useless and redundant entity | offer equally and without
any prejudice to re-consider the reason-ability of the product operator [] existence because
obviously this operator can be expressed via sum operator ), exactly the same manure, and
who knows, maybe it is also redundant according to them. The following expression could seem



bulky but principally not bulkier that the indirect multiplical expression that is via the integral,
but most importantly, it works:

N
N
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where sign — a helper function that returns =1 in case if number of negative multipliers in the
passed as argument array is odd, otherwise it returns +1. In addition it returns 0 in case if there
is at least one zero multiplier in the passed array.

Anyways as a compromise the multiplical can be considered as a shorter version of the above
expression with usage of the integral. Personally | consider the shorter version as more
intuitive, more primary by its nature, is something that directly reflects the mathematical
essence of the conducted operation. On my opinion the multiplical has every right to take its
rightful place in the coherent system of standard mathematical concepts and operators. The
expression with usage of integral could be considered as an indirect expression that is used in
circumstances of lack of the required math apparatus.

In fairness, it should be noted that the indirect multiplical expression gives us the opportunity
to analytically describe formulas of indefinite multiplicals for a large number of analytically
given functions using existing operators and existing functions.

A direct translation of a multiplical arbitrary constant multiplier B to an integral arbitrary

constant addend C which is used in the indirect multiplical expression e/In(f)dx g the
reverse translation of them both are possible via the following equations:

C=In|B|, (11.1)
B=+e". (11.2)

Searching for multiplical by the At Xo = X; a definite multiplical always returns one. This
graphical method in the Y-logarithmic

. result corresponds to the following conclusion. As a
coordinate system

3,0 result of the sum operator always represents a certain
) alteration of 0 the same way a result of the product
' operator represents a certain alteration of 1, therefore
2,0 product of a zero quantity of multipliers gives us 1 as a
15 result (without alteration of 1) and which is also being
confirmed by equations 5 and 9:
1,0 - // ‘
05 _ f In f(x)dx = 0,atx0 = x1 (12.1)
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/
-1,0 / Just like the definite integral the definite multiplical
L5 / can be solved graphically (see the diagram). If we build
/ an analyzed function graph in a coordinate system
-2,0
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where the Y-axis marked up in units of In y (a natural logarithm of y) then if we measure an
area of curvilinear trapezoid formed by the function graph in this coordinate system and limited
by xo and x; at the left and at the right respectively, and then if we raise the e number to power
of this area then we get a value of definite multiplical. In other words a natural logarithm of a
function definite multiplical equals to an area of curvilinear trapezoid formed by the analyzed
function and limited by xo and x; at the left and at the right respectively geometrically
measured in a Y-axis natural logarithmic coordinate system. And since the multiplical neutral
element is 1 (0 in In y units) the measured below that Y coordinate curvilinear trapezoid area
shall be counted as negative. The said is confirmed by the indirect multiplical expression with
integral usage.

According to the multiplical definition a solution of the definite multiplical is also can be
obtained via math limit of product operator:

X1 N
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N = (x1—Xo) / Ax, (13.2)
Xi= Xo +0x-(i—%). (13.3)

For finite values of Ax (the length of an elementary segment) and for somewhat greater
practical accuracy, it is proposed to take the values of the function in the middle of an
elementary segment, as shown above. A more numerically accurate method is to use in the
iterations a geometrical-average value as the multiplier which is received out of pair of
multiplicand function values taken at the beginning and at the ending of an elementary
segment respectively. Because of presence of two (an even number) close to each other
function values as multipliers in this method, the latter provokes making a factorial-
multiplication of negative function zones, which is forbidden.

The summation operator and the product operator can be given a general definition of a
recursive incremental iterator of the first and second order respectively (according to the
hyper-operator order used in the basis). The integral and the multiplical can be given a general
definition of a recursive incremental iterator in limit of the first and second order respectively.
Also the anti-derivative and the factor-anti-derivative, the derivative and the factor-derivative
can be given a general definition of an anti-derivative of the first and second order, and a
derivative of the first and second order respectively.

Examples of factor-anti-derivative for known functions

Function Factor-anti-derivative
0 does not exists
1 B
a B:a*
a-x" B. en~x-(ln(%-x) -1)
an.x B . a(l/Z'Il'XZ)
e B-eAN*




where A - a designation of the operator of power tower with left associative property.

Multiplical usage examples

t
I(to,t;) = ® 1(1 +i(D))9,  (16.1)
to
where t — time, year; to — control period beginning timestamp, year; t; — control period ending
timestamp, year; i(t) — time function of money inflation or economical growth or interest rate
on year basis, u.f.; I(ty, t;) — factor function of money depreciation or economical growth or
exponent debt growth over the control period, u.f.

t1

St)=e| (1-m()%, (16.2)
0

where m(t) — function of year based mortality rate in an elementary group in dependence of
the elementary group age, u.f.; t; — age, year; S(t;) — function of expected fraction of survivals
out of all born in dependence of age t;, u.f.

Arbitrary multipliers “B” coordination rule

If an analyzed function is defined via series of functions (further constituent functions) each
applied for each argument intervals (function domains) located one just after another being
adjacent, in other words if an analyzed functions is defined with interruptions then building its
indefinite multiplical implies taking indefinite multiplicals for each of constituent functions in
order to use those multiplicals as constituent indefinite multiplicals of the analyzed function
indefinite multiplical for respective function domains. Further if the analysis implies building a
continuous indefinite multiplical of the analyzed function then a mandatory operation of
mutual coordination of arbitrary multipliers B must be conducted, of those arbitrary multipliers
which belong to each of constituent indefinite multiplicals.# The coordination of all pairs of
adjacent constituent indefinite multiplical arbitrary multipliers must meet the following
equation:

Bi- F*1(x) =By F*5 (x), (14)

rae 0 n 1 - indexes of mutually adjacent the previous and Building multiplical out of
constituent functions

the next constituent indefinite multiplicals and their s

arbitrary multipliers B; x - junction point of adjacent the /\
2,5
previous and the next constituent indefinite multiplicals \ /
under indexes 0 and 1. 2 /
\\._._/

The solution of the above equations is carried out for each L5

junction of the constituent indefinite multiplicals, and L
sequentially in the order of the values of the argument at /

0 0,5 1 1,5 2 25 3
FL «F2 «F3 «F4 «F5 ammf —f



the junction points in one of two directions: in the direction of their growth or in the direction
of their decrease. Thus, the arbitrary multiplier B is determined for each next constituent
indefinite multiplical by the already known value for each previous one. The value of the
arbitrary multiplier B for the first constituent indefinite multiplical in the calculation sequence is
set by the analyst.

On the diagram the is an example of arbitrary multipliers coordination. Here the multiplicand
function (red) consists of five analytically defined linear functions and for each of them an
indefinite multiplical is build (gray). Then a coordination of arbitrary multipliers B is carried out
in the direction from left to right. So for the first (the leftmost) constituent indefinite multiplical
the arbitrary multiplier is set to 2.25, for the second its calculated value is 3.709623, for the
third it is 0.914782, for the fourth 11.20608 and for the fifth 1.980973. As the result of the
conducted coordination a continuous function of the analyzed function indefinite multiplical is
build (black) out of five constituent indefinite multiplicals. A similar procedure must be
conducted for indefinite integral arbitrary addends C in similar cases.

As it is visible the multiplical has no interruptions of its derivative in points where multiplicand
function has interruptions of its derivative (multiplicand function breaking points), because the
there is no interruption of multiplicand function as multiplical function factor-derivative. In
points, where multiplicand function has interruptions, its multiplical has interruptions of its
derivative (multiplical breaking point).

So called “Continuous factorial”

On the diagram there is a series of graphs (in gray) from an Multiplical of f(x) = x

x-In(x)—x+C)

(indirectly e (in red) presented. Each of presented

infinite set of graphs of the indefinite multiplical of f(x) = x ° ]
8 g4 | |

multiplicals differs from the others by its own value of an

arbitrary constant multiplier B. And for one of them — the one 7
that is lined through point (x=1,y=1) (in black) a derivative is g

drawn (in orange).

For the indefinite multiplical of f(x) = x the following

remarkable ratio is valid:

F*(0) =F*(e) =F*'(e)
PP e, (17.1)

also a property of its derivative is:

F*(1)=0, (17.2)
where F*(x) — the indefinite multiplical of f(x) = x; F*’(x) — the 1
derivative of F*(x); F*”’(x) — the second derivative of F*(x). 2
-3 |



Regarding the indefinite multiplical of f(x) = x, a persistent thought does not leave me that this
beautiful function may claim to play a role of so called “continuous factorial”.

The Gamma function shifted one unit left (the Pi function) is a generalization for x! for real
numbers and from my perspective is unsuitable for the role of the so called “continuous

IH

factorial”. So, the first reference point of x! (points where x=y), is a point at x=1, and the

second such point is at x=2, while for the indefinite multiplical of f(x) = x, in particular

x=In(x)—x+1

expressed by e , the second such point is at x=e, which testifies for an exclusivity of the

latter curve comparing to the generalization for x!.

It would seem, what relation can e number have to building of so called “"continues factorial”.
And as it turned out a very direct one, cause as it turned out the process of factorial-
multiplication of function f(x) = x is one of methods to find the e. To confess, the shown on the

xInG=x+C \yhich | was not

diagram graphs are built not via the indirect multiplical expression te
thinking of back then, therefore not via already known the e number, but in fact via the process
of factorial-multiplication of f(x) = x using the numerical method staring from point (x=1,y=1)
and iterating to both possible directions along the x-axis. And what an amazement |
experienced when | found the e number as x tended to zero in the limit. But on the other hand,
what is really to wonder here about, what other finite number could be found in the case as
any other number would be a new notable math constant by its definition, and finding such a

number would cause even greater excitement.

A building generalization for x! for real numbers returns us to the fact that initially x! is a
discrete function and this fact reasonably raises two related to itself questions. The first one is
why not to consider the set of multipliers starting not from 1 but from some other real number,
for example from 0.5 making the set to look as follows: 0.5, 1.5, 2.5 and etc.? The second one
is why the 1 and not any other positive real number is chosen as the set step size. What is so
special about the 1 as the set initial point and as the set step size? This perspective makes the
generalization for x! for real numbers to look as some special not a general function building.

Changing the set step size means changing quantity of multipliers that are effectively used for
the function result calculation for a given argument value. In order to preserve sameness of the
function result magnitude order for a given argument and since we have a deal with B set of
multipliers, a potential set step size change have to be counterbalanced by raising each
multiplier of the set to power of the set step size change (increase) multiplicity, in our case of a
set step size change relative to 1 as the default set step size. In this context we can write new
general definition of x! :

NGO
xl = n(b +s-DS, (18.1)

i=0

X —Db)

N(x) = round <( ), (18.2)

where b — the set/function initial point, the default value is 1; s — the set step size, the default
value is 1; N — the product operator iterations quantity excluding the zero iteration.



Examples of the set: 0.5 -2.5%-4.5% - 6.5%- 8.5%- 10.5% and etc.; 1.5-1.6%*-1.7°1. 1.8%* . 1.9%*
.2.0% and etc.; 1- 2%+ 3'- 4*. 5. 6" and etc. From the described point of view the last set of
multipliers — the one used in the initial version of x!, is the default one but the same time seems
to be a specific building from a plenty of possible.

If we start to gradually reduce the set step size s then at the each next factorial-multiplication
iteration the function value for a certain argument would be closer and closer to its value
measured at the previous state of the set step size. Reducing the set step size to zero in the
limit technically means replacing the defined above function with multiplical of f(x) = x. First of
all this measure gives us the desired function continuity and also makes a function value for a
certain argument to be indifferent to the set multipliers quantity or to the set step size in the
limit, makes it to tend to its determined value in the limit. Therefore this defines locus of points
for all its allowed arguments function values within a general determined position which
depends only on the function initial point b. In fact each function initial point of its own infinite
set defines one function locus of points of its own infinite set. Each of those function locus of
points differs from the others in the set by its own indefinite multiplical arbitrary constant
multiplier B and for all of them the described above remarkable equal to e ratio is valid. In
reverse, a definite multiplical arbitrary constant multiplier B causes an existence of up to two
possible function initial points b.

So as it is visible on the diagram it would be possible to draw a multiplical graph starting it from
any point (except point x=0) of the f(x) = x graph. Yellow points represent samples of such initial

points from which multiplical functions are
Multiplical of f(x) =|x]|

drawn to the left direction. Also we can 5

witness that the solution for initial points .

does not exist for all arbitrary multiplier

constants B as some of multiplical graphs 3

don’t have intersection points with the f(x) 2 | Z

= X graph. 1 | =7
N

In the second diagram in a naturally ; 0 ~ \ 7 g

logarithmic along the y-axis coordinate 1 | ,,/’

system, a series of graphs of the indefinite > I:f

multiplical (in gray in general and black at "

B=1) of the function f(x) = x (red) module 3

(yellow) for various values of an arbitrary -4

multiplier B is shown. Yellow shows the 5

graph of the modulus of f(x) = x. > 4 3 -2 -1 0 1 2 3 4 5

Geometrical function growth

A function derivative shows a function growth in a point. But as it turned out the function
growth can be a different kind. Therefore it should be clarified that the described kind of
growth is arithmetical as it shows how much the function will grow absolutely if the function

10



argument will grow by one and if this growth will be constant within the argument growth.
Graphically this is solved by drawing a tangent to the graph at the given point, more precisely,
not just a tangent, not just a straight tangent, but a linear function graph that is tangent to the
function graph at the given point and which is expressed by following general equation:

y=b-x+c, (37)

where b and ¢ — constants of the tangent linear function, which determination gives it a
tangency to the function graph at given point.

b numerically shows the absolute function growth with the grows of the argument by 1,
therefore shows the function arithmetical growth at given point. The tangent of the slope
reflects the arithmetical function growth.

The mentioned above factor-derivative shows a function geometrical growth in a point as it
shows how many times the function will grow if the argument will grow by one and if this
growth will be constant within the argument growth, therefore it shows the relative function
growth. Graphically this is solved by drawing an exponential function graph that is tangent to
the function graph at the given point and which is expressed by following general equation:

y=b-a*, (38.1)

fr(x)
aze(m), (38.2)
) (mlfGly
b_|f(X)|.a(l ) , (38.3)

where a(x) and b(x) — constants ) ) )
Conducting exponential tangents to functions graphs and

determining the geometrical functions growth at given points
function, power base and 9 \ ‘
2

of the tangent exponential

multiplier respectively, which

values provide it with a tangency

to the analyzed function graph at 7 |
A

given point; f(x) — the analyzed ‘1
function; f(x) — the analyzed ° > /1
function derivative. 5 /

a numerically shows the relative 1

. . /1/ 2&/27
2
function growth with the grows , // > XL
\

of the argument by 1, therefore / //
shows the function geometrical , 1 A N1
. . ~ 1 \ 2
growth at the given point. Factor- ~
derivative can not be negative. / /1
On the diagram there is a number  ° / 2
of tangent exponential functions
graphs (in colors) drawn to 3 /
1
2
0 1 2 3 4 5 6 7 8 9 10
—2*In(x) —+0,11*3,78"x +0,78%1,410x  —+2,05%1,14x
-5,46%0,07"x  ==2%*x —+0,74*2,727x +1,47%1,65"x

+2,21%1,4Mx =—100/x"2 —+46,18%0,61"x +15,08%0,75"x



analyzed functions (in black): f(x) = 2:In(x), f(x) = 2-x and f(x) = 100/x’. Here the absolute x-axis
difference between the 2" and the 1% points of the same color reflects a growth of function
argument by 1. The same time the relative Y-axis difference between the 2" and the 1% points
of the respective pair or how many times point 2 is located farther from the x-axis than point 1
to indicates a geometrical growth value of the respective analyzed function at the point of
contact (the 1*" point). It is obvious that through one pair of points 1 and 2 one can draw one
exponential graph of y = b -a*.

Building the all above functions Conducting exponential tangents to functions graphs and
and their respective tangent determining the geometrical functions growth at given points

. . . 4
exponential functions in a - \
coordinate system where the 3 N

p—
Y-axis marked up in units of In \ | "1
y 2
lyl (a natural logarithm of PEE= g S
bsol ve of y) visually = \ @ F7/ S~ =
absolute value of y) visually =, \ A AT ST
degrades all these graphs as = \ = \\‘\\,._\
follows: linear to logarithmic, 0 - S —
exponential to linear, and
. . Y B

respectively visually degrade !
the  function  geometrical 2
growth to the function 0 1 2 3 4 3 6 7 8 2 10
arithmetical growth. The e  —2°Ini —+0,11*3,78"x +0,78*1,410x  —+2,05%1,17x

. -5,46*0,07/x  ==2*x —+0,74%2,72"x +1,47*1,65Mx
number raised to power of the

+2,21*1,40%  ==—=100/x"2 —+46,18%0,610x  +15,08%0,75"x

tangent of the slope of the

degraded to a line tangent exponential graph reflects the geometrical function growth at the
point of contact. In other words a natural logarithm of an analyzed function geometrical growth
at given point equals to the tangent of the slope of the tangent exponential function drawn
through the given point of the analyzed function in a Y-axis natural logarithmic coordinate
system.

In points where function crosses the x-axis its factor-derivative has interruptions. For example it
is visible that the factor-derivative of y=2:-In(x) has an interruption at x=1 tending to 0 (e”") and
to + oo (o) as x approaches to the point from the left and from the right respectively.

Like searching for a derivative implies omitting a common constant addend, searching for a
factor-derivative implies omitting a common constant multiplier.

Examples of factor-derivative of know functions

Function Factor-derivative
0 uncertainty
B 1
b - Xa ea/x
b-d a
b-eAn* e

where A - a designation of the operator of power tower with left associative property.
12



Those who wish can practice in searching for factor-derivatives and factor-anti-derivative of
known functions.

Through the analyzed function there is interdependence between the function derivative
(arithmetical growth) and the function factor-derivative (geometrical growth):

f1x)
fe(x) =ef®, (39.1)

f(x) =f(x)- In f*(x), (39.2)
if f(x) 2 0 and f*(x) # 0 and f(x) # = and f*(x) # ©° and f'(x) # o°

where f(x) — the analyzed function; f°(x) — the analyzed function factor-derivative; f/(x) — the
analyzed function derivative.

