On Prime Numbers Between kn And (k+1)n

Wing K. Yu

Abstracts

In this paper along with three previous studies on analyzing the binomial coefficients, we will
complete the proof of a theorem. The theorem states that for two positive integers n > 1 and
k>1,if n >k —1, then there always exists at least a prime number p such that kn <p < (k + 1)n.
The Bertrand-Chebyshev’s theorem is a special case of this theorem when k =1.
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1. Introduction

The Bertrand-Chebyshev’s theorem States that for any positive integer n, there is always a
prime number p such that n < p < 2n. It was proved by Pafnuty Chebyshev in 1850 [1]. In 2006,
M. El Bachraoui [2] expanded the theorem by proving that for any positive integer n, there is a
prime number p such that 2n < p < 3n.In 2011, Andy Loo [3] expanded the theorem to prove
that there is a prime number in the interval (31, 4n) when n > 2. It comes up with a question:
Does any positive integer k make kn < p < (k+1)n stand? If it does, in what conditions?
Previously, the author partially answered these questions by analyzing the binomial coefficients
(31:‘), (41?), and (’}f) where A is a positive integer [4] [5] [6]. In this paper, we will complete the
work with the above methodology. In this section, we will cite some important concepts from
the previous papers. Then in section 2 and section 3, we will fill up the gaps of A from 5 to 25.
And in section 4, we will convert A to k to complete this paper.

From [4]:

Definition: I};5,.,{n} denotes the prime number decomposition operator. It is the
product of the prime numbers in the decomposition of a positive integer n or a positive
integer expression. In this operator, p is a prime number, a and b are real numbers,
andn2a2p>b21.

It has some properties:

It is always true that Iy»p>p{n} 2 1. —(1.1)

If no prime number in [y5p.p{n}, then Tpzpop{n} = 1, or vice versa, if Tpzppop{n = 1,
then no prime number in Ty p{n} asin Tpspe {12} = 1107950 = 1. —(1.2)
If there is at least one prime number in Fa2p>b{n}, then Fa2p>b{n} > 1, orvice

versa, if [ysp.p{n} > 1, then there is at least one prime number in Ty, {n} as in

F42p>2{12} =3>1. —(1.3)
For every positive integer n, there exists at least a prime number p such that
2n<p<3n. —(1.4)
From [5]:

For every integer n > 1, there exists at least a prime number p such that

3In<p<an. — (1.5)

From [6 pp4-5]:
A/'ln—/'l+1

A
Forn>2and 123, (:) >n()l—1)(/1-1)n-/1+1 —(1.6)
An
If p divides ()Zl), then v, ((’11?)) <R(p) <log,(An), or pvp((n )) <pR® < An —(1.7)
fAn>p> [\/ﬂj, then 0 < v, ((’:1)) <R(p)<1 — (1.8)
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Forn > (A —2) 2 24, there exists at least a prime number p such that (1 —1)n <p < An.
—(1.9)

Let 77(n) be the number of distinct prime numbers less than or equal to n. For the first six
sequential natural numbers, there are three prime numbers 2, 3, and 5. For counting any
successive set of six sequential natural numbers, there are at most two prime numbers added,
p=1(MOD6)andp=5(MOD 6).

Thus, 11(n) < EJ+2 < §+2 — (1.10)
when > V), (%) = Tzt Tspu il o et T e o)
when 1< [VA, () < Dinzpen ot T e =)

Thus, ()Zl) < FAn2p>n{%} Lnzps|van] {%} : Nﬁjzp{%} —(1.11)
szpm{%} = mzwn{%} since all prime numbers in n! do not appear in the

rangeof An>p > n.

Referring to (1.8), } < Iln>p p. It has been proved [7] that forn > 3,

{ (n)!
">P>Nm nl-((A-1)n)!

(an)!
2n-3 VY 2n-3
[In=p p < 22773, Thus, forn 23 and 1> 3, n>p>[\/m{n| ((/1 1)n)!} <Iln=pp < 2273,
Referred to (1.7) and (1.10), I’ {—— Gn)! }<a ) 3
: R |Van)zp Ly (A-nn)!
n (/111). -3 @4_2

Thusforn>3and 123, (n) < Fln2p>n{m} 22173, (An) —(1.12)
Applying (1.6) to (1.12), when n 23 and A1 = 3, we have

Aln—l'l'l An (/171)' _ \/i_n_l_z
‘n(l—l)(’l_l)n_’“'l < (n ) < Fln2p>n{((l_1)n)!} L2273 (An) 3 .

