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From:

Ramanujan’s Last Letter to Hardy - George E. Andrews & Bruce C. Berndt -
Chapter - First Online: 06 September 2018

We have:

g ¢ ¢’ 4.
1';,3(@) = 1_¢ (1—@’)(1—@’3) T (l_qj(l—gg)(l—qf’)

q/(1-q) + (g*4)/((1-q)(1-g"3)) + (9)/((1-q)(1-g/3)(1-g"5))

Input

q q* q

+

+
l-¢ (1-q@1-¢°) a-g9(1-¢*)(1-¢°

Plots (figures that can be related to the open strings)



Alternate forms

q(q®-q°+1)

. A

(g from =6 to 5.8)

q-1%(g*+q+1)(¢* + P +q* +q+1)

q(q° -q°+1)
(-1 (g*-1)(¢° -1

q -q°+q

_(q—ljg[qz+q+ )(¢*+¢*+q¢* +q+1)

Real root

q=20

Complex roots

q=-0.82774 — 0.44805
q = -0.8B2774 + 0.44805 i
q = —0.49056 - 1.02215
q = —0.49056 + 1.02215

q = 031454 - 0.84482§
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Series expansion at q=0

q+q*+q° +2q*+2¢° +0(q°)

(Taylor series)

Series expansion at q=co

gl -G elG)

(Laurent series)

Derivative
i[ q q . ' _
dq{l-q (Q-q(1-¢°) (-g9(1-¢°)(1-q°

[q14+2q13 +3q12+2qu +5qm+4q9+3q3+2q6+4q5 +5q4+
5q3+3q2+2q+1}/’[(q—1j4[qz+q+1}2[q4+q3+q2+q+1}2}

Indefinite integral

» 4 9
_q q q ilg =
j[l—q * {l—q]{l—qE] * {l—q]{l—q3]{1—q5]]I q

1 W log(q - awi-logig—a)

90 (_ 18 Lot v 1 1120 3,230 120041

6 3 ~1f2g4+1 ]
+ - 82log(l-=qg)= 10 3 tan ~onstant
g-1  (g-1)% g 9 [ V3 ] ' .

+5log(g® +q+1)-90q +

(assuming a complex-valued logarithm)

tAN (X} is the inverse tangent function
logix) is the natural logarithm

Limit

4 9
lim q + d 3t : 3 o ]=—
eeell-q (1-@(l-¢) A-9-¢)(1-¢)



From

i ¢ -q"+q
@-D*g"+q+1)(¢* + g +q* +q+1)

we calculate
(-(@9-gM6 +q)/((q- )3 (g"2 +q+ 1) (g4 + g3 + g2 + q + 1)))dxdy

Indefinite integral

- 6
jj_ ; q 9 *9 dxdy =
(q-1) [q2+q+lj[q4+q3+qz+q+l_‘j

€1 X +Cy — 1z -
[q—ljg[qz+q+ l_‘j[q4+q3+q2+q+ 1)
¢ xy .
[q—ljs[qz+q+ l_‘j[q4+q3+qz+q+ 1)
Q°xy

(q—ljs[qz+q+ l_‘j[q4+q3+qz+q+ 1)

Definite integral over a disk of radius R

o i)
e -q" +q°—q
Tvdx =
ff{zj2'iiI—113[q2+q+l)[q‘*+qg+q2+q+1){y{
+¥ =R

n(-¢"+q° - q) R
(q—ljs[qz+q+ lj[q4+q3+qz+q+lj

Definite integral over a square of edge length 2 L

L L ~ 6 _ 9
JJ 9+9 -9 dxdy=
(=14} (14q+q?) 1+ q+q® + ¥ + qY)
41°(-q" +q° - ¢
(q—ljg[q2+q+lj[q4+q3+qz+q+l_‘j




Dividing the results of

w g — g‘ 6_
.[.[ 3 (g2 ! +q4 qs 2 dydx =
B CESY (@ +q+1)(q*+q° +g*+q+1)
+¥ =R
n(-q" +q° - q) R?

q-1*(*+q+1)(¢* + P +q* +q+1)

and

L L ~ 6_ 9

jj i+9 q dxdy =

-1+ (14q+q?) 1+ q+ g+ ¥ + ¢
41%(-q° +q°-q)

q-1% (g +q+1)(¢g* + P +q* +q+1)

by

i ¢ -q°+q
q-1%(g*+q+1)(qg* +q¢* +q* +q + 1)

we obtain:

(m(-g"9+q"6-q) )((q-D"3(q"2+q+1)(@Md+g"3+qg'2+q+1))/((-(q"9 -
Q6 +q)/((q- D3 (@2 +q+1)(qMd +q'\3+g'2+q+1)))

Input

n(-q° +q°-q)
(9-17 (g% +q+1) (g% +q7 +q% +q+1)

9’ -q"+q
(9-1% (g% +g+1) (g% +q° +g% +g+1)

Result



Decimal approximation

3.1415926535897932364626433832795028841971693993751058209749445923

3.141592653... = n

Property
m is a transcendental number

Alternative representations

7(-q° +q°-q)

180°(-q +q° - ¢°)

(97 -q%+q)(1q-1? (g% +q+1)(g* +q° +q% +q41))

(=14 (14+q+97) (14g+q% +q° +q* )} -g+q° -¢7)

iq-1° (g% +q+1)(g* +q° +q% +q+1)

7(-q° +q° - q|

{—1+q]3 {1+q+qz]{1+q+q2 +q3+q4]

i(log(-1)(-q+q° - q°))

(2°-a°+q){1g-1° [g” +q+1)(q" +q° +q% +q+1))
(q-1% (g% +q+1)(q* +q° +q% +q41)

7(-q° +q°-q)

((-14q)® (1+g+9”)(14q+q% +9° +q* )} (-9 +4° —¢°)

-[—1+-qf|3 {1+q+q2]{1+q+q2 +q3 +q4]

cos (-1 (-q+q° - ¢°)

(2° -%+q)(1g-1)% (g% +q+1)(q* +q° +q% +q+1))

((-14)® (14q+q% ) (14+q+q% +0° +q°))(-q+4"-¢")

{q—1]3 {q2 +q+1]{q4 +u:]3+q2 ++1]

Series representations

7(-q° +q° - q|

(2°-a°+q){1g-1° [g” +q+1)(q" +q° +q% +q+1))
(q-1% (g% +q+1)(q* +q° +q% +q41)

{—1+q]3 {1+u-.]+q2]{1+q+q2 +q3+q4]

logix) is the natural logarithm
i is the imaginary unit

Cos (X} is the inverse cosine function

] _lk
=4z( )
k=l}1+2k



9 &
7(-q’ +q°-q B
(9°-9°+q)(1g-1* (g°+q+1)(g* +q° +g* +q+1))

(9-1% (g2 +9+1) (g% +q° +g% +g+1)
o0 A I:_ ljk 1195—1—25( [51+2k -4 239]&25&2)

Z_ 1+ 2k

k=0

7(-q° +q® -q) S 1y 1 2 1

9 & 3 3 4 3 3 =Z[__][ * * ]

(a°-a"+q)(ig-1" (g7 +q+1){g"+q" +q +q+1)) &L 4 142k 1+4k 3+4k
19-1% (g2 +q+1) (g% +q° +q7 +g+1)

Integral representations

9 ]
7(-q” +q°~q) 1 2
_ 5 " P— 3 3 3 —] 4 1 =t {It
197 =" +q){(g-1)" {g°+q+1){g" +q9" +q~" +q+1]) ]

{q—1]3 {qz +q+1]{q"r +q3+q2 ++1]

7(-q¢°+¢°-q) 2]'1 1 "
= Y
0

(2°-q"+q)(ig-1)° [g" +q+1) (" +q” +q% +q+1)) - W1-t2

(9-1% (g2 +g+1) (g% +q° +q7 +g+1)

7(-q° +¢°-q) zf-m 1 "
(9°-a"+q)(1g-1° (g° +q+1)(g* +q° +q° +q+1)) 0 1+t?
(g-1% (g2 +q+1) (g% +q7 +q% +g+1)

1/6(((m (-9"9 + g6 -q) )/((q- D3 (q"2+q+ 1) (gM + g3 + g2 + g+ D)H/I((-(q"9
-6 +q)/((q- D3 (@2 +q+ 1) (@M + g3+ g2 +q+ 1)))"2



Input

n(-q°+q°-q) 2

1 {q—1]3{q2+q+1]{q4+q3+q2+q+l]

6 i
'fl:]'—lfl3 {qz +-:]'+1:H_-.]|"r +q3+q2 +q+1]

Result

}TZ

6

Decimal approximation
1.6449340668482264364724151666460251892189499012067984377355582293

1.644934066....

Property

R_Z

E is a transcendental number

Alternative representations

2
1 7(-q" +q°-q)

6 | (ig-1° (° +q+1)(q" +q° +q* +q+1)){~{q° -q° +q))
{q—133 {q2+q+l]{q4+q3+q2+q+l]

1 180°(-q +q° - ¢°)

6 | (=1+0° (1+q+q%)(14q+9% +a° +9* ))(-a+4°-¢°)

-|'—1+-.’jlf|3 { 1+q+q2]{ 1+q+q2 +u.]l3 +q4]
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1 7(-¢"+q°-q)
6 | ((g-17 (g% +q+1)(g* +q° +q* +q+1))(-{q° -q° +q))
(g-1* (g% +q+1) (g% +q° +q% +g+1)

1 i (log(-1)(-q+¢°-q°))
6| (i-1+q° (14q+q?)(1+g+q" +q +q*))(-q+4°-¢°)
{—1+q]3 |[1+q+q2 ]|[1+q+q2 +q3+q4]

1 x(-q°+q°-q)
6 | (1g-1° (g% +g+1)(g* +° +q" +q+1))(~{g° 4" +q))
{q—1]3 {q2+q+1]{q4+q3+q2+q+1]

1 cos -1 (-9+4°-¢’)

6 | (1-1+q)® (1+g+q*)(1+g+q* +q°+q*))(-9+q°-¢°)
-[—1+q:|3 {1+q+q2]{1+q+q2 +q3 +q4]

Series representations

2
1 7(-¢°+4°-q) 1
6 | (ta-1° (g% +9+1)(a* +a* +9* +9+1))( (4" 4" +q) _,;kz
1’q—1]3{q2+q+1]{q4+q3+q2+q+1]
2
1 7(-¢"+q°—q) _ e
6| ((a-1° (g +q+1)(a*+q>49%+q+1)(~(a°a%+q) | ~ ,; k?

{q—1]3 {qz +q+1]{q4 +q3+q2 +g+1)

logix) is the natural logarithm
i is the imaginary unit

-1 . . . .
Cos (X)) is the inverse cosine function
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2
1 7(-¢°+q°-q) _ii
6 | ((a-1° (g2 +q+1)(g* 497 +q2+q 1) (e -a%+q) | ~ 3 &4 (1+2k)2
1’q—1]3{q2+q+1]{q4+q3+q2+q+l]
Integral representations
2

o [
m(-q"+q°-q) 8( 1 :
[ - :—U -\Il-tzdt]
((g-1)° (g* +q+1)(g* +9° +q° +q+1)) (3" -q" +q)) 3 Lo

(9-1% (g% +q+1) (g% +q° +g% +g+1)

o=

(-9"+q°-q) ZUN 1 “]2
= - [
(1g-1° (g% +q+1){g* +q® +q* +q+1))(-{g° -q® +q)) 3WJo 1442

(9-1% (g% +9+1) (g% +q” +q% +q41)

|

7(-q"+q°-q) 11
(1g-1% (g% +q+1){g* +q> +q% +q+1)){~(g" —q® +q)) 5 -L J 2 a

(9-17 (g% +q+1) (g% +q7 +q% +q+1)

=

We obtain also:

(4 (-g"9+ g6 -)((q- D3 (g2 +q+ 1) (g4 + g3 + g2 + q + 1)/((-(q"9 -
q\6 +q)/((q- D3 (g2 +q+1) (@M + g3+ g2+ q+ 1))))))"6

Input

4(-9°+q"-q) o
19-1% (g2 +9+1) (g% +° +g% +g+1)
q°-q"+q
19-1% (g2 +g+1) (g% +q° +9% +g+1)
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Result
4096

4096 = 64°

27* sqrt(((((4 (-¢"9 + g6 - /N((q- D3 (@2 +q+1) (M4 +g\3+g2+q+
DIN((-(@"9-a"6 + @)/((q- D3 (@2 +q+ 1) (g4 + g3 + g2 + q + 1))))))6+1

Input

4(-q"+q"-q)
ig-17% (g2 +q+1)(g* 4q% 197 4q41) ¢
+

27 | -
9°-q°+q
1q-1% (g2 +q+1) (g% +q° +q% +q+1)

Result
1729

1729

This result is very near to the mass of candidate glueball fo(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. (1728 = 8° * 3%) The number 1728 is one less than the Hardy—Ramanujan
number 1729 (taxicab number)

Series representations

4(-¢°+q°-q) w0 14)6
27 |- —— [32 — b e1=1+27v3° Zz“‘ 2
(g -q"+q)(1g-1)" (g° +q+1)(q” +q~ +g" +q+1)) k=D k
{q-1]3{_q2+q+1]{q4+q3+q2+q+1]
1k 1 il
4 _q9+q6—q] - [__.:I [__-]k
27 | -—— [32 ——— fr1=1427y30 Y 22
(g7 -q"+q){(g-1)" {g” +q+1)(q” +q” +q° +q+1)) k=0 k!

(q-1% (g% +q+1)(g* +q% 4% +q41)


https://en.wikipedia.org/wiki/1729_(number)
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/J-invariant
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4(-¢°+¢°-q 6
27 = +1=
(9°-9°+q)(1g-1° (g% +q+1)(g* +q° +9% 4g+1))
(9-10% (g% +g+1) (g% +9° +g% +q+1)
_ 1 o
2?( jﬁ;ur{esh_%ﬂ.z ﬂ'r[—i ~5) r(s;]
1+ .
64V
Ty . . .
[I J is the binomial coefficient
n!is the factorial function
(@), is the Pochhammer symbaol (rising factorial)
['(x) is the gamma function
Res f is a complex residue
:=;:|
From:
1 l,_1,-1 qlz
Fy (Q') = + + +

1/(1-q) + (@")/((1-q)(1-g/3)) + (q"12)/((1-q)(1-g"3)(1-g"5))

Input

1 qﬂf qlz

1_+ _ _3+ _ _ 3 _ 9
9 (1-9(1-¢') 1-9(1-¢°)(1-9°)
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Plots (figures that can be related to the open strings)
¥
3 | .-":
T q
0.5 | 0.5 1.0 1.5
5] (g from -0.7 to 1.6)
10|
15| o
¥
400 | ‘
\ 200 |
S~ | : .
- = P : g (gfrom =6.5to 7.5)
6 -4 -2 2 4 6
200 | \
|
400 \
600!

Alternate forms

2+ - +q -+ 1

q-1%(g*+q+1)(qg* +q¢* +q* +q + 1)

_qu—q9+q3—q5+q4—q3+1
(q- (g~ 1)(g" - 1)

e S . B S e S
(q-1%(q*+q+1)(q* + g +q* +q+ 1)

Complex roots

q=-0.91432 - 0.50203 {

q = -=0.91432 + 0.50203 i
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q = —0.56401 - 1.02530¢
q = =0.56401 + 1.02530¢

q = —0.54179 - 0.64330+

Series expansion at q=0

l1+q +q2+q3 +2q4+0[q5}

(Tavlor series)

Series expansion at q=

ool

(Tavlor series)

Derivative
i[ L, qt N q" _
dgll-q a-q(1-¢°) a-g@(1-¢*)(1-¢°

(-3¢ -2¢7 - g + 69" +6¢™ + 14¢" + 10¢2 + 8" -
Eqm—ﬁqg—ﬁq3+2q6+4q5+5q4+6q3+3qz+2q+1}/
[(q_114[q2+q+1}2[q4+q3+q2+q+1}2}

Indefinite integral

[L + 44 + qlz ] Iq =
j 1-q * (1-q(1-¢°)  (1-q)(1-¢°)(1-q") =

3 2
L w” loglg-w-1)+3 w” logig-w-11+2 wlogig-w-1)
180 36 E[m:u4+5m3+lﬂm2+10m+5=l}:| 0% 11502+ 20 we 10 -
45¢* - 60q” - 90q” + 10log(q* + q + 1) - 180q + q% +
@« 61]2 ~416log(q-1)-20V3 tﬂﬂ'l[ z—g—l] + 3'?5] constant

(assuming a complex-valued logarithm)

tAn (X} is the inverse tangent function
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logix) is the natural logarithm
Local maximum

4 12
1 q q
max{ + - ot - -~ : }::—14.[}95 q = 1.5762
l-q (1-q(1-¢°) A-9(1-¢°)(1-¢°)

Local minimum

1 qﬂf ql.?.
min/ + + —} = 0.60241 2t q =~ -0.61689

l-q¢ (-q@(1-¢°) a-@(1-¢°)(1-¢°)

Performing the following calculations

((-gM2+gN9-gM8+agr5-qMd+agr3-1)/((q-1)N3 (g2 +q+ 1) (g4 + g3+ g2 +
q + 1)))dxdy

we obtain:
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Indefinite integral

- - - -1
jj 'iI v’ -q*+q’-q" +¢° dxdy =
q +q+l][q +q +q° +q+1)
‘iI xy

aEres qu—133[q2+q+1)[q4+q3+q"‘+q+l)+
¢ xy
@-DF (@ +q+1)(q*+ @ + g2 +q+1)
Xy
@-D*(@+q+1)(q* + @+ +q+1)
qlzx-}, .
(@-1%{g*+q+1)(q* +q* +qg* +q+ 1)
¢’ xy
q-1%{*+q+1)(¢* +@P +q* +q+ 1j_
¢*xy .
(@-1°(*+q+1)(q* +q° +q* +q+1)
¢’ xy

q-1%(g*+q+1){q* + P +q* +q+1)

Definite integral over a disk of radius R

= -ql;[q Ly
+qQ+ +Q°+Q°+q+

203 @ Ha*+q+ (gt + @+ g’ +q+

7(-¢' +q9—q3+q5—q4+q3—l]R"‘
q-17%(g*+q+1){g* +q* +q* +q+ 1)

Definite integral over a square of edge length 2 L.

