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Description of the algorithm for finding the g*-th root of a.

1 Introduction

First, this sentence is created by machine translation.[1],[2] There may be some
strange sentences.

There is no basic difference in the calculation method created in the previous
version. Some additions and changes have been made.

In some cases, a primal root may be required for the calculation. If the calculation
requires a primitive root and the primitive root is not known, use the Tonelli-Shanks
algorithm.

2  Prerequisites and definitions

g = primitive root

p = odd prime
q = prime
p—1=gqxm
¢"=a (modp)

a=x1) (modp) (¢ < p)

ey k<L x1=4g"
(L>0) a(1>:1(m0dp){k§L X = gt

(r—1)




3 Number of q*-th roots

(p—1)=q"xm {(1sq"<p) A @G <p)}
= 0 nthroots =1
e =1 nthroots = ¢*

(k<L) a(” )Ex (modp){i£1

nth roots = 0

B =1 nthroots =q
k>1L (%)z d
(k=L) a x (modp) #=1 nthroots =0

(p—1)=x (modyg)
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4 Function to find the g*-th root

41 q*=1 A g¢<p
(p—l):qum:m (L=0)

s — function (1)
p=x1 (modgq)
x1 X (g—1) =x (modg)
(0, 4+1)772) =5 (modg)

(p—1) xs+q- _(p—1)xs+1
q(L+1) - q

Y =
*=¢ (modp—1)
a“ =y (modp)

y@) (modp)

a

42 q* < ¢t
4.2.1 If the primitive root is not known

Tonelli-Shanks, Use Algorithm.

4.2.2 When the primitive root is known

s — function (2)
m=x; (modg)
x1 X (g—1) = x (modg)

(9—-2)

X =5 (modg)



(p—1) xs+ qL
o q(L—H)

" =¢ (modtp)

Phase shift correction method

initial value d=0 t=1 (r—1)

= 1 t=t+1 w=

‘7
=x (modp) 1 a, X g( = A(n+1) (modp)
dy+q' = d(n+1) (distance + g')

w
ai’l

Repeat until {q' =4 A a” =1 (modp) }

roop max = (q—1) x (L—1)

f(x):dxmx(qq_—kl)

a° x ¢/ =y, (modp)

(g*th root) — function (3)
2=y (modp)
g™ = hy (modp)
he xy1 =yo (modp) ... Iy X Yok-1 = Yok (modp)
a= yqu) = yéqk) .. = yézk) (modp) = qkth root
4.2.3 Example
p=271 p—-1=2x3Fx5=¢g"xm=3>x10 primitive root =g =6
qk =3! "= 6 = g = 258 (modp)
th rool {a = 114,217,211
n = 10,100,190
d=24

10=1 (mod3)
(3 1) =2 (mod3)
=2 (mod3) s=2

(6Y)



(p—1) xs+q" _270x2+3

PIEEY 34 7

Y =

*=c (modt;) 7=7 (modl0)

f(x) =d x m x (”76;{1)

a° x ¢/ =y, (modp)

Hg X ¢+d X m X (9=1) =n (mod(p—1))

qk
30 x 7+ 24 x 10 x <§) =100 (mod(p—1))
_(p=1) _270 _
te = qk =3 =90

1004+90=190 190+90 =10 (mod(p—1))
g*th root n=10=100 = 190

p=271 p-1=2x3x5=gtxm=3%%x10 primitive root =g =6
=32 ¢"=6"=a=19 (modp)
' a = 6,193,201,97,94,133,168, 255,208
q"th root
n=1,31,61,91,121,151,181,211, 241
d=18

r=7 rF=c=72=9 (modt;)

F(x) =d x m x (qq_kl)

a‘ x gf(") =1, (modp)

~—

(-1

g X c+dxmx =n (mod(p—1))

qk
2 p—
9 %9418 x 10 x 2 =121 (mod(p—1))
(p—1) 270

121+30=151 151+30=181 181+30=211 (mod(p—1))
211+30=241 2414+30=1 1+30=31 (mod(p—1))
31+30=61 614+30=91 (mod(p—1))

'throot n=1=31=61=91=121=151 =181 =211 = 241



43 q“=zq" A g*< p
s — function  (2)

(p—1)><5+qL

r= g+

* =c¢ (modtr)

a“ =y (modp)
(g*th root) — function (4)

k
a=y)" (modp)
g") = h; (modp)
hy xy1 =y2 (modp) ... hyp Xy 4 =y, (modp)

(4" (4") (4%) (
L

a=y; =y . =Y, modp) = g"th root

5 Conclusion

We have created a calculation method, but unfortunately we do not have a theoretical
proof. So, in the case of huge prime numbers or special prime numbers, it may be
wrong.
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