Van
Since 22" 3 >0and (/171)T+2 >0,whenn2>3,and 123,

a1\
2.0 (2). (£
(An)! AAn—a+1 24 <(4) (/1—1) )
(/17‘1) 3 .22n-3 ., n()[_1)()l—1)n—/1+1 (An) 3

2. A Prime Number Between (A-1)nand Anwhen5<A<7and n > A-2

Proposition 1: For n > 36 and 5 < 1 < 7, there exists at least a prime number p such that
(A—=1n<p<in. —(2.1)
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Referring to (1.13), when n>36 and 5 < A <7, we have

222 (G) . (ﬁ)H)(n-n

(An)!
Fln2p>n{((l_1)n)! } @+3 — (2.2)
(An) 3
(x-1)
2 1 -1
22 ((3)-(5))
Let fi(x) = NGTS where x is a real number, the variable, and A is a constant at
(Ax)T+3
one of the 3 integers from 5 to 7.
-1
TeY — ) 2 A _VAn@+n)+2) 3\ _ )
A= A0 (in(E)+in () foe L) = G0 - f,06) where
-1
— 1. (2 A _ VA(In(x)+in()+2) 3
fo(x) =In (4) +in ()1—1) 6vx x
reoy - VAQ) | Viin(x) | 3 , S :

fo (x)= e - +3> 0 for x >0and A >0. Thus, f,(x) is a strictly increasing
function.

_ _ _ 5 5 \>71  V5(n@e)+in(s)+2) 3
Whenx=36and A1=5, f,(x)=In (Z) +In (5_—1) - T —£~0.5859>0.

_ _ _ 6 6 \°1 Ve(n@Be)+in(e)+2) 3 _
Whenx=36and1=6, f,(x)=In (Z)+ln (Z) - T —§~0.7155>0.

_ _ _ 7 7\"!  V7(nGBe)+n(n+2) 3 _
When x=36and 1=7, fz(x)—ln(z)+ln(a) - T —£~08522>0.

Since f,(x) >0when x =36 and 5 < A <7, and since f,(x) is a strictly increasing function, then

when x 236 and 5< 1< 7, we have f, (x) >0. —(2.3)
Sincewhen x 236and5<1<7, fi(x)>0and f5(x) >0, then f;"(x) = f,(x) - f,(x) >0. Thus,
when x 236 and 5< 1< 7, f;(x) is a strictly increasing function. f; (x + 1) > f; (x). — (2.4)
(36—1)
5 5 5-1
When 1 =5 and x = 36, f,(x) = 50'<(Z)'(§) > S AELR
end=5andx =36, f(x)= (180)@“ "~ 7.1073E+16
(36—1)
6 6 6—1
When =6 and x = 36, f, ( )-72'<(Z)'(a) ) SEEILLALIR
end=6andx =36, f(x)= (216)@“ "~ 2.7530E+18
(36—1)
7 7 7-1
When A =7 and x = 36, f;( )-98‘((2)‘(;) ) S AL
end=7andx=36, fi(x)= (252)@‘“3 "~ 8.1511E+19

Referring to (2.4), when x 236and5<1<7, fi(x)>1.
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222 (@ . (ﬁ)H)(n_l)

Let x =n,thenwhenn>36and5<1A<7, fi(n) = N7 > 1.
(/171)74—3
Thus, referring to (2.2), whenn >36and5<A<7,T {ﬂ} >1 —(2.5)
’ = = = =7 ln2p>n ((A—l)n)' ° *
. : (An)!
Sincen>A1-—2,in F,—mzpm{m}, p2n+l=vn2+2n+1> \/(n + 2)n > [VAn].

. (An)!
Referring to (1.8), we have 0 < v, (Fln2p>n{m}) <R(p) <1.

(An)! _

= (“an)! i=A-2 (An)! (An)!
- Fln2p>(l—1)n{((l 1)7’1)' } 1—[ (l—‘(l 1)n>p l)-':;{((/»{ 1)n)| } F+1 >p> (Al_'_:;)n{((l_l)n)' })
-2 (An)! A2, . (An)!
In [T724 (F()l—il)n_ jﬁ{ =D }) vp,= Zi=1 (i—i)=0whenanypin F(z_il)n_ l,lnl{ 7. 1)n)'}

. 1-2 (n)! _
Thus, referring to (1.2), [[{=1 (F(A—:)n_ 1,1+nl{((/1 ! }) =1.

