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The main goal of this paper is to construct the so-called Birkhoff-type solutions for linear
ordinary differential equations with a spectral parameter. Such solutions play an important
role in many problems of the spectral theory (see, for example, [1] and references therein).
Moreover, they also appear in the inverse problem theory ([2]-[3]).

This paper contains two sections. In Section 1 we construct the Birkhoff-type solutions for
n-th order differential equations, and Section 2 is devoted to first-order systems of differential
equations. Other results related to this area one can find in [4]-[10].

I. Birkhoff-type solutions for arbitrary order differential equations

1.1. In this section we study the differential equation of order n > 2:
+me )™ =pty, 0<z<T< oo (1.1)

on the finite interval (T < oo) or on the half-line (7" = oco). Here p is the spectral
parameter, and p,,(z) € L(0,T) are complex-valued integrable functions.

Our goal here is to construct a fundamental system of solutions (FSS) {yx(x, p) 15 of
equation (1.1) such that

yr(z, p) ~ exp(pRyx), |p| — oo,

where Ry, R, ..., R, are the roots of the equation R™—1 = 0. We note that the functions
{exp(pRyx)}j—15 form the FSS for the ”simplest” equation y™ = p"y, when in (1.1)
pm(x) =0, m=0,n—2.

T
It is easy to see that the p -plane can be partitioned into sectors S of angle — (arg pE
n

<u_7r (e + 1)7r>

I

, w=0,2n — 1) in which the roots Ry, Rs, ..., R, of the equation R"—1 =
n n

0 can be numbered in such a way that

Re(pRy) < Re(pRy) < ... < Re(pR,), p€S. (1.2)



Fix a € [0,T), k=1,n, and asector S with the property (1.2). Consider the following
integro-differential equation with respect to yx(x,p), = € [a,T], p€ S :

np}‘ /a (ZR exp(pRj(x — 1)) >(me >dt

yr(x, p) = exp(pRix) —

n—2

o 1/ Z R; exp(pR; x—t)))(z (O™ (1t 710)) di. (1.3)

Jj=k+1 m=0

Remark 1.1. We note that the general solution of the differential equation
v =p"y+ flz), 0<z<T,

has the form
y(z ZC’exppr an/ReprR (x—1))f(t)dt,

where v; € [0,7] are arbitrary fixed numbers. Clearly, (1.3) corresponds to the case

e 07 j?’éka L «, jgk’
Cﬂ—{L j=k, %_{T, j> k.

Let us now transform (1.3) to a system of linear integral equations. Differentiating (1.3)
with respect to =, we get for v =0,n — 1,

y(x, p) = (pRy,)” exp(pRex)

_np}il/ <ZR (pR;)" exp(pR;(z — 1)) ><me )dt~|—

[\

n—

= /:(iRj<pRj>”exp<pRj<x—t>>)( Pyt p) )t (14)

1
n Vo3
P j=k+1 0

3
I

Denote
aon(w, p) = (pRi) ™" exp(—pRez)yl” (x, p).
Then
v (@, p) = (PRy)" exp(pRex)zn(x, p),
and (1.4) implies
Ruk (:E’ P) =

-/ éRﬁ-“Rk" exp(p(R; — )z = 1) (

[\

n—

(]

P () (PR ™ 2 (1, p>) dt

0

N3
Il

n—
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b [ (2 AR esalot R o= 1) (3 0B sttt (15

j=k+1 m=0



or
T
zu(x,p) =14 Z/ Apmr(z,t, p)zmi(t, p)dt, v =0,n—1, (1.6)
where
—%ZR”HRm vexp(p(R; — Ri)(z — 1)), >t
Apmr(z,t, p) = 0 J=1 (1.7)
pniT RJVHRZ‘_” exp(p(R; — Ri)(x — 1)), T < t.
npn m e

For fixed p € S and k =1,n, we consider (1.6) as a system of linear integral equations
with respect to z,x(z,p), * € [a, T]. By virtue of (1.7) and (1.2) we have

T 1 T
/ |Aymr(, L, p)| dt < W/ [P (1) di. (1.8)

T 1
Pa = ax (2/ | (t )]dt)n e
m=0,n—2 o

It follows from (1.8) that for |p| > pa, p€ S, z € [, T], k=1,n, v =0,n— 1 :

Denote

(1.9)

l\DI»—l

max (z,t,p)|dt <
oz<:c<T/ mG P | -

m=0 — =

Solving (1.6) by the method of successive approximations and using (1.9), we obtain that
for |p| > pa, p € S, x € [a,T], k=1,n, system (1.6) has a unique solution z,4(z,p), v =
0,n—1, and |z,.(x, p)| < 2. Substituting this estimate into the right-hand side of (1.6)
and using (1.8), we get

C _
|zuk(z,p) — 1] < m, lp| = pa, p€ S, x€[a,T], k=1,n, v=0,n— 1.