-1 - - -
jj +'¢I 'iI'HI 'iI'HI 'iI dxdy =
l+qj l+q+q_‘j[l+q+q +q +q"'_‘,|

412 (-q%+¢° - +q°-q*+¢* -1)

@-1°(¢°+q+1){q*+ P +q* +q+1)
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Dividing the two solutions of

_U —q +q’ -+ —q L ik S
e R2 P+ q+1)(q*+ ¢ +¢* +q+lj

7(-q2+¢ -+ ¢t - R
q-1*(*+q+1)(¢* + P +q* +q+1)

and

-1 - - -
jj +‘¢I q+q ‘I“I ‘iI dxdy =
l+qj l+q+q_‘j[l+q+q +q +q"'j

42 (-q%+ ¢’ -*+° - q¢*+ ¢* -1

(q-1°(g*+q+1){q*+q* +q* +q+1)

by

L S S e B
q-17% (g +q+1)(qg* +@® +q* +q+1)

we obtain:

((m(-gM2+qgN9-g8+gh5-qM+agr3-1))/((q- D3 (g2 +q+1) (g4 +gh3+
g2 +q+ D)/(((-gM2+gN9-g"8+agr5-gMd +agr3-1)/((q-1)MN3 (g2 +q+1)
(@M +gM3+g2+q+1))))

Input

adl q"‘?ﬂ;'g -q°+q° q' q3—1]

ig- 1y {q +q+1Hq +q +] +q+11

412+qg -q°+¢° q +q

ig- 1y {q +q+1]{_q +q +q+1]
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Result
w

Decimal approximation
3.1415926535897932384626433832795028841971693993751058209749445923

3.141592653....=mn

Property
7 is a transcendental number

Alternative representations

r(-qP+q° - +q° -q* +¢° -1

(-9"%+9" -¢°+q” -q* +q -1){1g-1)% (g% +g+1)[q* +q° +g% +q41))
{q—133 {qz +q+1]{q4 +q3 +q2 +q+1]
180°(-1+¢°-¢*+q"-¢°+¢" - ¢

12]

((-1+)® (14q+q”){1+g+q° +° +q*)) (-1+¢° -g* +q° ¢® +9" ¢ %)

1’—1+q]3 {1+q+q2]{1+q+q2 +q3 +q4]

r(-qP+q°-®+q° -q* +¢° - 1)

(192407 ¢5+4° ¢ +0®1)((q-1° (% +q+1)(q* +q rqP 4q i1
(9-10% (g% +g+1) (g% +9° +g% +q+1)
i(log(-1)(-1+¢°—q*+q° - q* + ¢° - ¢*?))

((=149)° (149497} {1+q+9% +q° +4%)){-149° g% 49° -¢°+q° %)

(-14q1% (14q+q7)(1+q+q®+q +q*)
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742+ -"+q°-q* + ¢’ - 1)

(-9"%+9" -¢°+q” -q* +q -1){1g-1)% (g% +g+1)[q* +q° +g% +q41))

(9-10% (g7 +g+1) (g% +9° 497 +q+1)
cos H-1)(-1+q* -q*+¢° - ¢® +q° - ¢*?)

((-149)% (1+g+97)(14g+q% +q° +q* )} (-1+¢° -g* +9° -g% +¢° "

%)

1’—1+q]3 {1+q+q2]{1+q+q2+q3+q4]

Series representations

12 o 8 5 4 3
r(-q7+ ¢ -+ -q +q - 1)
(-g"2+¢° -a° +q° -q* +¢° -1){1g-1)? (g% +q+1)(q* +q” +q% +q+1))
-[q—12|3{q2+q+1]{q4+q3+q2+q+1]

12 o 8 5 4 3
7(-9%+¢" 4"+ ¢’ -q* +q’ - 1)
{—qu+qg—q3+q5—q“+q3—1]{{q—113{qz+q+1]{q4+q3+q2+q+1]]
-[q 13 {q +q+1]{q +q + +q+1]

Z 1+2k

=0

-

r(-q2+q¢°-q*+q° -q*+q° - 1)

logix) is the natural logarithm
i is the imaginary unit

05 (X} is the inverse cosine function

(-9"%+9"-¢°+q" -¢* +q* -1){1g-1)% [g® +g+1)[q* +q° +g% +q41))

iq- 133 {q2 +q+1]{q4 +q3 +q2 +g+1)

(-3 (e o oan)
+
1+2k l1+4k 3+4k

”LVJ

Integral representations

H(—q12+q9—q3+q5—q4+q3—1

(-a"*+q°-q° +q°-q* +g°-1)(1q-1)° {q +q+1]{q 4>+ +q+1]]
-rq—lj {q +q+1]{q +q + +q+1]

s [Vi-e
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m(-q%+¢ -*+ ¢ -qP g’ -1 zfl L
0

NEPT

= dt
(-q"%+9” 4% +a° -q* 4> 1) (1g-1)° [ +q+1) (g% +q° +9° 4g+1))

(9-10% (g7 +g+1) (g% +9° 497 +q+1)

dt

r(-q2+¢°-*+¢°-q*+¢* -1 _f 1
(1]

(0" 447 -¢® +a° g +@®-1){1g-17 (P +q+1) (g% +qP +qP4qe1)) 1+¢t2

(g-10% (g% +q+1) (g% +9” +g% +q+1)

1/6(((t (-qM2 + g79 - g8 + g5 - M + gh3 - 1))/((q - M3 (gh2 +q + 1) (g4 + g3
+g/2+ g+ 1)))HA((-gM2 +gh9 -gM8 +gh5-grd +agr3-1)/((q- 1) (g2+g+1)
(qN+gN3+gh2+q+1)))))N2

Input

r(-q'2+q° 0% +q°-g*49%-1) 32
1| q-1° (g7 +q+1)(q* +9° +9% +q+1)

6 IR
(9-10% (g% +g+1) (g% +9° 497 +q+1)

Result

}TZ

6

Decimal approximation
1.64493406684822643647241516604602518092189490012067984377355582203

1.644934066....



22

Property

II‘Z

E is a transcendental number

Alternative representations

r(-q%+¢’ -+ -q - 1)

1
6| ((g-1° (g% 49+1)(q* +g° +9% +9+1))(-q"? +9° g% +g°-q* 44> 1)
(9-1 (g% +9+1) (g% +9° +q% +q+1)

1 180°(-1+¢° -q* +¢° - ¢* + ¢’ - ¢")

6 | (1-1+9)% (14g4q”){14g+q°49° +9* )} (-14° -g%49° 0° +9° 0™

{—1+q]3 |[1+q+q2 ]|[1+q+q2 +q3+q4]

7(-q%+¢"-"+ ¢’ - ¢+ - 1)

1
6 | {ig-1° (g% +q+1){q* +q% +q% +q+1))(-q" 2 +9" -¢° +° q* +g° 1)

{q—1]3 {qz +q+1]{q4 +q3+q2 +g+1)

1| _ iflog-1(-1+¢°-q*+¢" - ¢+ ¢° - ¢"))
6| (1@ (149497 (1+q+q%+a 49* ) (-1+4>-g* +q° g% +4°-q"2)

'r—1+q]3 {1+q+q2]{1+q+q2+q3+q4]

r(-q%+q’ -+’ -q g - 1)

1
6 | ((g-1° (g% +9+1)(q* +g° +0% +q+1))(-q"? +9° g% +¢°-q* +¢°-1)
ig-1° {qz +q+'l]{q4 +q° +g +q+1)

1 cos -1 ([-1+¢* -q*+¢° - ¢® +q° - ¢*?)

6 | (=140 (1+q+0)(14q+q” +q° +q*))(-1+0° g% 49° 0% +4° %)

{—1+q]3 |[1+-:]+q2 :||[1+-:]+q2 +q3+q4]

logix) is the natural logarithm
i is the imaginary unit

Cos (X} is the inverse cosine function
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Series representations

12 o ) 5 4 3
1 r(-q%+q’-q*+q’-q'+q* - 1) _ii
6 | (@-17 (g2 +a+1)(q* +9° +q2+q+1))(-9"2 +a” - 4q° g*+®-1) | g2
19-1% (g% +q+1) (g% +q +q% +q+1)
12 o 8 5 4 3
1 -+’ -*+ @’ - gt + g’ - 1) B Eit—n"
6 | ((9-1% (g2 +q+1)(g* +q° +q2 +q+1))(-q'2 +q° g% +q° —q* +q° 1) - P k2
{q_1]3{q2+q+1]{q4+q3+q2+q+1]
1 r(-q%+¢’ -+ -q - 1) 41
6 | (19-1° (g2 +q+1)(g* +¢° +q? +q+ 1)) (-a" 240" -®+a°g*4g®-1) | T 3 = (1+2k)?

iq-1% (g% +q+1)(g* +q° +q% +q+1)

Integral representations

12 o 8 5 4 3
1 7(-q*+q°-q*+q -q*+q* - 1) 8 -1_\{72 2
- 3, 2 4 3 3 12 9 8§ 5 4 3 =5 1-t" dt
6 | (1g-17 {g° +q+1){q" +q° +q° +q+1))(—q “+q" —q" +q° -q" +q" -1] 3o
(g-1* (g% +q+1) (g% +q° +q% +g+1)
1 7(-q%+¢"-"+ ¢’ - ¢+ - 1) zU-m 1 ”]z
2 _ < )
6 | (ig-1° (¢° +q+1){q* +q° +q% +q+1))[-g" 2 +q" 4" +¢° g% +g* 1) 3lJo 1442
(9-1% (g% +q+1) (g% +q° +g% +g+1)
1 (-9 +q’ -+ -q + ¢ - 1) 21
2 _ = -,
6 | (19-1° (g2 +q+1)(q" +q° +9? +9+1))(-q" % +9° -q° +9° " +g°-1) 3l [T o

{q—1]3 {qz +q+'l]{q"r +q3+q2 +q+1]
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We obtain also:

((((4(-qgM2+g"9-g"8 +gN5-gM + a3 -1))/((q-1)N3 (g2 +q+1) (g4 +g3 +
q’2 +q+ 1)))/(((-gM12 +gN9 - g8 + gA5 - g +gh3 - 1)/((q - 1)A3 (gh2+g+1)
(qM4+q/3+q/r2+q+1)))))N6

Input

4{_q12+q9_q5+q5_q4+q3_1'| 6
|q—1]3{q2+q+1]{q4+q3+q2+q+l]
_q'21g° gB4q5 gt ugP-1

|-:|I—1]3 {q2 +q+1]{q4 +-:,I3 +-:|I"2 +q+1)

Result
4096

4096 = 64°

27*V((((4(-qM2 + @79 - g"8 + gA5 - qM + g3 - 1))/((q - 1)M3 (g2 +q+ 1) (qMd +
Q"3 + g2 +q+ 1))/(((-gM2 +gh9 -gM8 + g5 -grM +gh3 - 1)/((q- 1)N3
(@"2+q+1) (@M4+q"3+q/2+q+1)))))N6+1

Input

4(-9"%+¢" -g°+q°-q* +q°-1)
(q-1)* (g% +q+1)(g* +q” +q% +q+1) B
-9'24q% g% 4% g*4q% 1

|-:|I—1]3 {q2+q+1]{q4+q3+q2+q+l]
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Result
1729

1729

This result is very near to the mass of candidate glueball fo(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. (1728 = 8% * 3%) The number 1728 is one less than the Hardy—Ramanujan
number 1729 (taxicab number)

Series representations

12 o 8 5 4 3
- 44+ - - ¢t g - ) 6, q_
(-q"2+q" g% +q° -g* +q° -1)(1g-1% (g% +q+1) (g* +q +q% +q41)) B

'fw'.]'—lfl3 {qz +w'.]'+lj|{_ql"r +q3+q2 +q+1]

o0 [i]
14+27v3° [23“‘ [ . ]]
k=0 k

12 o 8 5 4 3
” 4(-qP+ " -*+*-q*+ ¢’ -1) 6,1
(-q'2+q" g% +q° -g*+g® -1)(1g-1% (g% +q+1) (g* +q7 +g% +q41)) B
19-1% (g% +q+1)(q* +q° +q% +q+1)
o (L1
-1

6[ | ;jk]ﬁ
1+27v3 Zk—T
k=0 '

12 o 8 5 4 3
- 445+ g g - 6,1
(-"2+q" g% +q° -q*+q®-1)(19-1% (g% +q+1) (g* +q7 +q% +q41)) B

19-1% (g2 +q+1) (g% +q° +g7 +q+1)

£
27 (E‘I‘Lo Res,_ 1,37 I(- L s r(s;]
2

z ’
64 Vr®

1+

oy
[ m J is the binomial coefficient


https://en.wikipedia.org/wiki/1729_(number)
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/J-invariant
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n'is the factorial function
(@), is the Pochhammer symbol (rising factorial)

['(x) is the gamma function
Res f is a complex residue

:=J:]

From:

1 q° q°

1—q+(L—ﬁM1—ﬁ)+(L—ﬁﬂl—&ﬂl—$)+

1/(1-q) + (@"2)/((1-9"2)(1-g"3)) + (9"6)/((1-g"3)(1-g"\4)(1-g"'5))

Input

1 + qz + q6
1-¢ (1-¢*)(1-¢°) (1-¢*)(1-q*)(1-¢’)

Plots (figures that can be related to the open strings)
y
Ill{ﬂ l.rl'
A
0.8
ﬂ'r‘lé (g from =3.9 to 1.1)
04|
—_— 0.2 |
. |
: — : q
4 3 2 1 1
¥
0.5
_————”’"_".I (g from -14.1 to 11.3)
10 5 5T



27

Alternate forms

g o2q — -2+ 2 +q+ 1
q-1q+D(g*+1)(g*+q+1)(¢* +¢* +¢* +q+1)

7 q° 1

- +
C-¢-¢+1 (¢-1)(¢*-1)(g°-1) 1-¢

g 2q P20+ 2P+ q+1
q-13@+D(¢*+1)(q* +q+1)(q* +¢* +q* +q + 1)

Partial fraction expansion

~2q-1 1 q-q°
- + -
oa*+q+1) 4(g7+1) S5(¢°+q eqieqrl)
641 5 17 1

+ + -
720(g-1) 16(g+1) 120(g-1* 60(q-1)°

Real root
g = -1.5863

Complex roots

q=-0.71270 - 0.57224 |
q=-0.71270+0.57224 §
q = —=0.30748 - 0.76350
q = —0.30748 + 0.76350

q = -0.15316 - 0.94261



28

Series expansion at q=0

1+q +2-;]'2+q3 +2q4+D[q5]

(Tavlor series)

Series expansion at q=co

ol lG))

(Laurent series)

Derivative
d 1 q* q°
ﬂ’tI[l—q (1-¢*)(1-¢°) (1-¢°)(1-¢%)(1-q)

(@ +4¢¥ +7¢"® +12¢7 +11¢"° + 109" -
20 -16q"7 -37¢" -42q" -36q"" -10¢" +20¢% +

509" +59¢° +58q +42q" +28¢° + 14" + 6q + 1)/
(@-1 @+ V(¢ + 1 (@* +q+ 1 (q* + ¢’ + g+ q+ 1))

Indefinite integral

j'[L Pt ¢° ]dq _
1-g ~ (1-g%){1-¢%)  (1-¢%)(1-¢*)(1-¢%)
3
1 w” logl g-w)-wlogig-w)
a0 |~ 144 E‘[wiw4+w3+w2+w+1=“? 4o 4304204l

80log(q” +q+ 1) - ;_i?+ {q-Llr’- ~ 701 log(1 - q) +

=]

60log(q — 1)+ 225logig + 1) - IBDtan‘liqj] constant

[assuming & complex-valued logarithm)
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Local maximum

1 2 &
max{ ¥ - zqr R d | = 021177
1=q¢ 1-g°){1-¢q°) (1-q’}){1-q7)(1-q")

q =~ -2.6782

Local minimum

1 'S ¢
min{ + - o Tt -~ n - }:D.EEAEE
1=q¢ (1-¢°)(1-q") (1-gq")(1-q")(1-q")
q =~ -0.27319
Limit
2 6
lim + q + q =10

Performing the following calculations:

(-(@M1+gM0-29MN7-qM6-29M5+2a/2+q+1)/((q-1DA3(q+ 1) (gA2 + 1) (gh2
+q+1)(qM+ g3 +g’2+q+ 1)))dxdy

we obtain:
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Indefinite integral