Therefore, whenn >36and5<A<7,

(An)! (An)! (An)!
F)mzz»rﬁﬁ} = r‘)anp>(l—1)n{ } Hl =42 (Fln J@-hn {—}) >1

((A 1)”)’ i+1 l+1 ((A 1)n)'
— (2.6)
(an)! =22 an)! .
From (1.1), Fln2p>(/1—1)n{((,1 o )'} 1and [[iZ7 <FL);_11 o> (/11+11)n{—((1_1)n)! }) >1,and in (2.6)

at last one of these two parts is greater than 1.

Whenn>36and5<1<7,if FAnZW(A_Dn{%} > 1, then referring to (1.3), there exists at

least a prime number p such that (1 — 1)n<p < An. —(2.7)
i=1—2 (An)! _ (an)! _

i [i=2 (n_n e }) =1, then Diyap-ropnfomat > 1 (2.8)

i=A-2 (An)! ) (An)!
If[1:21 (FL% 2ps (/11+11)n{—((/1_1)n)!} > 1, then at least one factor Fi% aps ()LL+11)n{—((A_1)n)!

(An)!
When the factor I'an n——
e A0 G

. (An)!
AyH.l zp>(A- 1)yi+1 {((A— 1n)!

1>
1> 1, let yl+1— ,then yiq 2 - 61 . We have

36 . .
}>1. Thus, when y;,; 2 e there exists at least a prime number p

suchthat (1 —1) " y;41 <P <A Yip1

. 36 . .
Sincen>y;;q 2 ey there exists at least a prime number p suchthat (1 — 1)n<p < An.
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e (An)! (“n)!
Thus, If iz’} Z(FA_n> >(A—1)n{ (A-D)n)!

i+1_p i+1 ((A-1)n)! } >1. - (2.9)

}) >1, then [pspsa-1ynl

; e TTi=A-2 (An)!
Referring to (2.8) and (2.9), whenn 236and 5<A<7,if | [;Z7 <Fﬁr—ﬁ2p>u;r11)n{—((l—1)n)! }) >1,

(An)!
then F,'mzp>()l—1)n{m

suchthat (1 — Dn<p < An. — (2.10)

} > 1. Thus, referring to (1.3), there exists at least a prime number p

In conclusion from (2.5), (2.7), (2.10), when n 236 and 5< 1 < 7, then Fln2p>n{((,1(fr11))r!z)' b>1
(An)! _ Gt
When lenzp>n{m} > 1, then FAn2p>(A—1)Tl{((A_1)n)!

number p such that (A — 1)n < p £ An. Thus, Proposition 1 is proven.

} > 1, and there exists at least a prime

Proposition 2: For 35>n > A —2 and 5 < A < 7, there exists at least a prime number p such that
(A=1n<p<in. —(2.11)

We use tables to prove (2.11). Table 1, Table 2, and Table 3 show that when 1 =35, 6, and 7,
Proposition 2 is correct. Thus, (2.11) is valid.

Table 1. When A =5 and 3 < n < 35, a prime number exists in the range of An<p <5n

n| 3|4 5 6 7 8 9 10 | 11 | 12 | 13 | 14 | 15 | 16 | 17 | 18 | 19

13117 | 23 | 29 | 31 | 37 | 41 | 43 | 47 | 53 | 59 | 61 | 67 | 71 | 73 | 79 | 83

p
n 20|21 |22 |23 |24 |25 |26 | 27 |28 |29 | 30 | 31|32 |33 | 34| 35
p |8 |97 |101 |103 | 107 | 109 | 113 | 127 | 131 | 137 | 139 | 149 | 151 | 157 | 163 | 167

Table 2. When A =6 and 4 < n < 35, a prime number exists in the range of 5n<p <6n

n 4 5 6 7 8 9 10 | 11 | 12 | 13 | 14 | 15 | 16 | 17 | 18 | 19

23 | 29 | 31 | 37 | 41 | 47 | 53 | 59 | 61 | 67 | 71 | 79 | 83 | 89 | 97 | 101

p
n 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 30 | 31 | 32 | 33 | 34 | 35
p | 103 | 107 | 113 | 127 | 131 | 137 | 139 | 149 | 151 | 157 | 163 | 167 | 173 | 179 | 181 | 191

