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ABSTRACT

In the Cosmological Special Relativity Theory, we study Maxwell equations,
electromagnetic wave equation and function. In the Cosmological Special Theory of
Relativity, we study energy-momentum relations, Klein-Gordon equation and wave
function. We study Yukawa potential dependent about time in cosmological inertial
frame. If we solve Klein-Gordon equation, we obtain Yukawa potential dependent
about time in cosmological inertial frame. Schrodinger equation is a wave equation.
Wave function uses as a probability amplitude in quantum mechanics. We make
Schrodinger equation from Klein-Gordon free particle’s wave function in cosmological
special theory of relativity. Dirac equation is a one order-wave equation. Wave
function uses as a probability amplitude in quantum mechanics. We make Dirac
Equation from wave function, Type A in cosmological inertial frame. The Dirac
equation satisfy Klein-Gordon equation in cosmological inertial frame. We found
equations of complex scalar fields and electromagnetic fields on interaction of
complex scalar fields and electromagnetic fields in Klein-Gordon-Maxwell theory
from Type A of wave function and Type B of expanded distance in cosmological
inertial frame. In the Cosmological Special Theory of Relativity, we quantized Klein-
Gordon scalar field. We treat Lagrangian density and Hamiltonian in quantized Klein-
Gordon scalar field.
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1. Introduction
Our article’s aim is that we make cosmological special theory of relativity.

At first, Robertson-Walker metric is
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Accordingto ACDOM  model, our universe’s k is zero. In this time, if £, is cosmological time[6],

k =0,t =t, >> At, At isperiod of matter’s motion 2)

Hence, the proper time is in cosmological time,

dr® =at’ - izgz(fo) [ar® + r*d ]
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In this time,
at = at,dx = t,)ax,dy = t,)ady,dz = At )dz @)
Cosmological special theory of relativity’s coordinate transformations are
cF =ct = ylct '+ %Q(fo)y') — ylct + %OQ(Z‘O)X'Q(fO))
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Therefore, proper time is
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Hence, velocities are
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In cosmological special theory of relativity(CSTR)’s differential operators are
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The electric charge density o and the electric current density / are
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In CSTR, transformations of the electric charge density and the electric current density are likely as

coordinate transformations are

cp=cp=ylcp'+ '%OQ(Z‘O)/_'X )= ylcp's —Q(f 7, OE)

= QUt) = y(J, + v, Qt)p") = HQUAL)/, + v, QL) p')
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2. Electrodynamics in CSTR

The electromagnetic potential A is 4-vector potential.Hence, transformations of A“ are

b=0=rg'+ CMHA)QM4%MQ&Q%»

A, = ASML) = 1A, + L Ql6)F) = 1A, '+ 20l )
QA=A = OA L Y g 12)
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In CSTR, electric field £ and magnetic field 5 have to satisfy Maxwell equations of special

relativity theory. Hence, in CSRT, Maxwell equations are likely as special theory of relativity,

V.E = 47p (13-i)

% . § =0 (13-ii)

% X E: = —lﬁ (13-iii)

c o

%x§:l£+4—ﬂf (13-iv)
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In this time, Eq(13-i) is
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Hence, £ = EQ(fO) .According to special relativity, 5 = BQ(Z‘O)



Eq(13-ii) is
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3. Electromagnetic Wave in CSTR

Electromagnetic wave equation is in CSTR,
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Hence, electromagnetic wave equation is
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Hence, electromagnetic wave equation is
106 1 _,- =
e V2E =0 24
Vo Tl 9
In CSTR, electromagnetic wave functions are
E = £,sin®,B = B,sin®d
«/Qz‘
D = of L__ (0)(/X+my+nz)} (25)
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Where,
PP+ +nf =1 (26)
According to Maxwell equations are in CSTR,[1]
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Hence, in CSTR, transformations of electromagnetic field are
E,=E,'E, =(E, '+V?°Q(tO)BZ Y.E, = y(E, '—V?OQ(to)By ) (30)
B,=B,"B, = (B, '—‘%OQ(tO)EZ Y.B, = (8, ‘+V?°Q(tO)Ey ) (31)

In CSTR, electromagnetic wave functions are

E,'=E,osin®' E, "= y(E,, —-2Q(t;)B,)sin®"  E, "' = y(E,o +-L O(t,)B,,)sin D' (32)
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B,'=B,sin®", B, "= y(B,, +-L Q(t,)E,o)sin®", B, ' = (B, —-L O(t,)E, ;) sin ' (33)
C C

In this time,
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If we compare Eq(34) and Eq(35),
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4. Klein-Gordon Equation and Wave Fuction in CSTR
We make Klein-Gordon equation and wave function in cosmological special theory of relativity.