_[_I ql+q-2q"-¢°-2¢°+2¢* +q+1 dxdy =
(- 1%+ D¢g* +1][q2+q+12][q4+q3+q2+q+1_]
2q°xy
C1x+cz_(q—1]3(q+1,'|[q2+1_‘1[q2+q+1_‘,|[q4+q3+q2+q+1]_
qxy )
q-13@+D(¢*+1)(qg* +q+1)(q* +¢* +q* +q + 1)
Xy
(q—133iq+lj[q2+1_‘j[qz+q+1_‘,|[q4+q3+qz+q+1]_
xy
(q—133iq+lj[q2+1_‘j[qz+q+1_‘,|[q4+q3+q2+q+1]_
¢Oxy .
q-1q+D(q*+1)(g* +q+1)(¢* +¢* +¢* +q+1)
29" xy N
q-1q+D(g*+1)(g*+q+1)(¢* +¢* +¢* +q+1)
¢ xy X
q-1*q+D(q*+1)(q* +q+1)(q* +¢* +¢* +q+1)
2¢°xy

q-13@+D(¢*+1)(q¢* +q+1)(q* +¢* +qg* +q+ 1)

Definite integral over a disk of radius R

10 7 & 3 2
—q' - 2 2q°-2¢*-q-
ff ¢ -q"+2q"+q°+2q" - 2¢" ¢ dy dx =

203 R2 q-1%@q+D(¢*+1)(q* +q+1)(q* +¢* +q¢* +q+1)

n(-q"' -q"+2q¢" +q°+2¢° -2¢* -q- 1) R?
-1+ D(g*+1)(qg* +q+1)(q* +¢* +g* +q+ 1)

Definite integral over a square of edge length 2 L

11

j j ~1-q-2¢°+2q°+q°+2q" -q¢"" ¢ dxdy =

1+qj 1+ (1+¢*)(1+q+q*)(1+q+q*+q* +q%
412 (g - ¢ +2q" +q®+2¢° - 2¢* - q-1)
-1+ D(g*+1)(qg* +q+1)(q* +q* + g* +q + 1)
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Dividing the two results of

10 7 & 3 2
—q't - 2 2q°-2¢°-q-
ff ¢ -q°+2q"+q°+2¢° - 2¢" - ¢ dydx=

20 -1’ @+ D(g*+1)(¢* +q+1)(q* +q* +q* + g + 1)
<R

a(-q"' -q""+2q" +q°+2¢° -2¢* -q- 1) R®
-1 q+D(g*+1)(¢* +q+1)(q* +¢* +q* +q + 1)

and

11

j j =-1- q-= 2{]' +2q +q +2q —q ={q .:[xd_}-":

l+qj 1+qj[l+q_‘j[l+q+q_‘j[l+q+q +q +q4_‘j
412 (g - ¢ +2q" +q®+2¢° - 2¢* - q-1)
-1+ D(g*+1)(qg* +q+1)(q* +q* + g* +q + 1)

by

) ql+q%-2¢" -¢°-2¢°+2¢*+q+1
q-1*q+D(q*+1)(q* +q+1)(q* +¢* +¢* +q+1)

we obtain:

((t (-qM1-gM0+2gA7+gMN6+29M5-29/2-0-1))/((g-1)73 (q+1)(qA2+1)(g2+q+1)
(@M+gN3+gr2+q+1))) / (<(qr11+gA10-2gA7-qA6-2gMN5+20N2+g+1)/((g-1)M3 (q+1)
(@2+1)(g"2+q+1)(qM4+q/3+q/2+q+1)))

Input

x(-g''-q'"+2¢" +¢"+2¢°-24%-¢-1)
ig-1% g+ 1) (g% +1) (g% +q+1)(g* +q7 +q% +q41)

G'H +t]'m —EqF—qﬁ —2q5+2q2 +g+1
(9-1% (g+1) (g7 +1) (g +q+1) {g* +° +q7 4q41)

Result

n
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Decimal approximation
3.1415926535897932384626433832795028841971693993751058209749445923

3.141592653.... =n

Property
m is a transcendental number

Alternative representations

m(-q"-q+2q" +q°+2¢° -2¢*-q-1)

(9" 4" -2¢7 -¢°-2¢°+2¢+q+1){1g-1° (q+ D) (g2 +1) (g +q+1)(g* +g° +gP4qe1))

{q-1:13 {q+1]{q2+1]{q2 +q+1]{q"r +q3+q2 ++1]

180°(-1-q-2¢*+2q¢° +q®*+2¢" - q'" - ¢')

((14q) (<140 (1497 ) (14949 ) (14g4q” +9° +q* ) (-1-9-297 +2¢° +¢°+2¢7 -q"" ¢ "]

{1+q]{—1+q]3 {'l+q2 :||[1+q+q2 :||[1+q+q2 +q3+q4]

m(-q"-q+2q" +q°+2q° -2¢* -q-1)

(9" 4" -2¢7-¢°-29°+2¢+q+1){1g-1° 1q+1) (g% +1) (g% +q+1)(g* +g° rgP4qe1))

(g-1% (q+1) (g% +1) (% +q+1) (g* +g° +q% +q+1)
i(log(-1)(-1-q-2q>+2¢° +q® +2q" - ¢'° - "))

(1149 (-14q)° (1497} (14g49°) (14q+97 +g° +q*))(-1-9-297+2¢° +¢° 4297 -¢'O-q" ")

(14q) (-149)* (14g%){14g+g%) (14q+q% +q° +q%)

m(-q''-q"+2q" +q®°+2¢° -2¢* - q - 1

(97 +9'%-29" -¢°-2¢°+2¢%49+1){(g-1)° (g+1) {¢? +1) (g% +q+1)(g* +q° +47 4q+1)

{q—1]3 {q+1]{q2+1]{q2 +q+1]{q4 +¢]3+q"2 +q+1]

cos}(-1)(-1-q-2¢*+2q" +q°*+2q" - q'" - q'})

((14q) (=140 (14q%){14q+q% ) (14q+q” +q° +q* ))(-1-g-2¢° +2¢° +q"+2¢" -¢'"¢'")
{1+q]{—1+q]3 {'l+q2 ]|[1+-:]+q2 ]|[1+-:]+q2 +q3+q4]

log(x) is the natural logarithm
i is the imaginary unit

cO5  (X) is the inverse cosine function
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Series representations

11 10 7 & 3 2
m(-q" -q"+2¢"+q"+2¢° -2¢" -q- 1) _4i (-1
(9'1+9'%-2¢" -¢°-2¢°+2¢%49+1){1q-1° (q+1) (g* +1) (g7 +q+1) (g 4 +qP4qe 1)) 142K

{q—1]3 {q+1]{q2+1]{q2 +q+1]{q4 +¢]3+q"2 +q+1)

m(-q"-q+2q" +q¢°+2¢° -2¢*-q-1)

(" 4" 0297 0% 2% +2¢%4q+1)(1g-1% i+ 1 [+ 1) [ +q+1) (g% 4qP 4qPqe1))
{q—1]3 {q+1]{q2+1]{q2 +q+1]{q4 +qz+q2 +q+1]

1+2k

=0

=

m(-q"-q+2q" +q¢°+2¢° -2¢*-q-1)

(a"'+9"0-2q"-°-29°+2¢%+g+1)(1g-1)° (g+1) (g +1) (g% ++1)(g* +q> g% 4q+1)
(@-1% (g+1)(g*+1) (g% ++1)(g* +97 +q7 +9+1)

S 1k 1 2 1
2) (et Toar t 5o a)
= 4 1+2k 1+4k 3+4k

Integral representations

m(-q"-q+2q" +q°+2q° -2¢* -q-1)

(9" 4" -2¢7-¢°-29°+2¢+q+1){1g-1° 1q+1) (g% +1) (g% +q+1)(g* +g° rgP4qe1))
{q—1]3 {q+1]{q2+1]{q2 +q+1]{q4 +.q3+q2 +9+1)

*1
4] V1=t dt
(1]

m(-q"-q+2q" +q¢°+2¢° -2¢*-q-1)

(a"'+9"0-2q"-°-29°+2¢%+g+1)(1g-1)° (g+1) (g +1) (g% ++1)(g* +q> g% 4q+1)
(@-1% (g+1)(g*+1) (g% ++1)(g* +97 +q7 +9+1)

=1 1
2] — it
G.Jl_g
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m(-q''-q"+2q" +q®°+2¢° -2¢* - q - 1

{_q“ +qm—2q?—qﬁ —2q5+2q2 +q+1]{{q—1]3 (g+1) {qz+1]{q2 +-.]I+1]{-.]'4 +q3+q2 +gq+1])

1”(]'—1]3 {q+1]{q2+1]{q2 +ql+1]{t]I4 +q3+q2 +q+1]

o l
2] dt
0 1+t2

1/6(((r (-qA11-gA10+2gA7+qN6+20/5-29/2-q-1))/((q-1)"3 (q+1)(gA2+1)(q"2+q+1)
(q@M+gN3+gr2+q+1))) / (<(qA11+gM10-2gA7-qA6-2gMN5+202+g+1)/((g-1)M3 (q+1)
(@"2+1)(g"2+q+1)(qM4+q3+q/2+q+1))))N2

Input

n{_—q“—qm+2.q?+qﬁ+2q5—2q2—q—l] 2

1 1”l.’,'—1]3 g+ 1]1_q2+1]{q2 +|.]l+1]{t]I4 +q3+q2 +g+1]

B g1 4q'-2¢" -¢®-2¢°+29% +q+1
1g-1% g+ 1) (g% +1) (g% +q+1) (g% +q° +q7 +q41)

Result

Decimal approximation
1.6449340668482264364724151666460251892189499012067984377355582293

1.644934066....

Property

}TZ

E is a transcendental number
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Alternative representations

! r(-q"-q"+2q"+q +2¢°-2¢°-q- 1)
6 | (19-17 iq+13 (g +1)(g* +q+1){q* +q° +g* +q+1))(~(g" ' +9'" 29" -¢° 24" +24% +g+1))

1’:1—1:13 {q+1]{q2 +1]{q"2 +q+1]{-:]4 +q3 +-:]2 +]+1]

1 180°(-1-q-2¢*+2¢° +q¢° +2q" - q'" - q¢"")

6 [ (11+q)-1+q)° (14q7){1+q+q?){1+q+q” +q° +9* )} (-1-9-2¢° +2¢°+q° +2¢7 ¢'0 ™)
n[1+q]nr—1+q]3 {1+q‘?]{1+q+q‘?]{1+q+q"2 +q3+q4]

1 (-9 -q"+2q"+¢°+2¢° - 2¢*-q- 1)
6 | (19-1° g+ 1) (g% +1){q” +g+1)(g* +q” +q* +q+1)) (g +q""-29" -¢° 29" +2¢7 +g+1))

{q—1]3 {q+1]{q2 +1]{q2 +:q+1]{-:]4 +q3 +q2 +§+1]

i(log(-1)(-1-q-2¢*+2¢° +¢°+2q" - q'° - q""))
B N {{1+q]{—1+q]3{1+q2]{1+q+q2]{1+q+q2+q3+q4]]{—1—q—2q2+2q5+qﬁ+2q?—qm—q"]
{1+q]{—1+q33{1+q2]{1+q+q2]{1+q+q2+q3+q4]

| =

1 Jr[—q”—qm+2q?+q6+2q5—2qz—q—l)
B {{q—1]3{q+lj{q2+1]{q2+q+1]{q4+q3+q2+q+1]]{—{q"+q":'—zq?—q'ﬁ—zq5+2q2+q+1]]

{q—1]3 {q+1]{q2 +1:|{|1]2 +q+1]{q4 +q3 +¢]2 +q+1])

1 cos (-1 (-1-q-2¢*+2¢° +¢°+2¢" - ¢'" - ¢q'!)

6 [ (11+g -1+q)° (1497) {14497 ){1+q+q” +q7 +9* ) (-1-9-2¢° +2¢° 19" +2¢7 -¢'% ™)
{1+q]1’—1+q]3 {1+q‘?]{1+q+q‘?]{1+q+q"2 +q3+q4]

logix)is the natural logarithm
I is the imaginary unit

Cos (X} is the inverse cosine function

Series representations

1 n(-q"-q%+2¢"+q"+2¢° - 2¢° -q- 1) _i_
6 | (19-17 g+ 1y (g°+1){g% +g+1){g* +q® +qP4q+ 1)) (-[q" 490297 ¢°-2g°+2q%4qe1)) | T g2

{q—1]3 {q+1]{q2 +1]{q"2 +q+1]{-:]4 +q3 +q2 +q+1]
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1 Jr[—q”—qm+2q?+q6+2q5—2qz—q—l)
B {{q—1]3 {q+lj{q2+1]{q2 +q+1]{q4 +q3+q2 +q+1]]{—{q"+q":'—zq?—q'ﬁ—zq5+2q2+q+1]]
{q—1]3 {q+1]{q2+1]{q2+q+1]{q4+q3+q2+q+1]

5 o I:—l:]k
B 2
k=1 k
1 n(-q"-q%+2q"+q"+2¢°-2¢° -q-1)
6 | (1g-1° (g+11 (g2 +1)(g? +q+1]{q +g°+q2 +q+1))(~(q"" '”—Eq?—qﬁ—2q5+2q2+q+1]]
1q-1% (g+1) (g% +1) (g% +q+1) (g% +q° +q% +q+1)

D e
341+ 2k)?

Integral representations

m(-q"-q"+2q" +¢®+2¢° -2¢*-q-1)

1
6 | (1g-1° (g+11(g” +1) (" +q+1)(g* +q° +q” +q+1))(-(q" " +q"" 29" 4" 2% +2¢% 4q41))
{q—1]3 {q+1]{q2 +1:|{-:]2 +q+1:|{-:]4 +q3 +q2 +q+1])

8 "1 2
EU ’ l—tz .:.H‘]
(1]

m(-q''-q"+2¢" +q® +2¢° -2¢*-q-1)

1
B {{q—1]3 {q+lj{q2+1]{q2 +q+1]{q4 +q3+q2 +q+1]]{—{q" +qw—2q?—q'ﬁ —2q5+2q2 +q+1])
1’q—1:u3 {q+1]{q2 +1:|{|1]2 +q+1]{q4 +q3 +¢]2 +q+1])

2 U'm 1 ”]2
- i
3o 1442
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1 -4 -qP+2¢7+¢°+2¢°-2¢" - ¢ 1)
6| (ig- 1% |q+11{q +1)lg +q+1|{q4+q3+q2+q+1||{ {q +q1{' E.q q 2q5+2q2+q+1]] -
q- 11 |q+11{q +1]g +q+1|{q4+q3+q2+q+1|
7= T
— j dt
3 V12

We obtain also:

((4 (-q711-gM0+2gN7+@MN6+29M5-29/2-0-1))/((g-1)73 (q+1)(gA2+1)(g/2+q+1)
(qM4+qh3+gr2+q+1))/ (-(gM1+gM10-29/7-gN6-297A5+29/2+q+1)/((q-1)A3 (g+1)
(@"2+1)(q"2+q+1)(gN4+q"3+qr2+q+1))))N6

Input

4 qu q +2.q +q +2.q zq -q-1) b

(g- 11 |q+11{q +1){g +q+1|{q4+q3+q2+q+1|

q +-:|I”':I E'.q q E'.q +12.-:|I +q+1

(g- 11 |q+11{q +1)(g +q+1|{q4+q3+q2+q+1|

Result
4096

4096 = 64°

27V((4 (-qM1-g/10+2gA7+q/6+2q15-29/2-g-1))/((q-1)"3 (q+1)(q/2+1)(qA2+q+1)
(qM4+qh3+qr2+q+1))/ (-(gM1+gM10-2977-g6-2975+29/2+q+1)/((q-1)"3 (g+1)
(@"2+1)(q"2+q+1)(gN4+q"3+qr2+q+1)))) 6+1
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Input

4(-q'"-q""42q"+q" 247 24" -1
{q—1]3 (g+1) {q2+1]{q2 +ql+1]{ql4 +ql3 +ql"2 +q+1] 6
- +

27
qll+qln—2q?—q6—zq5+zq2+q+1
h]'—lflz (g+1) {qz+1]{q2 +-:]l+1:H_-:]I4 +q3 +q2 +q+1]
Result
1729
1729

This result is very near to the mass of candidate glueball f,(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. (1728 = 8% * 3°) The number 1728 is one less than the Hardy—Ramanujan
number 1729 (taxicab number)

Series representations

4(-q"-q""+2q" +¢°+2¢°-2¢*-q-1)

27 | -
(' +q'0 29" -g°-2¢°+24% +9+1) {1g-1)" (g+1) (¢° +1)(q” +q+1) (q* +9° +4° +q+1]]

g- 1° (q+1) {q2 + l]{q2 ]+ 1]{q4 +ql3 +:;l2 +q+1]

o [i]
1+27y3° [Zz"‘ [ , ]]
k=0 k

4(-q" -q+2q" +¢°+2¢° -2¢"-q- 1)

27 | -
(' +q"0 29" -g°-2¢°+24%+q+1) (1g-1)" (g+1) (4° +1) (g% +q+1) (q* +9° +4° 4941

q-1% ig+ 1) (g2 +1) (g2 +q+1) (g% +q° +g% +q+1)
(- L)k (- Lajk 6
14+27V3° 2—3' 2

!
= k!


https://en.wikipedia.org/wiki/1729_(number)
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/J-invariant

39

4(-q"-q""+2q"+¢°+2¢°-2¢*-q-1)

27 +1=

(a'1+q"" 297 q°-2¢°+24%49+1){(g-1)" (g+1) (g% +1) (g% +q+1) (q* +q° +q% 4941

-[q—12|3{q+1]{qz+1]{q2+q+1]{q4+q3+q2+q+1]
5]
o —3 1
2?( RoRes_ 1,3 (-, s)r(sJ]

64 Vr®

1+

[T
[ m J is the binomial coefficient

n!is the factorial function
(a}, is the Pochhammer symbol {rising factorial)

[x)is the gamma function
Res [ is a complex residue

=3
From

q q*

1192 100+

m T2 t
B ™ L Y]
fa(g) +4/ 7 exp (;m 24) —

t— 0

fa(g) =1+

B_I_...

g=e'-1;9g<1

I+(@/((1+q)A2) + (QA4((A+q) 2((1+q"2)72)) + sqrt(Pi/(t)) *
exp((Pif2)/(24*(1))-(t)/(24)) = 4
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Input

q qt T [n2 t]
1+ + St TP - |=4
(1+q* (1+q*(1+q%) t 24t 24

Result

4
joaeza |1
q N q +ﬁfr2,{24t] £/24 - i1=4

(q + 1)* (g% + 1}2 (g +1)*

Alternate forms

q 1 f (=) {4+ t
T T 24

(P +q>+q+ 1}2 (q+1)°

|

6 5 4 3 2
+3q +4g +60" +3g°+3g+1 ; . 1
q q q q q Q¥ 2 x e 12An-t24 |' - = 4

(q+ 1% (q*+ 1}2

1
(q+1*(q*+ 1}2

; ; 1 ; 1
o124 [qﬁ M2 V.';qﬁ fnz,fz:m f t_ N qu f:,.z4+2ﬁq5 fn‘z,{zﬂfﬂ f ? N

I} .'I 1 [}
a q4 P Y q4 o240 |' - N 5-:13 PLEZIN

2 j24n | 1 04 2 joan | 1
4V qsf’ j1e40 . +3qut" +3Vm qu’ j1240 . +
. 2, ,/1 ,. 2, ,/1
Sqf*"zﬁ'+2w":r qe f240) ; +-ft'24+'\l'li'i' " 1340 ?]——4
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For ¢ =0.417613 and t=0.873199:

1+(0.417613)/((1+0.417613)A2) +
(0.417613)M\/((1+0.417613)A2((1+0.417613/2)A2)) + sqrt(Pi/(0.873199)) *
exp((PiA2)/(24*(0.873199))-(0.873199)/(24))

Input interpretation

0.417613 0.417613"
+
(1+0.417613)* (1 +0.417613)* (1 + 0.417613%)

T [ a° 0.873199
E".Kp =
\ 0.872199 24 - 0.873199 24

1+ 5 +

Result
4.14798. ..