In other words, for |p| — oo, p € S,

1
z,,k(x,p):1+0<;>, k=1,n, v=0n—1, (1.10)

uniformly in x € [, T]. Moreover, one can obain more precise asymptotic formulae for the
functions z,x(z, p) than (1.10). Indeed, substituting (1.10) into the right-hand side of (1.5),
we calculate

T

o) =1 [ (SRR explp(B, — B — 1)) )paalt) di

j=1

/ Z R”HR” "2 exp(p(R; — Rk)(x—t))>pn ot )dt"‘O(p )

=k+1



1 _
The terms with j # k give us 0(—) as |p| — oo, p € S, uniformly in x € [, T]. Hence
)

1 — .
zuk(z,p) = 1+ fil) —{—0<—>, lp| > 00, peS, z€[a,T], v=0,n—1, (1.11)
pRy p
where | e
fule) = — / po_a(t) dt. (1.12)
Thus, for y,(;’) (z,p), k=1,n, v=0,n— 1, we obtain the asymptotics
v v T 1 —
W w0) = (o) explptia) (14 2 1 o(5)), ol o, peB 1y
k

uniformly in x € [a, T].

Furthermore, since z,x(z,p) are solutions of (1.5), the functions y,(:)(x, p) satisfy (1.4).
Consequently, the functions yx(z,p) are solutions of the differential equation (1.1). Thus,
we arrive at the following theorem.

Theorem 1.1. Fiz o € [0,T] and a sector S with the property (1.2). For p € S, |p| >
Pa, © € [0,T], there exists a FSS {yr(x,p) 115 of the equation (1.1) such that:
1) the functions y"(z,p), v =0,n—1 are continuous for = € [0,T), p €S, |p| > pa;
2) for each x € [0,T], the functions y,(:)(x,p), v =0,n—1 are analytic with respect to
pE€S, |pl = pa;
3) uniformly for x € [a,T], the asymptotic formula (1.13) holds, where [(y(x) is defined
by (1.12);
4) as ol > o0, pe,

n(n—1)

- nin1) . 1
detfy," ™" (2, p)] i = p 2 det[RY 1]%,6:171(1 +0<;>>,

1.2. In this section we discuss the possibility to obtain more precise asymptotic formulae
than (1.13). For this purpose we need some smoothness for the coefficients of equation
(1.1). Denote by Whyla,b] the set of functions f(z), x € [a,b] such that the functions
f®(x), v = 0,N —1 are absolutely continuous, and f®)(x) € L(a,b), v = 0,N . For
N <0 we put Wyla,b] = L(a,b).

Suppose that p,_o(z) € Wi, T]. Substituting (1.11) into the right-hand side of (1.5),
we get

zup(x,p) =1 ! /xpn_g(t)<1 + 51(0) dt — ! /mpn_g(t) dt

Rz ok ) T AR
=
_n_p (Z R;.’+1R2L—y—2 exp(P(Rj - Rk)(x — t)))pn_2<t) dt
a o
1 ! - v+1 pn—v—2 1
o ( > RIV'RT T exp(p(R; — Ri)(x — t)))pn72(t) dt 4 O<E>'
T =kt



Integration by parts yields

1 z 1 x
Zuk(ff, p) =1- n(ka) / pu—z(t) dt — W/ (pn—?)(t) —I—pn_Q(t)ﬁl (t)) dt
i RV+1R_ k— RV-HR—
Sy Z R f POt om 2 Ry~ PR~ R = el
" RITR.Y 1
ka 2 ;’_1 Ry, — eXp( (RJ - Rk)(x - T))pn—Q(T> + 0(;)