It is obvious that it is not possible to restore a function by its known derivative or factor-
derivative solely, but it is possible to restore a function if both are known together and the
factor-derivative is not equal to 0 or to 1 and has finite value:

_ fx
&= 1w

if f(x) 20 and f*(x) 0 and f°(x) # 1 and f(x) 2 © and f*(x) # @ and f'(x) # o°.  (39.3)

The same way as function derivative can be expressed via function differential: f/(x) = df(x) / dx,
function factor-derivative can be expressed via function factorial, using there not the division
operator but rightfully the root extracting operator which is an operator of one hyper-operator
order higher than the division operator:

o =Y. (40)

And therefore vice versa function factorial can be expressed via function factor-derivative,
which is similar to how function differential can be expressed via function derivative: df(x) =
f(x) - dx, but again here not using the multiplication operator but the exponentiation operator
instead which is also an operator of one hyper-operator order higher than multiplication
operator:

ff(x) =f*0% (41)

Accelent

| set a task to find and formulate a function whose growth or, in other words, whose factor-
derivative, and automatically, therefore, the multiplical would be equal to the function itself for
all values of argument. The first such function suggests itself, and this is the function y = 1,
which exists in accordance with the existence of the function y = 0 for the problem of finding a
derivative and an integral equal to the function itself, where 1 and 0 are obviously the values of
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neutral arbitrary constants for the multiplical and integral respectively. Also, by analogy with
the search for a derivative, the second function with a similar property should presumably be
exponential and the same way as y = e* function does it should have as its basis the e number,
and as we already know the e number is really directly related to the factorial-multiplication
and factorization of functions.

As you know, the integration and differentiation operations use the addition and subtraction
operators, that is, binary operators of the first order, on the other hand the factorial-
multiplication and factorization operations use the multiplication and division operations, that
is, binary operators of the second order. Exponentiation function y = " is a single action with
the power operator, that is, with a binary operator of the third order, and also has the e
number as the first operand and the argument x as the second. You can notice that this
function uses a binary operator standing two orders higher than the operators used in the
integration and differentiation operations. Then we do a bold guess that the function we are
looking for exactly copies the function y = " in part of operands and as y = e"is a single action
with a binary operator standing two orders higher than the operators used in the factorial-
multiplication and factorization operations, that is an action with some binary operator of the
4™ order. Therefore this is a hyper-exponentiation function of the 4™ order with base e. We
write this function and, in particular, the proposed operator as follows:

X

y=e”2’, (43)

where 2 - the designation of the operator of the 4™

Multiplical of f(x) = ea*

order. The operator is called by its own name — 10
Acceleration; super-scripted x — accelerator, e —

accelerating; y — acceleration. The expression can

” "

be read as “the e number in acceleration of x”, “e

"

number in x-th acceleration”, e number

accelerated x times”, ”"accelerated x times e qg

number”, "acceleration of e number in x”. The

curve y=aA"is called as “Accelent”. 10

My guess is correct, as it turned out y = eA* meets 10
the requirements only if the Acceleration is a

power tower but with left associative property. It
should not be confused with the Tetration that is

the power tower with right associative property.

On the diagram there are an accelent function

y=eA* (lined in red dotted line) and a set of its 1

indefinite multiplicals (in gray). A graph of one

indefinite multiplical — the one with arbitrary 0,1
multiplier constant equal to 1 (in black) is the same -2 -1 0 1 2 3 4
as the graph of the accelent function, and that’s why | had to display the latter in dotted line.
You can notice that a Y-logarithmic coordinate system visually degrades the accelent a one
order down to visual exponent which is also shifted to the right by 1 on the x-axis.
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Specially noted that the acceleration operator is obtained by the necessity of formulating an
analog of " for the operations of factorial-multiplication and factorization, obtained not by the
method of extrapolation but rather by method of shifting a series of 3 consecutive hyper-
operators one order up in the intended direction of mathematical analysis, similar to how
bridge spans are pushed during the construction of the latter. The conducted analysis ordained
the inner logic of this operator of the 4™ order and not vice a versa when we have an operator
and then we try to apply it.

lllustration of the hyper-operator series shifting

Addition Multiplication Raising to power Acceleration
Operation with the . . .
. P . . The function arithmetical
L Summation | element of integration; a .
The initial . . growth is same as the
and linear equation of the L
state . . . . function itself
Integration function arithmetical o
growth tangent
. . The function
i Operation with the )
Shifting e geometrical
. element of multiplication; .
one order Product and Factorial- . growth is the same
S an exponent equation of .
up multiplication . . as the function
. the function geometrical .
(rightward) itself
growth tangent o A"

The acceleration can be expressed compactly via operators of lower order:

-1
a M= o) (4g)
A hyper-root of the 4™ order is called as “Deceleration” and designated as follows:
avN,, (45)

where N - designation of the operator; subscribed n — decelerator; a — decelerating. The

”n.n

operation result is “deceleration”. The expression can be read as: “a in deceleration of n”, ”ain
”n ”n n n

n-th deceleration”, “n-th deceleration of a”, "a decelerated n times”, “decelerated n times a”,
"deceleration of ain n”.

The deceleration shows a number, which has to be raised to power of itself 1 times less than
the decelerator value in order the decelerating to be obtained and applying the left associative
property in the raising to power sequence for the purpose.

The deceleration is solved recurrently using root operator (a inverse binary operator one order
lower) and also compactly:
(an )(TL—l)
aNg,= (@n l/a (46)
There is nothing out of the ordinary, as extracting the root is also solved recurrently in the

exactly same scheme, but what is distinctive and natural, using the division operator (a inverse

binary operator one order lower):
a
Va=————. (47)
n -1
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A consequence of a common solution scheme for the two inverse hyper-operators and
similarity to how it is forbidden to submit a lower than 0 value to the radical expression, it is
forbidden to submit a lower than 1 value as the decelerating. Recalling to how the complex
numbers set was defined at the time, it is becoming to be interesting what set of numbers
could be defined using decelerating less than 1.

The logarithm of the 4™ order with own name “Accelerator extraction” and “Natural
accelerator extraction” is defined as nested logarithm:

c Ng=log (log.c) +1, (48.1)

cN=In(nc)+1, (48.2)

Factorial-multiplication for zero function values

Of factorial analytical interest is the process of factorial-multiplication of the modules of
functions that intersect the x-axis in the vicinity of a given intersection (hereinafter, the zero
point).

In a neighborhood of the zero point, the intersecting function can be approximately
represented as a polynomial:

y=b;- (x—c)1+bz-sign(x—c)-(x—c)2+b3- (x-c)P+...+by- sign(x-¢) - |x—c|", (15.1)

where b ,b; ,b3, b, are the multipliers of the polynomial; ¢ — zero point X coordinate; sign - a
function that returns =1 if the passed argument is negative, +1 otherwise.

In the infinitely close approximation to the zero point, the polynomial function can be reduced
to a function of one term - the first from the left, which is with a non-zero factor b. Considering
the exact position of the zero point on the x-axis as not important in the case in order to
shorten the notation we will take C = 0 (the zero point is located at the point of origin). After
simplification, the equation has the general look of a power function dependent on the
arithmetic sign of the argument:

y =b,-sign(x) - |x|" ifn>0, (15.2)

Since it is allowed to carry out factorial-multiplication of only positive functions domains, we
transform the function up to its module, and we obtain a multiplicand function allowed for
factorial-multiplication (hereinafter, the multiplicand). In addition, this transformation
describes the case of not crossing the x-axis functions, but touching it. Thus, the present
analysis covers all possible cases of contact between the graph of the function and the x-axis at
one point:

y=|bal - [x|". (15.3)
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Further, the multiplicand is divided into two domains: the one to the left and the one to the
right of the zero point, represented by the following constituent functions applicable under
appropriate conditions:

y=|x|"-b, at b,-x20, (15.4)
y=—|x|"-b, atb,-x<0, (15.5)

Indefinite multiplical for each of constituent functions:
° f(|X|n ) b)dx —B- en.x.(ln(x.sign(b)-“\/m—l)’ atb,-x >0, (15.6)

o [(—|x|" - b)3 = B enx(In(-xsign®VPD-1) atp, - x <0, (15.7)

Since both of these indefinite multiplicals do not exist at the zero point, we determine their
values when approaching this point infinitely close from the left and from the right separately
using the previous equations:

lim B - enx(In(xsign®)-Yb)-1) = B at(x-b) >0, (15.8)

x—0

lim B - enx(n(-xsign®-Y®D-1) = B at(x-b)<0, (15.9)

x—0

Multiplical of f(x) = | bn|-|x]|" Multiplical of f(x) = |bs|-|x]" ©ON the first diagram there are

2,5 2,5 presented: function y = b, - sign(x)
\ \ - |x]" at n=1 and different b, (from

2 2 0.25 to 4 in shades of red and at
\ —f(x) \ —fx  b,=1 in bright red), function

15 15 module: y = |b,| - |x]|" (in shades

of yellow and at b,=1 in bright
yellow), indefinite multiplical of

1 — [() | 1 [£(x) |
function module at B=1 u different
b, (in shades of gray and at b,=1 in
0,5 05 [———
black).
—F*(x) | —F
0 0 |— On the second diagram there are
presented: function y = b, - sign(x)
05 05 - |x]" at b,=1 and different n (from

-0,5 0 0,5 -0,5 0 0,5 0.25 to 4 in shades of red and at
n=1 in bright red), function module: y = |b,| - |x]|" (in shades of yellow and at n=1 in bright
yellow), indefinite multiplical of function module at B=1 u different n (in shades of gray and at
n=1 in black).

It is easy to see that when approaching the zero point, the indefinite multiplical of the
multiplicand (hereinafter the multiplical) tends to some finite value on both sides of this point,
and moreover, on both sides it tends to the same value which depends only on the single for
the two constituent multiplicals, the values of an arbitrary multiplier B, and, what is
remarkable, does not depend in any way on b, and on n, that is, on the values of all derivatives
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of the multiplicand. In the vicinity of the zero point, the constituent multiplicals of the two
multiplicand domains are located at the junction with each other. At the same time, the two
domains are still separated by the zero point, where there is an interruption of the constituent
multiplicals, and possibly an interruption of the multiplical, but the factorial-multiplication
operation bypassed this point, leaving the question open.

It would seem that in the process of factorial-multiplication, the transition through this point of
the multiplicand, which has zero value, as through a factor for the intermediate result of
factorial-multiplication (hereinafter referred to as the intermediate result) should nullify this
result and automatically slam to zero the entire domain of the multiplical located to the right of
the zero point, thereby completely making the factorial-multiplication process meaningless to
the right of this point, assuming that we do operation in the direction of growth of the
argument. This statement would be just if the zero would be a zero as a multiplier.

But as you know, when we carry out factorial-multiplication, we divide the linear segment of
factorial-multiplication along the x-axis into infinitely small, but not zero length segments dx.
From this position, the problem of a dimensionless point and at the same time the solution of
the problem for us is the fact that the point, being a dimensionless quantity, leaves a projection
of zero length on the x-axis.

One so-called geometric approach comes to the following simple conclusion. Since we are
factorial-multiplicating along the linear continuum of the x-axis, influencing the state of the
function by something that also has a dimension related to the linear dimensions of the x-axis
leaves its mark there. And if at the same time something leaves a projection of zero length on
the axis, then this something, no matter what it is, effectively leaves absolutely nothing, it
simply does not exist for the operation being performed. And assuming that the function on
both sides tends to the finite and to the same identical value, this point can be ignored, the
function is "glued", and the continuity of the latter is stated.

Another so-called abstract approach does not ignore the state of the function at a point, and
implies a transition from the analysis of the properties of functions in extremely small linear
segments to the analysis of their properties at dimensionless points. This approach involves
finding the “connecting” multiplier (hereinafter referred to as the multiplier) at a dimensionless
point, when passing through which, in the process of factorial-multiplication, the intermediate
result is multiplied by this multiplier or divided by it, depending on the direction of factorial-
multiplication: in the direction of increasing or decreasing the argument, respectively. Thus, the
"fate" of the factorial-multiplication being carried out depends on the state and value of this
multiplier.

It is obvious that the size of the multiplier at the zero point is equal to the value of the
multiplicand measured at the zero point, that is, zero which is raised to power of the element
of multiplication, the size of which also has a zero value. Obviously, in this case we are not
talking about the differential of the argument dx, since one with a zero length does not make
sense, but no one has canceled the multiplication element that is necessarily applied as power
to the value of the multiplicand, even if it has a zero value. Thus, the problem of determining
the value of the multiplier is reduced to determining the result of 0°.
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The exponentiation operator is hyper-operator, namely, the product operator [ with the
number of iterations corresponding to the exponent value. In our case, the result of the
operator [] is a multiplier for the intermediate result. On the one hand, it can be assumed that
the result of 0% is nothing, an uncertainty, since there are no factors at all, even if those factors
are zeros. In this case, there is no operation of multiplication by zero at all, since the zeros
themselves are absent. Given this, it is already clear that the multiplical will not turn into zero.
But the multiplical can cease to exist as a result of multiplication by uncertainty. On the other
hand, if [] has a zero number of multipliers, as in our case, then it is obviously inactive, does not
iterate and does not increment anything, and if so, then it must leave unchanged the result of
which it is a multiplier, pass through itself its value in transit, but does not destroy it.

It turns out that the expectation of the result of raising to a power depends on our idea of the
operator's function and logic, on its formal definition, which in turn is determined by the
context of its application. Above, the definition of the product operator was given as a recursive
incremental iterator, which implies a certain initial state of the result of the operator, in
relation to which an increment is made starting from the first iteration. The math analysis
implies the transit without change in the case of operator inactivity, which is in full accordance
with how the summation operator ). does not return uncertainty in the absence of addends, in
the absence of iterations, in its inaction, but returns 0 as a neutral value, thereby does not
change the result of the previous summation, but passes it through itself in transit.

So, the only multiplier that leaves the result of multiplication unchanged is 1. And this means
that [] with a zero number of multipliers, regardless of their possible state (including the state
of uncertainty) and value, must return 1 as a result of its inaction, as a neutral value. Thus, it
can be said that the desired multiplier at the zero point is equal to 1. For your information, one
of coming next related articles is about the hyper-operator analysis, where the topic of neutral
elements (values) of hyper-operators is touched upon.

We single out the zero point itself and its infinitely small neighborhood on both sides of it into a
separate third domain of the multiplicand, the one that is not included in the first two. Let’s
designate it as [0;0] from zero inclusive to zero inclusive. Next, it is necessary to make an
assumption that the finite value of the multiplier at the singularity point, in our case at the zero
point, can be extended to an infinitesimal neighborhood of this point towards that boundary on
which the multiplical has finite and the same value as well as at the zero point. The statement is
based on the assumption that within the considered infinitesimal interval the function is
monotone under the given conditions, it simply has nowhere to go, there are no known reasons
for a different behavior of the function. In our case, to the right of the zero point, to the left of
it, the constituent multiplicals of the first and second domains tend to 1 (finite value) when
approaching it from both sides, therefore, the value of the multiplier at the zero point extends
to the entire infinitesimal neighborhood of the zero point, that is, over the entire previously
defined third domain of the multiplicand.

By extending the value of the multiplier to an infinitely small neighborhood, one should not
understand the construction of a monotonic function with a constant value within this interval
equal to the value of the multiplier, but it should be understood that during factorial-

19



multiplication, the intermediate result at the input to this neighborhood is multiplied or divided
by this multiplier, depending on the direction factorial-multiplication, then it is passed to the
output from the given neighborhood.

If the extension of the value of the function is possible only in one of the two directions of the
neighborhood, then it makes no sense to say that the multiplier must be divided into two
multipliers, each of which is equal to square root of its original value, since the impossibility of
spreading the value of the multiplier in both directions for one singularity point indicates the
presence of an interruption there, which in turn makes senseless analytical work to find the
continuity of the function at the singularity point. In this regard, for the sake of simplicity,
speaking of the multiplier, we can omit the mention of the neighborhood of the point, and
consider the multiplier as a property of the point, and the domain under study, as the domain
of the point. From this perspective, the question of how to extend the value of the multiplier to
the neighborhood of the point disappears, since the intermediate result will be multiplied or
divided by the multiplier once when passing through the singularity point.

When building the multiplical of the function modulus, the result of factorial-multiplicating the
third abstract domain of the multiplicand requires matching its arbitrary multiplier with
arbitrary multipliers and two other constituent definite multiplicals. Next, we “glue” all the
constituent multiplicals of all three domains of the multiplicand and obtain a continuous
indefinite multiplical of the analyzed function.

Evidence of the identity of the multiplier to 1 at the zero point is also the identity of the results
of factorial-multiplication obtained through two different approaches: through the so-called
geometric approach, and through the so-called abstract approach with an analysis of the
properties of functions at dimensionless points.

It can be argued that in the process of factorial-multiplication, the transition through the zero
value of the multiplicand, due to the intersection of the function and x-axis or the contact of
the x-axis at one point, does not lead to any changes in the intermediate result. Even a possible
break in the function (Interruption of the first derivative) does not affect this result, since the
value of the multiplical at the zero point does not depend on b,. But what is remarkable is that
a function break at a singularity point, such as zero, leads to a break in the multiplical at this

Multiplical interruption as the point, but obviously not to a break in its factor-derivative
result multiplicand function Lo . i
having zero value domain (multiplicand), and that is not observed when the function
with non zero length breaks outside singularity points, where only the second the
N derivative of the multiplical is interrupted. It can be
25 \ concluded that the behavior of the derivative and factor-
5 \ =W derivative is different at singularity points, where the
\ interdependence between them is violated.
L - (x) , . . . .
\ And now let's consider a slightly different case, specifically,
1 v K one where the multiplicand has a zero value over an interval
—x that is not zero in length. So, inside this interval, the
0,5 N y
intermediate result is multiplied by the multiplier 0% equal
0
/ Ix]
-0,5 // 20




to zero, since dx in this case is infinitely small, but not a zero value.

