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Abstract

Build a special identical equation, use its calculationrabters to prove and search for
solution of any odd converging to 1 equation through (*3+1B/@peration, and get a solution for
this equation, which is exactly same with that got from caltntpdirectly. Then give a specific
example to verify it. Thus prove the Collatz Conjecture is truetliermore, analysis the even and
odd sequences produced by iteration calculation during segrébr solution, build a function
model, prove it decreases progressively to 0, indicate thatkiinid of iteration calculation has
determined direction, and gradually regularly converges.

I Introduction About The Collatz Conjecture

The Collatz Conjecture is a famous math conjecture, named after mathemati
LotharCollatz, who introduced the idea in 1937. It is also known as #e B
conjecture, the Ulam conjecture etc. Many mathematicians have tried toiptoye
or false and have expanded it to more digits scale. But until today, it has not yet bee
proved.

The Collatz Conjecture concerns sequences of positive integers in which each
term is obtained from the previous one as follows: if the previous integer is even, the
next integer is the previous integer divided by 2, till to odd. If the previous integer is
odd, the next term is the previous integer multiply 3 and plus 1. The conjecture is that
these sequences always reach 1, no matter which positive integer is cheta tioe
sequence.

Here is an example for a typical integer 27, takes up to 111 steps, increasing or
decreasing step by step, climbing as high as 9232 before descending to 1.

27,82, 41, 124, 62, 31, 94, 47, 142, 71, 214, 107, 322, 161, 284 121, 364, 182, 91, 274,
137, 412, 206, 103, 310, 155, 466, 233, 700, 350, 175, 526,785 395, 1186, 593, 1780, 890,
445, 1336, 668, 334, 167, 502, 251, 754, 377, 1132, 566, 288,425, 1276, 638, 319, 958, 479,
1438, 719, 2158, 1079, 3238, 1619, 4858, 2429, 7288, 364%,181, 2734, 1367, 4102, 2051,
6154, 3077, 9232, 4616, 2308, 1154, 577, 1732, 866, 433,, BHW) 325, 976, 488, 244, 122, 61,
184, 92, 46, 23, 70, 35, 106, 53, 160, 80, 40, 20, 10, 5, 16,8, 4,

If the conjecture is false, there should exists some starting number wiies gi
rise to a sequence that does not contain 1. Such a sequence would either enter a
repeating cycle that excludes 1, or increase without bound. No such sequence has
been found by human and computer after verified a lot of numbers can reach to 1. Itis
very difficult to prove these two cases exist or not.



This paper will try to prove the conjecture true from a special view. Because any

even can become odd through2* operation, this paper will research only odd
characters in the conjecture sequence. The equivalence conjecture become: with

random starting odd x, dqx3+1) + 2¢ operation repeatedly, it always converges to 1.

The above sequence can be written as following, in which numbers on arrows are k in
+2* in each step:

2700 - 4100F - 3100 - 4700 — 7100~ 10700 - 1610F — 1210F - 9101 - 1370F - 1030 -
15501 - 233F - 17500 - 26300 - 3951 - 593(0F - 44501F . 16700 — 2510 - 377007 -
2831 - 425 - 3190 - 4790 . 71900 - 10791 - 1619111 — 24291F — 91101 - 136 700" —
20510 - 307700 - 57700F — 4320F - 3250 - 610F . 230" - 350 - 530F - 50 -1

I Build Equation For The Conjecture

If odd x do n times (x3+1) + 2 calculation build odd y, we can get:

y= Pu+TE+T 2N 4 FB XA 4 QP12 oottt
- PRt +

In which pr...pnis kin +2* operation in each step.

FxT7+3+2

For example: (7x3+1)+2=11, 11x3+1)+2=17, then 17= 7

Suppose odd x can converge to 1 througk3+1) + 2 calculation, then y=1,
get:
Ix+3 432X +F QA 43 QN2 ottt DRt =) Formula (1)

We know (1x3+1)+2° =1, and can do any times this kind of operation. That is

to say, 1 do random n step&3+1) + 2° operation can converge to 1, have:

4T+ 4T X2 3 2P + -2 =0
Below we use this model to prove and search for solution of Formula (1) for any
odd x converging to 1.
Il Solution For Any 0dd Converging To 1 Equation
First with odd x do reform:

x=a,x3"+a,,x3" +..+a x3+a,, an...a=0, 1 or 2. Then:

3"x=3"x(a,x3"+a,, x3" +..+a x3+4a,)



If am>1 or an=1 but
(@,,x3"™ +..+8 x3" +3,x3) >@™ +3"™ xZ, +3'x2™)  make

x=3"-3"+a ,x3"+..+ax3+a, or:

x=3"-2x3"+a_,x3" +...+a x3+3a,
Build identicalequation:

ML PE NP PN AP 4P AT L A2 2N = Formula (2)

If x can converge to 1, Formula (1) and Formula (2) should be equivalence.
Below we try to reform Formula (2) to form of Formula (1), if successful, dvas
that equation for Formula (1) has solution.