4.14798.... - 4

Series representations

0.417613 0.417613"
1+ + - z +
(1+0.417613)* (1 +0.417613)% (1 + 0.417613)
;r x 0.873199
exp - = 1.21878 +
0.873199 24 - 0.873199 24

i

exp(-0.0363833 + 0.04771737° )\ — 1+ 1.14521 % ) (~1+1.14521m) " [
k=0

ol X TS
B
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0.417613 0.417613*

1+

[ = [ 7
ExXp -
0.873199 24 - 0.873199

24
1.21878 + exp(-0.0363833 + 0.0477173 17

+
(1+0.417613)° (1+0.417613)? (1 + 0.417613%)*
0.873199

o (1) (=14 1.14521 )& [—;j

Je

V-1+1.14521 7 Z
k=0

0.417613 0.417613%

k!

1+

0.873199

or [not | Z K3 |:|

Now we analyze again

4
m
1+ q + q N

1+q? A+@?(1+¢*)? t

omitting the result. We obtain:

1+(@)/((A+q)"2) + (@M/((1+q)"2((1+qA2)N2)) + sqri(Pi/(D) *

exp((Pin2)/(24*(1)-(1)/(24))

.

24

+
(1+0.417613)°>  (1+0.417613)* (1 + 0.417613%)*

[ [ 7
———— EXp -
0.873199 24 - 0.873199

exp(—0.0363833 + 0.0477173 7" Vo |

] = 1.21878 +

o (=D (= 2], (114521 7 - 20)* 25"

k=0
° t
24t 24

.
[ m J is the binomial coefficient

n! is the factorial function

(@), is the Pochhammer symbol (rising factorial)

|-

R is the set of real numbers



43

Input

q

1+ +
(1+q)*

Exact result

4

4
SRS

[]_4..,—_1}2[14..,[12}2' t 24t _E

q N q Vr ffrz,-’{mn—r,fzfl 1 ‘1
(q+ 1% (q*+1)* (g+1)? t
3D plots

Real part

(figures that can be related to the D-branes/Instantons)
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Contour plots
Real part

: y

-0 -05 00 05 L0 L5 20

q

Imaginary part

-0 -05 00 05 L0 L5 20

q

Alternate forms

q q +
— - (24 1
(=) (r+m)) (24 e) 1

[q3+qz+q+1)2 (q+ 1) t
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6 5 4 3 2

+3q +4g +60" +3g°+3g+1 ; . 1

q q q . 'iIz ;I q T E,TEJ.{M:J-;,.M [1
(q+1)°(qg°+1) t

. 24na2s | 1
2 (2 2[q6 [V’? N
PESTRra :
(24024 | 1 2424 |1
q [zﬁ o /(240124 " +3]+qr4 [sﬁ " fi240-1124 - +4]+
oaereaa | 1 240524 | 1
7 Pﬁﬁ-mn—r-m E +5]+q2 [sﬁﬁx*m-*-”h/; +s]+
24024 | 1 241-rj24 [ 1
q[zﬁfn-zl;{zﬂfn—t,m ? +3]+ﬁfﬂzs‘{z‘4”'t’m ? + 1]

Series expansion at t=0

v i 4
L -)2dn N D(tu,.-z] N Z‘I . q 1
vVt | @+D*(g*+1)7 g+ D
Series expansion at t=o
; 1 14112 4
f{mz-;ZL.{z:m [ﬁ L D[[—] ] N q . q +1
t t (g +1)° [qz + l_]z (g + 1)

Derivative

d q q :r ot
El-’-(l.}. S+ 2 ot ;E}:p;—z—z‘ =
Q* 1+q*(1+g°%

1 ! 1 %5/2
_2—4«;’?9{”2“23”2“” [;] (t(t+12) +77)
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Indefinite integral

4

f[1+ 4 ., q Tote o [(240-4124 (o —]dt—
(1+q)° (1+q7? [1+q‘j

' Ve o (F[erf[ — ]+v’_erf[ i ] “ﬁu'll—_1+1]+

2v6 Vi 2V 6Vt
+t + constant
(q + 1) [q +1) I:q+ 1)%
erf(x) is the error function
Limit
q q* 1
lim [1+ + 2.+ {24t]t24r e
g-+-oo (1+q@? (1+q7*(1+q% t

) —ef 1 foo 1
Vi e B0 T2 1 2 1.77245 - 2.71g2g0 I BH-00416667E [ 2
t t

4 .- | N
lim [1+ g - q 5 +f=-2,.-{24n-:,.z4ﬁ 1
el (1+@? (1497 (1+¢ ‘

I 1 1 2
Vi el N80 T2y L 177045 | = 2.71828/0 0416667 (9869t 4
t t

q g Vr
lim[1+ S+ 5 22+ n2 [(241)-1/24
t—eixn I:l'l"qj ':I‘HIJ [1+q ]'I

¢ , 14

(q+1*(g>+1)* (g+1)?

I
[ —

+1

We perform the following calculations:

(I+H(@/((1+q)"2) + (@) 4((1+q)*2((1+q"2)"2)) + sqrt(Pi/(1)) * exp((Pir2)/(24*(1))-
(6/(24))))dxdy
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Indefinite integral

ff[l+ q + qq + HE}:[H2 t]fxi
- - = [ [ =
1+ (L+q?(1+¢*)° ¢ “Pl2ac 24 J

4

; , 1

€1 X +Cp + qxy - qxy +v’;f’72-"{24”'*"241|'—x_}r+x_}'
@+ 1% (g2 +1)* (g+1)? t

Definite integral over a disk of radius R

4

jj q 3 Vrr o~ /280-t124 \l : +1ldydx =
(q + 1)* (g* + l_]z (q+ 1) ‘

.xz+j."2 «:Rz

4
; , 1
T R2 q — q T EJ.—ZI.-{MH—:,-M 41
(@+1D*(g*+1)" (q+1)? t

Definite integral over a square of edge length 2 L

I oL 4 , . 1
_[f[“ P W— S ON —]cfxdy=
e (1+q)° (1+q°(1+q°) t
4

, , 1
4l q ~ q N Hfrzl.-{zri:]—r,-zﬂ \/j ‘1
g+ 1*{g2+1)* (g+1)? t

Dividing the two results

4

jj q 3 Vrr o~ /280-t124 \l : +1ldydx =
@+ (@ +1)* g+ 1? t

.xz+j."2 «:Rz

4
; , 1
T R2 q — q T EJ.—ZI.-{MH—:,-M 41
(q+ 1% (g +1)* (g+1)? t

and



48

4

L el o 1

jjl“ I — N _]{‘,MJ{:
Lot (g (14 (1+q°) t

4

41° d L ym s [
@+ 1*(¢*+1) (g+1)? t
by
¢ q o224 -r24 |1
7 7+ + A g - +1
@+ 1> (¢*+ 1) (g+1)7? t
we obtain:

((mt (g@Md/((q + DA2 (g"2 + 1)N2) + g/(q + 1)A2 + sgrt(m) eNTTA2/(24 1) - t/24) sqrt(1/t)
+ 1))/ ((@M/((q + 12 (g"2 + DA2) + g/(q + 1)A2 + sqrt(m) eNA2/(24 t) - t/24)
sqre(1/t) + 1))

Input
4 T
T 2';' 2 - + q 2 + G-f‘” I.'l'zq':.l :,2‘4 _]. +l
g+l (417 g+ t

4

q q ~f24n-y24 |1
+ + YT oe ! +1
g+1? (2417 (ge1)? \

Exact result
F)

Decimal approximation
3.1415926535897932364626433832795028841971693993751058209740445923

3.141592653.... =t
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Property
m is a transcendental number

Alternative representations

4
T zt? 5 +~,|'_ Tz (24 r1-1/24
(g+1)= (q +1]2 {q+11

4
q 1|'I 72 f241)-1/24
+
q+1r° {q‘?+1]2 {q+1]2 \4'

4
T zt? 5 +~,|'_ Tz (24 ry-t/24
(g+1)= (q +1]2 {q+11

4
q 1|'I 72 (24 r1-r/24
+
{q+1]2 {q‘?+1]2 {q+1]2 'h.l

4
T zt? 5 +~,|'_ Tz (24 ry-t/24
(g+1)= (q +1]2 {q+11

4
q 1|'I 72 f241)-1/24
+
q+1r° {q‘?+1]2 {q+1]2 \4'

4
T zt? 5 +\,|'_ Tz (124 r1-r/24
(g+1)= (q +1]2 {q+11

4
q 72 f(241)-1/24 |'
8T
{q+1]2 {I:]2+1]2 {q+1]2

for =127 - I.n| ——t|=0

logix) is the natural logarithm
Im(z) is the imaginary part of
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Series representations

4
T 2(? > + ,‘,-' {2.4:] 124 1 +1
q+11° {g +1f[2 {q+1:| t C (- ljk
— Tl
4 +
q v {2.4:] /24 1 k=0
+ = +1
{q+1:|2 {-:]'2+1]2 {t]'+1f|2 [

4
H[ q +,,-' {2.4:]:24 1 +l]

1f-.;l+1]2 1_q2+1]2 {q+1] t

4
q {2.4:] 124 |I 1
{q+1:|2 {-:]'2+1]2 {t]'+1f|2 * ‘ul.'_ [ +1

Z_ 142k

k=0

4
. 2'4'2 +\,-'_ {2.4:]:2.4 1+l
WHJW+ﬁ {Wh t

4
9 {2.4:] 124 1
+¥m [2 +1
1’l.’,'+lf|2 1_q2+1]2 1’l.]'+lfl2 r

T Y 1 2 1
NG I reriaweriavord
= 4 1+2k 1+4k 3+4k

1/6((((rt (qM/((q + 1)A2 (g2 + 1)A2) + g/(q + 1)A2 + sqri(m) en(tA2/(24 1) - t/24)
sqri(1/t) + 1)) / ((qA4/((q + 1)A2 (@2 + 1)A2) + g/(q + 1)A2 + sqri(rr) eATh2/(24 t) -
t/24) sqre(1/t) + 1)))A2
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Input

4
P 2¢? > + \,l'_ {2.4:] /24 |I
1 ig+1° (g +1]2 {q+1]

6 4
q {2.4:] /24
+ 8T
'[-:]'+11|"2 1_q2+1]2 '[t]'+lfl"2

Exact result

II'Z

6

Decimal approximation
1.644934066846226436472415166064602518921894900120679843773555822093

1.644934066....

Property
}1'2

E is a transcendental number

Alternative representations

4 |I
q 1|'I {2.4:] /24
T +
[{q+1]2 {t]'2+1]2 {q'+13 ] R.Z
6

4
9 ,,l' {2.4:] 24 |I
+
{q+1]2{q2+1]2 g+ 1]2

4 |I
q 1|'I {2.4:] /24
T +
[{q+1]2 {t]'2+1]2 {q'+13 ] R.Z
6

4
9 ,,l' {2.4:] 24 |I
+
{q+1]2{q2+1]2 g+ 1]2

| =

| =
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|

1
b6

r.'||4

T
(g+1)? {q2+1]2

"-]4

;rz 1240t/
{q+1] +Vre \/7 ] o
"6

(g+1)° {q‘?+1]2

=+ ,,n' :rz {2.4t] /24
{q+1]

m
(g+1)? {q‘?+1]2

q4

zrz (24 6)-£/24
{q+1] +Vme \/7 ] P
"6

l[q+1]2 {q2+1]2

12 17 - I.n| '

+Vr e 2 124 10)-1/24 |'
2
q+1]

logix) is the natural logarithm
Im(z) is the imaginary part of

Series representations

| =

| =

(=

"
T 32
g+ (g +1]‘2

{q+1]

q4

{q+1]2 {q2+1]2

(g+11

2+,,|' 12{2.4:1:24

g
’ﬁfﬁ

"
T 2,2
g+ (g +1]‘2

{q+1]

+v|'_ rz{zﬂ,n:zq

‘—j

q4

{q+1]2 {q2+1]2

o E_l]k
B Z 2
2+N"'_ 12{2.4t1¢2.4\/7 k=1 K

"
T 32
g+ (g +1]‘2

{q+1]

+v|'_ rz{zﬂ,n:zq

q4

"-—r"
L.J|-L‘-

2(1+2k)7°

{q+1]2 {q2+1]2

{q+1]2

+ N"'_ Py {2.4t] t/24

"ﬁ
||M3
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Integral representations

2
4 2 _p
T zt? > + q > + 1"';: & J24E)-£/24 1 £1
ig+11° g +1]"2 ig+1) £

1
6 G'J' "u'"_ {2.4:] +/24
+
'[-:]'+11|"2 {-:]'2+1fr2 '[-:]'+lfl"2
4
P zt? 5 + r {2.4:] £/24 |I
1 ig+11° (g +1]2 {q‘+1fl
6 G'4 N"'_ {2.4:] 24
+
{q+1]2{q2+1]2 g+ 1]2
4
P zt? 5 + r {2.4:] £/24
ig+11° (g +1]2 {q‘+1fl

| =

We obtain also:

4
9 ,,-' {2.4:] 24 ||
+
{q+1]2{q2+1]2 g+ 1]2

s

(((((4(@4/((q + D2 ("2 + 1)A2) + q/(q + 1)"2 + sqri(m) eN(mA2/(24 1) - t/24)
sqrt(1/t) + 1)) / ((gM4/((q + DA2 (g2 + 1)A2) + g/(q + 1)N2 + sqrt(m) eN(nA2/(24 1) -

t/24) sqrt(1/t) + 1)))))\6

Input

i
4 =y
9 9 24 -r/24 1
4 221 + T +HVmT e +1
(g+1)° {7 +1] {g+1) t

4 2y
q q 22 fi240-424 |1
+ +y e ! +1
{q+1]2 {t]'2+1:r2 {t]'+1f|2 £

Result
4006

4096 = 64°
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27%V((((((4(gM4/((q+1)A2 (gA2+1)A2) + g/(q+1)A2 + sqrt(m) eNTA2/(24 t) - t/24)
sqre(1/t) + 1))) / ((gM4/((q + DN2 (g2 + 1)A2) + g/(q + 1)N2+sqgrt(m) eNA2/(24
t)-t/24) sqrt(1/t)+1)))))"\6)+1

Input

]
4
q {2.4:1—:2.4 1
4 e '|2 7tV +1
(g+1)= (g~ +1) {q+11 t

27 +1

4
9 ,,-' {2.4:1 24 [ 1
+ +1
\ (g+1? (g 417 {q+112 \ ¢

Result
1729

1729

This result is very near to the mass of candidate glueball fo(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. (1728 = 8° * 3% The number 1728 is one less than the Hardy—Ramanujan
number 1729 (taxicab number)

Alternative representations

]
4
2 > 2+‘,n'_ {2.411—:2.4 1+l
q+1)° (g +1|2 (q+1) L .
+1=1+27V 4

27
4
9 {2.4:1 /24 1
N @ @ap {q+112 Vmer A !
. 6
4 q + ,‘I,-'_ {2.4:1 24 1 +1
(g+1)? (g% 417 {q+112 t .
27 +1=27vy 4 +1

4
9 Vo {2.4:1 24 [ 1
+ +1
V| @?@ap ™ q+112 \


https://en.wikipedia.org/wiki/1729_(number)
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/J-invariant
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4

&
4 g T e 2024 (1
(g+1)2 {q‘?+1]2 {q+1] t "
+1=27y 4 +1

4
9 72 (2 r)-r/24 1
+¥ [+ 41
\ {q+132 {¢]2+1]2 {q+132 t

27

4

&
4 242 V7 e 240124 |1 1
g+1)* g +1]2 {q+1] I -
+1=27vy4 +1

4
9 1‘2 124 r-1/24 1
+vVr [2 +1
\ -rq+1:|2 {qz+1]2 -rq+1:|2 t

for =127 - I.n|" tl=0

27

logix) is the natural logarithm

Series representations

&
T e = fi2a0-t24 |1 1
1’q+13 {q +1]2 {q+1:| t

4
q T2 (24 t)-t/24 1
\ g+ (g2 41 -fq+1:|2 wVre \4' t +1
o 1
1+ 274095 24095"‘ [ z]
k
k=0

(]
+ n" 1‘2 (24 6)-1/24 1 +1
{q+1] {q +1]2 {q+1] t

27 +1=

4
9 T2 Jr240)-1/24 1
+V [2 +1
\ -[q+1:|2 {q2+1]2 -[q+1:|2 t

- [_qug]k[_;j)k

1+ 274005 Z
k=0
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]
4 B
2-:.! — 4 q =+ ﬁ e Ji246)-t/24 1 +1
(9+1)° g +1_|2 (g+1) s

27 +1=
4

q q o 24124 | 1
+ +Y e : [+ +1
\ 4-.1I+1'J"2 {-.1!2+1]2 4-.1I+1'J"2 t

27 5% Resﬁz_%ﬂ.ﬂr[}%‘s (-2 -s)T(s)
1+
2vVa
R

|. o | is the binomial coefficient
n'is the factorial function
(@), is the Pochhammer symbol (rising factorial)
["(x) is the gamma function
Res [ is a complex residue

I=gq

From:

Harmonic Maass forms and mock modular forms : theory and applications —
Kathrin Bringmann, Amanda Folsom, Ken Ono, Larry Rolen. - © 2017 by the
American Mathematical Society. All rights reserved.