In this case, the multiplical "collapses" to zero to the right of the entry point of the multiplicand
into the horizontal segment with zero value. Further, the multiplical is not restored, even
despite the subsequent “dawn” of the multiplicand to non-zero values, because anything (the
intermediate result) once multiplied by zero then gives only zero as a result (the solid black
graph on the diagram). In this regard, we can say that the point where the indefinite multiplical
touches the x-axis (we are not talking about an infinitely close approximation of the x-axis)
means, in fact, the point of its interruption. If factorial-multiplication is carried out in the
direction opposite to the direction of growth of the argument, then at the entry point on the
left into the interval with a zero value of the multiplicand, the intermediate result will cease to
exist as a result of an attempt to perform the operation of division by zero, which is also an
interruption point for the multiplical, after which, to the left, it will not recover either (hollow
black graph in the diagram). Thus, for the horizontal interval of the multiplicand with zero
value, there are two points at which the multiplical is interrupted, these are the points of the
beginning and end of this interval. The interval itself is the domain of uncertainty of the
multiplical. It can also be argued that the multiplical of the function y=0 is not y=0, but it simply
does not exist, since the entire domain of the multiplicand from — o to + oo is the domain of
uncertainty of its multiplical.
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AHHOTaumA. Llenb HactoAwen paboTbl NpeacTaBUTb M OMMUCATb MOHATME MaTeMATUYECKOTO

aHanum3a «MynbTunamkan». K moemy yansaeHuto A NPULWLEN K BbIBOAY O TOM, YTO K HAacToAWeMy

BPEMMW JaHHOE MOHATME B CBOEM NMPAMOM M ABHOM BMAE He CHOPMYIMPOBAHO U He CylllecTByeT

cpegn matematnuyeckmnx NOHATUN © onepaTtopos. Tem He meHee CyuwLeCTByeT pAaa obnacteit ero

NPaKTUYECKOro NpuMeHeHuA, rae paccmatTpmBaemoe NOHATUE Noaxognno 6bl U NnOoTeHUMaNbHO

MOrn0 6biTb MCNONb30BAaHO B CBOEM npamom n ABHOM BuAe, cneumanbHO B MPOBOAUMDIX

CTaTUCTUYECKUX, d)VIHaHCOBO-aKOHOMM‘-IECKVIX ncecneaoBaHUAX U aHa/M3ax U BO MHOMMX ApPYyrux

obnactax. bonee TOro, No mMmoemy MHEeHUK [AaHHOe MOHATUE OpPraHN4YHO BMUCbIBAETCA B

CTpOﬁHYIO CNCTEMY CTAaHOAPTHbLIX MaTEMATUYECKUX NOHATUIN © onepartopos U OONKHO 3aHATb

Tam CBOe€ No npaBy eMmy npumymntTarowleeca mecrto. B HaCTOﬂLLI'eVI CTaTbe TaKXe 3aTPOHYTbI Npoyune

CBA3aHHbIEe BOMPOCHI, CAeNaHbl HEKOTOPbLIE MHTEPECHbIE BbIBOAbI.
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MynbTuUnamnkan

MoHATME MaTeMaTUYeCKOro aHanM3a MyAbTUNIMKAA MMEET TaKoe e OTHOLUEHME K onepaTopy
npousseneHua [ [, Kakoe OTHOLIEHNE UMEET NOHATUE MATEMATUYECKOTO aHaM3a «KMHTerpan» K
onepaTopy CyMMMPOBAHMA Y. (KaK HEMnpepbiBHOE K ANCKPETHOMY), a TaKKe WMeeT TaKoe Ke
OTHOLWIEHME K MOHATUIO MHTErpan Kakoe OTHOLEHWEe WMeeT onepaTop npousBedeHue K
onepatopy CymMmupoBaHWE (KaK MepemMHOXawWmin K cymmupylowemy). OnpeaeneHue
MYNbTUNAMKaNa MOAYMHEHO, OOYC/NIOBNEHO €ro MOJIOKEHUEM B HUKHEM MPaBOM Yray
HUXKenpueeaéHHOM TabMupbl, KOTopaa Npu Apyrmx obcTosTenbCcTBam Mmorna bl 6biTb pebycom.

Ta6nwu,a B3aMMOOTHOLLUEHUA MAaTeMaTUUYECKUX NOHATUI U onepartopos

ONCKpeTHbIN HenpepbIBHbIN

CyMMUpYIOLLMIA Z f

MepeMHOoatoLwmi H Z

MynbTUNAMKaN - 3TO 3KBMBAJIEHT Npou3BeseHUA 6EeCKOHEYHOro Konmyectsa 6GECKOHeYyHOo

6NU3KUX K eanHunue, no npudmnHe 6ecKkoHeYHO Manoro pa3mepa noKasaTenAa CTENEHMN,
MHO)-KMTeJ'Iel‘;L COOTBETCTBYHOWNX 3HaAYEHUAM I'IOAMyJ'IbTMI'II'IVIKaJ'IbHO[;i d)yHKLI'MM B CTENEHUn
N1EMEHTA MyaibTUNANUNPOBAHNA, N B O6LLI|EM Buae 3anncbiBaeTca caegyrowmm o6pa30N\:

Fo(x) = 'Zf(x)dx, (L.1)
e = o [ 0% (12)

roe f — nogMynbTUNAMKanbHaa GyHKUMA; dX — anemMeHT MynbTUNANLMPOBAHUS; 'Z OCHOBHOW
3HAK MY/NbTUNAWKANQ; ©f - aNbTePHATUBHbIN 3HAK MYAbTUMAMKANA, WCNOAb3yeMbI B
06CTOATENBCTBAX OTCYTCTBMA CMMBOM1A OCHOBHOIO 3HAKa, 34eCb BYN/IMT OTIMYAET ero OT 3HaKa
nHTerpana; F* — Heonpeaen&HHbI MyAbTUNAUKAN Uan dakTop-nepsoobpasHas f.

F*(x) umerytoTca Kak «mynbTunamkan f(x)» nam «myabtunamnkan f(x) no x».

[enctBne nNo NOUCKY HeonpeaenéHHoro MynbTUNAMKana wan ¢aKkTop-nepBoobpasHoii
Ha3bIBAETCA «MyAbTUNAMUMPOBaHMEM» YHKUMK, obpaTHoe AencTBME NO NOUCKY ¢aKTop-
NpPoun3BOAHOM Ha3biBaeTca «pakTopupoBaHMem» GyHKUMKN. aKkTopupoBaHue (pasnokeHue Ha
KoadduumeHTbl - factors) PyHKUMM MMeeT TaKoe Ke OTHOWEHWE K MyAbTUNANLMPOBAHUIO
(yMHOXeHUIo KoaddpuLmneHToB) PYHKUMU, KaKoe OTHOolUeHne umeeT auddepeHLmnpoBaHme
(pa3noxkeHne Ha npupaueHus - differences) GYHKUMM K MHTErpupoOBaHUIO (CKNaablBaHUIO,
cobupaHuio npupaweHuit) o¢yHkumMn. To ecTb 3TO B3aMMHO 0bpaTHble onepauuu
MaTeMaTUYeCKOro aHaaus3a.

daktopuan o¢yHKuun f oTparkaeT OTHOCUTENbHOE W3MEHEeHUEe OYHKLMU C U3MEHEHMEM
aprymeHTa GyHKLMM UK C USMEHEHUEM S1EMEHTA MYNbTUMNIULMPOBAHMA U UMEET cneaytollee
obLee onpeaenexue:
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f(x +dx)
f

Mo aHanormMm ¢ Tem Kak BCE noauHTerpanbHoe BbiparkeHue f(x)dx asnsetca anddepeHymanom

ffe) = (2)

nepBoo6pasHoii dF(x), BCE NOAMYIbTUNIMKaAbHOE BbipaskeHue f(x)™ sBnsetcs pakTopuanom
dakTop-nepsoobpasHoit fF°(x), KOTOpbIl B [AEWCTBUTENBHOCTU ABAAETCA OAHUM U3
6ECKOHEYHOro KonuyectBa OECKOHEYHO O6/M3KMX K eAuHULE MHOXUTenel, 4YTo Obiau
YyNOMSAHYTbI B ONpeaeeHnn MyIbTUNANKANA:

Fe(x) = .f fF*(x), (3)

Mo MOEMY MHEHMIO B KOHTEKCTE NMPUBEAEHHbIX ONpeaeneHnit NoHATMe GpakTopuan A0CTaTOYHO
byHOAMEHTaNbHO, YTO Bbl 3TUM TEPMUHOM MMeHoBaTb X!. [lanee no TeKcTy HacToAwen paboTbl
M NO YMONYaHUIO Nog pakTopManom He nogpasymesaertcs x1.

TaKXe KaKk n MHTErpan MyabTUNanKan MOXKeET MMETb OI'Ipe,CI,eJ'IéHHbIl;’I n Heonpe,a,enéHHbM BUA,.

Echim  mbl  pasobbem HenpepbiBHYHO GYHKUMIO (MOAMYAbTUN/IMKAAbHYIO GYHKLUWIO) Ha
6eCKOHeYHOe KONIMYeCcTBO HECKOHEYHO MasbiX OTPE3KOB, M 3aTEM M3MEPUM 3HAYEHUE PYHKLUM
B TOYKAX, YTO BHYTPU 3TUX OTPE3KOB, N BO3BEAEM 3TU 3HAYEHUA B CTEMEHb AJIMHbI OTPE3Ka,
COOTBETCTBYIOLLErO KaXAOMy W3 3HAYEHWIO, TO Mbl MOMYYUM PAA, MHOXKUTENEN, KaxKabli un3
KOTOPbIX MPUHAANEXMUT K COOTBETCTBYHOLLEMY €My 3/1eMeHTapHOMY oTpe3ky. [lanee mbl
Bbibepem K3 onpegeneHua OGYyHKUMW ABe pas3Hble TOYKM, 4TO 0OpasyiT coboit oTpesKa
KOHEYHOWN A/NNHbI (OTPE30K MYNbTUMNIMLUMPOBAHMA). 3aTEM Mbl NEPEMHOMKUM MHOMKUTENU, YbtO
3NleMeHTapHble OTPEe3KM MNonanm BHYTPb OTpe3Ka. Pe3ynbTaT 3TOM onepaumMm COOTBETCTBYET
3HAYEHUIO OnpefenéHHoOro MyAnbTUNAMKana oGyHKUMM  ANA  OTpesKa, 3aAaHHOro AByms
BbIOPaHHbIMM TOYKamMu. [laHHas onepauua ABAAETCA aHaloromM onepauuu BblYUCAEHUSA
nAowWaan KpUBOIMHENHOM TpaneLunmn Npu pelleHrMn 3a4a4mn Noncka 3HaveHusa onpeaenéHHoro
WHTerpana v saBnseTca o6bACHeHMeM NPUPOAbI NOHATUA MYIbTUMIMKaNA.

Mo aHanorMM C Tem, Kak nNpuM NpPOBeAEHUW WHTErpUPOBAHMA B  HamnpaBieHUM,
NMPOTMBOMO/IOXKHOM POCTY aprymeHTa X, TO ecTb Npu dx<0, 3HayeHne apnuPMeTUYECKOro 3HaKa
dF(x) MeHAeTcA Ha NPOTUBOMONOXKHOE, WAWM APYrMMM cnoBamu 3ToT auddepeHuman He
npubaBnaeTca K pe3ynbTaTy MHTErpuMpoOBaHMUA, @ BbIYMTAETCA M3 HEro, TaK Npu NpoBeAeHUM
MYNbTUNANLMPOBAHNA B HanNpaBaeHUM, NPOTUBOMNOIOKHOM POCTY aprymeHTa X 3HaudeHue fF°(x)
MeHseTcA Ha obpaTHoe emy 3HayeHue, UAKM APYrMMU CNOBaMM MPOBOAMUTCA HE YMHOXKeHue
pesynbTaTa MyNbTUNAULMPOBAHUA Ha 3TOT GaKTOpWasn, a AeNeHne Ha Hero. Takum obpasom
nogo6bHO TOMY, KaK BbIYMC/IEHHbIN B OOpaTHOM HanpaBAeHUWU oOnpeaenéHHbIN WHTerpan
NPOTMBOMOJIOXKEH NO AapUPMETUYECKOMY 3HAKY BbIYMCAEHHOMY B MPAMOM HamnpaBieHUU AAs
OLHOrO W TOrO e OTpe3Ka WHTErpupoBaHWA, BblYUC/IEHHbIW B OOpaTHOM HamnpaB/ieHUU
onpeaenéHHbl MyabTUNIMKan 06paTHbIN BbIMUCAEHHOMY B NPAMOM HanpaB/ieHUM ANsA O4HOro
M TOro e OTpe3Ka MyAbTUNNLMPOBAHMA MpPU  YCNOBUW HEMPEPLIBHOCTM Onepauumu
MYAbTUMNNNULMPOBAHMUA:

.f:lf(x)dx =1/e Eof(x)d". (4)

0 1
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roe  Xo — Ha4da/lbHOe 3HayeHue OTpe3Ka MyAbTUNANUUNpPOBaHUA, X3 - KOHEYHOe 3HayveHue
OTpPE3Ka My/ZibTUNANUNPOBaHNA.

MofobHO TOMy, Kak pelleHne Ans onpeaenéHHOro MHTerpana MoKeT bbiTb BbiparKeHO Yyepes
pa3sHULY HeonpeaenéHHOro WHTerpana ANA KOHEYHOro M HayaNbHOro 3HaYeHUAM OTpe3Ka
NHTErpUpPOBaHNA COOTBETCTBEHHO, pelleHne ANa onpeaenéHHOro MyabTUMNAMKana MOKeET BbiTb
BbIPa)EHO 4Yepe3 OTHOLWEHMEe HeonpeaenéHHOro MyAbTUNAMKANa ANA  KOHEYHOro K
Haya/IbHOMY 3HAYEHUA OTPE3Ka MY/IbTUNINLMPOBAHNSA COOTBETCTBEHHO:

X1 F.(X )
dx _ 1
o] Fen=ms ©
X0 XO
Moao6bHO TOMY, KaK MHTErpan CyMMbl UM Pa3HOCTU PaBeH CyMMe MM Pa3HOCTU MHTEerpasnos
COOTBETCTBEHHO, MyNnbTUNNNKan npoundseneHnMA UamM OTHOWEHUA paBeH nNpoussedeHunro Uau

OTHOLWEHUIO MYNbTUN/TINKANN0B COOTBETCTBEHHO!

o [0 % e = o [ 0™ o [ 0%, @)

dx

o | i _e[fA(x)*E
f ) =" o ot (62

MofobHO TOMy, Kak oOnpenenéHHblit WHTerpan oTpesKa paBeH CymMme OonpeaenéHHbIX
WHTErpasioB COCTaBHbIX OTPe3KoB 6e3 MponyckoB M MNpPW YCNOBMM OLHOM HAMNpPaB/IeHHOCTU
MHTErpMpOBaHUA U €ro HenpepbIBHOCTU, ONpeaenéHHbii MyNbTUMNAMKAA OTpesKa paBeH
npou3BeaeHUIo onpeaenéHHbIX MyAbTUMINKANOB COCTaBHbIX OTPE3KOB 6e3 NponycKos, HO Npwu
YCNOBUM €ro HenpepbIBHOCTM W OAHOHAMPABAEHHOCTU MY/IbTUN/IULMPOBAHUA:

X1

o foot=e| reo%xe| reo%  (71)

Xo X0

X

o oot =e[ feomxe [ oot (72)

X2 X1

NoAMYNbTUNANKANbHOM GYHKLMKM 3aNpeeH0 MMETb OTPUUATE/IbHbIE 3HAYEHUSA B OTPE3KE

MHTErpUMpPOBaHUA MO ABYM MPUYMHAM: BO-NEPBbIX BO3HMKaeT HeonpeaenéHHocTb 3Haka fF°(x)

npun 6eCKOHeYHO Masiom He 0653aTeNIbHO paLMOoHaAbHOM nokasaTtese dx, BO-BTOPbIX, €CAU BCE
we 3HaK fF°(x) onpenenén Kak oTpULIATENbHbINA, TO BCe PaBHO HECCMbICIEHHO NpeacTaBaATb
MYNbTUMIMKAN KaK npousBegeHne B6ecKOHEeYHOro KOMMYECTBa OTPULATE/IbHbIX MHOMKUTENEN,
nbo Toraa HemsbeXKHO BO3HMKAET HeonpeaeNEHHOCTb B YETHOCTU MAM HEYETHOCTU KOIMYEeCcTBa
3TUX MHOXWUTENEN, a C/leaoBaTeNbHO M HeonpeaeNEHHOCTb COCTOAHWUA MONOMKUTENbHOCTU NN
oTPULATENbHOCTHU pesynbTaTa MYNbTUMNANLMPOBAHMA. Mostomy B KauecTse
NoAMYNbTUMNNMKANbHOM YHKUMM MPU  OKasMM MNOACTABAAETCA MOAY/b aHaAU3UPYEMOA
GYHKUMK, 1 MO 3TOM Ke NpUYMHe oTcyTcTBYeT 0603HaYeHne moaynsa GyHKLMM B 3aNmncu camoro
MYNbTUMNMKANA, BCA OTBETCTBEHHOCTb NOACTAHOBKM pa3pelléHHOro Buaa GpyHKLMM B KayecTse
NOAMYNbTUMNNNKANbHOMN NIEXKUT HA aHANUTUKe.
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MHTerpMpoBaHMe  KOHCTaHTbl  AaéT  /AIMHEMHYK  3aBUCMMOCTb, B  CBOKO  o4yepegb
MYbTUNAULUMPOBAHME KOHCTaHTbl AAET NOKasaTeNbHYyH 3aBMCUMMOCTb. HeonpenenéHHbii
MynbTUNAKKan dyHKumm f(x) = A umeeT cnegyowmin obwmin BuA;:

F°(x)=B- A" (8),

roe A - KOHCTaHTa, B - OTNIMYHBINA OT HYNA KOHEYHbI NPOU3BO/IbHbIA MHOXWUTENb, KOTOPbIM
HeobXxo4MMO BK/IOYATb B BblpaxkeHue ntoboro HeonpeaenEHHOro MyabTUMNIMKANAA MO TOYHOM
aHaNoOrMM C TeM, KaK B BblpaKeHWe HeonpeaenéHHOro MHTEerpana BK/OYAOT MPOM3BOJIbHOE
cnaraemoe. B __moKeT 6biTb _OTpULATENAbHLIM, 4YTO A3ET HaM BO3MOMKHOCTb MOAYYUTb

HeonpeaenéHHbI MyNbTUMNAUKAA KaK GYHKUMIO, BO3BPALLAIOLLYIO CBOW 3HAYEHUS HUXKE OCU
abcumcc.