This asymptotic formula contains the terms with exponentials, and it is not convenient
for applications. In order to obtain the asymptotics without terms having exponentials,
we should modify slightly the original equation (1.3). More precisely, instead of (1.3) we
consider the following equation:

v, p) = Z C; exp(pRj) - # / x (Z Ry exp(pRy(x — 1)) S b0, p)) dt

+npi_1 /:( z": Rjexp(plt;(v —t>>> (gp By (t m)) dt, (1.14)

j=k+1
where W
pn 2 j . —
Ry — B for j=T1,k—1
n(pRi)? Ry, — R, exp(p( By i), or j , :
Cj = 17 f()r j _ k,
pnf2(T) Rj o
i Ry — 1;)T for j =%+ Ln.
. n(ka)2 Rk - R] eXp(p( k ]) )7 or + N

This implies
u (2.0) = 3 Ci(pRy)” exp(pRye)

e [ (o oo~ 0) (Zpntnt”0.0)
= /:(j:;le(pRj)”exp(pRj(x—t)))(g SO ) d (L15)

Denote
2k, p) = (pRi) ™" exp(—pRix )y (x, p).
Then (1.15) becomes
+1R v

zuk(z,p) =1 — pnpj%k g : exp p(R; — Ri)(x — av))




) n Ry+1R7u
TR 2, oy S~ R = T)

j=k+1

k -2

o [ (SRR ety — R = 0) (Xm0 sl )

npn 1

3

Jj=1 m=0
1 T
np"—l /x (];1 RV+1Rk eXp( (R Rk I — t ) <me ka ka(t7 p)) dt7
v=0n—1 (1.16)

Solving the system (1.16) by the method of successive approximations and repeating the
preceding arguments, we obtain that system (1.16) has a unique solution z,x(z,p) such
that (1.10) holds. Substituting (1.10) into the right-hand side of (1.16), we arrive at (1.11).
Substituting now (1.11) into the right-hand side of (1.16) we get by the same way as above
that

Bi(x)  Pa(z) 1 =
oz, p) =1 =), ,peES, T, 1.17
() =14 —pl b S to( ) Il oo peS aela T, (117)
where »
1 T n Ru R—
Pou(x) = _E/a (pn—:s(t) +pn—2(t)51(t)> dt—— z; mpn—Q(-T).
T2k
Since
R L R |
D UL
n <= Rk—RJ 2

the asymptotic formula (1.17) takes the form

Bi(x) | Polz) +vBi(z) 1 <
zuk(z,p) =1+ o + () + O(E>’ lp| = 00, p€S, x€la,T], (1.18)
where | e .
ale) == [ (es(®) + a5 1)) (@)
Hence

v y L Bu@) | Palw) + vbi(x) L
v (@, p) = (pRi) exp(kax)< B T (R +o(§>>.

By the same way one can obtain the following more general assertion.

Theorem 1.2. Fiz a € [0,T], N >0 and a sector S with the property (1.2). Assume
that pm(z) € Winim—niola, T], m = 0,n —2. Then for p € S, |p| > pa, x € [0,T], there
exists a FSS {yr(z,p)}p=1s of the equation (1.1) such that:

1) the functions y( )(a:,p), v=0,n—1, are continuous for = €1[0,T], p €S, |p| > pa;

2) for each x € [0,T], the functions y,(:) (x,p), v =0,n—1, are analytic with respect to



pES, pl = pa;
3) as |p| — o0, p €S, uniformly for z € [a,T],

N+1

yr(z, p) :exp(kax)(1+ Z(BPST(::))S+0<p;H>>, (1.19)

3/1(:)(9570) = (pRy)" exp(pRyx) <1 + NZH f;}/%(j)z + 0(/)]\}“)),

where
V!

rl(v—r)l’

Bal(x) =D CrBU,(w), Cy:=
r=0

Bo(x) =1, PBs(z)=0 for s<O,

n—2

8(w) = - (S oA ) + 3 o) imiam(@) fors>1. (120)
r=2

m=0

In particular, (1.20) yields

Bi(2) = ——pualo),

B4(r) = — - (C2B1(w) + pu2(@)r(0) + pas(2) ),

B4(r) = — (CRB4() + O (@) + pacaw) (Bal) + Choafi (@) + P () (0) - prca),

The reccurent formula (1.20) for the coefficients [s(z),s > 1, can be obtained by sub-
stitution (1.19) into (1.1). We note that Ss(x) € Wy_gia|a, T1.