We have:

g = ™7 with 7 € H.
for t=4+i:
eN(2Pi*i*(4+1))

Input
Fzrf (4]

i is the imaginary unit
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Exact result
-2r
iP

Decimal approximation

0.00186744273170798681443021293468270303934228050024752171993815386

(using the principal branch of the logarithm for complex exponentiation)

0.0018674427....

Property

=2m .
e is a transcendental number

Alternative representations

f2rf{4+r‘] _ f3fﬂ“'”4+ﬂ
2Tt _ E-zr? {4+i) logi-1)

EE;TI'MH:] — Expzm'mm (2)

Series representations

s . 1 ko
fznr{4+1’] — f—ELl_ﬂ{—].] ll.'l{].-l-zk:l

o 1 -2x
w448y _ =

-2

fz.lT]:{'q"l'f]_ 1
w (=1}
=0 k!

logix) is the natural logarithm

n! is the factorial function
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Integral representations

JE—
_fz;.:14+n _ _F—BED y 1-t= dt

2w (4+i) -4 fnllﬂ' 1-t% dt
e =F !
P2ritd _ -4 1 142 )t
We have:

A.4. Order 6 mock theta functions

From:
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n_n+l

i (=) " (1 +4") (a:4°),

o (— @t
(:9) (qz E )2_ (¢5:4°)°,
T () @R () @)
1 (@:9)%, (% 4%)°
2 (¢%:1¢%)% (4% ¢%)
:21.(1_%'“’ (QT—i_% % o7 ) iqllz :;EZl ?(}?g’i)

_ atn(6) o4 ( oL L "r) 11 n(r)*n(3r)?
_97’?(197)26( 6)-(D-(71) . Ty +2’6 2 n(27)2n(67)

3 A .5 11
+q—5q2+2q3—2q4—|—3q — 3

15
¢+ 11" +---,

6 , = 7
Ta' —
q +iq 9

Lo =

for: q=e™?", from the last result

12 + q—3/2 gA2 + 2q3 — 2gM4 + 3g75 — 11/2 g6 + 7qA7 — 15/2 gA8 + 1179

Input

1 11
—+q——q +2q —zq +3q ——q +?q ——q +11q

Result

8 & 2
15 11 3 1
g +?qT— g +3q5—2q4+2q3—%+q+£

11q° -
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Plots (figures that can be related to the open strings)

- (g from =0.8 to 1)

300000 | |
200000 | /

100000 | )
| A (g from =4.1 to 4.1)

e [
/100000 |

200000 |
[ -300000 |

Alternate forms
1
3 [Ezqg— 15¢° +14q" -11¢°+6¢° -4q  +4q -3¢  +2q + 1)

1
EEq(q(q(q(q(q(q(q(ZZq—15J+14]—11]+5J—4J+4J—3J+21+1]

Real root
q = -0.293474

Complex roots

q = —0.55490 - 0.50425

q = —=0.55490 + 0.50425
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q ~ —0.09938 - 0.84472
q = ~0.09938 + 0.84472

q ~ 0.38775 - 0.66529 i

Polynomial discriminant
A = 24236294 784979394

Derivative

d (1 3¢ . 4 s 11¢° - 15q° s
—|-+q-—+2q"-2q"+3q" - 7q - 11q° |=
dq[zw L 20 -2q +3¢ - +7¢ - — - +11g

99¢® - 60q" +49¢° -33¢" +15¢" - 8¢  +6q° - 3q+1

Indefinite integral

1 3g° 11¢g° . 15¢g°
j[—+q—i+2q3—2q4+3q5— +7q - q +11q9]dq=
2 2 2
1¢° s¢ 7¢° 14 ¢ 20 ¢ & & ¢
- + - + - + - + +
10 6 8 4 2 5 2 2 2 2
From the result
154° . 11¢° 3¢ 1
11q° - d +7q - d +3q5—2q4+2q3-%+q+5
for q=e™"

11 (eA(-2Pi)A9 - (15 (eA(-2P))A8)/2 + 7 (eM(-2Pi))AT - (11 (eA(-2Pi)A6)/2 + 3 (eN(-
2PI)AS - 2 (eA(-2Pi))A4 + 2 (eA(-2Pi))A3 - (3 (eN(-2Pi))A2)/2 + (eA(-2Pi)) + 1/2
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Input
1 _
_z.ll 9 _z.ll 8 z.ll ? _z.ll 6
1{e ") == (15(e "))+ 7{e ") —5[11[ )7) +
_ _ _ 1 _ 1
3 ‘2”]5 - z[s‘z" ‘14 + 2[9‘2"13 - -3 [s‘z" jzj +e Ty 2
) I3 | 5
Exact result
~lérx
1 _ 15e¢ _
—_— + llf_]-a-'l _ 2 + ? —l'q'.ll _
11E—12.IT _ _ _ 3 —-"-1-.-T _
+3a.='_m —2:?_3”+2f_6 - ‘ +f‘_z
2 2

Decimal approximation
0.5018622247187427343842112954034246017823330077432687527282233068

0.50186222471....

Property
~léx =12x
1 _ 15e¢ _ 1le _
S + 7o 4T S 3¢ 107 _
e 47
-8 b =2 .
2 + 2 - 5 + £ is a transcendental number

Alternate forms
1 _ _ _
S (1 220 87 150710 1 140717 -

11 E_IE’T + E-f_m’T -4 f_E’T + 4 a.ﬂ_ﬁ’T -3 f_ﬂ”T + ?.f_z’Tj
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=187
‘e
(11 + ¢'°7 (—2 - sinh(2x) + 4 sinh(4 ) - 6 sinh(6 x) + 8 sinh(8 x) + 5 cosh(2x) -
7 cosh(4 ) + 8 cosh(6 ) — 7 cosh(8 )
1 18
2 i@
(22-156" + 146" - 116"  + 66" 42"+ 427 -3 427 4 £'%7)
coshix) is the hyperbolic cosine function
sinhix) is the hyperbolic sine function
Alternative representations
15 11
11 [f-thg _ E [E—ZI)E +7 [f-z,-r}? _ = [E—ZI)-G +
3 1
9 [f—Ex}E 9 [f—z.rr]4 +2 [f—ZI}S _ =z [f-zx]z + f—ZI + 5 _
P 15 P L
11exp 2 Dz - S e 2005 )8 | ey 200D 7
11 -1 -1 -1
EHp-zcm D20 4 3exp 20 (D)% | pexp 205 (gt
-1 3 -1 -1 1
EEXP_EM D53 _ _Exp-zcus {_1][212+Exp_2m Vg4 = for;
2 2
15 11
11 [f—er)g‘ _ E [f—ZI}B +7 [f—ZI)? _ E [f—ZI}G +
3 1
3 [f—zx}lﬁ 2[ —2.?r}4 +2[ —EI}S _ _[ _EIJZ +£—2:r + - =
15 11 2
11exp >"(z)’ - — exp ~"(z)" + 7exp ~"(z) - > exp 2" (2)° + 3exp T(z)” -
3 1
Eaxp'?‘“(zf + zexp"j‘”(zjs - = exp'z”[zjz + exp'z”[z} + 5 I
15 11
=2m\9 =278 =27 =276
W (™) = e+ 7{e™7) = (77 +
2 3 1
3[ —2:1'}5 _E[E—ZI}4 +2[ —2.:1'}3 _ E [ —ZI}E +£—2.:r + 5 _
1 3600 3, _3s0°2 -360°,3 -360°4 ~360°15
Sre T = e a2 P 2(e T e3(e ) -
11 | _aepe _agne 15 . _aepe _
E[SS&]}G ?[ SM}F_Z[ESM}B+11[£3M}9

-1 . . . .
Co5 (X} is the inverse cosine function
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Series representations

15 11
S a7y - ()

3
(e -2 2 - D (e
L1172 m 0 a2 _ % - 64 T -1k (120
11

'y 'y
; o BIL-VT(e2k) | 5 401 a2k _

11 [f-z,-r)g _

1
2 k
-56 5 o (-1 [1142k)
+7e <=1/ -

k ¥
5 o 32T -T2k

kg 3 kf I
zf_zﬂ,zf:ﬂ{—h Jilezk 2 f-lsﬁ;ﬂ{—h J1142k) +£-Ez§°=ﬂ{—1n J1142k)

_ 7 —_ +
2 3 |
7 [E—EI}E _2[ —2.:r}4 +2[£—2x}3 _ E [E—ZI}E +£—2.:r + 5 _
o -18=x oo T o g1 o i34 oo B
1 1 1 1 1 1
o 1 10x o 1 12x o 1 14x o 1 l6x o 1 187
=0 =0 =0 =0 =0
2m9 19 ang am7 11 o
T e e O
3 1
5 [E—ZI}E _z[f—ZI}ﬂf +2[f—2.fr}3 _ = [f—ZI}Z +f—.2..?l' 4+ - =
2 2
T 4
22 =15 14 !
_ _ + -
o (1F o (-1*
=0 k! =0 k!
61 B 10x
1 1 1
11 —1": +6 —lk _4[—15: +
(=) LI o Vil o (2
Z’(:O k! Z&:ﬂ ko E’(:ﬂ !
12x 14x
4 1 3 1
= +
o s
=0 Kk / =0 k! /
léx 18x =18x
1 1 1
2 T +

n!is the factorial function
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Integral representations

2m9 13

11 - —
(€2 -

3 [E—ZI}E 2 [.‘E‘_ZI}4 +2 [f—En’}S _

1 o
8_36 _H“’ sinfe)/t dr [

11
[E—ZI}E + ?[f-zx}? _ .
3
= [E—ZI}E +£—2..?l'+

(e727)° +

[

8 EJW sinfe)jt dr

29 _15 .'34 _Emsln{r],-'m'r 14 ¢

2

fu.*ﬁmsln{r];rdr + 5.-916 _H’“’sin{r]..'nrr _ fz-:- _H’"‘sln{r],-'rdr N

11
4 82.4_5“‘ sngeyrdr 9 .-92'3 o siniei/ede

4

+92 fSE'. _E“‘sin{r],-'m’r + _.93'6 H"“sin{r],ﬁm’r]

15 11
11 [f—zrr)‘i" _ 3 [f—ZI}B +?[f—2.rr)? _ 3 [f—ZI}-& +
3 1
3 [E—EI}E _ 2[£—2I}4 £2 [E—EI}S _ E [E—ZI}E +£—E'.:r + E —

L 36 pe1/(1ed)ar
2

15 ot Ry 8 F (1)

(22- +14e
112k 1f{ 142 ) de L6t b 1/{142)de 20k 1f{ 142 e N

a2 K 1/(14e2)dr

4

3 o2 & /(1442 dt L0232 b /(1442 dt P _5W1,-’{1+r2];r:]

11

15
11 [2-23)9 _ E [E—ZI}E +7 [f-z,-r)? _ E [E—ZI}G +£3 [2—23)5 _
2(e P a2(e ) - z (e +e? 4 . ;j 36 sin? (0% de
[22 _ 156 [osin? (/e de L 14 EE.EWslnz{r]l,-’rz dt _ 17 12 o sin? () fe? de N

6 flﬁ _Elmslnz{nl,-"rz dr _ 4 EZII} [ slnz{r],-".rz dr v £2.4 _E““slnz{r],-"rz dr _

4

3 fE.B _Emslnz{r]l,-’rz dr 2 .'?32 'S slnzn[r],-’r:z dr . fS-G _[l'J"‘“slnzn[r],-’r:z dr]

From the result

15¢° 11¢° 3 q* 1
g +?q?— g +3q5—2q4+2q3—2i+q+£

11q° -

we obtain also:



66

(11g"9-(15gM8)/2+7g"7-(11g"6)/)2+3g\5-2qgM4+2g"3-(3qg2)2+q+
1/2)dxdy

Indefinite integral

15 11
CiX+c411q xy - —q xy+7q xy- —q Xy+

3 Xy
3g°xy-2q"xy+2q° xy—iq Xy+qxy+—-

6 2
11 3 1
1 +3q5—2q4+2q3—%+q+5 dxdy =

8
15 .
11¢° - —q +7q -

Definite integral over a disk of radius R

 ( 15¢° _ ; 114° 3q° 1
jj lllqg— ; +7q - ; +3q°-2q"+2g —%+q+—]dydx_

8 & 2
15¢q 7 11q 3q 1
E 7 3 4 3 2
T + +3q° -2q +2q0 - — +q+ - |R
I 2 2 1 1 1 2 1 2]

Definite integral over a square of edge length 2 L

114° ; 15¢° o

jj —+q_—+2q ~2q*+3¢° - S +7¢ - =+ 11g’ |dxdy =
15g° . 114° 3q° 1
11q _Tq+?q'— Eq +3q5—2q4+2q3——3+q+£]

41°
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Dividing the results of the

N o lEqs 7 llqﬁ 5 4 3 qu 1
117 = ——+7q = —+3q =2 2q - — —|ldydx =
j‘[ [ q 5 + /4 5 + .54 q +24q 5 +:q‘+2 ayaXx

.12+].r'2 qu

n[nqg-E§ﬁ+?qT-igﬁ+3q5-mf+zq3-ggﬁ+q+%}¥
and
j J-[ q————+2q —zq-+3q-“fﬁ+?q?-12f+wiqﬂdxdy=
by

I 15¢° ; 11¢° ; ) ) zqz 1
-—+ -—+ - + - +qQ+ =
q 5 q 5 q q q 5 q 5

we obtain:
(m(11g"\9-(15g"8)/2+7a"7-(11g"6)/2+3qg\5-2q4+2ag"3-(3g'2)/2+q+
1/2))/ (11 gN\9-(159"8)/2+7 a7 - (11 gN6)/2+3g\5-2q4 +2ag"3-(3g'2)/2 +
q+ 1/2)

Input

r(11¢° - J(15¢°)+7¢" - 7 (11¢°) +3¢° -2¢* +2¢° - 7 (3¢°) + g+ )

11q9_é(15q3j+?q?—é[llq‘5)+3q 2q*+2¢° - i[ qz)+q+;j

Result

m
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Decimal approximation

3.1415926535897932364626433832795028841971693993751058209749445923

3.141592653.... =

Property
m is a transcendental number

Alternative representations

(llq —‘7—+?q? lz‘?i+3q ~2q*+2¢° -

—q—+q+;]

] &
11¢° - 2L +7¢7 - =& +3¢° -2¢% + 2¢° -

& 1]
;r(llqg— %‘7—+?q?— 1—12‘?—+3q5—2q4+2q

3_3_q_+q+1]

= 180°

2

] &
11¢° - 2L +7¢7 - =& +3¢° -2¢% + 2¢° -

& [
n(llqg—%—+?q?— 1—1;—+3q ~2q*+2¢° -

j_‘l"q‘l"_

—q—+q+1] |

&

6
11¢° - =L +7¢

7 _1lg 5 3
. +3¢

~2q*+2q -

Series representations

] 1]
;r(llqg— %‘?—+?q?— 1—1;—+3q5—2q4+2q

3_2?3“”1]

=cos (-1}

2
397
5 +q+

logix) is the natural logarithm
i is the imaginary unit

05 (X} is the inverse cosine function

B 6
11.&;5’-—‘3'—15z +:*cf-J—11z +3¢°

~2q*+2q¢% -

fel
2
: 4y
3_3_4_{}4_& 01+2k
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& b
n(llqg—%‘?—+?q?—%—+3q ~2q*+2q% - —‘z?—+q+]

g & 2
11¢° - %‘3—+?q?-£j—+3q5-2q4+2q3 —3—+q+

Z_ 142k

k=0

n(llqg—ﬁ—+?q? J—+3q -2q*+2q% - —q—+q+]

g
11q9—1—52‘3—+?q?—£;—+3q —2qt+ 24 - —‘3—+q+

T 1 2 1
) i reriawortavord
Pl 1+2k 1+4k 3+4k

1/6((m (11 g9 - (15 gA8)/2 + 7 gA7 - (11 gA6)/2 + 3 gA5 - 2 gMd + 2 gA3 - (3 gA2)/2 +
q+1/2))/ (11 @19 - (15 q8)/2 + 7 g7 - (11 gA6)/2 + 3 g5 - 2 g + 2 g3 - (3
q2)/2 + q + 1/2))A2

Input

1(7(11¢° - 2(15¢°%) +7¢7 - > (11¢%) +3¢° -2¢* +2¢* - 1 (3¢%) +q+ )}

61 11¢°-2(15¢%)+7q" - - (11¢°)+3¢° - 2q* +2¢° - é[ q_‘j+q+é

1 1
2 2

Result

}TZ

6

Decimal approximation
1.6449340668482264364724151666460251892189499012067984377355582293

1.644934066....



