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Abstract

Let G = (V,E) be a simple connected graph.A set S C V is a
dominating set of G if every vertex in V'\ S is adjacent to some vertex
in S. The domination number v(G) of G is the minimum cardinality
taken over all dominating sets of G. An edge cycle graph of a graph G
is the graph G(C}) formed from one copy of G and |E(G)| copies
of P, where the ends of the " edge are identified with the ends of

ith copy of Pj. In this paper, we investigate the domination number

of G(Cy), k> 3.
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1 Introduction

Let G = (V,E) be a simple connected, finite, undirectd graph with no loops
and multiple edges. The degree of a vertex of a graph is the number of edges
incident to the vertex. The degree of a vertex v is denoted by deg(v). The
maximum and minimum degree of a graph is denoted by A(G) and 0(G)
respectively. We denote N(v) and N[v] as the open and closed neighbors
of a vertex v respectively. A vertex v € GG is called pendent vertex or end

vertex of G if deg(v) = 1. A covering of a graph G is a subset K of V
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such that every line of G is incident with a vertex in K. A vertex cover in a
graph G is a subset K of vertices such tht every edge of G is incident with
at least one vertex of K. The minimum cardinality taken over all minimal
vertex covers of G is the vertex covering number of G and is denoted by
a(G).

A set S of vertices in a graph G is a dominating set if every vertex in
V'\ S is adjacent to some vertex in S. The domination number +(G) of G
is the minimum cardinality taken over all dominating sets of G.

J.P and N.S introduced edge cycle graph in [4]. An edge cycle graph of a
graph G is the graph G(C}) formed from one copy of G and |F(G)| copies
of Py, where the ends of the i edge are identified with the ends of *" copy
of P.. A graph G and its edge cycle graph G(C}) are shown in Fig 1.1.

G G(C5)
Fig 1.1 A graph G and its edge cycle graph

In this paper, we investigate the domination number of G(Cy), k > 3.

2 Domination in Edge Cycle Graphs

Theorem 2.1. Let G be a graph of order n > 2. Then y(G(Cs)) = a(G).

Proof. Let V(G) = {v1,vq,...,v,} and E(G) ={ey,ea,...,e,} bethe edges
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of G. Then C9,Cs,...,C,, be the edge cycles of eq,es, ..., e, respectively.

We have to prove that v(G(C3)) < a(G).

Let e; = vv; be in G. Then, let v;; be the new vertex in G(Cj)
corresponding to the edge v;v;.

Let S be any covering set of G.

Since each covering set of G is a dominating set of G and G is the
induced subgraph of G(Cs3), wvy,vs,...v, are dominate by S in G(Cs).

Also, since each new vertex in G(Cj3) is adjacent to a S, {v;;/1 <i <
m} are dominated by S.

Thus +(G(Cs)) < a(G).

Next, we have to prove that v(G(C3)) > a(G).

Suppose that v(G(Cs)) < a(G) — 1.

Let S be a dominating set of G(Cj3). Since 7(G(C3)) < a(G) — 1,
there exists at least one edge in G which is incident with no vertex of S. Let
em be a such edge. Let e, = v;v;. Then wv;;is dominated by no vertes of S,
which is a contradiction.

Thus (G(Cy)) > a(G).

Hence v(G(C3)) = a(G). O

Theorem 2.2. Let G be a graph of order n > 2. Then ~(G(Cy)) = n.

Proof. Let V(G) = {v1,ve,...,v,} and E(G) = {ea,e9,...,€m}.

Initially, we show that ~(G(Cy)) < n.

Let C1,Cs,...,C,, be the edge cycles of eq,eq,...,¢e,, respectively.

Let S = {v1,v,...,v,}. Then clearly, N[vi,vs,...,v,] = V(G(CY)).
Therefore each vertex of G(Cj) is adjacent to at least one vertex of S. It
follows that S is a dominating set of G. Thus v(G(Cy)) < n.

Next, we have to prove that v(G(Cy)) > n.

Let S be a dominating set of G(Cy).

Since G is connected, d(v;) > 1 forall 1 <1i<n.
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Now, let d(v;) = d;.

Let v;1, v, ...,0,4, be the new neighbors of v; in G(Cy).

Then ({v, vi1, Vig, ..., Vig,}) = K14, forall 1 <i<n and V(G(C,)) =
{vi,vi1,vigy oy 0ig, /1 < 0 < m}. Thus |S N {v;, v, v, ..., 04} > 1 for all
1 <i<n. It follows that v(G(Cy)) > n.

Hence v(G(Cy)) = n.

0

Theorem 2.3. Let G be a graph of order n > 2 and m be the number of
edges of G. Let k> 6 and k = 0(mod 3). Then ~(G(Cy)) = a(G)+m(%52).

Proof. Let V(G) = {v1,ve,...,v,} and E(G) = {es,eq,...,em}.

Let C1,Cs,...,C,, be the corresponding edge cycles of eq,es,...¢€,,.

Let V(C;) = {vi1, vio, ..., v} andlet e; = vj1v;, and v, Vg, - . ., Vik—1)
are the new consecutive two degree vertices in G(C%). Here v;; is adjacent
to vz and vy is adjacent to vig_1).

Then we have ({v;1,vix/1 <1 <m}) =2 G. Let {v1,vq,...,0,} = {vi,vi/1 <
i <m}.

First, we have to prove that (G(Cy)) < a(G) + m(%52).