Avnana3oH gna NpousBO/bHbIX 3/IEMEHTOB

. Hepoctnxknumo . HepoctuKumo
Mpon3BoNbHbIN INEMEHT HeunTtpanbHoe
mMmanoe 6onbloe

Mpoun3sosabHOE cnaraemoe

— o0 O +4+ oo
nHTerpana C
Moaynb Npon3BoIbHOro 0 1 + oo
MHOXUTENA MyabTUNAnMKana B

MynbTUNANKAN MOXHO BbIPa3WUTb Yepe3 WHTerpas, OA4HAKO Takasa 3anucb Mo onpeaeneHuto
KOCBEHHAsA U rpoMo3AKan, TpebyeT ABe AONONHUTEIbHbIE ONEpPaLUN: BO3BEAEHUA YMCa «e» B
cTeneHb MHTErpana HaTypasibHOro norapudma UCXoaHOM GyHKUUK:

Fe(x) = e/In (f(x))dx_ 9)

Tem, KTO nonaraet To, YTO MYAbTUMAMKAA - 3TO MU3AUWHAA M 6ecnonesHasa CyWHOCTb, A
npeaniarald B PaBHOW Mepe KPUTUYECKM NOAOWTM M K PacCMOTpPeHuto o060CHOBaHHOCTU
CyL,ecTBOBaHMA onepaTopa npousseseHnn [[, NOCKONbKY ero MOXKHO Bblpa3uTb aHANOMMYHbIM
obpasom yepes onepaTtop CymMbl Y, U C YYETOM 3TOro, KTO 3HAET, MOXKEeT ObiTb OH TOXe
JMWHAN MO WX MHEHUIo. BbipakeHMe MOXKeT MOoKa3aTbCA HECKO/IbKO C/NOXHbIM, HO
NPUHUMNNANBHO HE C/NOMKHee BbIPaXeHUa My/NbTUMAMKANa 4Yepe3 MHTerpasn, HO rNaBHOE,
paboTaerT xe:

N
N
[ Jos = signttas;az; . anDy - @2=113l, - (a0

i=1

roe sign — BcnomoraTtenbHas ¢yHKUMA, BO3Bpawawowaa —1 B cayyae, eciM KOAMYECTBO
OTpULATENbHbIX MHOXUTENEN B NEPELAaBAEMOM B KayecTBe apryMeHTa MaccuBe HeYETHOo, U +1
B MPOTUMBHOM Cayyae. B gaHHOM ciayyae B «Harpysky» Bosspawaer O B caydae, ecaum no
KpanHen mepe o4MH U3 MHOXUTeNel maccmBa paseH 0.

Kak 6bl TO HM O6blI0 KayecTBe KOMMPOMMCCA MYIbTUMMKAA MOMKHO PaccMaTpmMBaTb Kak
COKpPALEHHYI0 3anucb BblWENPUBEAEHHOIO 3aMMCaHHONO C WMCMOJ/Ib30BAaHMEM WHTErpana
BblpaXKeHMA. JINUHO CaM CYMTAI0 TO, YTO COKPALLEHHAA 3aMUCb MHTYUTMUBHA, NEPBMYHA MO CYTH,
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ABNAETCA TeM, 4YTO HEenocpeacTBEHHO OTpPaXaeT MaTeMATUMYECKU CMbICA NPOBOAMMOM
onepauuun. o mMoeMy MHEHUIO, MYNbTUMNAMKAN MMeeT MOJSIHOe MNpaBO 3aHATb CBOEé
npuHagnexKalwee emy MecTo B CTPOMHOM CUCTEME CTAHZAPTHbIX MAaTEeMATUYECKUX MOHATUI U
OMNepaTopoB, a BblpaKeHME MY/bTUMIMKANA C UCNONb30BaHMEM UHTErpana ABAAETCA (ABNANOCH
[0 CUX nNop) NOCPeACTBEHHbIM Bblpa*keHMEM B YCNOBMAX OTCyTCTBUA Tpebyemoro
MaTeMaTU4YeCKoro annapara.

CnpaBeaIMBOCTU pagM HEobBXOAMMO OTMETUTb TO, YTO Bblpa*KeHWe MyNbTUMNINKaNa 4epes
MHTErpan pgaeT Ham BO3MOMHOCTb aHa/IMTUYECKU onucaTb GOpmMy/sibl HeonpeaenéHHbIX
MYNbTUNAUKANOB ANnA OONbLIOr0 YMC/la aHaUTUYECKM 3aZaHHbiX  GYHKUMK  Mcnonb3ysa
CYLLECTBYIOLLME ONepaTopbl U cywectayowme GyHKUUK.

MepeBoa NPOWM3BO/ILHOTO MHOMKMTeNa B MynbTUNAMKana B npousBonbHoe cnaraemoe C

HeonpesenéHHOro MHTerpana B NOCPeACTBEHHOM BbIPaXKEHUU MyNbTUMINKANA e/ In(fC))dx
06paTHO OCyLWEecTBAAETCA NO ceayrownm popmynam:

C=In|B|, (11.1)
B=+e® (11.2)

Mpu Xo = X; onpeaenéHHbIA UHTErpan BO3BPALLAET HOMb, @ ONPeneNnéHHbIN MYNbTUMAMKaN
BO3BpallaeT eauHULY. DTO YyTBepXAeHWe cornacyetcA € Tem, UYTO TaK Ke KaK pesynbTaT
AeWCcTBMA onepauunm CYMMUPOBaHUA npeacTasnseT cobolk onpegenéHHoe U3MeHeHue
OTHOCUTENbHO HyNA, pe3ynbTaT AEWCTBMA onepaTtopa Npou3BefeHusa npeactaBadetr cobol
onpegenéHHoe MameHeHne OTHOCUTENIbHO eAUHULI, TO NPOMU3BEeAEeHUEe HY/IeBOro KoanyecTsa
YMHOXUTeNnen AaéT B Kayectse pesynbtata 1 (To ectb 6€3 M3MEHEHMA eAUHULbI), N YTO TaKXKe
noaTeepKaaerca ypasHeHMaAMM 5 n 9:

j In f(x)dx= 0,npux0 = x1 (12.1)
X

0

I );1 Infedx

F'(x)=€ =e=1. (12.2)

TakKe KaKk U onpeaenéHHbld UHTerpan onpenenéHHbli MynbTUMANKAN MOXKET ObiTb pPeLléH
rpadumyeckn. TaK, ecnm noctpoutb rpadmk GyHKUMM B KOOPAMHATHON cucTteme rae ocb Y
npeacrasneHa yepes ¢yHKUMO In y (HaTypanbHO-norapudmmyeckas LWKana no ocu y), 3atem
€cIin M3MepuUTb NAOWaAb KPUBOJIMHEMHOM Tpaneuuu obpasoBaHHOM rpadukom ¢yHKUuM B
OAHHOM cucTeme KOOpAMHAT U OFPaHMYEHHOM CneBa U CNpaBa Xo M X3 COOTBETCTBEHHO M 3aTem
BO3BECTU YWUC/IO € CTeneHb, pPaBHOM MNOAYYEHHON nAoWaAW, TO MNOAYYMM 3HaYeHue
onpeaenéHHoOro MynbTUNAMKana. ipyrumm cnoBamm HaTypanabHbI norapudm onpeaenéHHoro
MYAbTUMIMKANA PaBEH MNOLWAAN KPUBONMHENHOM Tpaneunn, obpasoBaHHON aHAIU3MPyeMON
dYHKUMEN U TEOMETPUYECKU U3MEPEHHONW B A@HHOM (lorapndmmyeckon) cucteme KoopauHar.
MPUYEM NOCKONbKY HEMTPANbHbIM 3/IEMEHTOM MYy/NbTUNANKaNa saensetca 1, (0 ana ocm opanHaT
B eauvHuMuax In y), TO uM3mepeHHas HWXKe 3TOM OTMETKM MO OCKM OpPAMHAT NAoLWaAb
KPMBONMHEMHOW Tpaneunn CcuYMTaeTca Kak oTpuuatesnbHas. CKasaHHoe noaTeBepXKaaeTtca
bopmynon nocpeACTBEHHOIO BbIPAXKEHNA MyNbTUNANKANA C UICNONb30BAHUEM UHTErpana.
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Onpepenexue MynsTUNAUKaNa CornacHo onpeaeneHuns camoro MOHATUA
rpaguyeckum cnocobom B
Y-norapuomuueckoii MYNbTUNINKANA pelweHue onpeaenéHHoro
KOOPAUWHATHOMR cucTemMe
3,0 MY/NbTUMNAMKANQ MOXKHO MOMyYnTb Yepe3 npesen
onepartopa npousBeaeHun:
2,5
2,0 1 -
' dx — 13 Ax
o fOO* = g;(gno(| |f<xi) ), (13.1)
1,5 %o i=1
1,0 - // N = (x1—x0) / Bx, (13.2)
05 - > Xi= X0 +Ox- (i-%). (13.3)

> 0,0 /

E- 3 o/ 1ls Sls 1 MpW KOHEYHbIX 3HayeHuAX AX (gAMHEe 3nemMeHTapHOro
-0,5 / OTpe3Ka) M [NA HECKONbKO 6onblieir npaKTUYecKom
o / TOYHOCTM npeanaraetca 6paTb 3HAaYeHUA OYHKUMKU B

’ / cepeguHe 3NeMeHTapHOro OTpesKa, Kak 3TO NOoKas3aHo
-1,5 Bbiwe. Ewé umcneHHo 6osee TOYHbIA BapuaHT C
20 / MCMONIb30BaHMEM B KayecTBe MHOXUTenen B

/ Oy=e”x utepaumax cpegHe-reoOMeTpmMYeCcKoro 3HayeHue OT
2,3 I y=e napbl 3HAYEHUIN NOAMY/bTUNNKANBbHOM GYHKUMU TEX,
3,0 By=x YTO B Hayasle, M YTO B KOHLE 31EMEHTAPHOro OTpe3Ka

COOTBETCTBEHHO. Ec/iM Mcnonb3oBaTb 3TOT MeETOA, TO M3-33 Ha/M4YMA B BblParKeHUU
npousseaeHns AByx (Y4ETHOro umcna) 6aM3 cTOAWMX APYr K APYry 3HavyeHun QyHKuum
nosAssAeTcA cobaasH MyAbTUNINLMPOBATL OTPULIATENBbHYIO 06/1acTb GYHKLNIA, YTO 3anpeLLEeHO.

OnepaTopy CYMMMpPOBaHUA M ONepaTopy Npou3BeLeHUA MOXKHO AaTb obuiee onpeaeneHve
PEKYPCMBHOIO MPUpPALLMBAIOLWErO UTEpPAToOpa NepBOro M BTOPOro MopagKa B COOTBETCTBUU C
NMOPAAKOM WCMONIb3YyeMOro ruMneponepatopa B WX OcCHoBe. [lpupalwmBatoline, MOCKOAbKY
MCNONb3YIOT MNPAMOM, a He O0b6paTHbIM TUNEpPONepaTop, a PEKYPCUBHbIE, MOCKO/bKY
NpUpaLLMBatOT pe3ynbTaT NpeaplayLLein CBoen utepauum, To ectb ccbinatotca ceba. MHTerpany u
MYAbTUMAMKANY MOXHO pgatb obuwee onpeseneHne  HEMPEPLIBHOTO  PEKYPCUMBHOrO
NPUpaLLMBalOLWLEro MUTepaTopa NepBOro W BTOPOro MNOpsAAKa COOTBETCTBEHHO. A TaKXkKe
andodepeHumnany n baktopmany, a TakxKe nepsoobpasHoit U paKTop-nepBoobpasHoOi, a TaKKe
NpPon3BoAHON U GaKTOP-NPON3BOAHON MOXKHO AaTb 0b6obLatoLmMe onpeaeneHma: NpmpaLLeHns
NMepBOro M BTOPOro NOpAAKa, a TaKkKe nepBoobpasHON NepBOro M BTOPOro NOpPsAKa, a TaKKe
NPOW3BOAHOM NEPBOro M BTOPOro NopsiKa COOTBETCTBEHHO.

Mpumepbl pakTop-nepBoobpasHbIX 418 U3BECTHbIX PYHKLUMUIA

dyHKUMA dakTop-nepsoobpasHan
0 He cywiecTsyeT
1 B
a B-a*
a-x" B- en-x~(1n(%~x) -1)
ax B. a(l/z.n.xz)
e B-eA”
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roe /1 - o6o3HaveHue onepaTopa cTteneHHan ballHA ¢ N1eBO acCOUMaTUBHOCTbIO.

Mpumep ncnonb3oBaHUA MyNbTUNIMKANA

ty
I(tg, t;) = .f (1+i(t))%, (16.1)

to
rge t - BpemA, roa, to — Ha4a/ZibHaA BpeMeEHHaA METKa KOHTPOJIbHOro nepwuoaa, rog, t1 -
KOHeYHas BpeMeHHaa MeTKa KOHTPO/IbHOro nepuoaa, rog; i(t) — pyHKumMa ot BpemeHu Temna
pocta uHPAAUMKM / Temna pocTa 3KOHOMMKM [/ CTaBKa CCYAHbI MPOLEHT B roA40BOM
ncuncnenuun, g.e.; l(to, t;) — KoabpPuumeHT obecueHMBaHUA AEHEKHbIX cpeacte / pocTa
3KOHOMUKHA / MOKa3aTe/ibHbIFO POCTa 3a40/1XKEHHOCTU 3a KOHTpOﬂbeIVI nepwuoa, Aa.e.

t1
S(ty) = 'f (1-m)%, (16.2)
0
roe t — Bo3pacrt, roa; m(t) — pyHKUMA CMepPTHOCTM B 3N1eMeHTapHOM rpynne oT Bo3pacTa Aaen
3/1eMEHTapHOM rpynnbl B ro40BOM WMCYMUCNEHMU, A.e.; t; — Bo3pacT, rod; S(t1)) — dyHKumA

0XMAAEMOI [0/ BbIKMBLUMX OT 06LWEro YMcna poAamBLLMXCA B 3aBUCMMOCTM OT BO3pacTa tj,
a.e.

MNpaBuno cornacosaHMA NPOU3BONIbHOIO MHOXXUTENA «B»

Ecnn aHanusmpyeman pyHKUMA 3a4aHa No cpeactsam psaga GyHKUUNA, NPUMEHUMbIX MO OAHOMN
ONA KaXKOoro M3 pAaga CToAWMX B CTbIK APYr K ApYyry AMana3oHOB 3HAYeHWM aprymeHTa
aHanusmpyemon ¢yHKUMKM (pasnuyHbln 0bnacTax aHanmMsaMpyemom QyHKUMK),  ApYyrMmu
CNOBAaMM €C/AN aHaAuUTUYecKaa OQYHKUMA 33ZaHa C MpepbiBaHUAMM, TO TMOCTPOEHUU eé
HeonpeaenéHHoro MYAbTUMANKaNA noapasymeBaeT B3ATUE HeonpeaenéHHbIX
MYAbTUMNMKANOB ANA KaXKA0M M3 YMCAa COCTABAAOLMX GYHKLMI C LENBIO X UCMO/Ib30BaHMA B
KauyecTBe COCTaB/AAKOWMX HeonpenenéHHoOro MynbTUNAMKANA aHanuMaMpyemon ¢yHKUMKM B
cooTBeTCcTBYyOWMX MM obnactax. [anee ecanm aHanu3 noapasymeBaeT MOCTPOEHUe
HEeMnpepbIBHOTO MY/AbTUM/IMKANA aHanuMsmpyemon ¢yHKUMKM, TO cneayeT obAsaTesnbHasa AnA
3TOr0  Cc/Ayyas npoueaypa B3aMMHOMO  COM/1aCOBAHWUA  MPOM3BOJIbHLIX  MHOMUTENEMN
COCTaBAOWMX  HEONPEAENEHHbIX  MYNbTUMNAWKANOB, O4YEBUOHO  Heobxogumon  pns
obecneyeHna HenpepbiBHOCTU PYHKUUM HeonpeaenéHHOro My/bTUM/IMKANA aHaNU3MpPyemom
¢yHKUMN. CornacoBaHMe MHOXKUTENEN BCEX Map CMENKHbIX COCTAaBAALWMX HeonpeaenEéHHbIX
MY/AbTUMIMKAN0B MPOMU3BOAUTCA NO MAPHO U AOMKHO OTBEYATb CeAyoWeMY PAaBEHCTBY:

Bi- F*1(x) =By F*5 (x), (14)

rae 0 n 1 — MHAEKCbl CMEXKHbIX NPeblAYLLEro U CAeAyIOLLLEero CoOCTaBAAKLWINX HeonpeaenEHHbIX
MYNbTUNIMKANOB U UX MPOU3BOJIbHLIX MHOMUTENEN; X - TOYKA CTbIKa CMEMHbIX NpeablayLiero
M CNeayloLLero CoCTaBAALWMX Heonpeaen&HHbIX My/IbTUNIMKAN0B Nod nHaekcamm 0 m 1.

PelweHue BblwWenpmMBeAEHHOIO YPAaBHEHUA OCYLLECTBAAETCA AR KAXKA0r0 CTblKa COCTAaBAALLUX
HeonpeaenéHHbIX MyNbTUNAIMKANOB, MNPUYEM MNOCNe[0BaTeIbHO B MOPALKE 3HAYEHWUN
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aprymeHTa B TOYKax CTbIKOB MO OAHOMY W3 ABYX HanpaB/eHUN: B CTOPOHY WMX pPOCTa UM B
CTOPOHY WX yObiBaHMA. Takmm obpas3om onpeaensieTcs NPOU3BOJIbHbIA MHOXUTENb ANS
KaXX[aoro cneayroLero COCTaBAAOLWEro HeonpeaenEéHHOro My/bTUMN/IMKANA MO yXKe U3BECTHOMY
3HAYEHUIO ANA KaX4oro npeablayuiero. 3Ha4yeHMe NPou3BOIbHOrO MHOMXUTENS AR NepBOro B
pPacyéTHOM NOCNenoBaTeNbHOCTM  COCTABAAKOLWLErO  HEonpeAeNnéHHOro  MynbTUNAMKana
YCTaHaBAMBAETCA aHAIUTUKOM.