70

Property

H_Z

E is a transcendental number

Alternative representations

(11q J—+?q J£E+3q -2q*+2¢° - j—+q+1]z

1 2
6 11¢° - —‘1—+?q? —‘1—+3q —2q*+2q¢°- —‘1—+q+—
11 J_ 7 J_ 3 -2 2 SJE 1 2
1 ( "-I g T "-I g T ’LI q + "-I o +"-I+z]
i 2
6 llqg—l—ﬁzq—+?qT—£q—+3q Zq +2q 3—§—+q+

—(—ilog(-
) Hogl= 1)

1

£ G 2 2
H(llqﬂ_E?_+?qT_%}_+3q5_2q4+2q3_ﬂ_+q+l]

o 114°- —‘1—+?q? —‘1—+3q

1 2
~cos (-1
p (=1}

Series representations

(llq —q—+?q u—+3q

~2q*+2¢° -

Zq +2q

j_+q+_

1

— (180"
E-E 7

logix) is the natural logarithm
i is the imaginary unit

05 (X} is the inverse cosine function

2 2
E_+q+l]

1
6

2
2
llqg—%‘l—+?qT—M—+3q Zq +2q 3—§—+q+
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2

15¢° 11q° 39° 1

. (llq S +7q - 5 +3q¢°-2q*+2¢° - o Ha+ ]
6 o 15¢° 7 114" 3g° 1
11" - == +7q" - = +3q zq +2q b R

o I:—].Jk
_ZZ kz

8 6 2
n(llqg—%‘?—+?q;'—%?—+3q ~2q*+2¢3 - —‘L+q+1]

Integral representations

1

2{]‘ -I-?.q‘

3

j_+q+_

(11q —2‘?—+?q —z‘i+3q ~2q*+2¢3 - —‘7—+q+1]‘z

o 114°- —‘1—+?q:" —‘1—+3q

([ o]

6
) (11q —2‘?—+?q —2‘?—+3q ~2q*+2¢3 - —‘L+q+1]

~2q*+2gq

3

3g° 1
- +q+ =
, At

2

o 114°- —‘1—+?q:" —‘1—+3q 2q4+2q3—3—§—+q+é
7 e 1 2
—U .:.H‘]

3Wo 1442

15g% 11g° 3g* 1

) (11-:; S +7q - 5 +3¢° -2q*+2¢° - P Ry

6 9 15¢° 7 11g° 3g° 1

11q" - == +7q - = +3q° -2q*+2q° - R R

2 "1 1
—f —
3 ﬂ'llll—fz
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We obtain also:

(((4 (11 79 - (15 @78)/2 + 7 g7 - (11 g76)/2 + 3 gA5 - 2 gM + 2 g3 - (3 q/2)/2 + g
+1/2)) / (11 g9 - (15 gA8)/2 + 7 M7 - (11 g76)/2 + 3 g5 - 2 g4 + 2 g3 - (3 q2)/2
+q+ 1/2)16

Input

4(11¢° - 2 (15¢°) + 7q" -
(15¢%) +7q" - Z(11q%) +3¢° - 2q* + 2¢° -

(11q°%) +3¢° - 2¢*+2¢° - El[ng-]+q+il.] 6

g_1 1 liq 2 1
11q" - ) ,1397)+q+

Exact result
4096

4096 = 64°

27(((4 (11 g9 - (15 q8)/2 + 7 A7 - (11 g/6)/2 + 3 gA5 - 2 g/ + 2 gA3 - (3 g/2)/2 +
q+1/2))/ (11 gA9 - (15 g"8)/2 + 7 ¢/7 - (11 g6)/2 + 3 g5 -2 M4 + 2 A3 - (3
q/2)/2 + q + 1/2)))A3+1

Input

1 o1,
2?((4(11q9—5[15q3)+?q' - £L11q5)+3q5—2q4+2q3—
1.2 1 e 1. s 7
2[3qj+q+znf(nq —(15¢%)+ 74

1. . & 5 4 3 1.9 Iy
2|lllq_]+3q—2q +2q—2L3q)+q+2]]+l

Exact result
1729

1729
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This result is very near to the mass of candidate glueball f,(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. (1728 = 8 * 3°) The number 1728 is one less than the Hardy—Ramanujan

number 1729 (taxicab number)
From

(Ramanujan’s Last Letter to Hardy — Srinivasa Ramanujan - 1920):

Mock d-functions (of 5th order)

1 qzl q12

¢ 0-o0-¢) (1-90-0—0)

Fi(q) =

1/(1-(eA(-2P1)))+((e/(-2Pi)) )/((((1-(eA(-2P1))))(1-(e/(-2P1))"3)))+((eA(-2Pi)) 1 2)/
((((1-(en(-2P1))))(1-(eA(-2P1))"3)(1-(e/(-2Pi))"5)))

Input

aid f=2ryl2
| (e77)

1o (1) (1 () (1) (1 (e ) (1 27



https://en.wikipedia.org/wiki/1729_(number)
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/J-invariant

74

Decimal approximation
1.0018709366108449543910792249858779544360878172458310798751983079

1.00187093661....

Property

1 E—B:r f—E‘A:r

+ +
l_f—z.ﬂ' [l_f—ﬁﬂjil_f—zrj [1_f—lﬂrjil_f—ﬁﬂjil_f—zrj
is a transcendental number

Alternate forms

L (14 cothimy [1 ! L o757 esch(a
— {1+ coth(m) |1+ + —¢ ""eschi3m
2 EE:r_Elﬂf:r_flEn'_l‘_EEA:r 2
-2
£ 1
1+ 6n_y ¥ En__l4n__1Br _24n
l—f'_z’T

-1 _f—2.4:r _f—lﬁ:r +f—10:r -I-.f'_ﬁ’T +f—E:r (f—lﬂ:r _ lj

[E—lﬂ.ﬂ' _ 1} [E—G:r _ 1) [.E'_E"T _ 1)

cothix) is the hyperbolic cotangent function
cschix) is the hyperbolic cosecant function

Alternative representations

. ) [f—ZIrj4 X [f'z”_‘]u _
1o (1) (1 () (1-e ) (1= (7)) (1- (e 7F)
1 Exp'zm_l{'hiziq
1-exp 2 (D(g) ’ (1 —Exp'zm_l{_h':‘"“] (1 —ExP'zm_l{_h':ZJs] )
Exp_zm-l{_hmlz

1- Exp—z'.ms'l{—llizj] (1 _ Exp_zms“{-ln(zjs] [1 _ Exp—zms'l{—h(zjﬁ]
|
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1 X (E-z,-r)ﬂf X [E-z;r)u -
e e - () | (1) (- (2 - (e
1 Exp—z.ﬂ'(z]ﬂf
+ +
1-exp27(z) (1-exp?7(2))(1-exp?7(2))
exp2%(2)2

(1-exp27(z))(1-exp=7i2)*) (1 - exp>7(2)°)

1 X (f-z,-r)ﬂf X (f-z;r)u -
12 (L-e ) (1= (e 2) (1= 27) (1 (e 27)) (1~ (e 27)')
1 . [E—SGO }4 X
1 — p-360° [l_f_sm?[l_[f_smc*}s}
[E—Séﬂ }12

(1= e 0) (1= (e70P) (1= (7))

Cos (X} is the inverse cosine function

Series representations

1 X [f-z;r}ﬂf X [f-z;r}u _
1=e 2 (1-e ) (1= (e 2))  (1-e27) (1= (e 27F) (1~ (>

.;."
-32 1% i1e2k
. Hitg(-1" (1+2K)
ko + k k +
o o o0
1 _E—BE (-1 142k [1 _E-z4§ oD ;{1+sz] [1 _f-a} gD ;{1+sz]

I[. i
96 1512k
. Thgf-1% [(142k)

‘o0 kf o0 k oo kf
[1 _f—mzkﬂ{—lj ;{1+zka][1 _E—EAZ!(:‘J{—IJ ;{1+zka][1 _f—BZ!(:D{—h ;{1+zm]
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1 N [E—Er}ﬁl . [E_zx}u )
L= (L ) (1= () (1) (1= () (1= (e)))

[E}?’ L]-SEZfﬂ{-lnk;'mzm

=0 5y

[1 ~ (Z:J l]_zﬂ, Z‘&{-hﬂ'mm] [1 - [Z:, l]-aﬂﬂ{-hk;mzm] ’
-0 k! =0 k!

w1 )96 Lg(-1F /ezk o 1 )0 -1k 2k

>4 / ”1[_2;7] ]

[I_Lié]_mziﬂmn ;mzm][l_[lé é]-s_z:'ﬂ{-h ;mzkn]]
1 . sz-zx}4 . [f-zx}u -
Lo (e () (e () ()

+
[ ]_3 N 1F a2k
1
1 —

o =1
Zk:ﬂ k!
[ ]—%Zfﬂ{—ljkf{h_?.k] [ ]-mziﬂ{—hk;'mzm
1 1
1-—

5 (-1 o (-1F
=0 -0 k!
_mmﬂ{-lnk;'{lam
1
1_
Fe {—1]":
=0 k' )
_BZEC':ﬂ{_ly‘C;'{lszk;
1
1o —— +
o (=1F
=0 kt )
[ 3230 (-1F 142k
1
Zf=ﬂ k!
243" -uf [k 83 -1 2k
1- 1 1— 1
o (21 o (=LF
-0 K -0 K

n!is the factorial function
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Integral representations

L, (e727)* . (e-27)12 )
e e - () e ) (1 (P (- )
1 24 sin* /e de

+
1 - f—& _5”5“‘[4{:].,-":4 dr [1 _ f—lE _Bmsln"'{n,-"t‘* m] [1 _ f—-& _E,‘“sln4{t],-"t4 dt]

f—}’z _E’“’ sintin) ,-":4 dr

oo 4 4 oo o A 4 oo 4 4
(1 _E—Sﬂ.bmsm (o)t dt] [1 _E—la_bmsm {nt dt] (1 —.f'_&.lnmsm {n)/r dt]

1 X (f-z,-r)ﬂf X (f-zx)u
1-e 27 (1-e?7) (1= (e27) (127 (1= (e 2) (1~ (e >7)

! 2B
T A T
oLV
[1 _ e 12 ‘“] [1 B2 ‘“] [1 _etEVI2 ‘“]

1 X [f-zx}ﬂf X [f_zx}lz
1-e 27 (1-e27) (1= (e27) (127 (1= (e 27) (1~ (e >7)

. L1 BN 1 e
+ +
Lot s 1!,.*"1.' 12 @ [1 e s 1!;"1.' 1-42 m] [1 ot i 1f.f"w.' 1-:2 m]

,_:-_43 .EJ] 1!.."'.1..' 1-+2 dt
0 i 1_;'3.'? m] [1 e i 1_;"1,' 1-£2 m] [1 L i 1_;"1.' 1-£2 m]

1-—
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We have:

Order 5 mock theta functions

o an(ﬂ—i—l}

10

(-0°¢7) o
» g

q ) (QQD.QQO)I
(g% q"")

= ( 10)

_w p(107)°
n(57)Y(27;107)

]

= —iq_%,u, (37,47;157) — iq_%p, (87,471;157) — iq

_ 7
g~ 120

- =@t g (27
20@) (5 %)), 7
=14+q+¢ +¢*+2¢" +2¢° +2¢° +3¢" +3¢° +3¢" + - -,

(1+q+qA2 + g3 + 2g74 + 2gA5 + 2q/6 + 3gAT7 + 3q/8 + 3q19)

Input
J.+i.’]'+i.’]'2'+:|:]'3+2-1:]'4+2:|:]'5+?.:[]'E'+3:1:]'?+3-[]'3+3:|:]'%1

Plots (figures that can be related to the open strings)

- (g from -1.1 to 0.7)



79

3x10% |
2x10° | f
1x10° | J

/ (g from =6 to &)

= |
\

(%]

[ %]

10° |

[ —2x108|

Alternate form
q[qz+q+ lj[3q6+2q3+ 1)+1

Real root
g = —0.910054

Complex roots

q = =0.64441 - 0.55876 i
q = —0.64441 + 0.55876§
q=-0.37827 - 0.87918i
q=-0.37827 + 0.87918i

q = 0.30062 - 0.83198 i

Polynomial discriminant
A = 560009 680641

Derivative

i

:—[l+q+qz+q3+2q4+2q5+2q6+Sq?+3q8+3q9]=

dq '
27¢° +24q" +21q° +12¢q° +10¢" + 8¢  +3¢° +2q + 1
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Indefinite integral

j.[l+q+qz+q3+2q4+2q5+2q6+3q?+3q3+3q?]dq=

10 9 8 7 6 5 4 3 2

3 3 2 2

4 ,4.,°29,29 3,29 +q—+q—+q—+q constant
10 3 8 7 3 5 4 3 2

1+(e/(-2P1))+(eA(-2Pi))A2+(eA(-2Pi))A3+2(e/(-2Pi))Ad+2(eA(-2Pi))A5+2(e/(-
2Pi))A6+3(e/(-2Pi))A7+3(eA(-2Pi))A8+3(eA(-2Pi))A9

Input

=2
l+e

Exact result

-18x -lénm -14x
1+3e¢ +3e +3e

-12x =107
i i

+ 2 + 2

Decimal approximation
1.0018709366108449543910792229188560823522627454656105498762915486

1.00187093661....

Property

-12x ~10x
i@ &

-18x -léx =14x
1+3e¢ +3p + 3 + 2
is a transcendental number

+2

Alternate forms

6

f_mF[3+3sz+3f4f+2f +f3f[l+f2ﬂ[2+f4f+f3ﬂ]
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41 & T 12x 14x l6x 13.?1']

=18 2 B 10
s ’T[3+3£’T+3£ +2e 7 4+2e "+ 2¢ + e + £ + e + e

Alternative representations

1 +£—2rr + [E—ZI}E + [E_ZI:’S +2[£—2x}4 +
2 [f—EE}E L2 [E—EI]'G +3 [E—EI}? £93 [E_EI}B £3 [E—EE}Q _
2

—Zeos -1 ~Zeos -1 cos~1{-1)

1+ exp (Z) + exp (2)
~Zeos -1 ~Zeos~H-1)

(z)° +
—ZM‘]{—IJEZ}E N

(z)° for :

-2
+ exp

(2)° + 2 exp
13

2exp (z)* + 2exp

W Fo el T | cosLi-1) W Fo el T |

Jexp [z}fr +3 exp"z (z)” + 3exp
1 +£—2.I + (f—i‘.}r)i‘. + (E_EI:JS +2[£—2}r)4 +
2 [f—ZI)E 2 [E—ZI]'G +3 [E—ZI}? +3 [f—ZI}B +3 [f—er)g‘ —
1+ exp"?‘”(z} + exp'zxtz}z + exp'z”(zjs + Eexp'z”(zf + zexp'z“EEJE +
Eexp'?‘“(z}é +3 E}:P_zx(z}? +3 exp'z’r(zjg +3 exp'z’r(zjg for z =1

EDS_I (X) is the inverse cosine function
Series representations

lie 4 (e P (e P +2(e?) +2(e") +
2(e 2P 4 3(e 27 +3(e 2P +3(e 27 = o2 Lo fa42k)
[3 '3 fszfﬂ{—hkjmzm 3 flez&{—hkﬁuzkn N Efzquﬂ{—hkjmzm N
o PRIV ezl o T a2k | aBERg-1f 2k

K k k
£ Tilo(- 1 J1142k) 4 M0 Ji142k) 4 2T f{1+zka]

2

l+e "™+ [.-9'2” 24 .-9'2”]3 +2 .-9'2”}4 +
E[E_EI}E + E[E_EI ) £3 E_EI}? £3 [f—EI}B £2 [E—EI}Q _
o0 -18=x oo T o E¥ 4 o 154 oo B
1 1 1 1 1
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1 +£—Efr + [E—EI}E + [E—EI}S +2[£—2x}4 +
2 [E—EI}E ) [E—Zr}ﬁ £3 [E_EI}? +3 [E—EI}E +3 [E—EI}Q —

b4 4 0
l
3+ +
E oo (=13 1] E e (=1)™ 1] E ea (=13 13
=0 k! =0 k! =0 k!
B 10x 12x
1 1
2 — + 2 — 1 +
(=1 w (=1} Eﬁ" {1]
=0 k! =0 k! 0 k!
14x léx 18x -18x

1
.+ o .+
w  (=1F o (-1 P e (=1F
Zk:l] Kt Ek:l] k1 Zm 0 Kl Zk:l] k1

n!is the factorial function
Integral representations

1 +f—2.rr + [E—ZI}E + [E—ZI}S +2[£—2I}4 +
2 [E—ZI}E +2 [E—Zr}ﬁ +3 [f—zm}? +3 [f—zx}ﬂ +3 [E—ZI}Q _
f—Sﬁ_EWsin{r],-'rdr (3 +3 fd_gmsin{r],-'rdr 1 EB _Emsln{r],-'rdr + zflz_gmslnm,-'rdr +

