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Abstract

Starting with a brief review of our prior construction of n-ary algebras,
based on the relation among the n-ary commutators of noncommuting
spacetime coordinates [X', X2, ...... , X "] with the polyvector valued coor-
dinates X'?*™ in noncommutative Clifford spaces, [X*, X?, ...... , X" =
n! X123 we proceed to construct generalized brane actions in noncom-
mutative matrix coordinates backgrounds in Clifford-spaces (C-spaces).
An instrumental role is played by the Clifford-valued scalar field <I>(UA)
which provides the functional form of the noncommutative matrix coordi-
nates in C-space, X = &~ (¢ I'M®(0*), and that is given in terms of
the world manifold’s ¢* polyvector-valued coordinates of the generalized
brane, and which by construction, satisfy the n-ary algebra. We finalize
with an extension of coherent states in C-spaces and provide a preliminary
study of strings in target C-space backgrounds.

1 Introduction: Noncommutative Clifford Space
Coordinates and the n-ary Algebra

Clifford algebras are deeply related and essential tools in many aspects in
Physics. The Extended Relativity theory in Clifford-spaces ( C-spaces ) is a nat-
ural extension of the ordinary Relativity theory [1] whose generalized polyvector-
valued coordinates are Clifford-valued quantities which incorporate lines, areas,
volumes, hyper-volumes.... degrees of freedom associated with the collective
particle, string, membrane, p-brane,... dynamics of p-loops (closed p-branes)
in D-dimensional target spacetime backgrounds. Namely, C-space Relativity
permits to study the dynamics of all (closed) p-branes, for different values of p,
on a unified footing [1].



Given X = X, I'M, a Clifford-valued coordinate associated to Clifford space
(C-space), it admits the following expansion in terms of the Clifford algebra

generators in D-dimensions : 1, y#, y#1 A yH2 oo yHPL NP2 Ao N APD
X =514 2,7 + Tpjpo VAV + Tppops YVNAYEANE £ +
Ty piopsgerepn VAN AL AP (1.1)

The numerical combinatorial factors can be omitted by imposing the ordering
prescription puy < pe < pz--- < pp. In order to match physical units in
each term of (1.1) a length scale parameter must be suitably introduced in the
expansion in eq-(1.1). In [1] we introduced the Planck scale as the expansion
parameter in (1.1), and which was set to unity, when one adopts the units
h=c=G=1.

The commuting scalar, vectorial, antisymmetric coordinates s,x,, T, u, =
—Tpoprs " Tpugpue--up are the scalar, vector, bivector, trivector, - - - components
of the polyvector-valued coordinates in C-space. A noncommutative extension
of these polyvector-valued coordinates was developed in [3]. In this introduction,
we briefly review such construction to prepare the groundwork for the study of
branes in noncommutative flat target C-space backgrounds.

We begin firstly by writing the commutators [I'4,T'g]. For pg = odd one has
2

[ Vorba.on by Y0270 ] = 2yt —
2p'Q' l[araz _as....aq) + QP'CI' lar....as _as....aq] -
2l(p —2)!(q — 2)! [brb2 Tog.....b,] A(p — 4))(q — 4)! “Brba Vog.oobp] — e
(1.2)
for pqg = even one has
aias...... aq _ (_1)p712p!q! la1 _azas....aq)
[7b1b2 ..... bps Y 1 ] - 1!(])— 1)!((]— 1)! [b1 ’71,21;3 ,,,,, byl
(_1):0*121)!(]! la1....as _a4....aq]
31(p = 3)l(q — 3)1 s ouotyl T (1)
The anti-commutators for pg = even are
[ sty 70200} = 290 —
2p'q' [ataz _as....aq) + 2p'Q' [a1....as _as....aq] .
2l(p — 2)!(q — 2)! "[orb2 Tog.....b,)] A(p— 4)l(q — 4)! “browba Tosoby] T
(1.4)
and the anti-commutators for pg = odd are
a1as...... aq (71)p712p'Q' l[ar _azas....aq)
{FYble ..... bp» Y 142 } = - 1|(p_ 1)'(q_ 1)' [bl 71)253 _____ bz] -