At first, space-time relations are in cosmological special theory of relativity (CSTR).

ct=y cz‘+%0 B0 A xOL,) = A )X+ v, QAL )

Qt)y =Qt)y', / 2
oY oY cy=1/1- V%Qz(fo) , L, is cosmological time (38)
)z =Qlt)z' c

Therefore, proper time is,

1

de? =at* - — Q%) ax* + ay® + dz’]
cC

=gt?-— izQz(l‘o) [ax “+ ay '+ dz "], ¢, iscosmological time (39)
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Hence, energy-momentum relations are by the fact that energy-momentum are 4-vector in CSTR,
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Q)p, =)o, " : X
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Therefore, energy-momentum-mass relation is in CSTR,
myct = E7 —QF(t,))p°c” (41)

Matter wave function is in CSTR,

. . /4 -
¢=¢oexo/®=¢oexo/[\/§(7))—k- Qt,)]
=¢'=¢ exp/®' =g exp/l gé;) — kX'l

@, isamplitude, @ isangular frequency, Kk = ‘/?‘ is wave number.  (42)
If we use Eq(38) in Eq(42), we obtain angular frequency-wave number relation.

o' = ylo—-v,Qt k), k'=ylk - %Q(z‘o)a))
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In this time, if we define energy-momentum by angular frequency-wave number,

E=hop= (44)

Hence, we obtain the angular frequency-wave number relation about the energy-momentum-mass relation
in CSTR,

myct = EF —QF(t)p°c” =n’e” —h’k*C” (45)

We obtain next result by the transformation of the angular frequency-wave number relation, Eq(43) in
CSTR.

/77026‘4 — ol — WK = W — WPk o2 (26)

If we define the differential operator about energy-momentum in CSTR,

0 - Lo
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If we apply Eq(47) to Eq(46),
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We finally obtain Klein-Gordon equation in CSTR.
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Wave function, Eq(42) satlsfy Klein-Gordon equation, Eq(48).
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5. Yukawa potential in Klein-Gordon equation in cosmological inertial frame
If we focus Klein-Gordon equation about Yukawa potential ¢ dependent about time,

2 2 °
m?c* m-c 10
¢+0,0" = ¢+ 262‘? Vg =0 (49)
In this time, Yukawa potential ¢ dependent about time is.
Q

¢=——exp4 494) sat

Frequency @ = ;l , /T is meson’s mass (50)

Eq(49)-Klein-Gordon equation is satisfied by Eq(50)-Yukawa potential dependent about time

In cosmological inertial frame, Klein-Gordon equation is
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In this point, in cosmological inertial frame, space-time transformations in the type A of wave function

and the other type B of the expanded distance are

Type A: /7 —> fJQ(Z‘O),Z‘ - ! , Type B: f—)fQ(Z‘O),Z‘ —1 (52)

Jol)

Space-time transformation of Yukawa potential ¢' is depend on Type A

Hence, Yukawa potential ¢' dependent about time is

T

m
Frequency @ = P /71 is meson’s mass (53)

Eq(51)-Klein-Gordon equation is satisfied by Eq(53)-the solution.
6. Schrodinger Equation from Klein-Gordon Free Particle Field in Cosmological
Inertial Frame
At first, Klein-Gordon equation is for free particle field ¢ in cosmological inertial frame.
m°c? 1% 1

g al) -

Ve =0
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m is free particle’s mass , Q(to) is the ratio of universe’s expansion in cosmological time t, (54)

If we write wave function as solution of Klein-Gordon equation for free particle,

., ol =~
¢ = A expl/( —k - X JQ(t))]
A o :
AO is amplitude, @ is angular frequency, A =‘/€‘ is wave number (55)

Energy and momentum is in cosmological inertial frame,
E =hw,p =hk | Qt,) (56)
Hence, energy-momentum relation is in cosmological inertial frame
E? =W’ =P (t)0°c” + m°c* =’ k*c” + m°c’ (57)

Or angular frequency- wave number relation is



P k* + 2 (58)
Hence, wave function is in cosmological inertial frame,
/ ot ~
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Because, Schrodinger equation is made from Klein-Gordon free particle’s wave function in cosmological

special theory of relativity,
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If we calculate the derivation of Schrodinger equation,
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Therefore, Schrodinger equation in cosmological inertial frame,
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ot 0 2m Q(t,)
If the energy E is not concerned by time t,
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Hence, stationary state of Schrodinger equation is in cosmological inertial frame,
t
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Hence, stationary state of Schrodinger equation is
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Ep=—— Vep+V 70
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7. Dirac Equation from Wave Function-Type A in Cosmological Inertial Frame
Dirac equation is in special relativity theory,

(iny“o,—mcl)y =0

| is 4x4 unit matrix,

A AR TR L P (e P A

|' is 2x2 unit matrix, o' is Pauli’s matrix. (72)
Dirac equation is the wave equation. Therefore, Dirac equation is in cosmological inertial frame,
Wave function Type A:
t

r—>r«/Q(to) , t—> '_Q(to) ,

t, isthe cosmological time. Q(to) is the expanding ratio of universe in the cosmological time {; .