I1. First-order systems of differential equations

2.1. Consider the following system:

LY (z) := %Y’(x) — Az, p)Y(z), 0<z<T <o, (2.1)

where Y = [y,],_75 is a column-vector, and the matrix A(z,p) has the form

— Ay (2)
Alw,p) = Ay + ) %, Ay = lagwslyj=ta: (2.2)
pn=1

We assume that

(i1 ) Ap is a constant matrix, and its eigenvalues Rj, Rs,..., R, are such that Ry #
0, R; # Ry, (j # k); L

(i) for p>1, v,5=1n, agw(r)€ L0,T), and ||a@w;(®)||lLor < Ca, a. > 0.

We shall say that L € Ao, if (45 )-(72) hold. We also consider the classes Ay C
Ao, (N > 1) with additional smoothness properties of A, (x). More precisely, we shall say



that L € Ay if (41 )-(i2) hold, and a(uyj(z) € Wy_yu11[0,T] for p=1,N, v,j =1,n.
Note that N =1 is the most popular case in applications.

2.2. In Sections 2.2-2.3 we provide some formal calculations in order to show ideas. For
the explicit results see Section 2.4.

Acting formally one can seek solutions Yi(z,p), k = 1,n, of system (2.1) in the form
I
Yi(z, p) = exp(pRyx) Z (2.3)
©n=0
where  goor(z) = [9ur(7)],—15 are column-vectors. Substituting (2.3) into (2.1) we get

formally

LY,(, p) = exp(pRy) i pi“{ (ng(u)k(x) + QEM—l)k(x))

pu=0

- (Acow(u)k(l’) + Ay (@) g-ne(@) + ...+ A (l’>9(o>k(f)> } =0

(here we put ggyr(z) = 0 for p < 0). This yields the following reccurent formulae for
constructing the coefficients g, )x() :

Aw)goe(r) — Rrgop(x) =0,
A9k () = Brgor(r) = (2.4)
Ip-1yk () = <A(1)(f’3)g(ufl)k($) ..+ A(u)(w)g(om(ﬂ?)), p>1

For example, if Ay = diag|[Ry];—15, then one can take

9opr(®) = Qu(x)dur, Qi) = exp (/ aqrk(€) d§>, (2.5)
0
where 6,5 is the Kronecker symbol. Then

ayk(T)Qr ()
R,— R, '

Jaywr(z) = v#k,

Iiyer(®) = a@px(z ) + ZCL 1k ( k()

2.3. Denote .
L'Z(x) =~ 2(2) + Z(x) Alz, p),
p
where Z = [z1,...,2,] is a row-vector. Then

1 d
ZLY + L*2Y = - —(ZY 2.
- L), (26)

and consequently,

b b b
/ZLYd:v:l(ZY) —/ L*ZY dz. (2.7)
a p a

a




Let U(z) = [ujr(7)]; 41 be an absolutely continuous non-degenerate matrix, and let
V(x) = [vjr(2)];p=1 be the inverse matrix: V(z) = (U(z))~". Denote

uk ()
U(z)=| ... , Vi(z) = [vj1(2),...,vjn(x)].
Let us show that system (2.1) is equivalent to the integral equation
V()= YU (5o [ LV@Y@Od). e 0T) (2:5)
j=1 &

where [; are arbitrary constants.
Indeed, assume that Y (z) satisfies (2.1), i.e. LY (x) = 0. Then, by virtue of (2.7),

(V;Y)

’ :p/% L*V,(OY (t)dt, j=T,n, (2.9)

Vi 0%,

where v; € [0,7] are arbitrary fixed numbers. This implies
VY@ =L+ [ LVOY@d j=Tn (2.10)
j
where I; = Vj(v;)Y (7). Since V =U"!, we arrive at (2.8).
Inversly, if Y(x) satisfies (2.8) with certain constants I, and ~v; € [0,7], then (2.10) is

valid. In particular, this yields I; = Vj(v;)Y (7;), and consequently, one gets (2.9). Taking
now (2.7) into account, we obtain

[ viory@a=o, j-1x,
ot

ie. Vi(x)LY (z) =0, j = 1,n. Since detV(z) # 0, we get LY (x) =0, ie. Y(z) isa
solution of the equation (2.1).

Using the integral equation (2.8) with concrete U(x),l; and +;, one can obtain various
solutions of system (2.1) having desirable properties.