(—1)P72plg!  faras
3l(p —3)!(qg — 3)! [brbs

The second step is to write down the noncommutative algebra associated
with the noncommuting polyvector-valued coordinates in D = 4 and which can
be obtained from the Clifford algebra by performing the following replacements
(and relabeling indices)

P s (1.5)

NI N VNG VR B2l XA b (1.6)

When the spacetime metric components g,,,, are constant, from the replacements
(1.6), and using the Clifford algebraic relations (1.2-1.5) (after one relabels in-
dices), one can then construct the following noncommutative algebra among
the polyvector-valued coordinates in D = 4, and obeying the Jacobi identities,
given by the relations

[ XM, XH2] = XM XK — XH2 XM = 9 XMz, (1.7)

As mentioned above, in most of the remaining commutators a suitable length
scale parameter must be introduced in order to match units. We shall set this
length scale (let us say the Planck scale) to unity. Secondly, by choosing the
C-space coordinates to behave like anti-Hermitian operators we avoid the need
to introduce 4 factors in the right hand side of (1.7), since the commutator of
two anti-Hermitian operators is anti-Hermitian.

The other commutators are

[XHibz XV ] = 4 (ghY XM — ghv XK, (1.8)
[X;uuzus’ XV] = 2 XMk2usy [)(llél.lwﬂalw7 XV] = -8 gl“” XH2Hsta 4
(1.9)

[Xﬂluzv quz/z ] — 78 gM1V1 XMQVQ + 8 gﬂluz XH2V1 +
8 ghavt XMz g ghava X, (1.10)
[ XHakeps  xvive | — 9 gt XHaHsvz 4 (1.11)
[XU1H2H37 Xvivavs } = — 36 GHrH2 vz xHsVs 4 (1.12)
[Xm#z#slm’ Xvive ] = —16 gt XHepspar2 4 (1-13)
[X/ﬁ/tz/%/m, Xz } = —16 gt XH2kskavz 4 16 g1z X k2kskan
(1.14)



(1.15)
[XH1XL2H3M47 XV11/2V3V4 ] = 192 Gmuzua vivavs Xlt4v4 - (1.16)
where
GHHZ e in VIV2 eV — gL ght2v2 ghn'n 4+ signed permutations
(1.17a)

etc...... The metric components GH1#2:-Hn ¥1V2---Un i Cgpace can also be writ-
ten as a determinant of the n x n matrix G whose entries are gH?"”’

det ann = E €ivig..... in €j1j2.gn g#ilyjl g'ui?yj2 ....... g”i"Vj". (117b)

11,02, eyt C I = 1,2,.....,D and j1,J2,.cc.., jn € J = 1,2,.....; D. One must
also include in the C-space metric GM¥ the (Clifford) scalar-scalar component
G (that could be related to the dilaton field) and the pseudo-scalar/pseudo-
scalar component GH1#2---#D V1v2--VD (that could be related to the axion field).

One must emphasize that when the spacetime metric components g, are
no longer constant, the noncommutative algebra among the polyvector-valued
coordinates in D = 4, does not longer obey the Jacobi identities. For this reason
we restrict our construction to a flat spacetime background g,,, = 7.

N-ary algebras have been known for some time [8] since Nambu introduced
his bracket (a Jacobian) in the study of branes and the generalizations of Hamil-
tonian mechanics based on Poisson brackets. In this section we shall show how
polyvector valued coordinates admit a very natural interpretation in terms of
n—ary commutators of vector-valued coordinates.

The ternary commutator for noncommuting coordinates is defined as

X1 X% X% = XVIX2 X+ XXX+ XP XX =
1 1
B { X' (X2, X3} + 3 [ XY (X%, X3 ] + cyclic permutations — (1.18)
Due to the Jacobi identities, the terms

[ XY [X%, X3 ] + cyclic permutations = 0. (1.19)

N =

so that the ternary commutators become

1

(X1 X% X3 = 5 { X' X2 X3} + cyclic permutations. (1.20)

After using the relations

(X%, X3 = 2X%, { X' X»} = 2X'3, (1.21)



one gets finally
(XY X2 X3 = 2 X' 4 cyclic permutations = 6 X', (1.22)

since X123 = X231 — x312 — _ X132 — |
After using the above noncommutative algebraic relations, after some labo-
rious but straightforward algebra, one arrives by recursion at the most general
n-ary commutator given by
[ XY X2 . , X" ] = pl X1Been (1.23)
for all n =2,3,---, D [3].