First let:

( n+m-1 +3n+m—2 x 22"'+3n x 22(m—l)) _ (am—l X3n+m—l +. .+ a1 X3n+l + ao X3n) :tn X3n '
because x is odd, this is odd minus evershould be odd.

Because the max value of 23s 2x3™' +2x3™2 +...+2x3+2, min value is
—-3™" +1, then t has a range:
from (3™ +3™? x22 4+22MV) - (2x3™ +2x3M 2+, +2x3+2) to

(3™ +3™% x 22 +22M) — (=31 +7]) .
Changedto binary form and let:
t x(2+)x3H+3x22" -3 =t x3"" | this is just with 3 part multiply

(2+1) become '8! part, and plus corresponding part in Formula (2), minus
corresponding part in Formula (1). From now oy, become even.Continue:

t o XR+DYx3+3Fx22™M2 -3 x2M =t x3" | and let 2! equal to max

value of even part(or the lowest bit of odd part).

Watch Formula (1) and Formula (2), in general, if do not considét-2part
(because we consider’2- as max value of even part ofz2} in Formula (1),
corresponding parts in Formula (2) are bigger than corresponding part in Formula

(1). Hence after a few times ot._, x(2+1) , value of t2 is mainly determined by

corresponding part in Formula (2). And, aftér, x (2+1) , odd part should add 1 or 2

bits, if add 1 bit, + 2°™* should operate in MSB bit, if add 2 bitst 2*™* should
operate in MSB-1 bit. Both cases odd part add 2 bits aft&*™? operation, if MSB
bit of ti.2 is 2,k should be odd.



For example:
3+22=7,7x(2+1)+2*-1=9x2% 9x2?x (2+1) +2° - 22 =21x 2°
Continue:
t ,X(2+Dx3P+3Mx22M _FEx 2 =t x 3" et 2PLP2 equal to max

value of even part.Because LSB bit no. of odd part; ahdreases continuously, this
can be finished easily.

Watch t(i<n and decreases step by step), during iteration, the count of succession
1 in the highest part should be unchanged or increased. Why? This is because of

characters of odd multiply 3 and 2°™ operation. If t1 is with form 10..., obviously,
count of succession 1 in highest part of is unchanged or increased. if s with

form 111..., after dox (2+1), should become 101..., d& 2°™ ,become 111..., count

of succession 1 in highest part is also unchanged or increased. Other cades can
proved easily. Some cases can increase, for exampie,i#f with form 110110...,i&
becomes 1110...

Do this iteration continuously, count of succession 1 in the highest part of odd
part of t is unchanged or increased, LSB bit no. is also increased. Hence, finady, t

become form of 11..., just2“x (2’ -1) form (k+j=odd). Stop here, do not do

x(2+1) again, odd x already converge to 1. De2*™™ operation, it should

operate in MSB+1 bit, because MSB bit no. ef2* is forever equal to MSB+1 bit
no. of the previous item. Hence minus result can be equal2®™"*™  thus prove the
Collatz Conjecture and get solution of Formula (1).

Below give a specific example,x=7.

We know, with 7 do (x3+1) + 2*, have:

70110 - 1707 - 130MFP - 5 - 1

Suppose:

FXT+F T +37 XN +F QU2 13 QT TIE  OR  _DRItR i ()
Ix7=Fx(2x3+]) =3 x(F -3+ =32 -3 +3’

Build:

244 x P 4T 3P + 27— =

F1+I %2 +3% -3 = (2 +)x3T’

“(2+1) and +2: (2 +)xR+D)xTH+2xF =P +2+2 +)x3™

3L (24242 +H)xF - =P +2+2)x3™



“(2+1) and +2; (P+2+2)x(+)x3 2+ xT =2 +2P +2 + 2 +2 +)x37,
Let pp=1, and delete item 2:
@ +2+2 4242 +2-9)x3? =2 +2 +2 + B2 +2)xT?