Ha  pucyHKe  npuBegeH  npumep  COMNAcoBaHUA MocTpoeHne mynbTMNAMKaNa
. U3 COCTaBNALWMX GYHKLMA
NPOW3BOJIbHbIX MHOXXUTENEMN. 3pecb
NoaMYAbTUMNAMKAaNbHAA GYHKUMA (KpacHbIM) cocTaB/ieHa )s /\
M3 MATM aHANUTUYECKM 3a4aHHbIX JIMHEMHbIX QYHKUMA, \ /
ONA KaXKOOM M3 KOTOPbIX MOCTPOEH HeonpeaenéHHblh 2 \\ /’
N—

MYNbTUNNUKAN (CeprM), nocne 4ero npousseneHo

1,5
cornacosaHume nx NPON3BOJIbHbIX MHOXuUTenemn B

HanpasBAeHWMM CneBa Ha npaso. Tak gna nepsoro cnesa !
COCTaBAAOWEr0  HeonpeaenéHHoro  My/abTUNAMKana —/

0,5

|

-
0 0,5 1 1,5 2 2,5 3
3.709623, pna Tpetbero oHo coctasmno 0.914782, pna Fl —F2 —F3 —F4 ~F5 emmf —f

I'IpOM3BOI'IbeIl‘;1 MHOXUTENb YCTAQHOB/IEH HA 3HA4YeHWUU

2.25, pns BTOPOro ero pacyétHoe 3HayeHue coctasuno ¢

yeTtBéptoro 11,20608 n gna natoro 1,980973. U3 nATKM COCTaBAAKOWMX HeonpeaenEHHbIX
MYNbTUNAMKANOB MO pPe3yNbTaTy COMNacoBaHUA WX MPOU3BOJIbHbIX MHOMWUTENEN MNOCTPOeHa
HenpepbiBHAA OQYHKUMA HeonpedenéHHOro MYAbTUMNAMKANa aHaAnsnmpyemom GyHKLUK
(4épHbim). MopmobHana onucaHHOM npoueaypa A[ONXKHA NPOBOAMTCA MO OTHOLWEHUI K
HeonpeaenéHHOMY WHTerpasy B NOAOOHOM CUTyauuW, HO B OTHOLUEHMM MNPOU3BO/IbHbIX
cnaraembix C nocnegHero. MoXHO 06paTUTb BHUMaHME Ha TO, YTO MYAbTUNAMKAN HE UMeeT
npepbIiBaHUA NPOU3BOAHON B TOYKAX M3/10Ma NOAMYNbTUNANKANbHOM PYHKLUKN, MOCKO/IbKY HET
NnpepbiBaHUA CamMol NOAMYNIbTUMNNKANbHOW GYHKUMM B KadecTBe GaKTOP-MPOU3BOAHOM
MYNbTUNAMKaNa GyHKUMK. B TouKax, rae nogmynbTUNAMKaAbHaa GYHKUMA UMEET NpepbiBaHne,
€€ MyNbTUNNMKAN UMEET U3/10Mbl (NpepbiBaHUA NPOU3BOAHON).

TaK Ha3biBaemMblii «HenpepbiBHbIU PpaKTopUan»

Ha paumarpamme npeactasneHa cepua rpaduKos (cepbim) M3 BECKOHEUYHOro MHOMKEeCTBa
rpadu1KOB HEONpPeaenéHHOro MynbTUNAMKana GyHKLMK f(X) = X (nocpeacTBeHHO y = +e* "X+
(KpacHbIM), Kakablil OTAMualolmecs OT APYrMX M3 Cepuu 3HauYeHMem MpPOM3BONbHOMO
MHOMKUTeNA «B». [Ina 0AHOTO U3 HUX - TOFO, YTO NPOXOAWT uYepe3 TouKy (x=1,y=1) (4épHbim)

NocTpoeHa Npoun3BoaHan (OpaHKeBbIM).

Ona HeonpeaenéHHoro mynbTunavMkana ¢yHkumm f(x) = x  cobnogaertca cneaywouee
npumeyatenibHOe OTHOLIEHME:

F*(0) =F*(e) =F*'(e)
F()=F"(1)

e, (17.1)
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a TaKX¥e 3HayeHnem ero I'IpOVI3BOp,HOl‘/'I ABNAETCA:
F*(1)=0, (17.2)

roe F*(x) — Heonpeaenénubiii mynbtunaunkan f(x) = x; F*(x) — MyabTunAnkan f(x) = x

npoussoaHas F*(x); F*”’(x) — sTopas npoussoaHas F*(x). 9 -——-—-I——-—-———

8 L1 | ]

B oTHoweHuM mynbtunAnKana ¢yHrumm f(x) = x meHa He

NOKNAQET MbIC/Ib O TOM, YHTO MMEHHO 3Ta KpacuBaA d)yHKLI,Mﬂ 7
MOXeT npeTeHgoBatb Ha pPOJib (I)yHI-(LI,MM TaK Ha3bliBaemoro

«HenpepbIBHOro pakTopmana. 6 1 /

CaBuHyTaa Ha eaumHuuy Bneso «lfamma» ¢yHkuma («Mux»

byHKUumMA) aBnseTca 06o6uweHnem x! ons BeWeCcTBEHHbIX Yncen 4 |- AT
M Ha MOWM B3rs4 He noaxoAuT Ha poib  GYHKUUK /|

«HenpepbiBHOro ¢aKkTopmana». Tak, ecnm ana x! nepson, Tak

CKa)Kem, OMOpHOW TOYKOM, NpuU KOTopon cobnroaaertca

ycnosue y = X, ABNIAE€TCA TOYKa NpU X = 1, d BTOpPaA TaKaA TOYKa
x=In(x)-

npu X = 2, To gna mynbtunankana f(x) = x, B yactHoctn e
x+1

(4EpHbIM Ha Amarpamme) BTOpas TaKasA OMOPHAs TOYKa

HaXoauTCA Npum X = €, YTO NOKa3biBaeT Ha UCKNIOYNUTENbHOCTb

nocnegHen no cpasHeHuo ¢ 060bweHnem gns x!.

Kasanocob 6bl, KaKoe OTHOoweHne MOKET MMETb YUC/IO e K

NOCTPOEeHuto PYHKUMKN «HenpepbiBHOro dakTopuana». N Kak -3 :

OKa3asnoch, camoe HenocpeaCcTBEHHOE, n6o o 1 2 3 4 5

MynbTURNAMLMpPOBaHMe ¢yHKumMM f(X) = X — 3TO ogMH M3 cnocobOB HaxOXAeHWs uyucna e.
x=In(x)—-x+C

’

Mpu3HaTbCcA, NpMBEAEHHbIE 34eCb rPadUKM NOCTPOEHbI He Yepes3 BbipakeHue te o)
KOTOpOM Torga ewé He 3aA4yMbiBancA TO eCTb He MO CPeAcTBaM MCMNO/b30BaHUA 3aBEAOMO
N3BECTHOrO YMC/a €, @ UMEHHO MyAbTUNAMUMpPOBaHMEM f(X) = X YNCNEHHbIM MeTOAOM HauyuHan
oT X =1 B 06e cTopoHbI No ocKu abcumcc. M KaKoBO e 6bl10 MOE M3yMAEHME, KOTAa Bblllen Ha
YNCNO €@ MPU X CTPEMALLEMCA K HyA0. HO € Apyroi CTOPOHbI, Yemy TYT YAMBAATLCA, KaKoe
ApYyroe KOHeYyHOoe YMCNO0 MOXHO 6bl1o 6bl OXMAaTb, BeAb noasaeHue Awboro Apyroro
KOHEeYHOro 41cna Bbi3Bano b6bl yaAnBAEHUE C BOCTOProm ewé 6onbluee, M60 Takoe YNCN0 MOTI0

6bl 6bITb HOBOM 3aMeyaTe/IbHOM MaTEMATUYECKOM NOCTOAHHOM MO ONpeaeNeHnIo.

PeweHune 3aaaum 0606uieHms X! ana BewecTBEHHbIX YMCE/T BO3BPALLAET HAC K MbIC/IN O TOM,
yto x! B nepBylo ouepeap ABAAETCA ANCKPETHON GYHKUMA, U YTO camo no cebe nogHUMaeT ABa
CBA3AHHbIX C 3TUM ¢aKTom Bonpoca. Bo-nepBblx, Noyemy npuv MOCTPOEHUM psaa He
PacCMOTPETb PAL MHOMUTENEN HAauMHAA He OT 1, @ C KAaKOro-To APYroro BELWeCTBEHHOrO Yn1CAa,
Hanpumep ot 0.5, Kak cnegyeT: 0.5, 1.5, 2.5 1 1.4., 1 BO-BTOPbIX NOYEMY LIAr pAga coctasndeT 1,
a He nwboe ppyroe MNONOKUTENbHOE BELLECTBEHHOE 4WUCA0? Yem WMMEHHO eauHULA
npMmeyaTtesibHa B KayecTBe Ha4ya/ibHOM TOYKM pAga U pasmepa ero wara? Mog 3TMm yriom
3peHns obobuweHne x! anAa BelWEecTBEHHbIX 4YMcen NPeacTaéT nepes Hamu Kak 4acTHoe
NOCTPOEHMeE.
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M3meHeHMe BeNMYMHbI LWara psafga O3Ha4YaeT U3MEHEHME KONMYECTBAa MHOMUTeNen psaaa,
NCNONb3yEMbIX NPU BbIMUCNEHUM pe3ynbTaTa GYHKUMW ANA NOACTaBAAEMOro aprymeHTa. [ns
TOro, YTo Hbl COXPaHUTbL TOXKAECTBEHHOCTb NOPAAKA BO3BpALLAEMOro pesynbrata GyHKUMKU AnA
NoACTaBAAEMOro aprymMeHTa, U NOCKO/IbKY Mbl UMEET A0 C PAAOM UMEHHO MHOXKUTENEN, Npu
M3MEHEHUW Lara psaga HeobxoAMMO BO3BOAMTb KarKAbli MHOXMWTENb psAga B CTeneHb
KPaTHOCTU M3MeEHEHMSA (YBENMYEHMA) BEIMUMHDI Wara psaaa, B 4aHHOM Cay4dae Npyv U3MEeHEHUK
lwara psaa OTHOCUTE/IbHO OT eAMHULbI KaK BE/IMYUHbI MO YMONYaHUIO. B 3TOM CBA3M MOMKHO
3anucaTtb obulee onpeaeneHme GpyHKUnmM x!:

xl = l_[(b +s-DS, (18.1)

(x—b)
N(x) = round — ) (18.2)

roe b — HavanbHaA Touka pAga, MO yMOAYaHMIO paBHaa 1; s — Be/AMYMHA wara psaga, no
ymonyaHuto pasHas 1; N — GyHKLMA KOAMYecTBa UTepaumin onepaTopa CyMMMUPOBAHMA BKIOYaS
HY/IeBYIO UTEPALMIO B 3aBUCMMOCTM OT 3HAYEHMA aprymeHTa

MNpumepbl pagos: 2.5° - 4.5% - 6.5%- 8.5% . 10.5° u t.4. wam: 1.1°1-1.2%1.1.3%.1.4%1. 15% .
1.6%%. 1.7 . 1.8% T.4. mam 1 - 2. 3. 4. 51 6 C onucaHHoiIt TouKM 3peHns nocnegHuin
P4, @ UMEHHO TOT, YTO MCMNONb3yeTcs B NepBOHaYabHOM Bepcun GyHKUmMKM X! — ecTb psag no
YMOJI4aHUIO, HO OAHOBPEMEHHO NpeacTaBasaeT cobol YacTHOe MOCTPOEHMEM M3 MHOXKECTBa
BO3MOMHbIX.

YMeHblleHMe BeNMYMHbI lWara pAga  [AenaeT BO3Bpallaemble 3HaveHua QGYHKUMKM  Ans
NOACTaBASEMOro aprymeHTa 6amnske Apyr y Apyry Npu cpaBHeHMM ABYX 6/1M3KUX, HO HEe pPaBHbIX
warax. XapaktepHas 0cObeHHOCTb NOCTPOEHMA PAAA C MCNONb30BaHMEM MyabTuUnAnkana f(x) =
X 3aK/l0YaeTCA B TOM, YTO Be/IMUYMHA wWara paga (BeandmHa sfemeHTa MylbTUNAULMPOBaHMUA)
cTpemuTcsa K 0, YTo B NepByto odepeab obecneymBaeT HaM MCKOMYH HENPEPbIBHOCTb GYHKLUN,
N TaKXKe fOenaeT BO3Bpallaemblit pe3ynbTaT GYHKUMW AN NOoACTAaBAAEMOro aprymeHTa yiKe
NHANPPEPEHTHBIM K KONMYECTBY MHOXUTENEN B pAAY, K BeANYMHE Wara paga. Bosspauiaemble
pe3ynbTaTbl AN MOCTaBAAEMOro aprymeHTa CTPeMATCA K B3aMMHOMY paBeHCTBy. [aHHoe
06CTOATENLCTBO MPMBOAUT TFEOMETPUYECKME MeCTa TOYEK MHOXecTBa MNOoAy4aembiX C
nucnonb3osBaHMem MynabtunAnKana f(x) = x OyHKUMI AnA MHOXecTBa Hayan pAga B
04HO3Ha4yHoe, 060bWEHHOE MonoXKeHne ¢ cobnogeHMem BbilenpuBeaéHHoro obuwero ans
BCEX HUX PABHOrO YNC/y € 3aMeyaTe/IbHOro OTHOLWEHMUA, M YTO HabaaeTca BHE 3aBUCMMOCTH
OT BblbOpa TOYKM YCNOBHOrO Hayana psaga. B gaHHoOm cnyyae BbI6Op TOUKM Hayana psaaa
eQVHCTBEHHO npegonpeaenseT 3HadyeHne MPoU3BOIbHOTO MHOXMUTens B, To ecTb Bbiaenser
04HY GYHKUMIO M3 UX MHOXECTBa, MAM HaobopoT, MHOXUTeNb B onpeaensetr ogHy uau ase
TOYKM Hayana paga M3 UX MHOXKecTBa. TaK 13 Noboi ToUKM (Kpome Touku 0) npsamoii rpaduka
oyHKumMm f(x) = X MOXKHO npoBecTV rpaduKk eé MynbTUNAMKANa C npegonpeaenéHHbIM Ans
AAHHOM TOYKM MHOXMUTenem B.

Ha auarpamme Touyku nepecevyeHus (éntbim) rpadmka epyHkumm f(x) = x c rpapukamm csoero

MYAbTUMNMKANA, ABAAIOTCA NpMMepPaMn BbIGOpa yCIOBHOMO Havyana psaaa, U3 KOTOPbIX CTPOUTCA
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rpadMKk Tak Ha3blBAEMOro «HenpepbiBHOro ¢akTopuana» B BAEBO OT TOYEK MepecedyeHus.
Take BWMAHO TO, 4YTO He ANAa Bcex

3HauYeHUN MHoXuTena B cywecrtsyeT . Mynetunaukan f(x) =|x|
peleHne HayasbHOM TOYKU MNOCTPOEHUA

paga. Peub NOET o] rpaduKax 4

MYAbTUMAMKANG,  He  MNepeceKatoLmx 3

npamyio f(x) = x. 2

HaTypa/sbHO JflorapudmmMyeckon no ocu

|
o |
Ha BTOpoW Anarpamme Ana HarnsaHoCcTU B 1 | /
>
[ =

OPAMHAT CUCTeMe KOOPAMHAT MNOKasaHa
cepusa  rpadMKoB  HeonpepenéHHoro

MynbTUNAMKana (cepbim B obwem wu 2 |

YépHbim npu B = 1) mogyna (KEnTbim) -3

oyHKummn  f(x) = x (KpacHbim) anA -4

Pa3/IMYHbIX  3HAYEHWA  MPOM3BOJIBHOTO -

MHOXuTena B. MEntbim nokasaH rpaduk 5 4 -3 -2 -1 0 1 2 3 4 5

MOAYyNA Y = X.

FeomeTpuuecknii poct pyHKLUMU

MponssogHaa ¢yHKLMM NOKa3blBaeT Ha pocT OYHKUMM B TOYKe. HO KaK BblACHAETCA, POCT
GYHKUMM B TOYKE MOKET ObiTb Pa3HOro poga, Kak roBOpPUTbCA, POCT POCTY PO3Hb. Mo3aTomy
cneayet YyTOYHUTbL TO, YTO AQHHbIN POCT ABAAETCA apuPMeETUYECKMM, TO eCTb MOKa3blBaeT Ha
CKONbKO eaMHuL, BblpacTeT QYHKUMA, ecnm aprymeHT ¢yHKUMWM BblpacTeT Ha 1, n npu
rTMNOTETUYECKOM YCNOBUWM TOFO, YTO AAHHbIN apnuPMeTUYECKNn pocT GYHKLMM Ha NPOTAKEHUM
pOCTa aprymeHTa He M3MeHUTCA U OyAeT COOTBETCTBOBATb CBOEMY 3HAYEHWIO B BblOpPAHHOM
ToYKe PYHKUMKU. [padUUecKM 3TO peluaeTca NpPoBeAEHNEM KacaTe/IbHOM K rpadnKky GyHKUMK B
BbIOPAHHOM TOYKEe, @ €C/NM BblpaXKaTbCA TOYHEe TO, MpoBeAeHMEeM K rpaduKky GyHKUMM B
BbIOpaHHOM TOYKE He NPOCTO KacaTeNbHOW, He MNPOCTO KacaTe/NbHOW NPAMON, a MMEHHO
KacaTenbHOro rpadumka AnMHeHon GyHKUUKM obuwero Buaa:

y=b-x+c, (37)

roe b v ¢ — KOHCTaHTbI KacaTeNbHOM MHENHOW GYHKLUMM, onpeseneHne KoTopbix obecrneymsaeT
€€ KacaHue K aHaNn3npyemoit GpyHKLMM B BbIBPAHHOM TOYKE.

b uncneHHo noKasbiBaeT Ha abcontoTHOE NpupalieHne GYHKUUKU NPU yBEAUYEHUM apryMeHTa
Ha 1, noka3biBaeT Ha apudmeTMyecKuh pocT PyHKLUMM B TO4UKe. TaHreHC yria HaKNoHa
KacaTenbHOM NpsMON B BbIOPAHHOM TOYKE OTpParkaeT 3HayeHue apudmeTUYecKoro pocTa
bYHKUMM B AaHHOM TOYKE.