2 (Generalized Branes in Noncommutative C'-spaces

2.1 Matrix Coordinates in C-space

Given a fermionic field ¥ = ¥(z#), one could interpret the informal “inverse”
operation z# = z#(¥), relating z* to the value of the fermionic field at that
point, from the correspondence given by z# < U~*W¥. Based on this correspon-
dence we shall define the following matrices

X’ )(/‘7 Xﬂl/‘z, . X H1H2 (21)

that have a one-to-one correspondence with the polyvector-valued coordinates
x, ot gtk gk Ee in terms of @ as follows

Xt = 1 AP, XHiH2 = d1 AHIH2 P
XHkabs = T pakzns oo XHk2 i = $TL g2l (2.2)

where & = &(x, zH, xF1k2 ... gHik2kn) g a Clifford-valued scalar field
1 1
® = ¢tya =6 + Py + o M + o g PRI (23)

living in the flat C-space associated to the Clifford algebra in D-dim.! In
D = 4, the Clifford algebra is 2* = 16 dimensional and ® can be represented in
terms of the entries of a 4 x 4 matrix. ®~! is the inverse 4 x 4 matrix-valued
field and such that all the matrices displayed in eqs-(2.2) obey the previous
n-ary commutation relations found in section 1 due to the ®®~1 = &~ 1d =1
condition. In D-dim the scalar field ® is represented by a 2l5] x 2021 matrix
where [£] is the integer part of 2. We shall take D even for simplicity.

Therefore, the construction of the matrices in eqs-(2.2) will automatically
obey the n-ary commutators

'In eq-(2.3) we introduced the combinatorial numerical factors



[X“, Xu] ~ X,uu’ [)(//‘17 Xuz’ X,us] ~ Xﬂluzlta
[ XM, XKz XHn ]~ XHik2bn (2.4)

If the ® Clifford-valued scalar field is designed to obey the generalized mass-
less Klein-Gordon equation

004D = 0; Op = {0y, Opn, Oguiv, -} (2.5)

then any solution of eq-(2.5) will provide an explicit construction of the family of
matrices in eqs-(2.2) in terms of the polyvector-valued variables x, x#, xHttH2 ... gH1H2 Ko
and obeying the n-ary algebra.

Instead of imposing the generalized Klein-Gordon equation for ® another
route one can take is in the study of p-branes moving in Noncommutative target
C-space backgrounds. A p-brane action associated with the commutative em-
bedding functions X#(0%),a = 1,2,---,p+1, from the p+ 1-dim world-manifold
into a target background can be generalized to C-spaces [4] by embedding a Clif-
ford world-manifold of dimension 2¢ into a target Clifford space of dimension
2P with d < D via means of the commutative embedding polyvector-valued
functions

XM(UA) _ X(U, a_a70.a1a27 o 70_,11(12...%)’ X“(U, 0_(170.(11(127 .. 70.a1a2-‘.ad)’
X H1B2 (U, O_a’ o_ala2’ e o_ala2...ad)’ X H1H2p3 (U, O_a’ o_a1a2’ e o_a1a2...ad)’
XHH2BD (g g@ 0192 ... g1d27ad) (2.6)

The C-space version of a p-brane action is

T
S = - 9 / dodo®do®?2 ... dg*1a2 ad \/@ (HAB IaXM N Gun — (2d—2))

(2.7)
with 8A = a{,A = 80, &,a, agawz PR agalaz-“ad, and H = det(HAB) is the deter-
minant of the 2¢ x 2¢ auxiliary metric H 4 on the Clifford world-manifold of di-
mension 2. Such determinant is given in terms of the sums of antisymmetrized
products of block determinants. For example, if one has a 2x2 block matrix com-
prised of entries A, B, C, D the determinant would be detA detD — detB detC.
G is the 2P x 2P metric on the target Clifford space background of dimen-
sion 2P > 24, To simplify matters we shall work on a flat C-space background.
T is the tension of the generalized brane in Clifford space.