Table 3. When A =7 and 5 < n < 35, a prime number exists in the rangeof 6n<p <7n

n 5 6 7 8 9 10 | 11 | 12 | 13 | 14 | 15 | 16 | 17 | 18 | 19 | 20

31 | 37 | 43 |53 |59 |61 |67 |73 ]| 79| 8 | 97 |101|103 | 109 | 127 | 131

p
n 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 30 | 31 | 32 | 33 | 34 | 35
p | 137 | 149 | 151 | 157 | 163 | 167 | 173 | 179 | 181 | 191 | 193 | 197 | 211 | 223 | 227

Combining (2.1) and (2.11), we have proven that when 5< A <7 and n > A —2, there exists at
least a prime number p such that (1 —=1)n <p < An. — (2.12)
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3. A Prime Number Between (A-1)n and An when 8 < A <25 and n > 4-2

Proposition 3: For n > 24 and 8 < A < 25, there exists at least a prime number p such that

(A=1n<p<in. —(3.1)
Referring to (1.13), when n > 24 and 8 < A < 25, we have
(n-1)
2 (2. ()]
l_‘ { (ATL)! } Zl <(4) ’ (l—l) )
Anzp>n (A—D)n)! @+3 —(3.2)
(An) 3
(x-1)
2 1 -1
22 ((2)(5)")
Let f3(x) = NGTS where x is a real number, the variable, and A is a constant at
(Ax)T-FS

one of the 18 integers from 8 to 25.

') = f00) - (ln (%) +m (L)/H — DO _ 3—) = f3(x) - fu(x) where

-1 6Vx x

7 ANV VAn)+in)+2) 3
A =m(5) +in(F) - FEEEE -2

reay - YAn@) | VA 3 . o . .
fi (x) = o + e~ +3> 0 for x >0and A >0. Thus, f,(x) is a strictly increasing function.

We now calculate the f,(x) values and list them in Table 4 for x =24 and 1 =8, 9, 10, ... 25.
Table 4. When x = 24 and A from 8 to 25, f,(x) >0

A 8 9 10 11 12 13 14 15 16
fa(x) 0.805 0.876 0.935 0.985 1.028 1.064 1.096 1.124 1.148
A 17 18 19 20 21 22 23 24 25
fo(x) 1.168 1.186 1.202 1.215 1.227 1.237 1.246 1.253 1.259

Table 4 shows that when x = 24 and A from 8 to 25, f,(x) > 0. Since f;(x) >0 and f,(x) >0,
thus when x 224 and 8 < 1< 25, f5'(x) = f5(x) - fo(x) >0. Thus, under these conditions,

f5(x) is a strictly increasing function, and f53(x + 1) > f5 (x). —(3.3)
We now calculate the f5(x) values and list them in Table 5 for x =24 and 1 =8, 9, 10, ... 25.
Table 5. When x = 24 and A from 8 to 25, f5(x) >1
A 8 9 10 11 12 13 14 15 16
f5(x) 9.366 19.132 31.150 42.517 50.475 53.571 51.866 46.527 39.386
A 17 18 19 20 21 22 23 24 25
f5(x) 31.212 23.760 17.383 12.287 8.421 5.633 3.679 2.536 1.481
Table 5 shows when x = 24 and A from 8 to 25, fs(x) > 1. Since f5(x + 1) > f5(x), when
x224and 8<1<25, fo(x) > 1. —(3.4)
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222 (@ . (ﬁ)Aﬂ)(n—n

Let x =n,thenwhenn>24and 8<1<25, f3(n)= = > 1.
(/171)74—3

. (An)!

Thus, referring to (3.2), whenn > 24 and 8 < A1 < 25, FAn2p>n{—} >1. —(3.5)
((A-1)n)!
Thus, referring to (1.3), there exists at least a prime number p such thatn <p < An.
: : (An)!
Sincen>A1-—2,in Fln2p>n{m}' p2n+l=vn2+2n+1> \/(Tl +2)n > [\/ﬁ]
. (An)!

Referring to (1.8), we have 0 < v, (F’ln2p>n{((/1—1)n)! }) <R(p)<1.

(An)!
= Typa gy {2 i=1-2 ( @l o oo (n)! )

Anzps(i 1>n{((;1 T - ITiZ172( Ta- =i, An {((/1 l)n),} LI “Hll)”{((/l—un)!}
1-2 (An)! A2, . (An)!

In [T¢Z5 (F(/’L—il)n_ iﬁ{(@ o )'}) vp=2,;_, (i—i)=0whenany pin F(A—il)n_ ﬁi{(@ 1)n)'}.