“(2+1) and +2: (2 +2+2+2+2)x2+)xT 2+ 22 xFP = (P + 2+ 2 +2 +2)x3°
Let pi+p2=2, and delete item?2
@ +2+2+2+2 -2)x32 =P +P2+22+2)x3

“(2+1) and +20% (P42 +2 +2)x(2+)x3™ + 20T = (21420422 +2" +2)x3
Let pi+p2+ps=4, and delete item*2
@242 +2 +2 =237 =2+ 242 +2)x3"

“(2+1) and +22  (2M+294 22 +2')x 2+ xT P + 2% = (284224 2+ 2')x 30
Let pi+p2+ps+psa=7, and delete item2
(2°+224+2142 2)xB 0 =22+ 22+ 2)x3

Now become 111..., the highest bit i§*2teration finished, steps n=5. And
213 + 212 + 211 _ 2(2><5+4) - _211 - _2p_L+...+p5 )
This way, we get a solution for Formula (1), in which the value of n and p
exactly same with the result got from calculating directly.

IV Convergence Regularity Of Collatz Conjecture

If we calculate directly with odd through(x3+1)+2* operation, the odd

sequence built (called Sequence (1)) has no obvious convergence regularity, elements
in the sequence vary sometimes big, sometimes small. But if we do operation a
introduced in above section, convergence regularity of the odd sequence built (called
Sequence (2)) is more obvious.

First, if add two corresponding elements in each step in these two odd seguenc
should be exactly'®k is different with different elements). Such as

7+9=1611+21=3217+47=64... in above example.
In general, first element in Sequence (2) is:

a=@" +3"x2%. +22™) —(a,_, x3" +...+a x3+4a,)
and first element in Sequence (1) is x:

x=3"+a_,x3" +...+a x3+a,, then

x+a=3"+3™ +3"2x 2?2 +24™Y = 22" "ig just the same form with Formula



(2), and 2m should be the MSB+1 bit no. of x or a(along with the increase of a in
Sequence (2), 2m should be the MSB+1 bit no. of a,because each corresponding part
in Formula (2) is bigger than which in Formula (1)).

Below prove next elements also satisfy above regularity.

Suppose a in Sequence (2) and x in in Sequence (1) satisfy above regularity, and:

a=2"+a _,x2" +. . +a x2+1,

x=2"™-a, then

3a+2™ -1=3x2"+3xa_, x2"" +.. . +3xa x2+3+2™ -1,
3x+1=3x2™ -3x2"-3xaq_, x2™ -, -3xa x2-3+1,

(Bx+1) + (Ba+2™ —1) =4x 2™ = 2

This states that the lowest bit of odd part of (3x+1) and (34%2) is equal, and
add these two odd parts should bg<X).

Above regularity states that the original odd sequence has no obvious regularity is
because it is only the partial part, not the whole part.

Second, research into odd multiplying 3, any odd can be written in binary form
1...1, both the highest and lowest bit is 1, aftet3 , although total bit number
increases, first substep is to shift bit 1 to the middle of the result, sexalvgtep may
make carry to higher bit due to 1+1 in the middle of the result(1-bits in the middle of
odd also satisfy this regularity). Both substeps are beneficial to ourdoed| because
we need many 1 bits in final result+ 2* operation ensure succession 1 bits in the
highest part, -1 operation reduce count of isolated 1 bits in the lowest parteHenc
0-bits in the odd part in; should shift right or bit-count reduce in each step, and its
weight in total £ should reduce step by step till to O, when the odd part converges to
1...1. Build a simple weight model:

_ valueof all Obitsin oddpartin t,

W = 22k

Where 2k is the corresponding adding part inint that step. Because obviously

Definition (1)

2% <t in each step, simply we can use mpresent the weight of value of all 0 bits

in odd part in t We can also think2* as the sum ofitand its corresponding part in
original sequence, the conclusion we final got is same. Specially, with anyapdd
which highest bit is 2, define w for this odd:

_ valueof all Obitsin odda
a] — m+1
2

Definition (2)

Although the denominator is bigger than which in Definition (1), the regularity is
same.

Observe wit should reduce step by step, and model value can and must converge
to 0, because there is no possibility to exist a convergence value, which its
corresponding odd part inis not 1...1, and its model value can remain unchanged in



next steps through multiplying 3 operation and other two operations. Thus odd part
must converge to 1...1, could not diverge or converge to other odds.
ti sequence in above example is: 9,42,188,816,3456,14336
odd part sequence is: 9,21,47,51,27,7
wi sequence is(according to Definition (1)):
(2+4)/4=1.5,(4+16)/16=1.25,64/64=1,(64+128)/256=0.75,512/1024=0.5,0/4096=0

Through above introduction we know,with odd we de3+1) + 2 operation in

the Collatz Conjecture,on the contrast, with odd we @@+ 2™ -1)+2% in above

iteration method.We can easily prove that odd 1...10a(a is in binary basg)ivalent
to odd 10a in second method,count @ificcessiorl bits in the head part only represent the
iteration steps roughly.