Eflﬁ_*ﬁ“sm{r],’rdr + EEM _*'Jmsin{r],-'m’r + EEA _*'Jmsin{r],-'m’r +

EEB _H‘" sin{e)t dr + 832 _H‘" sin{e)t dr + 836 _H‘" sin(e)/t d:]

l1ee 2" 4 [f‘zx}z + [E_E’T}S +2 [E'E’T}q +
2 [E—ZI}E +2 [E—ZI}E& +3 [f-zx}? +3 [f—zx}ﬂ +3 [f-zx}g _
o3 11462 ) [3 L3t 11462 ) de 1+ 368 o1 (142 ) de N
2‘?12 Lmlfr{urz]dr +2£15 ,ﬁ';.mlf{hrz]dr +2£2ﬂ j{:,""lf{hrz]a'r .
24 .Elw1l|,f{1+r2]dr +£2,B _Emlf{hrz]dr +£32 _Emll,l'l{lhl'z]iﬂ‘ +£3‘5 j‘]ggllllf{l_l_rz]dr]

lee 2" 4 [E_E’T}Iz + [f_z’T}S +2 [3'2”}4 +
2(e7 )+ 2(e ) 43 (e ) + 3 (e 4 3(e ) =
.-9_36.50051“2“:';*2 dt [3 L3t Josin? (/e de R fosin® o fe? de N

5 £12. _E“‘sinz{:]l,u"rz dr 9 .-916 1'% sinz{r]frz dr 2 le] [ slnznrr],u"rz dr N

00 gind o o foa gind oo 00 gind (o 00 gin 2 oy
824_5“5111 {6}/ dr +£2.B_b°°'sm (012 dr +£32_b°°sm {6 /e dr +£36_H‘°sm () d:]
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Performing the following calculations,

(1+(eN(-2Pi))+(e/(-2Pi))A2+(e/(-2Pi))A3+2(eA(-2Pi))M+2(eA(-2Pi))A5+2(eA(-
2Pi))A6+3(e/(-2Pi))A7+3(eA(-2Pi))A8+3(eA(-2Pi))A9)dxdy

we obtain:
Indefinite integral

.[J[l s e T (e TP (e 4 2(e ) e 2(e77) 4
2(e") 4 3(e") 3 (e +3(e ) ) dxdy =

-2 -4; -6 “8; 210
ClX+Cr+e "Xy+e "XY+e " XY+2e Xy+2e XY+

-12; ~14; ~16; ~18;
2 Txy+3e TXY+3e XY+3e XY+XY

3D plot (figure that can be related to a D-brane/Instanton)
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Contour plot

1.0

0.5

-0.5

Definite integral over a disk of radius R

ff (1+3 PR o LI P Y
2 p?

-12 -10 -8 - -
2 T2 T 42  Tre e
-18 -16 -14 -1z
(1+3e " +3e Tr2e 77
2
TR

& 4

-2
Tre Tdydx =
-10x G -4 —EI}

_8 _
T+3e +2e +2¢ T e + £ + £

Definite integral over a square of edge length 2 L

L oL
ff[1+3e'13”+3e'15”+3e'14”+
“nd-L

-12 -10 -8 -6 -4 -2
2 T2 T 42 The The T4e T)dxdy =
-18 -16 -14 -12 -10
4(143e T+3e T43e T4+2e T+2e T4
-8 -6 =4 =2 2
2e +e T +e +e ’T}L

Dividing the two results of
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jf (1+ P PRl e

12+]a'2qR2
=12 =107 -8 -6 -4r -2
2¢ T42¢  T42¢ T4e T4e T4e T)dydx=
-18x -léx -14= =127 -10x -8 -6 -4x =2r
[l+3£‘ +3e +3e +2¢ +2¢ +2¢ + £ + £ + £ }
2
TR
and

-L -L _ B _
j j (14 e 187 40T gl
“ndeL

=12x ~10x -8 —br =4 =2
20 T +2e T +2e T4e T4e T4e T)dxdy=
-18x ~léx =14x =12x =10x
4(1+3e TT43e TT43e TT42e TT42e T4
-Br -6 =4 =2xy .2
2e + £ + £ + £ jL
by
~-18x -léx =14x =12x =10x -8 b =dx =2

1+3¢ +3e +3e +2¢ + 2 + 2 + £ + £ + £

we obtain:

((1+3e/(-18m)+3eN(-16m)+3e/(-14m)+2eN(-12m)+2eA(-10m)+2e/(-8m)+eA(-6m)+e/\(-
4m)+eN(-2m))m)/(1+3e/N(-18m)+3eA(-16m)+3e/(-14m)+2eN(-12m)+2e/(-10m) +2e/\(-8m)
+e/\(-6m)+e/\(-4m)+e/(-2 m))

Input

[1 + 37187 L g 16m gl g, 1in 9,107 9B pobT L ot +f'z’7j:r

1+3e 187 437167 g p-1dm 9 p-1dn | oo lln g pBry pbr pdm p-2rn

Exact result
n
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Decimal approximation
3.1415926535897932384626433832795028841971693993751058209749445923

3.141592653.... =n

Property
m is a transcendental number

Alternative representations

[1 +3p 187 3p716m g 1dm g 12m g p-l0n | 5o BT | pobT 4 podm +f'2”]n

-18~x -léx -14x -12x ~10x -Br -6 -4rx 2rx

1+3¢ +3F
=g for: |

+3r +2r +2r +2e + £ + & + &

[1 +3p 187 g1 g p-ldr g 12n g lln 9B pbT  pdm f'z”] m

1+3e 187 4 37167 f 3o-18m | 9 p-12m | 9 o107 4 9 o8B 4 o OF | =47 | p-2r
= 180°

[1 +3e718m 3167 | g o-1dm g 12m | g p-l0n | 5o BT | o674 podm +f'2”]rr

1+3e 187 437167 g p-1dm | 9 p-ldn | oo lln g oBry pbr gdr ) g2n
= 180° for : |

Series representations

[1 +3p 187 316w L g1 g 12m g p-l0m | 5 o BT | pobT 4 podm +f'2"]n

1+3 187 43,7167 g ,-187 L 912w | 9o l07 L 9o B | o 6T g=dm | p-2r
o k
(=1)
= 1+2k
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[1 +3p 187 L 37167 | g ldr 9 p-12n g p-l0n o g B pobr ety E'E’T:lrr

143187 307167 37187 4 9127 9107 L 587 o Br e

Tl 142k

k=0

[1 +3e718m 3167 | g o-1dm g 12m | g p-l0n | 5o BT | o674 podm +f'2’7jrr

1+3e 187 437167 g p-14m | 912 0o 10r  gp8r wbr e dm s

o 1k 1 2 1
S e e )
= 4 1+2k 1+4k 3+4k

Integral representations

[1 + 37187 L g 16m gl g, 1in 9,107 9B pobT L ot +f'z’7j:r

1+3e 187 4 g7 167 g p-l4m | 912 9o 10r L g p-Br  obr e 4T e

*1
=4J V1-t2 dt
(1]

1+3e 187 4 g7 167 g p-l4m | 912 9o 10r L g p-Br  obr e 4T e

. 1
ZZJ dt
0 1+¢2

1/6(((1+3e/(-18m)+3eA(-16m)+3e/(-14m)+2eA(-12m)+2eA(-10m)+2e/(-8m)+e/\(-61)
+e/N(-4m)+e/(-2m))m)/(1+3e/(-18m)+3e/(-16m)+3e/N(-14m)+2eM(-12m)+2eA(-10m)+2e/\(-
8m)+e/\(-6m)+e/N(-4m)+e/\(-2 m)))N2
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Input

-18x

1
cl(1+3e®ms 3¢ 07 437"

-12x =10x

_EJ
+2¢ +2¢ +2 74

E_G’T + f_ﬁ”T + f_z’T] H}f[l +3 E_IE’T + 3 E_IG’T +

; ~12; ~10; _B; _B _4; “2a2
+2¢ 42 "T42¢ T4e T4e T+e 7))

Exact result

HZ

6

Decimal approximation
1.6449340668482264364724151666460251892189499012067984377355582293

1.644934066....

Property

H_Z

E is a transcendental number

Alternative representations

-14x -12x =10x -Br f—ﬁ:r 47

+2¢ +2¢ + + & +

-12;
+2¢ T 4

L
6

1
1 +3e 43743 1 20

-léx -14x

f_zI}H}/'[l+3£_IEI+3£ +3e

=10 =87 =67 4 ; =22
2e T 4+2e T4 e T te TT] = for 2 l

-1& 6 4

1 _18 _14 12 10 8 - -
E[[[1+3£ TH3e T3¢ T2 T2 T 42 The e T4

-léx -14x -12x

E_E’TTJHTJ;’[1+3:J_IB’T+SE +3e + 2 +

=107 =87 =67 =45 =2ayn2 2
2 T2 T ke T e T 7)) = - (1809)

[
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1
p (((1+ e BT L3107 L g, T L0710y
2.-9_1%+2f’3x+£_6I+£_4I+f_zx}l.rr}l’/
[1+3£ 187 +3p —16I+3 —14I+2 —12.1r+2£ 1ﬂfr+
20 e h e o) = 18{}°}

Series representations

l6x -6

1
p (143 43 43 42 427 427 44

£—4fr+£—2.:r} H}/r[1+3£—13:r 9 e —16.rr+3 —14fr+

-12 -10 -8 -6 - =
2e T2 T 4+2e T+e T4 ’T I}I}I Z p
k= lk

1
E[Hl+3f43”+3346”+3£44”+2e'u”+
2&'_10” + EE_EI + .‘;‘_EI + £_4I + E_E’T} .rr}/
[1+3£43”+3946”+3£44”+2242”+2£4u”+294”+
o [ ljk
B =4 =22 -
£ + £ + £ ]I} = —22 2
k=1
1
E[Hl+3343”+3246”+3344”+22'u”+
23_10I+2£_3I+£ 67 +£ .rr /
[1+3£—13I+3 —1'5.?[+3 —14.?l'+2 —12.1r+2 —1']I+2£—B.ﬂ.'+

4 =
£—6x+£—4}r+ =2r 2: - z:
3 (1+2k)?
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Integral representations

p (((1+ o187 437 10T L g T g7 12m
20 07 L2 BT LT Ly E_E’T]H]/

_18x _16x _l4x “12x 10w _Bx
(1+3e ""43e T+3e  +2e

+ 2 +2e " 4

- _ _ 8 ! 2
et ey f_z"ﬂz = 5 [j V1= £ dt]
o 0

p (((1+ IR AL P L

=10x -8 -6 =4 =2

2e +2 4 T he e ‘,lrr‘,l/

-18=m -lénm =14n =12x =107
(143 7743 "T43e TT4+2e TT42e

+2 074
_ _ _ 2 wa ] 2
et =2 ([P
Y 3o 1442
E[[[1+3f'13”+3f'16’7+39'14’7+2s'12”+
2 107 Lo BT L e BT Loy f_z’T_] Jr‘j/
[1+3f'13’7+39'16’7+3f'14’7+2f'12’7+2f'm’7+2f'3’7+

- - - 21 M 1
E_'&JI + f—4.u + f—z.u ‘:I]Ilz — — ‘[ {It
3 o / 1 - tz

We obtain also:

(((4(1+3e/N(-18m)+3eN(-16m)+3eN(-14m)+2e/(-12m)+2e/(-10m)+2e/N(-8m) +eA\(-6m) +e/\(-

4r0)+eN(-210)))/(1+3eA(-181)+ 3eA(-16m)+ 3e/ (- 14m)+2eA(-1211)+2eA(-10m) +2e/(-81)
+eN(-61)+eN(-4m)+e(-2 TT))))A6
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Input

6 l4x

[[4[l+ S-E_IE’T + 3-9_1 T3 T 4

=1Zmx =10x =Br =6 =dx =2
2 +2¢ +2 T4+e T +e T +e jj}a‘r
=187 =16x =14x =12rx =10x
[l+3-f +3e +3r +2r +2r +
-6 -4 =26
+e 7))

-Br
2e + £ + &

Result
4096

4096 = 64°

27sqrt(((4(1+3e/(-18m)+3e/(-16m)+3e/(-1410)+2eA(-1211)+2eA(-10m)+2eA(-81)+e/(-
610)+e/(-41)+eA(-2m)))/(1+3eA(-18m)+3e/(-16m)+3e/(-14m)+2e/(-1211)+2eA(-10m)
+2eM(-810)+e/(-61)+eA(-4m)+eA(-2 T))))A6+1

Input
27 J((4(1+3e BT 4370 137174
De 127 1210 L 0BT LT LTy -f_zﬁ]_:',.-"
[l + S_F—lﬂﬁ + 3.1__‘—16;7 + 3.1__‘—1447 + 2.1__'—12;7 + Ef—lﬂﬁ +
20 4 ety -E_ZFJ)E +1
Result
1729
1729

This result is very near to the mass of candidate glueball fo(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. (1728 = 8° * 3% The number 1728 is one less than the Hardy—Ramanujan
number 1729 (taxicab number)


https://en.wikipedia.org/wiki/1729_(number)
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/J-invariant
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Series representations

& -14x -12x

27 ((4(1+3e¥ 43 0 43 42677 4

=10
2
187

8

Ty2e
=16
+3e 7

e T re g .‘E‘_ZJT”/

-14 =12 -10 -8
(1+3e +3e T+2e TT4+2e T4+2e

o 1 48
-6 ¥ 246 & -kl 5
e + & + £ +1=1+27v3 3 2
) [kgﬂ [ k ]]

16x LT

~14 “12 ~10 -8 -
+3e T2 T2 T2 e Ty

+ .-e'z’r}}/[l +3 187 L3710 g1,

-10 8x _ -6r _ _-4r _ _-2my\b
Ti2e T 4e e T4e )+

27/((4(1+3e ¥ 43¢
-4
e

-12
2e 7

N

= k!

+2e

& 6

~14 “12 -10 -8 _
Th3e T2 42 T2 T4 T 4

+ .-9'2”}}/'[1 +3 187 L3718 g1,

=12 =10 -8B -6 -4 =2 &
2e T2 T4+2e T 4e Tre Tt ’T}I}I +

2?(2?;0%55:_% 37T~ ——s}l"[s]
64V °

27.((4(143e 43¢
-4
IS

1=1+

[m ] is the hinomial coefficient

n!is the factorial function
(@), is the Pochhammer symbaol (rising factorial)
I'(x) is the gamma function

Res f is a complex residue
=5
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RAMANUJAN-NARDELLI MOCK GENERAL FORMULA

Inserting the mass of Supermassive Black hole M87 = 13.12806*10* Kg in the
Hawking radiation calculator, we obtain:

Mass = 1.31281e+40
Radius = 1.94973e+13
Temperature = 9.34606e-18

From the Ramanujan-Nardelli mock general formula, we obtain:

sqrt(((1/((((4*1.962364415e+19)/(5*0.0864055/2)))*1/(1.312841e+40)* sqrt((-
((((9.34606e-18 * 4*Pi*(1.94973e+13)A3-(1.94973e+13)/2))))) / ((6.67408e-11)))))))

Input interpretation

L/ 4+ 1.962364415 - 10'° 1
/ 5« 0.0864055% 1.312841 - 10%

/ 9.34606 - 10718 4 7(1.94973 - 10'%)* - (1.94973 - 1013

\ 6.67408 1071

Result
1.618348876197707826255228785113061720215806573001542470287151681323

1.618348876.... result that is a very good approximation to the value of the golden
ratio 1.618033988749...
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Performing the following calculations

(sqrt(((1/((((4*1.962364415e+19)/(5*0.0864055/2)))*1/(1.312841e+40)* sqrt((-
((((9.34606e-18 * 4*Pi*(1.94973e+13)A3-(1.94973e+13)A2))))) / ((6.67408e-

11))))))))dxdy

we obtain:

Input interpretation

L/ 4 .1.962364415 10" 1
] / 5« 0.0864055% 1.312841 - 10%

/ 9.34606 - 10718« 4 7(1.94973 - 10'%)* - (1.94973 - 1013

\ 6.67408 10711

dx
dy

Result
1.61835x y
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Contour plot

L0

0.5

-0.5¢

Indefinite integral assuming all variables are real
0.809174 x* ¥ + constant
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Definite integral over a disk of radius R

fj 1.61835d y dx = 5.08419 R®
12+}'24;R2

Definite integral over a square of edge length 2 L

L L 5
j j 1.61835dxdy = 64734 L
-1J-L

Dividing the two solutions

jj 1.61835d y dx = 5.08419 R*
42 <p?

and
I L 2
j j 1.61835dxdy = 6.4734 L
-rJor
by

1.61834868761977976262552287851136172021586573991542479287151681323

we obtain, forR=1and L=1:

(5.08419)/(1.618348876197)

Input interpretation
5.08419
1.618348876197
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Result
3.14159083667266476673814686419079051021283884741800923465321588716

3.1415908366.... ¥ 1t

from which:
1/6((5.08419)/(1.618348876197))/2

Input interpretation

1 { 5.08419 ]2

E- 1.618348876197

Result
1.6449321641776089717036281097430547288529399379269472075485991824

1.6449321641776.... = {(2) = n*/6 = 1.644934 (trace of the instanton shape)

Furthermore, we obtain also:
((6.4734)/(1.618348876197))\6

Input interpretation

( 5.4734 ]5
1.618348876197

Result
4096.0170659311357662338211472736995957938951134788900483337840809

4096.01706593.... ~ 4096 = 64°
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from which:
27(((6.4734)/(1.618348876197))"\3)+1

Input interpretation

6.4734 ]3
1.618348876197

Result
1729.00359984100928172580374777415727564322636216749742353095162162

1729.003599841....