. A-2 (An) _
Thus, referring to (1.2), [][{=1 (F(A—:)n_ la:;{ O 1)n)'}) =1.
Therefore, when n >24 and 8 < A< 25,

(An)! (An)! i= A 2 (An)!
Fln2p>n{—((l_1)n),} F)Ln>p>(l 1)n{ (A— 1)n)' H Fi);_’; >p> (Al+11)n{((l—1)n)! } >1

— (3.6)

(n)! i=1-2 _amt
From (1.1), Dipspsa—infg— = G—Dn ),} land [];Z9 (Fi_"l >p> (’11+11)"{((A—1)n)!

at last one of these two parts is greater than 1.

}) >1,and in (3.6)

When n > 24 and 8 < 1 <25, if Fﬂn2p>(1—1)n{%} > 1, then referring to (1.3), there exists
at least a prime number p suchthat (A — 1)n<p < An. —(3.7)
If H (Fi_r; >p> (AL+11)n{—((A_1)n)! }) =1, then Fln2p>(l_1)n{—((}__1)n)! } >1. (3.8)

1>

(=12 (An)! ) __@n
If ([‘ﬂ iy (,11+11)n{—((/1_1)n)!} > 1, then at least one factor Fi% op> ()Ll+11)n{((l_1)n)!

(An)!
When the factor I'an n————
a0 G

. (An)!
AyH.l zp>(A- 1)yi+1 {((A— 1n)!

}>1, let yl+1— ,then yyq 2 - 41 . We have

24 . .
}>1. Thus, when y;,; 2 e there exists at least a prime number p

suchthat (1 —1) " y;41 <P <A Yipq
Sincen >y;, 412 % , there exists at least a prime number p such that (1 — 1)n<p < An.
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(An)!
((A-1)n)!

; e TTi=A-2 (An)!
Referring to (3.8) and (3.9), when n 224 and 8 < A1 < 25, if | |; 2% <Fﬁr—ﬁ2p>u:1)n{—((/1—1)n)! }) >1,

i— An)!
Thus, If %;%_2 (Fa_n> >(,1—1)n{ (An) }>1. —(3.9)

TP (-t }) >1,then Fln2p>(/1—1)n{

(An)! . . .
then FAn2p>(A—1)n{m} > 1. Thus, referring to (1.3), there exists at least a prime number p

suchthat (1 — Dn<p < An. — (3.10)

(An)! } S

In conclusion from (3.5), (3.7), (3.10), when n > 24 and 8 < 1 £ 25, then F/lnzp>n{m

(An)!
((A-1)n)!
number p such that (A — 1)n < p £ An. Thus, Proposition 3 is proven.

} > 1, and there exists at least a prime

(An)!
When F/lnzp>n{( £ } >1, then FAn2p>(A—1)n{

(A-1)n)!

Proposition 4: For 23>n > A —2 and 8 < A £ 25, there exists at least a prime number p such that
A—-1)n<p<in. —(3.11)

We use tables to prove (3.11). Table 6, Table 7, and Table 8 show that when 8 < A < 25,
Proposition 4 is correct. Thus, (3.11) is valid.

Table 6. When 8 < 1<11and A —2<n <23, a prime number between (A —1)n and An

n 6 7 8 9 10 11 12 13 14
n |42 49 56 63 70 77 84 91 98
p |47 53 59 67 73 83 89 97 101 A=28
8n | 48 56 64 72 80 88 96 104 | 112
A=9 /] 61 71 79 83 97 101 | 107 | 113
9n 63 72 81 90 99 108 | 117 | 126
P 73 83 97 101 | 109 | 127 |131 A=10
10n 80 90 100 | 110 |120 | 130 | 140
A=11 P 97 103 | 113 | 127 | 139 | 151
11n 99 110 | 121 | 132 |143 |154

n 15 16 17 18 19 20 21 22 23

7n | 105 |112 | 119 |126 |133 |140 |147 |154 | 161

P 107 | 113 | 127 |131 |137 |149 |151 | 157 | 163 A=38
8n | 120 |128 |136 |144 |152 |160 |168 |176 | 184
A=9 P 127 | 131 | 139 [149 (157 |(167 |173 |179 | 191