In fact, only one case 0 bits indo not shift right or bit-count reduce whenhias
not converged.This is:

101->1011.

This case wdo not change, both are 1/4, according to Definition (2). But next step
1011->11 , tconverges, hence this case is not worth worrying about.

Below we prove it strictly.

Suppose with odd a do(x3+1)+2“ operation,and use x represent iteration

steps.we can reformas follow,the numerator part is exactly equal to O bits:in t

e N
WX =
7%

Obviously w(x) is continuous derivatived when a in odd domain definition and x
in positive integer domain definition,and is bounded(>=0).

Now we try to take the derivative of w(x).

Here the derivation definition of the numerator and denominator is:
(Y(x+1)-y(x))/(x+1-X).

Then the derivation of the numerator is:

2><(3‘a +30432x0P :*_3XZP1+P2+---+P)<—2 +2Q_+p2+..:+px_l) PP D g SRR _ PRt

The derivation of the denominator i?x*? — 22« = 3x 2%k

Then

W() = D P X QPEPE A0 1. B P X QRUTPER P P 5 QRUIPEHBet (R 3 | 4 QAP Pen) ¢ P
s

B (5_2%1) X P X QPP H P s ORIty 5 D2 _ (5_2%1 _b)xzpﬁpz‘r--*&

= 7 - >

Where b is the odd after odd a doing x stes3+1) + 2“ operation.that is:

3a+3 T +3Px 4, QU ORI Rt



Observe Wx), we know when b>3 vx)<0, w(x) monotonically decreases. Only
when b=1(this case2”* should equal to 4), or when b=32" =2  W'(x)=0.
Second case of b=3 is the except case introduced above, the corresponding odd part
of tj is with form ‘101’, is not worth worrying about. First case is convergence case.

Does it exist some odds which its tends to 0 but not equal to O forever? In fact,

it exists some odds which 0-bits distribution are similar andl@creases if they exist
in same sequence. Such as, 10001 and 1100016¥211000011(*4-1), 10001 and

1100001 (insert 0). Because thg3+ 2™ -1)+ 2 operation limits the varying of the

highest part of odd, these odds could not be possible to appear in the same sequence,
also could not repeatedly appear.

For example:

10001->101001->1011101->11001011->11011->111, could not produce similar
0-bits distribution.

Below prove it from another view.

Suppose odd a is in(x3+1)+2¢ operation sequence, its corresponding odd in

(x3+2™-1)+ 2% operation sequence is b, which highest bitTs then according to

Definition (2), Wy =
_Jp
Next Step, b become odd c, thew, =% , where 2 is the lowest bit of

odd part.

Wg _3a+1-2° 3 2°-4 3 1
= == - <=+ —=
W, 4x(@-1) 4 4x(@a-1) 4 2x(a-l

When a is big enough, for example=2%1, Mo 0.751.
Wy

This means when odd irfx3+1) + 2“ operation sequence is big enough,next step,

wi is smaller than which multiply 0.751 in current step.
In above example, for first oddw, g =1_76 , for other odds, W, =é ,

_15

V\{lloooou - &
for first odd.

When odd become big enough, this regularity is same, and obviously, first odd
could not become other odds in within 3 steps. But
0.751*0.751*0.751=0.423564751<0.5, it is contradictious.

Hence it could not exist a sequence which exists a loopidemds to O but not
equal to O forever when odds in the sequence are big enough. Case of small odd

+ Wi100001 =g , w; for all other odds is equal to or bigger than*®.5



<2'%1 can be proved easily manually.

V Other Convergence Regularity

Ti has many other characters, for example, its odd part should be with form 3*y
after first step, this can be easily proved:

With odd x, first operation is: 3x+2-1, 22k-1 can be divided by 3 exactly, then
total value is with form 3*y.

Continue to watch;t from this step, within each few steps, odd part should be
back to form 3*y(suppose it has not yet converged before this step), this is because
each next step hag'@2r'*--P part, when p...pi is even, total value is with form 3*y.

This also limits the varying range of the odd part.

And after a few steps, y should be with binary form 101...1, since this time, if step
count is big enough, with each some steps, the head part of y increase a 01 pair. From
the example of starting odd x=27, this regularity can be obviously observed, here do
not list the result. This indicates again that this kind of iteration calmrahas
determined direction, and gradually regularly converges.

VI Conclusion
This way, we have proved that the Collatz Conjecture is true, and build a
function model for the Collatz sequence, it decreases progressively to 0