2.4. In this section we construct the Birkhoff-type solutions for system (2.1). The main
result is formulated in Theorem 2.1.
Fix a sector S in the p-plane such that

Re(pRy) < ...< Re(pR,), pé€S. (2.11)

Theorem 2.1. Fiz N > 0, and assume that L € Ay. Then, there exists p, > 0
such that for p € S, |p| > p., v € 0,T], system (2.1) has a FSS {Yi(z,p)}p—im with the
following properties:

1) Yi(x,p) are continuous for x € [0,T], p €S, |p| > ps;
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2) for each x € [0,T], Yi(z,p) are analytic with respect to p € S, |p| > pi;
3) fOT p € Sv |p| Z p*7 VS [OvT]a

Yi(x, p) = exp(pRix) (i T k(x’p)>, (1.12)

pN

where the column-vectors g(e(v) = [guwk(®)],—1n are defined by (2.4), and for the vector
51@(177 P) = [5l/k(x7 p)]l/:ﬁa

ﬁgwgglaaxMI 0, vk=1,n,
pES

i.e. uniformly in x € [0,T), ex(z,p) = o(1) as |p| = 00, p€ S.

Proof. Without loss of generality we consider here the case when Aq) is a diagonal
matrix:

Aoy = diag|Ry)y—17

The general case is studied in the end of the proof by reduction to the diagonal case.
Define the matrix U(x, p) = [u;(, p)]; p=1 With the columns Uy(z, p) = [ujk(z, p)|;=17
by the formula

e ~Tn, (2.13)

N
Uk(z, p) = exp(pRyx) Z
pn=0

where g(,,(z) satisfy (2.4) and (2.5) holds. Let V(z,p) = (U(x,p ) be inverse matrix
with the rows Vj(z,p) = [va(x,p),...,vjn(x,p)]. For each fixed k = and p € S, we
consider the integral equation

n@wﬂzUMLm+p%f(2:%@»MT%@pD%@mﬁﬁ

—p/ Z (x,p)L*V;(t p))Yk(t p) dt, (2.14)

j=k+1
with respect to the column-vector Y;. We note that (2.14) is a particular case of (2.8) when

]‘_ 07 .]7ék% o 07 j§k7
ITY 1, =k, TEYT, >k

In order to study the solvability of (2.14) we need some preliminary calculations. Denote
by T, the set of functions 6(z,p) of the form

Q(I,p) _ Z 6(#)(1;)’

n=0 P

where 0, (x) € L(0,T), and |0 (x)| Lo < Ca.
It follows from (2.13), (2.4) and (2.5) that

H(l)k(xvp)>’ (2.15)

1
LU(z,p) = paE exp(pRyx) (H(O)k(x) + p



where Hyx = [Hu],—1 are column-vectors such that

In particular, (2.16) yields
H(O)kk(x) =0, H(O)Vk(x) S L[O, T], v 75 k.
The next step is to calculate the inverse matrix V(z, p) = (U(x,p))~". Since

goyr() = [6,6Qk(2)], 17,

it follows from (2.13) that

(det U(x,p)>_1 = exp ( — pxiRO (ﬁ@k(x)>_l<1 + 0(‘”7:0))’

p

and 6(z,p) € I'y, for a certain a; > 0. Therefore,

* g*l -(QZ, p) . T
Vite,p) = exp(=pR;o) (gloy @) + =2 =), j=Tm
where ga)j = [gz‘“)ﬂ, . ,gz“u)jn], uw=0,1, are row-vectors such that

-1
gik(])ju(x) = (Qj(x>> 5]'1/7 g?l)jl/(xup) S Fal'
By virtue of (2.15), (2.17)-(2.20),

1

har(@; p)
VLU = [W (hoyle) + =)

where

-1
h»(())Jk(l’) - (Q](‘r)> H(O)]k?('r)i h(U]k('rap) € Fa27 j7 k= , N, Qo = max(a*,al).

In particular, hux(z) = 0.
Furthermore, since VU = E is the indentity matrix, it follows from (2.6) that

VLU + L*'VU =0,

i.e.