YnomsaHyTaa Bbiwe ¢GaKTOpP-Npomn3BOAHAA MOKA3biBaeT Ha reoMeTpUYecKkuii poct GpyHKUMM B
TouKe. OH NOKa3bIBAaeT BO CKOMIbKO pa3 BblpacTeT GYHKUMSA, €M apryMeHT GyHKLMK BblpacTeT
Ha 1, 1 NPU TTMNOTETUYECKOM YCNOBUM TOTO, YTO AAHHbIA FrEOMETPUYECKMI POCT OYHKLUWU HA
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NPOTAXKEHUM POCTA APryMeHTa HEe U3MEHUTCA U ByaeT COOTBETCTBOBATb CBOEMY 3HAYEHMUIO B
BbIOpaHHOM TouKe PyHKUMU. Tpaduyeckm aTo pewaeTca nposeaeHMeEM K rpaduky GyHKLMK B
BbIOPAHHOM TOUYKE KacaTeNbHOro rpadmKa NokasaTeibHOM GyHKUMM 0bLwero Buaa:

y=b-a" (38.1)

()
a=e\f®/, (38.2)
In |FG)|
_ f6o -a( e X (38.3)

fCO '

rae a u b — KOHCTaHTbl KacaTenbHOM MOKasaTenbHOW ¢QYHKLMM, OCHOBaHUE CTeneHu W
MHOUTE/b, ONpeaeneHme KoTopbix obecneymBaeT eé KacaHue aHanusmpyemoin oyHkumm; f(x)
—npounsBoaHan aHanusnpyemoit ¢pyHkumii; f(x) — aHanmsmpyemas yHKUmS.

Q UYMCNEHHO MOKa3blBaeT Ha OTHOCUTENbHOE npupalieHne OyHKUMKW, CnefoBaTeslbHO Ha
reomeTpuYeckmnii poct pyHKUMnN. PakTOp-NPOM3BOAHAS HE MOXKET BbiTb OTPULLATENLHOW.

MpoBeaeHUe NOKa3aTeNbHbIX KacaTeNbHbIX K rpadMKam GyHKUMIG

Ha anarpamme K rpadumkam Tpéx -
M onpegeseHue reoMeTpPMHEeCKOro pocTa B TOMKax QyHKLMIA

oyHkumi: f(x) = 2:In(x), f(x) = 2:x 9

u f(x) = 100/x* (4épHbim) \2‘
npoBeaeHbl noKasaTenbHble

KacaTenbHble (uBetamu). 5 /
ABCONOTHAA pasHuua Mexay 2- / 2/\

oM 1 1-o1 TOYKaMM OHOTO LBeTa

~.
"

no ocu abcumcc oTparkaer
npupalleHMe  aprymeHta  Ha // 4/

eanHuLLY. OTHOCUTenbHaa 4 /1 A g
Pa3sHMLLA X BbICOTbI, U3SMEPEHHaA // /2 1
~ \
a6CL|,MCC U TO BO CKOJIbKO pa3 2 // NG
TOYKa 2 HAaXOAWUTCA Aanblle TOYKK ~—

1
1 NO OTHOLWEHMIO K OocH a6cu,vncc /

N\

OTHOCUTENIBHO MNOJI0XKEHUA OCU

reomeTpmuyeckoro pocrta GyHKUUU

/1
MOKa3blBaeT Ha 3HayeHune 0 - /
2

o -1 /
B TOYKE KacaHuAa (B 1-oi Touke). /
OueBMAHO TO, 4YTO Yepe3 oAHY , ., 1

napy Touek 1 U 2  MOXHO o+ 2 s 4 5 6 7 &8 5 10
— R * A * A S * A
nposecTy TO/IBKO oaHy 2%In(x) +0,11%3,78"x +0,78%1,41x +2,05%1,17x
X -5,46%0,07/x  ==m2%x —40,74%2,720 +1,47%1,65x
3KCnoHeHTY Yy =b -a".
+2,21*1,40  =100/x"2 —+46,18%0,617x  +15,08%0,75"x

MocTpoeHue Bbllle aHaNU3UPYeEMbIX GYHKLUM B KOOPAUHATHOW cUCTeme, rae OCb OpAMHaT
pasmeyeHa B eamHuuax Inly| (HaTypanbHO norapudmmyeckas wWKana no ocu opamvHaT ana
3HayeHui OGYHKUMA MO MOAYAI), BU3Ya/IbHO «Jerpaguvpyer» JUHENHble 3aBUCMMOCTM [0
norapudmmyecknx, nokasaTeNbHble [0 JIMHEMHbIX, a TFeoMeTpuyeckMe npupaLlLeHma Ao
apudmeTmyeckmx. Yncno e BO3BeAEHHOE B CTeMeHb TaHFeHca yrna HaK/oHa KacaTenbHOoM
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BM3yaNbHO NPAMON B BbIOPAHHOM TOYKe rpadmKa NOKaxKeT HAa 3HAYEeHMEe TeoOMEeTPUYECcKOro
pocta OGYHKUMM B OAHHOM TOYKE, WAM  APYTMMW  CAOBAaMWM  HATypasbHbIA  norapudm
reoMeTPUYEeCKOro pocTa paBeH TaHreHCY Yr/1a HaKNoHA KacaTeNbHOW NPAMOW.

B  TouKax roe HKUMA
! A byHKy MpoBegeHMe NoKasaTebHbIX KacaTe bHbIX K rpadpukam dyHKLUMiA

nepecekaer ocb abcumcc eé M onpegesieHNe reoMeTpPUYecKoro pocTa B TOYKaX GyHKLMA
daKTOp-npomssogHaa  UmeeT 4
npepbiBaHna.  Tak  MOMHO ™ \\

3
06paTUTb BHUMaHWE Ha TO, YTO \ -__________.-__.-—-
dakTop npomsBogHan GyHKUUK 5 k/

=
y = 2 - In(x) nmeetr /// \ ——
npepbiBaHue nmx-lzl\ - e~
= — — o

ctpemacb K 0 (e ) npwu o . ——
NPUBAUNKEHUM aprymeHTa K
TOUKe C 1eBa U K + o= (o) npw ST RRR V|
NPUBAMMKEHUM  aprymeHTa K |
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Mpumepbl GpaKTOP-NPOU3BOAHDIX

dyHKUMA daKkTop-npounssogHas
0 HeonpegenéHHOCTb
b 1
b x° ea/x
b-a* a
b-eA* e

roe /1 - o6o03HavyeHMe onepaTopa CTeNeHHOM BallHM C NeBOI aCCOLMATUBHOCTbIO.

Henawwwme MoryT NoynpaxkHATLCA B MOMCKe GOPMYANPOBOK PaKTOP-NPOM3BOAHbBIX U daKTOp-
nepBoobpPasHbIX 4/1A U3BECTHbIX GYHKLMIA.

Mpu nocpeaHnYecTse aHanMsnMpyemon GyHKUMKM mexkay eé npoussoaHoin (apudmetmyeckum
poctoM) UM eé  ¢aKTop-NpPou3BOAHOW  (rEOMETPUMYECKMM  POCTOM)  CyLLecTByeT
B3aMMO3aBUCUMOCTb MpPU OTCYTCTBUM KaKUX /MO0 KPUTUYECKUX 3HAYEHMI y4yacTBYOWMX B
YPaBHEHUWN BE/IUUYMNH:

f1x)
fe(x) =ef®, (39.1)

f(x) = f(x) - In f*(x), (39.2)
npn f(x) 20m f°(x) 20 nf(x) 2o n f*(x) 2 o2 nf(x) oo
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roe f(x) - aHanusnpyeman dyHkuma; £°(x) — dpakTop-NnponsBoaHaA aHaAM3MPYEMOit GYHKLMM;
f’(x) — nponsBoaHas aHaNU3MpPyeMon GyHKLMUK.

Oy4yeBUAHO TO, YTO HE BO3MOMKHO BOCCTAHOBUTb PYHKLMIO NPU €€ U3BECTHbIX MPOU3BOLHOM UK
baKTOpP-NPOM3BOAHON NO OTAENBHOCTU, HO MOYKHO BOCCTAaHOBUTb GYHKLMIO B C/ly4ae, eCN OHU
N3BECTHbl 06€ BMeCTe, a TaKKe U TO, YTO PaKTOpP-NPOM3BOAHAA UMEET OT/IMYHOE OT eAMHULbI
KOHEeYHOEe 3HaYeHWe 1 OTCYTCTBYIOT Bbille NPUBEAEHHDbIE KPUTUYECKUE 3HAYEHMUA:

fx) = % npn f(x) 20m f*(x)20unf(x)21unf(x)zoon f*(x) zoo nf(x)zoo. (39.3)
nf (x

AHaNoOrMYHO TOMY KaK npousBoaHasa OGYHKUMM MOMKET ObiTb BbipaKeHa u4epe3 eé

anododepeHuman: f(x) = df(x) / dx, dpaktop-npomssoaHaa MoxeT bbiTb BbipaxeHa yepes eé

dakTopMnan, Npm 3TOM UCMNO/b3yA HEe ONepaTop AeNEHUs, a OXKUAAaeMo onepaTop U3BAeYeHMUA

KOPHSA, CTOALLMIN Ha OANH NOPALOK Bbille onepaTopa AeNeHune:

fex) =VEF®. (40

N TakmMm e obpa3om HaobopoT, pakTopran PyHKUUN MOXKET ObITb BbipaxKeH yepes eé dakTop-
NPOW3BOAHYIO, YTO NOAOOHO TOMyY, Kak gnuddepeHuman GyHKUMM MOXKET ObiTb BblpaKeH yepes
eé npoussogHyto: df(x) = f/(x) - dx, HO onATb Taku, He MCMNONb3ys OnNepaTop YMHOXEHUs, a
BMECTO Hero onepatop BO3BeAEHMA B CTeMeHb, TaKKe CTOAWMM Ha OAMH MOPAAOK Bbilwe
onepaTopa YMHOXeHUA:

ffe0 =% (41)

AKceneHrta

MoctaBun 3adady Hantu/chopmynmpoBaTb (YHKLMIO, FEOMETPUUYECKUX POCT KOTOPOWN WU
ApYyrMmu cnosamm eé GpakTop-npon3BOAHAA, 3 aBTOMATUYECKM 3HAYUT U MYNbTUNAMKAN 6blan
O6bl paBHbl 3Ha4YeHMAM camon OyHKUMKM npu Nobom 3HayYeHUW aprymeHTa. lepBasa TaKas
dYHKUMA HanpalMBaeTca cama cobomn, n 3To PyHKUMA Yy = 1, 4TO CyLecTByeT No aHanAorMm co
cywectsoBaHnem GpyHKUMM y = 0 anA 3a4a4M NOUCKA NPOM3BOAHOM M NepBOOOpPa3HON paBHOM
camom ¢yHKummn, rae 1 n 0 04eBMAHO 3HAYEHUA HENTPAbHbLIX NPOU3BOJIbHbIX 3/IEMEHTOB ANA
MYNbTUNANKANA N UHTErpana CooTBETCTBEHHO. TaKKe No aHaNorMm C NOMCKOM MPOU3BOAHOM
BTOpan GyHKUMA ¢ NOAO0OHbIM CBOMCTBOM NPEANnO/IOKUTENbHO A0NXKHA ObITb MOKA3aTeNbHON U
TaKXe KaKk ero umeet QyHKUMA e* MMeTb B CBOEM OCHOBAHMM YMC/IO €, U KaK Mbl yXKe 3Haem,
YMCNO e OEeNCTBUTENbHO MMeeT HenocpeacTBEHHOEe OTHOLEHME K MY/bTUMIMUUMPOBAHUIO U
daKTopnpOoBaHUIO GYHKLMNA.

KaKk n3BecTHO onepauuyv WHTErpuUpoBaHUA U ANPPepeHLMPOBaHMA UCNONb3YIOT OMNepPaTopbl
CNIOXKEHUA U BblUMTAHMA, TO eCTb BMHapHble onepaTopbl MEPBOro MNopsAAKa, a onepauuu
MYNbTUMNANLMPOBAHMA N GAKTOPUPOBAHUA UCMOb3YIOT ONEPaTOPbl YMHOXEHUE N AeNeHusA, TO
ecTb 6uHapHble onepaTopbl BTOpPOro nopaaka. lMokasaTenbHasa ¢yHKUMA e* npeacrasnser
coboit ogHO AeincTBMe C onepaTopoM BO3BEAEHWUA B CTEMNeHb, TO €CTb C NPAMbIM BMHAPHbLIM

onepaTtopom TpeTbero nopAgKa, a TakXe MmMeeT YNCNO € B KaydeCTBe MnepBoro onepaHga u
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apryMeHT X B KayecTBe BTOpOro. MoHO 3aMeTUTb TO, YTO B JAHHOM QYHKLMKM MCNONb3yeTCA
npsamoin BUHAPHbBIN onepaTop, CTOALLMIN HA ABa NOPALKA Bbile OT onepaTopoB, UCMOJb3yeMbIX
ONA  onepauMi  MHTerpuposaHma w  anddepeHumpoBaHua. [anee penaem cmenoe
NPeAnoNoKEHNEe O TOM, YTO MUCKOMas Hamu QGYHKUMA B TOYHOCTM NOBTOPAET GyHKUMIO € B
yacTV onepaHoB, U TaKKe Kak € npeacrasnseT coboit 04HO AeicTBME NPAMOro 6MHapHOro
onepaTtopa, CTOAWErO0 Ha ABa NOpAAKAa Bble ONEpaTopoB, WCMNO/b3YEMbIX MNpU
MYAbTUNANLUPOBAHMM U GAKTOPUPOBAHUU, TO €CTb AENCTBME C HEKMM MPAMbIM OUHAPHBLIM
onepaTopom YeTBEPTOro nopsgKka. Takum obpa3om ABASETCS rMnep-nokasaTtesibHoN GyHKUuen
4yeTBEPTOro MOpAZAKa C OCHOBAHMEM €. 3anuwem J[aHHYH OYHKUMIO M B Y4ACTHOCTM
npeAnofaraemblit onepaTop caeAyoWwmm obpasom:

y=en", (43)
raoe A - obosHaueHue runeponepaTopa 4YeTBEPTOro NopsaAKa, Ha3biBAEMOro COOCTBEHHbIM
MMEHEM «YCKOpeHMe» WU «AKcenepaumsa», X — «YCKOPUTENb», € — «YyCKopsiemoey; y —
«YyCKOpeHUe». Bblpa)l-(eHMG MOXET YNTAaTbCA KaK: «4NC/ZI0 € B YCKOPEHUUN X» , K4UCNO e B X-BOM
YCKOPEHUMY», KX-0€ YCKOPEHUU YMCNA €», KUMCNO €, YCKOPEHHOE B X pas», KYCKOPEHHOE B X
pa3 Yncno e», «yckopeHue e B X». Kpmneas rpaduka

Mynbtunaukan f(x) = e

y = aA* HasbiBaeTca «YCKOPUTENbHOW» UK 9

«AKCceneHTom».

Mo€ npeanonoMKeHMe  OKas3aNoCb  BEpPHbIM,
BbIACHWAOCbL TO, u4to Yy = eA* oTseuaer

npeabABieHHOMY K Hell TpeboBaHWIO, HO nNpwu

YyCNOBUKM TOrO, YTO YCKOpeHue - 3TO cTeneHHas
6alHA C 1eBOW accOLMATUBHOCTLIO. He cneayet eé

nytatb ¢ TeTpauuenn — cTeneHHOM OallHen c

npaBon dCCoOUMNATUBHOCTbIO.

Ha Auarpamme MOMKHO YBMAETb MOCTPOEHUE

X
aKkceneHTbl y = €A° (KpaCHbIM MNYHKTUPOM) MU

MHOXeCTBa €€ My/NbTUNANKANO0B (CBETN0-CEPbIM),
OOMH W3 KOTOPbIX C MPOW3BOMbHLIM pPaBHbiM 1

MHOXUTenem (4€pHbIM) coBnagaetT C Ccamoi

byHKUMe, ana 4ero COBCTBEHHO WM NPULINOCH

nokasaTb €€ NyHKTMpPOoM. MOXKHO TaK»Ke 3aMeTUTb

TO, dTO I'IOI'apMd)MW-IeCKaﬂ WKana BWU3yasbHO

«AerpagumpyeT» akceneHTy Ha OAMH NOPALOK BHU3
[0 BU3yaNbHOM 3KCMNOHEHTbI, CABUHYTOM B NPaBO NO OCK abcumcc Ha eanHULY.

CneumanbHO OTMeYy TO, YTO onepaTtop «YCKOpeHue» MnoayyeH Mo HeobxoAnMMocCTu
dopmynuposaHMa aHanora GyHKUMM y=€* ana  onepauuii  MyAbTUNAMUMPOBAHMA U
baKTOpPMpPOBaHUA, MONYYEH METOAOM He 3KCTPAnofAuMM, HO METOAOM CABMra Ha OAMH
NopAgOK BBEpPX pAfa W3 Tpex NnociefoBaTelbHbIX TMNEPONepaTopoB B HAMpaBAEHUU
npeAnosaraemoro MaTemMaTMYeCcKoro aHanau3a, Mo aHa/JoTMKM C TeM, KaK HaZBMUraloT NPONEThbl

MOCTa npmu ero CcrpouTenbCrtsee. NmeHHO I'IpOBO,CI,MMbIﬁ MATEMATMYECKMN  aHanu3
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npeaonpeaensetr BHYTPEHHIOW JIOTMKY [AAHHOrO ornepatopa 4YeTBEPTOro nopaaka,

a He

HaobopoT, HaNpPUMep, KOrAa yKe eCTb roTOBbI ONepaTop, U 3aTem ero NPoo6yT NPUMEHUT.