9n | 135 | 144 |153 |162 |171 |180 |189 | 198 | 207

.
Il

P 137 | 151 |[163 |167 (181 (191 |193 |199 | 211 10

10n | 150 |160 | 170 |180 |190 |200 |210 |220 | 230

~
I

11 /] 157 | 167 |179 |191 |197 |211 |223 | 227 | 233
11n | 165 |176 | 187 |198 |209 |220 |231 |242 | 253
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Table 7. When 12 < A1 <15and A —2 <n £ 23, a prime number between (1 —1)n and An

n (10 |11 (12 (13 |14 |15 |16 |17 |18 |19 |20 |21 |22 |23
11n | 110 | 121 | 132 | 143 | 154 | 165 | 176 | 187 | 198 | 209 | 220 | 231 | 242 | 253
A=12 4] 113 | 127 | 137 | 149 | 157 | 167 | 181 | 193 | 199 | 223 | 229 | 239 | 257 | 269
12n | 120 | 132 | 144 | 156 | 168 | 180 | 192 | 204 | 216 | 228 | 240 | 252 | 264 | 276
A=13 4] 139 | 151 | 163 | 173 | 183 | 197 | 211 | 227 | 233 | 241 | 263 | 271 | 281
13n 143 | 156 | 169 | 182 | 195 | 208 | 221 | 234 | 247 | 260 | 273 | 286 | 299
A=14 P 167 | 179 | 191 | 199 | 223 | 223 | 239 | 257 | 269 | 277 | 293 | 307
14n 168 | 182 | 196 | 210 | 224 | 238 | 252 | 266 | 280 | 294 | 308 | 322
A=15 P 191 | 199 | 211 | 229 | 239 | 263 | 271 | 283 | 307 | 311 | 331
15n 195 | 210 | 225 | 240 | 255 | 270 | 285 | 300 | 315 | 330 | 345

Table 8. When 16 < A <25and A —2 <n <23, a prime number between (A —1)n and An

n 14 15 16 17 18 19 20 21 22 23
15n | 210 | 225 | 240 | 255 | 270 | 285 |300 |315 |330 | 345
A=16 4] 223 | 227 | 241 | 257 | 277 |293 |313 | 317 | 331 | 347
16n | 224 | 240 | 256 |272 | 288 |304 |320 |336 |352 | 368
P 251 (263 | 281 | 293 |307 (337 |349 | 353 |373 A=17
17n 255 | 272 | 289 |[306 |323 |340 |357 |374 | 391
A=18 P 277 | 293 |311 | 331 | 347 |359 |379 | 397
18n 288 | 306 | 324 |342 (360 |378 |39 | 414
P 307 | 337 (349 | 373 | 383 | 397 | 419 A=19
19n 323 [ 342 | 361 | 380 |399 |418 | 437
A=20 P 347 | 367 (389 |401 | 421 | 439
20n 360 | 380 |400 | 420 |440 | 460
p 283 | 409 |(431 | 443 | 461 A=21
21n 399 | 420 | 441 | 462 | 483
A=22 P 433 | 449 | 463 | 487
22n 440 | 462 | 484 | 506
p 467 | 491 | 509 A =23
23n 483 | 506 | 529
A=124 p 521 | 541
24n 528 | 552
P 563 A=25
25n 575

Combining (3.1) and (3.11), we have proven that when 8 < A <25 and n > A —2, there exists at

least a prime number p such that (1 —=1)n <p < An.
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4. A Prime Number Between kn and (k+1)n

From (1.4), for every positive integer n, there exists at least a prime number p such that
2n<p<3n.

From (1.5), for every integer n > 1, there exists at least a prime number p such that 3n <p < 4n.

From (2.12), when 5< A1 <7 and n > A —2, there exists at least a prime number p such that
(A—=1)n<p<in.

From (3.12), when 8 < A <25 and n > 1 —2, there exists at least a prime number p such that
A—=1)n<p<in.

From (1.9), for n > (4 —2) > 24, there exists at least a prime number p such that
A—=1)n<p<in.

Combining (1.4), (1.5), (2.12), (3.12), and (1.9), we have that for n > 1 —2 > 1, there exists at
least a prime number p such that (1 —=1)n<p < An. —(4.1)

Let k =A —1, (4.1) becomes that for n > k —1 > 1, there exists at least a prime number p such
thatkn<p<(k + 1)n. —(4.2)

Since the Bertrand-Chebyshev’s theorem states that for any positive integer n, there is always a
prime number p such that n < p < 2n, we can state that for two positive integersn >1 and k > 1,
if n > k —1, then there always exists at least a prime number p such that kn<p < (k + 1)n. The
Bertrand’s postulate / Chebyshev’s theorem is a special case when k = 1.
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