This result is very near to the mass of candidate glueball f,(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. (1728 = 8% * 3°) The number 1728 is one less than the Hardy—Ramanujan
number 1729 (taxicab number)

Inserting the mass of Supermassive Black hole Sagittarius A* = 8.15531 * 10* Kg in
the Hawking radiation calculator, we obtain:

Mass = 8.15531e+36
Radius = 1.21120e+10
Temperature = 1.50449e-14

From the Ramanujan-Nardelli mock general formula, we obtain:

sqrt(((1/((((4*1.962364415e+19)/(5*0.0864055/2)))*1/(8.15531e+36)* sqrt((-
((((1.50449e-14 * 4*Pi*(1.21120e+10)A3-(1.21120e+10)72))))) / ((6.67408e-11)))))))


https://en.wikipedia.org/wiki/1729_(number)
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/J-invariant
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Input interpretation

1

4.1.962364415 1019 1 \/ 1.50449 1071* .4x(1.21120 10" -(1.21120 107}
5.0.0864055% 815531 10°6 { 6.67408 10711
Result

1.61832457521835709378078096673259726237586405360093111654511276478

1.618324575218.... result that is a very good approximation to the value of the
golden ratio 1.618033988749...

Performing the following calculations, we obtain:

((sqrt(((1/((((4*1.962364415e+19)/(5*0.08640552)))*1/(8.15531e+36)* sqrt((-
((((1.50449e-14 * 4*Pi*(1.21120e+10)A3-(1.21120e+10)A2))))) / ((6.67408e-

11)))))))))dxdy

Input interpretation

1/ 4 -1.962364415 10" 1
J. / 5 - 0.08640552 8.15531 10

1.50449 - 1014 < 4 7(1.21120 - 10'%)° - (1.21120 - 10°)°
' 6.67408 - 10!

dx
dy

Result
1.61832x y
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3D plot (figure that can be related to a D-brane/Instanton)

Contour plot

Lo

0.5

¥y oo

-0.5¢

Indefinite integral assuming all variables are real
0.809162 x° y + constant
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Definite integral over a disk of radius R

fj 1.61832d y dx = 5.08412 Rz
:2+].-'2 <R2

Definite integral over a square of edge length 2 L

Lol )
j j 1.61832dx dy = 6.4733 L
~LJ-L

Dividing

jj l.ﬁlBBE:I}’ dx =5.08412 Rz
12+1."24;R2

and

L oL 5
j j l.ErlBSZ-:dey = 64733 L
~LJ-L

by

1.61832457521835709378078968732597262375686405369093111654511276478

we obtain:

(5.08412)/(1.618324575218)

Input interpretation
5.08412

1.618324575218
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Result
3.1415947566112516971811709217930205669226024496347421814190927703

3.1415947566.... ¥ 1t

1/6((5.08412)/(1.618324575218))A2

Input interpretation

1 { 5.08412 ]2
6 11.618324575218

Result
1.6440362691278840648824260561660659678782024464 700424737 773080781

1.6449362691... =~ {(2) = /6 = 1.644934 (trace of the instanton shape)

and also:
((6.4733)/(1.618324575218))"6

Input interpretation

( 6.4733 ]'5'
1.618324575218

Result
4006.006450775970590005550278331042020763340061 1636562318920436201

4096.00645077.... ~ 4096 = 64°
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27((6.4733)/(1.618324575218))A3+1

Input interpretation

6.4733 ]3
1.618324575218

Result
1729.0013607100205522047525958978955413929200451 7234770747 73883989

1729.00136071....

This result is very near to the mass of candidate glueball fo(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. (1728 = 8% * 3% The number 1728 is one less than the Hardy—Ramanujan
number 1729 (taxicab number)

Now, we consider a black hole with a mass equal to 125.35 GeV/c? = 2.235x10A-25
Kg. We obtain:

Mass = 2.235e-25
Radius = 3.31934e-52
Temperature = 5.48974e+47

From the Ramanujan-Nardelli mock general formula, we obtain:

sqri(((1/((((4*1.962364415e+19)/(5*0.0864055/2)))*1/(2.235e-25)* sqrt((-
((((5.48974e+47 * 4*Pi*(3.31934e-52)A3-(3.31934e-52)2))))) / ((6.67408e-11)))))))


https://en.wikipedia.org/wiki/1729_(number)
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/J-invariant
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Input interpretation

1

4.1.962364415 . 1019 ) \/ 548974 10%7 .4x(3.31934 1072 *_(3.31934 10752
5.0.0864055% 2,235 10727 6.67408 10711
Result

1.6183267628478720591641366731444234704950708318907765595002725545

1.6183267628.... result that is a very good approximation to the value of the golden
ratio 1.618033988749...

Performing the following calculations

(sqrt(((1/((((4*1.962364415e+19)/(5*0.0864055/2)))*1/(2.235e-25)* sqrt((-
((((5.48974e+47 * 4*Pi*(3.31934e-52)A3-(3.31934e-52)12))))) / ((6.67408e-

11))))))))dxdy

we obtain:

Input interpretation

1/ 4 1.962364415 - 10" 1
J. / 5 - 0.08640552 2.235 1072

5.48974 - 10¥ <4 7(3.31934 - 10752)° - (3.31934 - 10752
| 6.67408 - 107!

dx
dy
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Result
1.61833x y

3D plot (figure that can be related to a D-brane/Instanton)

Contour plot

Lo
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Indefinite integral assuming all variables are real
0.809163 x” y

Definite integral over a disk of radius R

jj 1.61833 dydx =5.08412 Rz
12+b'2qR2

Definite integral over a square of edge length 2 L

L L )
j j 1.61833 dx dy = 6.47331 L
~LJ-L

Dividing the two results of

JJ l.ﬁlBBBd}‘ dx = 5.08412 Rz
:(‘2+}r'2-;R2

and

Lol )
j j 1.61832dx dy = 6547331 L
~LJ-L

by

1.6183267628478720591641366731444234704950708318907765595002725545

we obtain, forR=1 and L=1:

((5.08412)/(1.6183267628478))



107

Input interpretation

5.08412
1.6183267628478

Result
3.1415905008506673312670610316161759533429788432033743607650496004

3.14159050985.... & nt

1/6((5.08412)/(1.6183267628478))12

Input interpretation

1 ( 5.08412 ]2
6 11.6183267628478

Result
1.6449318219306293183622584451638797271370096558520401515868505776

1.64493182193.... =~ {(2) = /6 = 1.644934 (trace of the instanton shape)

Furthermore, we obtain also:
((6.47331)/(1.6183267628478))1\6

Input interpretation

( 6.47331 ]'5'
1.6183267628478
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Result
4096.0111944469517005863150586467147159840265808997360979275657062

4096.01119444.... ~ 4096 = 64°

and
27((6.47331)/(1.6183267628478))"\3+1

Input interpretation

6.47331 ]3
1.6183267628478

Result
1729.002361327040487365534391 5867394951 838228453523266483019865340

1729.002361327....

This result is very near to the mass of candidate glueball fo(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. (1728 = 8% * 3% The number 1728 is one less than the Hardy—Ramanujan
number 1729 (taxicab number)

Now, we consider a black hole with a mass equal to 9.1093837015x10/A-31 Kg. We
obtain:

Mass = 9.10938e-31
Radius = 1.35289e-57
Temperature = 1.34691e+53


https://en.wikipedia.org/wiki/1729_(number)
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/J-invariant
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From the Ramanujan-Nardelli mock general formula, we obtain:

sqrt(((1/((((4*1.962364415e+19)/(5*0.0864055/2)))*1/(9.10938e-31)* sqrt((-
((((1.34691e+53 * 4*Pi*(1.35289e-57)A3-(1.35289¢-57)12))))) / ((6.67408e-11)))))))

Input interpretation

L/ 4+ 1.962364415 - 10'° 1
/ 5« 0.0864055% 9.10938 10!

1.34691 - 10* « 4 7(1.35289 - 10~7)* - (1.35289 - 107
| 6.67408 - 1011

Result
1.6183277720701551875718047 1803738734081 71820084026034808007523349

1.61832777207915.... result that is a very good approximation to the value of the
golden ratio 1.618033988749...

Performing the following calculations:

(sqrt(((1/((((4*1.962364415e+19)/(5*0.0864055/2)))*1/(9.10938e-31)* sqrt((-
((((1.34691e+53 * 4*Pi*(1.35289e-57)A3-(1.35289e-57)/2))))) / ((6.67408e-

11))))))))dxdy

we obtain:
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Input interpretation

. / 4. 1.962364415  10*° 1
b
5 - 0.0864055% 9.10938 - 10731

J 1.34691 - 10°3 4 (1.35289 - 10-%)* - (1.35289 - 10°%)?

6.67408 - 10711
dx
dy
Result
1.61833x y
3D plot (figure that can be related to a D-brane/Instanton)

L0 x
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Contour plot

1.0

0.5

¥ o0
[
0.5 S
N
NN
B
-1.0 -0.5 0.0

Indefinite integral assuming all variables are real
0.809164 xz_}-' + con

Definite integral over a disk of radius R

ff 1.61833d y dx = 5.08413 R

2oy <R

Definite integral over a square of edge length 2 L

L L
f f 1.61833dx dy = 6.47331 L*
“rdet

Dividing the two results

ff 1.61833d y dx = 5.08413 R

2o <R

stant
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and

Lol )
j j 1.61833 dx dy = 6.47331 L
~LJ-L

by

1.6183277720791551875716947186373873466171829984026934808907523349

we obtain:

(5.08413)/(1.61832777207915)

Input interpretation

5.08413
1.61832777207915

Result
3.141504720890037555466441252226641745406727967745125912201 7794081

3.14159472989.... #

1/6((5.08413)/(1.61832777207915))A2

Input interpretation

1 [ 5.08413 ]2

6 11.61832777207915
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Result
1.64493624114641881633946727941 787875405328 7589335983606285350333 1

1.6449362411.... ~{(2) = m°/6 = 1.644934 (trace of the instanton shape)

and
((6.47331)/(1.61832777207915))"\6

Input interpretation

[ 6.47331 ]’5
1.61832777207915

Result
4095.995868195247309169849570596761124763852757309872583738303960807

4095.99586819.... = 4096 = 64°

27((6.47331)/(1.61832777207915))A3+1

Input interpretation

6.47331 ]3
1.61832777207915

Result
1728.9991284472152037880547851616731916733519605829350104140016594

1728.999128447....
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This result is very near to the mass of candidate glueball f,(1710) scalar meson.
Furthermore, 1728 occurs in the algebraic formula for the j-invariant of an elliptic
curve. (1728 = 8° * 3% The number 1728 is one less than the Hardy—Ramanujan
number 1729 (taxicab number)


https://en.wikipedia.org/wiki/1729_(number)
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/Elliptic_curve
https://en.wikipedia.org/wiki/J-invariant
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From:

Modular equations and approximations to 7 - Srinivasa Ramanujan
Quarterly Journal of Mathematics, XLV, 1914, 350 — 372

We have that:
Hence
B = VGGV e
649724 = 096 TVE L.
so that
64(ga3 + grt) = €™V _ 24 1 4372 VB 1. = 64{(1 + V2)2 + (1 - v2)2).
Hence
eV _ 9508051.9982 . .. .
Apgain
Gar = (6 + /301,
6462 = VI 1944 2766V 4 ...,
64Gg2t = 4096V — ...
so that
64(G23 + G324) = &™V¥ + 24 + 4372V ... = 64{(6 + V3T)® + (6 — V3T)°}.
Hence

Similarly, from

e™37 — 100148647.999078 . . . .

2
we obtain
54vI\  [5-VB)
64(g2% + go24) = e™VBB _ 24 4 4372V 1 ... — 64 (*T) g (D_T)
Hence

e™5® — 94501257751.99999982 . . . .
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From:
An Update on Brane Supersymmetry Breaking
J. Mourad and A. Sagnotti - arXiv:1711.11494v1 [hep-th] 30 Nov 2017

From the following vacuum equations:

alp) 12

, Bz’ h a8 v 1 0l 4

Tered _ _ FE e—2(8-p)C+25;" ¢
TE

TE

2 5P _aia__ vy 0 aln)
K2 (;_D ol Sl EEE )e 2(8—p)C+285" ¢

B = -
(7 — p)
h? 2 B e
N2 _ Le—24 - FPE —2(8—p)C+28F) ¢
A = ke T v D ( P )

we have obtained, from the results almost equals of the equations, putting

4096 ¢V *® instead of

e—2E—p) c+28% ¢
a new possible mathematical connection between the two exponentials. Thence, also
the values concerning p, C, frand ¢ correspond to the exponents of e (i.e. of exp).
Thence we obtain for p =5 and S = 1/2:

e ¢ =4096 ™18

Therefore, with respect to the exponentials of the vacuum equations, the Ramanujan’s
exponential has a coefficient of 4096 which is equal to 64°, while -6C+¢ is equal to -
n+18. From this it follows that it is possible to establish mathematically, the dilaton
value.
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For

exp((-Pi*sqrt(18)) we obtain:

Input:

exp{—:r J'E]

Exact result:

3y 2
r

Decimal approximation:

1.6272016226072509292942156739117979541838581136954016... x 10°
1.6272016... * 10°

Property:

3¥ 2.
e " * " isatranscendental number

Series representations:

V17 g 17 { 1;;2]

-y 18
£ —

. o (2 (-}
f—:r\.-' 12 — exp —}T'iu'l 17 kz:ﬂ l?k! 25k

m¥ioRes_ 1, 17°1(-

1 E
==5 2

BT
e "V = exp|-
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Now, we have the following calculations:

e *°*=4096¢ "

e ™1 =1,6272016... * 10"-6

from which:

1 —6C+¢
e
4096

=1.6272016... * 10"-6

0.000244140625 ¢ °°* = e ™ = 1.6272016... * 10"-6

Now:

In (e8] =—13.328648814475=—111/18

And:
(1.6272016* 107-6) *1/ (0.000244140625)

Input interpretation:

1.6272016 1
106 0.000244140625

Result:
0.0066650177536

0.006665017...
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Thence:

0.000244140625 ¢ 5+ = ¢~

Dividing both sides by 0.000244140625, we obtain:

0.000244140625 o 6CH _ 1

0.000244140625 0. 000244140625

e *“"*=10.0066650177536

((((exp((-P1*sqrt(18)))))))*1/0.000244140625

Input interpretation:

exp|l-r+ 18
p[ V18 ) 0.000244140625

Result:

0.00666501785...
0.00666501785...

Series representations:

exp(-rv 18 | — & L
ST Y 2P ) 4096 exp|-r 17 PRl E
0.000244141 k

k=0
exp(-rV 18 [ _} [_ Jllk
4096 17
0.000244141 exp|—r %4] ki

771«/178
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exp(-r ‘«"E] m i Resh_%ﬂ 1775 r[—i - s}r[.s}
————— = 4006 exp|- —
0.000244141 2y
Now:
e °“*"=0.0066650177536
— 1
exp(-n 18 0.000244140625 —
- \-"E l
0.000244140625
=0.00666501785...
From:
In(0.00666501784619)

Input interpretation:
log(0.00666501784619)

Result:

-5.010882647757...
-5.010882647757...

Alternative representations:

log(0.006665017846190000) = log,(0.006665017846190000)

log(0.006665017846190000) = log(a) log,(0.006665017846190000)
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logi(0.006665017846190000) = —-Li;(0.993334082153810000)

Series representations:

(-1} (-0.993334982153810000)
k

log(0.006665017846190000) = - 2‘
=1

arg(0.006665017846190000 - x)
log(0.006665017846190000) = Eur{ g 3 -
Ey

@ 1) (0.006665017846190000 — x)F ¥

logix) - L P
k=1

arg(0.006665017846190000 — =)
2

log(0.006665017846190000) =

arg(0.006665017846190000 — =)

2
=~ 1/ (0.006665017846190000 — z0)F z5*

k

1
lag[—J +
ks

log(zg) + log(zg) -

k=1

Integral representation:

*0.00 666501 7846190000 1
lcg[D.DDEEEED1?845190000}=J dt
1

In conclusion:
—6C+¢$=-—5.010882647757...

and for C = 1, we obtain:
¢=-5.010882647757+6=0.989117352243 = ¢
Note that the values of n, (spectral index) 0.965, of the average of the Omega mesons

Regge slope 0.987428571 and of the dilaton 0.989117352243 are also connected to the
following two Rogers-Ramanujan continued fractions:
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5 T
© —1- ~0.9568666373
Vp=1)v5 - p+1 T
1+ © 7
e— T
1+
I+...
e_% e—ﬂ'\/g
=1- = = (0.9991104684
\/g e—27z 5
—p+1 I
1+5 ¢54 53 _1 1 e_SES
+ e—47r«/§
1+
1+...

(http://www.bitman.name/math/article/102/109/)

Also performing the 512" root of the inverse value of the Pion meson rest mass
139.57, we obtain:

((1/(139.57)))*1/512

Input interpretation:
|1

51E|

\ 139.57

Result:

0.990400732708644027550973755713301415460732796178555551684. ..
0.99040073.... result very near to the dilaton value 0.989117352243 = ¢ and to the
value of the following Rogers-Ramanujan continued fraction:


http://www.bitman.name/math/article/102/109/
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e_% eV
7 =1- = =~ (0.9991104684

—p+l e

s| [ safcs e "
1+3/y@*45° -1 L=

1+
1+...
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