We proceed next to construct the moncommutative C-space generaliza-
tion of the above action (2.7) by promoting the C-space commuting polyvec-
tor coordinates XM (04) to matrix-valued noncommuting polyvector coordi-
nates (denoted by a bold face font) XM (¢4),M = 1,2,---,2P defined by
XM = o Yo MP(c4), with TM = 1,4k 472 ... k2w A]l the
derivatives of the matrices X™ with respect to o can be written in terms
of the derivatives with respect to the field ® as



1
XM — _ 5@—2 oA + 04,2 HTM® + o1 1TM 9,0 (2.8)

where one has taken into consideration the ordering due to the noncommutative
nature of the matrix representation of the Clifford-valued scalar field ®.

For example, in a 4D target spacetime background, one has a total number of
16 field components in the definition of ® given by ¢, ¢pF, pF1H2 pH1H2H3  pH1k2EsHa
and where all of the latter field components are functions of the polyvector-
valued coordinates associated with the Clifford world-manifold of the general-
ized brane of dimension 2% : o4 @az ... g2 with d < 4 =
24 < 24 = 16.

The action in a flat C-space background involving the matrices XM is given
by

—_ a
= 0,0%0

S = — g / (D) V/|H| ( H*® Trace (94XM 05XY Gun ) — (27-2))

(2.9)
where all the derivatives 94X can be rewritten in terms of the derivatives of
O via eq-(2.8). [DQ)] is defined as

[DQ] = HdaA = do do® do"*? ... dg®1?? (2.10)

and Gy = nupn is the flat C-space metric. Such an action will provide the
sought-after 2P equations of motion for the 2P matrices XM , M =1,2,.--, 27,
and which in turn due to eq-(2.8), are sufficient to determine the 2% field com-
ponents of ®. Once ® = ®(s*) is known one can read-off the expressions for
XM (g4) directly from the definition X™ = &~ 1(¢)TM@(04), and such that
the matrix coordinates XM satisfy the n-ary algebra (1.23), by construction.

One must note that not all of the solutions X to the equations of motion
are independent due to the fact that one must obey the n-ary commutation
relations. In flat C-space backgrounds, the matrices X*, u = 1,2,3,---,D
reproduce all of the n-ary algebra elements since the bivectors X#1#2  trivec-
tors X#H1H2Ks ... are generated by simply performing the n-ary commutation
relations (1.23) involving the matrices X*’s. In a sense, the branes living in
Noncommutative C-space are condensates of lower dimensional branes since
the bivectors, trivectors, --- are composites of the X* elements.

2.2 Deformation Quantization of Branes in C-spaces

The Moyal noncommutative but associative star product in ordinary 2d-dim
phase space comprised of coordinates ¢%, ps;a = 1,2,---,d is given by [5]

XY = ¢2927009; X(q",pa) Y(q",pa) =

3 CRP2" iigyizie ... qiin gn, - X o7y (2.11)

n 1182+ ip, J1J2 " Jn
n=0 :



where Q% = —)J? is the inverse of the symplectic antisymmetric 2d x 2d matrix
;; in the 2d-dim phase space and 0; = (04e,0p,),a = 1,2, ---,d are the phase
space derivatives. The Poisson bivector is defined as IT = Q% ; A 9;. Noncom-
mutative and nonassociative star products have been studied by many authors,
see [13] and references therein.