L'V = -VLUV.
Using (2.23) and (2.19)-(2.22) we calculate

* 1 wa (I7p> . .
L V}(.Z',,O) = pNJrl exp(—pRjas) (w(O)j(m) + UJT)a J=1n,

11

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
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where w(,); = (Wit - - - Weynl, 1= 0,1, are row-vectors such that
1 P
w(O)jk(x) = _(Qj(x)Qk('I)> H(O)jk('r)? w(l)jk(x7p) € Fa27 ja k= , . (225>
In particular,
Denote
0 - k()
Wiz, p) =) T (2.27)
n=0
By the replacement
Yi(z, p) = exp(pRxz)Wi(z, p), (2.28)

we transform the integral equation (2.14) to the form

k

7 L (e (o0 = e = D)3t ) (st 1)+ =) Y

1 T
A
or

n

5 e (o~ R =) W) (w05 0+ 222 Y gy, 229

j=k+1
1 T
Wilz,p) = Wie.p) + 5 [ Bulat Wit o)t (2.30)
0
where the matrix By = [Byys), .15 has the form
i 0 w(l)j (t> p)
> exp (p(B; = Bi)(@ = ) Wi, p) (wios () + 228w,
— p
Bk (377 ta /0) = / n

W1 (t7 p)

— Z exp <p(Rj — Rp)(x — t))W]Q(w, p) (W(O)j(t) + L), x < t.

j=k+1 P

j

(2.31)

Solving (2.30) by the method of successive approximations and using (2.24)-(2.27), we obtain
that there exists p, > 0 such that for p € S, |p| > p., © € [0,T], k = 1,n, the integral
equation (2.30) has a unique solution W(x, p) having the following asymptotics

1 _
Wi(x, p) = Wiz, p) + o(p—N), pl = 00, p€F, (2.32)

uniformly for = € [0,T].
Indeed, let N > 1. It follows from (2.31), (2.11), (2.25) and (2.27) that

T
max / |Bros(x,t, p)|dt < C, |p| >as, p€S, k,v,5s=1,n, ag > as.
0<z<T 0

Then the method of successive approximations gives

1 — S
Wilr,p) = Wiz, p) +O( 5 ). Il =00, €S k=T (2.33)
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uniformly in « € [0,7]. Substituting (2.33) into the right-hand side of (2.29) we get

Wiz, ) = Wi, p) + / (Zexp( (B = R)(x = )) g0y (2)w0) (D giom (1) dt

1
__/ S exp ((R; = Ri)(@ = ) gy (@)wi0s (Dgom®) dt + 07 )
j=k+1 P
1 _
The terms with 7 # k give us 0<—N> as p — 00, p € S uniformly in z € [0,T]. The
p

term with j =k is equal to zero, since according to (2.5) and (2.26),

woyk(t) g (t) = 0.
Thus, for N > 1, (2.32) is proved. The case N =0 requires different calculations (see [7],
9] for details).

Using (2.28), (2.32) and (2.27), we arrive at (2.12), and consequently Theorem 2.1 is
proved for the case when A is a diagonal matrix.

Now we study the general case when Ay is an arbitrary matrix with the property (4 ).
Let

Q=[] k=1,n,

v=1,n>
be eigenvectors of A for the eigenvalues Ry, k =1,n. Consider the matrix
Q=1[Q,...., %] = Q] =17

By the replacement

Y () = OF (),
we transform system (2.1) to the form
1~ ~ -
S Y(@) = Alw, p)Y (@), (2.34)
where
Az, p) = Q' Az, p)Q
Clearly,
N N A i
A( A + Z (M H) = [a(ﬂ)’/j]u,jzl,in7
and

Ay =0T AWQ, Ay = diag|Rely_r5-

For system (2.34), Theorem 2.1 has been already proved. Thus, Theorem 2.1 holds also for
an arbitrary L € Ay. Moreover,

gok(r) = Qr(x)%,  Qu(z) = exp </Of” ayer(§) dﬁ)-



14

2.5. In order to prove Theorem 2.1 one can also use the following arguments.
Fix a sector S with the property (2.11) and consider system (2.1) for p € S':

Ly A )y (2.35)
P

with respect to the matrix Y = [yji];j—15,. Let for definiteness, A = diag[Rply—1
By the replacement
Y =U¢§, &= [iljptm

where the matrix U is defined by (2.13), we reduce (2.35) to the system
1 /
S¢ = VLUE (2.36)
p

with respect to &. For the matrix VLU we have the representation (2.21). Then (2.36)
becomes

1 & —
&, = — N > hju(, p) exp (p(Ru - Rj)a:>§,,k, gk =1,n (2.37)
v=1
where
hju(z,p) = () +

Consider the integral equations

- 0, j<k
gjk<x p — Ujk — / Z h‘jl/<t7 p) €xp (p(RV - Rj)t)él/k(ta p) dt7 Yik = { T ; > k.