Mnnloctpauma casura paga runeponepaTopos

Onepatop | CnoxeHue YMHOXeHune CreneHb YcKopeHue
Cymma n Onepauya c anemeHTOM ApudmeTnueckuii poct
UcxopHoe NHuTerpan NHTErpMpoBaHus; byHKUMK coBnagaeT C
COCTOsIHUE JNInHeHoe ypaBHeHWe camom dyHKumen
KacaTe/NbHOM e
apudmeTMYecKkoro pocta
HaaBukKa NMpounsseaeHne n Onepauua c anemeHToOM FeomeTpuueckui
Ha oauH MynbTunankan MYbTUNANLUPOBAHUSA; pocT GyHKUUK
nopAaoK MNoka3satenbHoe COBMaZaeT C Camom
BBEPX YypaBHEHWE KacaTeIbHOM dyHKUMeDN en*
(snpaBo) reomMeTpMYecKoro pocTa

YcKOpeHMe MOKHO KOMNAKTHO BblPa3uTb Yepes onepaTopbl HU3LWKNX NOPAAKOB:

a = o) (44

FfMnepKopeHb YeTBEPTOro NopagKa HasbiBaeMblit COBCTBEHHbIM MMEHEM «3amegneHue» Uau
«Jlecenepauus» obosHavyaetca cneayowmm obpasom:

ns (45)

roe N - obosHaueHme onepaTtopa «3amegneHne»;, N — «3amelUTeNb», a — «3amegnsemoer.

a\N

PesynbTaT onepauum «3amensieHne». BbipaxKeHuMe MOXKeT uUMTaTbCA KaK: «4Yucio a B
3amMe[/IeHUN N», KYNCIO @ B N-OM 3aMe/IeEHUN», «N-HOe 3aMeJjieHMe YMCna a», «YUCo a,

3aMeaNeHHOE N pa3», «3amegsieHHOE N pa3 YNCAI0 a», «K3aMeaIEHNE a B N».

3ameg/ieHne NoKasbIBaeT Ha YNCAO, KoTopoe HGO6X0,CI,MMO BO3BECTU B CTeNeHb camoro ceba Ha
eanHnUy MmeHbllee KONNYeCTBO pa3, YeM 3HaYEHUNE 3aMeannTena anAa Toro 4TO-Obl noayvynnocb
3amegnaemoe 4Ymcsio npu 3Tom npmmeHAaa nesyrd aCcCoumnatuBHOCTb B nocanenoBaTe/ibHOCTU

BO3BeAEHUA B CTENEHDb.

3amensieHMe B CBOK O4yepedb pPeLIaeTcA PEKYPPEHTHO C MCMOoJ/b30BaHWEM oOnepaTopa
n3BnevyeHma KopHA (0bpaTHOro onepatopa OAHOIO NOPAAKA HUMKE) U TaKIKE KOMMNAKTHO:

((a\n)(n_l)

Va, (46)

aN,=

B YEM HET HMYero HeobbIYHOro, NOCKO/IbKY M3BNEUYEHME KOPHA TaKXKe pellaeTca PeKyppeHTHO,
MO TaKOW e CXemMe, HO YTO OT/IMYUTENIbHO W 3aKOHOMEPHO, C UCMO/Ib30BaHMEM OnepaTopa
Aenenuns (obpaTHoro onepaTopa 04HOMO NOPSAAKA HUXKE):

n

Va

= —(%)(n_l). (47)

Cneacteuem obuwen ana AByx obpaTHbIX FMNEponepaTopoB CXEMbl PELIEHMA M aHANOrMYHO
TOMY, KaK 3anpeLeHo nofaBaTtb B NOAKOPEHHOE BblpaXKeHWe BeNUYMHY MeHblue 0, B KayecTse
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3amMeaNAemMoro 3anpeleHo noAaBaTb Be/MYMHY MeHblwe 1. BcnomuHaa TO, Kak 6Hbino
06pa30BaHO MHOXKECTBO KOMMMAEKCHbIX 4YMCen, MNpPeAcTaBAAETCA WMHTEPeCcHbIM TO, KaKoe
MHOXECTBO Yncen MoxeT bbiTb 06pa30BaAHO C UCNONb30BAHNEM 3aMeIAeMOro MeHbLue 1.

Norapudm 4yeTBEPTOro nopsaka C COBCTBEHHbIM MMeHem «M3BneyYeHWe ycKopuTena» wu
«M3BneyeHne HaATypaNbHOrO YCKOPUTENA» OMNpPenenaTcA KaK  BJ/IOXKEHHbIX  norapudm
COOTBETCTBEHHO:

c Ng=log (log.c) +1, (48.1)

cN=In(nc)+1, (48.2)

MynbTUNAMLUPOBaHME NPU HYNIEBbIX 3HAYEHUAX GYHKLUMU

Ocob6blit aHA/NIUTUYECKUI UMHTepec NpeAacTaBAseT Npouecc My/AbTUMIMLMPOBAHMA MOAy/el
bYHKUMI, NnepeceKaowmx ocb abcumcc B OKPECTHOCTU AaHHOro NepeceyeHua (aanee Hynesown
TOYKM).

B OKpecTHOCTM Hy/N1IeBOM TOUKM NepeceKatowyro GyHKLNI0 MOXKHO NPUBAUKEHHO NPeaCcTaBUTDL B
BMAE MHOrouY/eHa:

y=by- (x—c)1+bz-sign(x—c)-(x—c)2+b3- (x-c)P+...+by- sign(x-¢) - |x—c|", (15.1)

rae by by ,bs, b, — MHOXUTENN MHOrOYNEHA; € — KOOpPAMHATA HYNEBOM TOYKM; SigN —PYHKLMS,
BO3BpaLlatowan —1, ecnm aprymeHT oTpuuarteneH, +1 B NpoTMBHOM cayyae.

B npegenbHOM NpubAnMKEHWNE K HYNEBOIN TOYKE MHOTOUYNEHHYO QYHKLUMIO MOMKHO COKPATUTL A0
bYHKUMM OQHOTO YNeHa — NepBENLLEro C/eBa, YTO C HEHYNEBbIM MHOXKUTenem b. Takke B Buay
TOrO, YTO NMOJIO}KEHME HYNEBOWM TOYKM Ha OCU abCUMCC HE NPUHLMMNMANBHO B PACCMATPUBAEMOM
cnyyae, TO AN1A COKpaleHua 3anmucn npumem C=0 (HyneBaA TOYKA PAcNoONOXKeEHa B TOUKe Havana
KoopauHat). [ocne ynpoweHWA ypaBHeHVWEe uMMmeeT OOWWMA  BUA  3aBUCMMOM  OT
apudMeTMYECKOro 3HaKa aprymeHTa cTeneHHo GyHKUNK:

y = by, sign(x) - |x|" npun>0, (15.2)

Tak Kak no3BoAnsfeTca NPOBOAUTb MYNAbTUNAULMPOBAHME TONbKO MONOMKUTENbHbIX 0bnacTen
OYHKUMIA, TO npeobpasyem OQyHKUMIO A0 €€ MoAyAns, W MNOoAyYMm paspelléHHyo ans
MYAbTUMNMLMPOBAHUA NOAMYAbTUMNANKANBbHYIO OYHKUMIO (Aanee nNoAMYNbTUMNAMKANbHARA
byHKUMA). K ToMy Ke p[aHHoe npeobpas3oBaHME OMNUCbIBAET C/Ay4al He nepeceyeHun
byHKUMAMM ocun abeumcc, Ho eé KacaHue. Takmm ob6pasom NPoBOAMMBIN aHaNU3 ONUCbIBAET BCE
C/ly4au KOHTaKTa rpadmKa GyHKUmMM 1 ocn abcumcc B 04HOM ToUKe:

y=|bal - [x|". (15.3)

Hanee nogMynbTMNAMKanbHaa GYHKUMA pa3aenserca Ha ABe 06/71acTu: Ha Ty, YTO /ieBee, U Ty,
4YTO npaBee HyNeBOM TOYKW, MNpeacTaBAAeMble CAeAyWMMU  NPUMEHUMbBIMU - NPU
COOTBETCTBYHOLIMX YCIOBUAX COCTABAAOLWUMMN YPABHEHUAMMU:
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y=|x|"-bnpnb,- x>0, (15.4)
y=—|x|"-bnpub,-x<0, (15.5)
HeonpeaenéHHbI MynbTUNAMKAN KasKA0rO M3 COCTABAAIOLLMX YPABHEHMIA:
o [(Jx|" - b)dx = B . enx(In(xsign®)-VBD-1) ppy b . x >0, (15.6)
o [(—|x|" - b)dx = B . enx(In(-xsign®)YbD-1) ypup . x <0, (15.7)

MocKosbKy 06a U3 3TUX HeonpeaeNnEHHbIX MY/IbTUTN/INKAIOB HE CYLLEeCTBYIOT B HY/IEBOM TOUKe (X
= 0), To onpeaennm nx sHayeHuns nNpu 6ecKoHeYHo 6IM3KOM NPUBAMMKEHMM K 3TON TOUKe CleBa
M cnpaBa Nno OTAENbHOCTM MCNONb3YA NpeapblayLime ypaBHEHUA:

lim B - enx(In(xsign(v)-5/Ib)-1) — B npu (x-b) =0, (15.8)

x—0

lim B - enx(In(=xsign(®)-Yb)-1) = g npu (x-b) <0, (15.9)

x—0

Mynbtunaunkan f(x) = |ba|-|x|" Mynbtunaukan f(x) = |by|-|x|° Ha nepsoit (nesoit) amarpamme
2,5 2,5

npeactasnaeHbl: GyHKUmA y = b, -

\ \ sign(x) - [x]|" npu n=1 u paznnuHbIx
2 2

b (o1 0.25 A0 4 OTTE@HKamMM KpacHOro

—f(x) —f™ 4 Apko kpacHbiM npu b=1), eé

1,5 1,5 moaynb: y = |ba| « |x|" (oTTeHkamm

KENTOro N APKO KENTbIM Npu by=1),
1 [(x) | 1 [#(x) | HeonpegeneHHbin MYNbTUNNUKAN

| eé moayna npu B=1 n pasnnyHbIX 1
b (oTTeHKamu uYépHOro M ApKO

0,5 05 ——

YépHbim npu b=1).
—F+(x) | —F)
0 0 |— Ha BTOpoit (npaBoit) pguarpamme

npeactasneHbl: GyHKUmAa y = b, -

0,5 0,5 sign(x) - |x|" npu b,=1 1 paznnuHbIX

-0, 0 0.5 0.5 0 0.5 n (o1 0.25 f0 4 OTTEHKaMM KPacHOro

1 APKO KpacHbIM npu n=1), eé moaynb: y = |by| - | x|" (0OTTEeHKaMM KENTOrO M APKO KENTBIM NPK

n=1), HeonpeaenEHHbIA MyNbTUNAMKAN eé moayns npu B=1 1 pasanyHbiX U h (OTTEHKamM
YEPHOTO M APKO YEPHbIM Npu n=1).

HeTpyaHo 3ameTUTb TO, 4YTO NpU NPUBAUMKEHUM K HYNeBON TOYKE HeonpeaenEHHbIN
MYAbTUMNMKAA NOAMYbTUNINKANbHON PYHKLMM (ganee mMynbTUNAMKaAN) ¢ 06enmx CTOPOH OT
3TOM TOYKM CTPEMMUTCA K HEKOTOPOMY KOHEYHOMY 3HAYEHMIO, MU MaNo TOro, ¢ 06enx CTOPOH OH
CTPEMUTCA K OAHOMY M TOMY K€ 3HauyeHMIo, 3aBUCALEMY TONbKO OT eAWMHOro Ansa ABYX
COCTaBAKOWMX  MYAbTUM/IMKANOB 3HAYEeHUA NPOU3BONBHOrO MHOXMTena B, u uTO
npUMeYaTenbHO, HU Kakum obpa3om He 3asucAwemy oT b, 1 OT n, TO ecTb OT 3Ha4YeHUI Bcex
NPOW3BOAHbIX NOAMYNbTUNANKANBHOM GYHKUMKN. B OKPECTHOCTM HYNEBOM TOUYKM COCTaBAAOWME
MYAbTUMAMKaNbl ABYX ob6nacTei NoAMYNIbTUNANKANIbHON QYHKLMM PACNONOMKEHDbI B CTbIK APYT K

apyry. Mpu atom paBe obnactn Bce Ke pasfaefieHbl HY/NeBOW TOYKOW, rae npucyTcTByeT
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npepbiBaHWE COCTaBAAIOLWMX MYAbTUMIMKANOB, @ BO3SMOXHO U NpepbiBaHNE MYAbTUMNIMKANG,
HO onepauma MynbTUNAULMPOBAHMUA oboLwa 3Ty TOYKY CTOPOHOM, OCTaBMB BOMPOC OTKPbLITLIM.

Kasanocb 6bl, B npouecce MynbTUMIMLMPOBAHUA MEPEXOA Yepe3 3Ty MMEILLy Hy/nesoe
3HaYeHMe TOYKY NOAMY/IbTUNINKAIbHOW QYHKLUMM KaK Yepe3 MHOXKUTENb A7 MPOMENKYTOYHOro
pesynbTaTa MyAbTUNAUUMPOBAHUA (Janiee NPOMEXKYTOYHOrO pes3ysibTaTa) AO/IKEH OOHYAUTb
3TOT pe3ynbTaT M aBTOMATUYECKM MPUXAOMNHYTb 40 HY/s BCIO PACMOJIOKEHHYIO NpaBee HyneBom
TOYKM 06nacTb  MYNbTUNAMKANG, TemM CaMbiM MNONAHOCTbIO 06eccmbiCAUTb  NpoLuecc
MY/NbTUMNMLMPOBAHMA MpaBee 3TOMW TOYKM, MNpPU  YCNOBUWM TOro, YTO Mbl MPOBOAMM
MYAbTUMNAMLMPOBaHME YHKLUMM B HanpaBJeHWW pOCTa aprymeHTa. [laHHoe yTBep)KAeHue
6b1/10 6bl CNPaBeAIMBLIM MPY YCI0BMM TOTO, €CIN HOJb Bbl/1 Bbl HYNIEM KaK MHOXUTENEM.

Ho KaK M3BEeCTHO, KOraa Mbl NPOBOAMM MYAbTUNANLMPOBAHME, Mbl pa3buBaem SIMHENHbIN
OTPe30K My/NbTUNANLMPOBAHNA MO ocKn abcuncc Ha 6ECKOHEYHO Masible, HO He HY/IeBOW AJINHbI
oTpe3kn dx. C 3TtOoM nosnumm npobnemoir 6Ge3pasmepHOM TOYKM M  OLHOBPEMEHHO
paspeweHnem npobnembl ANA Hac ABnseTcA TOT (aKT, 4TO TO4Yka, byayun 6GesmepHoM
BEJINYMHOM, OCTAaBASAET Ha OCM abCLMCC NPOEKLNIO HYNEBOWN AJINHDI.

OAMH, TaK Has3blBaeMblii, reoMeTpPUYecKMit noaxond CBOAWUTCA K CAedytlolemy MpocTomy
YMO3aKAoUYeHMIO.  [MOCKONbKY Mbl  NPOBOAMM  MyAbTUNAUUMPOBAHME NO  JIMHEMHOMY
KOHTMHYYMYy OCM abcumcc, BO34EWCTBYS Ha COCTOAHME OYHKUMM TeM, UYTO TaKKe umeeT
N3MepeHne OTHECEHHOE Ha IMHEWMHbIX pa3mep ocu abcumce, ocTaBaAaeT Tam CBon creg. U ecan
NPW 3TOM YTO-TO OCTaB/IAET Ha OCK NPOEKLUMIO HYNEBOM AINHbI, TO 3TO HeYTo, 6e3 3HaYeHUs YTo
370, 30DEKTUBHO He OCTaBAAET POBHbIM CYETOM HMYEro, OHO MPOCTO He CyllecTByeT A/s
npoBoAMMOI onepaunn. M npu ycnoBuu Toro, Yto GyHKUMA ¢ 06eux CTOPOH CTPemMuTca K
KOHEYHOMY M K TOMY Xe€ OAMHAKOBOMY 3Ha4YeHWIO, JAaHHaA To4YKa MOMKeT ObiTb
NPOUrHOPUPOBaHa, PYHKLMA KCKAEeHa», U KOHCTaTMPOBaHa HEMPEPbIBHOCTb NOCAEAHEN.

[pyroi, Tak HasbiBaeMblii, aBCTPaKTHbIM NOAX04 HE UTHOPUPYET COCTOAHUM GYHKLMN B TOUKE, U
nogpasymeBaeT nepexog C aHanuM3a CBOWCTB QYHKUMIA B NpeAenbHO MasbiX JIMHENHbIX
OTpe3Kax Ha aHa/M3 MX CBOMCTB B 6e3pa3mepHblX TouKax. [aHHblA noaxod npeanonaraert
HaxoXAeHne «CBA3YIOLLEro» MHOXUTens B 6e3pasmepHoO TOUKe, MPU NPOXoae Yepes KOTopyHo
B Mpouecce MyAbTUMIMLMPOBAHMUA MPOMENKYTOUHbIN pPe3ynbTaT YMHOMAETCA Ha [AaHHbIN
MHOMUTENIb UAN AENUTCA Ha HEero B 3aBMCMMOCTM OT HAMpPaBAEHWUs MY/IbTUNANLMPOBAHUA: B
CTOPOHY POCTa MM ybblBaHMA apryMeHTa COOTBETCTBEHHO. TaKMM 06pa3somM OT COCTOAHMA U
3HaYeHMA AAHHOTO MHOXMUTENS 3aBUCUT «Cyabba» NPOBOAMMOro MyAbTUNAULMPOBAHMSA.