A C-space generalization of the star product (2.11), when there is no mixing
of the different grades in the derivatives wih respect to the polyvector coordi-
nates, is of the form

XxY = e%ﬂaq/\ap 6%9”873/\@ e%ﬂilizulhailiz/\a.iu'z
AR O i X (g pa) Y P (212)
The derivatives 97 = (944,0,,), A = 1,2,---,2" are the Clifford phase space
derivatives. Q7 = —Q’7 is the inverse of the symplectic matrix in the Clifford

phase space of dimensions 2”1 and is comprised of blocks of different sizes
depending on the grade of the polyvector-valued coordinates

@ = (¢.9",q

aiaz |

..q

alazman), rAa = (pvpaapalaz "'palagman) (213)
The powers of fi in (2.12) are required to compensate for the units of the cells
“areas” in Clifford phase space. For example, the cells “areas” of the form
dq®® A dpg, 4, have dimensions of i%. The star product (2.12) is very different
from the more general star product described at the end of this section [3].
Inspired by the Weyl-Wigner-Moyal-Groenewold (WWMG) deformation quan-

tization procedure [5], one may find the correspondence between operators
XM (G4, pa) in the Hilbert space, which depend on the position ¢* and momen-
tum operators P4, and the functions X (¢#,pa) of the Clifford phase space
coordinates ¢ = (q,¢% ¢*%%,---); pa = (P, Pa;Pasay, ). The C-space exten-
sion of the WWMG map is given by

N i 1A 3| Al
X ) ~ [ g g et Tt (2ag)

where | A| denotes the grade of the polyvector-valued coordinates. |4| =0,1,2,3,---, D.
Such mapping is the C-space extension of the Weyl-Wigner-Moyal-Groenewold

correspondence [5] between operators A, B in a Hilbert space and functions in

phase space A(¢%, pa), B(q*, pa), such that W[A] = A; W[B] = B = W[A|W[B] =

AB = W[A* B], and leading to W—'[AB] = A B. Therefore, the star product

obeys similar conditions so that

A ~ inaa JRIAl
X))~ [ gt A VY gt ) e Ty
R (2.15)
The WWMG quantum map of the operator X™ can also be rewritten as



XM (g, pa) ~ / 7 U@ =) Wl XM ) w5 (g 4) ePad M T dg

(2.16)
after inserting 1 = > |¥y,) (| in eq-(2.14). In order to evaluate the quanti-
ties (Y| XM |1),,) one needs to know what are the quantum states [1,,) of the
generalized brane in flat C-spaces, and in order to attain that, one has to quan-
tize the ordinary brane in the first place which is notoriously difficult due to the
nonlinearity of the equations of motion.

A different generalized Wigner function ansatz than the one displayed by
eq-(2.14) was proposed by [7]. The C-space extension of the generalized Wigner
ansatz provided by [7] in ordinary spaces is given by

4 1A jE|A|
YM(g*, pa) ~ /‘I’L(qA—Q’A) DM Wa(gh ') 2Pad” /M T dg'* (2.17)

where W is a spinor with 2l%] components, and one has written the explicit ma-

trix (spinorial) indices of the gamma matrices '’} = (1,4, Vop Yap o Vhg P
In essence, eq-(2.17) states that the bosonic fields in the Clifford phase space
YM(g4,pa)’s are nonlocal composites of fermionic bilinears.

The star product resulting from eq-(2.17) turns out to be

ipawa /R4l
VM N) (g, pa) ~ / W (gA—w) (TIN5 W (g e2rawa/i ™ TT du,

(2.18)
with w? = ¢4 + ¢"4. The key condition W ['MTV] = YM x YV will impose
strong constraints on the above spinorial fields ¥, (g) in C-space.

Extending the numerical calculations of [7] to C-spaces one finds the required
conditions on the ¥’s to be given by

/ (gt — o) Up(t — o) [Ld@" — ) = s, 0t =g — g™ (2.19)

in order for eq-(2.18) to hold.

Comparing eq-(2.17) with eq-(2.14) is tantamount of establishing the corre-
spondence XM (¢4, pa) > YM(¢*,pa), and XM < TM. The latter was pre-
cisely the same required correspondence at the beginning of this work in order
to derive the n-ary algebra (1.23) of the noncommutative polyvector coordinates
associated with the noncommutative C-space.