Let X = {v1,v2,...,%4()} be the minimum covering set of G.

Since X is a covering set of G, all the edges of GG covered by a vertex
of X. Therefore each edge in G is incident with a vertex of X.

Since every covering set is a dominating set, X is a dominating set of
{vit, vir/1 <1 < m}.

We observe that (V(G(Cy)) \ K) = mPy_3 and we know that v(P,) =
31.

Let G1,Gs,...,G,, betheunion of m pathsof (V(G(Cy))\ K). Then
Y(G;) = (£—1) forall 1 <i<m. Let S; be the minimum dominating set
of G; forall 1 <¢<m.

Consequently, we have S U S; U Sy U...U.S,, is a dominating set of
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G(Cy).

Therefore v(G(Ck)) < |S]|+ 51|+ |S2| + ... + S
Thus Y(G(Ck)) < a(G) +m(E2).

Next, we have to prove that 7(G(Cy)) > a(G) + (52).

Let S be a dominating set of G(C).

We observe that all the new vertiecs are of degree two. Therefore
SN {vi2,vig, - Vigmny/1 < i <m} > 5 =1 forall 1<i<m.

Next, we claim that |G(Ci) \ SN {via, ..., vig-1)/1 < i < m}| > a(G).

Suppose (G(Cy) SN {via, ..., vi-1)1<i<my) < @(G) — 1. Let X bea
such set. Then at least one edge of ({v;1,v/1 <i <m}) is not covered by
X. Let e; = ujus be such an edge. Then new two degree vertex which is
adjacent to u; or wy is not dominated by X when S is a minimum domi-
nating set of G(Cy).

Thus 1(G(Ch) > a(G) +m(52).

YG(Ch)) = a(G) + m(*5).

O

Theorem 2.4. Let G be a graph of order n > 2 and m be the number of
edges of G. Let k>7 and k= 1(mod 3). Then v(G(Cy)) =n+m(*5h).

Proof. Let V(G) = {v1,vs,...,v,} and E(G) = {ej,ea,...,em}.

Let C1,C5,...,C,, be the corresponding edge cycles of e, es,...ée,,.

Let V(C;) = {vi1, via, ..., vir,} andlet e; = vi1vy, and vig, vig, . . ., Vige—1)
are the new consecutive two degree vertices in G(C%). Here wv;; is adjacent
to vz and vy, is adjacent to v;—_1).

Then we have < {vj, v/l < i < m} >= G. Let {vy,v,...,0,} =
{vir,vir,/1 <1 < m}.

First, we have to prove that v(G(Cy)) < n +m(551).

Let S=V(G)UX,UX,U...X,,, where X; = {vi,Vi7, ..., V-3 } for

all 1 <7< m.
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Then the vertices of N[V(G)] are dominated by V(G) and the vertices
of V(G(Cy))\ (V(G) are dominate U™ Xj.

HG(C) < VG + %] + o+ X

But we have ’Xi = {vis, Vi, . . . ,vi(k,g)H = % forall 1 <i<m.

It follows that v(G(Cy)) < n+m(551).

Next, we have to prove that v(G(Cy)) > n+ m(*54).

Let V(C;) = {vi1,via, ..., v}, where v, vy € V(G).

It follows that |S| > n+m(%5})

Thus 7(G(Cy)) > n+m(*5H).

Hence v(G(Cy)) =n+m(
[

Theorem 2.5. Let G be a graph of order n > 2 and m be the number of
edges of G. Let k> 5 and k = 2(mod 3). Then v(G(Cy)) = v(G)+m(%52).

Proof. Let V(G) = {v1,ve,...,v,} and E(G) = {e,ea,...,emn}.

Let C1,Cs,...,C,, be the corresponding edge cycles of eq,es,...¢€,,.

Let V(C;) = {vi1, vi2, ..., v} andlet e; = vj1v;, and v, Vg, - . ., Vik—1)
are the new consecutive two degree vertices in G(C}). Here v;; is adjacent
to vz and vy, is adjacent to vig_1).

Let V(G) = {v;,vi/1 < i < m}.

Then V(G(Cy)) = V(G) U {viz, vis, - . ., Vige—1)/1 < @ < m}.

Let X be a minimum dominating set of G and S; be the minimum
dominating set of <{vi2,vi3, . 7Ui(k71)}> forall 1 <i<m.

Then 7(G(Ck)) < X[+ [Si] + S + ... [Sm| = %(G) + m(*52).

Hence 7(G(Cy)) < 4(G) +m(552).

Next, we have to prove that v(G(Cy)) > v(G) + m(%52).

We observe that all the new vertices in G(C}) are of degree two and
<{vi3,vi4, . ,Ui(k_g)}> Py forall 1<i<m.

We know that v(Ps—4) = [55*].
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Also ({vig, Vi, ..., vy }) = Peea and y(Pio) = [52] = 52
Since (%w = %, |Sﬂ {vig, vig, .. -, vig—1) } = % forall 1 <i<m.
We observe that (G(Cy) \ {vi2, vi3, . .., vie—1)/1 < i <m}) = G.
Therefore, ‘S NG(Ck) \ {viz, Vig, - - -, Vie—1)/1 <1 < m}| > v(G).
Consequently, |SNV(G(Cy))| = v(G) + m(%)

Thus v(G(Cr)) > v(G) + m(52).

Hence v(G(Cy)) =v(G) + m(552). O
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