] ) 1 -
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Dirac equation is in cosmological inertial frame,



(iny*d,—mcl)g =0 (75)

Eq(75) multiply i717"0, , hence

(=H*(7"0,)(r"3,) ~i(y"0,)mel)p =0 (76)
In this time,
ihy“0,¢ =mcl g @)
Hence, Eq(76) is
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In this time, matrix y* is
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Eq(80) is the matrix equation of Klein-Gordon.
Dirac spinor ¢ is ¢=(¢,4,,4.,4,). ¢ ’s hermitian conjugate " = (4,4 ,,P 5,4 4) -
Hence, ¢ ’s adjoint spinor ¢_ is

§=¢"y", #liy"d,+mcl)=0 )
Hence, positive probability density j0 is

jo = 57’0¢ = ¢+¢ = |¢1 +|¢2 +|¢3 +|¢4

8. Equations of Interaction of Complex Scalar Fields and Electromagnetic Fields in
Cosmological Inertial Frame

F+lg] o]+l (82)

The Lagrangian L of complex scalar fields ¢,¢ and Electromagnetic fields F* F, is Klein-

v

Gordon-Maxwell theory in special relativity theory,
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@ is ¢ ’sadjoint scalar, M is the mass of scalar fields ¢,¢
_ AU AV V.
F*=0"A"-0"A"F,=0,A —0,A, (83)

The Lagrangian L of interaction of complex scalar fields and Electromagnetic fields is Klein-Gordon-

Maxwell theory in cosmological inertial frame,

m2c?
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ds — % F“F,," (84)

We consider Type A of wave function and Type B of expanded distance,
t
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t, isthe cosmological time. Q(to) is the expanding ratio of universe in the cosmological time {; .
(85)

Complex scalar field equations are in Klein-Gordon-Maxwell theory in cosmological inertial frame,

5,2L ) L _ 3, -ieA Y g iRt g+ TS g o (86)
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The other equation is in Klein-Gordon-Maxwell theory in cosmological inertial frame,
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Electromagnetic field equations are in Klein-Gordon-Maxwell theory in cosmological inertial frame,
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— 0, Fr e (@ —ieA" ¢ +ie (3" +ieRg) =0
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Hence,
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The other equation is in Klein-Gordon-Maxwell theory in cosmological inertial frame,
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9. Quantization of Klein-Gordon Scalar Field in CSTR

We make quantization of Klein-Gordon scalar field in Cosmological Special Theory of Relativity (CSTR).
At first, space-time relations are in cosmological special theory of relativity (CSTR).

ct=yc M?o A (1) 2 xUL) = A )X+ v, Q)

Qt)y =Qt)y', / 2
i oY =1/ 1- V%Qz(fo) , L, is cosmological time (93)
Qt,))z =Qlt)z' c

Proper time is

dr? =at’ - iZQZ(z‘O) [ox? + ay® + dz’]
cC

=dt? —% QQ(({ ) [dX'+ d¥+ d, t, iscosmological time (94)

Angular frequency-wave number relation is in CSTR.
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Lagrangian density of Klein-Gordon scalar field in CSTR,

Hence, Euler-Lagrange equation is in CSTR,
a#[a(g—;j)] - % = [Q(z‘o)%(%)z - 9(11‘0) Ve o+ m;gfz l¢=0) (97)
Hamiltonian of Klein-Gordon scalar field is in CSTR,
A gy g9 T (98)
2 cot Q) n

The Klein-Gordon scalar field is divided by positive frequency mode and negative frequency mode.

#(x) = g (x) + ¢ (x) (99)
The positive frequency mode is
3
¢ (x) = ILa(k)fk(X) (100)
[(27) 20, ]2
The negative frequency mode is
3
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Quantization of complex scalar field is in CSTR,

¢(X):j%w = AR
4%[&(@%0{4( \/%—/?-)? SN (108

¢+(X>:j% bk )exoll—Forfar,
+j%[a*(k)exp{—/( J%)—k;m)}] (105

Hence, Hamiltonian H is in CSTR,

otk .
H = I M[a (Kalx) + b*(k)b(k)] (106)

In this time,

latk),a" (k)] = xf20,5°(Kk - k")

[b(k), 6" (k)] = Cr)2w,8%k - k') (107)

10. Conclusion

We know Maxwell equations, electromagnetic wave equations and functions in Cosmological Special
Theory of Relativity. We are able to describe free particle by Klein-Gordon equation and wave function in
CSTR. We solve Klein-Gordon equation in cosmological inertial frame. Hence, we found Yukawa
potential dependent time in cosmological inertial frame. We found Schrodinger equation from Klein-
Gordon’s free particle equation in cosmological special theory of relativity. The wave function uses as a
probability amplitude. We found Dirac equation from Wave Function-Type A in cosmological special
theory of relativity. The wave function uses as a probability amplitude. We found equations of complex
scalar fields and electromagnetic fields on interaction of complex scalar fields and electromagnetic fields
in Klein-Gordon-Maxwell theory from Type A of wave function and Type B of expanded distance in
cosmological inertial frame. We quantized Klein-Gordon scalar field in CSTR. We treat Lagranian density

and Hamiltonian.
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