The Moyal bracket of two functions in phase space is defined by

{A(q",pa), B(q",pa)} B = A(q",pa) ¥ B(q“,pa) — B(q",pa) * A(q", pa) (2.20)

and vanishes in the classical limit. Consequently, the & — 0 limit involving the
commutator of two operators A, B in a Hilbert space as follows



_ 1 .. - . 1
llmh_>0 E [A,B] = llmh_m % {A,B}MB = {A,B}pB (221)
yields the classical Poisson bracket.
Finaly, we arrive at one of the main results of this section. Since the star

product is associative W‘l[ABC'} = A x B x C, the integral representation of
eqs-(2.17) can be extended to

(M y Mo Y Moy (g pa) ~
/ Ul (g4 —w?) (DMTMDMs) 5 Wa(g? + wh) e2Pawa/m™ TTdw?, (2.22)

and so forth for multiple star products, such that

[YM’ Y H2 ]* = YHL ¢ YH2 _ YH2 4 VML — {Yﬂl, Y H2 }MB = QY H1p2

(2.23)

and after more laborious algebra one can show that
[Yﬂl’ Y H2 ’Yltzs ]* = 3lYH1K2K3 (2'24)
[Ylh7 Yuz’ S Y Hn ]* = plYH1H2Hn (2_25)

Consequently, one recovers in this way via the Moyal deformation quantization,
an n-ary algebra which is isomorphic to the n-ary algebra displayed in section
1, and involving the noncommutative coordinates of Clifford space.

When p+ 1 = 2n, the p+ 1 coordinates of the p+ 1-dim world volume of the
p-brane have a one-to-one correspondence with the ¢!, pt, ¢, p?, - - -, ¢™, p" phase
space coordinates of a 2n-dim phase space. In this way the star product de-
formation of an ordinary p-brane action in flat target Minkowsky backgrounds,
when p 4+ 1 = 2n is even, could be given by [3]

T
% = e / o (X, X Xy

7 [ arhio (o X X (2.26)

and such that in the classical 7 = 0 limit, the Moyal defomed Nambu Poisson
brackets (MNPB) divided by (ih)®*1/2 lead to the Nambu Poisson Brackets
(NPB) . In order to show this, one requires to decompose the MNPB into sums
of products of Moyal brackets, when p 4+ 1 = d = 2n = even, as follows [8]

{X#17X;L23"'7X#p+1}MNPB = {Xltleuzv"',Xup+1}* =
{ X Xpo b o { X, Xy Joo % o L X Xy e £ o (2.27)

10



where the ellipsis denotes signed permutations; i.e. the star-product deforma-
tions of the Nambu-Poisson-Brackets can be decomposed as a suitable anti-
symmetrized sum of the star products of the Moyal brackets among pairs of
variables. For instance

{A,BaC7D}* = {AvB}**{CaD}*+{C>D}**{A’B}*+{CaA}**{BaD}*+

{B,D}. * {C,A}. + {D,A}. = {C,B}. + {C,B}.  {D, A}, (2.28)

Each term in (2.28) splits into 4 terms giving a total of 4 x 6 = 24 = 4! terms
out of which 12 have a positive sign and 12 have a negative sign.

When p + 1 = odd, attempts have been made to introduce quantum defor-
mations based on the Zariski star product deformations of the Nambu Poisson
Brackets (NPB), but unfortunately these deformed brackets failed to obey all
the required algebraic properties of a (quantum) bracket [8]. Therefore, to our
knowledge, only when p+1 = 2n is even one can perform a suitable star product
deformations of the Nambu-Poisson Brackets (NPB).

The Moyal deformations of the generalized brane actions in flat target C-
spaces given by eq-(2.7) can be obtained by replacing ordinary products in
eq-(2.7) for star products in C-space. This procedure is much simpler than try-
ing to construct the C-space extension of eq-(2.26). However, one can no longer
use the star product involving the phase space variables (2.12) but a different
one. The correct noncommutative and associative star product [9],[10],[11] cor-
responding to a Lie-algebraic-like structure of the noncommutative polyvector-
valued coordinates o of the 2¢-dim world manifold, and associated with the
motion of a generalized brane in target flat C'-space backgrounds described by
the functions XM (c4), is given by

(XM XM (oA = exp( % 0ANA[ G Dpray i Dprra ] ) XM ) X M2 (6" A)| a_pia_ga.