Vik v=1 ’
(2.38)
Clearly, if {{;x} is a solution of (2.38), then {{;;} satisfy (2.37).
By the replacement

&iw(x, p) = exp <P(Rk - Rj)$> (2, p),
we reduce (2.38) to the system

1 x n ) _
njk(x7p) = 5]']6 - p_N/ eXp (,O(R] - Rk)('r - t)) Z hjl/(t>p)77uk<t7 p) dt? I k= L,n. (239>
v=1

Yik

Solving (2.39) by the method of successive approximations we obtain that there exists p. > 0
such that for p € S, |p| > p., © € [0,T], system (2.39) has a unique solution n;;(x, p)
having the asymtotics

1
njk(x, p) = ]k—i-o(p ) p— 00, pES, (2.40)

uniformly in x € [0,7]. Sinse

yi(@,p) = > win (@, p)nui(w, p) exp (p(Rk - Ru)x>7

v=1
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we infer for the columns Y, = [y]; p-17 :

Yi(x, p) = exp(pRix) > W (x, p)nui(z, p).

v=1

Taking (2.40) into account we arrive at the assertions of Theorem 2.1.

2.8. In this section we consider the n-th order differential equation of the form

n—1
ty:=y™ + Y Pulw.ppy® =0, 0<2<T<ox, (2.41)
k=0

where
Py(z,p) = Pnikpkk + Pnfkﬂpk,kﬂ(l’) + . D).

We assume that
(i1) prk, K =0,n—1 are constants, pgy # 0, and the roots Ry,..., R, of the character-
istic polynomial

F(R> = ZpkkRka Pnn = 17
k=0

are simple;
(i2) peitj(x) € L(0,T), k=0,n—1, j > 1.

We shall say that ¢ € A{ if (i3 )-(i2) hold. If additionally, for a certain N >
1, prisj(z) € Wyn_j41]0,T], j =1, N, we shall say that £ € Aly.

Fix N >0 and a sector S in the p-plane with the property (2.11).

Theorem 2.2. Assume that ¢ € N. Then there exists p. > 0 such that for p €
S, |pl = pe, @ € [0,T], equation (2.41) has a FSS {yu(x,p)}i_1s with the following
properties:
1) the functions y,(:_l)(:r,p), k,v=T1,n are continuous for x € [0,T], p €S, |p| > ps;
2) for each x € [0,T], the functions y,(:_l)(:c,p), kv =1,n, are analytic with respect to
peS, pl>ps
3) as |p| — o0, p €S, uniformly in x € [0,T],

N
vV— v— G v Xz 1 _
?Ji(g U(%P):(PP%) 16Xp(,0Rk$)( E %kz()jLo(p—N)), k,v=1n, (2.42)
pu=0

where )
_ ' v—1-j ~(J)
Gl () = Z )Ry, jG(iL—j)ow
=0
and Gyor(x) can be calculated by substitution (2.42) into (2.41). In particular,

Clowi = exp /0 (€ d€), ) =~ (1Rk) S pisa ()Rl (2.43)
=0
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Proof. We transform (2.41) to the form

(n) 1l (k)
oy Y Pula, nl—=o, (2.44)
P 0 P
where
n—k (l’)
Pk(xﬂo) = n_kPk(‘rap) = pk7k+llj
=0 P
Denote ] ]
yi=y Y=,y = -y
p p
Then equation (2.44) is equivalent to the system
T . |. (245)
Py, 0 0 0 . 1 Yn1
Yn —Po(x,p) —Pulz.p) —Polz,p) .. —Porl@,p) | [ ¥n
System (2.45) is a particular case of (2.1) with
~ Agy (x)
Alw.p) = Ao+ D0 755,
pn=1
0 1 0 0
0 0 1 0
0 0 0o ... 1
—Poo —Pi1 —P22 --- “Pn-1n-1
0 0 0
0 0 0
A(l)(x) = ce s
0 0 0
—por(r) —pi2(x) ~Pn-1n(T)
0 0 0 0
0 0 0 0
Apy(z) = N
0 0 e 0 0
—po2(x) —p13(x) ... —Pp-an(z) O
0 0O ... 0
0 0 ... 0
A(n)(ZL‘):
0 0O ... 0
—pon(z) O ... O
Clearly, Q. = [RZ‘l]y:rn, k =1,n are eigenvectors of Ay for the eigenvalues Rj. Thus,

Theorem 2.2 follows from Theorem 2.1 with Gy (z) = wi(z), Q(z) = Gi(x). O
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