O‘-IeBMLI,HO TO, 4yTo pasmep MHOXuUtena B Hyl'IeBOIZ TO4YKe paBeH 3HA4YeHUnK
NoAMYNbTUNANKANbHOM GYHKLUKN, NSMEPEHHOMY B HY/J1EBOW TOYKE, TO €CTb HY/lO, B CTEMEHMU
3N1eMeHTa MYAbTUNINLUMPOBAHMA, Pasmep KOTOPOro TaKXKe WMeeT HyneBoe 3HadeHue.
OueBugHo o auddepeHumnane aprymeHta dx B AaHHOM c/iydae pedyb He MAET, MOCKOJIbKY
TaKoBON C Hyl'IeBOIZ ,CI,HMHOVI He umeeT CmbiC/Zla, HO BOT obasarenbHo npvmararom,eﬁcn B
KayecTBe cTeneHun K 3HaA4YeHUnr I'IOAMyﬂbTVII'IJ'IMKal'IbHOﬁ dJYHKLI,VIVI A1eMeHT
MYyAbTUNANUNPOBAHUA HAKTO HE OTMEHA, NYCTb AaXKeE U VIMGI-OLLI,VIVI Hynesoe 3Ha4YeHune. Takum
o6pa30M 3a4a4a onpegeneHna 3Ha4eHnA MHOXUTENA CBOAUTCA K onpeaeneHno pe3yanbtaTta
0°.
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OnepaTop BO3BeAEeHMUA B CTENEHb — 3TO TMMNeponepaTop, a UMeHHO onepaTop npoussesexus |
C KOAMYECTBOM WTEpPauUMii, COOTBETCTBYIOLWMM MOKasaTeno creneHn. B Hawem cnydae
pe3ynbTaT Aencteua [| ABnseTca MHOXUTENEM A/ NPOMEXKYTOYHOro pesynbrata. C ogHOM
CTOPOHbI MOMKHO MPEAMoNOKUT TO, 4To pesyabtat 0° — 3TO HMYTO, HEonpeAen&HHOCTD,
MOCKOJIbKY OTCYTCTBYIO MHOMMUTENN, MYCTb Aa’Ke HyNeBble MHOXUTENU. B gaHHOM cnydvae
BOOOLLE HET onepauum YMHOMKEHMA Ha HO/b, MOCKOJIbKY CaMW HY/IM OTCYTCTBYIOT, YYUTbIBAA 3TO
Y€ MNOHATHO TO, YTO B MY/AbTUMAMKAN He obepHeTca Hyném. Ho MynbTUNAMKAn MOXKeT
nepecTaTb CyLLeCTBOBATb B Pe3y/1bTaTe YMHOMEHUA Ha HeonpeaenéHHocTb. C A4pyroi CTOPOHLI,
ecanm y [] HyneBoe KO/MMYECTBO MHOMKWUTENEW, KaK B Halem C/y4ae, TO OH OYEBUAHO
6e3aelnicTeyeT, He NPOBOAUT UTEPALMI U HMYETrO He NPUPALLMBAET, a Pa3 TaK, TO OH AO0/IKEH
OCTaBUTb 6€3 U3MEHEeHWs TOT pe3ynbTaT, MHOXMUTENEeM KOTOPOro OH ABAAETCA, NMpPOonyCcTUTb
yepes ceba ero 3HayeHMe TPAH3UTOM, HO HE YHUUTOXMUTb €ro.

BbIxoAWT TaK, 4TO NpeacTaBNAeHME O pe3y/abTaTe BO3BEAEHMA B HY/IEBYH CTENeHb 3aBUCUT OT
Halero npeacrasneHna o GyHKUMKM onepaTopa O JIOTMKe onepatopa, oT ero $opmasbHOro
onpeaeneHuns, Yto B CBOK oyepeab OOYCNOBNEHO KOHTEKCTOM €ero npumMeHeHus. Bblwe
[aBanocb onpeaefnieHMe onepatopa NPOU3BEAEHUA KaK PEKYPCUMBHOrO NpUpaLLMBaloLLEro
utepatopa, 4YTO MoApasymeBaeT nog Ccoboi HeKoe HayanbHOE COCTOAHWE pe3ynbTaTa
onepaTtopa, No OTHOLWEHMIO K YeMy NPOU3BOAMTCA NPUPALLEHNE HAYMHAA C NEPBOIN UTepaLun.
MaTemaTuyeck1in aHanms nogpasymeBaeT TPaH3UT 6e3 3MeHeHua B c/iydae 6e3aencTBusd, YTo
ecTb B MOJIHOM COOTBETCTBMM C TeMm, KaK onepaTop CyMMbl Y He BO3BpaliaeT
HeonpeaenéHHOCTb NPW OTCYTCTBMM CNaraemblx, TO eCTb NPU OTCYTCTBMU UTEPaLMiA, MPU CBOEM
6e3neicTBMM, a BO3BPALLAET HO/Mb B KayecTBe HEWTPaNbHOW BENUYMHBI, TEM CaMbiM He
N3MEeHSAEeT pe3ybTaT NpeablAyLLero CyMMMPOBaHUSA, a NPONYCKaeT ero Yyepes cebs TpaH3UTOM.

TaK, eAMHCTBEHHbIM, OCTaBAAKOWMM 6e3 U3IMEHEHWs pPe3yabTaT YMHOXEHUA, MHOMXUTENEM
ABNAETCA eAuMHMUa. A 3TO 3HAYUT To, YTOo [[ C HyNEeBbIM KOMYECTBOM MHOMKWUTENEN BHe
3aBMCMMOCTM OT MUX BO3MOKHOFO COCTOAHMUA (B TOM YMCne COCTOAHWA HeonpenenEHHOCTU) U
3HauYeHMA [OO0J/KEH BO3BpallaTb eAMHMLY B KayecTBe pesynbrata cBoero be3geincrsus, B
KayecTBe HEeNTPaNbHOM BEAMYMHBbI. TakMm 06pa3om yCTaHOBAEH (aKT TOro, YTO MCKOMbIN
MHOXUTENb B HY/JIEBON TOYKe paBeH epuHuue. K cBeaeHuto, HUXKe NpoBeaéH aHanus
rmneponepaTopa, rae 3aTpoHyTa TeEMa HENTPa/IbHbIX 3/IEMEHTOB (BE/IMYMH) rMNeponepaTopos.

BblAennm camy HyneByro TOUYKM U BECKOHEYHO Mayto €€ OKPEeCTHOCTb No 06e CTOPOHbI OT Heé B
OTAENbHYI TPEeTblo 061acTb NOAMYNbTUNANKANBHOW GYHKUMKM, Ty, YTO HEe BXOAMUT B MepBble
Age. YcnoBHO 0603Haunm eé Kak [0;0] oT HonA BKAKOYMTENbHO A0 HONA BKAOUUTENbHO. Janee
HeobxogMMO caenatb MNpeanonoXKeHue/fonyweHne o TOM, YTO KOHEeYHoe 3HauyeHue
MHOXUTeNA B 0CO6EHHOM TOUYKE, B HalLeM C/ly4ae B HY/IEBOM TOUYKE, MOXHO PacnpoCTPaHUTb Ha
6ECKOHEYHO Mayld OKPECTHOCTb 3TOM TOYKM B CTOPOHY TON €€ rpaHuulbl, HAa KOTOPOW
MY/AbTUMIMKANA MMEET TaKOe Ke, MPU 3TOM KOHEeYHOe, 3HAYEeHWE KaK M B HYNEBOM TOYKe.
YTBEpXKAEHNEe OCHOBAHO HA AOMNYLLEHWW O TOM, YTO BHYTPM pPacCMaTpuMBaemMoro 6ecKoHevyHo
Manoro MHTepBana ¢GyHKUMA MOHOTOHHA MPMW MOCTAB/IEHHbIX YCNOBUAX, €M MPOCTO HeKyaa
[eBaTbCA, He CyLLecTBYET U3BECTHbIX MPUYNH 413 MHOTO noBeAeHUA GyHKUMN. B Hawem cnyyae,
YTO CNpaBa OT HY/JIEBOM TOYKM, YTO C/ieBa OT HEE COCTABAAIOLME MYAbTUMIMKAAbI NEPBON U
BTOpOM obnactelt cTpemaATcs K eguMHuue (KOHEeYHOW BennuMHe) Npu NPUBAUMKEHUU K HEl C
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060MX CTOPOH, CNeaoBaTeNbHO 3HAaYEHWE MHOMUTENA B HY/J1eBOM TOYKE PACNpPOCTPAHAETCA Ha
BCO HECKOHEYHO MaNyH OKPECTHOCTb HY/IEBOWM TOYKM, TO €CTb Ha BCHO paHee onpeaenéHHyro
TpeTbio 061aCTb NOAMYNbTUNAMUKANBHON GYHKUUN.

Mof pacnpoCTPaHEHMEM 3HAYEHUA MHOMKUTEN Ha OECKOHEYHO Manyl OKPEeCTHOCTb He
cnegyet NOHMMaTb MOCTPOEHWE MOHOTOHHOM QGYHKUMM C MOCTOAHHbLIM 3HAYEHWEM BHYTPM
3TOr0 WHTEPBana, PaBHbIM 3HAYEHUID MHOXUTENA, HO caefyeT MOHMMaTb TO, 4YTO Mpu
MY/IbTUNIULMPOBAHUM MPOMENKYTOUHbIW Pe3y/bTaT Ha BXOAE B 3Ty OKPECTHOCTb YMHOMKaeTcs
NMBO 4EeNnTCA Ha AaHHbIA MHOMMUTENb B 3aBUCMMOCTU OT HanpaBAeHUA MyAbTUMANLMPOBAHMS,
3aTeM M nepeaaéTca Ha BbIXO4 U3 JaHHOW OKPECTHOCTM.

B cnyyae, ecnn pacnpocTpaHeHue 3Ha4YeHUs PYHKUUM BO3MOMKHO TO/NIbKO B OAHOM W3 ABYX
HanpaB/IEHUN OKPECTHOCTU, TO HET CMbIC/Ia TOBOPUTb O TOM, YTO MHOXMUTENb HYXHO APOobUTb
Ha [1BA MHOMUTENSN, KarKAbli U3 KOTOPbIX PaBeH KOPHIO KBaApaTHOMY OT M3Ha4ya/bHOro ero
3HaYeHMA, NOCKONbKY HEBO3MOMXHOCTb PacnpOCTPaHUTb 3HAaYEHNE MHOXKNUTENA B 06e CTOPOHbI
ANA OAHOW U TOM e 0COBEeHHOWN TOUYKM CBUAETENbCTBYET O Ha/IMYMM NPEPbLIBAHNA, YTO B CBOKO
oyepeab 06ECCMbICIMBAET aHA/IUTUYECKY0 PaboTy Mo MOWCKY HenpepbiBHOCTU GYHKUMU B
0CODOEHHOM ToYKe. B 3TOl cBA3K B LENAX YNPOLLEHUA TOBOPA O MHOXMUTENE MOXHO OMyCTUTb
YyNOMWHAHNE 06 OKPECTHOCTU TOYKM, U CUMTaTb MHOXMTE/Nb CBOMCTBOM WMMEHHO TOYKM, a
nccnegyemyto o6n1actb, 061acTblo UMEHHO TOUYKM. C TOYKM 3peHMA AaHHOro Noaxoaa otnagaer
BOMPOC OT TOM, KAaKMM 06pa3om pPacnpoCTPaHATb 3HAYEHNE MHOXKUTENA HA OKPECTHOCTb TOUKM,
NOCKO/IbKy 6yaeT Npou3BOAUTCA OOHOKPATHOE YMHOMEHME WM Oe/IeHME NMPOMENKYTOUYHOro
pe3ynbTaTa Ha MHOXUTENb NPU NPOX0Ae Yepe3 0COOEHHYIO TOUKY.

Mpn NOCTPOEHUM MYNbTUNAMKANA MOAYNA GYHKUUKN pe3ybTaT MyAbTUNANLMPOBAHUA TPETbEMN
abcTpakTHOM 06nacTM NOAMYNbTUNAMKANBHOW OYyHKUMKM TpebyeT COrnacoBaHWA CBOEro
NPOU3BOSIbHOrO MHOMWUTENSA C MPOU3BOJIbHBIMW MHOXUTENAMMU ABYX OPYITMX COCTABAAIOLLNM
onpeaenéHHbIX MynbTUNAUKaNoB. [lasee «cKAeMBaeM» BCe COCTABAAOLWME MYIbTUNINKANbI OT
BCeEX TpEx obnactelr NOAMYNbTUMNAMKANABHOMW PYHKUMM M NOAYYAEM HENPEPbIBHbIN
HeonpeaenéHHbI MyAbTUNAMKAN aHANN3NPYEMON DYHKLUW.

CBMAETENbCTBOM TOXAECTBEHHOCTM MHOMWUTENA eAuHULE B HY/NEBOM TOUKe TaKKe saBaAeTca
TOXAECTBO PEe3y/bTaTOB MY/IbTUN/IMLUMPOBAHUSA, MOJIYYEHHbIX Yepe3 ABa pPasHblX Noaxona:
yepes Tak Ha3blBAaEMbI FTEOMETPUYECKMI, U Yepes TaK HasblBaeMbli aBCTPaKTHbIM C aHA/IM30M
cBOMCTB QYHKLNIM B 6e3pasmepHbIX TOYKaX.

MoOXHO yTBepXAaTb TO, YTO B MpoLecce My/AbTUMNAMLMPOBAHUA NEpexos 4vepe3 Hynesoe
3HauYeHMe NOAMYNbTUMNANKANbHOW YHKLMK, 0BYCNOBNEHHBIN NnepecedeHMeM yHKLMEN OCK
abcumcc AN KOHTaKTa ock abcumcc B OA4HOM TOYKE, HE MPUBOAUT K KAaKMM-TO Obl HM 6blsio
U3MEHEHMAM MPOMENKYTOYHOrO pe3ynbTata My/AbTUNAMUMPOBAHMA. Ha 3TOT pesynbTaT He
BAUAET [a*Ke BO3MOMXHbIN M3N10M OYHKUMKM (NpepbiBaHWE NepBON MPOU3BOAHON), MOCKOJbKY
3Ha4YeHMe My/bTUMAMKANA B HYNE€BON TOYKe He 3aBucuT oT b. Ho 4yto npumevatenbHo, n3nom
dYyHKUMN B 0COBEHHOM TOYKe, TaKOW KaK HyneBas, NPUBOAUT K U3NIOMY MYNbTUMN/IMKANG B 3TOM
TOYKE, HO OYEeBMAHO, He K u3nomy ero GakTop-npom3BoAHON (NOAMY/IbTUMNIUKAIBHOM
byHKUMK), N YTO He HabnogaeTca Npu nsiome PyHKUMM BHE OCODEHHbIN TOYKax, rae Nullb
BTOpas NPOM3BOAHAA My/NbTUN/IMKaNa UMeEET npepbliBaHMe. MOXKHO caenaTb BbIBOA OT TOM, YTO
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noseseHve nNpou3BOAHON W (PaKTOP-NPOM3BOAHOM pPa3/IMYHO B OCODOEHHbIX TOYKaX, Tam
B3aMMO3aBUCUMOCTb MEXAY HAMMK HapyLUAeTCA.

MpepbiBaune mynsTMRAMKananpy A CEMYAC AaBaiTe PacCMOTPUM HECKOJIbKO MHOW Cny4aid, a

Ha/MuMK Y NOAMYNBTUIIMKANBHOA  |y\MeHHO TaKoi, rae NOAMYAbTUNIMKANbHAA GYHKLMA nmeeT
GYHKUMKU HyNneBoi obnacTtu

HEHYNCBOM ANMHDI HyNeBOE 3HAaYEeHWE Ha NPOTANKEHUN HE HYNEBOro Mo A/UHE

3 WHTepBana. Tak BHYTpU AAHHOro WHTepBana

25 N\ NPOMEKYTOUYHbIN pe3ynbtat MYAbTUNAULMPOBAHUSA

\\ —F+(x) YMHOMaETCA Ha PaBHbIN HyM0 MHOMUTENb 0%, MocKonbKy

2 dx B AaHHOM cnyyae 6eCKOHEYHO Manas, HoO He HyneBas
15 \ — BE/IMYMHA.

1 \ B 3TOM cnyyae MynbTUMIMKAA «CXNOMbIBAETCA» A0 HyAA

\ npaBee TOYKM BXOAA NOAMY/bTUM/IUKANbHON (YHKUUM B

05 P " ropuU3oHTaNbHbIA OTPE30K C HyNeBbiM 3HayeHuem. [anee

0 MYNbTUMNIMKAN He BOCCTAHABAMBAETCA, AaXKe He CMOTPA Ha

/ Ix|  nocnegyloWwmin BbIXOA NOAMYNbTUMNIMKANbHON QYHKLMWN HA

03 /’ HeHyneBble 3HayeHUs, W60 uTo-6bl TO HU  6blNO

(NpomexkyToUHbIM pe3ynbTat MYJIbTUNAULMPOBAHUA),

-1 05 0 05 1 OAHaXAbl YMHOXEHHOe Ha HO/Ib B Ka4yecTBe B pe3y/bTaTe
NoTOM AAET TO/NIbKO HOMb (CNNOLWHOW YEPHBLIA rpaduK Ha guarpamme). B aTon CBA3M MOMKHO
roBOPUTb O TOM, YTO TOYKA MMEHHO KacaHWA HeonpeaenéHHbIM MybTUMNIMKANOM ocK abcumcc
(peub He o 6eckoHeYyHO 6/1IM3KOM NPUBAUIKEHUS K OCKW) O3HA4YaeT Mo CYTM TOYKY ero
npepbiBaHUA. Echv  npoBOAUTb  MYNbTUNAMLMPOBAHME B  HaAMpaBieHMW obpaTHOM
HanpaB/IEHUIO POCTa apryMeHTa, TO B TOYKE BXOAA CNeBa B MHTEPBaN C HY/NEBbIM 3HAYEeHMEM
NoAMYNbTUMNIMKANbHON  OYHKUMM  MPOMEXKYTOUYHbIA  pe3ynbTaT  MyAbTUNANLMPOBAHUS
nepecTaHeT CyLW,ecTBOBaTb B CNeACTBMM NOMbITKM NPOU3BeAEHMA Oonepaumn AeleHUA Ha HONb,
YTO TaKKe ABAAETCA ANA MY/NbTUNIMKANA TOYKOM ero npepbiBaHMA, NOC/ie KOTOPOM, eBee, OH
TaKXe He BOCCTaHOBUTCA (Nosnblid YEpHbIN TrpaduKk Ha Auarpamme). Takum obpasom Ans
rOPU3OHTA/IbHOTO WHTEpBana NOAMYAbTUNANKANAbHOW GYHKUMU C  HYNEeBbIM 3HayeHUEM
CYLLECTBYET ABE TOYKM, B KOTOPbIX MYyAbTUMANKAN MPEPbIBAETCA, 3TO TOYKM Hayasa M KoHuaA
AaHHOro nHTepBana. Cam WHTepBan sBAseTcA 0b6/1acTbio HeonpeaeNnéHHOCTU MyNbTUMNIMKANA
TaKk)Ke MOXKHO YTBepXJaTb U TO, YTO MyAbTUNAMKan ¢yHKUMM y=0 He ecTb y=0, a TakoBOW
NPOCTO He CyLLecTByeT, NOCKObKY BCA 061acTb onpeaeneHmna NogMmynbTUNAUKAAbHON GyHKUUM
OT —©°° A0 + °° aaseTca 061acTbio HeonpeaeNEHHOCTU e€ MyNbTUNANKANA.
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