(2.29)
where the expression for the bilinear differential polynomial A4[i0,/a,i044]
appearing in the kernel of the exponential (2.29), and derived from the Baker-
Campbell-Hausdorff formula, has the following form

-2

. 1
Aalk,p] = ikppc fE€ + 5 kg, pc, (B, — kg,) fB** 152 +

,L'd

1 (P82 ko, + ki, pey) ks, ko, fp!S f) PP 4 (2.30)

The above kernel is given in terms of the structure constants [0?, o
of the polyvector coordinates algebra displayed below, after setting kg =i 0,5, pc =
i Ogne.

The commutators [07,0] = f8¢c4 are defined in the same manner as the
noncommutative polyvector coordinates algebra in section 1 as follows

C] = fBC,A

11



[0%, 02 ] = o™ 0% — g% g% = 2 g%, (2.31a)
[a_alaQ’ a_b] — 0_a1a2 O_b _ o_b 0_a1a2 _
g - (o . .
4 ,r]llgb al nalb a 2 31b
[Ua1a2a3’ O_b] — 0_(11(12(13 O_b _ o_b 0_{11(12(13 — 2 O_a1a2l13b. (2.310)
[ Ga1a2a3a47 O'b ] — 91020304 O’b _ O’b gd1@2a30a4 —8 nalb gl2%384

(2.31d),
The metric n? appearing in the above polyvector-coordinate algebra (2.31)
is a flat world manifold metric which is required in order for the algebra to
obey the Jacobi identities. Therefore, one must not confuse the flat n% metric
appearing in the algebra (2.31) with the auxiliary world manifold metric H45
appearing in the action (2.7).

Because star product (2.29,2.30) is very elaborate, the star product defor-
mation of the action (2.7) is far more complicated than the mere expression
of the action (2.9) involving directly the noncommutative matrix coordinates
XM in C-space. This was one of main purposes of this section : to construct
generalized brane actions in noncommutative matrix coordinates backgrounds
in C-space. A key instrumental role was played by the Clifford-valued scalar
field ®(c4) = ®M (¢4)T'y; which provides the functional form of the noncom-
mutative matrix coordinates in C-space : XM = &~1(¢4) ' P(c4), and which
by construction, satisfy the n-ary algebra (1.23). The Clifford-valued scalar
field ® might have a connection to dark matter but it is too early at this stage
to speculate.

The n-ary algebra found in section 1 is an example of L.-structures in
noncommutative field theories which have recently captured a lot of interest.
Such noncommutative field theories are based on homotopy algebras (n-ary
algebras). A recent review of L..-structures in noncommutative gravity can be
found in [14].

3 Coherent States and Strings in Clifford space

In this last section we briefly discuss the extension of coherent states in C-
spaces and provide a preliminary study of strings in target C-space backgrounds.
Guided by the definition of a coherent state associated with a quantum harmonic
oscillator as a displacement of the ground state (vacuum)

)= DEI0) > = ¢~ o) = e P Z \ﬁ\n (3.1)
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the generalized coherent states in Clifford (phase) space are defined as

2,20, 700, gy = Fa AT IR Za BT e 0,0 )
(3.2)

One can perform the power series expansion after recurring to the Baker-Campbell-

Hausdorff formula in order to generate the C-space version of the infinite sum

in (3.1). This is attained via the use of the generalized bosonic creation and

annihilation operators (bosonic oscillators) in C-space which obey the following

non-zero commutation relations

[avaT] =1, [al“ azT/] = Nuv> [auluw alﬂ/z] = Nuips|vive

[aullbz”-unv aj"ll’Z"'V'n} = NMupipzpnlvive-vp (33)

while the other commutators are zero.
The action of the creation operators on the vacuum is

(a})
In,) = el [0), no sum over u (3.4)
(af,)"
) = |0), no sum over u,v (3.5)
Ny !
(@fip)" e
[npwp) = —2——|0), no sum over p,v,p (3.6)
£V Ppwp!
etc ---. When one performs the power series sum over all the mode numbers
N, My, Ny - -+ i0 (3.2) one recovers the generalized coherent state in C-space

indicated by the left hand side of (3.2).

Let us shift the focus now from coherent states to the study of strings in
C-spaces. Adopting the units A = ¢ = G = 1, an open string with wordsheet
(dimensionless) coordinates o, 7, moving in a flat C-space target background
XA = X4(0,7) admits the solutions to the equations of motion (92 —92) X4 =0
given by the following open string mode expansion 2

1 .
X4 = X3 + (1)MPAr +alAl Z —a 7™ cos(no) (3.7
n
n#0

where |A| is the grade of the polyvector coordinate X4. X§' is the center of
mass position and P4 the total string momentum describing the center of mass
motion of the string. [, is the string length, and the string tension is 7' ~ ;2.
The closed string mode expansion is split into left and right movers modes a2
and a4 as follows

2Since we are dealing with a flat C-space background we may use now the index A instead
of M for X4
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1 1 1 .
X4 = -x¢ —|—§(ZS)2|A‘ PA(r — o) +iallAl Z - ol 2in(r=o) 3.8a)

n#0
1 . 1 ~ —2in(t+o
X = X¢ + 5(ls)Q‘A‘PA(T +o) +ilM Y - af emn(r+o)  (3.8)
n#0

In a canonical quantization procedure the mode coefficients become the cre-

ation and annihilation operators associated with the oscillator modes, and one
can perform the following rescaling

ad ad = dt, n>0 (3.9)

n’ n —n?

A
an:

Si-

leading to the following non-vanishing commutators

[am’ajz] = 6m,n7 [aﬁna ar,VLT] = 5m,n 77}“/7 m,n >0 (310)
[CL“T’;Hz7 CLTVLleT] — 6m,n n#lﬂzlulw’ m,n >0 (3'11)
[al:nllw'“,un’ CLZ“’T'"’"T] — 5m,n 77/»¢1H2"'ltn|V1V2---Vn7 m,n > 0 (3'12)

Similar results follow for the closed string modes where the right moving and
left moving oscillators commute.

In the ordinary string moving in flat target Minkowski backgrounds, states
with an even number of temporal creation operators acting on the ground state

0) = aiplatil - alpllo.R), Prlg) = Kig) (313)

have a positive norm, while those which can be constructed with an odd number
of temporal creation operators have negative norm (ghosts) [2]. For example,
the state |¢) = a%f|0) has (¢|¢) = —1. Negative-norm states lead to violations
of causality and unitary. The bosonic string theory is free of negative-norm
states, in D = 26 [2], and when the Regge intercept (due to normal orderings)
isa=1.

In C-space the situation is far more complex. Firstly, the effective 2P dimen-
sions of the C-space corresponding to a Clifford algebra in a D-dim Minkowski
spacetime is a space of split signature. For instance, in D = 3 + 1 spacetime,
the 24 = 16 dim C-space interval

(dw)? = (dz)? + dzpda’ + dxp, uy da™ 72 4 da e, us AT 283 4 AT, i s dat 12151
(3.14)

has a split signature (8,8) [12]. The terms containing the temporal variable

20, 200 gOrnz gOmin2ns appear with a minus sign, and there are 1 +3+3+1 =
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8 of them in (3.14). Therefore, having a split signature is more problematic
since there will be a proliferation of negative-norm and null sates. Thus the
formulation of the no-ghost theorem of a bosonic string living in target flat C-
space backgrounds is more complicated. Among other problems is that SO(8, 8)
is not the Lorentz group in a 15 + 1-dim Minkowski spacetime. A particle
moving in a spacetime of split signature (8,8) does not have transverse degrees
of freedom to the light-cone directions since the number of light-like directions
is 16.

Therefore, more work remains in order to study the spectrum of strings
moving in flat C-space backgrounds. In particular, one will have states like

Q) = amntamet ameto k), PRIQ) = KIQ), ete (3.14)

mi

which are not conventional antisymmetric tensor fields.
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